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Weyl geometric effects on the propagation of light in gravitational fields
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We consider the effects of Weyl geometry on the propagation of electromagnetic wave packets and on
the gravitational spin Hall effect of light. It is usually assumed that in vacuum the electromagnetic waves
propagate along null geodesics, a result which follows from the geometrical optics approximation.
However, this model is valid only in the limit of infinitely high frequencies. At large but finite frequencies,
the ray dynamics is affected by the wave polarization. Therefore, the propagation of the electromagnetic
waves can deviate from null geodesics, and this phenomenon is known as the gravitational spin Hall effect
of light. On the other hand, Maxwell’s equations have the remarkable property of conformal invariance.
This property is a cornerstone of Weyl geometry and the corresponding gravitational theories. As a first step
in our study, we obtain the polarization-dependent ray equations in Weyl geometry, describing the
gravitational spin Hall effect of localized electromagnetic wave packets in the presence of nonmetricity. As
a specific example of the spin Hall effect of light in Weyl geometry, we consider the case of the simplest
conformally invariant action, constructed from the square of the Weyl scalar, and the strength of the Weyl
vector only. The action is linearized in the Weyl scalar by introducing an auxiliary scalar field. In static
spherical symmetry, this theory admits an exact black hole solution, which generalizes the standard
Schwarzschild solution through the presence of two new terms in the metric, having a linear and a quadratic
dependence on the radial coordinate. We numerically study the polarization-dependent propagation of light
rays in this exact Weyl geometric metric, and the effects of the presence of the Weyl vector on the

magnitude of the spin Hall effect are estimated.
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I. INTRODUCTION

Maxwell’s equations have a natural invariance with res-
pect to the group of conformal transformations g, — g, =
¥%g,,, where the dimensionless conformal factor X(x) is a
smooth, strictly positive function of the spacetime coordinates
x* [1,2]. The conformal invariance of Maxwell’s equations
has fundamental physical consequences and implies that
because the photon is massless, no specific mass or length
scale is associated with the electromagnetic field [2]. In the
geometrical optics limit of Maxwell’s equations, which is
based on the assumption that the wavelengths of the electro-
magnetic waves are negligible as compared to the radius of
curvature of spacetime, light travels along null geodesics,
which are left invariant by the conformal transformations,
except for a change of parametrization [1].

On the other hand, conformal invariance is the corner-
stone of Weyl geometry [3], which is an important
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extension of Riemann geometry. The starting point for
building up Weyl geometry is the replacement of the
metric compatibility condition of Riemann geometry with
a more general condition. Assume that the covariant
derivative of the metric tensor does not vanish identically
but is given by @agﬂb = Quu» Where Q,,, is called the
nonmetricity tensor. Initially, Weyl adopted for the non-
metricity tensor the particular form Q,,, = ®,g,,, where
, 1s the Weyl vector. For a detailed discussion of Weyl
geometry, as well as of its historical development, see
Ref. [4]. Weyl also introduced important ideas regarding
the necessity of conformal invariance of physical laws,
and he also proposed reformulating Einstein’s gravita-
tional theory as a conformally invariant physical theory.
Conformally invariant theories of gravity, as well as of
elementary particle physics, were recently considered in
Refs. [5-11]. In a general sense, the action that describes
an arbitrary physical system is conformally invariant if
the variation of the action S[g,,.¢] with respect to the
group of conformal transformations vanishes, 6.5[g,,, ¢] =

[ d"x(5L/5¢)5.¢ = 0 [12].

© 2024 American Physical Society
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We can also consider the Weyl rescaling, representing
the simultaneous transformations of the physical fields
and of the metric, given by g, (x) = e20() Gu» and gi) =
e 2@ ep(x) [12], under which the action transforms as
858[9u @) = [ d"x0[2(5L/8G,,) g — Du(SL/S¢) ). See
Ref. [12] for an in-depth discussion of conformal invari-
ance and Weyl invariance.

An interesting extension of Weyl’s theory was proposed
by Dirac [13,14], which is based on the introduction of a
new geometric quantity, the Dirac gauge function f, which
describes the geometric and physical properties of the
spacetime manifold, together with the symmetric metric
tensor g, and the geometric Weyl vector . For physical
and cosmological applications of the Weyl-Dirac theory,
see Refs. [15,16]. The Weyl geometric theory and its
possible physical implications were also investigated in
Refs. [17-19]. In particular, a new scalar field, called a
measure field, was introduced in the theory. The measure
field plays the role of a measure associated with each world
point. If all the physical quantities are measured with a
standard given by the measure field, then it is possible to
formulate all the field equations in a manifestly gauge-
invariant way.

The simplest possible gravitational action with con-
formal symmetry in a purely Riemann geometry, imple-
mented locally, is the conformal gravity model, in which
the Lagrangian density is given by Ciﬂyé [20-25], where
Copys 1s the Weyl tensor defined in Riemann geometry.
Conformal Weyl gravity is purely geometric and does not
contain the Weyl gauge field w, or a scalar field. In four
dimensions, the theory has the important property of
invariance under local Weyl gauge transformations.

An attractive approach to Weyl’s theory and to its
physical applications was considered in Refs. [26-33] by
adopting a viewpoint from elementary particle physics.
The key idea of this approach is the linearization in the
gravitational action of the Weyl quadratic term R? by intro-
ducing an auxiliary scalar field ¢, [26]. Thus, in the
linearized version of Weyl quadratic theory, a spontaneous
symmetry breaking of the D(1) group can be implemented
through a geometric Stueckelberg-type mechanism [27-29].
Consequently, the Weyl gauge field becomes massive, with
the mass term originating from the spin-zero mode of the
geometric R” term in the total gravitational action.

From a technical point of view, the Stueckelberg mecha-
nism is introduced by replacing the scalar field ¢,
with a constant value, that is, its vacuum expectation
value, ¢pg = (). Once the Weyl vector field has become
massive, it includes the auxiliary scalar field ¢,, which no
longer appears in the scalar-vector-tensor formulation of
the theory, and we recover the initial tensor-vector theory,
as proposed by Weyl. However, the Einstein-Proca action,
which arises in the broken phase, can be obtained directly
from the Weyl action, by eliminating the auxiliary scalar
field ¢ [30-32].

Moreover, the scalar mode also leads to the existence of
the Planck scale and of the cosmological constant. In Weyl
geometric gravity, the Planck scale, all mass scales, and the
cosmological constant, originate from geometry [33]. The
Higgs field, playing a fundamental role in the standard
model of elementary particle physics, is generated by the
Weyl boson fusion in the early Universe.

Black hole solutions in the linearized Weyl geometric
gravity were considered in Ref. [34]. Although generally
the vacuum field equations of Weyl geometric gravity
cannot be solved exactly, an exact solution, corresponding
to a Weyl-type black hole, can be obtained in the particular
case in which the Weyl vector has only a radial component.
This solution represents an extension of the Schwarzschild
line element, with two extra terms appearing in the metric.

The behavior of the galactic rotation curves in the exact
solution of Weyl geometric gravity was considered in
Ref. [35], where it was shown that a dark matter density
profile and an effective geometric mass can also be
introduced. Three particular cases corresponding to some
specific functional forms of the Weyl vector were also
studied. The predictions of the Weyl geometric theoretical
model were compared with a selected sample of galactic
rotation curves, by also introducing an explicit breaking of
the conformal invariance, which allows one to fix the
numerical values of the free parameters of the model. The
obtained results did show that Weyl geometric models can
be considered as viable theoretical alternatives to the dark
matter paradigm.

Another interesting and universal phenomenon in phys-
ics, generally encountered for waves with internal structure
propagating in inhomogeneous media, is the spin-orbit
coupling between the internal (spin) and the external
(average position and momentum) degrees of freedom of
a wave packet [36-38]. The universality of spin-orbit
coupling is a consequence of the conservation of angular
momentum [39]. The spin has an important effect on
dynamics and can generally be seen as particles following
spin-dependent trajectories. For example, this leads to the
spin Hall effect of electrons propagating in condensed
matter systems [36,37,40-43].

Spin-orbit interactions are also present in optics [38,44],
where electromagnetic waves can generally be seen to
propagate in a polarization-dependent way. In this case, the
spin internal degree of freedom is now represented by
the state of polarization of the wave packet. This leads to
the spin Hall effect of light, represented by the polarization-
dependent spatial splitting of light that occurs during
refraction and reflection at an optical interface [45,46].
In this case, linearly polarized light, representing the
superposition of left- and right-circularly polarized com-
ponents, experiences polarization-dependent separation at
the optical interface. The presence of this effect is a direct
consequence of the spin-dependent correction terms that
appear when considering the boundary conditions of a
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wave packet, rather than using the single-ray approxima-
tion [47]. The spin Hall effect of light was proposed in
Ref. [48] by analogy with the standard Hall effect, with the
spin-1 photons playing the role of the spin-1/2 charges and
a refractive index gradient representing the electric poten-
tial gradient. The spin-dependent displacement, which is
perpendicular to the refractive index gradient, was detected
for photons passing through an air-glass interface in
Ref. [45] (see also Ref. [46], where a similar experimental
result was reported), indicating the universality of the spin
Hall effect for wave packets of different nature.

Similar effects are also present for electromagnetic
waves propagating in curved spacetimes. The scattering
of electromagnetic plane waves in gravitational fields has
been considered in Refs. [49-56]. In these works, the main
result is that electromagnetic plane waves are scattered
in a polarization-dependent way by rotating gravita-
tional objects, such as Kerr black holes, and there is no
polarization-dependent effect when considering static
spherically symmetric gravitational objects, such as
Schwarzschild black holes (similar results were also
obtained in Refs. [57-59]). However, in this paper we
are mainly interested in the propagation of localized
electromagnetic wave packets. In this case, the spin Hall
effect of light in the presence of a gravitational field
was investigated in detail in Refs. [60,61] (similar results
were also obtained in Refs. [62,63] and other higher-
order geometrical optics treatments can be found in
Refs. [64-67]). One important difference between localized
wave packets and plane waves is that they behave differ-
ently in static spherically symmetric spacetimes. Although
polarization-dependent scattering is absent for plane waves
in this case, localized wave packets experience a nontrivial
effect, following frequency- and polarization-dependent
trajectories [60]. Similar effects have also been shown to
affect the propagation of other types of fields in curved
spacetime, such as linearized gravitational waves [68-71],
as well as massive and massless Dirac fields [72-74]. More
exotic forms of spin Hall effects in gravitational fields have
also been investigated for massless particles with anyonic
spin [75-78]. For a review of the work done in this
direction, see Refs. [79,80]. From a theoretical point of
view, it is usually assumed in many investigations that in
vacuum electromagnetic waves travel along null geodesics.
This description corresponds to the geometrical optics
approximation of Maxwell’s equations. However, it is
important to note that this approach to wave propagation
is rigorously valid only in the limit of infinitely high
frequencies of light. At high but finite frequencies, dif-
fraction effects can still be neglected, but a spin-orbit
coupling appears, and ray propagation is influenced by the
wave polarization [60]. Therefore, the path of the electro-
magnetic waves can depart from the null geodesics. This is
called the gravitational spin Hall effect of light [60].

