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It is shown that the Lorentz invariant f(T') gravity, defined by the coframe-connection-multiplier form of
the Lagrangian, can be gauge-fixed to the pure coframe form. After clarifying basic aspects of the problem
in the Lagrangian formalism, a more detailed analysis of this gauge equivalence is given relying on the

Dirac Hamiltonian approach.
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I. INTRODUCTION

Teleparallel geometry was introduced into physics by
Einstein in the 1920s, in an attempt to unify general
relativity (GR) with electromagnetism [1]. Although this
goal has never been accomplished, the concept of tele-
parallel geometry was later revived by Mgller [2] as a
framework for defining gravitational energy, then it con-
tinued to live on as an arena for the pure gravitational
dynamics. Nowadays, teleparallel gravity (TG) can be most
naturally described as the gauge theory of translations,
a subcase of the Poincaré gauge theory with vanishing
curvature but nontrivial torsion [3,4]. In the absence of
matter, there is a particular choice of the quadratic TG
Lagrangian L7, denoted as T, for which this theory
becomes dynamically equivalent to GR; it is known as
the teleparallel equivalent of GR [5,6] (GR| or TEGR).

Observational predictions of GR, as well as of its
teleparallel equivalent GR||, are highly successful not only
at low energies (solar system), but also in some high energy
regimes [7]. On the other hand, there are some aspects
of the cosmological dynamics, such as dark energy and
dark matter, where convincing explanations within GR are
missing. In such a situation, it has been quite natural
to search for and investigate alternative gravitational theo-
ries [8]. In the present paper, our attention is focused on
f(T) gravity [9], an extension of GR| which is presently
less understood than its GR counterpart, f(R) gravity [10].

As we know from GR, exact solutions of a gravitational
theory are of essential importance for understanding its
physical content. In particular, these solutions are naturally
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related to certain symmetry aspects of the theory. In the
case of pure coframe f(T) gravity, where the only dynami-
cal variable is the 1-form &, certain difficulties have existed
in constructing exact solutions, caused by inappropriate
Ansiitze for the coframes.! These difficulties were over-
come by introducing the procedure of covariantization, in
which the (Lorentz) covariant f(T) gravity is reconstructed
from its coframe form, see for instance Refs. [11-14].
Nowadays, when the Poincaré gauge theory (PG) is known
to be a well-established gravitational theory [4—6], there is a
more natural way to understand the result of the recon-
struction procedure, based on treating any general TG as
a subcase of PG, characterized by a vanishing curvature
2-form R = 0. As a consequence:

(1) the resulting general TG, defined in terms of the
coframe &' and the flat (pure gauge) connection '/,
inherits the Lorentz and translational gauge invari-
ance from PG;

(i1) the coframe gravity can be regarded as the gauge-
fixed version of the general TG, defined by the
Weitzenbock gauge condition o’/ = 0.

Any questions concerning gauge symmetries and the real
physical degrees of freedom of a dynamical system can be
most efficiently analyzed in the Dirac Hamiltonian formal-
ism [15]. In the present paper we use this approach to prove
the gauge equivalence between the Poincaré covariant f(T)
gravity and its pure coframe form.

This paper is organized as follows. In Sec. II, we

introduce the Lagrangian coframe-connection-multiplier
(9-w-4 for short) formulation of the general TG as the

'Lack of understanding the process of construction can be best
illustrated by noting that dynamically incompatible Ansdtze were
often referred to as “bad tetrads®, in contrast to the “good” ones.
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subcase of PG, where the condition R = 0 is enforced
by a Lagrange multiplier term. Combining gauge sym-
metries of the theory with the equations of motion, we show
that the only physically relevant dynamical variables are the
coframe components &', as expected. In Sec. III, we use the
constrained Hamiltonian approach to make a more detailed
analysis of the gauge structure of f(T) gravity. Then, in
Secs. IV and V, we show that gauge symmetries of the
theory can be used to identify the associated first class
constraints. The result is achieved with the help of the so-
called inverse Castellani algorithm, which largely simpli-
fies the standard canonical procedure. Finally, choosing the
appropriate gauge fixing conditions, the 9 — @ — 4 form of
f(T) gravity is reduced, first to the coframe-connection
(9 — w), and then to the pure coframe form. In three
appendices, we present some important technical aspects
of the analysis and discuss some alternative approaches.
Our conventions are the same as those in Ref. [16]. Latin
indices (i, j, ...) are the local Lorentz indices, greek indices
(u,v, ...) are the coordinate indices, and both run over
0,1,2,3; the orthonormal coframe (tetrad) is §' = §,dx*
(1-form), § = det(8',), the dual basis (frame) is ¢; = ¢;#d,,
and " = w",dx* is the metric compatible connection
(1-form); the metric components in the local Lorentz
and coordinate basis are g;; = (1,—1,~1,~1) and g,, =
g;;9' 8, respectively, the totally antisymmetric symbol
€;jmn 18 normalized by €y;»3 = 1, and the square bracket
antisymmetrization is defined by XlA4/l = (X4 — XJA1) /2,
where A = {m...n} is a set of additional indices; wedge
products between forms are implicitly understood.

II. LORENTZ INVARIANT FORM OF TG

A. Preliminaries

The theories of concern here can be approached via
multiple perspectives and representations. Let us note two
in particular.

On the one hand, one can take a field theory approach
and investigate theories for a dynamical orthonormal
coframe field §' on spacetime, as was done for example
by Itin [17]. A coframe field Lagrangian can have the
form L = L(9',d9"). We stress that such a formulation
fundamentally does not logically depend on any conception
of parallel transport, connection, curvature or torsion.
Suppose the dynamical equations determine a unique
coframe. Although it is not at all obligatory, nevertheless
the circumstances naturally invite one to use the available
structure to define parallel transport of vectors and tensors
along any path as “keeping the components constant” in the
obtained coframe. This thereby determines a connection of

*One would, however, need to introduce a connection in order
to discuss coupling to sources beyond scalar fields, Maxwell or
Yang-Mills gauge fields.

a special type, associated to a global path-independent
(hence curvature vanishes) distant parallelism, in other
words a teleparallel geometry. In the obtained coframe, the
teleparallel coframe, the connection @'/ vanishes.” Now
that one has a parallel transport, one can of course represent
it in terms of any other local coframe, then the now
nonvanishing connection @'/ will still have vanishing
curvature. No matter what the choice of coframe, the
parallel transport is determined by the torsion tensor. In
this approach teleparallel geometry (represented in general
by a coframe and connection) emerges purely from a
dynamical coframe field.

