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The boundary term and Brown-York (BY) formalism, which is based on the Hamilton-Jacobi principle, are
complimentary of each other as the gravitational actions are not, usually, well-posed. In scalar-tensor theory,
which is an important alternative to general relativity (GR), it has been shown that this complementarity
becomes even more crucial in establishing the equivalence of the BY quasilocal parameters in the two frames
which are conformally connected. Furthermore, the Brown-York tensor and the corresponding quasilocal
parameters are important from two important yet different aspects of gravitational theories: black hole
thermodynamics and fluid-gravity correspondence. The investigation suggests that while the two frames are
equivalent from the thermodynamic viewpoints, they are not equivalent from the perspective of fluid-gravity
analogy or the membrane paradigm. In addition, the null boundary term and null Brown-York formalism are
the recent developments (so far obtained only for GR) which is nontrivial owing to the degeneracy of the null
surface. In the present analysis, these are extended for scalar-tensor theory. The present analysis also suggests
that, regarding the equivalence (or inequivalence) of the two frame, the null formalism draws the same
inferences as of the timelike case, which, in turn, establishes the consistency of the newly developed null

Brown-York formalism.
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I. INTRODUCTION

Several theoretical analyses [1-3] and observational
data [4-12] suggest that FEinstein’s general relativity
(GR) is not the ultimate theory of gravitation. As a result,
the interests on modified theories of gravity have surged
over time. Among several modified theories of gravity of
special interests, scalar-tensor (ST) theory is, probably, the
most popular for several reasons. Scalar-tensor theory is
favored by string theory [13], as the spin-2 graviton has a
spin-0 partner known as a dilaton. Therefore, as per string
theory, the actual theory of gravity should be scalar-tensor
gravity. Furthermore, the higher curvature gravity [f(R)
theory] can be studied equivalently as scalar-tensor
theory [14]. As a result, scalar-tensor theory is considered
as one of the most important both from the theoretical and
observational viewpoints [15-42]. Furthermore, scalar-
tensor theory is described in the two frames, which are
conformally connected. From the naive perspective of
quantum field theory, one expects that the physical
parameters should be equivalent under the conformal
transformation, which is basically a field reparametriza-
tion. Therefore, scalar-tensor theory provides a perfect
toy model to verify such argument. The equivalence/
inequivalence of the two frames has been the subject of
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intense research for a long time, and it is still considered
as a matter for debate [43-72].

For all the importances of ST gravity stated above, the
theory should be studied in a comprehensive manner. The
action of ST gravity is not well-posed. Since the action (in
each frame) of ST gravity contains the first-order derivative
as well as the second-order derivative of the metric tensor,
one has to fix both metrics as well as its first-order
derivative on the boundary. As a result, the principle of
least action becomes ill-defined. To resolve this issue, there
are two choices, which we discuss subsequently in detail.
One of the choices, which is a noncovariant formalism,
has been explored in earlier works [65,68] (also see the
review [71]). There remains another choice, i.e., addition
of a suitable boundary term which negates the problem-
atic terms, which causes the action principle to be ill-
defined. As it has been explored in general relativity, the
boundary term is not unique [73]. There can be several
boundary terms which can be used in order to obtain the
well-posed action principle. On the contrary, it has been
argued recently in the literature that we should not
preimpose the boundary term with the action. Instead,
the action principle should tell us what boundary term is
required to be added so that when the action is well-
posed, the number of components which are required to
be fixed on the boundary should be equal to the number of
true degrees of freedom in the theory [74-78]. Although,
the boundary term required for the well-posed action
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(on timelike/spacelike surface) is known for ST gravity, an
analysis in such spirit is still missing, where the boundary
term is decided by the action principle itself. Furthermore,
there is another major challenge. The formalism of obtaining
the boundary term from the action principle itself is a
foliation-dependent formalism. As a result, the usual
approach for a timelike (or spacelike) surface will not be
valid for a null surface, which is degenerate and possess
several nontrivial traits as compared to the timelike (or
spacelike) counterparts. Even in general relativity (GR), the
proper boundary term for a null surface has been obtained
very recently [75,76,79—-83] (which has later been extended
for the Lanczos-Lovelock gravity [78]). Whereas the boun-
dary term required for the actions of ST gravity is not yet
defined for the null surfaces. Once the boundary terms are
known for timelike/spacelike and the null surfaces, one can
obtain the Brown-York tensor and the corresponding qua-
silocal parameters, which are important both from the
perspectives of black hole thermodynamics as well as the
membrane paradigm (or fluid-gravity correspondence)
[84,85]. Although from the previous analysis [86—88] it is
known how the Brown-York energy and mass are confor-
mally related, the connections of other parameters are not yet
studied. More importantly, for the null surface, the Brown-
York tensor and the quasilocal parameters are not yet
obtained in the two frames. So far, only in GR [89,90],
the BY tensor and the quasilocal parameters are obtained for
a null surface owing to its nontrivial properties. As a result,
it is not known how the null quasilocal parameters are
conformally connected and whether it yields the same
connection as of the timelike case.

In the present analysis, we address all these issues
which are described above and obtain all-around under-
standing in this context. We presented subsequent analy-
sis separately for the timelike/spacelike surface and for
the null surface, where we obtain the boundary term from
the action principle itself and, thereafter, the BY tensor
and the corresponding quasilocal parameters. We also
compare how the quasilocal parameters are connected in
the two frames and, thereby, what implication it makes
for black hole thermodynamics and the membrane para-
digm under the conformal transformation. The paper is
organized as follows: In Sec. II, we provide a brief review
of scalar-tensor gravity in the two frames, where we show
how the two actions are conformally connected and also
discuss the equivalence/inequivalence of the two frames
at the action level. In Sec. III, we present the analysis of
obtaining the boundary term and quasilocal parameters
for the timelike/spacelike surface. We also obtain how the
parameters in the two frames are connected. In Sec. IV,
we obtain the same analysis for a more nontrivial case,
i.e., for the null surface. In Sec. V, we compared the
analysis of the timelike/spacelike surface with that of
the null surface. Finally, in Sec. VI, we provide the
conclusions of our analysis.

For the units and notations, we adopted the geometrized
units and have set 74 = ¢ = G = 1. Furthermore, quantities
with a tilde overhead (such as A) correspond to those of the
Einstein frame, and quantities without a tilde (such as A)
correspond to those of the Jordan frame.

II. SCALAR-TENSOR GRAVITY:
A BRIEF REVIEW

Scalar-tensor (ST) gravity is described in the two frames.
The original frame is known as the Jordan frame where
we have a nonminimal coupling of the scalar field and the
Ricci scalar in the action. As a result, the gravity is
mediated not only by the metric tensor, but also the scalar
field ¢. The action in the Jordan frame is given as

A—/d“x\/—_gL

= / d*xy/=g [léﬂ <¢R —“’fp‘”ga”vawm - V(cb)ﬂ :
(1)

For a generic ST gravity, which we considered in our
analysis, w(¢) is considered as a function of ¢p. When w is a
constant, it boils down to Brans-Dicke theory [91]. Now,
the above action (1) has an Einstein frame representation,
where the nonminimal coupling is no longer present.
From the Jordan frame, one can arrive at the Einstein
frame via the following transformation relations: (i) a
conformal transformation in the metric along with (ii) a
rescaling in the scalar field ¢. The transformation relations
are provided as

Q=1/9. (2)

Jab = Gab = ngab’

and
2w (45) +3 dqb
167 gb

With the above transformations (2) and (3), the above
action (1) can be written in the Einstein frame as

./Zl—/d‘lx\/_——g:lj
/ d'x\/=F [——— 5V (Vi - U(¢>} )

where U(¢) = V(¢)/(16z¢?). As we mentioned earlier, in
the Einstein frame [which is described by the action (4)],
the nonminimal coupling is no longer present. Note that the
two actions, (1) and (4), are not exactly equivalent. In fact,
the exact relation of the two actions are provided as follows:

¢ — ¢ with dp = (3)

~ 3
A=A-2 / J=g0pd"x. (5)
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The origin of the extra term ((J¢h) can be traced back from
the conformal connection of the Ricci scalar, which is
provided as

|
R = ? R+2¢2(V¢)(V¢)—$D¢ (6)

However, since the last term (i.e., the [1¢) term) in (5) is a
total derivative term, it has been disregarded over the ages
as it does not alter the dynamics of the system. Recently, it
has been proved that this term plays a crucial role in the
context of the equivalence of the two frames [65,66,68,71].
In the present case, we see that the above relation (5) will
help us again in establishing the equivalence in the two
frames (see BY formalism in null surface).