A fully covariant Wentzel-Kramers-Brillouin (WKB)
approach for the propagation of electromagnetic wave

packets in arbitrary curved spacetimes was introduced
and developed in Ref. [60]. The ray equations, depending
on the polarization of light, which describe the gravitational
spin Hall effect were obtained, and the role of the curvature
of spacetime was pointed out. The polarization-dependent
ray dynamics in the Schwarzschild spacetime was also
investigated numerically, and the magnitude and impor-
tance of the effect were briefly assessed in an astrophysical
context. It is important to note that the gravitational spin
Hall effect is analogous to the spin Hall effect of light in
inhomogeneous media, an effect whose existence was
confirmed experimentally [45,46].

The main goal of the present manuscript is to extend the
investigation of the gravitational spin Hall effect to more
general geometries than the Riemannian one considered
in Refs. [60,61], and to investigate the non-Riemannian
effects induced on the propagation of light by the change of
the geometrical structure of the base spacetime manifold. In
this study we will concentrate on the ray propagation in
conformally invariant Weyl geometry [3,4], which has the
important property that the form of Maxwell’s equations
coincides with their Riemannian counterparts. In the
present investigation, we consider first the polarization-
dependent ray equations in Weyl geometry, obtained by
using the covariant WKB approach from first principles.
These equations describe the gravitational spin Hall effect
of light in the presence of nonmetricity, generated by the
presence of the Weyl vector. We also consider a specific
example of the spin Hall effect of light in Weyl geometry,
by considering a conformally invariant, Weyl-type gravi-
tational model, constructed from the square of the Weyl
scalar and from the strength of the Weyl vector only. This
gravitational action can be reformulated as a scalar-vector-
tensor theory by linearizing it in the Weyl scalar via the
introduction of an auxiliary scalar field. In static spherical
symmetry, and with the Weyl vector assumed to have only a
radial component, this conformally invariant geometric
theory has an exact black hole solution, which generalizes
the standard Schwarzschild solution through the presence
of two new terms in the metric, having a linear and a
quadratic dependence on the radial coordinate. We numeri-
cally study the polarization-dependent propagation of light
rays in this exact Weyl geometric metric, and the effects of
the presence of the Weyl vector on the magnitude of the
spin Hall effect are presented and discussed in detail.

The present paper is organized as follows. We introduce
the basics of Weyl geometry, gravitational action, and the
black hole solution of Weyl geometric gravity in Sec. II.
The conformal invariance of Maxwell’s equations is also
discussed. The propagation of high-frequency electromag-
netic waves in Weyl geometry is discussed in Sec. III,
where the equations of the spin Hall effect for light are
also obtained. We investigate the spin Hall effect in the
background geometry of the exact black hole solution of
Weyl geometric gravity in Sec. V. Finally, we discuss and
conclude our work in Sec. VI. Complete details of the
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computation of the curvature tensor of the Weyl geometry
are presented in Appendix A.

II. FROM WEYL GEOMETRY TO WEYL
GEOMETRIC GRAVITY

In this section, we briefly review the basics of Weyl
geometry, discuss the conformal invariance of Maxwell’s
equations, and, after introducing the action and the field
equations of Weyl geometric gravity, we present a spherically
symmetric solution of the vacuum equations of the theory.

A. Weyl geometry

One of the basic properties of Weyl geometry is the
variation of the length of a vector under parallel transport. If
a vector with initial £ = g, v"v" is parallel transported
between the infinitesimally close points x* and x* + ox*,
then in Weyl geometry the length of the vector will change
according to

of = —Caw,ox*, (1)

where oy is the Weyl vector field, and «a is a constant, called
the Weyl gauge coupling constant. In the above equation,
the change in length 67 is proportional to the initial length ¢
of the vector. This means that null vectors, for which Z = 0,
do not change in length under parallel transport in Weyl
geometry. On the other hand, the lengths of timelike and
spacelike vectors will generally change under parallel
transport in Weyl geometry.

The second important characteristic of Weyl geometry is
the abandonment of the metric compatibility condition
Vo9 = 0 of Riemann geometry. The nonmetricity Q,,,
can be defined through the covariant derivative of the
metric tensor, which in Weyl geometry takes the form of

vlg/,w = _awlg;w = Qﬂﬂw vﬂglw = aa)ﬂgﬂbv (2)
where a denotes the Weyl gauge coupling constant. From
the nonmetricity condition in Eq. (2), we immediately
obtain the connection ffw of Weyl geometry as

- 1
i =T + 5 al8u0, + 80, = guo/] = Tp + ¥, (3)
where Fﬁ,, is the standard Levi-Civita connection associated
with the metric g,,:

1
F/};u = Egﬂ”(aug(w + aygmx - a(rg,uu)' (4)

In the following, we denote the physical and geometric
quantities in Weyl geometry by a tilde. With the help of the
Weyl connection, we define the Weyl covariant derivative
of a vector v, as

ﬁ,lv# = 0,v, — l:j{”vb =Vu, - ‘I”/{ny, (5a)

Vouk = a0k + 1% 0¥ = Vo + WH o2, (5b)

where V; denotes the covariant derivative constructed with
the Levi-Civita connection.

Generally, the length of a vector v* is defined as the
square root of plus/minus (depending on the signature and
the spacelike/timelike vector type) £ = g, v*v”. Under
parallel transport (with respect to the connection ff,y) along
a curve y(7), the length of v# will change according to the
equation

¢ ="V, ¢ = ~Caw,i*, (6)

which is equivalent to Eq. (1). This equation can be
integrated, and we obtain

£(z) = £(0)e™ o (7)

Note that, on the basis of the above result, vectors cannot
change their causal character after finite parallel transport in
Weyl geometry.

By contracting Eq. (3), we obtain

1 -
o, =5 (B, =T, (8)

Furthermore, using the relation Fﬁﬂ = 0, In /=g, we obtain

[}, =0,In /=g + 2aw,. 9)

In Weyl geometry, the determinant of the metric is a scalar
density of weight 2, satisfying the relations

@ﬂg =0,9- 2I~“f1ﬂg, (10a)

V,In/=g=0d,In/=g-T%, (10b)

Another important geometrical and physical quantity, the
field strength VVW of the Weyl vector w,, is defined as

W,=V,o —an)”:awy—ayw,,. (11)

Hv u®Pv (

We can also express the action of covariant derivative
commutators on vectors and covectors as

(12a)
(12b)

where the curvature tensor R’lﬂw of Weyl geometry is
defined according to the standard definition:
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Ry = 0,0 — 0,00, + T4 I, — T4, T0,,  (13)

If we consider a general symmetric connection of the form

r fw = Ff,,, + ‘wa, the curvature tensor can be expanded as

DA _
R uve — Rll/wd + vulpﬁa - valpﬁu + ‘walpl/;ff - lyfm‘ylpw’ (14)

where Riﬂw is the curvature tensor of Riemann geometry.
Taking into account that ‘I‘fw is given by Eq. (3), we obtain

- 1 -
Rlﬂv(r = R}L;wﬂ + Ea[WUGéﬁ + (5frvu - 5ﬁvo’)a)ﬂ

1
+ (g;wvo - anvu)a’i] + Zaz[(wzgm/ - wuwu)&i
- (a)zgﬂﬂ - a)/,two')(si + (g/wwl/ - gﬂvwa)a)ﬂ]’ (15)

where @? = w,” (see Appendix A for the derivation of the
above relations). It follows from straightforward calcula-
tions that the curvature tensor in Weyl geometry satisfies
the following symmetries:

RMD[)G = —Ryuop (16a)

Ruvpo = —Ruppo + a9 W ys (16b)
Rusps = Ropw + 5 (9 Wpo = Gpe Wi

+ 906Wio = 9opWio + 9o Woo = GusWop),  (16¢)

R, =R, +2aW,,. (16d)

Note that the curvature tensor does not satisfy the same
symmetries as in Riemann geometry, unless W/w = 0. The
contractions of the Weyl curvature tensor are defined as

R, =R, R=¢"R,,. (17)

The Weyl scalar takes the form
R=R—-3aV,0" -2 dw,o 18
=R -3aV, 0 —s 0,0, (18)

where R is the Ricci scalar defined in Riemann geometry.

Under a conformal transformation with a conformal
factor X, the metric tensor, of the Weyl field, and of a
scalar field ¢ transform as

gA/w = Ezg/w? (198')
. 2

@, :a)ﬂ—adﬂan, (19b)
d=2"¢. (19¢)

B. Conformal invariance of Maxwell’s equations

In Riemann geometry, electromagnetic fields are
described by the potential A, and the field strength F,,
defined as the antisymmetrized derivative of the potential:

Fo=V,A -V,A,. (20)

Note the formal analogy between the above equation and
Eq. (11), which was used by Weyl [3] to propose a unified
theory of gravitation and electromagnetism. However, in
the present work, we consider VVW as a purely geometric
quantity that has no direct physical or geometric relation to
the electromagnetic potential. However, as we shall see, the
presence of a Weyl geometric structure on the spacetime
manifold may have important implications on the behavior
of the electromagnetic fields.

Maxwell’s equations in Riemann geometry can be
derived from the action [2]

1 .
S(em) = / <_4F,4UFIHJ + 47TAM]”) —gd*x, (21)

where j# is the 4-current. The equations take the covariant
form
V, F* = —4xj+, e“ﬁ””VﬁFW =0, (22)

where e is the Levi-Civita tensor. The potential satisfies
the equation

(V*V, — 84V°V,)A, = 0. (23)

Since the term ‘wa in the Weyl connection is symmetric, it
immediately follows that the definition of the electromag-
netic field tensor takes the same form in Weyl geometry:

F,=F,=V,A -V,A,=V,A -V,A, (24)
Thus, the relation between the field tensor and the poten-
tials is the same in both Riemann and Weyl geometries. On
the other hand, the contravariant and mixed components of
the electromagnetic field tensor have the transformation
rules,

Frv = 34Fm, F} =372F (25)
Therefore, the conformally rescaled Maxwell’s equations
take the form

FV,F . = —dxj,, PN F,, =0, (26)

with the current j, having the transformation law
Jo=Z7j, [21.
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One can also show that the wave equation Eq. (23) is also
conformally invariant [2]. Moreover, the action of the
electromagnetic field is also invariant with respect to the
conformal transformations, and in the Weyl geometry takes
the form

S(em) = / (—ZF”VF/“’ + 471'Aﬂ]”) A /—gd4x_ (27)

In Sec. III, we will also show that the null geodesic
equations are invariant under conformal transformations.
This result follows from the conformal invariance of
Maxwell’s equations, together with the geometrical optics
approximation.

