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General covariance and dynamics with a Gauss law
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We present a four-dimensional generally covariant gauge theory with local degrees of freedom which
leads to the Gauss constraint but lacks both the Hamiltonian and spatial diffeomorphism constraints.
The canonical theory therefore resembles Yang-Mills theory without the Hamiltonian. We describe its

observables, quantization, and some generalizations.
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I. INTRODUCTION

The difficulty of constructing a fully satisfactory theory
of quantum gravity gives rise to the need for simpler
models, which consist of writing down generally covariant
theories that are different from general relativity but simpler
to analyze from a quantum-theoretical perspective. These
include BF theory [1,2], 2 + 1 gravity [3-6], U(1)? theory
[7,8], the Husain-Kuchar (HK) model [9,10], and many
others with symmetry reductions [11] and matter.

The Hamiltonian version of the HK theory lacks the
Hamiltonian constraint of general relativity, which encodes
the dynamics of general relativity and is the most difficult
object to quantize in any canonical approach to quantum
gravity. As such, the model furnished the hope for clearly
separating the question of dynamics from that of kinemat-
ics, and thus determining which quantum-gravitational
effects are solely kinematical in nature. To this end,
subsequent developments revealed subtle and surprising
results, such as the fact that black-hole entropy calculations
in loop quantum gravity (LQG) can be performed with
generally covariant theories that lack black-hole solutions
entirely [12].

In this paper, we describe an SU(2) model that, on the
face of it, is a slight variation of the HK model, but turns out
to have significantly different features: the canonical theory
lacks not only the Hamiltonian, but also the diffeomor-
phism constraint; the remaining Gauss constraint arises
with a source term. This leads to new observables in the
classical and quantum theories that resemble “quarks on a
string.” Furthermore, the presence of only the Gauss
constraint gives considerable freedom in constructing
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classical solutions, which include metrics corresponding
to almost any three-geometry.

The surprising feature that a generally covariant theory
realizes dynamics only as internal gauge provides a large
class of exactly solvable classical and quantum models
with local degrees of freedom; the canonical theory of the
model we present may be viewed as a Yang-Mills theory
without its Hamiltonian, with nine local degrees of
freedom.

The plan of the paper is as follows. In Sec. II, we
introduce the model and derive its canonical theory, and in
Sec. III, we explain why the model is diffeomorphism
invariant despite having a Gauss law as the only first-class
constraint and hence gauge generator of the theory.
Sections IV and V are devoted to describing certain classical
observables and solutions, respectively, and Sec. VI dis-
cusses the quantum theory. Finally, Sec. VII describes
possible extensions of the model, such as addition of a
Chern-Simons boundary term.

II. ACTION AND CANONICAL THEORY

Let M be a four-dimensional spacetime, and let ¢'(x)
and A’,(x) be scalars and connection one-forms in the Lie
algebra 8u(2) of SU(2) [or any other semisimple [13] Lie
group of dimension 3, e.g. SL(2,R), SO(2, 1), etc.], and let
€;jx denote the Levi-Civita symbol in $u(2) (or equiv-
alently, the structure constants of the Lie algebra). The
action of the model we propose is

1 . )
Sl A] = 3 Al d*xe"e; ;D' Dy FF

1
zi/wd“xTr(ng/\ng/\F), (1)
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where D and F denote, respectively, the covariant deriva-
tive and the curvature 2-form corresponding to the
connection A, i.e.

Doy’ = 07" + €y Aly* (2)

Fi, = a[aA;] + eijkA{zAz, (3)
and &%7° is the four-dimensional desensitized Levi-Civita
symbol.

This action is manifestly invariant both under spacetime
diffeomorphisms and SU(2) transformations. It resembles
the HK action

SHK{eiA} = /d4xé(1ﬁ75€ijkeée;;F/;5 (4)

if one replaces D¢’ with SU(2) triads e’,. However, as we
see below, the canonical theory of (1) is drastically
different.

Variation of the action with respect to A and ¢ yields the
equations of motion:

6¢p: DA (Dp AF)=0, (5)

SA: DA (Dp ADp)+¢ x (Dp AF)=0, (6)
where “x” denotes an internal cross product using the
structure constants, i.e. (uxv)' = e u/vf. Using the
Bianchi identity D(,Fjy,) =0 and D,Dyd = Fu5 X 4 for
any section A of the SU(2) bundle associated with the
spacetime, the preceding equations can be recast as

EP(F o5 X p) X F 5 =0,
E03((Fy, ) Db+ (Db x Fyp)] =01

Evidently, the first equation is true if and only if " and ¢ are
internally parallel, i.e.

F(z/} X ¢ =0. (7)

Substituting this equation and its covariant derivative into
the second equation trivially satisfies the latter. Thus, any
connection is a solution to the theory, provided one chooses
a section ¢ parallel to the curvature F in 811(2)! One might
say that the equations of motion concern only the “internal
space” of the theory; from this perspective, it is not
surprising that the canonical theory, as we shall see below,
only has an internal Gauss constraint.