We know that the Brown-York formalism of obtaining
the surface stress tensor is based on the Hamilton-Jacobi
(HJ) principle [84,85]. But in the case of gravitational
action (in GR as well as in modified theories of gravity such
as scalar-tensor gravity), it is a bit nontrivial and should
be explained properly. Let L = L(q*(t), 4*(¢),t) be the
classical Lagrangian of a dynamical system, then the
variation of the action (A yields

15
5A(er) = & / "Ldi
4l
15

nloL d [O0L oL
-5 oo o]
n L9q dt \9g Oq

A

(7)

Thus, extremizing the action and fixing the boundary
conditions in such a way that ¢”(¢) are fixed at the end
points (boundary), one obtains the Euler-Lagrange’s equa-
tions. Moreover, the above equation (7) also implies that if
we restrict the variation of the action among the solutions
of the dynamical system (i.e., on shell variation), we obtain
the expression of energy (H) and momentum (P,) at the
final boundary [, = 1,(¢*(t,),%,)] from the Hamilton-
Jacobi principle as follows:

a/l(d) oL

og* (1) 0g*,

= Pyl (8)
2

_ (W‘(cz) _0A) qA)
b dt aq" b

= (L - PAqA)|AZ = H|,12- (9)

and

OA(CI>
ot

Based on the above HJ principle, the Brown-York stress
tensor (or the surface stress tensor) is defined in GR.
However, for the above definitions to work well, the
prerequisite is that the action principle should be well-
posed beforehand. Since the gravitational action contains
the second-order derivative of the fields (metric tensor and

the scalar field), the above discussion, unfortunately, cannot
be applied in a straightforward manner. For that, let us
consider another example. Let us consider a pair of
Lagrangians L,(¢*,d¢*) and L,(q",0q",0*q") where
L, has the specific form

Ly(q*.9¢*,*q") = Li(q*.9q") - 0:f'(¢*.0g"). ~ (10)
where i = {0, 1,2, 3} represents the spacetime indices, and
A ={1,2,3.....N} labels all the generalized coordinates
and the corresponding conjugate momentum. Although the
Lagrangian L, contains the second-order derivative of g,
the equation of motion is still second order (and the same as
one provided by L) as the second-order derivative of g*
appears in terms of a total derivative (surface term) in the
Lagrangian. However, the major drawback of L, is that
the action principle is not a well-posed one for arbitrary
fi(g*,0q") [i.e., one has to fix both ¢*(¢) and 9,¢"(¢) on
the boundary, which spoils the well-posedness in the action
principle]. Thus, one can only apply the above HJ principle
by adding a suitable boundary term with L, to negate the
problematic terms arising from the surface terms so that one
has to fix only ¢* on the boundary.

For a special case, where fi(¢", dg") is given by
fi(q".0q") =>4 q"0L,/0;q" = 3", " P}y (where the
summation “)_,” is over one/some/all components of
generalized coordinates and the corresponding momenta),
and, thereby, L, — Lp(g*, 0q", 9*q") is defined as

Za (¢*PL),  (11)

it can be shown that L; and Lp yields the same equation
of motion. However, for L, one has to fix ¢ V A=
{1,2,...N}, while, for Lp, one has to fix (one/some/all) Pi‘
on the boundary. Thus, L; can be interpreted as the action
of the coordinate space, while the Lagrangian Lp, which is
still not well-posed, can be interpreted as the action of the
momentum space. Furthermore, for the Lagrangian Lp, the
bulk part (which is the same as L, i.e., Ly =1L) and
the surface part [Lg,=—,0;(¢"P,)] are not indepen-
dent. Instead, the bulk and the surface part are related by the
following connection:

e Sa(efe).

Again, we emphasize that in the above relation (12),
Einstein summation convention has been implied for
the spacetime index i, whereas the summation ) , is
arbitrary, which can include one/some/all components of
the generalized coordinates and the corresponding con-
jugate momenta.

The above general discussion is applicable for the action
principle in general relativity (GR) and for the scalar-tensor

Lp(g*. 0q", 0*q*) = Li(q*, 0q*)
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theory as well. The Einstein-Hilbert Lagrangian Lgy is
given as Ly = R, where R is the Ricci scalar. Note that R
contains both the first-order derivative as well as the
second-order derivative of the metric tensor g,,. Also,
the equation of motion obtained by the variation of the
Einstein-Hilbert action (i.e., the Einstein’s equation) is also
a second-order derivative. This is possible because the

Einstein-Hilbert Lagrangian Lgy can be decomposed into

the bulk part Lt(flﬁ) and the surface part LEErH ), where ngﬁl{)

contains only the first-order derivative of g,;,, whereas the

surface term LS:}H >, which is a total derivative term, contains
the second-order derivative of g,, (for more details,
see [92]). Furthermore, it can be shown that the bulk part
and the surface part are not independent. Instead, they are

related by the “Holographic relation” [93—-100], which is

basically the analogous relation of Eq. (12). Thus, L}(Eﬂ?

corresponds to L;, and the total Lagrangian Lgy corre-

sponds to L p of the above discussion. Moreover, both L,(Jﬁl}ll()

and Lgy yield the same equation of motion, and Léﬁﬁ) can

be interpreted as the Lagrangian of the coordinate space,
whereas the total Lagrangian Lgy can be interpreted as the
Lagrangian of the momentum space.

In scalar-tensor theory, the situation is a bit different in the
two different frames. In the Einstein frame, which is very
similar to the Einstein-Hilbert case, the total Lagrangian [as
defined in Eq. (4)] can be decomposed into bulk and surface

terms, i.e., \/—GL = /=Lpux + L, Where

7 U omi o _ i p lows 135 7
Ly = ——g** (%, I —Fabrfj)—i "V, pVod = U(),

l6r” /P
(13)
and the surface term is given as
Ly, = —0,P¢, (14)
where
pe = VI iy, — i) (15)

Furthermore, in the Einstein frame, one can obtain the
“Holographic relation” like the Einstein-Hilbert action,
which is provided as follows:

= rv —GLpuik - }
—Gij|-

Loy = —0 16
sur c agl‘l’c ( )

Thus, in the Einstein frame, \/—§L, corresponds to L, and
can be interpreted as the Lagrangian of the coordinate space.
On the contrary, the total gravitational Lagrangian /—gL
can be interpreted as the Lagrangian of the momentum
space and corresponds to Lp of the above discussion.

Both /=Ly and /—gL vyield the same equation of
motion. More importantly, /=L provides a well-posed
action principle (albeit not in a covariant way as the
aforementioned decomposition in terms of bulk and surface
parts has been done in a noncovariant manner; for details
see [65,68,71]). But, the total Lagrangian /—gL does not
provide a well-posed action principle, and one has to
incorporate an additional boundary term in order to negate
the contribution from the L, on the boundary.

Let us now discuss the Jordan frame action in light of
the above discussions. The Jordan frame Lagrangian can
be decomposed into the bulk and surface terms, i.e.,

V —gL = V —9Lyuik + Lurs where

Ly = (1/167)[Q2g? [ T, — T, T,

ja* ib J]
—2Q%g*T, (0; In Q) 4 2Q°T} (¢’ In Q)]
4 . V(g)
——wQ?(0;InQ)(0' InQ) — , 17
@R ne) - D (1)

and

1 ) .
Ly = EOL [92 V _g(glkr‘l?k - ngFZ;n)}v (18)

where the bulk part contains only the first-order derivative
of the field variables (i.e., the metric tensor and the scalar
field ¢ = Q?), and the surface part contains the second
order derivative. Again, in this case, both the bulk
Lagrangian ,/=gLy, and the total Lagrangian ,/—gL
correspond to the same equation of motion (for more
details, see [65,68,71]). Similar to the Einstein frame,
in order to define a well-posed action principle for the
total Lagrangian ,/—gL, one has to incorporate a suitable
boundary term. On the contrary, the bulk Lagrangian
defines a well-posed action principle in a noncovariant
manner. However, there exists a major difference as
opposed to the Einstein frame. In this case, the earlier
holographic relation does not hold; i.e., the bulk part and
the surface part are related to each other by the following
relation [65,68,71]:

0\/—gL 3
L =0 |00, | 1 2 =500, (19)
It is the last term of the above Eq. (19) which spoils the
holographic relation. As a result, the Jordan frame
Lagrangian cannot be interpreted as the Lagrangian of
the momentum space; i.e., \/—gL corresponds to L,
(not Lp) whereas the bulk part L, corresponds to L,
of the above discussion. Therefore, there exists an inequi-
valence of the two frames even at the classical level. It has
been investigated in the earlier works [66] that this
inequivalence at the action level translates to the major
inequivalences of the two frames, especially at the
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thermodynamic level. However, the root of this inequiva-
lence lies in Eq. (5). Instead of discarding the [¢ term, if
we incorporate it in the Jordan frame Lagrangian, i.e., we
define the Jordan frame Lagrangian as L' = L — 3¢/ 16z,
it can be shown that the action in the two frames are
exactly equivalent, i.e., A=A’, where A’ = [, d*x\/=gL'.
In addition, the holographic relation holds for the
Lagrangian L’. The bulk and surface parts of L’ can be
defined as L{ , = Ly, (i.e. the bulk part of L and L' are
the same), and

3./=
Ll@ur =Ly — —gD(b
) | 167

1 4
=16.% [V=9{p(g"*T¢, — ¢TI ) = 3g°0,}]. (20)

In this case, the bulk and surface parts are related to each
other by the holographic relation, i.e.,

0\/—gL!
L/sur = _ac <ﬂ gab) . (21)

agab,c

Thus, the inequivalence can be removed, and L’ can be
interpreted as the Lagrangian of the momentum space (i.e.,
Lp of the above discussion). In our subsequent analysis,
when we obtain the boundary term and, thereby, establish
the well-posedness, we find that the same argument will be
valid. The gravitational action of the Einstein frame can
be interpreted as the action of momentum space, whereas
the action of the Jordan frame cannot be interpreted as the
same unless the [J¢ term is accounted.