C. Weyl geometric gravity: Action, field equations,
and black hole solutions

The simplest gravitational Lagrangian density, which is
conformally invariant, can be introduced in Weyl geometry
according to the definition [3,28-32]

IS I N
Ly = <4'—§2R _ZWMDW” ) VvV —Y, (28)

where we have denoted by & < 1 the parameter of the
perturbative coupling. The Lagrangian Ly, can be linear-
ized by the replacement R> — 2¢2R — ¢, where ¢ is an
auxiliary scalar field. It is easy to check that the new
Lagrangian density is mathematically equivalent to the
initial one. This result follows from the use of the solution
¢(2) = R of the equation of motion of ¢ in the new Ly,.
Therefore, we obtain a new Weyl geometric Lagrangian
containing a scalar degree of freedom, expressed as

Lo — L%]}_Lg_lw Virnv \/:T (29)
vE\ngt g gt g

This Lagrangian represents the simplest gravitational
Lagrangian density containing the Weyl gauge sym-
metry, as well as conformal invariance. As we have already
mentioned, Ly has a spontaneous breaking to an Einstein-
Proca Lagrangian of the Weyl gauge field. Substituting into
Eq. (29) the expression of R given in Eq. (18), after
performing a gauge transformation and a redefinition of the
physical and geometric variables, we obtain a Riemann
geometry action, invariant under conformal transformation
and given by [28-30]

8—/¢—2 R—3aVa)”—§a2a)a)”
1252 H 2 H

o o]
- W - Z WW-/W” —gd4x, (30)

The field equations of this theory can be obtained by
varying the action (30) with respect to the metric tensor and
are given by [34]

e 1 1 ,
5_2 R/,w - ERg;w + ? (gﬂDD - vﬂvl/)¢
3a 2 2 2

- 2_§2 (wpvp¢ Guw — wuvﬂ¢ - a)}lvl/¢ )

3a? o~
+ 4—252(#2 (a)pwpg;w - 20);40)») - 6Wquo-ygpa

1

3. .
+ EW/,GW”"QW + 2 #*g,, = 0. (31)

Taking the trace of the above equation, we obtain
3
®R + 320’V ,® — O — §a2<l>a)pa)/’ =300 =0, (32)

where we have introduced the notation ® = ¢>. By
varying the action (30) with respect to the scalar field ¢
we find

3
R -3aV,w’ - Eaza)ﬂa)p -®=0. (33)

The above relation represents the equation of motion of the
scalar field ¢. From Egs. (32) and (33) we immediately
obtain

0@ — aV,(Pe’) = 0. (34)
The equation of motion of the Weyl vector is obtained as
482V, WH + > @t — aVFD = 0. (35)

Applying V, to both sides of the above equation, we obtain
Eq. (34), a result that indicates the consistency of the field
equations of the theory.

D. Black hole solutions

We now introduce a static and spherically symmetric
geometry, with coordinates (¢,7,0,¢). Thus, the line
element can be written as

ds? = e*"di* — N dr? — r2dQ?, (36)

where dQ? = d6” + sin’@dg®. In the following, a prime
denotes the derivative with respect to the radial coordinate r.
Furthermore, we assume that the Weyl vector depends
only on the radial coordinate r and has only one nonvani-
shing component, so that w, is represented as w, =

(0,,(r),0,0). Therefore, the one-form w, is closed and
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we have VVW =0. We are in the special case of Weyl
integrable geometry [81]. One can argue that this is the
most physically relevant case of Weyl geometry, since
the second clock effect does not arise [82]. This means that
the ticking rates of clocks set by different timelike observers
do not depend on their histories, and frequencies measured
by different observers with the same 4-velocities do not
depend on the previous states of motion of the observers.
From Eq. (35), we obtain

Y = adw,. (37)

The gravitational field equations take the form [34]

1 2r® 3% @7 )@
-1 A_ — LA 2(1) _ - /1/ —
+e 4e r D + e + A+ > ®
2(1)//
- rq) —0, (38a)
2rd’

1 3rr @? @
1—e’1+1e’1r2d)+ +r+rl/<1+r> =0,

o 4 @’ 20

and

/

(o)
2 =)+ (4-2r1 + 2”/)6

(D// 2
+r<€l¢)+46—3g—ﬂ/1/+I/2+2l/,> =0. (39)

The above system admits an exact solution, given by [34]

52-0)r g

t—et=1-6
¢ ¢ + 3 ry r

+ C3r2,  (40)

where § and C; are arbitrary integration constants, while
ry = 2M represents the gravitational mass of the compact
object. For the scalar field, we obtain the expression

C ¢, 1

Rl rrucs ey s AN

where C; and C, are arbitrary integration constants.
Finally, the radial component of the Weyl covector can
be obtained as

1 21 1
a, =—=——— s
" ad ary L4 C,

(42)

while its contravariant representation is given by

o = dlw 21 e
—9 r_arsf—l—Cz’
2 1-64+220 0 _ny 02 (1)

= . (43
ar 4+ G (43)

We want to point out that similar black hole solutions can
be found in conformal gravity [20], and in de Rham-
Gabadadze-Tolley (dRGT) massive gravity theory [83].

III. WKB APPROXIMATION FOR MAXWELL’S
EQUATIONS IN WEYL GEOMETRY

In this section, we investigate the dynamics of the high-
frequency electromagnetic waves in Weyl geometry. We
perform a WKB analysis of Maxwell’s equations, and we
derive the equations of geometrical optics.

We consider Maxwell’s equations for the vector potential

—V°V,)A, =0, (44)

and we fix the gauge by imposing the Lorenz gauge
condition

VA" = 0. (45)

To describe the propagation of high-frequency electro-
magnetic waves, we assume that the vector potential admits
a WKB expansion

A, = [Ag, + €A, + O(e?)]eS/e, (46)

where ¢ is a small expansion parameter related to the
wavelength, S is a real phase function, and A;,, are complex
amplitudes. We define a wave vector as k, = V.S, and the
wave frequency f measured by a timelike observer with
4-velocity # is f = k,t*/e. The definition of frequency
does not suffer any modifications compared to the
Riemannian case. Although vectors change their length
under parallel transport in Weyl geometry, the vector k,, that
describes wave dynamics at the lowest order in the
geometrical optics approximation is null and geodesic
(as shown below). Therefore, k, will not be affected by
length changes related to the nonmetricity of Weyl geom-
etry. The observer 4-velocity ¢ is not a dynamical quantity
and represents an external choice relative to which we
measure the frequency. Furthermore, note that frequency is
defined with respect to a 4-velocity (unit timelike vector),
and not just any arbitrary timelike vector. Therefore, even if
we decide to build a family of timelike observers by means
of parallel transport, in Weyl geometry, the lengths of the
vectors will generally change, and we would need to
normalize the vectors after parallel transport to be able
to use them in frequency measurements.
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The validity of our high-frequency approximation is
based on the same assumptions as in Riemannian geometry
(see for example Ref. [ [84], Sec. 22.5]): the characteristic
length scale over which the electromagnetic waves vary
significantly (represented by the wavelength €) is consid-
ered to be much smaller than the characteristic length scale
over which the properties of spacetime change signifi-
cantly. For the black hole solutions introduced in Sec. 11 D,
both the metric and the Weyl vector vary significantly over
the same length scale given by the Schwarzschild radius r;.

Our WKB analysis follows the same steps as in Ref. [ [79],
Sec. II1.2], and consists in inserting the WKB ansatz (46)
into Maxwell’s equations and the Lorenz gauge condition.
Then the resulting equations will be analyzed at each order
in €.

We start by inserting the WKB ansatz into the Lorenz
gauge condition. At the lowest two orders in €, we obtain

O(e™1): KAy, =0, (47a)

O(e°): V*Ag, + iK' Ay, + aAg,0* =0.  (47b)
Note that the lowest-order equation is the same as in
Riemann geometry, while the next-to-leading-order equa-
tion explicitly depends on the Weyl vector field w*.

We continue our analysis by inserting the WKB ansatz
into Maxwell’s equations. Making use of Eq. (47a), at
the lowest order in €, we obtain the geometrical optics
dispersion relation

k,k* = 0. (48)
This is a Hamilton-Jacobi equation for the phase function S,
which can be solved by using the method of characteristics
[[85], Sec. 46]. For this purpose, we consider canonical

coordinates (x*, p,) on the cotangent bundle 7*M and we
define a Hamiltonian

1
H(x,p) = Egaﬂpapﬂ =0. (49)

The corresponding Hamilton’s equations are

x’l = g—H = p”, (50&)
Py

) oH -

p” = — ﬁ = F;;ﬂpapﬁ - aa)ﬂH. (SOb)

The derivation of Eq. (50b) above follows easily after
expressing aﬂg”‘ﬁ in terms of fﬁy and w,. This can be
done using Eq. (2), from which we immediately obtain
0,9 = aw, g™ —T4,¢"/ — T # g% . The right-hand side of
Eq. (50b) is obtained after performing the contractions with

the momentum variable in —30,9” p,ps. However, the

momentum is null (H = 0) and we can also use Eq. (3) to
rewrite the above equations as

X = pH, (51a)

p/z = Fgﬂpapﬂ. (Slb)
Thus, we recovered the well-known result of geometrical
optics that light rays follow the null geodesic equations of
the background spacetime. Furthermore, the conformal
invariance of null geodesics is reflected by the fact that
the above equations do not depend on the Weyl geometry
connection l:ﬁﬂ, but only on the Levi-Civita connection I'j, .
The geodesic equations can also be derived in a covariant
form by taking the covariant derivative of the geometrical
optics dispersion relation:

- /1 - -
0=V, <§ k,,kﬂ) — WV, k, = k'Y, k, = KV k. (52)

At the next order in €, we obtain a transport equation for
the amplitude A,

~ 1 ~ a
k”V,,AOM + EAOyvbkv + EkﬂAODwD = 0 (53)
The last term in the above equation is not present in
Riemann geometry. To analyze the above transport equa-
tion, we expand the complex amplitude Ay, as

Ao, = Vla, (54)

where [ = AO”A()M is a real intensity, a, is a unit-complex
polarization vector (@"a, = 1). Then the transport equa-
tion (53) can be split into transport equations for the field

intensity I and the polarization vector a,,:

V,(Ik") = 2alk,a", (55a)

KV, a, = —akya, o (55b)
While in Riemann geometry the polarization vector is
parallel transported along k“, we see that this is no longer
the case in Weyl geometry. Since we required the polari-
zation vector to have unit norm, and keeping in mind that
this is not generally conserved by parallel transport in Weyl
geometry, it immediately follows that a, cannot satisfy a
parallel transport equation. The additional term on the
right-hand side of Eq. (55b) ensures that the norm of a,, is
conserved in Weyl geometry.

