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This paper delves into the exploration of suitable boundary conditions for the asymptotically flat scenario of
general relativity presented in terms of Ashtekar-Barbero variables. While the standard parity conditions have
been extensively studied by Thiemann [Classical Quantum Gravity 12, 181 (1995)] and Campiglia [Classical
Quantum Gravity 32, 145011 (2015)], it turns out that they fail to produce nontrivial supertranslations at
spatial infinity. We propose new parity conditions for the Ashtekar-Barbero variables that do yield nontrivial
supertranslation charges at spatial infinity. We compare our findings with those of Henneaux and Troessaert
[J. High Energy Phys. 03 (2018) 147] and demonstrate that the new boundary conditions ensure the finiteness
of the symplectic structure. Moreover, when embarking on the quest for appropriate parity conditions, it is
essential to ensure that the selected parities remain invariant under hypersurface deformations. Given that
working with Ashtekar-Barbero variables provides more asymptotic structure as compared to the Arnowitt-
Deser-Misner variables, it is shown that by fixing the Lagrange multiplier corresponding to the Gauss
constraint, the invariance of certain parity conditions can be guaranteed.
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I. INTRODUCTION

In recent years, there has been a growing interest in the
study of boundaries [1] in general relativity (GR) [2],
particularly with respect to the asymptotic symmetries of
spacetimes. Bondi, Van der Burg, and Metzner [3] discov-
ered, and Sachs [4] later confirmed, that the asymptotic
region of an asymptotically Lorentzian flat spacetime has a
richer structure than the traditional Poincaré group, which
consists of translations, rotations, and boosts. The Bondi-
Metzner-Sachs (BMS) group, a newly discovered symmetry
group, is an extension of the finite-dimensional Poincaré
group augmented by infinite-dimensional supertranslations
[4]. Strictly speaking, the asymptotic region of an asymp-
totically flat spacetime can be viewed as an infinite set of
classical vacua in general relativity. In this context, super-
translations describe the transformations that connect
these vacua.

The BMS symmetry was initially observed at null infinity
[3.4]. Nevertheless, studying the BMS symmetry at spatial
infinity holds significant importance as well. There are four
distinct motivations for analyzing the asymptotic structure of
gravity at spatial infinity on spacelike hypersurfaces.

First, supertranslations that are inextricably linked to the
asymptotic structure of spacetime are accountable for the
emission of gravitational radiation toward null infinity.
Furthermore, it is well known that gravitational radiations
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have the potential to devastate the typical smoothness
requirements imposed at null infinity [5]. Hence, a fruitful
approach to investigating the conditions on Cauchy data
that yield a sufficiently smooth null infinity involves
exploring the symmetries of the theory in a context that
separates the presence of BMS symmetry from gravita-
tional radiation.

Second, soft graviton theorems can be interpreted as Ward
identities for the BMS asymptotic symmetries. Ward iden-
tities are mathematical equations that relate the symmetries
of a system to its conserved charges [6]. However, con-
structing the BMS charges that generate the BMS sym-
metries in a canonical way is challenging. One difficulty is
that, at null infinity, it is more appropriate to consider fluxes
rather than charges. Fluxes are measures of the flow of energy
and momentum into or out of a system. Unfortunately, fluxes
are not conserved when they are nonzero. Additionally, the
BMS symmetries are not generated in a canonical way, and
the association of functions with these symmetries is com-
plex. Hypersurfaces that reach null infinity are non-Cauchy,
meaning that they do not capture the entire dynamical
evolution of the system. Only when the fluxes at null infinity
vanish can a standard Hamiltonian picture be recovered. In
conclusion, constructing the BMS charges that canonically
generate the BMS symmetries is a challenging task due to the
nonconservation of fluxes at null infinity and the nonca-
nonical generation of the symmetries themselves.

Third, pioneer studies [7-9] of the Hamiltonian structure
at spatial infinity did not identify the BMS group as a group
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of physical symmetries, leading to a contradiction with
results from null infinity. Therefore, it is important to
resolve this tension in order to gain a better understanding
of the symmetries of gravity.

Finally, our main motivation for studying BMS sym-
metries at spatial infinity lies in the quantum formulation of
the theory, which is inherently explored on Cauchy hyper-
surfaces. The BMS algebra is manifested in the quantum
theory through charges that act in the Hilbert space of
states. These charges should have an expression at spatial
infinity in the Arnowitt-Deser-Misner (ADM) formulation
of evolution, which is based on foliations that approach
asymptotic parallel hyperplanes, representing inertial
observers at infinity. Our ultimate objective is to examine
the quantum properties of the symmetry and its associated
charges within the framework of loop quantum gravity
(LQG) [10].

Since LQG 1is expressed in terms of the Ashtekar-
Barbero variables [11,12], the initial step toward achieving
our goal is to determine appropriate boundary conditions
for the canonical variables that allow for the emergence of
BMS charges at spatial infinity. This has already been done
in terms of the ADM variables in [13]. In their approach,
they have proposed new boundary conditions compared to
the boundary conditions in the earlier work [9]. The
boundary conditions employed in [9] at spatial infinity,
with the intention of ensuring finite angular momentum,
also result in all BMS charges becoming identically zero.
This outcome, as demonstrated in [9], arises due to the
parity conditions imposed on the leading order of the metric
and its conjugate momentum as one moves toward spatial
infinity. Therefore, to reconcile the tension between the
asymptotic structure at spatial infinity and the emergence of
the BMS algebra at null infinity, it seems necessary to adopt
boundary conditions at spatial infinity that differ from those
of [9]. Simply discarding the standard parity conditions is
not feasible, as it leads to logarithmic divergence of the
symplectic structure, angular momentum, and boost
charges [14]. In the study by Henneaux and Troessaert
[13], they discovered alternative parity conditions for the
leading terms of the metric and its conjugate momentum.
These parity conditions preserve finiteness while allowing
for a well-defined and nontrivial action of the BMS algebra.
The key to their approach is to set the leading order terms of
the constraints to zero. This is an additional restriction, but
it is very mild since the leading terms of the constraints
vanish on shell anyway and therefore do not remove any
solutions.

In this paper, we investigate whether employing the same
approach is possible to identify suitable boundary con-
ditions for Ashtekar-Barbero variables, utilized in a LQG.
The challenge lies in the increased asymptotic structure that
must be determined due to the freedom in selecting the
internal SU(2) frame, describing the internal orientation.
However, to reproduce the ADM results, it is necessary to

fix the internal frame at the asymptotic boundary [7,8]. This
constraint is not inappropriate, as an SU(2) charge should
not hold any physical significance in general relativity. The
optimal parity conditions simultaneously render the asymp-
totic symmetry generators and the symplectic 2-form finite
while producing an integrable and finite charge. The falloff
and parity conditions of the additional degrees of freedom
must be chosen in a manner that satisfies all these require-
ments concurrently. Furthermore, a challenging aspect of
this work is ensuring that all imposed parities and falloff
conditions are preserved by the hypersurface deformation,
which is a based task to tackle. Our paper is structured as
follows: In Sec. II, we begin by reviewing some classic
background information on the ADM Hamiltonian treat-
ment of asymptotically flat spacetimes, with particular
emphasis on the parity conditions proposed by [9,13].
We then proceed to discuss the Ashtekar-Barbero variables,
deriving their falloff conditions in asymptotically spherical
coordinates. This is necessary because the new boundary
conditions are most conveniently expressed in this coor-
dinate system. Next, we recall the standard boundary
conditions for the Ashtekar-Barbero variables obtained
in [7,8], as well as the strategy employed in these papers
to fix the internal frame at the asymptotic boundary.

In Sec. III, we begin by stating a theorem that introduces
falloff and parity conditions for the canonical variables and
expresses and fixes some of the leading terms of the
Lagrange multipliers. We then spend the remainder of
the section proving the theorem. Specifically, we show that
the symplectic form is finite and well defined, the boundary
conditions are preserved by hypersurface deformations, and
the constraints are well defined and functionally differ-
entiable for asymptotic translations and do yield to non-
trivial supertranslations at spatial infinity. Thus, we derive a
finite and integrable charge for infinite-dimensional
supertranslations.

In Sec. 1V, an analysis is carried out to assess the
correlation between our findings and the outcomes pre-
sented in [13], specifically regarding the retrieval of the
supertranslation charge within the ADM formulation.
Furthermore, a discussion is provided on the distinction
observed in the boundary terms when employing ADM
variables in comparison to Ashtekar-Barbero variables.

In the final section, we summarize our findings and
provide an outlook. The conclusive outcomes of some
lengthy calculations have been included in the Appendix.

II. BACKGROUND

This section is dedicated to establishing notation and
outlining the necessary steps for verifying the suitability of
boundary conditions. Additionally, a brief review of pre-
vious work will be provided.

In this paper, we employ the Hamiltonian formalism of
GR. Consequently, it is important to emphasize that this
formulation assumes a foliation of spacetime into spacelike
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hypersurfaces. Consistent with the canonical approach, we
select a Cauchy hypersurface £ and define Cartesian
coordinates x“ = (x,y,z) on it. The region at spatial
infinity is identified as r — oo, where r = x%x,.
Appropriate boundary conditions are those that satisfy
the following requirements collectively. These require-
ments will be revisited throughout the paper. Consistent
boundary conditions are those that satisfy the following:

(i) Ensure the symplectic structure is well-defined. A
well-defined symplectic structure is crucial for
working in the phase space and calculating Poisson
brackets. Therefore, it is necessary to ensure that the
proposed boundary conditions do not cause the
symplectic structure to become divergent as one
approaches infinity.

(i) Remain invariant under hypersurface deformations.
To establish a consistent theory, it is essential for the
boundary conditions to remain the same across all
slices. In other words, they must be invariant as one
moves from one hypersurface to the next.

(iii) Enable the Hamiltonian generators of the asymptotic
symmetries to be well defined and integrable. The
surface integrals that yield the charges associated
with the asymptotic symmetries should be finite and
integrable. By integrable, we mean that the variation
can be extracted from the integral in the surface
integral. Mathematically speaking, the variation of
the surface charge is a 1-form in field space obtained
by performing integration by parts on the bulk
generator. This 1-form must be exact.

This requirement can be explained in another
way: In gauge theories, including GR, one has to
work with some constraints whose vanishing rep-
resents equations relating the canonical variables.
The constraint surface of the phase space is defined
by the vanishing of these constraint functionals.
Should these constraints meet the first-class criterion
in Dirac’s terminology [15], they are responsible for
generating gauge transformations. Consequently, it
becomes necessary to calculate Poisson brackets
with these constraint functionals. In order to com-
pute Poisson brackets between the constraint func-
tionals and different functions on the phase space, it
is essential for them to be both finite and function-
ally differentiable.

If, in the presence of a boundary, it occurs that the
generators of gauge transformations are not func-
tionally differentiable, one can address this issue by
following the subsequent procedure: Compute the
variation of the constraint, which involves obtaining
a surface integral. If the variation’s volume term is
well defined, it yields the desired functional deriva-
tive of the functional that we aim to establish as well
defined. Subtract the surface term from the variation
of the original constraint. If, after this process, the
resulting surface term is found to be exact, meaning

it can be expressed as the variation of a surface
integral, then one has acquired an expression that is
functionally differentiable and, if fortunate, is al-
ready finite and so it is well defined.