In order to obtain a well-posed action principle, we,
therefore, have two choices: We obtain the equation of
motion solely from the bulk Lagrangians \/—gL,; and
/=9Lyu, respectively. This method is noncovariant and
has been explored earlier [65,68,71], and we briefly
discussed this above. Secondly, we can incorporate suitable
boundary terms along with the gravitational Lagrangians
in order to obtain a well-posed action principle (similar to
the Gibbons-Hawking-York boundary term which is added
along with the Einstein-Hilbert Lagrangian). In the follow-
ing, we explore the second route in detail. This method is
covariant, yet foliation dependent. In addition, this method
helps us to obtain the surface energy momentum and to
define the quasilocal charges using the Brown-York for-
malism. As we discussed, the Brown-York formalism and
obtaining the suitable boundary term for a well-posed
action principle are foliation dependent. Therefore, in the
following section, we analyze for the timelike (or space-
like) surfaces. Thereafter, the null surface is treated
separately, which is more nontrivial.

Before proceeding to the next section, let us summarize
the discussion provided in this section as follows: First,
both the gravitational actions in the two frames (A and A)
are not well-posed. In order to obtain the equation of

motion, there are two possibilities: (i) One can follow a
noncovariant approach whereby one decomposes the
gravitational action into bulk and surface parts where
one obtains the equation of motion from only the bulk
part of the action. (ii) One can add a suitable boundary term
with the gravitational action, which cancels the problematic
terms on the boundary. This method is covariant yet
foliation dependent and has been followed in the sub-
sequent discussions of the paper. Second, the usual actions

in the two frames (A and A) are not exactly equivalent.
Not only are they mathematically inequivalent, they carry

different interpretations. While A can be interpreted as the
action of the momentum space, we cannot draw the same
conclusion for A. In addition, the holographic relation
cannot be obtained in the Jordan frame, whereas the same is
available for the Einstein frame. Third, the aforementioned
inequivalence can be removed by redefining the action
of the Jordan frame as A’, whereby one can obtain the
holographic relation and can interpret A’ as the action of
the momentum space. Furthermore, the earlier analysis
from the viewpoint of black hole thermodynamics also
lauds A'.

III. BOUNDARY TERM AND THE BROWN-YORK
FORMALISM ON A TIMELIKE HYPERSURFACE

In order to define a well-posed action principle, it was
found that one can add several boundary terms along with
the gravitational action [73], which was originally found in
GR. Recently, it was argued [74-78] that we should not
preimpose the boundary term, in order to define a well-
posed action principle. Instead, the action principle itself
should tell us what boundary term one should add so that
if the action is well-posed, the number of degrees of
freedom which are required to be fixed on the boundary
will correspond to the number of true degrees of freedom
in the theory (for details, see [75]). Although the gravi-
tational actions (in both the frames) of scalar-tensor theory
are also not well-posed (as we discussed in an earlier
section), a discussion on such spirit (i.e., letting the action
principle decide what to be fixed on the boundary) is
missing in literature. In addition, the boundary term for a
null surface has not been defined earlier for ST gravity.
In our following discussion, we completed this picture.
Furthermore, we obtain the quasilocal Brown-York
parameters in both the frames, and we compare how they
are related in both the frames.

In this section, we discuss the issues related to the
variation of the action, boundary terms, and the Brown-
York formalism for a timelike/spacelike hypersurface.
In the following section, the null surface is treated
separately due to the fact that the usual formalism of a
timelike (or spacelike) surface does not work for the null
surface. For simplicity, we first perform the analysis
in the Einstein frame, which is exactly similar to the
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Einstein’s gravity (GR), and then, the discussions on the
Jordan frame will follow.

A. Einstein frame

In Einstein frame, the nonminimal coupling is not
present and, therefore, the analysis is simpler. In this case,
the variation of the gravitational action is given as

SA = /6(\/—§L~)d4x
= / V=GE55" + E 3y 5d + V,0°(q. 55))d*x,
(22)

where G € {§a. ¢} The exact expressions of £, E< j and
©9(G,64) are given as follows:

IS P R SR
2" iV, h+-5.,VIV.d+=5
ab 167 2 u¢ b¢+4gab ¢ t¢+zgubU(¢)’
3 ~ 0~ dU
E 7 :Vava — =,
@ P47
and
6°(3,60) = 2 — (V'35 (23)
C], (] 71677 .
Here, &0 =2P"*V,65,, with Pl = (gg? -

G3b€)/2. One can identify that E,, =0 and E(d?) =0
correspond to the equations of motion of the fields §” and
¢. However, one has to properly deal with the boundary
term in order to obtain a well-posed action principle.
Dealing with the boundary term in the present case is
problematic (as is the case for the Einstein-Hilbert action).
The last term of @%(G,54) (i.e., the term containing &)
vanishes if we fix ¢ on the boundary. On the contrary, 55
vanishes only if we fix both the metric tensor (§,;,) as well

as its first-order derivative (Ei Jap) ON the boundary, which is
not physical. To get rid of such situation one can add a

boundary term such a way that one has to fix §,, or 51- Gap ON
the boundary. We do not preimpose the boundary term with
the gravitational Lagrangian. Instead, we let the action
principle decide what boundary term should be added with
the gravitational action so that minimal information is
required to be fixed on the boundau’y.1 This method is in

'As per the argument provided in [74-78], the number of
quantities which are required to be fixed should correspond to
the true degrees of freedom in the theory. In GR, it has been
found that six components of the induced metric are required to
be fixed on the boundary. In the present case, we see that the
scalar field is required to be fixed on the boundary in addition to
the six components of the metric tensor. Thus, in ST gravity, we
have additional scalar degrees of freedom which act as the true
degrees of freedom in the theory (as implied in the name
“scalar-tensor theory”).

contrast to the usual approach where one adds a boundary
term and shows that the problematic terms go away.

We first consider a three-dimensional surface (say
w = const), upon which 7, is unit normal, i.e., 77, =€
(where ¢ = —1 for timelike normal or ¢ = +1 for spacelike
normal on the different parts of the boundary odv. In order to
keep the generality of the surface, we keep it €.). Our aim is
to obtain the boundary term which makes the action
principle well-posed on this surface. One can construct
the following induced metric on this surface:

A = Gup — €F,Fy, (24)

which acts as the projection tensor, that projects everything
on to the tangent plane of the surface (as ﬁflrb) 7 =0 and
fzf)aﬁ@b = ﬁ@“). On this surface, the contribution from
the boundary term [i.e., the last term of Eq. (22)] is given as

B= eV ﬁ(r)i’a(:)“cﬁx
o
— 11 e
= / eV i {Ffaéﬁ“—(;’av P)6p|dPx.  (25)
ov T

The above expression in (25) is obtained using Stoke’s
theorem, i.e., by changing the volume integration to surface
integration. Our goal is to identify the surface term which

is required to be subtracted from B in order to obtain a
well-posed action principle. Schematically, we expect the

following expression of B:

B= [ dx[6(Boundary Term)
ov

+ (Conjugate Momentum) § (Variables to be fixed)
+ Total Derivative Term)]. (26)
To obtain such expression, we use the following geomet-
rical identity ([74], also see Appendix A),
X, 00" =V, (6X¢ + g**6X,) — 6(2V X)) + V X ,69°,
(27)
where X, is any vector (timelike/spacelike/null), and
ov¢ = 2PV, 5g.,. Using the above identity (27), the

boundary contribution [as defined in (25)] finally yields
(the mathematical details are the same as of GR [74])

B= / e|— (VRO OB, (B\F;57) +28(V D)
ov 1671'
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where the extrinsic curvature is defined as

é((z?:_ JVr_—h lvlh
= -V, 7, + efaa§,>, (29)

and the covariant derivative operator on dv, which is

compatible with ﬁgh) is defined as

"p,A, = Y fv iAj. (30)

In Eq. (28), we finally obtain the desired expression of
the form (26). One can identify the boundary term which is
required to be added to the gravitational action .4 in order to
obtain a well-posed action principle on the surface dv,
which is given as

-’leur = \ 9

871

———/\/_v X, (31)

where the last expression is the equivalent bulk term
corresponding to the surface term. The first term of (28)
is a total derivative term on the three surface, which can be
neglected. In scalar-tensor gravity, the dynamical param-
eters are the metric tensor §,, and the scalar field ¢, which
consist of 11 independent components in total (ten are the
independent components of the metric tensor and the scalar
field). As we can see, all the components of the metric
tensor (i.e., ten independent components) are not required
to be fixed. Instead, we require to fix only six independent

components of ﬁ‘(‘fb) (ﬁ‘(‘rf’) as it is a symmetric tensor with the
constraint fah‘(‘rf’) = 0). Thus, in the present case, we require
to fix seven components on the boundary (i.e., six inde-
pendent components of ﬁf‘f) and the scalar field ¢), whereas

in GR, we had to fix only six independent components of
the induced metric.
Thus, for this generic timelike/spacelike surface, the

well-posed action will be ,lep = A+ lesur, and the varia-
tion of Awp (Where WP stands for well-posed) is given as

5 Awp = / V=GlEw85" + E j,5pld*x
| Vil 00D, T4, + 1) 5H¢!

- <fav $)od|&x, (32)

where T“ h g “fjag"f /167, and

— (@DRY) -0, (33)

which is the canonical momentum conjugate to ﬁ(“rb) From

Eq. (32), it can be concluded that AWP can be interpreted as
the action of the coordinate space. One can now ask
whether A can be interpreted as the action of the momen-
tum space as discussed in Sec. II. With the above definition
of canonical momentum in Eq. (33), the surface term .,leur
can be defined as

Agr = \/ l'[“” hab d3x. (34)

Therefore, another expression of the variation of the
gravitational action A = Ayp — A, is given as

SA = / V =GlEw05" + E g 5pld*x
+ [ e[V, g, + ieha(ViE)
- \/ﬁ<r>(fﬁuqz>5ﬂ &x. (35)

Thus, we again find that the gravitational action A can be
interpreted as the action of the momentum space, where the

conjugate momenta (rather \/Wf[yb)) are required to be
fixed on the boundary. This agrees with the discussions we
provided in Sec. II, where we had mentioned that the whole
gravitational action can be interpreted as the action of the
momentum space, whereas its bulk decomposition (which
is a noncovariant term) can be interpreted as the action of
the coordinate space. In this section, we find that the above
well-posed action ,lep, which is covariant yet foliation
dependent, can again be interpreted as the action of the
coordinate space. Thus, analyses from different directions
converge toward the similar conclusion.