It follows from Eq. (47a) that the polarization vector a,,
must be orthogonal to k. To further analyze the dynamics
of the polarization vector, it is convenient to introduce
a tetrad {kﬂ, tys mﬂ,rhﬂ} adapted to the wave vector k,.
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Here, ¢, is a real timelike vector, m, and m, are complex
null vectors, and the only nonzero contractions are
t,t* =1, k,t* = ew and m,m* = —1. Note that, due to
the orthogonality relation k,m* =0, the vector m* =
m®(x, k,(x)) is effectively a function of both x and
k,(x), similar to the Riemannian case [60]. This additional
dependence can also be viewed as a general consequence
of WKB approximations, where it is always the case
that the amplitude in the WKB ansatz will be defined
on the Lagrangian submanifold (x,k,(x) =V,S(x)) C
T*M [86-88]. Using this tetrad, the polarization vector
can be expanded as

a, = zymy, + Zzﬁ’lﬂ + Z3k s (56)

where z; are complex scalar functions. The last term in the
above equation represents a residual gauge degree of
freedom not fixed by the Lorenz gauge, and we can ignore
it in the following. The terms proportional to z; and z,
describe the state of polarization of the electromagnetic
wave, with circular polarization corresponding to z; =0
or z, =0.

Using Eq. (55b), we can derive a transport equation for the
complex scalars z;. It is convenient to introduce a Jones
vector z = (z,z,)7, which will satisfy the transport equation

z=k'V,z = ik"B,oz, (57)

where o5 is the third Pauli matrix and B, = B, (x, k(x))
represents a Berry connection defined as

B, = -i{mv<x,k(x))vﬂ[my<x,k(x))] —gwﬂ(x)}. (58)

Note that compared to the Berry connection obtained in
Riemann geometry [ [79], Eq. (35)], here there is an addi-
tional term proportional to ), in the above equation. This
means that the Weyl vector field has a nontrivial contribution
to the polarization dynamics. Furthermore, since m, and 7,
are orthogonal to k,, they will be functions of both x* and k,,.
Then the action of the covariant derivative on m, and m,
should be understood as in Ref. [ [60], Eq. (3.37)]:

kN [m,, (x, k(x))] = k* [dmy (x, k(x)) = T9,m,(x, k(x))

p P \As O ’ /2440 ANAS]

+ fg,,kgf)—’]i’: (x, k(x))} . (59)

The transport equation (57) can be integrated as

=77 ) e

0 e

where y is the Berry phase, defined as

y(z) = /O "drkeB, (61)

The Berry phase encodes the evolution of the polarization
in a circular basis. Note that the state of circular polari-
zation of an electromagnetic wave is conserved.

IV. GOING BEYOND GEOMETRICAL OPTICS
IN WEYL GEOMETRY—THE GRAVITATIONAL
SPIN HALL EFFECT OF LIGHT

In this section, we take into account the spin-orbit
coupling for electromagnetic waves propagating in curved
spacetime, and we derive the ray equations of the gravi-
tational spin Hall effect of light in Weyl geometry. To
provide a better context for this effect, we start with a brief
review of the spin Hall effect of light in optics. Detailed
reviews of the spin Hall effect of light in optics can be
found in Refs. [38,39], and a comparison between the
optical and gravitational cases can be found in Ref. [79].

A. Brief review of the spin Hall effect for light in optics

We briefly review the spin Hall effect for light in optics,
following the presentations given in Refs. [44,46,89,90]
(different approaches can be found in Refs. [91-93]). The
geometrical optics approximation for the propagation
of light is similar to the semiclassical limit of quantum
mechanics [46]. To describe the propagation of light in
some optical medium, the short-wavelength approxi-
mation is based on the assumption that the wavelength A
of light is much smaller than the characteristic length
scale L of the variation of the medium, such that /L < 1.
In this approximation, the propagation of electromagnetic
wave packets is effectively described as the motion of a
point particle. The dynamical propagation of this wave
packet can then be described using the canonical for-
malism on the phase space (r,p). In the following, we
introduce the dimensionless wave momentum p = 2Kk,
where 2 = 1/2x and Kk is the average wave vector of the
wave packet. The parameter A plays the same role as
Planck’s constant in the semiclassical approximation of
quantum mechanics [46,89].

Electromagnetic waves do possess an intrinsic
property—the polarization or spin, which determines the
intrinsic angular momentum of light. The two spin eigen-
states of light are given by the left-hand and right-hand
circular polarizations of the photons, which are determined
by the helicity ¢ = £1. For one photon, the spin angular
momentum is op/|p|.

In the A2 — O limit of the electromagnetic wave equa-
tions, the internal and external degrees of freedom of light
are decoupled. Therefore, the propagation of lights is
independent of the polarization, and the polarization vector
is parallel transported along the light ray. This is similar
to the geometrical optics description presented in Sec. III.
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To take into account spin-orbit interactions between the
internal and external degrees of freedom, one must go
to the first-order approximation [44,46,89,90]. In this
approximation, the orbital degrees of freedom (average
position and momentum) and the polarization are coupled,
and wave packets generally follow polarization-dependent
trajectories.

The Lagrangian Lgg; that describes the spin-orbit inter-
action is given by

Lsor = —4cA(p) - P, (62)

where A(p) is the Berry connection, which has a purely
geometric origin. The Lagrangian that describes the spin
Hall effect of light in an inhomogeneous medium with
refractive index n(r) is given by [46,89]

L=Ly+Lsoy=p-t+n(r)—p-74isA(p)-p, (63)

where Ly =p-F+n(r)—p is the Lagrangian of the
geometrical optics limit 2 — 0. The role of the Berry
connection in Lgg; can be better understood by intro-
ducing a parametrization of the basis vectors of the ray
coordinate frame of the form t = t(p) = p/|p|, v = v(p).
and w = w(p). Then the Berry connection can be written as

ow
ap; '

A =V

The wave polarization is generally described by a unit
complex vector e = e(p) orthogonal to the wave momen-
tum p. The space of all possible directions of t = p/|p| can
be identified with the two-sphere S?. Thus, the polarization
vector e(p) is tangent to S, and its dynamics is described
by the Berry connection as parallel transport over S2. One
can also associate a curvature tensor with the Berry
connection, given by [46,89]

_0A; 0A; dv ow 0V 0w
op; apj op; apj apj op;

(65)

ij

The Berry curvature tensor is antisymmetric and one can
associate a dual vector F = % X A, so that F;; = € Fy.
For an electromagnetic wave, the Berry curvature is given
by F = p/|p|? [46]. Finally, the equations of motion of the
polarized light ray, which describe the Hall spin effect of
light, can be obtained from the Lagrangian (63) as [46]

pxp

p
LAWY 7S ol
IpP

D] (66a)

. |y .
r=-—+%op xF =
p|

p=Vn. (66b)

Compared to the geometrical optics limit 2 — 0, there is an
additional term in the equation for r. This additional term

depends linearly on wavelength and its sign is determined
by the state of circular polarization of the wave packet.
Additionally, note that while the polarization dynamics is
governed by the Berry connection, as was also the case in
Sec. I1I, the spin Hall equations are defined using the Berry
connection. We will observe the same behavior when
deriving the gravitational spin Hall equations in the next
section.

The above spin Hall equations can already be used to
infer results about the propagation of polarized light in
gravitational fields. It is well known that the propagation of
electromagnetic waves in curved spacetime can be analo-
gously described as electromagnetic waves propagating in
some dielectric medium. This analogy was first mentioned
by Eddington [94] and was later developed by several
authors [49,95-98]. Using this analog framework, the
effect of curved spacetime on the propagation of light
could be encoded by an inhomogeneous refractive index
n(r). In particular, it has been shown in Ref. [80] that the
gravitational spin Hall equations in Schwarzschild space-
time, as first derived in Ref. [62], can be obtained from
Eq. (66) by an appropriate choice of refractive index n(r).
The reverse statement of obtaining Eq. (66) from the
generally covariant form of the gravitational spin Hall
equations has also been shown in Ref. [61] by using
Gordon’s optical metric.

B. The gravitational spin Hall effect
of light in Weyl geometry

In this section, we go beyond the geometrical optics
approximation of Sec. III and we derive the gravitational
spin Hall equations in Weyl geometry. We will follow the
approach given in Ref. [79].

In the geometrical optics treatment presented in Sec. III,
the polarization dynamics is influenced by the geodesic
rays followed by high-frequency electromagnetic waves,
but there is no backreaction from the polarization onto the
rays. In other words, spin-orbit interactions between the
external (position and momentum) and internal (spin or
polarization) degrees of freedom of the electromagnetic
wave are not fully taken into account. This can be solved as
in Ref. [79]. First, we note that for circularly polarized
electromagnetic waves, the WKB field will take the form

Ay = VImge'Stenle  or A, = VIime'S—er/e, (67)

The above fields have a total phase factor S = S + esy,
with s = £1 depending on the state of circular polarization.
While the geometrical optics geodesic ray equations (50)
were derived by solving a Hamilton-Jacobi equation for the
phase function S, higher-order corrections and spin-orbit
interactions can be taken into account by defining an
effective Hamilton-Jacobi equation for the total phase
function S [79]. Using the results from the previous section,
we can write this as
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(V,3)(V#3) — es(V*3)B, = O(¢?).  (68)

u

| =

As discussed in Refs. [[84], Box 25.3] [[99], Sec. II],
solving the Hamilton-Jacobi equation by means of point-
particle ray equations (method of characteristics) is related
to the principle of constructive interference. A localized
wave packet can be constructed by taking a superposition
of WKB plane waves with slightly different wave vectors.
Then, the peak of intensity of this wave packet occurs
where the waves interfere constructively and coincides with
the ray trajectories given by the effective point-particle
description used for solving the Hamilton-Jacobi equation.
Thus, we obtain the polarization-dependent ray equations
describing the gravitational spin Hall effect by applying the
method of characteristics to the above effective Hamilton-
Jacobi equations. In this way, we obtain the effective
Hamiltonian

1
H(x,p) =597 papp = esp"By(x. p) = O(e?).  (69)

The gravitational spin Hall equations can be derived by
calculating Hamilton’s equations. However, the above
Hamiltonian is gauge dependent, in the sense that the
Berry connection depends on the choice of complex vectors
m, and m,. This gauge dependence can be removed by
performing a coordinate transformation of the type intro-
duced in Refs. [60,88]:

0
X s x4 desmt 2 (70a)
op,,

a -
Py > Dy — i€s (m”% - m'Tg,m, — ga)ﬂ) (70b)