On the other hand, one can take a geometric approach.
The central concept is parallel transport which is deter-
mined, with respect to any orthonormal coframe field &', by
a set of connection coefficients; these, in turn determine the
torsion and curvature. A geometrically interesting special
case, teleparallel geometry, has vanishing curvature. The
associated parallel transport is path independent. Given a
teleparallel geometry, one can start with an orthonormal
coframe at any convenient point, parallel transport it along
some path (every possible path will give the same result) to
every other point, and thereby constructs a global coframe
field, the teleparallel coframe,.* which is unique, up to a
rigid Lorentz transformation. With respect to the tele-
parallel coframe, the global parallelism is described by
the vanishing connection coefficients. In this approach a
preferred global coframe field is determined by a tele-
parallel geometry.

Geometrically, the natural domain for our considerations
is the Riemann-Cartan geometry of spacetime in the
Poincaré gauge theory, a theory of gravity based on the
localization of the Poincaré group of spacetime symmetries
(translations and Lorentz rotations) [5,6]. In PG, the basic
dynamical variables are the coframe field &' and the metric
compatible connection’ w"/. The corresponding field
strengths are the torsion 77 = d9' + ;8% and the curva-
ture RV = dw” 4+ o', 0" (2-forms), which satisfy the
Bianchi identities

VT = R 9, VR = 0. (2.1)

The general geometric arena of PG can be a priori
restricted by imposing certain conditions on the field
strengths. Thus, the Riemannian geometry of spacetime
in GR is defined by the requirement of vanishing torsion,
whereas the Weitzenbock geometry of TG is based on the
complementary restriction

3Called the Weitzenbdck gauge.

Kopcezynski [18] called these frames OT, an acronym for
orthonormal teleparallel. They are also called Weitzenbock
frames.

>For orthonormal coframes, the metric compatibility condition
Vg;; = 0 implies that " is antisymmetric.

064034-2



FROM THE LORENTZ INVARIANT TO THE COFRAME FORM OF ...

PHYS. REV. D 109, 064034 (2024)

Rii(w) = 0. (2.2)

It ensures, under certain topological assumptions,® path
independence of the parallel transport. The simplest sol-
ution of the condition (2.2) is obtained by choosing
@™ = 0. In that case, we are left with 9’ as the only
dynamical variable, and the resulting form of TG is known
as the coframe gravity. In PG, the standard local Lorentz
transformation of the (orthonormal) coframe &' is accom-
panied by an inhomogeneous transformation of the asso-
ciated connection,
9 — Al,9m, o — A (N,0™ 4+ dN™),  (2.3)
where — stands for “is transformed to”. Apart from
o™ =0, there is another solution of (2.2) given by
o'/ = Al,,dA/", which is known as the pure gauge con-
nection. It can be related to @™ = 0 by a special Lorentz
transformation, whereupon the coframe field can be trans-
formed only by constant Lorentz transformations.

B. Lagrange multiplier formalism

The variation of a Lagrangian in the presence of
subsidiary conditions is mathematically well defined by
introducing a suitable Lagrange multiplier term. Thus, in
the framework of PG, the TG Lagrangian can be naturally
defined by [19,20]

1 .
L — LT + Zﬂ,’j}leJ/wa (243)

where Ly = Lp(8,,T',) is, in general, any expression
invariant under local Poincaré transformations, and the AR
term ensures the teleparallelism condition (2.2).7 The
standard PG form of L; is given as a sum of three
independent, quadratic, (parity even) torsion invariants®
with arbitrary coefficients,

Ly :=9Ly, Ly = agT™"(hy Ty + hoT jig + hyni; Vi),

(2.4b)

where V,:=T",,. The coframe-connection-multiplier
form of the TG Lagrangian (2.4) is invariant not only

®Here, for simplicity, we consider only simply connected
spaces or regions. These are parallelizable, admitting globally
defined coframe fields. The issues of global topological compli-
cations associated with nonsimply connected spaces are beyond
the scope of the present work.

"In the absence of the AR term, the Lagrangian L defines
teleparallel gravity only if @"/ is restricted to the pure gauge form.
For an application of the Lagrange multiplier formalism to
metric—affine gravity, see Refs. [21,22].

More general choices include any function of the three
quadratic torsion invariants, and beyond that, higher order torsion
invariants.

under the standard local Poincaré transformations’ (trans-
lations with parameters &, and Lorentz transformations
with parameters &),

50191'” = é‘im&mﬂ — (aﬂfp)&f,) — tfp@p&i”,
Sow, = =V eV — (0,8 w" , — &0,w",
Sodift = & A 4 € A" 4 (0,E) Ai”

+ (09,8447 = 0,(& 4;*). (2.5)

but also under an extra family of the so-called lambda
transformations, which will be discussed in the next
subsection; see Ref. [23], Egs. (2.3) and (2.4).

The TG field equations can be conveniently expressed

in terms of the covariant momentum associated with the
coframe,

oLy
ijk = W =

Hije = 4ao(m Tiji — haTijagi + hani;Vig)-

197—(1‘ jko
(2.6)
Indeed, the variation of the Lagrangian (2.4a) with respect

to 9, ", and 1, yields a compact form of the field
equations in vacuum (compare to [16]):

oL
£ ===V HP A T Hy e Ly =0, (2.7)
oL
Eift = " S0, = VA" +2H ;" =0, (2.70)
RV, =0 (2.7¢)

Let us now focus on some very interesting dynamical
properties of these equations.