The above analysis is performed for a particular surface,
which is defined by the normal 7. We consider that the
whole four-dimensional manifold (M) has the boundary
oM, which consists of initial and final spacelike hyper-
surfaces (defined by 7; = const. and 7y = const, respec-
tively) and a three-dimensional timelike boundary 3B.
We further assume that the normal on 3B is denoted as
§, (5,5 = +1, i.e., e = +1 for °B), and the normal to a
generic ¢ = const hypersurface (say X) is denoted as 7,
(A = —1,1.e.,e = —1 for X). For simplicity, we consider
the hypersurface foliations X and 3 are orthogonal to each
other (i.e., 71§, = 0). Since our final goal is to obtain the
boundary term and to define the Brown-York quasilocal
parameters, this does not break any generality. The boun-
dary of X is a two surface which we denote as B, where
B =3B N X. On these surfaces, the induced metric and the
extrinsic curvature are provided in Table I.

With all the above definitions (provided in Table I), we
can now define the well-posed action for the manifold M,
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TABLE I. Normals and extrinsic curvatures of different surfaces of the manifold in the Einstein frame.

Surface Normal(s) Induced metric Extrinsic curvature Trace of the extrinsic curvature
z 7y hNab = Jup + 1,7, K, = —fzflv,ﬁ,, K= —ﬁaﬁa

36 S:a fab = gab - §a§b ,€ab = —fﬁlv’ifb y B l€ = —NVHE“ ~

B ng and Sa Gap = Gap + gl — §,5p Eah = —fi;qivlf] k= —q”V,-E_,— = (lCab - ’Cfab)ﬁaﬁb

which is the gravitational action added with the boundary
terms for each three surfaces, i.e.,

i g ! =K 73 L [ fren
Alot—A_gﬁB \/;Kd X‘l’g/t’ \/ZKd X, (36)

where f,t’ is the shorthand of ftf - ft The variation of the

above action yields
8A = / V=0lE05" + E j6fld*x
/ V(DT + 07 — (5,VP))dx
- / "D, T+ Byoh — 7,V $)6¢)dPx
| (37)

where D, and D, are the covariant derivative operators
compatible with 7,, and h,;,, respectively, and

~ 1 - ~ 1
O, =— Kiwp—Kupls Pa = Kha) a
ab 1677.'[ Yab ub] b 16 [ b b]
~ 1 - 1
C = pseg, T = ——heq). 38
T, 715759 6, 759 (38)

The total derivative terms D,7 ¢ and D,T* can be ignored.
Thus, we found that on each surface one has to fix the
corresponding induced metric and the scalar field ¢. This
allows us to define the boundary stress tensor (or the
Brown-York tensor), which is defined as [84,85]

T(BY) _ 2 5-’4t0t
ab \/— Syb

From this surface tensor, one can obtain the quasilocal
parameters of the surface. The quasilocal surface energy
density (also known as the Brown-York quasilocal energy
density, €BY)), surface tangential momentum density (j¢),
and the spatial stress (§%?) are defined as

- 1 - -
= _znab = 8— [’Cab - ICYab]' (39)
T

5 k
ZBY) — FBY) zamp _ N
é T 8
~ac ~bd~BY
=g deE,d ). (40)

Furthermore, the Brown-York energy is defined as the
energy density integrated over the two surface, i.e.,

EBY) = / V@ P aer (a1
B

where e”(()BY) corresponds to the contribution from the

reference frame [84,85], and § is the determinant of the
induced metric §,,. When there is a rotational Killing
vector &%, the corresponding angular momentum is
obtained from the BY tensor as

J= / VG]aE dPx. (42)
B

Furthermore, the spatial stress §%° can be expressed as the
stress tensor of a viscous fluid of the following form:

ab _ [zﬁgab 4 qab(é:é _P)]’ (43)

where the shear tensor 6?7 is the traceless part of ke,
6% = k% — kg /2. On the other hand, the bulk viscosity
(@) is identified as @ —k, and the pressure term is

identified as P = —a 5 /8x, where a = ~“V ;.
addition, the shear Vlscos1ty coefficient 7 is obtamed as
n = 1/16x, and the bulk viscosity coefficient is obtained as
= —1/16x. The above expressions interpret the two
surface BB as the membrane of a two-dimensional viscous
fluid, which is the central theme of the “membrane
paradigm” [101,102]. One striking aspect in this case is
the negative value of the bulk viscosity coefficient, which
indicates the instability against a perturbation which
triggers expansion or contraction. Furthermore, one can
show that the ratio of the shear viscosity 77 to the entropy
density § = 1/4 saturates the Kovtun-Son-Starinets (KSS)
bound, i.e.,

(44)

I | <

1
4’
We now move on to the analysis in the original frame,
i.e., the Jordan frame. Thereafter, we can compare the two
frames. Due to the presence of the nonminimal coupling,

the analysis in the Jordan frame is more nontrivial, which is
provided as follows.
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B. Jordan frame

Earlier, we showed how the well-posed action can be
formulated in the Einstein frame. In that case, we showed
that the proper boundary term can be obtained from
the action principle itself. In the following, we follow
the same principle for the gravitational action in the
Jordan frame. The variation of the gravitational action (1)
is given as
|

5A = / 5(\/=gL)d*s
= [ VB + B3+ 9,00, 50)
(45)

where g € {g,, ¢}, and the exact expressions of E,, E(y),
and ®%(q,5q) are provided as follows:

1 .
Eab = 1671' ¢Gab + ¢ v ¢v ¢gab a¢vb¢ += gab vavb¢ + vivl¢gab ’
1 1dw v  w
E, = R+——V,pV! —D V Ve
@ = T6x N g i ¢+¢ - dp ¢ @ 4)}
and
_ » '
0°(q.80) = g | <20 (V)30 + 400 = 2(Tu o0, (46)

where §v¢ =2P"4V, g, with Pebed = (gac ghd — gad gbe) /3,

Again, E,;, and E4) correspond to the dynamlcal equation
of the fields g,;, and ¢, respectively. However, the action A
is not a well-posed one for the arguments provided earlier.
As we did for the Einstein frame, we first obtain the surface
term for a generic surface which makes the action principle
awell-posed one. We consider a three-dimensional generic
hypersurface y = const, upon which r, is the unit normal,
i.e., rr, = ¢ = £1 depending on timelike or spacelike
hypersurface. It can be shown that 7, and r, are connected
as (remember 7, is the normal in the Einstein frame on the
same surface)

7= \/¢r,, and f“—ﬁr“. (47)

On this surface (with normal r,), the projection tensor can
be defined as

Ezb) Gab — €TgTp. (48)

Again, on this surface, we obtain the contribution from
the boundary term, which is provided as

B = 6\/ ) r,0dx

E €vh {qﬁr 6" = 2r,(Vy,) p*45g;,

- %0 (riv,¢)5¢] &x, (49)

where the volume integration has been reduced to the
surface integration using Stoke’s theorem. Again, our goal

|

is to restructure the above expression of 5 in terms of
the structure as provided in Eq. (26). We provide the
final expression (detail calculations can be found in
Appendix B), which is given as

B | VD (g rsg) +25( V0 g0

167z v

—2\/_< (V) + 0 >5¢

+Vh (p{ =00 + 00 } = Vi ph ) on .

(50)

The first term, being a total derivative term on the
three surface can be ignored. Also, from the above
expression (50), one can determine the boundary term
which is required to be added to the gravitational action in
order to define a well-posed action principle. The boundary
term can be identified as

qur = / \Z ¢0
ov
=-< / V=9V (0 r) d*x, (51)

where the last expression is the equivalent bulk term
corresponding to the surface term. More importantly,
we find that if we add the surface term Ay, with the
gravitational action A, we obtain a well-posed action
principle. In addition, we find that we do not need to
fix all the ten independent components of the metric tensor
ga» ON the boundary. Instead, we need to fix A% which
has six independent components (as 2% is a symmetric
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tensor with the condition (% r, = 0). Also, we require to
fix ¢ on the boundary. Thus, like the Einstein frame,
we require to fix seven independent components on the
boundary. Moreover, the variation of the well-posed action
(.e., Ayp = A+ Ay,) is given as

OAwp = / V=9(E69" + E 4)5¢)d*x

G [ D, TS, +1Y)5he + 11, 6¢}d3

(52)

where 7(, ¢h “r;64"/16z. From the above Eq. (52),
one can 1dent1fy that the well-posed action Awp can be

interpreted as the action of the coordinate space, and the
conjugate momenta are defined as

Lm0 _ o0y _ g ()
) = |[$(00 R = 07) = Vi) |

M = g |07+ V)| o

In order to check whether the gravitational action A can be
interpreted as the action of the momentum space, we obtain
the surface term in terms of the conjugate momentum HE;,),

which is given as
Agr = \/ Habh + S riVip|dPx.  (54)
a " 16x

Unlike the Einstein frame, here the surface term is not
obtained only in terms of the product of Hf‘r”) and h[(lrl,).