After performing this coordinate transformation, the
Hamiltonian reduces to

1
H(x,p) = 59"/’17(119/3 = O(e?), (71)

and the gauge-invariant equations of motion describing the
gravitational spin Hall effect become

i = pt 4 SN, (72a)

Pot’

“V,p, = —%R,,,W prSee. (72b)
In the above equations, x*(z) represents the worldline
followed by the energy centroid of the electromagnetic
wave packet, p,(7) represents the average momentum of
the wave packet, and # is a timelike vector field used to
define the energy centroid of the wave packet. We can think

of t as representing the 4-velocities of a family of timelike
observers that describe the centroid and the dynamics of the
wave packet (see Ref. [61] for a detailed discussion of the
role of the observer in the gravitational spin Hall equa-
tions). The spin tensor S#* encodes the state of polarization
and the angular momentum carried by the wave packet and
is defined as

vpo
gﬂ P ppt(f

S = 2iesmtm?) = es
Pﬁfﬂ

(73)

The gravitational spin Hall equations of motion appear to
have the same form as in Riemann geometry. However, the
effect of Weyl geometry is hidden in the curvature term
from Eq. (72b), since the symmetry properties of the
curvature tensor are not the same in Riemann and Weyl
geometry when VVM,, # 0 [see Eq. (16)]. Therefore, we must
be careful when swapping the indices of the curvature
tensor in Eq. (72b), as terms proportional to W;w can arise.
A better comparison between the gravitational spin Hall
effect in Weyl and Riemann geometry can be achieved by
expanding the Weyl covariant derivative and the Weyl
curvature tensor in the spin Hall equations. We obtain

1
i = pH +ES/pr (szy —%tpa)y>, (74a)

) 1 G a G
)vayp” = _ER/)OWDPDS/ —mpDS/ (g,urftupyvyw/)

- g/wwupyvytp - g/wa)ppyvyta)' (74b)
In the above form of the spin Hall equations, we can clearly
see the effect of the Weyl geometry, given by the terms that
contain the Weyl vector field w,,.

In the case of Riemann geometry, the spin Hall equations
derived in Ref. [60] have been shown to be a special case of
the Mathisson-Papapetrou equations [61]. This has the
advantage that several known results for the Mathisson-
Papapetrou equations, such as conservation laws, can also
be applied in the context of the spin Hall equations.
Furthermore, while the physical interpretation of the
quantities x*(z) and p,(z) described by the spin Hall
equations might not emerge in a transparent way from
the WKB derivation, the connection with the Mathisson-
Papapetrou equations clarifies this issue. In this context,
these quantities are directly related to the stress-energy
tensor of localized electromagnetic wave packets, and x#(7)
represents the trajectory followed by the wave packet
energy centroid, defined relative to a family of observers
with 4-velocity * [61].

The same arguments also extend to the present case of
Weyl geometry. A general derivation of the Mathisson-
Papapetrou equations in Weyl geometry has been given in
Ref. [100]. Starting from [ [100], Eqgs. (106)—-(107)], when
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we consider vanishing torsion (7,,. = 0) and as matter
fields the minimally coupled electromagnetic field (in
the notation of [100], this implies F = 1, h*> =0, and
g = 0; note also the sign difference due to different
curvature conventions), we obtain

1
X”Vﬂpa = _ERaﬁy/{xﬂSMv (753.)

WV, S = P — PPy, (75b)
where P, = p, +Z@"S,,.

Following the same steps and using the same assump-
tions as in Ref. [ [61], Sec. III. A], it is straightforward to
show that the spin Hall equations in the form given in
Eq. (74) are a special case of the above generalization of
the Mathisson-Papapetrou equations (up to error terms of
order €?). The necessary assumptions are as follows [ [61],
Sec. IILLA]:

(1) The worldline parameter 7 is chosen such that 7, =

Prt, for all time.

(2) The momentum p, is at least initially null.

(3) The angular momentum satisfies S% pp = 0 at least

initially, and $%1; = 0 for all time.

(4) The magnitude of the angular momentum is at least

initially given by S¥'S,; = 2(se)™.

In particular, Eq. (74a) can be obtained by imposing the
spin supplementary condition S% tg = 0, differentiating it
and using Eq. (75b), together with the choice of the
worldline parameter ¢ mentioned above in condition 1.
Equation (75a) can be rewritten in the form (74b) by
rearranging the terms. Finally, imposing the conditions 3
and 4 ensures that the spin tensor takes the form given in
Eq. (73). This spin tensor will satisfy Eq. (75b). Thus,
exactly as in the Riemannian case, the spin Hall equations
in Weyl geometry are a particular case of the Mathisson-
Papapetrou equations. Furthermore, this equivalence can
also be viewed as an independent derivation of the spin Hall
equations: since electromagnetic wave packets can be
viewed as localized objects with conserved stress-energy
tensor, their bulk motion can generally be described by the
Mathisson-Papapetrou equations. The role of the observer
vector field ¢, as well as the interpretation of x#(z) as the
worldline followed by the wave packet’s energy centroid
relative to 7%, is also clear when viewed from the perspec-
tive of the Mathisson-Papapetrou equations, as was dis-
cussed in Ref. [61].

When using the spin Hall equations, different families of
timelike observers can be used to describe the dynamics of
the same wave packet. In general, different observers will
associate different energy centroids, average momenta, and
spin tensors for the same wave packet. When changing
observers, the relation between these quantities associated
with the wave packet by different observers is best under-
stood by examining the Mathisson-Papapetrou form of the

equations. In this context, a change of observer is asso-
ciated with a change of spin supplementary condition.

Given two timelike vector fields * and 7%, we obtain
two different sets of spin Hall equations by starting with
the Mathisson-Papapetrou equations (75) and imposing
two different spin supplementary conditions: S* tg =0 or
S%Tg = 0. Then, each observer will associate different
energy centroids, average momenta, and spin tensors for
the same wave packet. The observer 1* will describe the wave
packet using the set of quantities {x*, P,, S*}, while the
observer 7% will describe the wave packet by a different set of
quantities {x%, P, S*#} (bars on the indices indicate that
the object is generally defined at a different spacetime point
than the corresponding object without bars on the indices).
Then, as shown in Appendix B, up to error terms of order €2,
these two sets of quantities are generally related by

¥ = expu (&) + O(2), (76a)
75& = 9a"Py + 0(62)’ (76b)
7P = P y(SP + P = PPEY) + O(e?),  (T6c)

where exp is the exponential map on the tangent bundle and
g%, is the bitensor which parallel propagates vectors from x®
to x* along the geodesic segment which connects those points
(both exp and g%, are defined with respect to the Levi-Civita
connection I" ;},/; see Ref. [101] for more details on these
bitensors) and the shift vector £ is defined as

_SmT,

H—
S =x T

(77)

This transformation law takes the same form as in
Riemannian geometry [61], and all properties related to
changes of observer in the spin Hall equations are described
by the shift vector &*. In particular, all the results obtained in
[ [61], Sec. IV] for the Riemannian case also apply now to the
present case of spin Hall equations in Weyl geometry.

The magnitude of the shift vector & can be used to
understand the displacement between energy centroids
assigned by different observers to the same wave packet.
Based on Ref. [[61], Sec. IV], for most cases, the
magnitude of & is limited to one wavelength. However,
there exist fine-tuned situations where * and 7 are related
by particular boosts, for which the magnitude of & is
unbounded. This apparent paradox can be resolved by
recalling that the momentum of the polarized electromag-
netic wave packets that we describe by the spin Hall
equations is not exactly null. This is only approximately
true up to error terms of order €2: p,p* = P,P* = O(e?).
As shown in Ref. [61], the momentum will always be
timelike when going one order higher in the WKB
expansion, and different centroids associated to timelike
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Equatorial view (left) and top view (right) of light rays around a Schwarzschild black hole in Weyl geometry

(C, = C3 = 6 = 0). Gravitational spin Hall light rays of opposite circular polarization (s = £1, red and blue lines) and a null
geodesic (s = 0, green trajectory) are emitted with the same initial conditions from a source (orange sphere) at r = 8r,. For comparison,
we also display the corresponding gravitational spin Hall rays in Riemann geometry (dashed lines). The individual components of the

trajectory and their momenta are shown in Fig. 2.

objects are always going to be related by bounded
displacements.

Furthermore, note that £ is always zero in the spacetime
regions where * o« 7% This means that energy centroids
depend only locally on the family of timelike observers
used to define it. In particular, if /* and T* coincide in the
neighborhoods of a source and a receiver, any difference
between * and 7% in the region between the source and
receiver is irrelevant. The energy centroids associated at the
source and the receiver will always coincide. Thus,
physical meaning can be assigned to #* or 7% only in
the neighborhoods of the source and receiver, where it can
be identified with the 4-velocities of these objects. This is
illustrated in [ [61], Fig. 1].

V. SPIN HALL EFFECT FOR WEYL GEOMETRIC
BLACK HOLES

In this section, we present some numerical examples of
gravitational spin Hall trajectories near black holes in Weyl
geometry. We consider the family of black hole solutions
introduced in Sec. 11 D.

The gravitational spin Hall equations (72) can be
rewritten in a more concrete form by considering the
general metric given in Eq. (36) with v(r) = —A(r), a
Weyl vector of the form w, = (w,(r),®,(r),0,0) and a
choice of timelike vector field # = (e"’<’)/ 20,0, 0). From
a physical point of view, this particular choice of # can be
understood as having a point source of radiation at x; and
with 4-velocity #(x,) that emits electromagnetic wave
packets. Then, an emitted wave packet is described by a
family of timelike observers with 4-velocity #, and the
resulting trajectory from solving the spin Hall equations
represents the energy centroid that this family of observers
assigns for the given wave packet. A different family of
observers would assign a different trajectory, since the

energy centroid of a wave packet is observer dependent by
definition. When changing #, the spin Hall equations will
describe a different physical system, where the source has a
different 4-velocity and the emitted wave packet is assigned
with a different energy centroid relative to another family of
timelike observers. We provide an example of the observer
dependence of spin Hall trajectories around Weyl-geo-
metric black holes in Appendix B.