In a totally constrained system, the calculation of the
charge requires the consideration of the variation of the sum
of the smeared constraints and the identification of appro-
priate surface terms that can be added to the sum to ensure
differentiability. In mathematical terms, let us consider a
fully constrained system characterized by canonical vari-
ables (¢“, p,) and first-class constraints C; with corre-
sponding smearing functions A/. The variation can then be
expressed as

5C[A] = / d*x(8;p.0q9" — 8,4°5p,) + B,1(6q". p,).
(2.1)

Here, B;[5g%, 5p,] represents the surface term. Initially, it is
crucial to ensure that 3,[5¢%, 5p,] converges as the boun-
dary is approached. Subsequently, it must be verified if this
term can be expressed as the variation of a surface integral.
If both of these criteria are met, the charge is determined by
Q,(¢%, pa), defined as

B, (6q°,6p,) = —6Q,(q%. pa). (2.2)

A. Boundary conditions for ADM variables

Within the framework of the ADM formalism, the spatial
metric tensor g, of X, as well as the lapse function N and the
shift vector N, along with their conjugate momenta 7 11,
and IT,, respectively, serve as the canonical variables. To
simplify notation, we define N := (N, N) = (N, N). Upon
deriving the ADM action, it becomes apparent that the action
is independent of the time derivatives of N and N“.
Consequently, this leads to the establishment of primary
constraints I =0 and II, = 0. Regarding the conjugate
momentum of the metric, it can be determined that
7" =\ /q(K* — Kq"), where g denotes the determinant
of the spatial metric g,, and K., =5 (Gup — L59a)
represents the extrinsic curvature of £ with K representing
its trace.

Stability of the primary constraints shows that the
secondary constraints are (for a complete review of the
geometrodynamics of GR, the reader is referred to [16])

H, [N = =2 / d*xNq,.D,P", (2.3)
b
3 S 1 ab _cd
H[N] = . d°xN % 9ac9bd _Eqm?ch s
+ \@R), (2.4)
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where R is the Ricci scalar of the spatial hypersurface Z,
and D, is the Levi-Civita connection associated with ¢q,,.
By imposing stability of these constraints under evolution,
no tertiary constraints arise. The complete introduction of
the phase space of the theory is achieved through the
definition of the symplectic structure. Denoted as Q(8;, 5, ),
this symplectic structure is given by

9(51,52) = /Zd3x(51%b527f“b —52%;)51””!7)' (2-5)

The variation of a phase space function F|[q, x| is defined as
6F = Q(65,5), where &= (5q,,6n%) and &5 =
(67qap, 677*?) and S5 is simply the Hamiltonian vector
field of F. Then the Poisson bracket of two given
spacetime functions F; and F, is defined by {F, F,} =

Q(57,.5%,) [8].

1. Regge and Teitelboim boundary conditions

After providing this brief overview, we are now prepared
to explore the examination of the asymptotic region using
the canonical formulation of GR. A spacetime is considered
asymptotically flat' if, outside of a compact region, the
metric follows the behavior g, = J,, + %h,w, where h,,, is
a tensor on the asymptotic two-sphere (0X = S?). In order
to make use of the Hamiltonian formalism, it is essential to
comprehend the decay behaviors of the variables ¢g,;, and
7. Although there is no indication of the decay behavior
of the latter in the falloff behavior of g,,, the former can be
directly derived from it. Demanding the symplectic struc-
ture (2.5) to be finite, one arrives at this conclusion that
7% = O(r**¢) (for more detail look at [9] or [16]).
However, it is precisely the finiteness of the ADM
momentum that necessitates the decay of r~2. Therefore,
one must adhere to the falloff behaviors as

- .
qap = 6ab + ;hab(n) + 0(,.—2)’

1, )
nb =57 bm) +o(r ).

(2.6)
Here, h,, and 7% are tensor fields on the two-sphere at
spatial infinity (0 = if), and now the objective is to
eliminate the divergences arising in (2.5) through an
alternate technique. This is exactly where the parity
conditions come into play. A possible way to eliminate
the divergence in (2.5) is to impose the condition that the
functions h,, and 7% possess opposite parity. In [9], the
following parity conditions were proposed, which are
commonly known as the “standard parity conditions.”

lMathematically rigorous definitions for an asymptotically flat
spacetime exist, which are beyond the scope of this paper [17].

Under the antipodal map on the asymptotic two-sphere,
h,;, and 7% show the following behavior:
ljlab(_ﬁ) = ljlab(ﬁ)’

7% (-n) = -z (n).  (2.7)

In other words, 4,, = even and 7%’ = odd. Looking at the
power expansion of the symplectic 2-form (2.5), i.e.,

dr . _ = —u
Q(8,,6,) = /TAZ do(81hp6,7% — 830,677

+ finite, (2.8)

one finds that, using the parity conditions (2.7), the
coefficient of the leading logarithmic singularity is zero
because the term 6h,,67%” is an odd function and its
integral over the sphere vanishes. Here, do is the standard
measure on the unit sphere. It is worth mentioning that it is
not possible to interchange the parity conditions (2.7)
due to resulting in disappearance of the ADM energy
momentum.

Now, in accordance with (iii), one needs to verify if the
constraints (2.3) and (2.4) are well defined. To accomplish
this, the asymptotic behaviors of the Lagrange multipliers,
ie., N and N? must first be determined. In the simplest
version, in [1] it is shown that the Hamiltonian and
diffeomorphism constraints are finite and functionally
differentiable when the lapse and shift have the following
r — oo asymptotic behavior:

N = Sm)+ o(r ), Ne=58m)+o(r ), (2.9)

where S(n) and $°(n) are arbitrary odd functions on the
unit sphere, i.e.,

S(—ii) = —S(fi),  S9(-i) = —S°(i).  (2.10)

Thus, the constraints (2.3) and (2.4) with lapse and shift
obeying (2.9) and (2.10) generate the gauge transformation
of the theory. Note that the charge corresponding to the so-
called supertranslation S(i) and S¢(n) is identically zero.
We will return to this point in Sec. III D.

In the context of asymptotically flat spacetime, it is
reasonable to allow for the decay behaviors of smearing
functions N, N¢, which correspond to infinitesimal Poincaré
transformations. These behaviors can be described as
follows:

N = bx* +a(n) + O(r ),

N® = bix? 4+ a*(R) + O(r7"), (2.11)
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where b, and b,, = —b,, represent arbitrary constants,
while a(n) and a“(n) are arbitrary functions on the unit
sphere. The constants b, serve as parameters for Lorentz
boosts, and the antisymmetric constants b,, = —b,, act as
parameters for spatial rotations. Arbitrary functions a and a*
describe angle-dependent translations whose zero modes are
standard translations.

In their paper [9], Regge and Teitelboim demonstrated
that the boundary conditions (2.6) and (2.7) not only ensure
the finiteness of the symplectic structure (2.5), but also
possess invariance under hypersurface deformations with
lapse and shift (2.11) provided a, a“ (except their zero
modes) are odd functions, thereby satisfying conditions (i)
and (ii). However, when introducing the Lagrange multi-
pliers as (2.11), it turns that the constraints (2.3) and (2.4)
are not well defined. Following the procedure outlined in
(iii), the authors were able to identify well-defined gen-
erators. Hence, it can be concluded that the boundary
conditions (2.6) and (2.7) are appropriate as they fulfill all
the requirements (i)—(iii). The only limitation of their work
is that the resulting charge only includes those associated
with Poincaré symmetries, leaving no scope for charges
associated with the nonconstant angle-dependent trans-
lations a, a“. Therefore, there is no room for the BMS
charge. To address this issue, an alternative set of appro-
priate boundary conditions must be sought. This is pre-
cisely what Henneaux and Troessaert (H-T) accomplished
in their study [13]. Below, we briefly outline their approach
and encourage interested readers to consult the original
paper for further details.

2. H-T boundary conditions

In order to investigate the asymptotic region, it is
preferable to use spherical coordinates (r,x*), where x*
denotes the coordinates on the two-sphere. In what follows,
depending on the definition of the antipodal map on the
two-sphere, two types of coordinates are utilized:

(1) the coordinates for which the antipodal map is

XA - —x4, and

(2) the traditional coordinates x* = (6, @), for which the

antipodal map is 0 - 7 — 0, ¢ — ¢ + x.
When working with tensorial equations, the choice of
coordinates does not affect the results. However, in terms
of associating parities, it is important to specify the
coordinate system being used. It is always possible to
perform a coordinate transformation to switch between
these two coordinate systems. In a slight abuse of notation,
we utilize x* to represent both sets of coordinates (1) and
(2). However, if any confusion arises, we will explicitly
clarify which coordinate system is being used. We will refer
to them as coordinate system (1) and coordinate system (2),
respectively.

When expressed in the spherical coordinates, Eq. (2.6)
can be written as

1- 1 B
G = 14— 5 b+ 0(7),
- I o _
Gra = hya +;h§A) +0(r ™),
Gap = r*7ap + rhap + hﬁ +0(r ™),

1
7t = 7 _’__ﬂ(Z)rr + 0(,.—2)’
r

1 1
ﬂ.rA — _ﬁ.rA + _271.(2)rA + 0(,.—3)’
r r
1 1
= 270 S 00, (2.12)

where 745 is the metric on the unit two-sphere. It should be
noted that when deriving the last three equations in (2.12),
one must consider that z¢° is not a tensor field but rather a
tensor density. Furthermore, it is possible to assume,
without loss of generality, that %,, = 0, which greatly
simplifies the calculations in subsequent sections. This
assumption holds true since h,, =0 can always be
achieved through a coordinate transformation [13].

Expressed in spherical coordinates, Eq. (2.11) takes the
form

N=rb+f+0(r), (2.13)

1
N =W+0(r'"), NA=Y*4-I"4+0(r2). (2.14)
r

Here, b, an arbitrary function satisfying the condition
D;Dgh + by, = 0, serves as the boost parameter, and
Y4 is assumed to be the rotation generator, satisfying
Ly¥ap = 0. It should be noted that D, denotes the torsion-
free connection that is compatible with the metric of the
unit two-sphere 7,p.

When attempting to compute the surface term
B,[6g%, 6p,] defined in (2.1) for the case of GR with the
constraints given by (2.3) and (2.4), and with smearing
functions defined in (2.13) and (2.14), it is found that
BN[6G 45, 67%°] exhibits linear divergence; specifically,

(BN [0 ap» 57fab])

divergent part

=r / do(—=2YA7 45678 — 2\/7b5k), (2.15)
S2
where
T .— 7ABT 7 1z 75 > _ 1z
k:=7""kap, kap = EhAB + AV as. A= 3 hy,.
(2.16)

In the work by Henneaux and Troessaert [13], it was
observed that the divergent term (2.15) can be eliminated
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with the help of the leading order terms of the constraints,
ie, H, Hy where H=1H+ O(r?) and H,=:H,+
O(r7"). Specifically, the conditions H =0 = H, were
imposed even off shell, where

H = D,Dyk"" — DDk =0,

H, = 757" 4+ 7,5Dc7%¢ = 0. (2.17)

By utilizing Eq. (2.17), performing integration by parts,
and employing the boost property D,Dgh + by, 5 = 0, the
divergent term (2.15) can be eliminated. In the previous
work by Regge and Teitelboim (R-T) [9], the removal of
(2.15) was achieved through parity conditions. However, in
the study conducted by Henneaux and Troessaert [13], the
role is fulfilled by (2.17), enabling the relaxation of parity
conditions and the introduction of different conditions than
those proposed by R-T, thus leading to the revival of the
supertranslation charge.

Q(61,6,) =

QU
Q

(5}

QL
Q

(5}

c

(5}

I
— e — —

(o7
(
(o7
(

T o o o
I\

SIS SIS SR SIS

(5}

and in accordance with (2.19), the terms 6A6p and &k 45677
are odd functions and their integral over the sphere are equal
to zero. It should be noted that the term 64,467 does not
contribute to the divergent term of the symplectic structure
due to the assumption /,, = 0. Through a lengthy calcu-
lation, it can be demonstrated that the H-T boundary
conditions remain invariant under hypersurface deforma-
tions, thus meeting the requirements (i) and (ii). As pre-
viously mentioned, the divergent part of the surface term
(2.15) is eliminated by setting the leading terms of the
constraints to zero, i.e., (2.17). Furthermore, it has been
proven that the surface term By[5q.,;,, 57°?] is exact, thereby
establishing the integrability of the charge [ 13]. Therefore, all
the requirements (i)—(iii) are satisfied by H-T boundary
conditions (2.7) and (2.19).