Therefore, although the well-posed action Awp can be
interpreted as the action of the coordinate space, the
gravitational action A(= Awp — Ag,,) cannot be inter-
preted as the action of the momentum space as

0A = / V=9(E,69"" + E(d))éqﬁ)d“x
te / [\/ A" (<r>DaTgr) + HE;))(S(p)
o
, 3 |
+ ns(Vrmgs )+ s( Vi r’Viqﬁ)} &x
JT

(55)

The presence of the last term in (55) provides the extra term
which is required to be fixed in addition to the conjugate

h(’)l'[?rb). Thus, the gravitational action A

cannot be considered as the action of the momentum space
(unlike what we found in the Einstein frame). However, if
we consider the gravitational action of the Jordan frame as

momenta

A’ (which has been defined in Sec. IT) instead of A, the
required surface term for the well-posed action could be
identified as

€
Al = ——
sur 87[

VA" {¢9<r> - % riviqﬁ] d*x
ov
1 3
— _gx V=7 [va((pg(r) rt) — 5 Dqﬁ} d*x. (56)

Note that this modification in the action does not alter
the expressions of the conjugate momenta and the expres-
sion of the well-posed action Aywp=A+ Ay =
A + AL,.. Unlike Ag,, AL, can be obtained as the

integration of the product of H?rb) and hgrb), ie., Ay, =

—e . ayvh(”H(“f)hi?d%. Therefore, the modified action

A = Ayp — Al can be interpreted as the action of the
momentum space. Its variation is given as follows:

.A/ = / \/—g(Eab(Sgab + E(¢>5¢)d4x

(r) ((r) a (r)
+€/au[ h ( DaT(r)+H(¢)5¢>
+h§{b)5<\/h< nab)}cﬁ (57)

This agrees with the discussions provided in Sec. II, where
we found (using the bulk and surface decomposition
analysis) that the gravitational action in the Jordan frame
(A) cannot be interpreted as the action of the momentum
space. Hence, there exists an inequivalence even at the
classical level. This inequivalence can be removed if we
incorporate the [l¢ term in the action, as the modified
action A’ can be interpreted as the action of the momentum
space. However, as we noticed above, the [J¢ term only
contributes to the surface term and not on the dynamics or
the conjugate momenta. Hence, it will also not contribute to
the Brown-York tensor which we obtain in the following.
Therefore, the following discussion has been done under
the consideration of the action in the Jordan frame as
A. However, in black hole thermodynamics, we showed
earlier [66] that the thermodynamic parameters depend on
the surface term. Hence, in that case, the right approach was
to consider the action in the Jordan frame as A’ instead of A
(for more discussions in this regard, please follow [68,71]).

The above discussion has been presented for a particular
timelike/spacelike surface. Our final goal is to obtain the
well-posed action for the given manifold (M) and to obtain
the Brown-York tensor and the quasilocal parameters.
We follow the same procedure as of the Einstein frame
to obtain the Brown-York tensor. In the Jordan frame, the
unit (spacelike) normal on 3B is denoted as s, and the unit
(timelike) normal on X is defined as n,. Furthermore, the
two surface B =3B N X are characterized by both the
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TABLE II. Normals and extrinsic curvatures of different surfaces of the manifold in the Jordan frame.
Surface Normal(s) Induced metric Extrinsic curvature Trace of the extrinsic curvature
z ng hub = Gap T+ NgNy, ah = h \% iy K = _vana
SB Sa Yab = Gab — SaSh ICab = Vav iSh B K= _vasa
B ng and Sa Gap = Gab + Nl — $4Sp kab = qaqbv S k= _quvisj = (Kab - ’CYab)nanb
normals 7, 'fmq §4. On these surfacc.as, th.e induced me’qic £(BY) T(]?Y)n“nb _ [ Pk — 5V,
and the extrinsic curvature are provided in Table II. With ab 8
these definitions (as provided in Table II), we can define the o= T(BY)anac
well-posed gravitational action as be BY)
X BY
sab — qucqthCd ) (62)

Ay = A é lB JTKdx + % [ " VhpKdx, (58
and the total variation of the above action (58) yields
A = /M V—=IE89" + E(y)0p)d*x
+ %B VI(D, T + 1,8y + 1y 6¢p)d*x
- / V(DT + Pysh® + Pugydh)dx.  (59)
1

Here, D, and D, are the covariant derivative operators
compatible with y,, and h,;,, respectively. The conjugate
quantities and the total derivative terms are defined as

1 )
Hah ]6 [¢(KYub Kah) - yubslvi¢]’
Pa [¢(Khab ) abnivi¢]’
H((/)) 8 |:IC +—s V ¢:|
1

N 1 N
T“—_— a5 5qi T¢ = —phin.5q".
16”457, 569", 16”(15 in;og (60)

Thus, the surface stress tensor (or the Brown-York tensor)
in the Jordan frame can be defined as

T(BY) 2 5Atot _
ab - ab ab
N
1 .
=3 (D(Kap = Kyap) +vaprs'Vig).  (61)

From the above expression of the Brown-York tensor, one
can obtain the expression of quasilocal energy density
(or the Brown-York energy density), surface tangential
momentum density, and spatial stress as

Above we obtained the density of the quasilocal parameters
from the Brown-York tensor. In the following, we make
further comments where we compare the quasilocal param-
eters in the two frames.

C. Connection of the quasilocal parameters
in the two frames

Connection of different quantities in the two frames can
be obtained straightforwardly once we know how the
normals in the two frames are related. The connection of
the normals in the two frames can be obtained in the
following manner. Consider the timelike normals 7i, and
n,. These normals have the following general expressions:
i, = ¢0, and n, = cd,. However, since these are normal-
ized to unity, i.e., 71,7 = n,n* = —1, ¢ and c¢ can be fixed
as ¢ = —1/1/—=¢% and é = —1/4/—". This establishes
the connection of the normals and other quantities in the
two frames, which are mentioned in Table III.

TABLE III. Connection of different quantities of the two
frames.
Quantities Connection across the two frames
Normall(s) i, = Vpn, 5, = /s,
(A S < U
NG Vo
. . 3 ~ .
Extrinsic curvature of ) Kap = VEK 1 — ﬁyabslvigb
Extrinsic curvature of B Koy = / Pk — ﬁqabs"vigb
Trace(s) of extrinsic K=-X -3V,
curvature(s) i \/f 22 v l
= K _ s'V.
V7 i
Brown-York tensor FBY) _ vl
ab \/Z
Quasilocal parameters &BY) — ¢—%€(BY)
=97
gab _ ¢—%Sab
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In the Jordan frame, the Brown-York energy is defined as

B = [ g - e o)
B

where eéBY) provides the contribution of the reference

spacetime. Also, ¢ is the determinant of the induced
metric ¢,;,. Thus, we obtain that the Brown-York energies
in the two frame are related as (which has also been found
in [87,88])

E®Y) = \/GE®Y. (64)

For the presence of a timelike Killing vector y“ on
the boundary, one can define an associated quasilocal
mass [103], which is defined as

M®BY) = / VN (e®BY) — B2y, (65)
B

where N is the lapse function which is related to y* = Nn“.
The lapse functions in the two frames are connected as
N = \/¢N (which also implies 7* = y%). As a result, it can
be shown [87] that the Brown-York mass is invariant in the
two frames, i.e.,

M®BY) = pBY), (66)

Furthermore, in the presence of a rotational Killing vector
&4, the corresponding angular momentum is obtained as

I= [ Vi (67)

Since & = &9 [65], it can be proved that the angular
momenta are also equivalent in the two frames, i.e.,

Jjo = Je. (68)

Although the transformation of BY mass and energy has
been discussed in earlier work [87,88], the conformal
equivalence of the angular momenta, obtained from the
BY tensor, has not been shown earlier. Furthermore, the
spatial stress in the Jordan frame, as defined in Eq. (62) can
be expressed as the stress tensor of a two-dimensional
viscous fluid, i.e.,

s =20 + q*((® - P), (69)

where the shear tensor 6” is the traceless part of kb .,
0% = k% — kq®® /2. The bulk viscosity (@) is given as
® =k, and the expression of pressure is identified as
P= —(gba,(-") + V,¢)s'/8x, where aE") is given as a\" =

i

n“V,n;. In addition, the shear viscosity coefficient (1)
and the bulk viscosity coefficient { can be identified,

respectively, as 7 = ¢/16z and { = —¢/167x. Therefore,
the analogy of the fluid membrane can also be provided in
the Jordan frame as well. However, one important remark in
this regard is that the two frames are not equivalent from
this fluid-gravity analogy. It is obvious that the shear and
bulk viscosity coefficients are not equivalent in the two
frames. In addition, the other fluid parameters are con-
nected in the two frames in the following manner:

5 — ¢% 5.

O = ¢ 2O — 5'V;), and

P=¢— <P + %s"viqﬁ) . (70)

Although the fluid parameters are not equivalent in the two
frames, one can show that the ratio of the shear viscosity
coefficient (1) to the entropy density (s = ¢»/4) matches to
the saturation value of the KSS bound and agrees to that of
the Einstein frame, i.e.,

n_ 1 (71)

Furthermore, it is also noteworthy that although the
original actions in the two frames are not exactly equivalent
in the two frames [they are connected by the relation (5)],
the well-posed actions on any timelike/spacelike surface are
equivalent in the two frames, i.e.,

Awp = A+ Ay = Awp = A+ Ay = A + Ay (72)

So far, the entire analysis is for the timelike/spacelike
surface. However, since the formalism is foliation depen-
dent, the formalism mentioned above will not be straight-
forwardly applicable for the null surface as the null surface
is degenerate. Therefore, in order to complete the picture,
we provided the same discussion for the null surface in the
following section.