(pl) The third equation (2.7c) ensures that the geometry of
spacetime is teleparallel, which means that the
Lorentz connection is a pure gauge (unphysical)
variable.

(p2) The first equation (2.7a), which is completely deter-
mined by Ly, does not depend on A.

(p3) The second equation (2.7b) is the only one that can
be used to dynamically determine A. To clarify its
content, note that, for RV, =0, the covariant
divergence of that equation satisfies the 6 Noether
identities (A7),

There is one very special case of (2.4b) with certain specific
values of hy, h,, h; (the teleparallel equivalent of GR) that has (up
to a total differential) an extra local Lorentz symmetry acting on
the coframe by itself [19].
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which do not depend on A. Consequently, the anti-
symmetric part of &;; contains all the multiplier
independent content of &;;*.

At this stage, some dynamical aspects of the Lagrange
multipliers are still not clear: Equation (2.7b) is an equation
with 6 x4 =24 components, but only 24 —6 = 18 of
them are independent and relevant for the multiplier
dynamics. However, that number is not sufficient to
determine the 36 components of 4,/

C. Lambda symmetry

The worrying aspect of the property (p3) can be better
understood by noting that there exists an extra local
symmetry acting on the multipliers 4;#*, which allows
one to eliminate some of them as gauge (unphysical)
variables [19,20,23]. Namely, the Lagrangian (2.4) is, by
construction, invariant (up to a divergence) under the local
A-transformation

50/11‘]}“/ = V,lrij””’l, (293)
where the parameter rij””'l is completely antisymmetric
with respect to (u,v,4), as well as (i, j). The invariance
follows from the Bianchi identity (2.1),. By expressing

7;#“* in an equivalent form as 7, #** = &*’w,; . one finds
VUL

5020” =& /’V,lwij[,. (29b)

The number of the local parameters w;;, is 6 x 4 = 24.

However, w;;; is not uniquely defined, it has its own gauge
freedom (reducibility),

Wijp = Wijp + V,w;;. (2.10)
Since the 6 parameters w;; have no influence on 6y4; ", the
effective number of gauge parameters w;;; is 24 — 6 = 18.
They can be used to gauge-fix 18 of the A’s, while the
remaining 18 can be determined by the 18 independent
field equations (2.7b)."° The above analysis confirms the
consistency of the multiplier dynamics.

The only role of Eq. (2.7c) is to ensure that the spin
connection has the pure gauge form. Moreover, from the
physical point of view, one can discard Eq. (2.7b) as it
merely determines the (physically uninteresting) Lagrange
multiplier, whereas the complete gravitational dynamics is
contained in Eq. (2.7a). The only dynamical variables
in (2.7a) are the coframe field 191‘” (16 components) and

the pure gauge spin connection "/, (24 components).

"Reference [19] notes that there is a possible global topo-
logical obstruction to solving this equation for the multiplier for
spaces with nonvanishing 3rd cohomology. Some spacetimes of
physical interest do have this property, e.g., the Einstein static
3-sphere cosmology.

However, since @"/, can be gauge fixed by a suitable choice
of the 6 Lorentz parameters A%, see Eq. (2.3), one can
simply ignore (2.7b) and (2.7c), and use the 16-component
Eq. (2.7a) to determine the 16 coframe components.

D. f(T) gravity
The dynamical content of the standard quadratic
Lagrangian L7 in (2.4b) depends on the values of the
coupling constants £,,. There is one particularly interesting
choice, (hy, hy, h3) = (1/4,1/2,—1), for which the gravi-
tational dynamics, although determined by torsion, is
equivalent to GR:

1 y
LIl = 9T + ZﬂijuuRuW

T:= %aOTUk(TUk + 2T i —4n;; V). (2.11)
This Lagrangian represents the 9-w-4 formulation of GR;.

Inspired by the f(R) extension of GR, one can introduce
an analogous extension of GR|, known as f(T) gravity.
In order to simplify further analysis, we represent the
Lagrangian f(T) in an equivalent form as a Legendre
transform of a function V(¢),

1 .
L = 8L7 + 24/ RY . L =¢T=V(g), (2.12)
where ¢ is an auxiliary scalar field. This Lagrangian is
invariant under local Poincaré transformations, but, as a
consequence of the presence of the multiplier and the

scalar field, they are slightly modified [23]. In this
representation, the covariant momentum 'H{jk iS propor-
tional to the GR form,

oL/
My = ST = ¢H,iji.- (2.13)
The previous discussion offers a Lagrangian explanation
on how the 8-w-1 form of f(T) gravity, based on the
Lagrangian (2.12), can be gauge-fixed to obtain the pure
coframe form. In what follows, we shall use the
Hamiltonian approach to analyze that transition in detail.

ITI. HAMILTONIAN ANALYSIS OF f(T) GRAVITY

The canonical analysis of a gauge theory of gravity
becomes more efficient by adopting the Dirac-ADM
(1 +3) formalism [15], which relies on two technical
premises: (i) at each point of spacetime, there exists the
unit vector n = (n;) normal to the spatial section X of
spacetime, and (ii) any spacetime vector V = (V) can be
projected onto a component V| := n*V, orthogonal to X,
and a component Vi =V, —n,V, lying in 2.

064034-4
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A. Primary constraints

Starting with the f(T) Lagrangian (2.12) and its dynami-
cal variables (8’ W' /ll-j””,qb), one can introduce the
corresponding canonlcal momenta (7#, 72:,-]-”,7:’7 M,,,zz:d)) as

oL/ oLf

H = __ — pH ™, RS e——
TT; 6(60191”) ¢ i ﬂ'zj 0(aoa)”ﬂ) ij
(3.1a)
, oL/ oL’
b =0. (3.1b)

v = 0’ T =
! a(aoﬂij’w) / 9(dyh)

The absence of time derivatives of (9, "o, 4, )
implies the following (sure) primary constraints:

P =n1"%0, $i;° =m;"=0, (3.2a)
By = a0, Plos=aiigpn 0, (3.2b)
¢ =m;" = 2" =0, (3.2¢)
750, (3.2d)

The specific form of T produces some “extra” con-
straints, which can be found by rewriting the relation z;* =
dH " as

T = ¢JH 1z (3.3)
where 7 := n,/9;; are the “parallel” canonical momenta.
Indeed, by analyzing this 12-component equation, one
finds that the components which are independent of the

“velocities” T;,; can be combined to obtain 6 new
constraints [16,19],

Cix = Rjp — g + app By = 0,
- v BOa BOa = 80(1/}719111 19" (3 4)
ij ijmn .