We denote the coordinate components of the worldline
and the momentum by x*(7) = (t(z),r(z),0(7),p(7))
and p, () = (pi(2). p,(z). po(z). py(r)). where 7 is an
affine parameter. Furthermore, note that we can use the
Hamiltonian constraint given in Eq. (71) to fix one of the
components of p, and eliminate one of the eight spin Hall
equations. Solving Eq. (71) for p, we obtain

e%\/pf/, + pZsin®0 + e’ r? pZsin0

P = - s
rsin @

(78)

where the sign of p, is fixed so that p* is future directed.
The gravitational spin Hall equations become

t=—e"p, (79a)
r=ée'p,, (79b)
,_ Po aw, + v

0=— ————— D4 79

P tes 2r%p, sing 7Y (79¢)
Py aw, +

= — , 79d

2sin20 < 272p, sin6"? (754)
rv —2)(p3 + p2sin’@

by = ey - TP g,

2r3sin%6 ’
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FIG. 2. Plots for the individual components of the trajectories (7(z),8(z), (7)) and the momenta (p,(7), py(z), py(z)) for the
configuration given in Fig. 1. Green lines represent geodesic motion, solid lines represent spin Hall trajectories of opposite circular
polarization in Weyl geometry, and dashed lines represent spin Hall trajectories of opposite circular polarization in Riemann geometry.

Red or green lines appear to be missing in certain plots due to perfect overlap.

by = pjcotd S e’ p lar*a). + r/ (arw, +2) — 2] + 2p, + pycotf(aw, + V')
= 22
resin°d 2r\/r2p%sin29 + e (p} + psin0)
5y — ase? prpolarte’ @) + re’(aro, +2)v = 2e* 42| + cot0(pjcsc’d + pg)(aw, + 1)
b= :

Note that, in this particular case, the gravitational spin Hall
equations do not depend on the time component wg(r)
of the Weyl vector. We will numerically integrate the
above equations using WOLFRAM Mathematica [102],
with a straightforward extension of the code presented in
Ref. [103]. For some of the numerical examples presented
below, we use unrealistically large values of € (upto e =5
in units of M = 1). This is done solely for the purpose of
visualization, as otherwise the effect would be very small
and would be hardly visible on some of the figures. It
should be kept in mind that in physically relevant situations
one should only consider ¢ < 1, as the WKB expansion
used to derive the spin Hall equations is not valid otherwise.

As a first example, we consider the black hole solution
given in Egs. (36) and (40) with C, =C3=6=0. In
this case, the metric reduces to that of a Schwarzschild
black hole. However, even in this case, the Weyl vector will
be nonzero. Since this choice of metric represents a black
hole solution in both Riemannian and Weyl geometry, it
allows us to have a clear comparison between the two and to
see how Weyl geometry will affect the propagation of light.

We have shown in the previous section that null geo-
desics do not depend on the Weyl vector, and take the same

79
2r2p,csc O (79%)

form as in Riemann geometry. However, this is no longer
the case for polarized light rays. It can be clearly seen in
Eq. (74) that the gravitational spin Hall equations have a
nontrivial dependence on the Weyl vector [note that
Eq. (74) is independent of the Weyl gauge coupling
constant a]. Thus, in general, we expect that the gravita-
tional spin Hall effect will be different in Weyl and
Riemann geometry.

To illustrate this difference, consider the numerical exam-
ple in Fig. 1. Here, we consider a source of light close to a
Schwarzschild black hole, at » = 8r,, and we emit polarized
light rays and geodesics with the same initial conditions. The
green trajectory represents a null geodesic, which is the same
in both Weyl and Riemann geometry. The red and blue
trajectories represent finite-frequency light rays of opposite
circular polarization, described by the spin Hall equations.
The solid lines represent the gravitational spin Hall rays
in Weyl geometry, while the dashed lines represent the
gravitational spin Hall trajectories in Riemann geometry.
The individual coordinate components of the worldlines, as
well as the momenta, are shown in Fig. 2.

Thus, we can clearly see that the gravitational spin Hall
effect is different in Weyl and Riemann geometry. In this
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FIG. 3. Frequency dependence of the gravitational spin Hall effect of light in Weyl geometry. Equatorial view (left) and top view
(right) of light rays of different frequencies (encoded by the colors of the rainbow) and opposite circular polarization, emitted by a source
at r = 8r, and traveling around a Schwarzschild black hole in Weyl geometry (C, = C3 = 6 = 0).
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FIG. 4. Plots for the individual components of the trajectories (r(z),6(z).$(z)) and the momenta (p,(7), py(7), p,(z)) for the
configuration given in Fig. 3. Different wavelengths e are encoded in the colors of the rainbow. Lines of certain colors appear to be

missing on certain plots because of overlap.

particular case (C, = C3 = 6 = 0), the polarized light rays
experience a stronger deflection toward the Weyl geometry
black hole than the corresponding rays in Riemann geom-
etry. This difference gradually fades away as we increase
the value of C5, and in the limit C; — oo we obtain w, — 0
and the gravitational spin Hall rays of Weyl geometry
converge to those of Riemann geometry.

Using a similar setup, we also considered the frequency
dependence of the gravitational spin Hall effect in Weyl
geometry. This is illustrated in Fig. 3, where rays of
different frequencies, encoded by the colors of the rainbow,
are emitted from a source at r = 87, close to a black hole
with C, = C3 = 6 = 0. There are two copies of the rain-
bow present in Fig. 3, corresponding to the two states of

opposite circular polarization (s = +1) and separated by a
null geodesic trajectory (violet color, corresponding to a
wavelength zero).

The individual coordinate components of the worldlines
and the momenta are shown in Fig. 4. As expected, light
rays with small wavelengths, represented by blue colors, do
not deviate too much from the null geodesic trajectory,
whereas light rays with large wavelengths, represented by
colors close to red, experience a strong deviation.

Another example is shown in Fig. 5, where we considered
a more general black hole with C, =0, C3 =5 x 1074, and
5 = 1072. In this case, the general properties of the gravi-
tational spin Hall effect of light remain mostly unchanged,
with the exception of the overall magnitude of the deflection,
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FIG. 5.

Frequency dependence of the gravitational spin Hall effect of light in Weyl geometry. Equatorial view (left) and top view

(right) of light rays of different frequencies (encoded by the colors of the rainbow) and opposite circular polarization, emitted by a source
at 7 = 8r, and traveling around a black hole in Weyl geometry with parameters C, =0, C; =5 x 107, § = 1072

40

60 80 0

80 22
20
60 18 A
A
— =
£ Ol =
= 40 S =
14 ¥
20 12 v
10
0 20 40 60 80 100 0 20
10
4 A
05
2 A
— ~ =\
© S = |
3 00 30 =
S Q %’
_ NI
-05 2 M
-4 Y
-10
0 20 40 60 80 100 0 20

0 20 40 60 80 10
6.0
55
5.0
&
3 4.5
4.0
3.5
100 0 20 40 60 80 100

|

FIG. 6. Plots for the individual components of the trajectories (r(z),6(z),¢(z)) and the momenta (p,(7), py(z), py(z)) for the
configuration given in Fig. 5. Different wavelengths € are encoded in the colors of the rainbow. Lines of certain colors appear to be

missing on certain plots because of overlap.

which is now larger and is very sensitive to the values of the
parameters C3 and 6. The individual coordinate components
of the worldlines and the momenta are shown in Fig. 6.

VI. DISCUSSIONS AND FINAL REMARKS

Weyl geometry is an interesting and natural extension of
Riemannian geometry. Even though Weyl’s original goal of
formulating a successful unified theory of gravitation and
electromagnetism was not fulfilled, the purely geometric
framework introduced in this geometry has found many
applications in physics and even engineering. For example,
the mechanics of solids with distributed point defects can
be formulated using Weyl geometry, the geometric object
relevant to this distribution being the nonmetricity [104].

The base manifold of a solid with distributed point
defects, for a stress-free body, is a flat Weyl manifold,
that is, a manifold with an affine connection that has a
nonmetricity with a vanishing traceless part [104].
Moreover, a large number of metric anomalies (intrinsic
interstitials, vacancies, point stacking faults) arising from a
distribution of point defects, as well as thermal deforma-
tions, biological growth, etc., are geometric in nature and
can be analyzed using Weyl geometry [105].

In the present work, we have considered another aspect
of Weyl geometry, namely, its effect on the propagation of
electromagnetic waves in vacuum, in the presence of a
gravitational field. More precisely, we have investigated the
frequency-dependent propagation of light, which is the
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result of the spin-orbit coupling between the external and
internal degrees of freedom of electromagnetic waves, and
which is described physically with the help of the Berry
phase [38,44,47]. Spin-orbit coupling leads to the spin Hall
effect for light, whose observational detection has opened
new perspectives in the study of semiconductor spintronics/
valleytronics, in high-energy physics, and in condensed
matter physics [106]. It is also important to note that the
spin Hall effect for light has a topological nature in the spin-
orbit interaction similar to that of the standard spin Hall
effect in electronic systems. The theory of the spin Hall
effect of light was generalized to the case of Riemannian
geometry in [60], where the polarization-dependent ray
equations describing the gravitational spin Hall effect of
light were obtained. A numerical analysis of the polariza-
tion-dependent ray propagation in Schwarzschild geometry
was also presented, and the magnitude of the effect was
estimated. It is important to mention that the gravitational
spin Hall effect for light is analogous to the spin Hall effect
of light in inhomogeneous media, which has been observed
experimentally.

A particular and very interesting example of the gravi-
tational spin Hall effect is represented by the deflection of
light by a black hole that has the mass of the Sun and a
gravitational (Schwarzschild) radius of the order of 3 km,
ry & 3 km. For a circularly polarized light ray coming from
a distant source, passing very near the surface of the Sun
and then reaching Earth, it turns out that the distance of
separation between the rays of opposite circular polariza-
tion would depend on the wavelength. For a wavelength of
the order 1~ 10~ m, the separation distance of the order
d~ 107" m. For A~ 1 m, the separation distance is d ~
107% m [60]. This ray separation in standard Riemann
geometry is very small, 107% times smaller than the
wavelength of light. However, it is important to note that
the rays are scattered by a finite angle, and after the
reintersection point their separation increases linearly with
the distance. On the other hand, much more massive
compact objects, such as neutron stars or supermassive
black holes, could generate a much stronger Riemannian
gravitational spin Hall effect of light [60].

It is interesting to point out that in Riemann geometry
[61], as well as in Weyl geometry, the gravitational spin
Hall equations are a special case of the Mathisson-
Papapetrou equations Eq. (75) describing the motion of
spinning bodies. To obtain an evolution equation for the
worldline, one must impose the Corinaldesi-Papapetrou
spin supplementary condition S”ﬂtﬁ =0, where 75 is a
timelike vector field and can be interpreted as a choice of
family of observers relative to which energy centroids of
wave packets are defined.

The study of the spin Hall effect for light in Weyl
geometry is very much simplified by the conformal
invariance of Maxwell’s equations. This leads to the
important result that in both Riemann and Weyl geometry

the electromagnetic field equations take the same form, and
thus one can efficiently use again the covariant WKB
approximation to study the propagation of light in arbitrary
Weyl geometries. However, the polarization-dependent ray
equations (74) describing the gravitational spin Hall effect
of light in Weyl geometry contain the curvature tensor of
the Weyl manifold, which introduces a new degree of
freedom for the description of motion, the Weyl vector ),
and its covariant derivatives, respectively.