The nonzero supertranslation charge is hence given by

QSupertranslation = ﬂZ d6(4T\/7://_1 + W[_?), (222)

do| 6 lézp + 26 kAgézﬂA (51 <> 52)) + finite,

To present the H-T parity conditions, in addition to the
newly defined variables (2.16), we need to define
ﬁ = 2(7_[”—7_1"2), (218)

Then, in terms of the spherical coordinates (1), the set of
parity conditions on the boundary values proposed in [13] are

1~ 78 = even, p~kap~74 =o0dd, (2.19)
or in terms of the spherical coordinates (2),
A~ ~ 7% ~ 799 ~ l_<9¢ = even,
Pl ~ 7% ~ kg ~ ]_‘W = odd. (2.20)

Thus, (2.12) together with (2.19) are called the H-T boundary
conditions [13]. It is straightforward to see that these
boundary conditions remove the divergent term of the
symplectic structure, because

271' + 51hA3527T (51 <> 52)) + finite
61 277.' + 5] hA3527[ + 51]71"527_7.'£ — 51?1,,527_7:? — (51 <> 52)) + finite

8h, 4]+ 81[hap + h,,7ap)62 78 — (5, < 52)) + finite

(2.21)

where T := f + bA + bk and W are even and odd arbitrary
functions on the unit two-sphere, respectively. The parities
of T and W ensure that the H-T parity conditions (2.19)
remain invariant under hypersurface deformations. Note
that the terms given in (2.22) may not generally vanish as
they are determined by integrating arbitrary even functions.

It is noteworthy to examine why the R-T parity con-
ditions result in a vanishing supertranslation charge. As
mentioned in the concluding paragraph of Sec. Il A 1, the
nonzero modes of the arbitrary functions @ and a“ are odd.
This can be equivalently expressed in terms of spherical
coordinates, indicating that the nonzero modes of f and W
are odd and even, respectively. Furthermore, when the R-T
parity conditions (2.7) are translated into spherical coordi-
nates, it becomes evident that A = even and p ~ k5 = odd,
leading to even parity for the nonzero mode of T.
Considering all of these factors, we can arrive at the
conclusion that the arbitrary functions present in 7 and W
have opposite parity to A and p, respectively. Equation (2.22)
indicates that these functions possess identically vanishing
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surface charges, leaving no room for the BMS symmetry
with the parity conditions (2.7).

B. Standard boundary conditions
for Ashtekar-Barbero variables

The Ashtekar-Barbero formalism relies on the use of
tetrad variables to represent the gravitational field. These
variables consist of four covariant fields denoted as e},(x),
where I,J,--- =0, 1, 2, 3 are flat indices that are raised
and lowered by the metric ;; = diag[s, +1, +1, +1]. Here,
s represents the signature of the metric (s = +1 for
Euclidean and s = —1 for Lorentzian metric). The metric
variables can be expressed in terms of the tetrad variables
using the equation g,, = 7;,eLe]. This formulation intro-
duces an additional gauge invariance of SO(3, 1) into GR.
The corresponding canonical formalism is defined within
the temporal gauge e/ = 0, where i, j,--- = 1, 2, 3 are flat
three-dimensional indices raised and lowered by §;;. In this
gauge, the Lorentz group is reduced to SU(2), and the
ADM configuration variables are g, = elel, N = ¢,
and el = e/ N“.

The Ashtekar-Barbero variables [11,12] consist of the
following connection 1-form and electric field:

Al =TV 4 pKi, (2.23)

E? = \/c_]e?, (2.24)
respectively, where ¢ := det(q,,;,), and e is defined by the
relations efe}, = 8, and efej, = &;. The 1-form K| is
defined through K,, =: K’(aez), the parameter £ is an
arbitrary complex number known as the Barbero-Immirzi
parameter [12], and

. 1 j b
Fél = __eijkEbDaEk

2
1. ~ ; , ; (det(E)) ,,
— __ l./kEb EJ _ EJ EQEI El, E{; s
26 k| Eab ba T ETEE, ), + det(E)
(2.25)

is the spin connection associated with ¢’,, in which E, is the
inverse of (2.24). The phase space coordinated by the pair
(Al, E¢) is equipped with the symplectic structure given by

2 . .
Q(5,.5,) =5 /E Bx(5,AL8,E¢ — 5,AL8,E9),  (2.26)

with respect to which the Ashtekar-Barbero variables (2.23)
and (2.24) form a canonically conjugate pair. In terms of
these variables, the constraints of the theory are expressed
in the form [16]

2 . i
gi [Al] = 'E/E d3x A (aaEia + eijkAﬁlEz>ﬂ (227)

-2 . .
H,[N] :73 /E dPx N¢ (F;,,E{?—A;,Q,), (2.28)

H[N] = /Zd3xN |:F£4b - (- S)eimnKleZ:| e EYEY,
(2.29)

which are known as Gauss, diffeomorphism, and
Hamiltonian constraints, respectively. Here,

F', =0,AL — 0,Al + eijkA{zA’,;, (2.30)
A is the Lagrange multiplier corresponding to G;, and, as
usual, N9 is the shift vector and N is the densitized lapse
function with weight —1. The diffeomorphism and
Hamiltonian constraints, i.e., (2.28) and (2.29), are the
same as in the ADM formulation, i.e., (2.3) and (2.4), with
da» and 7% expressed in terms of the Ashtekar-Barbero
variables. In addition, there is an extra constraint, i.e.,
(2.27), generating the internal rotations. The canonical
Hamiltonian, which will be used to compute equation of
motions, is a linear combination of the constraints (2.27)—
(2.29) and is expressed as

H., = / P (GIN] +H, N + HIN). (231
>

We are now prepared to discuss the asymptotic behaviors of
the Ashtekar-Barbero variables (A%, E¢) which satisfy
requirements (i)—(iii). It is important to note that simply
converting the boundary conditions imposed on the ADM
variables to the new variables does not yield a compre-
hensive asymptotic theory for GR written in terms of
Ashtekar-Barbero variables. This is due to the existence of
an additional internal SU(2) frame, the asymptotic behav-
ior of which must be determined while satisfying all
consistency requirements (i)—(iii). Reference [7] provides
an asymptotic analysis of the theory for f# = i, which is
equivalent to the R-T boundary conditions described in
Sec. ITA 1. Subsequently, Ref. [8] presents a similar
analysis for a real arbitrary Barbero-Immirzi parameter
p. In the remainder of this section, we provide a brief
summary of their discussions and highlight the findings
that are necessary to explain our results in the next section.

Given that the triad 1-form corresponds to the square root
of the three-metric, it is reasonable to anticipate that the
electric field will exhibit a falloff behavior of E{ =

EY + fT + O(r72). Here, E¢ represents the densitized triad
of the asymptotic three-metric at spatial infinity. Stated
differently, the associated metric of E¢ is considered to be
5., appearing in (2.6). It is important to note that E¢ is not
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fixed, in general, as it has the ability to undergo rotations in
the internal space, while still maintaining 6§, as its
associated metric. However, ensuring a well-defined sym-
plectic structure requires that the electric fields asymptote
to a fixed densitized triad. Thus, we select the fixed, zeroth
order asymptotic electric field to be E¢ = 5¢, where

5a_{1 if (a,i) = (x,1),(»,2),(z,3),
" 10 otherwise.

Subsequently, the boundary conditions (2.6) in terms of the
Ashtekar-Barbero variables can be expressed as

I

Ef =60+ 0(),
r

;O _
A=+ o(r ), (2.32)

where ]_C? and g/, are tensor fields defined on the asymptotic
two-sphere admitting the definite parity conditions [7,8]

Ji(-=h) = fi®),  go(-h) = -gi(@).  (2.33)
The well definedness of the symplectic structure (2.26) is
ensured by the falloff conditions (2.32) and the parity
conditions (2.33). Specifically, the symplectic structure can

be expressed as

2 - . - )
Q(6,8,) = & do(8,f{6,50 — 62f{6,7a) + finite.
p rJjs
(2.34)

Similar to the analysis presented in Sec. II A1, the
coefficient of the leading logarithmic singularity vanishes.
This is due to the parity conditions (2.33) that render the
term 5}?5@3 an odd function; hence, its integral over
the sphere evaluates to zero. Now it is easy to see the
importance of fixing the zeroth order electric field in (2.32)
in order to ensure the convergence of the integral (2.26).
If we were to allow all possible SU(2) rotated E¢, the
convergence of this integral could not be guaranteed. This
means the requirement (i) is fulfilled.

In order to validate the requirement (iii) regarding these
boundary conditions, it is necessary to obtain well-defined
forms of the constraints (2.27)—(2.29) when the smearing
functions include the Poincaré generators (2.11). To
achieve this, the appropriate decay behavior for A’ must
first be determined. Given that the leading term of G;
presented in (2.27) is an odd function with =2 decay, the
convergence of G;[A] is contingent upon the decay
condition

A
A =—Ai +0(r2), (2.35)
r

where A’ are even functions defined on the asymptotic S°.
It can be readily confirmed that the differentiability of
G;[A] is also ensured by (2.35).

With regards to the diffeomorphism and Hamiltonian
constraints, i.e., (2.28) and (2.29), it is observed that, even
after subtracting the surface destroying differentiability, the
constraints only converge for translations and not for boosts
and rotations. This situation necessitates modification such
that (1) the generators remain functionally differentiable
and (2) the already available well-defined generator for
translations remains intact up to a pure gauge. Upon
conducting a thorough and meticulous examination, it
becomes evident that the issue at hand stems from the
fact that, despite the fixation of the zeroth order term of the
electric field as ¢, it continues to undergo rotation within
the internal space when moving from one hypersurface to
another. Put differently, 6¢ remains unfixed during hyper-
surface deformations. For instance, it is known that under
the action of the diffeomorphism constraint, the variables
change according to their Lie derivative along the shift
vector, ie., {H,[N%,E’} = L;E?. By examining the
asymptotic behavior of this equation, it becomes evident
that {H,[N“], 57} = L3567, which is not generally equal to
zero. Here, R represents the asymptotic rotations. This
problem did not occur in the ADM variables due to the fact

that R acts as a Killing vector for the asymptotic three-
metric d,, i.e., Lz0,, = 0. However, it should be noted

that the fact that R is an asymptotic Killing vector does not
necessarily imply that the asymptotic triad is also Lie
annihilated. It only means that the asymptotic triad is
rotated within the tangent space. Given that the Gauss
constraint is primarily responsible for generating internal
rotations, there is still hope of preventing these rotations by
compensating for their effects through a term proportional
to the Gauss constraint equipped with suitable Lagrange
multipliers. This approach has been implemented in [7,8]. By
subtracting a term proportional to the Gauss constraint from
the diffeomorphism and Hamiltonian constraints, not only is
o0¢ fixed, but it also renders the constraints well-defined
functionals. Specifically, it has been revealed that, for real f3,
the final well-defined symmetry generators are [8]

H,[N?] == H,[N?] + sG;[A]] + surface terms,  (2.36)
H[N] == H[N] — pG,;[A’] + surface terms, (2.37)
with suitable Lagrange multipliers
NG i 1 J sbpa
A=A _Eeijkéaékbb’
A= A+ 8D, (2.38)

Although the Gauss terms have been subtracted to eliminate
the source of divergence coming from boosts and rotations,
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still one needs some surface terms subtracted to ensure the
differentiability. It should be noted that, as expected, the

volume terms added to the constraints, sG;[A’] and 4G;[A],
respectively, are proportional to the Gauss constraint, thereby
preserving the invariance of the translation generator on the
constraint surface of the Gauss constraint. The reader can
find the surface terms in the original paper [8], which are
derived based on the specific boundary conditions (2.32) and
(2.33). It has been verified in [7,8] in more detail that the
standard boundary conditions (2.32) and (2.33) are preserved
by hypersurface deformations. This analysis successfully
verifies all the requirements (i)—(iii) for the standard boun-
dary conditions.