The remaining 6 components can be solved for the 6
velocities 'T. ; and T™ ;.

B. Hamiltonians

Having found all the primary constraints, we now
introduce the canonical Hamiltonian,
) 1 L
Hc = ﬂiaaolgla + Eﬂijaéoa)’fa + 7T¢()0¢ - Lf (35)

Since L/ is linear in dyw',, as follows from R, =
dyw" , — V', one can use ¢;;* ~ 0 to obtain

a ij Oa ij ij
ﬂ:ij 606010,%/1,-]» (Rj()a +va0)]0).

Then, after eliminating the coframe velocities with the help
of the relations defining 7%,

T Oa = 6019ia + a)ikoﬁka - va8i0 = NTiLa + NﬂTiﬁa,

where N and N? are the lapse and shift functions,
respectively, and using the (1 4 3) decomposition dy¢p =
No ¢+ Nﬂdﬂqﬁ, the canonical Hamiltonian takes the
Dirac-ADM form

1 1
H.=NH, + N*H, ——wJO’H,j——/I PRI 5 + 0,D°,

(3.6a)
where
HJ_ = ﬁ',-mTiJ_,;, —JLr - I’lkvl;ﬂ'kﬁ + ﬁ¢ﬂ¢,
Ha =T ﬁTkaﬁ — 19k Vﬁﬂ'kﬂ + 7l'¢aa¢y
Hij= 7ty — 2+ Vom©,
1 ..
D% := 19k071'ka + Ewljoﬂija' (36b)

Following the spirit of the Dirac algorithm, the 7, term in
H, is written in the form 47, where i, is an independent
“velocity” multiplier, defined by iy := 0, ¢. The canonical
Hamiltonian is linear in the unphysical variables 8/, »",
and 1;;”. The lapse Hamiltonian 7, is the only dyna-
mical component of H_, as it depends on the Lagrangian.
Using (3.3) to eliminate the velocities 9,8, from H |, one
obtains [16]

1 .
HL _2a0¢ (Q’)—H— V) —nlvaﬂ' "—|—u¢ﬂ¢,
1 I
P2 —_ | s _pmmi_ " (am_\2
o A = (7).
-1 o _ -
T =Za0(T T+ 2T Ty — AT™ 2 T76) . (3.7)

The general Hamiltonian dynamics is determined by the
total Hamiltonian

) 1 .. 1 ..
HT = Hc -+ ulof[io +_Mljo7l'ij0 +§Mua¢ija

2

1 - 1 .
+ o Patop + Zuijaﬁ”l]aﬁ +(v-C),

: (3.8)

where v - C := —v’””Cmn In Ref. [16], the term 7,0y¢ is
relocated from H, to Hy, where it appears in the
form M¢ﬂ'¢

064034-5
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C. Preservation of the primary constraints

The preservation of the primary constraints (3.2a) yields

—0g1,0: yi=H;=nH, + e*H, ~0, (3.9a)

dom;i": yij="H;; ~0. (3.9b)
Similarly, the preservation of (3.2b) is given by

007 ot ¥ gp = RY 5~ 0, (3.10a)

aonijoﬁ: ;(ifoﬂ = uijﬂ ~ (3.10Db)

Since the equation of motion for @/, has the form

oy, =Vo'ly+ul, < RYy,=ul,~0, (3.11)
it follows that all components of the curvature tensor
weakly vanish, as expected.

The preservation of the primary constraints (3.2c) takes

the general form

O ui* ={¢;*H.+ (v-C)}. (3.12)
Similarly, the preservation of 7, yields
1
aoﬂ¢: )([ﬁ = NF¢—§UmnanNO, (313&)
where
Fy={n;,H,} = P2+ J(T-0,V),
¢ ¢ TtL 2ayd? ¢
F, = —{n¢, Cpn} = agB,- (3.13b)

Finally, as for the preservation of the extra primary
constraints C;;, we have

OOCU: Xij = G,jk(dk(j))ézO, (314)
where the (complicated, multiplier dependent) coefficients
G,»j" can be found in Ref. [16], Eq. (3.17), modified
by 0 - V.

One can summarize the present situation as follows: the
preservation of the primary constraints (3.2) yields the
secondary constraints (3.9), (3.10a), (3.13a) and (3.14),
plus the conditions (3.10b) and (3.12) on the multipliers.
Hence, f(T) gravity is described by the total Hamiltonian
(3.8), with the set of constraints and canonical multipliers
(the fixed ones are marked by a bar), displayed in Table I.

The vanishing of i/, is the canonical counterpart of the
Lagrangian relation RY, = 0.

TABLE I. Constraints and multipliers, the present status.
Primary 70, n',»jo ﬂ'ijuﬁ Zgs Conn 7" op, Pij”
Secondary HiHaHij RYps XpsXmn
Multipliers Ml()v ll[/() uija/j i'\t(/)’ Umn ljiij0/}7 ljlija
TABLE II. Constraints in R;.

Sure constraints Extra
Primary 70 70, 7 Ty, Coun
Secondary Hi, Hy Hijs RY g5 Xep>Xmn

D. Preliminary Dirac brackets

Further analysis can be simplified by noting that the
primary constraints (7", ¢;;*), which are second class,
can be used to introduce the preliminary Dirac brackets
(DBs). Then, one can use these constraints as strong
equalities and eliminate the pair of the canonically con-
jugate variables (4;;%%, 7;) from the theory, ;%% = x;;
and 7"z = 0. After that, DBs in the remaining phase
space reduce to Poisson brackets (PBs).11

In such a reduced phase space, denoted by R;, the terms
i;;°7 o, and @ ,¢;;* in Hy strongly vanish, so that

) 1 .. 1 .
Hy(R) = H, + u'on® + Eu”oﬁij0 + Z“ijaﬂ””aﬂ

+(v-0). (3.15)

The constraints characterizing the phase space R, are given
in Table II.