Before proceeding to the discussions in the following
section, we summarize the important findings of this
section as follows: (i) Although the usual gravitational
actions in the two frames are not exactly equivalent, the
well-posed actions (gravitational action + boundary term)
are exactly equivalent in the two frames. (ii) Again, in a
different approach, it is proven that the usual gravitational
action in the Jordan frame (A) cannot be interpreted as the
action of the momentum space as opposed to the modified
action A’. (iii) Since the dynamics of A and A’ are the
same, the modification in the action (A — A’) does not
alter the expression of the Brown-York tensor and the
Brown-York parameters. (iv) The Brown-York mass and
angular momentum are conformal invariant, whereas the
Brown-York energy is not invariant. (v) The two frames are
not equivalent from the viewpoint of membrane paradigm.
However, the ratios of shear viscosity to the entropy density
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are the same in the two frames and satisfy the celebrated
result known as the KSS bound.

IV. BROWN-YORK CHARGES
ON A NULL SURFACE

In an earlier section, we obtained the boundary term
(required to define a well-posed action principle) and the
Brown-York quasilocal parameters in the two frames. Also,
we obtained how the quasilocal parameters are connected
under the conformal transformation. So far, the entire
analysis is performed for a timelike/spacelike surface.
Since the null surface is distinctively different from a
spacelike/timelike surface, the above analysis will not be
applicable for the null surface. In this section, we extend the
above analysis for a null surface. Even in GR, the boundary
terms and the Brown-York formalism have been developed
long ago for timelike/spacelike surface. Whereas for the
null surface, the boundary term [75,76,79-83] and the
Brown-York quasilocal parameters [89,90] have been
obtained quite recently. The main reason for such difficulty
is that the null surface is degenerate. Therefore, one
cannot define a proper projection tensor on a null surface
as opposed to a timelike or spacelike hypersurface. In
the following discussion, we obtain the boundary term
and the Brown-York quasilocal parameters in scalar-
tensor theory for a null hypersurface. Again, for sim-
plicity, we start with the Einstein frame, and then the
analysis in the Jordan frame follows. Furthermore, again
we do not preimpose the boundary term to cancel the
problematic terms on the boundary. We let the action
principle decide the boundary term.

A. Einstein frame

We consider, in the four-dimensional manifold (M, §,;),
the null hypersurface (H, 7,5) is defined as, say, y = const.
The main property of the null surface is that it is degenerate,
which means it is possible to find the vector #* which lies
on the tangent plane of H that satisfies the condition
Yap?® = 0. The null surface H is also characterised by the
null normal 7, = Ad,y, which is self-orthogonal, i.e.,
[I, = 0. For this reason, we cannot uniquely determine
A. This leaves us with the major challenge of determining
61, and 6I° as it has been discussed in the literature
[75,79,80]. However, in keeping with the usual prescription
of literature [75,89,90], we keep A = 1. This sets 57a =0
(however, 51  0).

Since [, is self-orthogonal, it is not possible to define an
induced metric on H. Furthermore, the null normals can be
shown to satisfy the geodesic equation T“%a I’ = I’, where
K is the nonaffinity parameter which corresponds to the
surface gravity when the null surface in consideration is a
black hole horizon. As one cannot define the induced
metric by [ alone, it was suggested by Carter [104] to

choose an auxiliary vector k%, which lays out of the surface.
The normalization of the null normals are considered
everywhere as

Fk,=-1. (73)

We consider those variations in the metric tensor which
keeps the null surface null. Therefore, the above relation
(73) will be respected by the variations. We now focus to
obtain the contribution of the boundary term of the action
5A on the null hypersurface.

In the Einstein frame, the boundary contribution from
the gravitational action (4) can be obtained as (using
Stoke’s theorem)

@@“d%

v

B(null) _

= \/__g 1 ~a T ead I\
o A [El“‘sv — (I, VD)o |dx. (74)

As we discussed above, we do not have a unique way
to determine A (unlike a timelike/spacelike scenario).
Therefore, using the standard prescription of the literature
[75,89,90], from here on we set A = 1. Using (27), we
finally obtain (for mathematical details in the Einstein
frame, please see the analysis in GR [75,76])

~31.0" = 1[0l v ~gp4lh] = 28[/~g(0" + )]
/PG + /=GP ST

— /=Y, $)5. (75)
where
By = —— (0 = (@D + R)qup).
167
P 1 (0D + Rk, — 'V, I,), (76)

and éyéand K are defined by the relations é((llg = q;q{ﬁj j
and [“V,I, = &l,. Furthermore, pg and ¢gj are the two

projection operators, which are defined as follows:

Py = 8¢ + kI,
G = 88 + kT, + k. (77)

Note that p§ projects orthogonal to I,, whereas qs,
projects orthogonal to both I, and k,. We emphasize that
Py, is simply the projection operator and not any induced
metric of H. On the contrary, §,, is indeed the projection
metric but not on the three-dimensional surface 7. Instead,
it is an induced metric on the two surface, upon which both
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[% and k are the normals (similar to the two surface B for
the timelike/spacelike surface).

Again, it can be noticed [from (75)] that all the
independent (i.e., ten) components of the metric tensor
Gap are not required to be fixed on the boundary. Instead,
one has to fix three independent components of §*° (§*°
has three independent components as ¢*” is a symmetric
tensor with the constraint relations §*I, =0 and
Gk, = 0) and three independent components of [ (as
the four vector [ satisfies the constraint relation [, = 0).
Thus, similar to the timelike case, the total components
which are required to be fixed on the boundary are seven
(one extra component of the scalar field #). In addition, we
find the total well-posed action for a null surface can be
identified as

. -1 _ y
Aol = At g | VHOD + R (78)

Obtaining the Brown-York tensor for the null surface,
however, can be tricky. Since we cannot define the induced
metric on the null surface, we cannot obtain the Brown-
York energy-momentum tensor using the earlier definition
of the timelike surface [given in Eq. (39)]. However, there
can be another way to connect the above variation for
the null surface with the same for the timelike one. Note
that f[abéf“b [of Eq. (37)] can be further decomposed as
1,,67% = B,,6G% + B i (as G, defined in Table I,
can be written as §** = 7°® + 7i%i”), which can be com-

pared with the expression provided in (75). The expression

of the Brown-York tensor for the timelike surface [TS;Y)

which is obtained in (39)] can be obtained in terms of P,
and B as TZ(BY) =24P;, + ﬁ“[ﬁ’f). This provides the
hint of the expression of the BY tensor for a null surface in
the Einstein frame. In addition, while obtaining the Brown-
York tensor for the null surface in GR [90], arguments
from different viewpoints also suggest that the expression
of the BY tensor for a null surface has the expression

2Py, + 7”7527). Thus, the Brown-York tensor for the null
surface in the Einstein frame can be identified as

a ~ai a1 1 i7a =a
Ty = 24Py + 1 PE,> :?[Wb - pyWl (79)

where W¢ = é(l)“b — "K'Vl and W =W =0 + &
Note that the structure of the BY tensor in (79) is similar
to the timelike case as described in (39), only K¢ is replaced
by W4, and 7¢ is replaced by ¢ in this case. However, one
major difference from the timelike surface is that for the
null surface the energy-momentum tensor does not appear
to be symmetric. This has been noticed for Einstein’s
gravity as well [90,105]. The major reason for such a case
could be the fact that one cannot construct a symmetric

induced metric on H unlike the timelike surface. The
quasilocal parameters can be identified as

By N o0

é )l(null) = TZl(null)kal = Sz’
e Ta I ~bc QC
J |(null) = Tb|(null)kaqb = Sz’

qa ~a zbd e 1.5 a ) =\ Ha
5wty = G447 T oty = 3 [0V — (6 + &) g
(80)

Here, Q¢ is given as Q¢ = §*°®,, where &, = I'V;k, is
known as the rotation 1-form [106]. Notice that although the
BY tensor is not symmetric, the spatial stress on the two
surface (upon which both [* and k° are normals) is a
symmetric tensor. From the above quasilocal densities,
defined in the above Eq. (80), the total parameters (such
as BY energy, angular momentum, etc.) can be defined
as earlier (that we defined for the timelike surface).
Furthermore, the spatial stress can be obtained in the form
of expression provided in (43), where the values of the shear
viscosity coefficient and bulk viscosity coefficient remain
unchanged (i.e., as of the timelike surface). The expression
of the shear tensor is provided as 6% = g — gl gab /2.
The expression of the bulk viscosity is provided as © = 6\,
and the expression of pressure is provided as P = &/8x.
Thus, the analogy of membrane paradigm can be provided
for the null surface as well. In addition, the KSS bound will
also be satisfied, and the ratio of 77/s will be the same as that
of the timelike surface.

