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In this work we present a general method to obtain the junction conditions of modified theories of
gravity whose action can be written in the form fðX1;…; XnÞ, where X1 to Xn are any combination of
scalar dependencies, e.g., the Ricci scalar R, the trace of the stress-energy tensor T, the Gauss-Bonnet
invariant G, among others. We discriminate the junction conditions into three subgroups: the immediate
conditions, arising from the imposition of regularity of the relevant quantities in the distribution
formalism; the differential conditions, arising from the differential terms in the field equations; and the
coupling conditions, arising from the interaction between different scalars Xi. Writing the modified field
equations in terms of a linear combination of the different contributions of the scalars Xi allows one to
analyze the direct and differential junction conditions independently for each of these scalars, whereas the
coupling junction conditions can be analyzed separately afterward. We show that the coupling junction
conditions induced on a scalar Xi due to a coupling with a scalar Xj are of the same form as the differential
junction conditions of the scalar Xj but applied to the analogous quantity in the framework of the scalar Xi.
We provide a complete analysis of three different types of spacetime matching, namely smooth matching,
matching with a thin shell, and matching with double gravitational layers, and we also describe under
which conditions the full sets of junction conditions might be simplified. Our results are applicable to
several well-known theories of gravity, e.g., fðRÞ, fðTÞ, and fðGÞ, and can be straightforwardly
extrapolated to other theories with scalar dependencies and more complicated scenarios where several
dependencies are present simultaneously.
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I. INTRODUCTION

The junction conditions [1–6] are a set of mathematical
requirements that two spacetime solutions of a given theory
of gravity, described by different metric tensors and valid in
different subregions of the full spacetime manifold, must
satisfy at the boundary between these two subregions in
order to guarantee that the union of the two spacetimes is
itself a valid solution of the field equations of the theory of
gravity used as framework.
In general relativity (GR), these conditions require that

the induced metrics on both sides of the hypersurface that
separates the two submanifolds coincide and that the
extrinsic curvatures on both sides of that hypersurface
either coincide or are associated with a thin shell of matter
]3 ]. These conditions were proven useful in accounting for a
wide variety of astrophysical scenarios associated particu-
larly with compact objects and spherically symmetric
solutions [7–21]. However, the junction conditions vary
depending on the theory of gravity chosen as framework,
which has propelled numerous studies to derive these
conditions in the framework of extended theories of gravity,

e.g., fðRÞ gravity [22–26], fðR; TÞ gravity [27,28], hybrid
metric-Palatini gravity [29], scalar-tensor theories of gravity
[30–32], teleparallel theories of gravity [33], Einstein-
Cartan theories of gravity [34,35], metric-affine gravity
[36], biscalar gauge gravity [37], among others. A particular
application of interest of these conditions is the study of
nonexotic wormhole solutions in modified theories of
gravity [38–42].
Despite the extensive literature regarding junction con-

ditions and their applications, there are still several poten-
tially interesting theories of gravity for which the general
sets of junction conditions have not been derived, e.g.,
theories of gravity depending in scalar quantities like
RμνTμν, RμνRμν, TμνTμν, among others [43–46]. Similarly
to more popular theories like fðRÞ or fðTÞ gravity, the fact
that these theories depend on an additional scalar quantity
implies that the methods necessary to obtain the junction
conditions for these theories follow a similar procedure, and
thus one of the objectives of this work is to provide a unified
approach on how to obtain such conditions in any theory of
gravity featuring additional scalar degrees of freedom in
comparison with GR through an arbitrary function.
In recent years, a large number of papers have been
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journals, despite featuring an incorrect analysis of junction
conditions and applications of the thin-shell formalism.
The incorrectness of such manuscripts arises from several
different origins: some manuscripts recur to the Darmois
junction conditions in theories where they are not
applicable [47–62]; others recur to the Israel equation to
compute the stress-energy tensor of the thin shell in
theories where it is not applicable [63–70]; some works
use a set of junction conditions for a given theory that is
incomplete [71–75]; and others start from the correct
complete set of junction conditions but fail to correctly
derive the junction conditions for particular forms of the
action [76,77] or evaluate only a subset of those conditions
explicitly, thus failing to provide a complete proof that the
solutions considered can be matched [78,79]. In some
occasions, the manuscripts even refer to the works where
the correct set of junction conditions for the theory under
study has been derived but proceed to perform the
matching without recurring to these conditions [80].
These incorrect approaches consequently render the result-
ing content of limited physical and mathematical rel-
evance; e.g., certain manuscripts go as far as to mention
the necessity of a thin shell to perform the matching, even
in theories where thin shells are prohibited [81,82].
The situation mentioned above serves as a hint to a lack

of fundamental understanding and an indication that much
caution should be taken on the topic of junction conditions
and thin shells. The main aim of this work is thus to provide
a comprehensible tool on how to obtain the adequate
junction conditions for several types of modified theories
of gravity featuring extra scalar degrees of freedom in
comparison to GR and hopefully to suppress this gap in the
literature and contribute to the improvement of the math-
ematical soundness and, consequently, the physical rel-
evance and impact of future works in the field.
This work is organized as follows. In Sec. II, we

introduce a general theory of gravity for which the action
depends explicitly on several scalar quantities and obtain
the field equations for such a theory; in Sec. III we
introduce the formalism of distribution functions and write
the necessary geometrical and matter quantities to obtain
the junction conditions in this formalism; in Sec. IV we
obtain the junction conditions for smooth matching and
matching with a thin shell, for an arbitrary form of the
action that describes the theory; in Sec. V we analyze a few
particular cases that could lead to exceptions in the
complete set of junction conditions; in Sec. VI we analyze
under which conditions one may give rise to double
gravitational layers and additional contributions to the
stress-energy tensor of the hypersurface; in Sec. VII we
describe how the junction conditions are affected if one
introduces a dynamically equivalent scalar-tensor repre-
sentation of the theory; and in Sec. VIII we trace our
conclusions.

II. THEORY AND EQUATIONS

In this work we are interested in studying modified
theories of gravity that feature extra scalar degrees of
freedom in comparison to GR, arising from arbitrary
dependencies of the action in several scalar quantities.
The action S describing such theories can generally be
written in the form

S ¼ 1

2κ2

Z
Ω

ffiffiffiffiffiffi
−g

p ½Rþ fðX1;…; XnÞ þ 2κ2Lm�d4x; ð1Þ

where κ2 ¼ 8πG=c4, where G is the gravitational constant
and c is the speed of light (in this work we shall adopt a
system of geometrized units for which G ¼ c ¼ 1 and thus
κ2 ¼ 8π), Ω is the spacetime manifold written in terms of a
set of coordinates xμ, g is the determinant of the metric
tensor gμν, R ¼ gμνRμν is the Ricci scalar, with Rμν the Ricci
tensor, f is a well-behaved function of several scalar
quantities Xi to be specified later, and Lm is the matter
Lagrangian density.
The modified field equations of these theories can be

obtained via the application of the variational method to
Eq. (1) with respect to the metric gμν. These equations take
the general form

Gμν −
1

2
gμνfðX1;…; XnÞ þ

Xn
i¼1

HðiÞ
μν ¼ 8πTμν; ð2Þ

where Gμν ¼ Rμν − 1
2
gμνR is the Einstein tensor, Tμν is the

matter stress-energy tensor defined in terms of the variation
of the matter Lagrangian Lm in the usual way as

Tμν ¼ −
2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp

LmÞ
δgμν

; ð3Þ

and the tensors HðiÞ
μν correspond to the different contribu-

tions to the field equation of the dependency of the function
f in the scalar quantities Xi. These can be written explicitly
in the form of a variation as

HðiÞ
μν ¼ ∂f

∂Xi

δXi

δgμν
≡ fXi

δXi

δgμν
; ð4Þ

where fXi
denotes the partial derivative of f with respect to

Xi. Given the linearity of Eq. (2) in the terms HðiÞ
μν , these

quantities and the necessary conditions to preserve their
regularity in the formalism of distribution functions can be
analyzed independently.
In the literature, several different theories of gravity for

which the action depends arbitrarily in some scalar
quantity have been studied, including, e.g., fðRÞ theories,
fðTÞ theories where T is the trace of the stress-energy
tensor, among others. All of these theories fall into the
family of actions given in Eq. (1), and their respective
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junction conditions can be analyzed following similar
procedures. In this work, we take the quantities Xi to
belong to any subset of

Xi ¼ fR;P;Q;G; T; T ;Rg; ð5Þ

where R ¼ gμνRμν and T ¼ gμνTμν are the previously
defined Ricci scalar and trace of the stress-energy tensor
Tμν, respectively, whereas the remaining scalars P, Q, G,
T , and R are defined as follows:

P ¼ RμνRμν; ð6Þ

Q ¼ RμνσρRμνσρ; ð7Þ

G ¼ R2 − 4PþQ; ð8Þ

T ¼ TμνTμν; ð9Þ

R ¼ RμνTμν: ð10Þ

The quantity G is known as the Gauss-Bonnet invariant,
with theories depending on fðGÞ being commonly referred
to as Gauss-Bonnet theories of gravity.
Regarding the theories of gravity featuring a dependency

in a scalar that is proportional to the matter components,
i.e., T, T , and R, although the junction conditions and the
methods followed for their deduction are mostly unaltered,
the field equations of these theories depend on the
distribution of matter chosen, e.g., a vector field, a scalar
field, or a fluid. For the purpose of this work, we take a
relativistic isotropic perfect fluid as an example of appli-
cation to outline the method. The stress-energy tensor and
matter Lagrangian describing such a fluid are given by

Tν
μ ¼ diagð−ρ; p; p; pÞ; Lm ¼ p; ð11Þ

where ρ is the energy density and p is the isotropic
pressure. An extrapolation of the methods that follow to
other types of matter distributions should be completely
analogous.

III. DISTRIBUTION FORMALISM

A. Notation and assumptions

Consider that the spacetime manifold Ω can be divided
into two regions: an exterior region Ωþ described by a
metric gþμν written in terms of a coordinate system xμþ and an
interior regionΩ− described by a metric g−μν written in terms
of a coordinate system xμ−. These two regions intersect at a
hypersurface Σ on which one defines a set of coordinates
ya, where the Latin indices exclude the direction
perpendicular to Σ. Furthermore, we assume that there
exists a coordinate system xμ distinct from both xμ� that
overlaps with these coordinate systems for some open

subregions ofΩ� containing Σ, respectively.1 We define the
projection vectors from the four-dimensional spacetime
into the three-dimensional hypersurface as eαa ¼ ∂xα=∂ya,
and a normal unit vector perpendicular to Σ as nμ. The
normal vector satisfies the normalization condition
nμnμ ¼ ϵ, with ϵ ¼ �1 depending on na being a timelike
(negative sign) or spacelike (positive sign) vector.
Furthermore, by construction one has eαanα ¼ 0; i.e., the
projection of the normal vector into the hypersurface Σ
vanishes, as expected. The induced metric h�ab and the
extrinsic curvatureK�

ab on each of the sides of Σ can then be
written as

h�ab ¼ g�μνe
μ
aeνb; ð12Þ

K�
ab ¼ eμaeνb∇�

μ nν; ð13Þ

where ∇�
μ denotes a covariant derivative written in terms of

the metrics g�μν. Consider a geodesic congruence orthogonal
to the hypersurface Σ and parametrized by an affine
parameter l such that different values of l correspond to
different hypersurfaces orthogonal to the geodesic congru-
ence. Without loss of generality, one can define this
parameter as positive for any hypersurface contained in
Ωþ, negative for any hypersurface containedΩ−, and zero at
the hypersurface Σ; i.e., one can write dxμ ¼ nμdl or,
equivalently, nμ ¼ ϵ∂μl. We emphasize that different values
of the parameter l should not be interpreted as different
points along a one-dimensional line but instead to different
three-dimensional hypersurfaces.
A suitable mathematical framework to conduct the

analysis that follows is the distributional formalism. In
this formalism, any regular quantity X can be written in the
form

X ¼ XþΘðlÞ þ X−Θð−lÞ; ð14Þ

where the superscripts X� denote the quantity X in the
spacetime regions Ω�, respectively, and ΘðlÞ is the
Heaviside distribution function, defined as ΘðlÞ ¼ 0 for
l < 0, ΘðlÞ ¼ 1 for l > 0, and ΘðlÞ ¼ 1

2
for l ¼ 0. In this

formalism, one can also define the jump [X] and the surface
value fXg of a quantity X as

1Note that this is an oversimplified approach to the problem. A
more rigorous approach requires one to find an adequate diffeo-
morphism connecting the points in the two boundaries ofΩ�, say
Σ�, thus unifying these two boundaries into a single matching
hypersurface Σ, and to match the two tangent spaces at Σ.
Nevertheless, once such an approach has been carried, the
existence of a coordinate system valid in an open region that
contains Σ and continuous through Σ is an acceptable
assumption. For a more mathematically detailed approach, we
refer the reader to [83].
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½X� ¼ XþjΣ − X−jΣ; ð15Þ

fXg ¼ 1

2
ðXþjΣ þ X−jΣÞ: ð16Þ

We note that there is a fundamental difference between the
quantityX defined in Eq. (14), which is a quantity defined in
the whole spacetime manifold Ω with two well-defined
limits on Σ with potentially different values X�jΣ, and
quantities that are defined only on Σ, e.g., the quantities h�ab
and K�

ab defined in Eqs. (12) and (13), respectively, but with
two potentially different values on each of the sides of Σ,
e.g., h�ab and K�

ab. Although we define the jump and the
surface values for both types quantities using the same
notation [see Eqs. (15) and (16)], the quantities X�jΣ should
be interpreted as X�jΣ ¼ liml→0� X, whereas the quantities
h�ab and K�

ab correspond to the values of these quantities on
each side of Σ. These two definitions satisfy the following
useful product properties:

½XY� ¼ ½X�fYg þ fXg½Y�; ð17Þ

fXYg ¼ fXgfYg þ 1

4
½X�½Y�; ð18Þ

for any two quantities X and Y. By definition, one has
½nμ� ¼ 0 and ½eμa� ¼ 0. Finally, taking the derivative of
Eq. (14), one verifies that the derivatives of a regular
quantity X can be written as

∇μX ¼ ∇μXþΘðlÞ þ∇μX−Θð−lÞ þ ϵnμ½X�δðlÞ; ð19Þ

where δðlÞ≡ dΘ=dl is the Dirac-delta distribution function.
To simplify the notation, in what follows we implement the
following definition:

X� ≡ XþΘðlÞ þ X−Θð−lÞ ð20Þ

to represent the regular part of any quantity X.