In Ry, the relation R"; = 0 is a dynamical consequence
of "5 = 0.

E. Preservation of the secondary constraints

Now, we are going to examine the preservation of the
sure secondary constraints in R;.
Regarding the preservation of RY,;, one can use the
equation of motion (3.11) for w”/, to obtain
VoRY = Vit — Vi, (3.16)
which implies that the preservation of R" 5 is automatically
satisfied. Since RYg;~ /4, the relation (3.16) can be
interpreted as the weak version of the second Bianchi
identity (2.1),.
As follows from the analysis of the translational and
local Lorentz symmetry in Appendix B and Sec. VA,

" After eliminating 4; jo“, any variable from the reduced phase
space has a vanishing PB with 7" ;. Then, by construction, any
DB reduces just to the PB form.

064034-6



FROM THE LORENTZ INVARIANT TO THE COFRAME FORM OF ...

PHYS. REV. D 109, 064034 (2024)

respectively, the Hamiltonian constraints (7 , ,) and H;;
must be first class. Thus, the secondary constraints
(H..Hy Hij RY,5) are preserved independently of the
status of any other constraint in R;.

We defer discussion of preserving the extra constraints
(¥4-x:;) until the end of section V.

IV. GAUGE FIXING THE LOCAL LAMBDA
SYMMETRY

In this section, we discuss how the 9-w-A formulation of
f(T) gravity can be reduced to the 9-w form, by gauge
fixing the local lambda symmetry.

A. The inverse Castellani algorithm

In 1918 Noether presented two theorems regarding
symmetry in dynamical systems. Briefly, they stated that
for each global or local Lagrangian symmetry there is a
conserved current or differential identity, and conversely,
see for instance [24]. The Hamiltonian counterpart of these
theorems is richer: the conserved current is the generator of
the symmetry, furthermore local symmetries are associated
with first class constraints. For local symmetries, Castellani
[25] showed in detail how to construct the gauge generator
from the first class constraints. As we shall demonstrate in
the f(T) case, the converse of the Castellani construction
can be quite useful: if one knows that the Lagrangian has

|

G — GA —|— GB’
G, = 1 aff ij 1 a/}Sl'j
AT T T +Zfz‘j ap>

1 .
GB = _ZTijaﬁyv(l”Uﬂy'

The result is obtained using the systematic Castellani
algorithm [25], based on the fact that the constraints
(7' 45, RY ) are first class.

Since the local lambda symmetry in f(T) gravity is
generated by the same mechanism as in GR|, stemming
from the presence of the AR terms in their Lagrangians, it is
not surprising that it has the same form in both theories.
Thus, one can infer that G is also the correct generator in
the framework of f(T) gravity,12 reduced to the phase space
RI.B Hence:

“The statement can be explicitly checked using the trans-
formation rule Syp, = {p4,G}. A direct calculation yields the
result which is in agreement with the corresponding Lagrangian
formula (2.9a), provided r,-j"ﬂ is identified with T,-_,—“ﬁo [23]. The
conclusion holds also for the momentum variables z;#.

"The whole gauge fixing procedure can be easily extended to
the original, unrestricted phase space described in Table I, relying
on the results of Ref. [23].

certain local symmetries, one can infer that the Hamiltonian
formulation has corresponding gauge generators containing
canonical constraints, and these constraints are necessarily
first class. This can be quite helpful in the process of
identifying and classifying the constraints in a complicated
system.

The gauge fixing procedure of a local symmetry is
closely related to the form of the associated first class
constraints. The standard canonical procedure for identify-
ing first class constraints requires one to complete the
Hamiltonian constraint analysis, which includes finding all
the constraints and calculating their PB algebra [15]. In
f(T) gravity, such a program would be extremely com-
plicated, see, for instance, Ref. [16]. Fortunately, there is a
simpler and more practical approach to the problem,
described by the following set of instructions:

(i1) one starts from the known canonical generator of a
local symmetry in GRy;

(i2) then, by the “guess and check” strategy, one tries to
find its correct form in f(T) gravity;

(i3) once the correct generator is found, one can immedi-
ately identify the associated first class constraints in
f(T) gravity.

Let us now apply this approach to the local lambda
symmetry. In GR|, the corresponding canonical gauge
generator has the form [23]

Sija/i = _4Rija/3 + zw[ikoﬂj]ka[)’,

(4.1)

|

(al) Since G is the correct gauge generator for f(T)
gravity, the constraints (7'/,5, S ,4), or equivalently
(7 45, RY ,5), are first class, regardless of the exist-
ence of any other constraint.

Indeed, if (7' ,5, R ,5) were not first class, the form of the

generator (4.1) would be in contradiction to the Castellani

algorithm. Hence, (7,4, R" ;5) must be first class.

The procedure just described can be naturally called the
“inverse” Castellani algorithm: starting with the generator
of local lambda symmetry, one concludes that the con-
straints multiplying the parameters & and ¢, are first class. In
fact, a more general treatment of the same idea has been
used in PG [26,27], not only to identify first class
constraints, but also to determine their PB algebra.

B. The coframe-connection form of f(T) gravity

Having found that zr,-j”/’ are first class, we choose

Ai j“ﬁ = 0 as the associated gauge conditions. Treating these
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TABLE III. Constraints in R,.

Sure constraints Extra
Primary 70" - Ty, Cop
Seconda‘ry HJ_’ H(x’ Hij’ Rij(xﬂ ){d)v)(mn

conditions as any other constraint, we find that their
preservation takes the form doi;* = u;;* = 0. Hence,
the momentum ;% disappears from Hy(R;), remaining
dynamically decoupled from the rest of R,. Such a status of
the pair (4;;%, 7" ;5) can be equivalently described by
constructing the corresponding DBs and eliminating these
variables from R; via the strong equalities Aij“ﬁ =0,
7,5 = 0. The DBs among the remaining variables take
the PB form, and the new, reduced phase space R, is
described in Table III.