To perform canonical decomposition of the action (1), we
assume M has the topology R x X, where X is a compact
three-dimensional, differentiable manifold. Then, choosing
the coordinates x* = (x, x*), with x° €R and x* €X, the
3 4 1 form of the action is

5= / dxe @0 + AL AL gD P FS,
+ Dad’iDbd’j(A]é + €k1mA6AZ")}v (8)

where the overdot indicates dy. This identifies the momenta
conjugate to ¢’ and A’;:

E? = éabceijk(qusj)(Dc(ﬁk)’ (9)
Pi =€ (D@’ )F},. (10)

where &2b¢ := g%bc¢_ The canonical action is then
S = /d4x[EiAIZ + i’ + Alé(DcEi + e’ pi)]. (11)

There are thus two sets of configuration variables, the
81 (2)-valued connection A and scalar ¢. Variation with
respect to A’5 gives the constraint

Gy = —(D.E{ + €,'¢' p;) = 0. (12)

This is a Gauss law with a source term; it is readily verified
that the constraint algebra is first class:

{G(4).G(u)}
— { / d*xamDE4 (x), / d3yy”DbEZ(y)}

T { / B xame, P py(x), / d3yy"e,-,"¢"i7k(y)}
= G([h.u). (13)

The Hamiltonian is therefore a linear combination of
first-class constraints

H= / & x2,G*(x), (14)

and it is evident that there is neither a Hamiltonian nor a
spatial diffeomorphism constraint; the reason for their
absence is explored in the next section.

At this stage it is important to check whether any
constraints have been missed. We now show that this is
not the case. Let us first note that there can be no algebraic
relations between ¢', A’ and E%, since the former two are
independent configuration variables, and the last one is
made from the gauge-covariant derivatives of the first (9);
similarly the momenta E% and p’ are algebraically inde-
pendent since the latter, from (10), is a function of the
curvature F(A); the possible nontrivial quadratic combi-
nations of the momenta (with B% = g*¢F' ) are

pipt = BajB?Da¢iDb¢i — BYB!D,p'Dyp;, (15)
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EYE} = 2e*ghI D I Dy#* D ;D ypy,  (16)
(Ea X Eb)i = €ijkE?Ei = 2E?édeDc¢iDd¢j’ (17)
(B x E*); = e7p, B¢ = 252Dy Dopls (18)

inspecting the right-hand sides of these expressions shows
that there can be no quadratic relationships between the
momenta. We thus conclude that there are no “hidden”
secondary constraints in the model. Another way to
establish this via the Dirac procedure for constrained
Hamiltonian systems [14,15] is given in the Appendix.

The theory thus has three ¢’ and nine A/, local phase-
space configuration degrees of freedom subject to the
SU(2) Gauss law. Hence it has a net of nine unconstrained
degrees of freedom per space point [15]; in comparison the
HK model has three, since it has only the connection A/, as
the configuration variable, and both the Gauss and diffeo-
morphism constraints.

Like the HK model, the action (1) has a special vector
density

ut = €aﬂy5€ijkDﬁ¢iDy¢jD5¢ka (19)
which satisfies the “parallel transport” equation
1D, ¢' = 0; a degenerate spacetime metric

Gop = Da¢iD/)’¢j5ij; (20)

in the canonical theory there is a scalar density of weight 1,

1
¢ = 3'6,],(6“’”D ¢'Dyd’ D P, (21)

which may be used to define the inverse triad
N —
et = ?el] €abth¢ch¢ ’ (22)
é

which satisfies e“e,; = &; and e“e;; = ;. Thus like the
HK model, Eq. (1) is a theory of three-geometries with an
invertible spatial metric g,, = € eb

III. THE CASE OF THE MISSING CONSTRAINTS

The action (1) is manifestly diffeomorphism invariant,
but the canonical theory contains only a Gauss constraint.
Since one expects continuous symmetries of the action to
be generated by the first-class constraints, we have a
puzzle: how do we understand the absence of the diffeo-
morphism and Hamiltonian constraints?

By way of preliminaries, let us recall how this question
is answered in other known diffeomorphism-invariant
theories of connections where the first-class constraints
generate only the usual gauge transformations of the
gauge fields. Examples include BF theory and its

generalizations [1,2], Chern-Simons theory, and 2+ 1
gravity [3]. In these theories F =0 is an equation of
motion. As a result the Lie derivative of the field variables
with respect to a vector field { that generates a diffeo-
morphism is a gauge transformation on shell:

£§Aa = gcacAa + AcaaCC
= Da(gcAc> +{Feq (23)

The reflection of this fact in the canonical BF theory arises
through the constraints G¥ = D,E% = 0 and F¥, = 0 with
the spatial diffeomorphism constraint C, arising as the
linear combination

C, = AKG* + E“*F%, . (24)