B. Quantities in the distribution formalism

To analyze the junction conditions of a given theory of
gravity, all relevant quantities must be expressed in the
distribution formalism. While different theories of gravity
may feature different relevant quantities, there are a few
quantities, e.g., the metric gμν and the Ricci scalar R, which
are common among every theory under study. Thus, in this
section we write these general quantities in the distribution
formalism. We start by writing the metric gab in the form

gμν ¼ gþμνΘðlÞ þ g−μνΘð−lÞ≡ g�μν: ð21Þ

To construct the Christoffel symbols Γα
μν associated with

the metric gμν, it is necessary to take the partial derivative of

Eq. (21). Following Eq. (19), one obtains ∂αgμν ¼
∂αgþμνΘðlÞ þ ∂αg−μνΘð−lÞ þ ϵnα½gμν�δðlÞ. Although the term
proportional to δðlÞ is not necessarily problematic at the
level of the Christoffel symbols, when one tries to write the
Riemann tensor Rμνσρ in the distribution formalism, this
quantity features products of Christoffel symbols, which
consequently feature factors of the form δ2ðlÞ. These factors
are singular in the distribution formalism and must be
eliminated to preserve the regularity of the Riemann tensor.
To get rid of these problematic factors, one must impose the
continuity of the metric, i.e., ½gμν� ¼ 0. Since ½eμa� ¼ 0, this
condition can be rewritten in a coordinate-invariant way by
projecting both indices of the metric gμν into the hypersur-
face, from which one obtains the first junction condition

½hab� ¼ 0: ð22Þ

Notice how this junction condition arises as a straightfor-
ward consequence of the distribution formalism itself, and
it is independent of the theory of gravity used as frame-
work, as long as it is a metric theory of gravity. Following
this result, the partial derivatives of gμν reduce to the
regular form

∂αgμν ¼ ∂αgþμνΘðlÞ þ ∂αg−μνΘð−lÞ≡ ∂αg�μν: ð23Þ

The Christoffel symbols associated with the metric gab
can now be constructed from Eqs. (21) and (23) and have a
regular form. Consequently, one is now able to compute the
form of the Riemann tensor Rμνσρ in the distribution
formalism, as well as its contractions, i.e., the Ricci tensor
Rμν ¼ Rσ

μσν and the Ricci scalar R ¼ gμνRμν. These quan-
tities take the forms

Rμνσρ ¼ R�
μνσρ þ R̄μνσρδðlÞ; ð24Þ

Rμν ¼ R�
μν þ R̄μνδðlÞ; ð25Þ

R ¼ R� þ R̄δðlÞ; ð26Þ

where the quantities R̄μνσρ, R̄μν and R̄ collectively denote
the factors proportional to δðlÞ and are given in terms of the
fundamental geometrical quantities at Σ as

R̄μνσρ ¼ 4½Kab�ea½μnν�eb½ρnσ�; ð27Þ

R̄μν ¼ −ðϵ½Kab�eaμebν þ nμnν½K�Þ; ð28Þ

R̄ ¼ −2ϵ½K�; ð29Þ

where we have defined index antisymmetrization as X½ab� ¼
1
2
ðXab − XbaÞ and K� ¼ hab� K�

ab is the trace of the extrinsic
curvature.
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Regarding the matter sector, the terms proportional to
δðlÞ appearing in the field equations are associated with a
thin shell of matter present at the hypersurface Σ. To study
the properties of this thin shell, it is useful to write the
stress-energy tensor Tμν and its trace T in the distribution
formalism as2

Tμν ¼ T�
μν þ SμνδðlÞ; ð30Þ

T ¼ T� þ SδðlÞ; ð31Þ

where Sμν ¼ Sabeaμebν , Sab is the three-dimensional stress-
energy tensor of the thin shell, and S ¼ Sμμ is the trace of
Sμν. The explicit form of Sab in terms of the geometrical
quantities varies depending on the theory chosen as
framework and it is determined explicitly by the junction
conditions. In what follows, we define the contribution of

each of the tensors HðiÞ
μν to the stress-energy tensor Sab by

SðiÞab. In the end, the complete stress-energy tensor can be
obtained from its individual contributions upon applying
the relevant junction conditions for the combination of Xi
scalars considered.

IV. GENERAL SET OF JUNCTION CONDITIONS

The junction conditions are a set of conditions that the
geometrical and matter quantities must satisfy in order to
guarantee that two spacetime solutions defined in two
complementary spacetime submanifolds of Ω can be
matched to produce a regular solution of the field equations
for the whole manifold, i.e., in both the two submanifolds
Ωþ and Ω−, as well as the boundary hypersurface Σ. Since
the solutions gþμν and g−μν are assumed to be solutions of the
field equations for the regionsΩþ andΩ−, respectively, any
possible incompatibilities appear precisely at Σ, upon
matching the two solutions (hence the junction conditions
are sometimes referred to as the matching conditions).
To deduce the junction conditions of a given theory, one

must proceed as follows. First, all the relevant quantities
that appear in the field equations of that theory must be
written in the distribution formalism. These quantities must
be nonsingular; i.e., they must not feature any terms
proportional to δ2ðlÞ. If any quantities in the field equation

feature singular terms, these terms must be forced to vanish
via the imposition of extra constraints. These constraints
are precisely the junction conditions. When all singular
terms have been successfully removed from the field
equations, i.e., only terms proportional to ΘðlÞ and δðlÞ
remain, one can take the projection of the field equations
into the hypersurface Σ using the projection vectors eμaeνb.
This allows one to obtain the explicit expression for the
stress-energy tensor of the thin shell Sab. Finally, if one
wants to require the smoothness of the matching, i.e., in the
absence of a thin shell, all of the terms proportional to δðlÞ
in the field equations must also be removed via the
imposition of extra constraints, which add to the complete
set of junction conditions.
In this section, we analyze the contribution of each of the

scalars identified in Eq. (5) to the complete set of junction
conditions of the theory. For this purpose, we discriminate
the junction conditions arising from these contributions
into three different subsets, as follows:
(1) immediate.—the junction conditions arising directly

from writing the relevant geometrical and matter
quantities and their respective derivatives in the
distribution formalism and imposing their regularity;

(2) differential.—the junction conditions arising from
differential terms depending on partial derivatives of
the function fðX1;…; XnÞ in the field equations that
give rise to higher-order derivatives of the relevant
quantities;

(3) coupling.—the junction conditions induced from a
coupling of different scalars in the function
fðX1;…; XnÞ, e.g., products XiXj for i ≠ j.

Although the separation between immediate and differ-
ential junction conditions may appear quite arbitrary at this
point, this distinction is relevant further on, upon analyzing
the couplings between different scalars Xi. We start by
analyzing the immediate and differential junction condi-
tions arising from each of the scalars Xi via their respective

tensors HðiÞ
μν ; i.e., we analyze which conditions are neces-

sary to maintain the regularity of the tensors HðiÞ
μν at the

hypersurface Σ. This can be done by assuming that the
function f depends exclusively on the scalar Xi under
consideration and allows one to extract the contributions

SðiÞab to the stress-energy tensor of the thin shell of each of
the scalars Xi independently. Afterward, in Sec. IV I, we
analyze the coupling junction conditions arising from
different combinations of scalars Xi in the function f.
In what follows, we assume that f is a general well-

behaved function of its arguments and that it admits a
Taylor-series expansion; i.e., it is an analytic function. Note
that particular forms of the theory for which certain partial
derivatives vanish might lead to different scenarios, e.g., the
rise of double gravitational layers. These special cases are
analyzed afterward in Secs. V and VI.

2We note that the forms chosen for Tμν and T in Eqs. (30)
and (31), respectively, are not the most general forms of these
quantities. Indeed, these forms exclude more complicated
scenarios for which contributions nontangential to Σ and double
gravitational layers arise in the stress-energy tensor Tμν. Never-
theless, the forms taken are sufficient for the analysis of the
junction conditions given in Secs. IV and V. The analysis of the
scenarios for which additional terms arise is undergone later in
Sec. VI, for which the corresponding form of the stress-energy
tensor Tμν is given in Eq. (147).
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A. Contribution of general relativity

Before jumping into the contributions of the different
scalars Xi to the junction conditions of the theory, let us
first review the junction conditions of GR. Imposing f ¼ 0
in the field equations in Eq. (2), one recovers the Einstein
field equations Gμν ¼ 8πTμν. Taking the distribution rep-
resentations of Rμν, R and Tμν in Eqs. (25), (26), and (30),
respectively, and projecting the result into the hypersurface
Σ with eμaeνb, one obtains the contribution of the GR
component of the theory to the stress-energy tensor of
the thin shell SGRab as

8πSGRab ¼ −ϵð½Kab� − ½K�habÞ: ð32Þ

This well-known result is the so-called second junction
condition in GR, or Israel junction condition. Even though
this result is only applicable in GR, as its validity comes
directly from the fact that the field equations are the
Einstein field equations, several published works mistak-
enly use this junction condition to compute the stress-
energy tensor of a thin shell in modified theories of gravity
described by different modified field equations, resulting in
a consequent result lacking physical and mathematical
significance. In the particular case of a smooth matching,
i.e., in the absence of a thin shell, or Sab ¼ 0, the trace of
Eq. (32) implies that ½K� ¼ 0, which upon a replacement
back into the original equation leads to the second junction
condition of the form

½Kab� ¼ 0; ð33Þ

also known as the Darmois junction condition. In the
following, we verify how these results extend to theories of
gravity featuring an action with dependencies in the
scalars Xi.

B. Contribution of f ðRÞ
Let us start by considering the contributions of fðRÞ,

where R is the Ricci scalar. These junction conditions have
already been analyzed in detail in Ref. [22], but here we
provide a brief review to maintain the self-consistency of
the manuscript, as they are needed in what follows to
construct more complicated theories, e.g., fðR; TÞ and

fðR;GÞ gravity. For Xi ¼ R, the tensor HðRÞ
μν takes the form

HðRÞ
μν ¼ fRRμν − ð∇μ∇ν − gμν□ÞfR; ð34Þ

where□ ¼ ∇μ∇ν represents the d’Alembert operator. For a
general analytic fðRÞ function, i.e., that admits a Taylor-
series expansion, one expects that powers of the form R2 or
higher generally appear in fðRÞ, as well as its partial
derivatives fR. Since R features a term proportional to δðlÞ
in the distribution formalism [see Eq. (26)], these powers of
R feature terms proportional to δ2ðlÞ or higher, which are

singular in the distribution formalism. To avoid these
problematic terms and preserve the regularity of f and
its partial derivatives, it is necessary that the terms propor-
tional to δðlÞ in R vanish, i.e., R̄ ¼ 0. Consequently, from
Eq. (29), one obtains an immediate junction condition in
the form

½K� ¼ 0: ð35Þ

Consider now the differential terms in Eq. (34). Taking
the first and second covariant derivatives of the function fR
and using the chain rule, one is able to write these
differential terms in the form of derivatives of R as

∇μfR ¼ fRR∇μR; ð36Þ

∇μ∇νfR ¼ fRRR∇μR∇νRþ fRR∇μ∇νR: ð37Þ

The first-order covariant derivative ∇μR can be obtained by
taking a derivative of Eq. (26) subjected to the immediate
junction condition in Eq. (35), from which one obtains

∇μR ¼ ∇μR� þ ϵnμ½R�δðlÞ; ð38Þ

which features a term proportional to δðlÞ. Thus, the
product ∇μR∇νR in Eq. (37) gives rise to a singular
δ2ðlÞ term in the second-order derivatives of fR. To prevent
the appearance of this problematic term and preserve the
regularity of ∇μ∇νfR, one needs to impose the continuity
of the Ricci scalar; i.e., we obtain the differential junction
condition

½R� ¼ 0: ð39Þ

Finally, the second-order covariant derivative of R can be
obtained by taking a covariant derivative of Eq. (38)
subjected to the junction condition in Eq. (39), from which
one obtains

∇μ∇νR ¼ ∇μ∇νR� þ ϵnμ½∇νR�δðlÞ: ð40Þ

One can now deduce the contribution of the fðRÞ
component to the stress-energy tensor of the thin shell,

SðRÞab . Taking the field equations in Eq. (2) withHμν given by
Eq. (34), with the quantities in the distribution formalism
given in Eqs. (25), (26) and (40), subjected to the junction
conditions in Eqs. (35) and (39), and taking a projection
into the hypersurface Σ with eμaeνb, one obtains

8πSðRÞab ¼ −ϵfR½Kab� þ ϵhabfRRnμ½∇μR�: ð41Þ

Summarizing, for any theory of gravity featuring an
arbitrary dependence fðRÞ in its action, the complete set of
junction conditions feature two extra junction conditions in
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comparison to GR, namely Eqs. (35) and (39), and the
stress-energy tensor of the thin shell is given by Eq. (41). If
one further requires that the matching is smooth, i.e., in the
absence of a thin shell, from Eq. (41) one verifies that two
additional junction conditions must be satisfied:

½Kab� ¼ 0; ½∇μR� ¼ 0; ð42Þ

which again features one extra condition with respect
to GR.