As the boundary conditions (2.32) and (2.33) are
equivalent to R-T boundary conditions, similar to what
was discussed in Sec. Il A 1, there is no scope for the
supertranslation charge. In the following section, we
present new boundary conditions within the Ashtekar-
Barbero phase space, without relying on the ADM expres-
sions, which result in nonzero supertranslation charges at
spatial infinity.

III. NEW BOUNDARY CONDITIONS FOR
ASHTEKAR-BARBERO VARIABLES

In order to provide a comprehensive description of our
approach for strengthening the boundary conditions, it is
more practical to employ spherical coordinates (r,x%),
wherein x4 denotes coordinates on the sphere. In this
section, we predominantly use the second set of spherical
coordinates introduced in Sec. IT A2, specifically

-€{r,0,¢}, A,B,--- €{0,¢} and the antipodal
map is defined as 8 - 7 —60,¢p — @ + n. In these coor-
dinates, the asymptotic conditions (2.32) are expressed as

Ef = P57+ i+ VR + oY,

—_ s —=(2 _
E} = r/irt + Vit + VIR oY,
g —(2)i
A =3 )

o
A;;_g—3+gf;+0( 3,

(3.1)
where 7 is the determinant of the unit metric 7,5 on the
sphere, and 7{ are asymptotic triads satisfying
747 = 7% = diag(1,7*?). The behavior of the inverse
of EY in the asymptotic region is given by

_ln T
; ﬂf+»f+m Y,
E, = % 12 {/A; +0(r ). (3.2)

Here, 7, represents the inverse of 7¢ satisfying
7.7, = 7ap = diag(1,74p). It should be noted that when
deriving the first two equations in (3.1) and (3.2), one must
consider that the electric field and its inverse follow the
coordinate transformation rules of tensor densities, rather
than those of tensor fields. Furthermore, from the requ1re—

ment E},E? = 8} and the relations 77! = 5¢ and 747}, = &/,
we can determine j_‘g in terms of ff’ as
~Ty7af. (3.3)

Two properties of 7¢ that will be significant for subsequent
calculations are

Da7h =i (3.4)
DAV = ~Tas7}- (3.5)

Under the action of the antipodal map, 7/, are
7i~7{ =odd, 7] =even, (3.6)

and their lower spacetime index has the same parity
because

P PR PR
=7 Tp=7. 7,=7r. (3.7

Moreover, since {7+, 7). 7., } forms a basis for the internal
space, it proves convenient to use the expression
fé = Fepb, g = Gi¥', because in the end we will associate
desired parities to the components

Fi = fo7,, (3.8)

Gy = g7y (3.9)
In general, for any field 7¢ (or #',) on the asymptotic two-
sphere, its components in this basis are defined as f, :=
7}, (by ) = D7)

The asymptotlc behavior for lapse and shift are still
assumed to be (2.13) and (2.14). Since the smearing
function for the Hamiltonian constraint (2.29) is considered
to be a scalar density of weight —1, we need to derive the
asymptotic behavior of N based on that of N and the

relation N = \/_, namely,
. 1b 17
N=—+—-"+400 3.10
7 }’2\/]7 ( ) ( )

The relation between f in (2.13) and f in (3.10) is given by

~ b - -
j=r-3(Fr+ R, (3.11)
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where we have used the asymptotic expansion of the
determinant of the metric

g =detE! = r*y + rPy(Fi+ F1) + 0(r?).  (3.12)
From this point forward, the smearing functions we use for
the diffeomorphism and Hamiltonian constraints are (2.14)
and (3.10), respectively.

Moving forward, we will assume that we are always
working in a coordinate system in which the equation
VapF? + F = 0 holds. This assumption is the same as the
one stated in Sec. II A 2, where we set i_z,A = 0/[13]. In fact,
this assumption for mixed radial-angular components of the
metric was imposed also in [18]. The only cost we must pay
to ensure that we remain in this coordinate when transition-
ing from one hypersurface to the next is to fix 4 in the
shift vector (2.14) [for more details, refer to Eqs. (3.67)
and (3.68)].

For future reference, it is necessary to obtain the
asymptotic expansion of the spin connection and extrinsic
curvature, which are parts of the definition of the Ashtekar-
Barbero connection (2.23), as well as the curvature (2.30)
that appears in the constraints (2.28) and (2.29). These
quantities can be expanded in spherical coordinates as

|

o o g
Iy = N/ [eDA}’AB(Fg —-F7) - 2€DC}’AC(DBF¢):| YD +ﬁ
_ngD+FBYr

Along with Eq. (2.23), these results allow us to determine
the leading terms of K/ as

ki, = p~ (g, - T) = p~'(Ghy, = T%).  (3.18)
Finally, by replacing the expressions (3.16) and (3.17) into
(3.18), we can obtain the explicit formula for &/, in terms of
F¢ and GY.

A. Explicit form

We are now prepared to present the new boundary
conditions for the Ashtekar-Barbero variables in the form
of a theorem. The subsequent sections of this paper will be
dedicated to the thorough analysis of the implications and
substance of this theorem.

Theorem. The following boundary conditions meet both
requirements (i) and (ii). They also fulfill requirement
(iii) for spacetime translations and result in nonzero super-
translation charges. The boundary conditions consist of the
decay conditions (3.1) and the parity conditions

FO~ F9 ~ Fjj = even, (3.19)

. k’ . k’
K. = 2—|—O( ), Ky = —l—O( 3, (3.13)
Y S kg o
I =—=+0(7), Iy = -+ o(r=), (3.14)
1 —i —i -3
Foy= 2 (—QA - aAQr) +0(r™),
1, - )
Fup = v (aAng - aBQZ) +O(r 2)- (3.15)

By using Egs. (2.25) and (3.1) and performing a lengthy
calculation, we obtain the leading order term of the spin
connection as

i =

1
r 2\/_

|:2€CB}/ FA —e“D,(Fr - FB)} 7c

! D (5. FC L EryLy. 7Clsi
+ﬁ€ Dp(7epFy + Fp) +7esF5 |7h
— P74+ 37, (3.16)

[2€DA}_’BD7ACFrC —ePArppDA(Fr+ FE) + 2€DA7CDDAFB€} 7h

(3.17)
F! ~F§~F})~ Gl = odd, (3.20)
(Ff = FA) ~ (GO + G7) ~ (G4 + G7) = even,  (3.21)
_ 1
GY + ﬁD(p(Fﬁ — F4) = odd, (3.22)
Gh+——=D,(Fr — F4) = odd, (3.23)
2\[ Dy
G? — —=Dy(F. — F4) = even, (3.24)
Z\f
G - 4D9(F F1) = even (3.25)
Go + Y7 (F’ - ) (3.26)
Gt ——_(Fr 3.27
$-55 (Fr-F4) (3.27)

Moreover, we have assumed
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FapFA + Fl, =0, (3.28)

The restrictions we have in our Lagrange multipliers are

W = odd, f = even, (3.30)
Ip=20 W—ﬁb[%(l_c’—i-;_/ IEB)—fy 7 FB]
D D D T VBDKr N ApYBcly |
(3.31)

_ ebA _ _ _
2Ar = —SWDA (b[krD + 7BDk§]>
o _ B _
-p |:Fé(DAb) —2bDAF} + bT}_’BCGg} . (3.32)
4

- b- - -

b_ - -
A, +ﬁ§D¢(F£ — F4) = even, (3.34)

where A® = Ay,

2 [dr “as =i Zas =i
2 / dr / do(5,]95,31, — 5,146,71,)
pJ r s
2 [d e s
-z / ar / do(8,F28,Gt — 6,F45,G")
pJ r)s

Note that obviously the new boundary conditions differ
from the standard ones. Specifically, in terms of I, G} the
standard parity conditions (2.33) is stated as

Fé=f%i=0dd, F%=f¢7=even,

G4 =g,y!=odd,

F4=fe7,=odd,
G4 =7.7! =even,

(3.35)

G =g.y" =even,

where all the canonical variables have definite parities. Here,
to read the parities, we have the relations (3.6) and (3.7) in
mind. Furthermore, the parity condition A’ = even in the
standard boundary conditions is equivalent to A" ~ A? =
even and A? = odd, while Egs. (3.32)-(3.34) tells us that all
A® do have both even and odd pieces in the new setting of
boundary conditions. Moreover, in the standard parity
conditions, /4 is not fixed, while here it is through Eq. (3.31).

The rest of this section is dedicated to prove this
theorem. First, we show that these boundary conditions
give us a well-defined symplectic structure (2.26). As we
already saw in (2.34), since the asymptotic triads are
supposed to be fixed, the divergent part of the symplectic
structure is

2 [dr - - _ - _ - _
= ’B/Tﬂz d6<51F£52G§ + 51F252Gf + ElFféng + 51F§52G§ - (6, « 52)>

2 [dr
:ﬂ/r/gzdg 51

FA 6zGr + 5 FA62Gr + 6 F 52(G J’ABG ) + 61F262(G§)Sym - (51 <> 52))

:/_23/?%2 g<5 F48,Gl + 8,F3d, {(G )7L +2GC6’3] - (01 & 52))
2 [dr
5/ foe

1 _ _
}"/S'Z do( 8,F45, <Gr + 2G > + 61(F3)7.6,(G)rp — (61 < 52))

Here, in the first step, we have used (3.8), (3.9), and
747, = &4. In the second step, we have separated the radial
and angular components. In the third step, we have added
and subtracted &, F45,G7, then we used (3.28) to conclude
that 8,F7,6,G2 + 6,F18,G', = 6, FA6,(G'; — 745G?) and
we also used (3.29) to see that only the symmetric part of
G% contributes in it as §, F36,G% = 6, F36,(G})gym» Where
by (G§)

ym We mean the symmetric part of the 2 x 2 matrix

(3.36)

G5. In the fourth step, first we used the parity conditions
(3.19) to see that &,(F. — F4)5,G = odd and also the
parity conditions (3.22)—(3.25) to conclude that
51 F28,(G, — 743G®) = odd. These two odd terms vanish
because integration of an odd function over the two-sphere
is equal to zero. Then we have also split the symmetric
matrix (Gﬁ)sym into the trace piece and traceless piece

(GE)rp»ie., (GF)gym = (G§)7p + 5 GESK. In the fifth step,
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we have factored F% out of the terms including it and noted
that only the traceless part of the symmetric matrix F
contributes in the term 8, F’35,(G?% ), . Finally, by using the
parity conditions (3.19)—(3.21), (3.26), and (3.27), we see
that the two remaining terms are both odd functions and so
their integrations vanish.

Therefore, the parity conditions introduced in the theo-
rem ensure convergence of the symplectic structure and the
requirement (i) is satisfied.

B. Constraints

The newly established parity conditions do ensure the
finite nature of the symplectic form, but they alone do not
guarantee the cancellation of the divergent components in
the boost charges and angular momentum, in contrast to the
parity conditions presented in [9]. Therefore, these con-
ditions must be complemented by additional asymptotic
restrictions in order to achieve the finiteness of the charges.

As explained in Sec. IT A 2, the approach employed in
[13] to solve this issue involves setting the leading terms of
the constraints to zero. These supplementary conditions are
relatively moderate. In this study, while working with
Ashtekar-Barbero variables, our objective is to investigate
whether this strategy leads to the elimination of divergence
in surface terms. For this purpose, in the current section,
we derive the leading terms of the constraints in terms of
the Ashtekar-Barbero variables and set them to zero.
Additionally, we analyze the behavior of the constraints
and their variations at infinity.