B. Jordan frame

We consider the same null hypersurface (H, y,,) which
is inside the four-dimensional manifold (M, g,,). Again,
the null surface H is defined by w = const, and the null
surface is degenerate. Furthermore, the normal which
characterizes the null surface is defined as [, = Ad,y,
and it is self-orthogonal, i.e., [/, = 0. As a result, A is not
uniquely determined, and we, for our convenience (and also
following the practice in literature [75,89,90]), consider
A = 1. Furthermore, the null normals satisfy the geodesic
equation [V 1> = kI®, where k is the nonaffinity parameter
that corresponds to the surface gravity when the null
surface is black hole event horizon. In addition, following
Carter’s prescription, we consider the auxiliary null vector
k%, and the normalizations of null normals are given as

1“1, =0, k%, =0, Ik, = —1. (81)
Using the two null normals [ and k%, one can define the
two projection operators as follows:

Py =080+ ke, and gf =589 + kb + kI, (82)
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With all the above definitions, the boundary contribution
from the gravitational action (1) can be obtained as

null / \/_l @adS
- L / V| plu5v = 21,(V, ) pietisg,
1671' H

20, . .
-5« vi¢)5¢} d~. (83)

Using (27) and following the similar steps of algebra as of
the Einstein frame, one obtains

1
VIO = (o | #10,(/a1t) = 200/ Tl

+v=9(Vuly = 9upp<V 1) 597}
. 2w
= 2y/=gp™*1,(V,)8g;a — " 1"V, )¢ | .

(84)

Again, our goal is to obtain a total surface derivative and a
total variation term as expressed in Eq. (26). Therefore, we
bring ¢ inside the derivative of the first term and inside the
variation of the second term. Therefore, after performing
some analysis (i.e., writing 8g,, in terms of §¢“* and §1%),
we finally obtain

V=90 = 1~ [ o(V=90p017) = 25(\/=g¢ 4 V.ul")]
+ \/—_gpahéq”” +y/=gP sl
+V=9P 5% (85)
where
Pup = [$10 = (00 4 00 + LV~ 4,01V},

P = g [BLUV ki + (00 + K)ka} + kol 'V ],

1 )
P(,/,) = — |:(9(1) + K- %llviqﬁ] . (86)

87

The first term of (85) can be identified as a total three-
derivative term (due to p*, =1,p% = 0), which can be
neglected. The second term indicates the counterterm
which is required to be added with the gravitational action
in order to define a well-posed action principle, which is
given as

Al _ /rfp )+ 0

/ V=V (0D + )k dx,  (87)

and the well-posed action in the Jordan frame for a null
(null)

surface can be identified as A, = A + -Asur . In addition,
it is now obvious that all the ten independent components
of the metric tensor are not required to be fixed on the
boundary. Instead, we need to fix three independent
components of g’ and three independent components
of [*. Thus, we need to fix seven components in total
(one coming from ¢).

The prerequisite of the BY formalism is a well-posed
action principle. In this regard, the boundary term plays a
complementary role as it makes the action well-posed. Note
that the boundary term is already known for GR and for ST
gravity as well (particularly for the timelike surfaces).
However, there is a long-standing issue is this regard: it is
that the boundary terms are, generally, preimposed and
are not unique. Let us take the example of GR. Although in
GR, the standard boundary term in GR is considered to be
the Gibbons-Hawking-York (GHY) term, there can be
several other terms that can be used in substitution for
the GHY term (kindly see the review [73]). This issue of
nonuniqueness can be resolved only when the boundary
term is obtained directly from the action principle itself
(in the context of GR, it has been discussed in [74,75]).
Moreover, obtaining the boundary term from the action
principle has also been shown to be consistent with the
analysis of dynamical degrees of freedom corresponding to
the initial value problem [74-78]. Therefore, we keep the
same spirit of [74-78] and obtain the boundary terms from
the action principle itself. We emphasize that the term that
we finally obtain for a timelike surface is already known
(rather preimposed in earlier cases) but, as far as our
knowledge, it has not been derived with the same spirit.
Furthermore, to the best of our knowledge, the boundary
term that we derived for the null surface (for ST gravity) is
not known earlier and is completely a new result.

Providing the same arguments as of the Einstein frame,
we obtain the expression of the Brown-York tensor as

a ai a !
Tl (nuny = 2q“ Py + 1 Pz(a)
1

= rye [¢(Wub - Wpab)

- pI'Vig).  (88)
where W4, is defined as W9, = 9(1)‘1}) — 19KV, 1;. Again, the
structure of the BY tensor for the null hypersurface (88) is
similar to the timelike case (61), only K¢, is replaced by W,
and yj is replaced by p¢, in this case. But, unlike the
timelike BY tensor, the null BY tensor is not symmetric for
the reasons which we discussed during the analysis in the
Einstein frame. In addition, the asymmetry has also been
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found for the null BY tensor in GR as well [90,105]. The
quasilocal parameters can be identified as follows:

1 ,
E(BY)|(null) - Tab'(null)k - _71' kbe(l) + llvi¢]»
. %
c =T k¢ be _ ,
J |null ab|(null) q ]
uh| null) cd|(null)qacqhd
= g (@010 = (01 +x)q™"} = ¢ IV i),

(89)

where Q¢ = ¢*“w,, and w, = ['V;k, is known as the
rotation 1-form. Again, the spatial stress of the two
surface s? is symmetric despite the asymmetry in the
BY tensor. This is because one can define the induced
metric of the two surface (¢q,,) which is symmetric. From
the above quasilocal densities [as defined in Eq. (89)],
one can define the total parameters (such as Brown-York
energy, momentum, etc.) using the definitions provided
for the timelike surface. Furthermore, s’ can be inter-
preted as the stress tensor of a two-dimensional viscous
fluid with the identifications % = @ab —g)gab /2,
® =0, and P = (¢px + I'V;¢p)/8%. The expressions of
the shear viscosity coefficient and the bulk viscosity
coefficient are the same as of the timelike surface. Thus,
the analogy of the membrane paradigm can be provided
for the null surface in the Jordan frame as well. Finally,
we see that the ratio 5/s saturates the KSS bound,
ie., n/s=1/4xn.

We summarize the discussion of this section as follows:
(1) The null hypersurface is degenerate. One cannot define
an induced metric on the null surface. Hence, the usual
(timelike) approach of obtaining the boundary term and
quasilocal parameters do not work for the null surface.
(i1) The structure of the Brown-York is similar to that of the
timelike surface. However, unlike the timelike case, the null
BY tensor is not symmetric in the two indices. (iii) The
projection of null BY tensor on the two surface is
symmetric. (iv) Using the null BY formalism, one can
obtain the BY energy and momentum and also can obtain
the interpretation of the membrane paradigm.

V. COMPARISON: TIMELIKE VS NULL

Earlier, in the timelike case, we found that the quasilocal
parameters in the two frames are proportional to the same
of the other frame (see Table IIl); i.e., they differ at most by
the proportional factor of ¢ (where m = 3/2 for energy
density and so on, see Table III). This is an interesting
result, given that each constituent of the Brown- York tensor
(i.e., the extrinsic curvature and its trace) is not proportional
under conformal transformation. Furthermore, we also
obtained that the parameters like BY mass and total angular

momentum are equivalent in the two frames. We can obtain
these connections in the two frames mainly because, for the
timelike (or spacelike) case, one can uniquely determine
how the corresponding normals are connected (see
Table III) in the two frames. But, for null surface, there
is no unique way to determine how the null normals are
connected in the two frames. We can consistently connect
the null vectors in the two frames in the following arbitrary
manner:

pla’ Za — (pp—lla’
Pk, K =gk, (90)

la=1¢
ky=4¢
where p can be arbitrary. In spite of the arbitrariness,
the above connection is consistent with the normaliza-
tion conditions (73) and (81). This arbitrariness is not
applicable for, say, a timelike normal (i.e., one cannot
define 71, = ¢p’n, where p is arbitrary; after all, it has
to satisfy 7%, = n“n, = —1, which uniquely deter-
mines p). Since we cannot uniquely determine p for
a null surface, we cannot compare how the quasilocal
parameters in the two frames are connected to the same
of another frame. In addition, if we fix p as per our
choice, say we fix p =0 or p =1 for the simplicity in
calculation, we find that the quasilocal parameters in
the two frames are no longer proportional to the same
of the other frame.

However, there exists a way out to get rid of this issue,
which comes from the study of the boundary terms. As we
discussed earlier, the gravitational actions are not exactly
equivalent in the two frames due to Eq. (5). But, for
timelike/spacelike surface, we earlier obtained in Eq. (72)
that the well-posed actions (i.e., the gravitational action
along with the boundary term) are equivalent. This was true
even if we consider the action of the Jordan frame as A’
instead of A. Let us assume that this equivalence of the
well-posed action will be valid for the null surface as well.
For the arbitrary relation among the null vectors (90),
we can obtain the following connections for the extrinsic
curvature and the surface gravity:

0\ = g [9 + 4 g, ¢]

2¢
V= ¢rg0l) + 1V g,
R= "2 lgx+p Vg, (1)

This implies that the surface term of the Einstein frame
is related to that of the Jordan frame in the following
manner:

DIV, (92)
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If we consider that the well-posed action in the two frames
are equivalent in the two frames, it fixes p as p = 1/2.
Interestingly, for this choice, we also obtain that the
quasilocal parameter density are related in the same way
as of the timelike case, i.e.,

€(BY> |(null) = ¢%€(BY> |(null) ’
J outy = AT i
Sabl(null) - ¢%§ab|(null)' (93)

For this choice, one can also obtain that the BY mass and
the angular momentum are equivalent in the two frames,
and the total BY energies are related in the same way as that
of the timelike case. In other words, Egs. (64), (66),
and (68) will be valid for the null surface as well.