C. Contribution of f ðPÞ
Next, we consider the contributions of a function fðPÞ,

where P ¼ RμνRμν. In this situation, the tensor HðPÞ
μν takes

the form

HðPÞ
μν ¼ 2fPgσρRμσRνρ þ gμν∇σ∇ρðfPRσρÞ

þ□ðfPRμνÞ − 2∇σ∇ρðfPRσ
ðμδ

ρ
νÞÞ; ð43Þ

where we have defined index symmetrization as XðabÞ ¼
1
2
ðXab þ XbaÞ. Since the Ricci tensor Rμν features a term

proportional to δðlÞ in the distribution formalism [see
Eq. (25)], this implies that, unlike the previous cases
studied so far, the scalar P itself features singular terms
proportional to δ2ðlÞ. In general, one can write P in the
distribution formalism as

P ¼ P� þ 2P̄δðlÞ þ P̂δ2ðlÞ; ð44Þ

where the quantities P̄ and P̂ are given in terms of
geometrical quantities at Σ as

P̄ ¼ −fRμνgðϵ½Kab�eμaeνb þ nμnν½K�Þ; ð45Þ

P̂ ¼ ½Kab�½Kab� þ ½K�2: ð46Þ

Since the two terms in P̂ in Eq. (46) are quadratic and, thus,
strictly positive, the regularity of P forcefully requires the
extrinsic curvature to coincide on both sides of Σ; i.e., we
obtain an immediate junction condition of the form

½Kab� ¼ 0: ð47Þ

Consequently, both P̂ and P̄ vanish and P remains regular.
In the absence of any terms proportional to δðlÞ in P, the
regularity of fðPÞ as well as its partial derivatives fP is
guaranteed. Furthermore, another consequence of Eq. (47)
is that R̄μν ¼ 0 also vanishes, thus preserving the regularity
of the first term on the right-hand side of Eq. (43).
Consider now the differential terms in Eq. (43).

Expanding these differential terms, one finds terms propor-
tional to derivatives of the Ricci scalar Rμν, as well as terms
proportional to the derivatives of the function fP. The terms

proportional to derivatives of Rμν are associated with
additional immediate junction conditions imposing the
regularity of these derivatives, whereas the terms propor-
tional to derivatives of fP are associated with the differ-
ential junction conditions. Let us start by analyzing the
former. Taking the first-order derivative of Eq. (25) under
the junction condition in Eq. (47), one obtains

∇σRμν ¼ ∇σR�
μν þ ϵnσ½Rμν�δðlÞ: ð48Þ

Although the presence of the term proportional to δðlÞ at
this point is not problematic, since the tensor Hμν does not
feature products of first-order derivatives of Rμν, its
presence leads to the appearance of double gravitational
layers, which are analyzed separately in the later Sec. VI.
Thus, to prevent these additional contributions to appear at
this level, we impose the following immediate junction
condition:

½Rμν� ¼ 0: ð49Þ

Consequently, the second-order covariant derivative of Rμν

can be obtained by differentiating Eq. (48) and taking
Eq. (49) into consideration, from which one obtains

∇σ∇ρRμν ¼ ∇σ∇ρR�
μν þ ϵnσ½∇ρRμν�δðlÞ: ð50Þ

Let us now turn to the terms with derivatives of the
function fP in Eq. (43). Similarly to what happens in the
fðRÞ case, the first- and second-order covariant derivatives
of the function fP can be written in terms of derivatives of
P in the form

∇μfP ¼ fPP∇μP; ð51Þ

∇μ∇νfP ¼ fPPP∇μP∇νPþ fPP∇μ∇νP: ð52Þ

The first-order covariant derivative of P can be obtained by
taking a derivative of Eq. (44) subjected to the junction
condition in Eq. (47), which takes the form

∇μP ¼ ∇μP� þ ϵnμ½P�δðlÞ: ð53Þ

This derivative features a term proportional to δðlÞ, which
gives rise to singular terms δ2ðlÞ in the first term of Eq. (52)
due to the products ∇μP∇νP. To preserve the regularity of
∇μ∇νfP, one must thus impose the continuity of P; i.e., we
obtain a differential junction condition of the form3

3We note that even though P ¼ RμνRμν, having ½P� ¼ 0 does
not imply immediately that ½Rμν� ¼ 0. Indeed, if fRμνg ¼ 0, it is
possible that ½P� ¼ 0 even though ½Rμν� ≠ 0; see Eq. (17).
However, the inverse is true, as having ½Rμν� ¼ 0 implies
½P� ¼ 0. Thus, this junction condition could be alternatively
derived as a consequence of Eq. (49).
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½P� ¼ 0: ð54Þ

Consequently, the second-order covariant derivative of P
can be obtained by differentiating Eq. (53) subjected to the
junction condition in Eq. (54), which yields

∇μ∇νP ¼ ∇μ∇νP� þ ϵnμ½∇νP�δðlÞ: ð55Þ

We now have all the necessary ingredients to deduce the
form of the stress-energy of the thin shell SðPÞab . Taking the
field equations in Eq. (2), with the distribution quantities in
Eqs. (25), (44), and (30), subjected to the junction con-
ditions in Eqs. (47), (49), and (54), and taking a projection
into Σ with eμaeνb, one obtains

8πSðPÞab ¼ ϵhabðfPPfRμνgnμ½∇νP� þ fpnμ½∇νRμν�Þ
þ ϵeμaeνbðfPPfRμνgnσ½∇σP� þ fPnσ½∇σRμν�
− 2fPPfRρ

ðμgnνÞ½∇ρP� − 2fPnρ½∇ðμR
ρ
νÞ�Þ: ð56Þ

Summarizing, a theory of gravity featuring a dependency
fðPÞ in the action has a complete set of junction conditions
with three extra conditions in comparison to GR, namely
Eqs. (47), (49), and (54), and the stress-energy tensor of the
thin shell is given by Eq. (56). Note that Eq. (47) also
appears in GR but for the particular case of smooth
matching, whereas in fðPÞ gravity it is a necessary
requirement even for a matching with a thin shell. If one
now requires a smooth matching, i.e., in the absence of a
thin shell, two extra junction conditions arise:

½∇μP� ¼ 0; ½∇σRμν� ¼ 0; ð57Þ

none of which are a requirement of GR.

D. Contribution of f ðQÞ
Let us now analyze the contributions of a function fðQÞ,

with Q ¼ RμνσρRμνσρ. For such a function, the tensor HðQÞ
μν

is given by

HðQÞ
μν ¼ 2fQRσργμR

σργ
ν − 4∇σ∇ρðfQRσ

ðμνÞ
ρÞ: ð58Þ

Similarly to what happens for the scalar P, since the
Riemann tensor features a term proportional to δðlÞ in
the distribution formalism [see Eq. (24)], then the scalar Q
features singular terms proportional to δ2ðlÞ. In general, the
scalar Q can be written in the distribution formalism in the
form

Q ¼ Q� þ 2Q̄δðlÞ þ Q̂δ2ðlÞ; ð59Þ

where the quantities Q̄ and Q̂ are given in terms of
geometrical quantities at Σ as

Q̄ ¼ 4fRμνσρg½Kab�ea½μnν�eb½ρnσ�; ð60Þ

Q̂ ¼ 4½Kab�½Kab�: ð61Þ

Since Q̂ is quadratic in ½Kab� and, thus, strictly positive, to
preserve the regularity of Q it is necessary to force the
extrinsic curvature to coincide on both sides of Σ; i.e., one
obtains an immediate junction condition of the form

½Kab� ¼ 0: ð62Þ

Following this result, both the quantities Q̄ and Q̂ vanish and
Q becomes regular. Since now Q does not feature terms
proportional to δðlÞ, the function fðQÞ and its partial
derivative fQ are automatically regular. Note also that
Eq. (62) implies that R̄μνσρ ¼ 0, thus guaranteeing the
regularity of the first term on the right-hand side of Eq. (58).
Concerning the differential term in Eq. (58), which gives

rise to one term proportional to derivatives of Rσ
ðμνÞ

ρ and
one term proportional to derivatives of the function fQ, let
us start by analyzing the former. Taking the covariant
derivative of Eq. (24) and taking the junction condition in
Eq. (62) into consideration, one obtains

∇γRμνσρ ¼ ∇γR�
μνσρ þ ϵnγ½Rμνσρ�δðlÞ: ð63Þ

Although the term proportional to δðlÞ in the equation
above is not problematic by itself, since the tensorHμν does
not feature any products of first-order derivatives of Rμνσρ,
its presence leads to the appearance of double gravitational
layers, a topic that we deal with in detail in an upcoming
section, Sec. VI. Thus, to prevent the double gravitational
layers to rise at this point, we impose the immediate
junction condition

½Rμνσρ� ¼ 0: ð64Þ

The second-order covariant derivatives of Rμνσρ can now be
obtained by differentiating Eq. (63) and imposing Eq. (64),
from which we obtain

∇γ∇δRμνσρ ¼ ∇γ∇δR�
μνσρ þ ϵnγ½∇δRμνσρ�δðlÞ: ð65Þ

Let us now turn to the term proportional to the derivative
of fQ in Eq. (58). The first- and second-order covariant
derivatives of the function fQ can be written in terms of
derivatives of Q via the chain rule, which take the forms

∇μfQ ¼ fQQ∇μQ; ð66Þ

∇μ∇νfQ ¼ fQQQ∇μQ∇νQþ fQQ∇μ∇νQ: ð67Þ
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Taking a derivative of Eq. (59) subjected to the junction
condition in Eq. (62), the first-order covariant derivative of
Q takes the form

∇μQ ¼ ∇μQ� þ ϵnμ½Q�δðlÞ: ð68Þ

Since this derivative features a term proportional to δðlÞ, it
gives rise to singular terms δ2ðlÞ in the first term of Eq. (67)
due to the products ∇μQ∇νQ, and thus the continuity of Q
is necessary to preserve the regularity of this term; i.e., one
obtains a differential junction condition of the form4

½Q� ¼ 0: ð69Þ

The second-order covariant derivative of Q can now be
obtained by differentiating Eq. (68) subjected to the
junction condition in Eq. (69), from which one obtains

∇μ∇νQ ¼ ∇μ∇νQ� þ ϵnμ½∇νQ�δðlÞ: ð70Þ

We are now equipped with all the necessary quantities to
obtain the explicit form of the contribution SðQÞ

ab to the
stress-energy tensor of the thin shell. Taking the field
equations in Eq. (2) with the distribution functions in
Eqs. (24), (59), and (31), along with the junction conditions
in Eqs. (62), (64), and (69), and projecting the result into σ
with eμaeνb, we obtain

SðQÞ
ab ¼ −4ϵnσðfQQ½∇ρQ�fRσ

ðμνÞ
ρg þ fQ½∇ρRσ

ðμνÞ
ρ�Þ: ð71Þ

Summarizing, for a theory of gravity with an action
depending on fðQÞ, three extra junction conditions arise in
comparison with GR, namely Eqs. (62), (64), and (69), and
the contributions of this dependency to the stress-energy
tensor of the thin shell are given in Eq. (71). Similarly to the
fðPÞ case, the condition in Eq. (62), which in GR appears
only for smooth matching, here it is a requirement even for
the matching with a thin shell. To require a smooth
matching, i.e., without a thin shell, two extra junction
conditions must be imposed:

½∇μQ� ¼ 0; ½∇γRμνσρ� ¼ 0; ð72Þ

again none of which are a requirement in GR.

E. Contribution of f ðGÞ
Consider now the contributions of a function fðGÞ,

where G is the Gauss-Bonnet invariant. The tensor HðGÞ
μν

in this situation takes the form

HðGÞ
μν ¼1

2
gμνGfGþ4ðRμσνρþ2gσ½νRρ�μþ2gμ½σGν�ρÞ∇σ∇ρfG:

ð73Þ

Since the Riemann tensor and its contractions feature terms
proportional to δðlÞ [see Eqs. (24)–(26)], then the scalar G
could in principle feature terms proportional to δ2ðlÞ. Even
though this is not the case, as we prove in what follows, let
us for now write G in the distribution formalism in the form

G ¼ G� þ 2ḠδðlÞ þ Ĝδ2ðlÞ; ð74Þ

where the quantities Ḡ and Ĝ are given in terms of the
geometrical quantities at Σ as

Ḡ ¼ fRgR̄ − 4fRabgR̄ab þ fRabcdgR̄abcd; ð75Þ

Ĝ ¼ R̄2 − 4R̄abR̄ab þ R̄abcdR̄abcd: ð76Þ

The term proportional to δ2ðlÞ is singular in the distribu-
tional formalism and thus should be removed, similarly to
what was done in the previous cases. However, inserting
Eqs. (27)–(29) into Eq. (76), one verifies that the terms in
the right-hand side of the latter equation cancel out,
resulting in Ĝ ¼ 0. Thus, no extra junction conditions arise
from this potentially singular term. On the other hand,
replacing Eqs. (27)–(29) into Eq. (75), an adequate alge-
braic manipulation allows one to rewrite Ḡ in the convenient
form

Ḡ ¼ 4ϵfRabcdghγδeaγecδebαedβ
�
½Kαβ� − 1

2
hαβ½K�

�
: ð77Þ

For a general analytical function fðGÞ, one expects that
powers of the form G2 or higher should appear in fðGÞ and
its partial derivatives fG. Given that G still features a term
proportional to δðlÞ, these powers of G would give rise to
singular δ2ðlÞ factors in the distribution formalism. To
preserve the regularity of f and its partial derivatives,
one must thus impose Ḡ ¼ 0; i.e., ½Kab� ¼ 1

2
hab½K�.

Taking the trace of this condition, one obtains ½K� ¼ 0,
which upon a replacement back in the original constraint
leads to the immediate junction condition of the form

½Kab� ¼ 0: ð78Þ

Regarding now the differential terms in Eq. (73), the
first- and second-order partial derivatives of fG can be
written in terms of derivatives of G as

∇μfG ¼ fGG∇μG; ð79Þ

4Again, note that even thoughQ ¼ RμνσρRμνσρ, having ½Q� ¼ 0
does not imply immediately that ½Rμνσρ� ¼ 0, as the same result
can be obtained from fRμνσρg ¼ 0; see Eq. (17). However, the
inverse is true, which implies that one could have deduced this
junction condition alternatively as a consequence of Eq. (64).
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∇μ∇νfG ¼ fGGG∇μG∇νGþ fGG∇μ∇νG: ð80Þ

Similarly to the previous cases, the first-order covariant
derivative of G can be obtained by taking a derivative of
Eq. (74) under the junction condition in Eq. (78), from
which one obtains

∇μG ¼ ∇μG� þ ϵnμ½G�δðlÞ: ð81Þ

This derivative features a term proportional to δ2ðlÞ which,
upon a replacement into Eq. (80), gives rise to singular
terms δ2ðlÞ due to the products ∇μG∇νG. To preserve the
regularity of ∇μ∇νfG, the continuity of Gmust be imposed;
i.e., we obtain the differential junction condition

½G� ¼ 0: ð82Þ

The second-order covariant derivative of G can then be
obtain by taking a derivative of Eq. (81) subjected to the
condition in Eq. (82), which takes the form

∇μ∇νG ¼ ∇μ∇νG� þ ϵnμ½∇νG�δðlÞ: ð83Þ

One now has all the necessary ingredients to obtain the
contribution of the fðGÞ component to the stress-energy

tensor of the thin shell, SðGÞab . Taking the field equations
in Eq. (2) with a Hμν tensor given by Eq. (73), with
the quantities in the distribution formalism given in
Eqs. (24)–(26), and (83), and considering the junction
conditions in Eqs. (78) and (82), and projecting the result
into Σ using eμaeνb, one obtains

8πSðGÞab ¼ 4ϵeμaeνbg
γρ½∇γG�nσfGGðfRμσνρg

þ 2gσ½νfRρ�μg þ 2gμ½σfGν�ρgÞ: ð84Þ

Summarizing, for a theory of gravity with an action
depending on fðGÞ, two extra junction conditions arise
in comparison with GR, namely Eqs. (78) and (82), and
the contributions of this function to the stress-energy
tensor of the thin shell are given by Eq. (84). Similarly to
what happens in fðPÞ and (Q), the condition in Eq. (78)
appears even if the matching is not smooth, unlike in GR
for which it is only necessary if the matching is smooth. To
require now a smooth matching, i.e., in the absence of a
thin shell, a single extra junction condition must be
imposed, namely

½∇μG� ¼ 0; ð85Þ

a condition that is not required in GR.