With the given boundary conditions (3.1) and in spheri-
cal coordinates, the constraints (2.27)—(2.29) exhibit the
following decay behavior:

G =G, +0(rh), (3.37)
Ho=LH,+ 007, Hy=Hyt0(0).  (3.3%)
H=rH+0(1). (3.39)

The strengthened boundary conditions require the absence
of leading divergences in the constraints, thus imposing the
conditions

G =H.,=H,=H=0. (3.40)
As in this section we wish to thoroughly discuss aspects
related to the constraints, we will derive their actions on the
canonical variables and also examine the surface terms that
affect their differentiability, which will be addressed in
Sec. Il D when the asymptotic charges are discussed.
Before delving into the details, it is important to recall
from Sec. II B that, to ensure the finiteness of the volume

part of the diffeomorphism and Hamiltonian constraints, a
term proportional to the Gauss constraint needs to be added
to their expressions [see Egs. (2.36) and (2.37), respec-
tively]. In spherical coordinates, the Lagrange multipliers

A’ and A" are given by

A= N+ (b7 + (0,b)71). (3.42)
In the subsequent discussion, we examine the behavior of

each constraint individually.

1. Gauss constraint

After some calculation, one can obtain the explicit
expression of the conditions G; = 0 in (3.40) as equivalent
to the following equations:

_ 2 _ _ _ _
g = 3 <\/?<F£ — F3) +V7(DyF?) - 6ABG§7Bc> =0,
(3.43)
2

Gt = 3 (ﬁ(FgV‘B + F}) + V' (DcF)

+ e*B(G ypc — G%))

2 _ _ _
-2 (ﬁ?AB (DeFS) + A (GC7pe — G;)) L (344)

where G; = G'7. 4+ GA7',, and to obtain the second equality
of (3.44), we make use of the assumption (3.28). It is
important to ensure the convergence of the smeared
constraint. In the standard boundary conditions discussed
in Sec. I B, it is required to assign definite even parity to A’
in order to ensure the finiteness of (2.27). However, in this
case, we do not need to restrict the parity of A, as the
divergent part of (2.27) has already been removed, as
represented by the equation

Gi[A] —/Edrde(pg,-Ai

d =
_ / ar / do (A'G;) + finite = finite,  (3.45)
r Js?

where we have used the condition Qi =0.

Now, it is necessary to verify the differentiability of the
constraint. The variation of the smeared Gauss constraint
can be represented as
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. 2 ) . .
59,[/\’] = B/Z d3xA’ <0a5E? + eljk(éAé)Ez + eljkAil(aEZ)>

2 N . . 2 _
:[—}/Ed%c(—aaAk +e,-jkA£,Al>(5EZ) + (eijkAlEg) (8A%) +574dSa(A’5E;Z),

By expressing the above variation in the form

3G,IN] = 203,0) + 8003, 00) = 5 | Px((GEavsAy) - (4 00E) ) + (oL, ),
)

we can determine the variation of the canonical variables
under the action of the Gauss constraint, as well as the
surface term that needs to be subtracted in order to obtain a
functionally differentiable generator for internal rotations.
Specifically, we find

SAAL = =0, AN + €, N AL, (3.48)
5AE;'1 = €ijkAjEZ’ (349)

) 2 )
BA(8AL, SEY) = ﬁf dS,(N'SE?). (3.50)

We will address the issue arising from the surface term in
Sec. I D.

2. Diffeomorphism constraint

The conditions H, = H, = 0 stated in (3.40) can be
expressed explicitly as

2 ~ - .
, :ﬁﬁ(Gg‘ +2G;+DAG¢> =0,  (3.51)
i 25 (5 A AB e B Wel
HA:—F\/J7 DGy = Gy7ap + DGy — DpGy | = 0.
(3.52)
|

S(H,[N]) = ‘/ﬁs

(3.46)

(3.47)

In order to check the convergence of the smeared constraint
(2.28), we calculate its asymptotic expansion

H,[N%] = / drd&d(p<H,N’+HANA>

/ / do(WH,) /dr/ do(YAH,
s s?

r~1)) + finite. (3.53)

It is evident that, even with the imposition of the conditions
H, = H, = 0, the constraint H,[N%] diverges due to the
logarithmic divergence arising from the second integral in
(3.53). This issue was already encountered in Sec. II B,
where applying the standard parity conditions allowed the
removal of the divergent parts including WH, and YAH 4,
but the logarithmic divergence in the second integral of
(3.53) persisted. As mentioned previously, this problem can
be resolved without relying on any specific parity condition
by working with H,[N“] defined in (2.36) alongside the
Lagrange multiplier (3.41) instead of H,[N“]. For a more
detailed explanation, the interested reader can refer to [7,8].
Although H,[N“] provides us with a finite generator for
the symmetries, it is still necessary to ensure its differ-
entiability. Let us compute the variation of H,[N“] to obtain
the surface terms mentioned in (2.36), as well as the
variations of the canonical variables under its action

5 / dPx N (F;bE? —A@,g,) + 56G;[A]
z

) , , , .
=22 [ @xne (10,4 - oyl — alosE ) + 536, (A1

—2s

2
2s

z

d3x N“( (01aBA} ) EY +2(01,Ay )OE? — (8A4)0,E? — Aéaban?) + 58G;[AT]

& ((5E?)(ENAZ) - (5AZ)(£NE7)>

2 . . . A
ﬂs ds, (NHE?(SA; — NPE¢sA] —N”A;,(SE;’> + 56G;[A']
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B —-2s

B s
2s

ex( oL,

By expressing the above variation in the form

SH[N] = Q(65.6) + By (5AL, 5EF)
= %/2 d3x<(6E?)(5NA£1) — (6A2)(‘SNE?)>

+ By (8AL, SE9), (3.55)

we can determine the variation of the canonical variables
under the action of the diffeomorphism constraint, as well
as the surface term that must be subtracted to obtain a
functionally differentiable generator for spatial diffeomor-
phisms. Specifically,

SyAL = —s(LAL — e N AY), (3.56)

SyES = —s(L{E? — €3 NEY), (3.57)

2s

By (8AL. 6EY) = 5 ﬁ ds, (NaE?aA;', — NPE¢SA}

— NPAI SE¢ — A’BE?) . (3.58)

We will treat the issue coming from the surface term in
Sec. I D.

), S, <NaE§’5A;', — NPE4SAL — NP Al SE¢ — A’SE?) :

— e NAK) — (5AL) (L E? — eijk[\jEZ)>

(3.54)

3. Hamiltonian constraint

The explicit expression of the condition H = 01in (3.40) is
fl— 27D, (&B(nygc - Gg)) _0. (359)

To check convergence of the smeared constraint (2.29), we
compute the asymptotic expansion of it, namely,

H[N] = L drd9dp NH
_ / dr / do(bH + O(r1)) + finite.  (3.60)
SZ

Despite implementing the conditions A = 0, it is apparent
that the constraint H[N] becomes divergent due to the
logarithmic divergence arising from the O(r~!') term in
Eq. (3.60). It is noteworthy to mention that a similar problem
was encountered in Sec. IIB, where the utilization of
standard parity conditions allowed for the elimination of
divergent parts, including bH, while the logarithmic diver-
gence in the second integral of Eq. (3.60) persisted. As
previously stated, this issue can be resolved without relying
on any specific parity condition by working with H[N] as
defined in (2.37) and incorporating the Lagrange multiplier
from (3.42). For a more comprehensive explanation, we
recommend referring to [7,8].

The variation of the smeared Hamiltonian constraint is given by

SHIN] = / d*xN <€,~ wOF!, EYE] + 26, Fi\ SEYE} — 4(p* —
z

= A N <€i %[20,6A + 2ei,mAgl§Ag]E7E,€ + zeiij;béE;fE,lg —4(p* - 5)K

[a™b]™J [a™b]

s)[6K! Ky ESE} + K|

[a la

Kll;]aE?EI]:]> NN

| xrk b
KX SEIED

[a™P]

—4B71 (% — 5)0A] KX EYEY + 4B~ (B> - s)or’ K* E;’EZ) — BSGi[A]

= / AP x(=26€,j40,(NESES)SAL + 2Ne€ i€ AfSALESEY + 2,y NF' EY (SE;) — 4(* — s)NK. K
z

=257 (B — s)NKLESEL(5AL) + 27 (B* — s)NKGES Ef(5A%)

[a J

+4p7 (% — s)NoT K’;]E‘?EZ) + 7{ dS,2Ne; A, EE}
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— L d3x(5AZ)<—2€,1jkaa(NE;’Ei)+2N€,-jk€l~,1mA’g’EjE,’z—4ﬂ‘1(ﬁ s)NKXEYE — PenuN E>
+ / dBx(SES)EY (2, NF! ) — 4(p> —s)NK” Ky~ — Pea N AY)
z

+4p71(B* =) / d3xN5Ff Kg]EyEb f dS,(2Ne;; 5L ESE} — 2A'SEY). (3.61)

In order to obtain 5y A!, and the respective surface terms, it is necessary to express the term Js d*xN 5Ff K k] E“Eb explicitly

in terms of oE{. We have performed these calculations as shown as follows:

o 1 o o
L IPxN&T| Ky EYEY =3 L P x(NSTLES K E] — NoU,Ef K EY)

det(E : o ;
u] + elko, (NK;E?EQE;l)EgEL)

(det(E)),e]
det(E)

1
—— d3 SE¢ njkNKl EaEb El EcEl E/
4_/2 x( n) < j=eb + d (E)
1 S ) . )
+7 / &Bx Nelin(SES)K" EY [EmE] — E4EL o + ESEY, + &),
)

(det(E))’b] n 1

1 o /
3 ijk e\EbgnEpd | FeELE! p
_ Z/Z Bx Net (6En)EdeEl |:EjEeEc,h + E, det(E) Z

L d*x Ne"™ (SES)ELK"EJE™,
+%/Z d®x X (SES)EL[0,(NELK " EYES)E! — 0,(NEL K EYES ) EY)

_ ;L L &x €7 (SES)[~0,(NEJK EYES)ELEY + 0,(NELK)E{)EZ)

- % 7{ dS € NK? ESE}ESSE) + %f{ dSy e *NEYK ) E{[E6E, + ES (OEY) + 6(EyOEY)]

1 e ‘
-3 f{ ds, e’*NEV K" EYESSE), (3.62)

where the variation of the spin connection is calculated using the relation (2.25).
By substituting (3.62) into (3.61) and reorganizing the terms, we can express §H[N] in the desired form,

SHIN] = Q(55. 8) + By (5AL, 5ES) — % / d3x((5E7)(5,~vA;) _ (5A5,)(5NE7)) 4 By (AL, 0E9).  (3.63)

From this expression, we can read both §yAl, SyE¢, as well as the boundary term By (SA%, SE¢). The variation of the
Ashtekar-Barbero connection under the action of the Hamiltonian constraint is

- 1 - (det(E))
SyAl = BEY <emkNF’eb —2(p* - s)NK, K’;]> +3 (p* - )( kN K™ EE} [El EE., + E. 7(165( E)) ’b]

N P ; ; . (det(E

+ €%, (NKLEYEJES ) ERE, + Ne'" K" EY {EmEJ — EnEcq+ ESEY, + 61 (det(E)) . det( (E)))]
det(E .y
— Nel*EbK1EY [ECEZ El,+El (det(E). ot ( ( ];)) ] + Ne"™ E}KEJED,

ijk J N b m pd pa n N b m pd pa \ n
+ eUkE] {a,,(NEde EYES)E! - 0,(NEYK™ E Em)Eb]
—¢ilk {—ab (NELKWEYES)ELED + 0, (NEgKgE;I)EgD — Pe, N AL (3.64)

The variation of the electric field is given by
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SNES = Penj0a(NECES) — pNeyjxeinmAPESEL + 2(5% — s)NKLEN EY — pe, i A ES. (3.65)
The surface term associated with the Hamiltonian constraint is
By (6AL, SES) = f dS,2Ne;ALESE] + ' (B* = 5) 7{ dS,e*NK"ESELEYSE)
+471 (B - 5) jz[ ds, e*NE?K" E¢ {E;&E{; + ES(SE™) + 8 (ELSEY)
— BN —s) ?{ dS, e*NEL K" EYES,SE) — 2 7{ ds, N'SE?. (3.66)
We will deal with the surface term issue in Sec. III D.