As an astrophysical application of the general formalism,
we have considered the frequency-dependent motion of
light in a black hole-type solution of the gravitational field
equations in the simplest version of Weyl geometric gravity
[34], in which the Weyl vector has only one nonzero
component @;. In this case the Weyl-type field equations
do have an exact static spherically symmetric solution,
which generalizes the Schwarzschild-de Sitter solutions of
general relativity by introducing a new radial distance
dependent linear term in the metric. This solution was used
in Ref. [35] to propose an alternative geometric description
of the galactic rotation curves and of the galactic properties
that are usually attributed to the existence of dark matter.
Within the framework of this model, an effective geometric
mass term can be introduced, with an associated density
profile. A comparison with a small selected sample of
galactic rotation curves was also made by also considering
an explicit breaking of the conformal invariance at galactic
scales. The parameters of the black hole solution were fixed
from the comparison with the observational data as y =
2/C,~ 1072 m~! and C, ~ 10*. For the integration con-
stant C3, it was assumed that it has values of the same order
of magnitude as the cosmological constant. Hence, the
preliminary investigations of [35] indicated that the Weyl
geometric theory may represent a viable theoretical explan-
ation for the galactic dynamics without invoking the
existence of the mysterious dark matter.

In the exact solution of Weyl geometric gravity Cy, C,,
and C; represent integration constants, similar to the
gravitational radius (or mass) in the Schwarzschild solu-
tion. Hence, their numerical values depend on the astro-
physical system considered and may also depend on the
mass of the compact object. We have studied numerically
the spin Hall effect of light for this Weyl geometric type
black hole solution, and investigated the motion of light
in this metric, by also performing a detailed comparison
with the similar effects in the Schwarzschild geometry.
The numerical results indicate a strong effect of Weyl
geometry on the polarized light dynamics and a significant
increase in its magnitude compared to Riemann geometry.
This effect is expected to increase with the distance from
the source, and thus astrophysical observations of the spin
Hall effect of light, as well as the possible detection of the
deviations from the Schwarzschild/Kerr geometries may
provide convincing evidence for the presence of the Weyl
geometry in the Universe. Therefore, these results on the
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spin Hall effect of light lead to the possibility of directly
constraining the Weyl geometric gravity theory by using
astrophysical and astronomical observations of the motion
of light emitted near compact objects. In the present work,
we have introduced some basic tools necessary for a
detailed comparison of the predictions of the spin Hall
effect of light in the Weyl geometric gravity theory with the
results of astrophysical observations.
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APPENDIX A: THE CURVATURE TENSOR
IN WEYL GEOMETRY

In this appendix, we present the full details of the
computation of the curvature tensor in Weyl geometry.
Using the decomposition of the Weyl connection given in
Eq. (3), we can write
Rﬂ/axo‘ = aurfm - aarﬁu + aL/\Pﬁa - aalpfw

+ (T + ¥5,) (Do + Who)
— (Th + ¥h) (T + W),

= Rﬂumf + ay‘{‘//itr - ao'lyﬁu + F?ID‘PZU + Fllio'quw
-9, - F,’iy‘Pf,,, + WA W, — WA P,

po pv po

(A1)

We have the following relations:

9, ¥, = g((sﬁauwa + 820,00, — 0,0,0 — Gus0,@"), (A2a)
0, ¥, = g(aﬁa,,wu + 80,0, — 0,0, — G, 0,0"), (A2D)

Using the above equations, we can write

a .~
0, Vi, — 0, %}, = > (W60 + 80,0, — 5:0,0, — ©*(0,9,,
- 0,9) — gﬂ(,al,a)’1 + gﬂyaaa)’l]. (A3)
Next, we obtain
a
F}lwlp;eo = 5 (F/};Va)o’ + Fﬁruwy - Fﬁ;vgﬂn’a)p)’ (A4a)
a
[, = 3 (Thpw, + Diebtw, —T,,,0"), (A4b)
a
F;l)alplel/ = E (Fiawb + Fﬁowy - F;I)aguywﬂ)’ (A4C)
a
FZU‘P;EU = > (Ffwa)ﬂ + F,’Zyéf,a)p - F,Wwi). (A4d)

Therefore, we find

A W0, + T, WA — 7, W, — T, 9%,
a

= E (Fﬁﬂél}:wp - Fﬁpéﬁwp + Fﬁﬂg/wa}p - Fﬁug;m'wp
+ Iﬂm,a)i - Fyﬂaa)’l). (AS)

Then

éy‘wa — aarfw + Fﬁ,y‘lfﬁﬁ + ‘Pf,,,l"ﬁ(, — Fﬁ(,‘l’,’jy — F,”,,,‘Pﬁm
oA, ~

=5 (Ww&/’i + 5f,0ya)ﬂ - 5,’}6651)” - a)idl,g,m + w’ldggm/

- g/,mauw}L + gm/arfw}L - F;Iwgﬂ(pr + F;{)Uguva)p + Fzﬁéﬁa)/)

-Iétw, + T, 0" =T, ,0"). (A6)
With the use of the relation
Frr;w - Fy/m = aygo’y - a(rg/,w’ (A7)

we simplify the above equation, thus obtaining

0, ¥}, — 0,1, + T4, Wiy + V4

pv pU

P A PP P P
Do =Y — WY

po po

A  ~
=5 (W6 + 8.V 0, — 5:V 00, + 9,V ,0" = 9,V ,00).

(A8)

The term W}, W),; — W4, W/, can be represented in the form

[\S]

[04
WL W, — ¥, W =

- (g/mwpa)p - a)ﬂwﬁ)él);

[(gﬂvawp - wuwﬂ)ﬁﬁ-

+ (g;mwy - gﬂua)c)wﬁ]' (Ag)
Finally, we obtain the curvature tensor in the Weyl
conformal geometry as

~ a

Rl{/wn = Rl{ﬂbﬁ + ) [Wuaéft + ((ﬁrvv - (ﬁva)wﬂ

2
a
+ (gﬂyva - g/,mvl/)a)/{] + Z [(a)zg;w

- wywu)é/}r - (w2g/m - wya)o)éﬁ

+ (g;wa)u - gﬂuwﬂ)wi]’ (AIO)

where we used the notation @* = w,”.

APPENDIX B: THE OBSERVER DEPENDENCE
OF THE SPIN HALL TRAJECTORIES
IN WEYL GEOMETRY

In this appendix, we show how the spin Hall trajectories
depend on the choice of observer. The approach here
closely follows the discussion in Ref. [61], where the
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observer dependence of the spin Hall equations in
Riemannian geometry was presented. We start by intro-
ducing the general transformation law between energy
centroids, average momenta, and spin tensors associated
with the same wave packet by different observers. Then,
we present an explicit example by analyzing the spin Hall
equations for different families of observers.

1. Change of observer for the spin Hall equations

Similarly to Riemannian geometry, changes of
observer for the spin Hall equations are best understood
by examining the change of spin supplementary con-
dition for the Mathisson-Papapetrou form of the equa-
tions [61]. Given two timelike vector fields * and T7,
representing two different families of observers that
can describe the dynamics of electromagnetic wave
packets, the corresponding spin Hall equations can be
obtained by starting with the Mathisson-Papapetrou
equations (75) and imposing different spin supplemen-
tary conditions: $%1; =0 or $%T; =0. Then, each
family of observers will generally provide a different
description for the same electromagnetic wave packet by
assigning different energy centroids, average momenta,
and spin tensors:

1 {x, P, S, (Bla)

T%:{x% Py, S/}, (B1b)
We use bars on the indices to emphasize that these
objects might be defined at different spacetime points
than the objects without bars on the indices (similar to
the notation used in Refs. [61,107]). In the Riemannian
case it has been shown that, under arbitrary changes
of timelike observers, the two sets of quantities
{x#, Py, S%} and {%*, Pz, §%7} are related by the trans-
formation [61]

¥ = expy (&) + O(e?), (B2a)
75(} == g(}apa + O(ez)’ (B2b)
gap — g&ag/_?ﬁ(saﬁ + 7)(15/} _ 7)[)’5(1) + 0(62), (B2c)

where exp is the exponential map on the tangent bundle
and ¢%, is the bitensor which parallel propagates vectors
from x* to X* along the geodesic segment which
connects those points (both exp and ¢%, are defined
with respect to the Levi-Civita connection I%,; see
Ref. [101] for more details on bitensors), and the shift
vector & is defined as

seT,

U
§ P, T

(B3)

Note that &T,=¢E&1,=0. Also, & =0 for
T+ = f(x)t*, where f(x) is any real, smooth, and non-
zero scalar function.

We show now by direct calculations that, using the
Mathisson-Papapetrou form of the spin Hall equations in
Weyl geometry, changes of observers are also governed by
the same transformation laws defined above. Consider
first a timelike vector field *. The corresponding spin
Hall equations can be derived by imposing the spin
supplementary condition S“ﬂtﬂ =0 for the Mathisson-
Papapetrou equations (75), as well as choosing a worldline
parameter such that ¥z, = P¥*z,. We obtain

i =Pt 4 %Sﬂ”xﬂv{,t,ﬂ (B4a)
WV, P, = —%Raﬁﬂxﬁsﬂ, (B4b)
WV, SP = Pl — Phie. (B4c)
Also, in this case the spin tensor is defined as
59 = s Polo _ (ETTP L O(e?), (BS)

=es
p-t Pt

and satisfies Eq. (B4c).

On the other hand, if we start with a different timelike
vector field 7% by imposing the spin supplementary
condition S%° Tz = 0 and a choice of the worldline param-

eter such that X7, = 2 T, then we obtain

_ _ 1 .
X ="PF+ = T RYXON 5T, (B6a)
WV, T LRy 957 B6b
XV Fa = ~pRapra ) ( )
WV, 5P = Paxp — Phxa (B6c)
In this case, the spin tensor satisfying Eq. (B6c¢) is
. epT, T,
S =es—— L =es——=—""+ 0O(e?). (B7)
p-T P-T

In the following, we show that, up to error terms of
order €%, Eqs. (B4) and (B6) are consistent with the
transformations given in Eqs. (B2) and (B3). We start with
the transformation law (B2a) for energy centroids. Based
on [[107], Eq. 3.5], the derivative of Eq. (B2a) can be
expanded as

M = gﬁﬂ [xﬂ + X'V, ¢ + 0(52)] (BS)
Note that O(&) = O(S) = O(e), so in the above equation
we are ignoring terms of order 2. The covariant derivative
of the shift vector £ along the worldline x* is
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x-T
"
Tl TP
P,
T

WV, = SV, T,

— i &+ 0.  (BY)

Using the expression above, we obtain

7 il )‘C‘ T vO
X”:g”” ﬁpﬂ+P.TS”UX VUTD
PV, T,

oy (B10)

&+ 0(62)] .