The arbitrariness in the connection of null normals [as
described by [Eq. (90)] lies in the property of the null
surface itself (owing to its degeneracy). In fact, our
analysis helps us to resolve this arbitrariness as we find
that one can explicitly show the connection of the null
normals and, thereby, the BY parameters if one claims
that the well-posed action (gravitational action along with
the boundary term) is equivalent. We proved this claim
for timelike/spacelike surfaces, and one can expect it to
be valid for the null surface as well. After all, the
equations of motions, which arise from the gravitational
actions, are equivalent, and the problematic parts are
canceled by the boundary terms. Therefore, the well-
posed actions, which are equivalent in the timelike/
spacelike surface, are expected to be the same for the
null surface as well.

Note that the null formalism (as presented in the
present section and in previous section) simply upholds
the conclusions of the timelike surface (as described in
Sec. III). Since the null normals are related arbitrarily
(due to the degeneracy in the tangent plane of the null
surface), one cannot straightforwardly obtain the con-
formal connections between the BY parameters.
However, if we claim that the well-posed action, i.e.,
the gravitational action along with the boundary term, is
equivalent (which is the case in the timelike/spacelike
case), one can obtain the connection between the null
normals in the two frames and show how the BY
parameters are connected in the two frames. In this case
as well, we find that the BY parameters which appears
in BH thermodynamics (such as the mass and angular
momentum) are equivalent. On the other hand, the
parameters, which are related to fluid-gravity correspon-
dence (such as bulk and shear viscosity coefficients,
pressure, etc.) are not equivalent in the two frames. Thus,
the analyses in the timelike surface and in the null surface
provide us with the same conclusions.

We summarize the discussion of the present section as
follows: (i) Unlike the timelike normals, the connection of

null normals of the two frames are not uniquely deter-
mined. Therefore, one cannot uniquely determine how the
BY tensor and the parameters are connected. (ii) If one
assumes that the well-posed action is conformally equiv-
alent, it leads to a specific choice on the connection of the
null normals. For this choice, one can again establish
the same connection relations among the parameters of the
two frames.

VI. CONCLUSIONS

The “local” definition of mass energy has been the
subject of intense research for a long time. However, it has
not been possible so far to arrive at an unanimous
conclusion. In the absence of a local definition of mass
energy, the Brown-York formalism provides a powerful
way to define quasilocal parameters like mass, angular
momentum, spatial stress, etc. which are important both
from the perspectives of black hole thermodynamics as
well as fluid-gravity correspondence. So far, people only
have studied the properties of BY mass and energy under
the conformal transformation. Therefore, in order to
obtain a thorough understanding, we studied the con-
formal connection of all quasilocal parameters, which are
provided by the Brown-York formalism. Furthermore, the
important prerequisite of Brown-York energy is that the
action principle must be well-posed. However, the gravi-
tational actions of ST gravity are not well-posed ones
like the Einstein-Hilbert action. As a result, one has to
incorporate proper boundary terms in order to make the
action principle well-defined and to obtain the Brown-
York quasilocal parameters. For scalar-tensor theory,
the boundary term required for the action principle
on a timelike/spacelike surface is preimposed, i.e., not
obtained in a consistent manner. On the other hand, it has
been argued recently that the action principle should
suggest to us what boundary term should be added.
Therefore, we performed our analysis in such a spirit.
Moreover, the boundary terms for a null surface and the
null Brown-York formalism have not been obtained so far
in the context of ST gravity. To fill this gap, we provided a
complete analysis on the null boundary term and the null
BY quasilocal parameters.

Here, we first outlined the properties of the gravitational
actions of ST gravity in the two frames briefly, which has
been obtained in the works of one of the authors [65,71].
We showed that the two frames are not exactly equivalent
at the action level itself. Instead, the gravitational actions
in the two frames differ by a total derivative (L¢) term
which is usually neglected. Moreover, we also showed
that the (gravitational) action in the Einstein frame can be
regarded as the action of the momentum space, and the
well-known holographic relation can be obtained. But,
the same (holographic) relation cannot be obtained for the
gravitational action in the Jordan frame, and therefore,
the action cannot be interpreted as the action of the
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momentum space. This shows that there lies an in-built
inequivalence of the two frame when we neglect the [lg
term. When this term is accounted for, the inequivalence
in the two frames can be removed. Later, we focused on
obtaining the BY tensor and the boundary term from
the single analysis of action principle. First, we made
the analysis for the timelike/spacelike surface. From the
variation of the gravitational action, we obtained the
boundary term which is required to be added with
the gravitational action, the variables which are required
to be fixed and the conjugate quantities corresponding to
those variables. Once these quantities are obtained, we
obtained the Brown-York tensor and the corresponding
quasilocal parameters. Later, we repeated the same analy-
sis for a more nontrivial case, i.e. for the null surface, and
obtained the same quantities.

Our analysis shows that the quantities which are related
to the black hole thermodynamics (like mass, angular
momentum, etc.) are conformally equivalent. However,
the quantities which are related to the fluid-gravity con-
nection (such as bulk and shear viscosity coefficient,
pressure, etc.) are not conformally invariant. Also, both
analyses, which are individually performed for a timelike/
spacelike surface (in Sec. III) as well as for a null surface
(in Secs. IV and V), yield the same conclusions (i.e., the
parameters related to black hole thermodynamics are
conformally equivalent, and the parameters related to the
fluid-gravity analogy are inequivalent). In the recent paper
by one of the authors [67], it has been found that one can
have both equivalent and inequivalent pictures for fluid-
gravity correspondence in ST theory while obtaining the
Damour-Navier-Stokes equation in both the frames. In
order to identify which of these pictures (inequivalent or
inequivalent) are more appropriate, one has to examine
from other perspectives. From the viewpoint of BY
formalism (as presented in this paper), we find that the
fluid parameters are not equivalent, and their expressions
are the same as the inequivalent picture of the earlier
work [67]. This is how the present analysis favors the
inequivalent viewpoint of [67]. Also, we mention that,
although our analysis has been performed for scalar-tensor
theory, it will be valid for f(R) [107,108] theory as well,
where ¢ will be replaced by f'(R) = of(R)/0R.

The main goal of this paper is to provide and all-around
perspective regarding the BY formalism in ST gravity.
Moreover, the null BY formalism and the null boundary
term are recent developments in GR. Therefore, in the
present work, we discussed BY formalism and the boun-
dary term (which plays a complementary role in the study
of BY formalism) in ST gravity both for the timelike
surface as well as the null surface. For the timelike surface,
the boundary term is known. But, we derived it from the
action principle itself to be on par with the recent arguments

regarding uniqueness and consistency with the analysis of
the degrees of freedom. Our analysis provides a mixed view
regarding the (in)equivalence of the two frames. While it
supports the equivalence of the parameters which appear
in BH thermodynamics, it shows that the parameters,
which are related to fluid-gravity analogy, are not equiv-
alent and favos the inequivalent picture of [67]. The
analysis in the null surface also supports this finding.
Although apparently the analysis in the null surface seems
to be inconclusive regarding the (in)equivalence when we
claim that the well-posed action is invariant under the
conformal transformation (as is the case in timelike
surface), it it yields the same conclusions as of the
analysis in the timelike surface.

Our present analysis suggests that the fluid-gravity
analogy in its current form shows to be inequivalent
under the conformal transformation. Therefore, more
investigations are solicited in this direction for better
understanding [109]. This paper provides a robust analysis
in the context of the boundary term and the BY quasilocal
parameters, and we hope it will be a significant contri-
bution in the understanding of ST gravity and overall
behavior of gravitational physics under the conformal
transformation.
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APPENDIX A: OBTAINING EQ. (27)
Since 6v* = 2PV, 5g,,, we obtain
X, 60" = =XV, 69" + X9,V ,6¢"
= =V, (Xu89") + (VuX,)89"" + X9,V 159"
(A1)

Now, we need to compute the last term of (A1), which can
be simplified as X“g;;V,6¢" = X“0,(g;;69"). Also, one
can obtain

. 2 1 .
04(9ij09") = =——=04(6v/=9) _—_giijQ”aa(v =9)

V=9 V=9
2 2
:_\/_:gaa((s\/——g)+w__—g)25(x/—_g)6a(\/—_g)-

(A2)

Therefore,
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’ 2 2
X9;iVabg! = = —=X"0,(8\/=9) + ——56(v/=9)X"0.(v/=9)

N 9
=~ OB bR+ s SN )
=~ AT AV
=~ BT + TN SV
Y \/% (aa(\/:gxa))} +26 (ﬁ) 0,(\/=X¥) + 2V, (6X°) + ﬁa(ﬁ)vaxa

= =25(V X% + V(X + g**6X,}, + X,6¢°").

Substituting Eq. (A3) in Eq. (A1), we obtain Eq. (27).

APPENDIX B: OBTAINING EQ. (50)
Using (27), the first term of (49) is given as

VD pr,sv = VEOPV 4 — V hps(2V,r?)
+ VhO PV 897 . (B1)

In the Jordan frame, the extrinsic curvature of the surface
(upon which r, is the unit normal) can be defined as

931;) _ —hgr)ihér)jvirj _ —h,(f)iV,-rb
= V1, +eray, (B2)

where al(.r) = r*V,r;, and the trace of the extrinsic curva-

ture is given as

0" = -V, r*, (B3)

In addition, the covariant derivative operator, which is
adapted to the surface, can be defined as

("D, A, = h h VA, (B4)

Replacing (B2), (B3), and (B4) in (B1), one can obtain

VO pr vt = VROOD, (phr 54
+25(Vi0 g0 ) = VhOR 1560V
+V h<r>¢(—9§2 +o hg’;)ahmab

-2V hENON 5.

Thus, the first term of (49) is obtained above in (B5). We
replace (BS) in (49) and finally obtain (50).

(B5)
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