C. Preservation under hypersurface deformations

In this section, we want to show that the boundary conditions proposed in the theorem are preserved under the
hypersurface deformations. To do that, we use the results we obtained in the Appendix. We begin with Eq. (3.28). We
should make sure that this equation is preserved when one moves from one hypersurface to the next. Using the variations
(A2) and (A3), we have

_ _ eAC eCB _ cAB
8(FPysp + Fp) = 7sp <ﬂ[ﬁbDAF§ +ﬁFé(DAb) +ﬁ

< I Az (ﬁz_s) 7
+ﬂ<}’AD\/»[bDBF — b(7pcF€ — Fy) + F§(Deb) + (Dgf)] + bG7ap — 3 bkf))
B

—0pW +1Ip + LyFY, + W7AD/'\B

0.+ b( G - L )| 4 2,k - A

AC = B ~r (/}2 _ S) r -~ I.B
= pb 7 (78pDAFE + 7ap|DcFr — 27pcF2]) + Gl + G7ap — T (kp +78pk7)
—0pW +1Ip + Ly(7spF? + Fp). (3.67)

In order to make sure that (3.28) is preserved, we have to fix 4 by the equation

eAC - =s) - -

Ip =0pW —pb |:\/—(YBDDAFc+7/AD[DCF —27pcFE)) + G}, + G ap — ( 7 )(kB+J’BDk§)]
Sz o ey € o

= dpW — pb | (kp + 7apky) — ﬁ?’ADyBCFr . (3.68)

In fact, inserting (3.68) in (3.67) leads to §(F2ygp + F}) = 0.
In order to show that Eq. (3.29) is preserved, we use Eqs. (A4) to get

73[551_”",5] =p [% YBIEY DIC <€CAbDAF§ - €CBF¢(DAb)> + bG{%T’D]C]
_ _ eBC _
— 75D 1® + £Y<7B[EFg]) + WArT/B[E7D]C
= ¥YBIEYD|C {5 (€CAbDAF§ — ePF}(Dab) + bGSy AB) DEIP + \j; Ar] + Ly (75F} ). (3.69)

One can solve the equation 7 z6F g] =0 for A7 in the following way:
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OA" = VFepo(DEIP) = [2F¢‘ (Byb) — bD,F + b\/;:/eBC(_}g;?AB}
= \/}7<? €DAJ/DB}’AC> (DCIB) -p |:2F¢<DAb) - bDAFI;‘ =+ b\ﬁ’(; €DE}’DB}’EC> GEYAB}

1 o o L
= ﬁeDAu)AID) -p |:2F¢<DAb) —bDAF} + bﬁeABVBch]

DA _ s - ) cEC ) o o AB
= WDA <aDW - pb [E (kp +78pk?) — WT/EDT/BCF?} ) -p [2Ff(DAb) —bDAF} + bﬁ?BCGg}
pA o o AB
= —SWDA(b[kE) + YBDké]) -p [Fé(DAb) —2bDAF} + bﬁ?’BCGg} . (3.70)

Plugging (3.70) into (3.69) ensures that 5(}73[513315]) =0.
Using Egs. (A1) and (A4), we compute the variation of F7 — F* that is supposed to be even,

r A €AB N L eAB— C A (/}2_5) LA N JA r
5(FV_FA)::H WbDAFB—W]/AchB—bGA‘F bkA +2W+DAI +£YFr
V)

-p {% <eCAbDAF€> + b(-G4 —2G7) + Tb(27<; + l‘cg)] +2W + (DyI?) + LyFE
i} 2 _ _ B _ L
- /3<2ng _v 7 s) 2bG’ — ﬁyAchg> + Ly(Fr — F5)
2 - - - -
- ﬁ(sz; _p 7 s) 2bG;> + Ly(Fr — FB)

2% . o
— EsbGi + Ly(F — FB).

which is even because b ~ odd and G’ ~ odd. This means that the first parity condition in (3.21) is preserved.
Utilizing Eq. (A3) and subsequent simplification, we obtain the following expression for §F?:

- p [ - I —0 = —0, = - (. P—s- - | -
6F0 = L_|bDyF? — bD FY — F(Dyb) — F4(D,b) + D,f + b\/7| G} — KOV + LyFf ——A
\/77 oL ¢ /] qﬂ( 9) I’( (ﬂ) . 0 ﬂ Y \/}7 7
_ ﬂz—s_g 1 -
:ﬂb(G’— k%) ———=A, + even
©p Vi
~ even, (3.71)

where, by employing the parity conditions (3.19), (3.20), and (3.30) in the first step, we can determine the terms with

transparent even parity. Subsequently, we make use of the parity k¢ = f~1(G? — %) ~ odd derived from (3.22) and the
equation

_ 1 A -
I = 77 (2;/F‘f - D, (Fj - Fj})). (3.72)

Furthermore, through the cancellation of the odd parts of fbG), and — Ly /_\w as shown in (3.23) and (3.34), an even quantity

Y

remains. Thus, the parity of FY is preserved.
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A similar approach is utilized for F¢. By employing Eq. (A3) and simplifying, we obtain

2
_ - _ - o - _ o~ _ — 5 _ 1 -
6FY = % [bDaFi — bD, Y + FY(Dyb) + F4(Dyb) + Dyf + b7 (G;, L - k)} L3P+
_ ﬁ2—s-( 1 -
= G;— kl) +—_A9+0dd
p VY
/'\/0 . .
dd 3.73

In the first step, we used the parity conditions (3.19), (3.20), and (3.30) to determine the terms with transparent odd parity.
Next, we employed the parity k¥ = p~'(GY — ['¥) ~ even resulting from (3.24) and the equation

_ 1 _ - - _
I = N <_27F§ — Dy(Fr - Fﬁ)). (3.74)

Additionally, the cancellation of the even parts of ﬁng and — \/L;/_\,,, is evident from (3.23) and (3.34), resulting in an odd

quantity. Consequently, the parity of F¥ is preserved.

Furthermore, considering that the parities of ¢ and F? are both preserved, and due to the fact that Eq. (3.28) remains
unchanged under hypersurface deformations, we can conclude that the parities of F p and F o are also preserved. This result
can also be confirmed directly from (A3).

By using Eq. (A4), one can derive 5F?@ and §F?¢, which can be simplified as

_ 1 _ _ _ 2 _ _ _ _ _ _
SFY = p {Wb(DwF‘;') - b(GL+G)) + ¥ 7 ) b(Gr+ Gl - Fg‘ﬁ)} + W+ D,I* + LyF}

~ odd, (3.75)

2 - —_ —_ _— - -
6FG =p [—ﬁb(DeF?) - b(G; +GY) + (b 7 s) b(Gr+ G4 — rg)} + W+ Dyl® + LyFY

~ odd. (3.76)

It is evident that both §F?@ and 6F?¢ are odd, as can be verified by the fact that I ~ even, I? ~ odd, and

_ ) = Nz
Iy =—=D,F? ~even, [ = —V7DyF? ~ even. (3.77)

V7

Consequently, the parities of FY0 and F?¢ are maintained under deformations of hypersurfaces.
The off-diagonal component of §F% can be expressed as follows in a simplified manner:

_ _ - _ - ﬂ2—s _ _ _ _
SFf = ﬂ{ﬁ(—ngF? +F¢‘(DAb)>+bng’—( 5 ) bkO| =D, 1% + LyF' 4+ \/7A

= pbyGY + /YA + even
~ even. (3.78)

We arrived at this result by utilizing the fact that l_cg, ~ odd and the observation that, from (3.32), it can be deduced that
_ b _ -
Ar:even—/}E(Ff—FA). (3.79)

Therefore, the odd components of ﬂb?G‘g and \/7A" cancel each other out. Additionally, given that the parity of F z remains

unchanged and Eq. (3.29) is unaffected by deformations in hypersurfaces, it can be concluded that the parity of F 7 is
likewise preserved.
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Based on the appearance of Eq. (AS), it is not possible to ensure that it is odd. Therefore, we proceed to apply slight

adjustments in order to transform it into a more appropriate format, facilitating the determination of its parity. The
subsequent calculation outlines the procedure employed for this purpose,

. AC o . 2
567 =~ e <DA(bG§) + bGﬁ) ﬂ2 = S Da(beBiy) + LyGr+ AT
AC DB )
= ﬂ\/—VBcDA( { 2\/—(7/DEF —Dp(Fy = Fp)) + \/— ]) ﬁb\/—YBcG
B s - B=r Ar_ S DAR (par A Lol
2 (bet ﬂB)+£YGr_2_}_/€ Dy(brp) + P b(DAFr)_EFr(aAb)_EbTyBCGA
Boan - FE_ 7 (Fr_ FE ar 5 EAY L 74 3, €
=57 Dy | blypeFr — Dp(Fr = Fg)] ) + LyG. + B b(DAFr)_EFr(aAb)__b\/—yBCG
=2 (D F8) =L (D) DA (7~ )] LD, DA (= ) <2 pp e + £,
2 " 2 r B 2 \/}7 C
= 3 gy — 1) L (DD~ ) LoD DAy — ) + 2GS
7 r B 2 A r B ) A r B YYr 2 \/7

~ odd. (3.80)

The odd parity of 6G. arises due to the fact that the first four terms in the last line of the above calculation are odd and
G" = 0 is taken into consideration. Consequently, the parity of G’ remains unchanged.

The remaining parity conditions are addressed in a similar way using the equations provided in the Appendix. The
variations of the remaining variables with definite parity conditions are presented below:

5 (Gi + G§> =BV7 <D(p [6(G7)oaal = De[b(G‘f)even]> W <Da(b[7<2; +7k7]) = D, (blk; + ’29]))

ENa
+ ﬁ\/i: <_}_/D9(G§/’])even + D@(G;)even - D(p((_;g)odd) - ﬁ\/i? ((a(pb)((_;g)odd>
+ 2 (D46 + 6785 = 58 = DofolEy = 7R1) + D, 41y K ) + 217+ 68) = Dol
~ even, (3.81)
3(G1 + G2 ) = 57 ( Dyl0(@ual = Dalb Gl ) +5 7 (DuloIy + 782D = D, (0085 + D))
ﬁ% < (G )odd - D (G >0dd + DH(G )even) +ﬂ\/i? ((aQb)(G;)even> .
i 5 ﬁs (—27139(197«3”) + byky — bk — Dy(blkj, — 7k7]) + D, (blky — /'ci’]))
+ ’CY G; + Gg) - D(p([\(p)even
~ even, (3.82)
9 r — 3 P r 2 _ s ;0
<G 2\/— (ﬂ(F )) - \/— < (GV )even b(G(/))even> (ﬂ )\/;bk
#2r(60 4 3= Dy(Fe= F) ) + (A
~ odd, (3.83)
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(sl o

=P = < ( )even + bDB(G )odd -D (b((_;g)even) + (aﬂb)y(ég)odd>

+ﬂ2—} 1268, + 204 (613) = 257 Dy (B G+ VFDF))
~1p, (—s%m fp + k) - BIFADLD) - D,
+*CY<G€ 2\/— D,(F; - )) + (A?) gaa
~ odd, (3.84)
P r B __i al Tal ﬂZ_s 7 ~P 1 r B AQ
3(08 = 32 DlFr = F) ) = -7 (2o = Gplos ) + 2 bR+ £ (67 = 322 DulFE = F) ) + (R
~ even, (3.85)
(G’ ——Dg (F7 — FB) >
BT (=b(G))oaa — DDy (Goas + Do(B(Gh)even)) + (B = IV (Dy(FBl(GY)rer]) — by — D, (BEL))
A 0 1 _se_ o4y BB — BIEA(D.b) — bD FA
L 00 @)s = 3Dy (=5 DA + 7a0kE) = AIFD,D) - DA P
+ EY <G(rp - gDG(F; - Fg)) + (/_\(p)even
~ even, (3.86)
5(62, + \/77(F; - Fﬁ)) = _ﬂb\/J:/D(p(G(f)even ( - S)\/—D (bk(p) %(at/)b)(cz)even Dq)(l_\e)odd
+ zy(c';g + YT (F - Fg>>
~ odd, (3.87)
368 =52 (= ) ) = - Do =2 Dy(58) + L 008) Gy = Do)
v oG -5 o (P )
~ odd, (3.88)

where to obtain the parities we have used the parity conditions in the theorem.