The first term on the right-hand side of the above equation
can be rewritten as

i-T (# — x°V,&T,
" — "
P P-T L
T,i°V, &
= D —— H
<1 7 >7D. (B11)

Furthermore, using Eq. (B2c) we can also express the spin
tensor as S* = S# — PrE + PYE + O(e?). Using these
expressions, Eq. (B10) becomes

Swx°V,T,

)_Cﬁ:gﬂﬂ[,])ﬂ‘i‘PT

Ppr
BN

V(5T + 0<e2>]

! SV, T, + 0(62)}

.

_ -
PH 4+ —— S5V, T, + O(e?).

7 (B12)

Up to error terms of order €2, the above equation is the same
as Eq. (B6a) if we note the following. First, P-T =
P, T = 7_7,; T* since the scalar product is invariant if both
vectors are parallel transported with respect to the Levi-
Civita connection. Second, since x° = i°+ O(e) by
Eq. (B8), we can replace #° with x° in the second term
on the right-hand side. Finally, using [ [101], Eq. (6.11)] or
[[107], Eq. (3.8)] we have V,g,” = O(£) = O(¢) and we
can write

S‘ﬁp-;xﬂvoTu = _ﬁuiogdﬁgaovo_(‘qyb']‘ﬂ)
S# g,"x°V 5 T; + O(e?)
VT, + O(e?).

(B13)

Thus, up to error terms of order €2, Eqs. (B4) and (B6a) are
consistent under the transformation given in Eq. (B2a).

Next, we examine the transformation law for the momenta.
Expanding the covariant derivative of Eq. (B2b) asin [ [107],
Eq. (3.7)], we obtain

XV, Pa = gV, Py — RS/ Psi? & + O(e?)].  (B14)

Since ## = P* + O(e) and x° = x° + O(e), we can rewrite
the above expression as

)_Cﬁvljﬁa = gaa[icﬂvﬂpa - Raﬂyﬂxﬂp[}/éﬂ + 0(62)]

1 _
= gaa —ERaﬂ},ﬂjCﬂSyl + 0(6'2)
(B15)

Thus, up to error terms of order €2, Eqs. (B4b) and (B6b) are
consistent with the transformation law in Eq. (B2b).

Finally, we examine the transformation law for the spin
tensors. Expanding the covariant derivative of Eq. (B2c),
we obtain

V5P = o 3V (8P + PrEP — PPEY) + O(€2).
(B16)

Note that the terms that involve covariant derivatives of

bitensors do not appear in the above expression because

they are of order €%. Using Egs. (B4c), (BY), and (BS), we

obtain

V5P = o 4P (P + 5V ,EP)
— PP(* + £°V,£%)] + O(€?)

=P - PP3 + O(e?). (B17)

Thus, up to error terms of order €2, Eqs. (B4c) and (B6c) are
consistent with the transformation law in Eq. (B2c).

2. Examples of different observers

For the black hole spacetimes introduced in Sec. II D

[setting v(r) = —A(r)], we can define an orthonormal
tetrad
ey = e 12, (B18a)
e; =29, (B18b)
1
€H) = —09, (BISC)
r
! (B18d)
e3 =———0,,
> rsing !

where ¢ is a unit timelike vector and e; are unit spacelike
vectors.

In Sec. V, we consider the spin Hall effect of light in the
black hole spacetimes introduced in Sec. II D. As discussed
in the main text, the spin Hall trajectories represent the
dynamics of energy centroids of electromagnetic wave
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packets, relative to a family of timelike observers with
4-velocity . For the examples presented in Sec. V, our
choice is # = (ey)* = e™*")/29,. This represents a family
of static observers in the considered black hole spacetimes,
and the physical system described in Figs. 1, 3, and 5 is that
of a static source of light that emits circularly polarized
wave packets. Then, the resulting spin Hall trajectories
describe the dynamics of the energy centroids of these wave
packets, as seen by a family of static timelike observers
with 4-velocities #.

However, one can consider a different choice of a
timelike vector field in the spin Hall equations, correspond-
ing to the description of a different physical scenario. One
simple example could be to consider a timelike vector field
7 related to # = (ey)* by a radial boost:

ey + vey

V1i—?

where the boost velocity v = v(r) satisfies > < 1. Another
possibility could be to consider a family of free-falling
observers moving on radial geodesics. These will be repre-
sented by a timelike vector field satisfying the geodesic
equation

= (B19)

TV, T% = 0. (B20)
To solve this equation, we can parametrize 7% as
T = f(r)leo + g(r)eil. (B21)

where f(r) and g(r) are two scalar functions to be
determined by solving the above geodesic equation.
Note that for T to be a timelike vector, we must impose
f(r) # 0and ¢*>(r) < 1. Inserting Eq. (B21) into Eq. (B20),
we obtain

(r)

7)== 4 )| 10, (B22)
Jr) = - [”/ér) + Zw,(r)] l_g(’;)(r). (B22b)

Note thatusing Eq. (42) wehave w, = 12 = 1(In®)'. Then,

ad
the solutions to the above differential equations are

ny

f(r) = q)(r)ey(r)/g ’

(B23a)

g(r) = +£4/1 = en®(r)e!", (B23b)
where v(r) is defined in Eq. (40), ®(r) is defined in Eq. (41)

(here with C; = 1), and n, , are integration constants.

To illustrate how the spin Hall trajectories change
under a change of observer, we consider the explicit
example of a Schwarzschild black hole in Weyl geometry
(C, = C3 =6 =0), and the timelike vector fields #, 7,
and T* introduced above. For this spacetime, the vectors
take the form

1
t=——9,

—=-
.

(B24a)

=

1 [1-%
9, +v\[~——250,  (B24b)
V=) =5 b
n1r3 4
T= 0, + ni\/r* —e™r(r—ry)o,.
r—r,

As a first example, we start by comparing spin Hall
trajectories corresponding to the observers # and 7 with

v(r) = —\/rs/r. These two different choices of observers
will be used in the spin Hall equations Eq. (74). Then, we
consider a source of light very far away from the black hole.
We take rguee = 10%7,, such that #(r = ryyee) & #(r =
Feource) (this ensures that the relativistic Hall effect
[108,109] is negligible on the initial wave packet prescribed
at the source for the two observers). The resulting spin Hall
trajectories, which describe the dynamics of the energy
centroids relative to # and 7, are shown in Fig. 7. We can
see that the spin Hall trajectories relative to 7 are slightly
different from the trajectories relative to #. This difference
is more pronounced near the black hole, where the dif-
ference between # and 7 is more significant. As the
light rays move away from the black hole, there is no
significant difference between the two sets of trajectories.
Thus, we see that the observer-dependent effects on the
trajectories are small and fade out as the light rays move
away from the black hole, whereas gravity produces a finite
scattering angle, and the separation between rays of
opposite circular polarization continues to grow away from
the black hole.

As a second example, we will consider spin Hall
trajectories relative to the radially free-falling observer
T#. However, in this case, it is not easy to compare the
different trajectories corresponding to ## and 7#. The reason
behind this difficulty arises because when making such a
comparison, we would like to have # (xyource) & TH (Xsource)-
This condition is required to ensure that, at the location of
the source of radiation, using the same initial conditions for
both sets of spin Hall equations (those relative to # and
those relative to 7#) corresponds to initially prescribing the
same electromagnetic wave packet. Otherwise, prescribing
the same initial centroid at x,.. relative to both # and T#,
we could end up describing the dynamics of different wave
packets. In the previous example, this problem was solved
by placing the source very far from the black hole, where

(B24c)

064020-21



MARIUS A. OANCEA and TIBERIU HARKO PHYS. REV. D 109, 064020 (2024)

—_— 5= 41 . s = +1

-_—g— ] cee g — ]

t:u'

FIG. 7. Equatorial view (left) and top view (right) of spin Hall trajectories around a Schwarzschild black hole in Weyl geometry
(C, = C3 = 6 = 0), as seen by two families of observers with 4-velocities # (solid lines) and 7 (dashed lines). These vector fields are

defined in Eq. (B24), with v(r) = —y/r,/r. All rays are emitted with the same initial conditions from a source very far away from the
black hole, at r = 10%r,, so that at the point of emission we have # 7.
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FIG. 8. Equatorial view (left) and top view (right) of spin Hall trajectories around a Schwarzschild black hole in Weyl geometry
(C, = C3 = 6 = 0), as seen by two families of observers with 4-velocities proportional to 7 (solid lines) and T# (dashed lines). These
vector fields are defined in Eq. (B24), with ¢”> = 2 and v given in Eq. (B28). All rays are emitted with the same initial conditions from a
source far away from the black hole, at » = 10°r,, and the constants 1, and v are chosen such that at the point of emission we
have 7 o T*.

3rs

>+ and

" (Xgource) R P (Xgource)- If We now insist on comparing  or when 7 >
spin Hall trajectories with respect to # and 7", then we

would need to fix the integration constants n;, such that . p 3
" (Xgource) X T*(Xgouree)- This can be achieved by setting source source 1| <7< Feurce- (B27)
2 T'source — T's
rgOUI'CC
e = . (B25) Thus, if we insist on setting the integration constant n, so
source TS that at some spacetime point 7 (Xouree) & #(Xsource) X 0y
. then the vector field 7# will be undefined in certain regions
In this case, T'(Xsource) & #(Xsource) o 9;- However, depend- of spacetime. As a consequence, such an ill-defined vector

ing on the Yalue of the integration coilstant ny, the vector field cannot be used in the spin Hall equations. On the other
field 7" will be undefined when r* —e™r(r —3r ) <0 hand, if the integration constant n, is small enough such
Thus, 7% will be undefined when r; < ryuee < 5* and that 7* — e™r(r —ry) > 0 for all r > r,, then the vector
field T* is well defined and there is no problem to use it in

Feouree ( Feouree + 37 ) the spin Hall equa.tions. .
Fsource < ' < -1, (B26) As an alternative, we can compare the spin Hall

2 r . . . ~
trajectories corresponding to the observers 7 and T*.

T'source — T's
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These two different choices of observers will be used in the
spin Hall equations Eq. (74). In this case, we can fix n,
small enough so that 7# is well defined for all r > r,, and
then we can also pick v(r) so that 7 (xsurce) & TH(Xsource)-
To illustrate a concrete example, we choose "> = 2. In this
case, T* is well defined for all r > r,. If we place a source
of light at reyee = 107, then we can have #(xquree)
TH(Xgource) if We choose the boost velocity

r —r
M _Source s

(B23)

v:\/l—

An example of the spin Hall trajectories corresponding
to these two families of observers is presented in Fig. 8. As
can be seen from this figure, there is very little difference
between the two sets of trajectories.
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