Taking into account that 4; j“ﬁ strongly vanishes, the total

Hamiltonian now reads

1 ..
HT(RZ) = NHJ_ +NaHa —Ea)UOHij + 6(,D"’

. 1 ..
+ I/ll()ﬂ'io + Eul’loﬂ'ljo + (U . C) (42)

Here, the Hamiltonian constraints (,H,.H,;;) contain

the nontrivial covariant derivatives V,, in contrast to the

situation in pure coframe gravity.

(a2) By fixing the local lambda symmetry, the present
canonical formulation corresponds to the 9 — @ form
of f(T) gravity, defined by the Lagrangian (2.12)
with 4;# = 0 and R, = 0, that is with

L/ =9gT - V(¢)]. (4.3)

l' : . .
where @', is a pure gauge connection.

V. GAUGE FIXING THE LOCAL LORENTZ
SYMMETRY

A. First class constraints in the Lorentz sector

As we mentioned in Sec. II A, the transition from the
pure gauge connection to @/, = 0 can be understood as a
reduction of the local Lorentz symmetry to its rigid form.
To examine that conclusion in the Hamiltonian formalism,
we start from the canonical generator of the standard local
Lorentz transformations in GRH [23]. After reducing it to

the phase space R, of GR, it takes the form

| 1 ..
GL = —ESUITU-O _igllsijv

Sij = _HU + 219[1'071']']0 + Za)k[ioﬂ'kj]o. (51)

The above generator produces the correct Lorentz trans-
formations of the fields (9%,,",) and their conjugate
momenta, in accordance with the standard PG rules.
However, the phase space R, of f(T) gravity contains
two additional variables, ¢ and ry, on which the gene-

rator (5.1) acts trivially,

60¢ = {¢’ GL} = 07

How can this result help us in a search for the true Lorentz
generator in f(T) gravity? Recalling that ¢ is a scalar field,
it follows that the first relation is, in fact, quite correct.
Similarly, since Ty R 0, the second relation is also correct.
Thus, the Lorentz gauge generator (5.1) is also the proper
generator of Lorentz transformations in f(T) gravity.
(bl) Hence, as a consequence of the inverse Castellani
algorithm, the constraints (7;;°, S;;), or equivalently
(7;;°. H;;), are necessarily first class.
The conclusion is based on the fact that jo is first class, as
shown in Appendix B.

5077.'(/, = {ﬂ',/), GL} =0. (52)

B. The coframe form of f(T) gravity

The reduction of f(T) gravity to the coframe form requires
a suitable mechanism for breaking the local Lorentz sym-
metry. That mechanism can be understood as follows.

First, starting from the first class constraint 7;;°, we
impose the gauge condition

oy~ (5.3a)

Its preservation takes the form dyw”/, = u'/, = 0. Then,

for consistency, local Lorentz symmetry has to be restricted
to a subclass, defined by
(Soa)ijo = {wijo, GL} = 008ij =0. (53b)
The pair (w", x;;°) can be eliminated from R, by con-
structing the corresponding DBs.
And second, the first class nature of §;; motivates us to
impose another gauge condition
o', ~0. (5.4a)
It is automatically preserved, as follows from the relation
(3.11), and its consistency with local Lorentz symmetry
takes the form
S, = {w,, G} = —0,e7 = 0. (5.4b)
(b2) The gauge fixing conditions (5.3a) and (5.4a) imply
that the local Lorentz invariance is reduced to its
rigid form.
In the resulting phase space Rj3, the total Hamiltonian reads

Hy(R;) = NH, + N“Hy, + u'on’ + (v-C),  (5.5)
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It represents the canonical description of the coframe
formulation of f(T) gravity, defined by the Lagrangian
(2.12) with 2;# = 0 and @'/, = 0.

(1) All the previous considerations imply our main
result: The 9 —w— 1, the 9 —w, and the pure
coframe forms of f(T) gravity, are just three gauge
equivalent versions of the same theory.

At this point, we add a brief remark on the preservation
of the extra constraints (y,.y;;). The rather complicated
details of how one uses y, and y;; to find one further
tertiary constraint and determine the multipliers uy, = dy¢
and v,,,, are given in our paper [16]. However, the results
obtained here do not depend on these details.

VI. CONCLUDING REMARKS

In this work, we analyzed the gauge structure of f(T)
gravity using the Dirac Hamiltonian approach, in which, as
explicitly shown by Castellani [25], gauge symmetries are
generated by first class constraints. However, the standard
procedure for identifying these constraints requires a large
number of the PB calculations. To avoid these complica-
tions, we introduced another, much simpler but equally
reliable method, suitably named the inverse Castellani
algorithm, see Sec. IV. After having found all the first
class constraints associated to the lambda, the Lorentz,
and the translational gauge symmetries, we applied the
standard canonical gauge fixing procedure to show that the
9 —w — A, the 9 — w, and the pure coframe formulations of
f(T) gravity are gauge equivalent. As a direct consequence,
the three formulations have the same number of the
physical degrees of freedom.

There is another interesting consequence that implicitly
follows from our analysis. Namely, since the set of first
class constraints found through the inverse Castellani
algorithm does not depend on the existence of any other
constraint in the theory, the present proof of gauge
equivalence can be straightforwardly extended to any
Poincaré gauge invariant TG. In particular, it holds for
f(T) gravity, or for its extension in which T is replaced by a
more general torsion invariant, such as the one defined in
Eq. (2.4b), or its subcase known as new general relativity
(NGR) [3].14 With the known set of first class constraints,
the full Hamiltonian analysis becomes notably simpler.