F. Contribution of f ðTÞ
Let us now consider the contributions of a function fðTÞ.

These junction conditions have already been indirectly

deduced in Ref. [27] for the fðR; TÞ gravity, but again we
briefly review them here for self-consistency. For Xi ¼ T,

the tensor HðTÞ
μν takes the form

HðTÞ
μν ¼ fTðTμν þ ΘμνÞ; ð86Þ

where Θμν is an auxiliary tensor defined in terms of the
variation of the stress-energy tensor Tμν as

Θμν ¼ gσρ
δTσρ

δgμν
¼ −2Tμν þ gμνLm − 2gσρ

∂Lm

∂gμν∂gσρ
: ð87Þ

For the matter distribution specified in Eq. (11), the
auxiliary tensor Θμν takes the form

Θμν ¼ −2Tμν þ pgμν: ð88Þ

For a function fðTÞ that admits a Taylor-series expansion,
one expects that in general powers of the form T2 or higher
should appear both in fðTÞ and its partial derivatives fT .
From Eq. (31), one verifies that T features a term propor-
tional to δðlÞ, which induces terms δ2ðlÞ in the function
fðTÞ, which are singular in the distribution formalism. To
preserve the regularity of fðTÞ and its derivative fT ,
one must thus impose that the terms proportional to δðlÞ
in T must vanish; i.e., we obtain the immediate junction
condition

S ¼ 0: ð89Þ

Since there are no differential terms in Eq. (86), the FðTÞ
theory does not feature any differential junction conditions,
and one can proceed directly to the analysis of the
contribution of this theory to the stress-energy tensor of

the thin shell SðTÞμν . Taking the field equations in Eq. (2) with
Hμν given by Eq. (86), the stress-energy tensor Tμν written
in the distribution formalism from Eq. (30), and taking a
projection into Σ with eμaeνb, one obtains

8πSðTÞab ¼ fTSab: ð90Þ

Note that the two tensors SðTÞab and Sab represent different
quantities: the first represents the single contribution of the
fðTÞ component to the thin shell, whereas the second
represents the complete stress-energy tensor of the thin
shell. The junction condition in Eq. (89) that requires S ¼ 0
concerns only the complete stress-energy tensor, i.e., the
quantity Sab, and must be implemented only after all
contributions of the Xi scalars have been introduced.
Summarizing, for a theory of gravity featuring a depend-

ency fðTÞ in the action, the complete set of junction
conditions features one extra condition in comparison to
GR, namely Eq. (89), and the contribution to the stress-
energy tensor of the thin shell is given by Eq. (90).
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Requiring the matching to be smooth, i.e., in the absence of
a thin shell or Sab ¼ 0, does not give rise to any additional
junction conditions at this point. Similarly to the condition
S ¼ 0, as the necessary requirements to achieve smooth-
ness depend on the explicit form of Sab, one can only
impose smoothness after the complete theory to be used as
framework has been specified.

G. Contribution of f ðT Þ
Consider now the contributions of a function fðT Þ,

where T ¼ TμνTμν. In this situation, the tensor HðT Þ
μν takes

the form

HðT Þ
μν ¼ fT Φμν; ð91Þ

where Φμν is an auxiliary tensor defined in terms of the
variation of the scalar T as

Φμν ¼
δT
δgμν

¼ −2Lm

�
Tμν −

1

2
gμνT

�
− TTμν

þ 2Tσ
μTσν − 4Tσρ ∂

2Lm

∂gμνgσρ
: ð92Þ

For the matter content specified in Eq. (11), the auxiliary
tensor Φμν takes the form

Φμν ¼ −2p
�
Tμν −

1

2
gμνT

�
− TTμν þ 2Tσ

μTσν: ð93Þ

The stress-energy tensor Tμν features a term proportional to
δðlÞ, namely the stress-energy tensor of a possible thin shell
at Σ; see Eq. (30). This implies that the scalar T features
singular terms proportional to δ2ðlÞ in its distributional
form. More precisely, the scalar T can be written in the
general form

T ¼ T � þ 2T̄ δðlÞ þ T̂ δ2ðlÞ; ð94Þ

where the quantities T̄ and T̂ are given in terms of the
stress-energy of the thin shell as

T̄ ¼ fTμνgSμν; ð95Þ

T̂ ¼ SμνSμν: ð96Þ

Since T̂ is quadratic in Sμν, and thus it is strictly positive,
one verifies that the regularity of T is only preserved if no
thin shell is present upon matching; i.e., the immediate
junction condition takes the form

Sμν ¼ 0: ð97Þ

This is a highly restrictive condition, as it forces any
matching in a theory for which the action depends on a
function fðT Þ to be smooth. Following this result, both T̄
and T̂ vanish, and the scalar T is regular, as well as the
function f. Given that Eq. (91) does not feature any
differential terms, no other junction conditions arise in
this theory. Furthermore, since the junction condition in
Eq. (97) forces the matching to be smooth, the contribution

of fðT Þ to the stress-energy tensor of the thin shell SðT Þ
ab

vanishes identically, i.e.,

SðT Þ
ab ¼ 0: ð98Þ

H. Contribution of f ðRÞ
Consider next the contributions of a function fðRÞ,

where R ¼ RμνTμν. For such a function, the tensor HðRÞ
μν

becomes

HðRÞ
μν ¼ 1

2
ð□TμνfR þ gμν∇σ∇ρTσρfRÞ

−∇σ∇ðμTσ
νÞfR − ΞμνfR; ð99Þ

where Ξμν is an auxiliary tensor defined as

Ξμν¼−GμνLm−
1

2
RTμνþ2Rσ

μTσν−2Rσρ δ2Lm

δgμνδgσρ
: ð100Þ

For the matter distribution considered in Eq. (11), the
auxiliary tensor Ξμν takes the explicit form

Ξμν ¼ −Gμνp −
1

2
RTμν þ 2Rσ

ðmuTνÞσ: ð101Þ

Both the Ricci tensor Rμν and the stress-energy tensor Tμν

feature terms proportional to δðlÞ in the distribution
formalism; see Eqs. (25) and (30), respectively. Thus,
the scalar R features singular terms proportional to
δ2ðlÞ. The scalar R can be written in the general form

R ¼ R� þ 2R̄δðlÞ þ R̂δ2ðlÞ; ð102Þ

where the quantities R̄ and R̂ can be written in terms of
both geometrical quantities and the stress-energy tensor of
the thin shell at Σ as

R̄ ¼ fRμνgSμν − fTμνgðϵ½Kab�eμaeνb þ nμnν½K�Þ; ð103Þ

R̂ ¼ −Sμνðϵ½Kab�eμaeνb þ nμnν½K�Þ: ð104Þ

To preserve the regularity of R, the quantity R̂ must be
forced to vanish. This can be achieved either via the
imposition Sμν ¼ 0 or ½Kab� ¼ 0. However, even though
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either of this assumptions guarantees the regularity of R,
the regularity of fðRÞ is not guaranteed until both of the
assumptions are independently imposed. Indeed, since the
function fðRÞ is assumed to be analytical, and thus can
feature power laws of the form R2 or higher, the presence
of the term proportional to δðlÞ in R could lead to singular
terms δ2ðlÞ in fðRÞ. To avoid these problematic terms, both
R̂ and R̄must be forced to vanish. If one forces R̂ to vanish
by imposing Sμν ¼ 0, then R̄ can only vanish by imposing
½Kab� ¼ 0 and vice versa. Consequently, two immediate
junction conditions arising from the regularity of fðRÞ are

Sμν ¼ 0; ð105Þ

½Kab� ¼ 0: ð106Þ

Again, these conditions are highly restrictive and force any
matching in a theory of gravity for which the action
depends in fðRÞ to be smooth.
Consider now the differential terms in Eq. (99). These

contain first- and second-order covariant derivatives of both
fR and Tμν, which we should analyze separately. Taking
the covariant derivative of Eq. (30) under the condition of
smoothness obtained in Eq. (105), one obtains

∇σTμν ¼ ∇σT
μν
� þ ϵnσ½Tμν�δðlÞ: ð107Þ

The term proportional to δðlÞ would is not problematic by
itself. However, its presence would lead to derivatives of the
δðlÞ function which are associated with double gravitational
layers, which are studied later in Sec. VI. Thus, to avoid the
analysis of double gravitational layers at this point, we
impose the immediate junction condition

½Tμν� ¼ 0: ð108Þ

The second-order covariant derivatives of Tμν can now be
obtained by differentiating Eq. (107) and imposing
Eq. (108), from which one obtains

∇σ∇ρTμν ¼ ∇σ∇ρT
μν
� þ ϵnσ½∇ρTμν�δðlÞ: ð109Þ

Let us now turn to the terms proportional to derivatives
of fR in Eq. (99). The derivatives of fR can be written in
terms of derivatives of R as

∇μfR ¼ fRR∇μR; ð110Þ

∇μ∇νfR ¼ fRRR∇μR∇νRþ fRR∇μ∇νR: ð111Þ

The first-order derivative of R can be obtained by taking a
derivative of Eq. (102) subjected to the junction conditions
in Eqs. (105) and (106), which yields

∇μR ¼ ∇μR� þ ϵnμ½R�δðlÞ: ð112Þ

The derivative above features a term proportional to δðlÞ
which, when replaced into Eq. (111), leads to singular
products of the form δ2ðlÞ due to the products ∇μR∇νR.
Thus, to preserve the regularity of ∇μ∇νfR, one must
impose the continuity of R; i.e., we obtain the differential
junction condition

½R� ¼ 0: ð113Þ

Then, the second-order derivative of R can be obtained by
taking a derivative of Eq. (112) under the condition in
Eq. (113), from which one obtains

∇μ∇νR ¼ ∇μ∇νR� þ ϵnν½∇μR�δðlÞ: ð114Þ

One can now insert these results back into the definition of

HðRÞ
μν given in Eq. (99), take a projection into Σ using eμaeνb

and verify what terms proportional to δðlÞ appear in this
tensor. Note that, since in this case the matching is forced to
be smooth from the junction condition in Eq. (105), these
terms are not contributions to the stress-energy tensor of the

thin shell SðRÞ
ab . Indeed, this tensor vanishes identically; i.e.,

SðRÞ
ab ¼ 0: ð115Þ

Instead, the appearance of extra terms proportional to

δðlÞ in HðRÞ
μν give rise to extra junction conditions. In

particular, the first-order derivative of R and Tμν must be
continuous; i.e.,

½∇μR� ¼ 0; ð116Þ

½∇σTμν� ¼ 0: ð117Þ

Note that, since the first of these conditions arises from a
term proportional to a covariant derivative of fR, it
corresponds to a differential junction condition, whereas
the second one, which comes from a term proportional to a
covariant derivative of Tμν, corresponds to an immediate
junction condition. This distinction is important at the level
of the coupling junction conditions, as is shown in
Sec. IV I.
Summarizing, for a theory of gravity for which the action

depends explicitly in fðRÞ, the matching is always forced to
be smooth, i.e., Sab ¼ 0, and four extra junction conditions
arise in comparison with GR, namely the ones provided in
Eqs. (105), (106), (108), (113), (116), and (117).

I. Contribution of couplings XiXj

In the previous sections, we have derived the junction
conditions of a certain fðXÞ theory of gravity assuming that
the action function depends on a single scalar X. If one
considers a theory depending on two or more scalars, say
fðXi; XjÞ, additional differential junction conditions arising
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from the coupling of the two scalars may emerge, as well as
extra contributions to the stress-energy tensor of the thin
shell, when it is present. To illustrate how this happens, let
us consider a theory of gravity for which action depends on
a function of two scalars X and Y, i.e., fðX; YÞ. For such a
theory of gravity, the first- and second-order covariant
derivatives take the forms

∇μf ¼ fX∇μX þ fY∇μY; ð118Þ

∇μ∇νf ¼ fXX∇μX∇νX þ fYY∇μY∇νY þ 2fXY∇ðμX∇νÞY

þ fX∇μ∇νX þ fY∇μ∇νY: ð119Þ

Consider that the scalars X and Y are such that the tensor
HX

μν of fðXÞ features at least one differential term (this
happens for the scalars R, P, Q, G, and R), say, e.g.,
∇μ∇νfX, whereas the tensor HY

μν of fðYÞ does not feature
any differential terms (this happens for the scalars T and
T ). In this case, the previous analysis of fðXÞ and fðYÞ
would lead to the appearance of differential junction
conditions for X but not for Y. However, if the function
fðX; YÞ depends simultaneously in both X and Y, Eq. (119)
tells us that the terms that induce the differential junction
conditions for the scalar X have exact counterparts for the
scalar Y, in this case ∇μ∇νY, even if the field equations for
fðYÞ only do not feature such terms. This implies that,
when X and Y are coupled in a theory fðX; YÞ, this theory
features differential junction conditions for the field Y with
the same form as the ones for the field X.
Under the same assumptions as the previous paragraph,

an analysis of the fðXÞ theory would have led to a
contribution to the stress-energy tensor of the thin shell
Sab proportional to the second-order derivative of X,
whereas the analysis of fðYÞ would not have led to such
a contribution. Again, if the function fðX; YÞ depends
simultaneously on both X and Y, Eq. (119) shows that the
term proportional to fX∇μ∇νX which induces such a
contribution to Sab has a counterpart proportional to
fY∇μ∇νY. Thus, even if the function fðYÞ by itself does
not induce a contribution to the stress-energy tensor Sab, the
coupling between X and Y in fðX; YÞ does induce such a
contribution, of the same form as the one induced by
fðXÞ alone.
Summarizing the statements traced in the previous two

paragraphs, for any theory of gravity for which the action
depends on more than one scalar Xi, the couplings between
any two scalars Xi and Xj imply that
(1) the coupling junction conditions for Xj induced by

the coupling with Xi are of the same form as the
differential junction conditions for Xi but applied
to Xj;

(2) the additional contributions of Xj to the stress-
energy tensor Sab induced by the coupling with

Xi are of the same form as the contributions of Xi to
the stress-energy tensor Sab arising from the differ-
ential terms in HXi

μν, where the factor proportional to
fXiXi

is exchanged by a factor fXiXj
.