This demonstrates that the newly established boundary
conditions remain intact when subjected to deformations of
hypersurfaces. Hence, the requirement (ii) is satisfied. The
sole matter that still requires examination pertains to the
derived surface terms as described in Sec. III B, conse-
quently giving rise to the asymptotic charges. This is the
task that we will undertake in the subsequent section.

D. Asymptotic charges

Thus far, we have shown that the new boundary
conditions ensure their invariance under deformations
of hypersurfaces as well as the well definedness of the
symplectic structure. We will now investigate the circum-
stances under which the canonical generators of the
asymptotic symmetries remain well defined when the
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parity conditions introduced in the theorem are applied.
In other words, we must first examine whether the
boundary terms are finite and then determine if they
are exact.

Our objective is to prove that the bulk portion of the
generators, defined by the smeared constraints [ @*x(H[N]+
H,[N“] + G[A]), can be supplemented with appropriate
surface terms that render the sum functionally differentiable,

5<N,A>( [ I+ )+ G ) e (5Ea><5(NA> ) - <6Al><a(N,A>E?))+B(N,A><5A;,5E?>, (3.89)

where

Bx.a) (845 OEF) =

By (8AL, SE?) + By (5AL, SEY) 4 Ba(8AL. SEY),

(3.90)

and the explicit expressions of the boundary terms are given in (3.61), (3.58), and (3.50), respectively.
By employing the asymptotic expansion and gathering all divergent and finite terms, we derive the following expression:

[ = ~ N A = = Lr S = ~r = r
Bna)(6AL, SES) = 2r f{ do [(beAByBC(SGg — b\/YSFT — \/7(0,b)7*BSFY) +B\/?YA (8G, — 2€BC7/A66FB)}

+ f dO' |:—2€AB{bF3562 - bF”_/Bc(sGC ngyBD(SGC - byBcéG - f}/BC(sG

p

2 - _ - —_ - -
_P-s, (kIgyCDaFg - kgéFg) } N

BC

2 _ _ o o 2
+Fs\/7<—W6Gﬁ+IA5Gg+YAéG/&2> + YAS(FGY) — 2YA WyACF%))—i—E\/;:/A”&F;]. (3.91)

As previously discussed in Sec. II A 2, when working
with the ADM variables, vanishing of the leading terms of
the constraints were used to eliminate the divergent
portion of the surface terms. However, in this case, the
divergent part of the surface terms [i.e., the first line in
Eq. (3.91)] cannot be eliminated, neither by employing
Eqgs. (3.43), (3.44), (3.51), (3.52), and (3.59) nor by
applying parity conditions. This discrepancy is unex-
pected since the Ashtekar-Barbero variables’ formulation

of general relativity is expected to be equivalent to the
formulation utilizing the ADM variables. In the sub-
sequent section, we will investigate and address this
fundamental difference.

The notable aspect regarding the aforementioned surface
term (3.91) is that, if we disregard asymptotic rotations and
boosts (i.e., by setting b = Y4 = 0), the divergent term is
eradicated, while the corresponding charge for supertrans-
lations remains integrable and nonzero. In other words,

. ~ _ 2 _ _ _
BNy (0A4, OE])|p—yr—g = j{do' [2€A3f7BC5G§ +;ﬁ<—W5Gﬁ + (DAW)5G2>]

= 7{ do [2eABﬁBC5(;g - % VIW (5(‘;;‘ + DA(SGQ)}

= 5(2]fda\/? [}(F; - ) +%WC_}$} )

(3.92)

where we have utilized Eqs. (3.43) and (3.51) as well as the parity D,F? ~ odd in order to arrive at the final result.

Furthermore, we made the assumption that (Ag)yqq = (A

7 ) even

= 0, which is satisfactory due to the fact that an SO(3)

charge typically does not have any significance in the context of general relativity. Hence, based on Eq. (2.2), the charges

associated with supertranslations can be expressed as
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—|~ = - 2s -
QSupertranslation =-2 % dﬁ\/}7 |:f(F; - Fﬁ) + F WG; .

(3.93)

These charges do not vanish, in general, as they represent
integrals of nontrivial even functions. This outcome holds
significant importance since, even in the absence of boosts
and rotations in the expansion of lapse and shift, respec-
tively, the charges linked to supertranslations become null
when standard boundary conditions are employed [see
Eq. (2.9) and its accompanying explanation]. Conversely,
the newly proposed parity conditions in Sec. III A yield
nonzero supertranslation charges. Note that when f and W
represent arbitrary angle-dependent even and odd functions,
respectively, the nonzero supertranslation charges emerge.
Additionally, the zero modes of f and W give rise to the
customary charges associated with ordinary translations.

IV. COMPARISON WITH HENNEAUX AND
TROESSAERT’S PAPER

In this section, we begin by transcribing the boundary
conditions imposed on the Ashtekar-Barbero variables into
the ADM variables. This transcription is performed in order
to facilitate a comparison between the results obtained in
this paper and those obtained in [13]. It should be recalled,
as discussed in Sec. II A2, that the leading terms of
canonical variables are A, h,,, k,p [refer to (2.16) for
the definition of 1 and k4], along with leading terms of
their conjugate momenta p, 74, 748 [refer to (2.18) for the
definition of p]. It is assumed that /,, is equal to zero, as
stated in Sec. I A 2.

By utilizing the relation g, = ele} = ¢ 'ELE} and
performing the asymptotic expansion of both sides, we
can express the variables A, &,4, k45 in terms of F o as

- 1- 1/ . 1/- _
/1:211”,:2<FZ—2]/;]C;> ZZ(FQ—F;> ~ gven,

(4.1)
hea = fir + 7apfBri = F + 7apF8 =0, (4.2)
hap = Fipap —viifls — V511 (4.3)

Here, we have used Eqgs. (2.12), (3.2), (3.3), and (3.12). The
parity of (4.1) is inferred from (3.21) and Eq. (4.2)
from (3.28).

Using (4.3), the components of k, can be determined as

S o
kag :E(hAB +h,,7ag) = ko= flv,,=Fj~odd,  (4.4)

ko = 7107 = 7F§ ~ odd, (4.5)

_ | 1., -
koy=—5(Flry +7F11y) = =5 (Fo+7Fg) ~even.  (4.6)

The parities of these variables have been determined based
on (3.19) and (3.20). _

Using the relation 7% = 2| det(E)|"EZEfK{d5i’]Ej, we
can express the ADM momenta in terms of the Ashtekar-
Barbero variables,

7' = 2| det(E) |~ E{E{K|,8 ES
= | det(E)|"'E}(E{K}E}, — E{KLE¢)

= | det(E)|™ E{(E{ K} E} — E{K)\E})

= —Vrkir} +0(r ), (4.7)
n™ = 2| det(E)|" E{E{K{,5}E§
= | det(E)|"'E} (E{K}E} — E{KLEC)
= | det(E)| ™ E}(E{KLE; — E{K,E})
= | det(E)| " Ej(E;KIE} + EEKLE?
— E}K]E} — EfK}LE®)
1 o B
= —Vr(kiy} + 7P kgy}) + 0072), (4.8)

7% = 2| det(E)| ™' ERE{K |05 ES
= | det(E)| " E{ (E{K’E? — EBKLEY)
= | det(E)|"'Ef (E;KIE? + E{KLE®

— EFKIE" — EPKLES)
| o o -
— ﬁ\ﬁ(yACkJC},j? _ ABkjr}/; —]/ABkJCYJC) + 0(7‘ 3)'

(4.9)

From the above equations, we can easily read the leading
order terms,

7T = —\/7k4, (4.10)
7 = (K + 74 kp), (4.11)
7B = y(FACKE — pABkl — pABKS).  (4.12)

Now we need to express p, #4, 742 in terms of F¢ and G¢.
Let us start with p, as defined in (2.18),
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p =207 = ) = 2~V - VARE - 20 - 286))
= 47Ky = 4V7p (G - T)
1 i
=4./y —1 r __~ BAS FC
\/77/} |:Gr + D) \/}76 YciB A]:|
= 4V7p7' G}~ odd, (4.13)

where in the last step we have used (3.29). We have found that p has an odd parity based on the parity condition (3.20).
Next, we examine 7" using Eq. (4.11) by substituting in it the explicit expressions of I} from (3.16) and (3.17). Then, the
expression for 7’7 is

70 = Vp(k +77°ky) = V7 (K] + k)
— Vi <G€ G- (Y fg))
= VB! (Gf +Gy - (2%/7 [zeewywﬁ;ﬂ — %D, (F - F5)
2\1/77 {26 Y7007 oI — €"709D (F} + F}) + 26*799D ,Fy + 2€¢67¢¢D0F€90} )>

— Vi (624 G+ 2D,

~ odd. (4.14)

D, (F; - FB)) + odd

By using the parities proposed in the theorem, particularly (3.22) and (3.23), we have deduced that 7'% has an odd parity.
Similarly, we can express 7' in terms of I} and G{ using Eqgs. (4.11), (3.16)—(3.18),

7 = (k7 +7"Pky) = ViKY + 7 7<;>
= VIp (G + 771G, — (7 +77'T)))

= V7B <G(f +77'Gy, - < = 26749 F? — €7Dy (F; — F5)]

1 - - - - - - -
R v—— [264)0}/(/7(/1}/99F§ - e(l}eyq;q)DF)(F; + Fg) + 2694)}/99D¢F27 + 26(/}97/(/1(/7D9F$]>>

27 V7
_ _ 1 - -
= V7B Gl +7'G, ——=Dy(F. — F8) ) +even
- B
~ even. (4.15)

By utilizing the parities proposed in the theorem, specifically (3.24) and (3.25), we conclude that 7" has an even parity.
To express 742 in terms of Fy and G§, we use Egs. (4.12), (3.18), (3.16), and (3.17),

7y = 7(-k; = kp) = —V/7p~ (G; + G — T})
_ _ 1 I
=—Vip! <G£ +Gj + 77€¢6790D¢F§>
1

= —\/7p! <G§ +GY — 771%?’?) ~ even, (4.16)
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7 = Vi(=k; = ko) = =Vrp~(G; + G~ 1)

_ _ 1 - -
= _\/}:,ﬂ_l (G; + Gz + —_egq)?w(pDHF(rﬂ)

_ _ 1 - _
=—V7p! <G; +GY - WDHF?> ~ even,

V7
(4.17)

where the assumption I = 0 [obtained from the relation (3.29)] is used in this derivation. The parity conditions (3.19)—

(3.21) are also applied to deduce that 7§ ~ 7}, ~ even.

Furthermore, the expressions for ﬁ'g, and 7y are found as

ity = kg = Vi~ Gy~ TY)

i (08 3L [ - Py 2007, 0, )]

27

= Vip! <Gi - g [F &—Fr - 2D¢F‘f]> ~odd, (4.18)
1y = kg = VB (Gy —T%)
- 1 e - o
= Vip! <GZ N [6"]9769(178 —-F) - 2€¢0700D9Ff})
_ 1 _ _ o
=V <G$ +5 7 [Fg - Fr— 2D9F€D ~ odd. (4.19)

The parity conditions (3.19), (3.20), (3.26), and (3.27) are utilized to conclude that ﬁg ~ 7':3 ~ odd.