In our approach, the 9 — w form of TG is obtained from
its § — @ — A version by fixing the lambda gauge symmetry.
As a result, the original Lorentz gauge symmetry is left
untouched, it continues to be a valid symmetry of the 9 — @
formulation. The only remnant of the original formulation
is an extra geometric restriction, the teleparallelism con-
dition RY = 0, which is independent of, but fully compat-
ible with the Lorentz gauge symmetry. As a consequence,

A Hamiltonian analysis of NGR as a pure coframe theory
was given in Ref. [28].

the flat spin connection @"/ can be varied off shell as an
ordinary Riemann-Cartan connection. This approach yields
the standard form of the Noether differential identity (A7),
which relates the second field equation of f(T) gravity
(2.7b) with the first one, (2.7a); see also [20]. The result is
quite general, it follows only from the gauge structure of the
theory and offers a clear description of the dynamical role
of the second field equation; compare to [13,14].

The geometric structure of the 9 — w form of TG is quite
naturally described as a subcase of the Riemann-Cartan
geometry. Still, there are opinions, see for instance [11,12],
that the covariant TG can be more conveniently defined by
replacing the vanishing spin connection of the pure coframe
TG with its Lorentz transform @”(A) = Al,,dA/". In this
coframe-Lorentz formalism the basic dynamical variables
are (9, Al,)), in contrast to the genuine geometric choice
(9%, w'). At present, it is not yet clear to what extent the
coframe-Lorentz formalism will become a useful alterna-
tive to the more geometric 9 —w approach; for more
details, see Appendix C.

Much of what we did in the present work would easily
extend to D > 4 dimensions. We also wish to remark that
here, we considered only metric compatible connections.
Symmetric teleparallel connections with nonmetricity are
also of interest [29], but are not covered in the present work.

APPENDIX A: NOETHER IDENTITIES

Consider a general TG Lagrangian (2.4a), and introduce
the notation

oL oL oL
HM = —, ij’w = — M=
o', ORT, o9,
gil/ = V”Hiﬂb—Eib, gl’jl/ = V”HijﬂD+Hijv—Hjiy.
(A1)

Then, using the formulas

8T, = (V,89', + 60/, ) — (u < v),

SR, =V, 60", — (n < v), (A2)

one can calculate the general variation of the Lagrangian,
OL = 6,L + 6,L:

| 1. .. )
5]L = §5T /,wHi} +25RJWJH,'J'” +619 ”Ei”
i v 1 ij v i v
:V” (51.9 bHiﬂ +§6COJUHI']'” > —519 DSi
(A3a)

62L = (5/11_]_/411)Rij”y' (A3b)

064034-9



MILUTIN BLAGOJEVIC and JAMES M. NESTER

PHYS. REV. D 109, 064034 (2024)

Let us now assume the invariance of L under the local
Lorentz transformations,

;i ok _ y
oY, = 9", ow", = —Vﬂe’/,

SA Y = e Y — e f

J (A4)

as well as the validity of the teleparallelism condition
RY,, = 0. Then, 8L takes the form

. 1 ..
5£L = VM |:—€l/Hl'j” — EEUVPHUP#:|
) 1 .
— w0 EN + 5 (V)€

(Vue) (€5 =V, H " = 2H )

| =

1 ..
—EEU [vﬂ(va[ij +2H[jﬂ) + 2511:| . (AS)
—_—

£

Since 8.L = 0, the coefficients of the ¢/ and V,&" terms
vanish separately. The vanishing of the Ve term defines the
Noether current

Jif =V H P+ 2H gt = €, (A6)

whereas the vanishing of the & term yields the Noether
differential identity

These identities are obtained without assuming the Euler-
Lagrange field equations, i.e., the vanishing of £/ and &; .

Equivalent results can be found in earlier works, e.g.
Refs. [20-22].

APPENDIX B: LOCAL TRANSLATIONS
AND FIRST CLASS CONSTRAINTS

In this appendix, we use the inverse Castellani algorithm
to identify the first class constraints associated with local
translations.

Let us begin with the case of GR| in R,, where the
lambda sector of the phase space is gauge fixed. The cano-
nical generator for local translations is given by the
standard PG form, see Eqs. (5.1c,d) of Ref. [23]:

_ . 1 .. -
GT(&) = —fﬂ (lgk”ﬂko +§a)””7r,»j0) _fﬂP”’
PO :=I:IT—(3,1D“,

- - 1 .. 1 .
Py=Hy,— Ea)l'laHij + ﬂkoaa&k() + Eﬂijoa(zwl‘IO' (Bl)

The terms that differ from the corresponding f(T) expres-
sions are marked by a bar.

In contrast to the Lorentz generator (5.1), the translational
generator is affected by the structure of the Lagrangian.
Namely, since the GR” Hamiltonians (7:{ l,ﬂa) do not
depend on the f(T) variables (¢, 7,), the generator G
cannot be a proper generator in f(T) gravity. According to
Ref. [16], section IV, the problem can be simply resolved by
replacing the GR| Hamiltonians (H,,H,) with the corre-
sponding f(T) expressions (H,,H,), given by

HJ_ = HJ_ + ﬁ¢ﬂ¢, Ho, = Ha + ﬂ¢aa¢. (B2a)
As a consequence,
PO = PO + 7[¢60¢, Pa = Pa + ﬂ¢aa¢. (B2b)

Then, applying the inverse Castellani algorithm to the f(T)

gauge generator Gr, one can conclude:

(cl) The two sets of constraints, (7;, 7;;°) and (Py, P,),
are both first class. Since H;; is shown to be first class
in section V, it follows that (H,,H,) must also be
first class.

The above analysis can be straightforwardly extended
“backward” to the phase space R;. Namely, the gauge
generator Gy in R; is modified by the presence of several
additional terms, proportional to the lambda momenta
7 j“ﬂ [23]. However, as shown in Sec. IV, these momenta
are first class constraints, so that the above conclusion
remains valid also in R;.

APPENDIX C: ON THE COFRAME-LORENTZ
FORMULATION OF TG

Inspired by some ideas appearing in the recent literature,
we discuss certain aspects of the coframe-Lorentz form of
TG, in which the Lorentz matrix A/, appearing in the pure
gauge spin connection @”/(A) = A, dA/", is treated as an
independent dynamical variable.