1. Example of coupling conditions: f ðR;TÞ gravity
To clarify the procedure described above, let us provide

an explicit example on how to compute the contributions
of the couplings between different scalars to the junction
conditions. Consider a theory for which the action is
described by a function fðR; TÞ. According to the results
of the previous sections, a function fðRÞ induces an
immediate junction condition ½K� ¼ 0, a differential junc-
tion condition ½R� ¼ 0, and the differential terms contrib-
ute to the stress-energy tensor with a term proportional to
fRRnμ½∇μR�. On the other hand, the function fðTÞ induces
an immediate junction condition S ¼ 0, and due to the

absence of differential terms inHðTÞ
μν it does not induce any

differential junction condition. Now, point 1 above states
that the theory fðR; TÞ should feature an additional
coupling junction condition of the same for as the differ-
ential junction condition in fðRÞ but applies to T; i.e.,
one obtains the coupling junction condition ½T� ¼ 0.
Furthermore, point 2 above states that the theory
fðR; TÞ should also feature an additional contribution to
the stress-energy tensor Sab of the same for as the
contribution of the differential terms of fðRÞ but applied
to T; i.e., one obtains an additional contribution propor-
tional to fRTnμ½∇μT�. The junction conditions for fðR; TÞ
gravity thus take the form

½K� ¼ 0;

½R� ¼ 0;

½T� ¼ 0;

S ¼ 0; ð120Þ

while the contributions to the stress-energy tensor of the

thin shell SðRTÞab take the forms

ð8π þ fTÞSðRTÞab ¼ −ϵfR½Kab� þ ϵhabnμðfRR½∇μR�
þ fRT ½∇μT�Þ: ð121Þ

Now, taking the trace of Eq. (121) and using the jun-
ction conditions S ¼ 0 and ½K� ¼ 0, one obtains
fRR½∇μR� þ fRT ½∇μT� ¼ 0, which can then be replaced
again into Eq. (121) to simplify the result. The final set of
junction conditions for the fðR; TÞ theory of gravity thus
takes the form
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½K� ¼ 0;

½R� ¼ 0;

½T� ¼ 0;

fRR½∇μR� þ fRT ½∇μT� ¼ 0;

ð8π þ fTÞSab ¼ −ϵfR½Kab�; ð122Þ

which corresponds precisely to the set of junction con-
ditions previously found in Ref. [27]. The same procedure
can be applied to any other theory with an action defined
by a function fðX1;…; XnÞ.

J. Summary of junction conditions

Let us now summarize the results obtained in this
section. The immediate and differential junction conditions
for the matching between two spacetimes arising from the
dependency of the action of the theory in each of the scalars
analyzed, as well as the additional junction conditions that
arise if one further requires the matching to be smooth, are
summarized in Table I. Note that in case one is interested in
analyzing a theory featuring more than one scalar, i.e., with
couplings between different scalars, the additional coupling
junction conditions and contributions to the stress-energy
tensor of the thin shell can be extracted following the
procedure outlined in Sec. IV I.

V. PARTICULAR SETS OF JUNCTION
CONDITIONS

In Sec. IV we outlined a general method to obtain
the junction conditions of a theory of gravity described by

an action depending on a general function fðX1;…; XnÞ
of scalars Xi. In this method, we have assumed that this
function is as general as possible; i.e., it admits a Taylor-
series expansion with nonvanishing coefficients up to any
arbitrary expansion order. If this assumption is dropped,
i.e., if some specific coefficients of the Taylor-series
expansion vanish, it might happen that some of the
requirements of the full set of junction conditions and
contributions to the stress-energy tensor of the thin
shell for a general theory may be discarded or are altered.
Thus, in this section we analyze under which assump-
tions the full set of junction conditions is altered to a
simpler form.

A. Eliminate coupling junction conditions

In Sec. IV I, we proved that additional junction con-
ditions arise when the function fðX1;…; XnÞ features
couplings between the scalars Xi and Xj, for i ≠ j, if
either (or both) of the scalars Xi and Xj induce differential
junction conditions in the particular cases fðXiÞ and fðXjÞ,
which happens for the scalars R, P, Q, G, and R. Let us
now analyze how particular forms of the function
fðX1;…; XnÞ may lead to a removal of any additional
coupling junction conditions from the system.
Consider a scalar X for which HðXÞ

μν features differential
terms of the form ∇μ∇νfX, that induce differential
junction conditions in the particular case fðXÞ, coupled
to another scalar Y. Following Eq. (119), one verifies that
the coupling junction conditions for Y arise from terms in
∇μ∇νfX proportional to fXYY and fXXY , whereas the
additional contributions to the stress-energy tensor Sab
arise from terms proportional to fXY . Thus, if one chooses
a particular form of the function fðX; YÞ such that
fXYY ¼ fXXY ¼ fXY ¼ 0, the resulting theory does not
feature any additional coupling junction conditions, even
though the action depends on both the scalars X and Y. On
the other hand, one could instead consider a function
satisfying fXYY ¼ fXXY ¼ 0 and fXY ≠ 0, from which one
would obtain a theory featuring additional coupling
junction conditions from X to Y but no additional con-
tributions to the stress-energy tensor of the thin shell. In
general, for a theory depending on several scalar quan-
tities, one can always select specific forms of the function
fðX1;…; XnÞ for which the terms proportional to partial
derivatives that induce coupling junction conditions or
additional contributions to the stress-energy tensor of the
thin shell caused by the coupling between any two specific
scalars Xi and Xj are absent, while the couplings between
any remaining scalars are present.
The simplest possible way to avoid coupling junction

conditions is to split the function fðX1;…; XnÞ into n
independent functions proportional to each of the scalars Xi
independently, i.e.,

TABLE I. Summary of the immediate junction conditions,
differential junction conditions, and additional junction condi-
tions required for smooth matching for each of the theories under
analysis. For the additional junction conditions arising from
couplings between different scalar, refer to Sec. IV I.

Theory Immediate Differential Smooth

GR None None ½Kab� ¼ 0

fðRÞ ½K� ¼ 0 ½R� ¼ 0
½Kab� ¼ 0
½∇μR� ¼ 0

fðPÞ ½Kab� ¼ 0 ½P� ¼ 0
½∇μP� ¼ 0

½Rμν� ¼ 0 ½∇σRμν� ¼ 0

fðQÞ ½Kab� ¼ 0 ½Q� ¼ 0
½∇μQ� ¼ 0

½Rμνσρ� ¼ 0 ½∇γRμνσρ� ¼ 0

fðTÞ S ¼ 0 None None

fðT Þ Sμν ¼ 0 None Always

fðRÞ
Sμν ¼ 0 Always
½Kab� ¼ 0 ½R� ¼ 0
½Tμν� ¼ 0 ½∇μR� ¼ 0

½∇σTμν� ¼ 0
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fðX1;…; XnÞ ¼
Xn
i¼1

fðiÞðXiÞ: ð123Þ

Under this assumption, all crossed derivatives of the
function f vanish, and thus no additional coupling terms
arise in the field equations. However, this is not the most
general form that the function f can have. Indeed, for some
of the scalars Xi, the function f may admit some specific
low-order couplings without giving rise to coupling junction
conditions. Thus, if one aims to use the most general
function fðX1;…; XnÞ that avoids the appearance of cou-
pling junction conditions, the additional admissible terms in
Eq. (123) must be analyzed in a case-by-case basis, via the
expansion of the differential terms associated to each of
the scalars Xi and identifying which partial derivatives of
the function f give rise to additional conditions.
As an example, consider again the function fðR; TÞ. The

differential terms in HðRÞ
μν depend on second-order deriv-

atives of the function fR, which by Eq. (119) lead to

∇μ∇νfR ¼ fRRR∇μR∇νRþ fRTT∇μT∇νT

þ 2fRRT∇ðμR∇νÞTþ fRR∇μ∇νRþfRT∇μ∇νT:

ð124Þ

One can verify directly that a function of the form of
Eq. (123), i.e., fðR; TÞ ¼ f1ðRÞ þ f2ðTÞ, would lead to the
vanishing of all coupling terms in the result above, thus
preventing the appearance of additional coupling junction
conditions. However, although this drastic split is suffi-
cient, it is not necessary. Indeed, one verifies that the terms
∇μT∇νT and ∇ðμR∇νÞT that give rise to additional cou-
pling conditions appear proportionally to the factors fRTT
and fRRT . These two factors vanish even if the function
fðR; TÞ features a product RT. Thus, the most general form
of the function fðR; TÞ that allows one to discard the
coupling junction conditions from the full set of junction
conditions is

fðR; TÞ ¼ f1ðRÞ þ f2ðTÞ þ αRT; ð125Þ

where α is a coupling constant.
If one further demands that the additional contributions to

the stress-energy tensor of the thin shell caused by the
couplings between R and T are absent, a similar analysis as
before must be undergone but with respect to the differential
term ∇μ∇νT. This term, which gives rise to additional
contributions to Sab, appears proportionally to a factor fRT,
which must be forced to vanish. In this case, the only
possible way to achieve this result is to consider α ¼ 0 in
Eq. (125), thus recovering the complete split between R and
T. Under these assumptions, the complete set of junction

conditions for the function fðR; TÞ ¼ f1ðRÞ þ f2ðTÞ takes
the form

½K� ¼ 0;

½R� ¼ 0;

½∇μR� ¼ 0;

ð8π þ fTÞSab ¼ −ϵfR½Kab�: ð126Þ

B. Eliminate differential junction conditions

The procedure to eliminate the differential junction
conditions is similar to the one outlined in the previous
section to eliminate the coupling junction conditions. In this
case, one must again expand the derivatives in the differ-
ential terms ofHðiÞ

μν , if any, and select a particular form of the
function f such that any terms giving rise to differential
junction conditions in the field equations vanish.
Taking again the function fðR; TÞ as an example, the

second-order derivatives of fR that appear inHðRÞ
μν are given

in Eq. (124). In this equation, the differential junction
conditions of fðRÞ arise from the terms fRRR∇μR∇νR and
fRRT∇μR∇νT, whereas the contribution to the stress-
energy tensor of the thin shell comes from the term
fRR∇μ∇νR. Thus, if one searches a specific form of the
theory for which the differential junction condition is
discarded, one must select a form of fðR; TÞ such that
fRRR ¼ 0 and fRRT ¼ 0. The most general form of fðR; TÞ
that satisfies these requirements is

fðR; TÞ ¼ αRf1ðTÞ þ βR2 þ f2ðTÞ; ð127Þ

where α and β are coupling constants. For this choice of
function f, the full set of junction conditions takes the form

½K� ¼ 0;

½T� ¼ 0;

fRR½∇μR� þ fRT ½∇μT� ¼ 0;

ð8π þ fTÞSab ¼ −ϵfR½Kab�: ð128Þ

On the other hand, if one further requires that the con-
tribution to the stress-energy tensor of the thin shell is
removed, then one must select a form of fðR; TÞ such that
fRR ¼ 0; i.e., fðR; TÞmust be at most linear in R. The most
general function fðR; TÞ that satisfies this requirement is

fðR; TÞ ¼ Rf1ðTÞ þ f2ðTÞ; ð129Þ

where α and β are coupling constants. For this choice of
function f, the full set of junction conditions takes the form
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½K� ¼ 0;

½T� ¼ 0;

½∇μT� ¼ 0;

ð8π þ fTÞSab ¼ −ϵfR½Kab�: ð130Þ

Finally, if one demands that both the coupling and the
differential junction conditions are discarded, then the
function f must satisfy all of the previous requirements
simultaneously, i.e., fRRR ¼ 0, fRRT ¼ 0, fRTT ¼ 0
fRR ¼ 0, and fRT ¼ 0, the first three being automatically
covered by the latter two. One thus obtains a function f of
the form

fðR; TÞ ¼ αRþ fðTÞ: ð131Þ

The full set of junction conditions thus reduces to

½K� ¼ 0;

ð8π þ fTÞSab ¼ −ϵfR½Kab�: ð132Þ

C. Eliminate immediate junction conditions

In Sec. IV, we showed that the immediate junction
conditions may arise in two different ways. If a scalar Xi

features a term proportional to δ2ðlÞ in their definition in the
distribution formalism, the vanishing of this singular term
induces an immediate junction condition. Any immediate
junction condition arising from such a situation can not be
discarded independently of the form of the function
fðX1;…; XnÞ, as it comes from a problematic definition
of the scalar Xi itself. Examples of such conditions can be
found, e.g., for the scalars P, Q, T , and R. On the other
hand, an immediate junction condition may arise for a scalar
Xi if it features a term proportional to δðlÞ but no term
proportional to δ2ðlÞ in their distribution formalism. In such
a case, the immediate junction condition arises from the
assumption that the function f admits a Taylor-series
expansion and thus it features arbitrary powers of Xi, which
induce singular powers of δðlÞ. Immediate junction con-
ditions arising from the latter situation can thus be discarded
by selecting a function fðXi;…; XjÞ that does not feature
any products of δðlÞ functions. In other words, this can be
achieved by forcing the function fðXi;…; XjÞ to be linear
and uncoupled in the scalar Xi whose immediate junction
conditions we want to remove from the system.
Taking again fðR; TÞ as an example, which features the

two immediate junction conditions ½K� ¼ 0 from fðRÞ and
S ¼ 0 from fðTÞ, one thus verifies that the first of these
conditions can be discarded by considering a function that
is linear and uncoupled in R, i.e., by choosing the form

fðR; TÞ ¼ αRþ fðTÞ; ð133Þ

whereas the second of these conditions can be discarded by
considering a function that is linear and uncoupled in T,
i.e., of the form

fðR; TÞ ¼ fðRÞ þ αT; ð134Þ

where α is a coupling constant. If one wants to discard both
of the conditions above, then one must consider a function
that is linear and uncoupled in both the scalars R and T,
that is,

fðR; TÞ ¼ αRþ βT; ð135Þ

where α and β are free parameters. Note that if the function
was to depend on more than two scalars, say, e.g., R, T, and
G, and one is interested in removing only the immediate
junction conditions arising from R, a coupling between
T and G would still be allowed, even if none of the scalars
T and G is allowed to be coupled to R.