The cumulative summation of the aforementioned cal-
culations concludes that, if the parity conditions stated in
the theorem are translated to the ADM variables, the
resultant parity conditions (2.20) as introduced in [13]
are exactly obtained. The question that arises here is why,
despite the application of the same parity condition to the
theory, the divergence of surface terms is eliminated using
the leading order terms of the constraints when working
with ADM variables, but not when working with Ashtekar-
Barbero variables. By examining the process of obtaining
Ashtekar-Barbero variables from ADM variables, it
becomes evident that, in order to establish A}, and E¢ as
conjugate variables, particularly to demonstrate that the
Poisson bracket between two A/, is zero, it is necessary to
prove

~—

oy
SED(y)  OEY(x

= 0. (4.20)

~—

This equation represents the integrability condition for I
to possess a generating function, denoted by F. While
readily found in a manifold without a boundary, construct-
ing F within the context of asymptotically flat spacetimes
with standard boundary conditions presents no particular
challenge. It has been established in [16] that F' can be
expressed as

Foe /Z PxE ()T (x) +% AX sen(det(e))e’ A (el — &).

(4.21)

Evidently, a vanishing boundary term renders F well
defined when 0% is empty. Similarly, under standard
boundary conditions, the well definedness of F is straight-
forward to demonstrate. A detailed discussion on this topic
is provided in [16].

Nonetheless, when one wishes to relax the boundary
conditions, (4.21) is not necessarily well defined, especially
with the boundary conditions proposed in Sec. III. In other
words, matters become more complex and the well defined-
ness of F should be regarded as an additional requirement,
in addition to the three requirements necessary to propose
appropriate boundary conditions. In fact, if a well-defined
F cannot be defined under specific boundary conditions, it
indicates that the Ashtekar-Barbero variables are not
canonically transformed from the ADM variables under
those boundary conditions. This is manifested just in
surface terms and, consequently, all analyses pertaining
to the bulk, such as the well definedness of the symplectic
structure and the preservation of boundary conditions under
hypersurface deformations, remain the same in both sets of
variables.
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The intriguing aspect of this situation is that, despite the
significant disparity, the supertranslation charges derived in
this paper using Ashtekar-Barbero variables, denoted as
Eq. (3.93), are equivalent to those presented in [13],
denoted as Eq. (2.22). To demonstrate this, we will begin
with Eq. (3.93) and attempt to express it in terms of ADM
variables. To elaborate, we have

~, = - 2s -
QSupertranslation =-2 % dU\/}:’ |:f(F; - Fﬁ) + ? WG;:|

= -2 fanvi[7(-21) + 2w (Lop)]

= f do [4} V7A— st] : (4.22)
In arriving at Eq. (4.22), we have utilized Eqgs. (4.1) and
(4.13), which allow us to express . — F4 as —21 and G/ as
4/}7 p, respectively. Note that, in the case of considering

Lorentzian signature (s = —1), the charge presented in
Eq. (4.22) is equivalent to that of Eq. (2.22), since f and T
are both arbitrary even functions.

V. CONCLUSION AND OUTLOOK

In this paper, we have put forward novel boundary
conditions for the Ashtekar-Barbero variables at spatial
infinity within the framework of asymptotically flat space-
times. These new boundary conditions are described by
Eq. (3.1), with the parity conditions stated in the theorem of
Sec. (Il A). We have examined these boundary conditions
without resorting to the ADM expressions.

These boundary conditions satisfy the following con-
sistency requirements: the symplectic structure is well
defined and the boundary conditions are preserved under
hypersurface deformations. It turns out that, by using the
new parity conditions, the generators of the asymptotic
symmetries are finite only for spacetime translations, but
not for boosts and rotations. This issue also arises when
working with ADM variables; however, in [13], the authors
provide a strategy to resolve it, which involves imposing
faster falloff conditions for the constraints, namely, the
additional conditions (2.17). In this paper, we have
imposed conditions (3.43), (3.44), (3.51), (3.52), and
(3.59), with the hope that a similar strategy will eliminate
the divergence in boundary terms obtained in terms of
Ashtekar-Barbero variables. Contrary to expectations, this
strategy did not render the surface terms finite, and in fact,
the charges corresponding to boosts and rotations remain
divergent. In Sec. IV, we have analyzed the reason for this
discrepancy and conclude that, with the new boundary
conditions, ADM variables and Ashtekar-Barbero variables
cannot be considered canonically equivalent, and this
distinction manifests itself in the boundary terms.

Nonetheless, the significant and noteworthy accomplish-
ment of the present work is that, if we disregard boosts and
rotations, the charge corresponding to translations is not
only finite and integrable, but also incorporates super-
translations. In contrast to [7,8], where the charge corre-
sponding to supertranslations vanishes and thus they are
pure gauge, in this work, the supertranslation generators are
not identically zero and therefore act nontrivially in the
physical phase space. Thus, we have successfully achieved
the objective outlined in the Introduction, which is to
associate standard canonical generators at spatial infinity
with supertranslations in terms of Ashtekar-Barbero vari-
ables initially observed at null infinity. The parity con-
ditions in the theorem play a crucial role in the new
boundary conditions, distinguishing themselves from the
previously proposed conditions in [7,8]. It has been duly
noted that the odd parity of W and the even parity of f
define the characteristics of the supertranslations. These
parities, which are incompatible with the parity conditions
laid out in [7,8], do not exist in that approach except when it
comes to Poincaré translations.

This work has potential for extension and further
exploration in multiple directions:

(1) Our initial motivation for investigating new boun-
dary conditions in the Ashtekar-Barbero framework
is to incorporate techniques from LQG in order to
establish a quantum theory. In future research, our
objective is to construct quantum operators corre-
sponding to the charges of supertranslations using
holonomy and flux operators, and then investigate
their quantum behaviors.

(2) As the charges associated with boosts and rotations
are not finite under the proposed boundary con-
ditions, our future work will focus on identifying
alternative boundary conditions that overcome this
limitation. We have observed that finiteness of the
symplectic structure can be achieved through parity
conditions, and therefore we must constrain our-
selves to those parity conditions that yield a finite
symplectic structure. One possible approach to relax
these parity conditions is to adopt the framework of
holographic renormalization to remove the diver-
gences appearing in the symplectic structure, as
proposed in [18].

(3) Once we have successfully accomplished the pre-
vious goal, our next aim is to determine boundary
conditions that not only yield supertranslations at
spatial infinity, but also incorporate superrota-
tions [19].
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APPENDIX: VARIATIONS OF THE LEADING
ORDER TERMS OF THE CANONICAL
VARIABLES

In this appendix, we proceed with the calculation of the
variation of F* i and GZ under hypersurface deformations, as
used in Sec. III C. We begin by examining the variations of
the variables associated with the densitized triad EY. It is
important to note that the variation of E{ under hypersur-
face deformations can be obtained through a combination
|

5F ﬂ(eAB Ds(bFp) — S 70cbFS — b
Fy = p| —=Da(bFy) ——=7acbFg — +
\/]7 A B \/77 ACYL B A

of Egs. (3.49), (3.57), and (3.65). By utilizing the asymp-
totic expansion of OE{, we can readily determine the
variation of f¢. Specifically, we have that SE7 = r\/75f" +
O(1) and 6E4 = \/75f% + O(r™"). It is worth mentioning
that we assume that y¢ is not subject to variations under
hypersurface deformations, i.e., 67¢ = 0. Once we have
obtained the expression for §f¢, we can determine the
variation of 8F¢ as 6F¢ = 5(f¢7,) = 7. (6f¢). This result
follows again from the fact that §7%, = 0.

Using the above strategy and after a rather lengthy
calculation, we have obtained all the radial and angular
components of §F i, as follows:

(B =s) 2y

bk4 — 7 (aAb)Fg> +2W + DyIA + LyFT

AB __ AB ) (P -, . )
Zor e = FC L EC(T A7 ~A P —s), 2,
oF, =p YBDW DA(bF}) = byacFy + Fg(Dcb) + (Daf)| + bGr7ap — 7 bkj,
AB _ _ _ eAB
- ﬁﬁ}’w (‘bFf; + (aBb)F;> —0pW +1Ip+ LyF}, + ﬁyADACyBC
R PO TN/
= ﬂ(}_’AD 7 |:bDBF; — b(7pcFf — Fi) + Fg(Dcb) + (DBf)] + bGP ap — Tbkf))
B
—0pW +1Ip + LyF] +W7ADA37 (A2)
. AC CB AB - B —s) - AC )
SFP =p {WDA(ng) + ﬁFé(DAb) + W(DA]C) + b<G27’AB - %ki?) 7 (aAb)Fg]
e
+ LyFr — ﬁ}'ACA
AC B AB o B =) - _ BC
=p {WbDAFIé + WFé‘(DAb) +ﬁ (Daf) + b<G27’AB - (’%kﬁﬂ + LyF} — W/\c, (A3)
5F — § {7% <eCA[)A(bF§) — CBEA(Db) — eCAbF§>
4
—  ZC=AB- = —=s) - - -
(G — 3468 + L bkt - 1)
CcA ) . ) ) Y
—ﬂﬁf’w <—bF§ + (aAb)F§> + Wép, — DpI® + 83 (Dal*) + LyF} +ﬁ/\r73u
Y = = ZA (T “C-AB= = B=s), -
"y {% <eCAbDAF§ - eCBF;‘(DAb)) T B(GSTBT e — SBGE) + 5 ) b(kest — 78)
BC
+ WB — DpI® + 6B(DuI?) + LyFB + %Z\%D. (A4)
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A similar approach should be employed for Al. Note that
the variation of A/, under hypersurface deformations can be
determined by combining (3.48), (3.56), and (3.64). By
using the asymptotic expansion of 5A%, the variation of g¢
can be easily deduced as follows: A} = 157l + O(r™3)
and 8A} =153 + O(r™?). Once 57, is obtained, we can

find 6G¢ using the equation 5G¢ = 5(g,7%) = 7%(67,),
since it is known that oy = 0.

Using the above strategy and after a tedious calculation,
we have obtained all the radial and angular components of

5G4 as follows:

_ b _ - _ ﬁ2 eAc = _ _
0G; = —ﬂﬁeACJ’Bc (DAG§ + Gﬁ) NG > Da(b MBlyepkE + ) — ’Bﬁ (04b)75cG? + LyGr + A", (AS)
_ b _ _ _
6G} = —/37€AB (_DAG; + 7acGf - GQ)
P o . . . .
2\/_ 2D, (be*BkL) — Do (be?BKkC) — 2beBCy 4ok + Do (berCkE — beBCkL)
eBA _ B
- W ((GAb) - bYACG ) + ﬁyG? + AB, (A6)
5Gy = —ﬂ7€ <7BDG + 7pcDpGS — 7cpDAGE )
ﬂZ} <77BCDA (bG'AC]_(E) - ZbGCA}_’ABI_CE - 7BDDA(b€CD]_€é + b(:'CAI_(g))
eAD B B o ~
- ﬁW (04D)7cnGE + LyGy — DA + 7apA?, (A7)
a b = a = N ([ n _r = a N r
5GZB? = ﬂﬁ <€CD]/B(/‘G; + GCD}/AcDBGI;} + GDADBGA - €DA}/Bch - €DADAGB>
p—s - - o . _ -
+ 2—\/}7 —2€ADb7’ABkr - €ADb7ABkg + GADbVBckg +78cDa (€CAbk?) - €CAb7ABkg
—78cDA(€PkY) + € Ebpck§5E — 7peDa(e*PbKE) + 55D 4 (eE4blky, — 7Ecl_<rc])>
DA _ _ _ ~ o
— ﬂﬁ <(0Ab)Gg — ngyAC) + LyGY — 69N — DAP. (A8)
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