1. In the coframe-Lorentz formalism, with &' and A/} as
the basic dynamical variables, local Lorentz (LL) trans-
formations, parametrized by A’;, are naturally defined by

9= AP 9, Al = AL AM (C1)
As a consequence, the Lorentz transforms of @”/(A) and
T'=d9 + o', (A)I" are given by

&' = 0 (AAN) = A, [0™ (AN, + dA™],  (C2a)

T =dd + &', 9" = A, 1. (C2b)

Hence, the coframe-Lorentz transformations (C1) cor-
rectly reproduce the well-known PG rules.
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In the particular case when A = A~' = A”, relations
(C2) imply

&l =0, (C3a)

7' =dd, (C3b)

which describes the pure coframe TG. The Lagrangian
(which is a Lorentz scalar valued function of its arguments)
can be transformed to an equivalent form as follows:

L9, T = L(A,9", A, T") = L(', T = L(&,dd").

(C4)

Thus, the coframe-Lorentz TG (left) and its pure coframe
form (right) are interrelated by an LL transformation, hence
they are physically indistinguishable.

2. In the following parts of this appendix, to aid clarity,
we will use tilde indices to refer to the teleparallel frame,
9" = A;"9/, which satisfies the Weitzenbdck gauge con-
dition (vanishing connection):

wby = A (@' ;N +dAT;) = 0. (C5)

A deeper understanding of the LL invariance can be
obtained in the Hamiltonian approach. Let us begin by
defining the canonical momenta associated to (9',, A™) by
m# = 0L/dT"y, and P;; := 0L/ddyA™, which, in view of
Tloq = 099y + AN 9, — V. 8'y, lead to the 6 primary
constraints

bij = Py Ay + 790 % 0. (Co)

Next, we introduce the canonical Hamiltonian

HC = ﬂ,’iaa(ﬂgia + Pi;,()OAm - L - ﬂia(TiOa + va&io) - L’
(C7)

where the last equality follows from (C6). Using the
definition of 7,% one can eliminate the “velocities” 7%,
and obtain H,. as a function on the phase space.

The form of the constraints (C6) indicates that they are
first class. To test this possibility, one could calculate the
PB algebra of constraints, but the inverse Castellani algo-
rithm is more simple. It is based on showing that the object
G = [éU¢;;d’x generates LL transformations of phase
space variables Z by 8,Z := {Z,G}.'" The result takes
the expected form, 8,9, = ¢&';9/,, §A™ = ¢';A", and
similarly for the momentum variables. Hence, G is the

1577, .
Unique up to constant Lorentz transformations.
In the next paragraph, we show that calculations based on the
naive PBs produce the correct result.

correct gauge generator and consequently, ¢;; are indeed
first class.

3. The Lorentz matrix A’; has 16 components, but not all
of them are independent—they satisfy 10 constraints
ATgA = g, so they effectively have only 6 degrees of
freedom. To examine the dynamical consequences of this
consider the identity
9,N™ = Pim 0, AT,

P/ﬁllﬁ = (5;’75% - AlrhAj;,) .

N =

(C8)

Iterating, one gets 0A = PAA = P?0A. This suggests that
P is a projector, P = P?, a property that is easily verified.
Then, since P is self-adjoint, AJA = (AP)(PoA) =
(PA)(POA). Thus each A in the combination AJA that
appears in @”(A) has effectively only six independent
(Lorentz) components, the same as the number of inde-
pendent components of @™/ (A). Similarly, the term PdyA in
H, can be written as PdyA = (PP)(PdyA), showing that
effectively, both A and P have six independent compo-
nents each.

The same projection technique could be used in defining
the Poisson bracket—but this is not essential—in practice,
one has the option of using the more simple, direct 16
component representation. With N = 16 4+ 6 independent
Lagrangian variables (8, A’;), and generically, with just
the diffeomorphism and Lorentz first class constraints
(N;=2-4+46) and no second class constraints (N, =0),
the number of d.of is N*=N—-N, -N,/2=38, as
expected.

4. The above considerations allow us to make a few
simple comments on the literature.

Let us start with the work of Blixt et al. [30,31], whose
aim is to show that the number of d.o.f in the coframe-
Lorentz TG is not affected by fixing the LL symmetry.
For that purpose, they introduce a kind of “instantaneous
angular velocity” variable a;; = AiﬁaoAjﬁ and its associ-
ated “canonical momenta” %/ := dL/da
constraints'’

ij» Which satisty the

@V = 7l — gliegll  ~0. (C9)
Although the momenta 7%/ are not independent of 7,%, one
cannot conclude that they are pure gauge variables, as the
authors claim. Namely, to verify the gauge nature of 7/,
one needs to know the form of their LL transformations and
the related first class constraints. Although the constraints
@Y look like they might be first class, the authors did
not address the issue of precisely verifying that possibility.

""The constraints (C6) and (C9) imply #'a;; = P;;dpA’™, and
consequently 7,008, + 2" a;; = 7,%(T" oy + V9'), which gives
the same form of the canonical Hamiltonian as in (C7).
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In particular, they did not explain which variable is the
canonically conjugate partner of #*/. In the absence of more
convincing arguments, one cannot accept the authors’
analysis as a valid Hamiltonian proof of the pure gauge
nature of A,.

The Hamiltonian analysis of the coframe-Lorentz GR;
by Golovnev ef al. [32] is to a large extent complete. After
defining the A sector of the phase space by the canonically
conjugate pair (A’;, P;™), they identify three sets of the
primary constraints: the standard diffeomorphism con-

straints 7;°, the standard Lorentz constraints (C6), and

the extra Lorentz constraints C;;, stemming from the
special structure of GR|. By recognizing the role of
projectors for a proper definition of PBs, they show that
the PB algebra of the primary constraints is closed. Their
analysis could be easily completed by using the diffeo-
morphism invariance to conclude that the four Hamiltonian
components are (secondary) first class constraints, see
Appendix B. As a consequence, all the constraints of
GR| are first class, as expected [19]. However, in the case
of f(T) gravity, the extra LL symmetry associated to C;; is
broken [16].
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