VI. JUNCTION CONDITIONS WITH DOUBLE
GRAVITATIONAL LAYERS

Throughout Sec. IV it was mentioned a few times,
namely in the sections associated with the theories fðPÞ,
fðQÞ, and fðRÞ, that some of the junction conditions of
these theories were imposed with the purpose of avoiding
the appearance of double gravitational layers. These double
gravitational layers are additional contributions to the
stress-energy tensor Tμν that take a distributional form
featuring terms dependent on derivatives of the Dirac-δ
distribution function. In this section, we analyze these
additional contributions and under which conditions they
may arise.

A. Derivatives of the Dirac-δ distribution function

Although the use of Gaussian coordinates proves
extremely useful in the analysis of junction conditions
performed in the previous sections, as they allow one to
define the δ distribution as a function of a single affine
parameter l, the use of such framework leads to difficulties
when dealing with derivatives of δ. To overcome this
problem, terms proportional to derivatives of the δ dis-
tribution must be analyzed explicitly through the formalism
of distribution functions applied to some test tensor
function [22,24]. In this section, we clarify how to proceed
to obtain the derivatives of the δ distribution needed in what
follows to analyze double gravitational layers.
Let TF be the distribution function characterized by the

function FðlÞ. For some suitable test function Y with
compact support, the distribution TF acts on Y according
to the following definition:

hTF; Yi ¼
Z
Ω
FYdΩ: ð136Þ
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Following this definition, the covariant derivative of TF
acting on some tensorial test function Yμ of compact
support yields

h∇μTF; Yμi ¼ −hTF;∇μYμi; ð137Þ

where an integration by parts was used and the boundary
term vanishes due to the fact that Yμ has compact support.
Let now δ be the distribution function associated with the
function δðlÞ. Following the result above, the covariant
derivative ∇μδ thus acts on a test function Yμ as

h∇μδ;Yμi¼−hδ;∇μYμi¼−hδ;ϵnμnν∇νYμi− hδ;hνμ∇νYμi;
ð138Þ

where in the last equality we have split the covariant
derivative∇μ into its components orthogonal and tangential
to Σ, i.e., ϵnμnν∇ν and hνμ∇ν, respectively, where
hμν ≡ eaμebνhab. The first term on the right-hand side
of Eq. (138) can be manipulated into the form
h∇μðϵnμnνδÞ; Yμi, and thus it can be thought of as the
application of some tensorial distribution function Δμ ≡
∇νðϵnμnνδÞ acting on the test function Yμ as

hΔμ; Yμi ¼ −
Z
Ω
ϵδðlÞnμnν∇νYμdΩ¼ −

Z
Σ
ϵnμnν∇νYμdΣ:

ð139Þ

On the other hand, the covariant derivative on the
second term on the right-hand side of Eq. (138) can be
dealt with via the application of the Gauss theorem,
from which one obtains hδ; hνμ∇νYμi ¼ hδ; ϵKν

νnμYμi,
where K�

μν ≡ eaμebνK�
ab. Note that K

ν�
ν depends on the side

of Σ where it is computed. Combining this result together
with Eq. (139), one thus obtains

∇μδðlÞ ¼ ∇νðϵnμnνδðlÞÞ − ϵfKν
νgnμδðlÞ

≡ Δμ − ϵfKν
νgnμδðlÞ: ð140Þ

Consider now the situation for which one is interested in
the covariant derivative of the δ distribution multiplied by
some tensor quantity Xμ. Proceeding in a similar fashion
and acting on some tensor function of compact support Yμν,
one obtains

h∇μðXνδÞ; Yμνi ¼ −hδ; ϵXνnμnα∇αYμνi − hδ; Xνhαμ∇αYμνi:
ð141Þ

Similarly as before, the first term on the right-hand
side of Eq. (141) can be manipulated into the form
h∇αðϵXνnμnαδÞ; Yμνi, and thus it can be interpreted as
the application of some distribution function Δμν ≡
∇αðϵXνnμnαδÞ acting on a test function Yμν as

hΔμν; Yμνi ¼ −
Z
Ω
ϵδðlÞXνnμnα∇αYμνdΩ

¼ −
Z
Σ
ϵXνnμnα∇αYμνdΣ: ð142Þ

On the other hand, the second term on the right-hand side of
Eq. (141) can be expanded into hδ; hαμ∇αðXνYμνÞi−
hδ; hαμYμν∇αXνi. The first of these terms can be simplified
via the use of the Gauss theorem into hδ; ϵXνnμKα

αYμνi.
Combining this result with Eq. (142), one thus obtains

∇μðXνδðlÞÞ ¼ ∇αðϵXνnμnαδðlÞÞ
− ðϵXνnμfKα

αg − hαμ∇αXνÞδðlÞ
≡ Δμν − ðϵXνnμfKα

αg − hαμ∇αXνÞδðlÞ: ð143Þ

In what follows, the result of Eq. (143) is essential in the
understanding of how the additional contributions to the
stress-energy tensor, associated with double gravitational
layers and terms nontangential to Σ, arise in situations for
which some of the previously obtained junction conditions
are discarded.

B. Stress-energy tensor in the presence of a double
gravitational layer

To clarify how derivatives of the δ distribution arise in
the theories considered, take as an example the quantity
derivative of an arbitrary quantity X given in Eq. (19),
which features a term proportional to ½X�δðlÞ. In case there
are no junction conditions requiring that ½X� ¼ 0 to
eliminate this term, the second-order derivatives of X
would take the form [22,24]

∇μ∇νX ¼ ∇μ∇νX� þ ϵnμ½∇νX�δðlÞ þ∇μðϵnν½X�δðlÞÞ:
ð144Þ

Defining the tensor Xμ ≡ ϵnμ½X�, one can use the result of
Eq. (143) to compute the term ∇μðnν½X�δðlÞÞ. Furthermore,
the resulting term hαμ∇αðnν½X�Þ can be expanded into two
distinct terms, one containing the extrinsic curvature K�

μν

and another containing the derivative of [X]. The resultant
expression for the second-order covariant derivative of the
quantity X is thus

∇μ∇νX ¼ ∇μ∇νX� þ ϵnμ½∇νX�δðlÞ þ ϵΔX
μν

þ ϵδðlÞðKμν − ϵfKα
αgnμnν þ 2hσðμnνÞ∇σÞ½X�;

ð145Þ

where we have defined K�
μν ¼ eaμebνK�

ab and h
�
μν ¼ eaμebνh�ab,

and ΔX
μν ¼ ∇αðϵ½X�nνnμnαδðlÞÞ is a distribution function

that can be written implicitly for any test function Yμν with
compact support as
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hΔX
μν; Yμνi ¼ −

Z
Σ
ϵ½X�nμnνnσ∇σYμνdΣ: ð146Þ

Note that taking ½X� ¼ 0 one recovers the usual regular
second-order derivatives of the quantity X that have
appeared throughout this manuscript several times in
Sec. IV. The fact that ½X� ≠ 0 implies that additional
contributions to the stress-energy tensor Tμν arise, not only
in the form of additional contributions to the stress-energy
tensor of the thin shell Sab defined on Σ, but also including
additional off-shell terms proportional the normal vector nμ
and the so-called double gravitational layer described by
the distribution Δμν. When such a situation arises, the
stress-energy tensor in the distribution formalism is written
in the form

Tμν ¼ Tþ
μνΘðlÞ þ T−

μνΘð−lÞ þ δðlÞðSμν þ 2SðμnνÞ þ SnμnνÞ
þ sab; ð147Þ

where Sμν is the stress-energy tensor of the thin shell, Sμ
represents an external momentum flux whose normal
component represents the energy flux across Σ and spatial
components represent the tangential stresses, S represents
an external normal tension supported on Σ, and sab is the
stress-energy tensor of the double gravitational layer.

C. Appearance of double gravitational layers

In Sec. V B it was mentioned that differential junction
conditions and the contributions to the stress-energy tensor
of the thin shell in a given theory fðXÞ can be discarded by
taking a particular form of the action for which the terms
∇μX∇νX and ∇μ∇νX are removed from the field equation,
respectively. A particular case of interest arises when the
choice of the function fðXÞ is such as the term ∇μX∇νX is
removed from the field equation, thus discarding the
differential junction conditions associated with the scalar
X, but the term ∇μ∇νX remains present. In such a case, the
absence of a differential junction condition leads to the
appearance of a δðlÞ term in ∇μX which, consequently,
leads to the appearance of the additional contributions to
the stress-energy tensor mentioned previously.
Another situation under which double gravitational

layers may arise independently of the form chosen for
the function fðXÞ is through differential terms in the

tensors HðXÞ
μν proportional to derivatives of geometrical or

matter quantities without derivatives of the function fX.
Such a situation appears, e.g., in the fðQÞ theory, where the
tensor HðQÞ

μν features a term proportional to derivatives of

Rσ
ðμνÞ

ρ; and also in the fðRÞ theory, where the tensor HðRÞ
μν

features terms proportional to derivatives of Tμν. We note
however that contributions to the double gravitational layer
arising this way, i.e., from terms that do not consist of
derivatives of the function fX, do not induce additional

coupling contributions when the scalar X is coupled to
another scalar Y (similarly to what happens for the
immediate junction conditions in comparison with the
differential junction conditions in Sec. IV).
Let us now investigate how the different scalars Xi

contribute to the rise of double gravitational layers. Later, in
Sec. VI D, we analyze how the couplings between two
scalars Xi and Xj affect these results.

1. Contribution of f ðRÞ
We note again that the junction conditions with double

gravitational layers for the fðRÞ theory have already been
analyzed in detail in Ref. [22], but we chose to include them
in this manuscript as well to guarantee its self-consistency.

For the fðRÞ theory, the tensorHðRÞ
μν depends on differential

terms proportional to derivatives of the function fR; see
Eq. (34). These terms can be expanded in terms of
derivatives of R as given in Eq. (37). From this equation,
it can be seen that if fRRR ¼ 0, then the derivatives of the
form ∇μR∇νR, responsible for the appearance of the
junction condition ½R� ¼ 0, are removed from the field
equations. Consequently, the terms proportional to ∇μ∇νR
are altered and feature contributions to the double gravi-
tational layer:

∇μ∇νR ¼ ∇μ∇νR� þ ϵnμ½∇νR�δðlÞ þ ϵΔR
μν þ ϵδðlÞðfKμνg

− ϵfKα
αgnμnν þ 2hσðμnνÞ∇σÞ½R�; ð148Þ

where the distribution function ΔR
μν is defined as

ΔR
μν ¼ ∇αðϵ½R�nνnμnαδðlÞÞ: ð149Þ

Taking the field equations in Eq. (2) with Hμν given by
Eq. (34), with the quantities in the distribution formalism
given in Eqs. (25), (26) and (148), this time subjected only
to the immediate junction condition in Eq. (35), one obtains
the following additional contributions to the stress energy
tensor in comparison to the case for which ½R� ¼ 0:

8πSab ¼ −ϵfRRfKabg½R�; ð150Þ

8πSμ ¼ −2ϵfRRhνμ∇ν½R�; ð151Þ

8πS ¼ fRRfKg½R�; ð152Þ

8πsab ¼ ϵfRRðhabΔR − eμaeνbΔR
μνÞ; ð153Þ

where Sab and sab are obtained by taking the projection
of the field equations into the hypersurface Σ with
eμasνb, ΔR ≡ gμνΔR

μν.
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2. Contribution of f ðPÞ
Regarding the fðPÞ theory, the tensor HðPÞ

μν depends on
derivatives of both the function fP and the Ricci tensor Rμν,
the latter under sever different contractions; see Eq. (43).
The derivatives of the function fP can be expanded in terms
of derivatives of P via Eq. (52), from which one verifies
that, if fPPP ¼ 0, then the terms of the form ∇μP∇νP,
which previously were responsible for the junction con-
dition ½P� ¼ 0, are effectively removed from the field
equations. As a result, the second-order covariant deriva-
tives ∇μ∇νP now feature additional terms potentially
leading to double gravitational layers, namely

∇μ∇νP ¼ ∇μ∇νP� þ ϵnμ½∇νP�δðlÞ þ ϵΔP
μν þ ϵδðlÞðfKμνg

− ϵfKα
αgnμnν þ 2hσðμnνÞ∇σÞ½P�; ð154Þ

where we have defined the distribution function ΔP
μν as

ΔP
μν ¼ ∇αðϵ½P�nνnμnαδðlÞÞ: ð155Þ

Similarly, we have previously enforced the junction con-
dition ½Rμν� ¼ 0 to guarantee that any additional terms
contributing to the double gravitational layer were removed
from the second-order covariant derivatives of Rμν. In this
section, we thus discard this nonessential junction condition
and allow for the first derivative of Rμν to depend on ½Rμν�.
The relaxation of this condition implies that the terms in
the field equations proportional to products of, e.g.,
∇αRμν∇βfP can now feature singular products of the form
½Rμν�½P�δ2ðlÞ. To preserve the regularity of the field equa-
tions, one must thus impose either that ½Rμν� ¼ 0 or that
½P� ¼ 0. Given that the scalar P is defined as P ¼ RμνRμν,
the condition ½Rμν� ¼ 0 immediately forces that ½P� ¼ 0 via
the property of the jump given in Eq. (17), which results in
an immediate absence of any terms potentially leading to a
double gravitational layer. However, the inverse property is
not true; i.e., the imposition of the condition ½P� ¼ 0 does
not imply that ½Rμν�, e.g., if it happens that fRμνg ¼ 0. Thus,
to allow for the survival of some of these potentially
interesting terms, we consider in what follows that ½P� ¼
0 and ½Rμν� ≠ 0. In this case, the double gravitational layers
may still arise but induced solely by the differential terms
of Rμν.
Consider thus the following most general forms of the

first- and second-order covariant derivatives of Rμν:

∇σRμν ¼ ð∇σRμνÞ� þ ϵnσ½Rμν�δðlÞ; ð156Þ

∇σ∇ρRμν ¼ ð∇σ∇ρRμνÞ� þ ϵnσ½∇ρRμν�δðlÞ
þ ϵΔRic

σρμν þ ϵδðlÞðfKσρg
− ϵfKα

αgnσnρ þ 2hαðσnρÞ∇αÞ½Rμν�; ð157Þ

where the distribution function ΔRic
σρμν is defined as

ΔRic
σρμν ¼ ∇αðϵ½Rμν�nσnρnαδðlÞÞ: ð158Þ

Taking thus the field equations given in Eq. (2) with the
distribution functions in Eqs. (25) and (44), along with the
junction conditions in Eqs. (47) and (54), but not Eq. (49),
and taking the result for the second-order covariant
derivative of Rμν obtained through Eq. (157), and projec-
ting the result into Σ through the use of eμaeνb, one obtains
the following additional contributions in comparison to the
case without double layers:

8πSab ¼ ϵfPfhabfKμνg½Rμν� þ eμaeνb½fKγ
γg½Rμν�

− 2fKðμγg½Rγ
νÞ� − 2hγðμnα∇γ½Rα

νÞ��g; ð159Þ

8πSμ ¼ 2fPðfKγ
γgnα − ϵhγα∇γÞ½Rα

μ�; ð160Þ

8πS ¼ 0; ð161Þ

8πsab ¼ ϵfPfhabðΔμν
μνÞRic þ eμaeνb½ðΔγ

γμνÞRic
− 2ðΔðμγνÞγÞRic�g: ð162Þ

Note that the contributions obtained to the double
gravitational layer arise from differential terms that do
not contain higher-order derivatives of the function fP. This
implies that these terms are not prone to couplings between
P and other scalars, as discussed in Sec. VI D. Furthermore,
note also that if the function fðPÞ is linear in P, which
consequently implies that fQ is a constant and thus
∇μfQ ¼ 0, the terms proportional to ∇σfP∇ρRμν, which
are responsible for the junction condition ½P� ¼ 0, vanish
from the field equation, and thus one should expect
additional contributions to the stress-energy tensor of the
thin shell and to the double gravitational layer in such
a case.

3. Contribution of f ðQÞ
For the fðQÞ theory, the tensor HðQÞ

μν depends on
differential terms proportional to derivatives of the function
fQ, and derivatives of the quantity Rσ

ðμνÞ
ρ; see Eq. (34). The

first of these terms can be expanded in terms of derivatives
of Q as given in Eq. (67), from which one verifies that if
fQQQ ¼ 0, then the derivatives of the form ∇μQ∇νQ,
which lead to the junction condition ½Q� ¼ 0, are removed
from the field equations. Consequently, the terms propor-
tional to ∇μ∇νQ are altered and feature potential contri-
butions to the double gravitational layer:

∇μ∇νQ¼∇μ∇νQ� þ ϵnμ½∇νQ�δðlÞ þ ϵΔQ
μν þ ϵδðlÞðfKμνg

− ϵfKα
αgnμnν þ 2hσðμnνÞ∇σÞ½Q�; ð163Þ
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where the distribution function ΔQ
μν is defined as

ΔQ
μν ¼ ∇αðϵ½Q�nνnμnαδðlÞÞ: ð164Þ

On the other hand, the first derivative of Rσ
ðμνÞ

ρ is now

allowed to depend on ½Rσ
ðμνÞ

ρ�δðlÞ, unlike it happened in

Sec. IV where such terms were forced to vanish to avoid
the appearance of the double gravitational layer. This
implies that the crossed terms ∇σRσ

ðμνÞ
ρ∇ρfQ, if [Q] is

allowed to be nonzero, would feature terms proportional
to ½Rσ

ðμνÞ
ρ�½Q�δ2ðlÞ, which are singular in the distribution

formalism. To avoid the presence of these terms, one can
either force ½Q� ¼ 0 or ½Rσ

ðμνÞ
ρ� ¼ 0. Given that the scalarQ

is defined as Q ¼ RμνσρRμνσρ, if one considers the option
½Rσ

ðμνÞ
ρ� ¼ 0, this implies via the property of the jump

given in Eq. (17) that ½Q� ¼ 0, thus eliminating every term
that could potentially lead to a double gravitational layer
[similarly to what happens for the fðPÞ theory]. However,
the inverse is not true; i.e., if one considers the option that
½Q� ¼ 0, this does not imply that ½Rσ

ðμνÞ
ρ� ¼ 0 as, by the

same property [see Eq. (17)], it is possible that fRσ
ðμνÞ

ρg ¼
0 and ½Rσ

ðμνÞ
ρ� ≠ 0. In such a case, the double gravitational

layer can still arise but induced by the differential terms in
Rσ
ðμνÞ

ρ instead of the differential terms in Q.

Let us thus consider the following forms for the first- and
second-order covariant derivatives of Rσ

ðμνÞ
ρ:

∇σRσ
ðμνÞ

ρ ¼ ð∇σRσ
ðμνÞ

ρÞ� þ ϵnσ½Rσ
ðμνÞ

ρ�δðlÞ; ð165Þ

∇σ∇ρRσ
ðμνÞ

ρ ¼ ð∇σ∇ρRσ
ðμνÞ

ρÞ� þ ϵnσ½∇ρRσ
ðμνÞ

ρ�δðlÞ
þ ϵΔRie

μν þ ϵδðlÞðfKσρg − ϵfKα
αgnσnρ

þ 2hαðσnρÞ∇αÞ½Rσ
ðμνÞ

ρ�; ð166Þ

where the distribution function ΔRie
μν is defined as

ΔRie
μν ¼ ∇αðϵ½Rσ

ðμνÞ
ρ�nσnρnαδðlÞÞ: ð167Þ

We note that, in contrast with what happens for the fðRÞ
theory, in this case the additional contributions to the stress-
energy tensor are all given at the shell; i.e., there are no
external fluxes and tensions on Σ. This happens due to the
fact that the normal vectors nσ and nρ in Eq. (166) are
contracted with Rσ

ðμνÞ
ρ, whereas before they were free

vectors. Taking the field equations in Eq. (2) with the
distribution functions in Eqs. (24) and (59), along with the
junction conditions in Eqs. (62) and (69) but not (64), and
considering now the result obtained for the second-order
covariant derivative of Rσ

ðμνÞ
ρ in Eq. (166) and projecting the

result into Σ, we obtain the additional contributions

8πSab¼−8ϵfQQe
μ
aeνbnðσf∇ρÞQg½Rσ

ðμνÞ
ρ�−4ϵfQe

μ
aeνbðfKσρg

−ϵfKgnσnρþ2nðσhαρÞ∇αÞ½Rσ
ðμνÞ

ρ�; ð168Þ

8πsab ¼ −4ϵfQe
μ
aeνbΔRie

μν : ð169Þ

We note that, since these contributions to the double
gravitational layer arise from differential terms that do
not contain higher-order derivatives of the function fQ,
they are not prone to couplings betweenQ and other scalars,
as discussed in Sec. VI D. Furthermore, note that if the
function fðQÞ is linear in Q, which implies that fQ is a
constant and thus ∇μfQ ¼ 0, the terms proportional to
∇σfQ∇ρRσ

ðμνÞ
ρ, which force ½Q� ¼ 0, are absent from the

field equation, and thus one could have additional contri-
butions to the stress-energy tensor of the thin shell and to the
double gravitational layer.

4. Contribution of f ðGÞ
Consider now the fðGÞ theory. The tensor HðGÞ

μν depends
on differential terms proportional to derivatives of the
function fG; see Eq. (73). These terms can be expanded
in terms of derivatives of G as given in Eq. (80). One
verifies that if fGGG ¼ 0, then the differential terms
∇μG∇νG, which cause the appearance of the junction
condition ½G� ¼ 0, are eliminated from the field equations.
Consequently, the terms proportional to ∇μ∇νG include
contributions to the double gravitational layer:

∇μ∇νG ¼ ∇μ∇νG� þ ϵnμ½∇νG�δðlÞ þ ϵΔG
μν þ ϵδðlÞðfKμνg

− ϵfKα
αgnμnν þ 2hσðμnνÞ∇σÞ½G�; ð170Þ

where the distribution function ΔG
μν is defined as

ΔG
μν ¼ ∇αðϵ½G�nμnνnαδðlÞÞ: ð171Þ

Similarly to what happens in the fðQÞ theory, since in
the field equations the indices of the derivatives ∇σ∇ρfG
are not free indices but, instead, are contracted with the
geometrical quantities that are factorized before, this
implies that every additional contribution to the stress-
energy tensor is defined only at the hypersurface Σ, because
no free normal vectors are present in the expression. Taking
the field equations in Eq. (2) with a Hμν tensor given by
Eq. (73), with the quantities in the distribution formalism
given in Eqs. (24)–(26), but now considering the second-
order derivatives of G as given by Eq. (83), considering
solely the junction condition in Eq. (78), and projecting the
result into Σ using eμaeνb, one obtains the additional
contributions to the stress-energy tensor

8πSab ¼ 4ϵeμaeνbfGGðKσρ− ϵKnσnρþhσαnρ∇αÞ½G�ðfRμσνρg
þ 2gσ½νfRρ�μgþ 2gμ½σfGν�ρgÞ; ð172Þ
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8πsab ¼ 4ϵeμaeνbfGGΔ
σρ
G ðfRμσνρg þ 2gσ½νfRρ�μg

þ 2gμ½σfGν�ρgÞ: ð173Þ

5. Contribution of f ðTÞ
For the fðTÞ theory, and given that the tensor HðTÞ

μν does
not feature any differential terms proportional to derivatives
of the function fT , no double gravitational layers can arise
from the theory fðTÞ only. Nevertheless, and given that the
junction conditions in this theory do not require that
½T� ¼ 0, it is still possible that double gravitational layers
depending on [T] may arise if the scalar T is coupled to
some other scalar. Such an example is given in what follows
in Sec. VI D.

6. Contribution of f ðT Þ
Similarly to what happens for the fðTÞ theory, given that

the fðT Þ features a tensor HðT Þ
μν with no differential terms

proportional to derivatives of the function fT , no double
gravitational layers can arise from the fðT Þ theory. There
is, however, an important distinction between what happens
for the fðTÞ and the fðT Þ theories. Since the scalar T is
defined as T ¼ TμνTμν, the regularity of T requires that no
singular terms can appear in Tμν (see Sec. IV). Since the
additional contributions to the stress-energy tensor and the
double gravitational layer correspond to singular terms of
Tμν [see Eq. (147)], such a regularity immediately implies
that every singular component of the stress-energy tensor
must vanish, i.e.,

Sab ¼ 0; Sa ¼ 0; S ¼ 0; sab ¼ 0: ð174Þ

Thus, unlike in the fðTÞ theory for which double gravi-
tational layers with terms proportional to [T] can be
induced by couplings with other scalars, in the fðT Þ
theory not only are such couplings not possible, but also
the regularity of the scalar T forces all components of the
double gravitational layer to vanish, even if couplings with
other scalars are present.

7. Contribution of f ðRÞ
For the fðRÞ theory, even though the tensor HðRÞ

μν

features differential terms proportional to derivatives of
fR, double gravitational layers are not allowed. To under-
stand why this happens, recall that the scalar R is defined
as a product between the Ricci scalar and the stress-energy
tensor, i.e., R ¼ RμνTμν, which implies that the regularity
of this term requires that no singular terms can appear in
either Rμν and Tμν (see Sec. IV). Similarly to what happens
in fðT Þ, since the additional contributions to the stress-
energy tensor induced by the double gravitational layer
correspond to singular terms of Tμν, the regularity of R

immediately sets every additional singular component of
the stress-energy tensor to zero; i.e., one obtains

Sab ¼ 0; Sa ¼ 0; S ¼ 0; sab ¼ 0: ð175Þ

Such a restriction also implies that the couplings between
R and other scalars do not induce additional contributions
to the stress-energy tensor nor double gravitational layers,
similarly to what is discussed for the fðT Þ theory.

D. Couplings of double gravitational layers

As mentioned in the previous sections, only the addi-
tional contributions to the stress-energy tensor arising from
differential terms proportional to derivatives of the func-
tions fXi

may induce additional coupling contributions
when the scalar Xi is coupled to another scalar Xj. Thus, in
this section, we focus on the contributions arising through
that procedure.
If the scalar X is coupled to a scalar Y through some

function fðX; YÞ, which causes terms of the form ∇μ∇νY,
∇μX∇νY, and∇μY∇νY to appear in the field equations [see
Eq. (119)], the explicit form of the function fðX; YÞ is
crucial to the appearance of double gravitational layers. If
the form of the function fðX; YÞ is such that the terms
proportional to ∇μX∇νX vanish, e.g., by setting fXXX ¼ 0,
but the terms proportional to ∇μX∇νY and ∇μY∇νY are
still present, e.g., by setting fXXY ≠ 0 and fXYY ≠ 0, the
first of these terms guarantees that both ½X� ¼ 0 and
½Y� ¼ 0, thus preventing the double gravitational layer to
appear. If instead one considers that fXXY ¼ 0 while
keeping fXYY ≠ 0, thus eliminating the term proportional
to ∇μX∇νY, the double gravitational layer does appear and
the additional contributions to the stress-energy tensor take
the same forms as the ones for a function fðXÞ only.
Finally, if the function fðX; YÞ is such that all terms
proportional to ∇μ∇νY, ∇μX∇νY, and ∇μY∇νY vanish,
e.g., by setting fXXX ¼ fXXY ¼ fXYY ¼ 0, then this implies
that not only is the double gravitational layer present, but
also that it contains contributions both from the [X] scalar
arising via the term ∇μ∇νX proportional to fXX and from
the [Y] scalar via the term ∇μ∇νY proportional to fXY . In
such a situation, the contribution induced by the scalar Y is
of the same form as the contribution induced by the scalarX
but with a different factor fXY instead of fXX.
Summarizing the statements traced in the previous

paragraph, for any theory of gravity for which the action
depends on more than one scalar Xi, if the scalar Xi is such

that the tensor HðXÞ
μν features terms proportional to second-

order covariant derivatives of the function fX and the scalar
Xi is coupled to another scalar Xj, one verifies that
(1) if fXiXiXi

¼ 0 but fXiXiXj
≠ 0 and fXiXjXj

≠ 0, no
double gravitational layers arise, even if they would
if the function fðXiÞ depended on Xi only;
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(2) if fXiXiXi
¼ fXiXiXj

¼ 0 and fXiXjXj
≠ 0, the double

gravitational layer arises and the corresponding
contributions to the stress-energy tensor are of the
same form as if the function fðXiÞ depended on
Xi only;

(3) if fXiXiXi
¼ fXiXiXj

¼ fXiXjXj
¼ 0, the double gravi-

tational layer arises and the corresponding contri-
butions to the stress-energy tensor are the ones in the
item above plus additional coupling contributions
for which the scalar ½Xi� is replaced by the scalar ½Xj�
and the function fXiXi

is replaced by the func-
tion fXiXj

.

1. Example of couplings: f ðR;TÞ gravity
To illustrate how the couplings described above work, let

us consider the example of fðR; TÞ gravity. In particular, let
us assume that the function satisfies the conditions
fRRR ¼ fRRT ¼ fRTT ¼ 0, such that couplings between
the scalars R and T induce additional contributions to
the stress-energy tensor Tμν. The most general form of the
function fðR; TÞ satisfying the conditions above is

fðR; TÞ ¼ αR2 þ βRT þ gðTÞ; ð176Þ

where α and β are arbitrary constants and gðTÞ is a function
of T only. For such a theory, one verifies that the only terms
that survive in the second-order derivatives of fR [see
Eq. (124)] are fRR∇μ∇νR and fRT∇μ∇νT. The first of
these terms features the contributions to the stress-energy
tensor given in Eqs. (150)–(153). The second term is
completely analogous to the first, but the dependencies
in [R] and fRR are replaced by dependencies in [T] and fRT ,
according to item 3 above. Thus, in such a case, the
contributions to the stress-energy tensor of the thin shell
become

8πSab ¼ −ϵfKabgðfRR½R� þ fRT ½T�Þ; ð177Þ

8πSμ ¼ −2ϵhμνðfRR∇μ½R� þ fRT∇μ½T�Þ; ð178Þ

8πS ¼ fKgðfRR½R� þ fRT ½T�Þ; ð179Þ

8πsab ¼ ϵ½fRRðhabΔR−ΔR
abÞþfRTðhabΔT −ΔT

abÞ�; ð180Þ

where we have defined the distribution ΔT
μν ¼

∇αðϵ½T�nμnνnαδðlÞÞ. These results correspond to the ones
obtained previously in Ref. [27]. Note that if we had chosen
a function fðR; TÞ such that fRTT ≠ 0, the terms propor-
tional to ∇μT∇νT in ∇μ∇νfR would force ½T� ¼ 0, thus
recovering the contributions to the stress-energy tensor of
the function fðRÞ alone, in accordance with item 2 above,
and also that if we had chosen a function such that
fRRT ≠ 0, the terms proportional to ∇μR∇νT in ∇μ∇νfR
would force ½R� ¼ 0, thus eliminating every contribution to

the stress-energy tensor of the thin shell, in accordance with
item 1 above.

VII. SCALAR-TENSOR REPRESENTATIONS

For theories of gravity for which the action S depends on
a function of several scalars fðX1;…; XnÞ, it is sometimes
convenient to consider a dynamically equivalent scalar-
tensor representation of the theory, in which the arbitrary
dependence of the action in the scalars Xi is replaced by a
set of scalar fields ϕi. The advantage of such a trans-
formation is a potential reduction of the order of the field
equations, at the cost of additional equations of motion for
the scalar fields. Thus, to finalize the analysis of the
junction conditions, let us briefly mention what is the
impact of such a transformation for the junction conditions
of the theory.
To deduce a scalar-tensor representation of the theory

described in Eq. (1), we introduce a set of auxiliary fields αi
in such a way that the action S can be rewritten in the form

S ¼ 1

2κ2

Z
Ω

ffiffiffiffiffiffi
−g

p �
Rþ

Xn
i¼1

∂f
∂αi

ðXi − αiÞ

þ fðα1;…; αnÞ þ 2κ2Lm

�
d4x: ð181Þ

The action above depends explicitly in nþ 1 quantities,
namely the metric gμν and the auxiliary fields αi. The
equations of motion for the fields αi can be obtained
through the variational method by taking a variation of the
action with respect to these fields. The set of equations of
motion for αi can be conveniently expressed in terms of a
matrix equation Mx ¼ 0 of the form

0
BBB@

fα1α1 � � � fα1αn

..

. . .
. ..

.

fαnα1 � � � fαnαn

1
CCCA

0
BBB@

X1 − α1

..

.

Xn − αn

1
CCCA ¼ 0; ð182Þ

where the subscripts αi denote derivatives of the function
fðα1;…; αnÞwith respect to αi. The matrix equation above
features a unique solution if and only if the determinant of
the matrixM is nonzero, i.e., detM ≠ 0. In such a case, the
unique solution for the matrix system above if x ¼ 0, i.e.,
αi ¼ Xi for all i. Replacing these solutions back into
Eq. (181), one recovers Eq. (1), thus proving the equiv-
alence between the two actions. Note that if detM ¼ 0,
the solution of the matrix system is not unique and thus
the equivalence between the two representations is not
guaranteed.
Introducing the definitions of the scalar fields ϕi and the

scalar interaction potential Vðϕ1;…;ϕnÞ as
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ϕi ¼
∂f
∂Xi

; ð183Þ

Vðϕ1;…;ϕnÞ ¼
Xn
i¼1

ϕiXi − fðX1;…; xnÞ; ð184Þ

one can rewrite the action in Eq. (181) in the more
convenient form

S ¼ 1

2κ2

Z
Ω

ffiffiffiffiffiffi
−g

p �
Rþ

Xn
i¼1

ϕiXi − Vðϕ1;…;ϕnÞ

þ 2κ2Lm

�
d4x: ð185Þ

The action in Eq. (185) depends also on nþ 1 independent
quantities, namely the metric gμν and the scalar fields ϕi.
The equations of motion for the scalar fields are obtained
by taking a variation of the action with respect to ϕi, from
which one obtains

ϕi − Vϕi
¼ 0; ð186Þ

where we defined Vϕi
≡ ∂V=∂ϕi. On the other hand, the

field equations can be obtained by taking a variation of the
action with respect to the metric, from which one obtains

Gμν −
1

2
gμν

�Xn
i¼1

ϕiXi − Vðϕ1;…;ϕnÞ
�

þ
Xn
i¼1

HðiÞ
μν jfXi¼ϕi

¼ 8πTμν: ð187Þ

The field equations in Eq. (187) for the scalar-tensor
representation are equivalent to the ones obtained previ-
ously in Eq. (2) for the geometrical representation. This can
be verified by introducing the definitions of the scalar fields
ϕi and scalar potential V from Eqs. (183) and (184) into
Eq. (187) to recover Eq. (2). Thus, the set of junction
conditions for the scalar-tensor representation is equivalent
to the one from the geometrical representation, albeit some
of the conditions being written in terms of different
quantities, namely the scalar fields ϕi.
One of the main features of the scalar-tensor representa-

tion obtained through the methods outlined above is the fact
that the scalar fields ϕi, despite being independent quantities
with their own equations of motion, are closely related to the
original scalar quantities Xi. Indeed, a consequence of the
requirement that detM ≠ 0, necessary for the scalar-tensor
representation of the theory to be well defined, is that
the relationships between the scalar fields ϕi and the scalar
quantities Xi are invertible; i.e., one can write ϕi ¼
ϕiðX1;…; XnÞ, as well as Xi ¼ Xiðϕ1;…;ϕnÞ. The invert-
ibility of the relationships between ϕi and Xi implies that
the junction conditions for the scalar fields ϕi can be
extracted from the junction conditions for the scalars Xi.
In order for the potential function Vðϕ1;…;ϕnÞ to

remain regular in the distribution formalism, it is necessary
that it does not feature any factors δ2ðlÞ. Given that
ϕi ¼ ϕiðX1;…; XnÞ, the regularity of Vðϕ1;…;ϕnÞ is thus
equivalent to the regularity of fðX1;…; XnÞ, thus giving rise
to the same junction conditions as the immediate junction
conditions obtained in Sec. IV. On the other hand, the

presence of any differential terms in HðiÞ
μν , which in the

scalar-tensor representation correspond to differential terms
in ϕi, induces the same differential and coupling junction
conditions in ϕi ¼ ϕiðX1;…; XnÞ as originally introduced
in the geometrical representation, as well as the contribu-
tions to the stress-energy tensor of the thin shell.
The junction conditions for the scalar fields ϕi can also

be obtained in a case-by-case basis. Indeed, for a given
explicit form of the function fðX1;…; XnÞ or, equivalently,
a given explicit form for the potential Vðϕ1;…;ϕnÞ, each
scalar field ϕi depends on some subset of Xi which varies
depending on the form of the function considered. Thus, if
the junction conditions require that the quantities Xi are
continuous, i.e., ½Xi� ¼ 0, this implies immediately that
½ϕi� ¼ 0, or vice versa. Note that in such particular cases,
the requirement detM ≠ 0 must be verified independently
to guarantee that the scalar-tensor representation is well
defined.

VIII. CONCLUSIONS

In this work, we have considered a theory of gravity
depending on an arbitrary number of scalar quantities Xi,
i.e., the action of such a theory is described by a function
fðX1;…; XnÞ, and we have analyzed the junction con-
ditions of such a theory for several scalar quantities of
interest. Our analysis includes the general methods to
derive the junction conditions for an arbitrary action for
both smooth matching and matching with a thin shell,
methods on how to simplify the general set of junction
conditions by considering particular forms of the action, a
description of the situations where double gravitational
layers may arise, and an indication on how these junction
conditions are modified if one introduces a dynamically
equivalent scalar-tensor representation of the same theory.
Regarding the general sets of junction conditions,

obtained when the function fðX1;…; XnÞ is assumed to
be analytic, i.e., that admits a Taylor series expansion up to
any order with nonvanishing coefficients, we have charac-
terized the junction conditions in three distinct groups:
(i) immediate conditions, which arise from the imposition of
regularity of the geometrical and matter quantities of interest
of the theory and their respective derivatives; (ii) differential
conditions, arising from imposing the regularity of terms
proportional to higher-order partial derivatives of the
function fðX1;…; XnÞ; and (iii) coupling conditions, which
are induced when a nonminimal coupling between different
scalars Xi is present in the action. Our results indicate
couplings between different scalars induce junction
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conditions similar to the differential junction conditions of
each coupled scalar independently but applied to the
analogous quantity for the scalar it is coupled to. The same
is true about the contributions to the stress-energy tensor of
each scalar quantity and the ones induced by their coupling.
For particular forms of the function fðX1;…; XnÞ for

which some of the coefficients of its Taylor series vanish,
we have shown than the general set of junction conditions
can be simplified. In particular, coupling junction con-
ditions can be eliminated from the general set by consid-
ering an action for which no products between functions of
different scalars are present. Furthermore, by decreasing the
power dependency of the function fðX1;…; XnÞ in some
scalar Xi, the differential junction conditions can also be
eliminated. Finally, if the function fðX1;…; XnÞ is linear
and decoupled for some scalar Xi, any immediate junction
conditions arising from the arbitrary dependency of the
action in that scalar can also be removed. In such a case, the
only immediate junction conditions that remain in the set
are the ones arising from the regularity of the geometrical
and matter quantities themselves. Our results also indicate
that, for the particular case that the function fðX1;…; XnÞ
is linear in every scalar Xi, the junction conditions reduce to
forms qualitatively similar to those of the Israel or Darmois
junction conditions, depending on the existence of restric-
tions on the stress-energy tensor of the thin shell, like it
happens, e.g., for the scalars TμνTμν and RμνTμν.
For certain particular forms of the function fðX1;…; XnÞ

for which differential junction conditions are removed from
the set but second-order derivatives of the scalars Xi are still
present, one may find that double gravitational layers arise,
i.e., singular contributions to the stress-energy tensor propor-
tional to the distribution ∇μδ. We have shown that such a
situation is possible as long as the regularity scalar Xi does
not force the stress-energy tensor to be regular. We have also
shown that the coupling between different scalars Xi affects
the contributions to the stress-energy tensor of the double
gravitational layer in an analogous way as it affects the
contributions to the stress-energy tensor of the thin shell.
Finally, we have introduced the methods to construct a

dynamically equivalent scalar-tensor representation of any

theory fðX1;…; XnÞ via the introduction of n scalar fields
ϕi and a scalar interaction potential Vðϕ1;…;ϕnÞ. Such a
scalar-tensor representation is only well defined if the
relationship between the scalars Xi and the scalar fields
ϕi is invertible, which consequently implies that this
representation is unique. For such a case, one verifies that
the field equations in both representations are perfectly
equivalent, and thus the junction conditions remain the
same, albeit being written in terms of different quantities;
i.e., they are given in terms of the scalar fields ϕi if one
considers the scalar-tensor representation instead of the
scalars Xi if one considers the geometrical representation.
The equivalence between these two sets of junction con-
ditions can be assessed via the invertible relationship
between these quantities.
The junction conditions are particularly important in the

current scenario as they allow one to develop new alter-
native solutions for compact objects that could be tested in
astrophysical scenarios by the current observations of
gravitational wave signals, shadows, and astrometric mea-
surements in the Galactic Center. The test of such models
built using alternative theories of gravity as a foundation
serve as indirect tests to these theories and could potentially
shed light not only on the nature of ultracompact objects,
but also on the fundamental understanding of gravity. We
hope that this manuscript successfully suppresses the
literary gap of junction conditions in modified theories
of gravity and contributes to an advance in the study of
compact objects in alternatives to GR.
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