In the HK model, the Gauss and spatial diffeomorphism
constraints are present but the Hamiltonian constraint
vanishes identically. Although the latter cannot be written
as any linear combination of the former constraints, the Lie-
derivative argument sketched above is still available: the
theory contains the vector density ¢ = e“*cdel elekelik,
which defines a preferred direction, and satisfies #“F,, = 0
[9]. Using this, one can show, in analogy with the theories
discussed above, that spacetime diffeomorphisms are
equivalent on shell to the transformations generated by
the first-class constraints of the theory, namely the Gauss
law and the spatial diffeomorphism constraint. Indeed,
given a foliation of spacetime into a family of spacelike
hypersurfaces, one can convert i into a vector field u, and
then any vector field { can be decomposed into a compo-
nent along u and a component along a leaf X of the
foliation. Then, up to unimportant multiplicative factors,
one can write

£§Aa = Da(ubAh) + ube(l + EXAu
Lee, = (uPAy) x e, + uPDye, + Lxe,,  (25)

where X is a vector field along X. The first and last terms in
each line are an SU(2) rotation and a spatial diffeomor-
phism, respectively, and the middle term vanishes by
iF,, = 0, which is a consequence of the equations of
motion [9]. Furthermore, one can show that the spatial
projections of the equations of motion yield the Gauss and
spatial diffeomorphism constraints. Thus although the HK
model is not topological with an F,, =0 equation of
motion, a related understanding of the identically vanishing
Hamiltonian constraint arises there.

We now show that there is an analogous understanding
of the vanishing Hamiltonian and diffeomorphism con-
straints in the canonical theory arising out of the action (1).
That is, we can show that all diffeomorphisms are equiv-
alent on shell to the SU(2) gauge transformations generated
by the Gauss law (12). To see how this happens let us recall
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the special vector density &2 (19) orthogonal to D, ¢; it can
be converted into a vector field using (21). Furthermore, in
the canonical theory, one has access to the three vector
fields e (22) which have the property that e*D ¢/ = §".
Using this, let us form the spatial vector field

XU = ¢y piek. (26)

Any vector field v* can be decomposed into a component
along u* = i1*/2 and a spatial vector field, which in turn
can be written as a linear combination of the X% . Thus, it
suffices to calculate the Lie derivative of the field variables
along u“, and along w* = 1;X“ for some 4,. To this end, we
first note that

£u¢i = ua0a¢i = MaDad) - [(uaAa) X qﬂl
= —[(u"A,) x @', (27)

where the last equality follows from u*D, ¢ = O0—this is
evidently an SU(2) gauge transformation with the gauge
parameter u®Al. Similarly, for the Lie derivative with
respect to w, we find

Lot = (= (Aw) x ) = (Ax d)i,  (28)
which is also an SU(2) gauge transformation with the
parameter A’. Therefore, by virtue of the special direction
u®, any diffeomorphism of ¢ is equivalent to an SU(2)
rotation.

This fact can be used to establish a similar result for A/,
provided the equations of motion hold. To see this, observe
that if the equations of motion hold, then as shown in the
previous section, F x ¢p = 0. Now, under a diffeomorphism
generated by a vector field v%, ¢ changes by an SU(2)
rotation. Since F x ¢ =0, F must rotate by the same
amount as ¢ does (28). Indeed, assuming that ¢ rotates
by A,

L:?)(Faﬁ X ¢) = EvFaﬂ X ¢+Faﬁ X (AX 4)) =0:
this equation holds if and only if
‘CvFa/} = (A X Faﬂ)’ (29)

i.e. F, too, rotates by A. This constrains the transformation
of the connection A: we have, using (23), that

[’vF(z/} = D[(I‘CHA[)’]
= (Fap X Ayv") = Do (V' F g, ), (30)

and the last two equations give

D[a(’l)},F/}]y) = Fa/)v X (A},i}y -+ A) (31)

This in turn implies
V' Fo, = Dy(A, 07 + A). (32)
Substituting this into (23) gives
‘CUAfz = _DaAi; (33)

this is the sought after result: the Lie derivative of A is an
SU(2) gauge rotation. Therefore, provided the equations of
motion hold, diffeomorphisms are equivalent to the trans-
formations generated by the Gauss constraint. To complete
the analogy with the HK model, one can project Eq. (6) into
the spatial surface to obtain the Gauss constraint (12);
[Eq. (5) is a scalar and hence not projectable].

From the perspective of constrained Hamiltonian sys-
tems, the preceding discussion illustrates the fact that all
continuous local symmetries of the action are generated by
the first-class constraints; any transformations that are not
present in the transformations generated by the first-class
constraints should differ from the latter only by equations-
of-motion terms or by trivial symmetries [15]. This is what
happens here.

IV. OBSERVABLES

Let us recall that an observable is a dynamical function
(al) f(¢, A, E, p) that has vanishing Poisson brackets with
the constraints. We can define a spatial metric by

Gab = KijDa¢iDb¢j’ (34)
where «;; is the Cartan-Killing metric for SU(2). It is

ij
readily verified that this is an observable:

{Da(ﬁi(x)’ G(/I)} = eimn}“mDagbn; (35)

hence, {q.,,G(4)} = 0. Since the metric is gauge invari-
ant, so are all the classical observables that depend on it.
Hence, for instance, the area and volume functionals are
observables in this model, just as in LQG [16].

Other obvious examples of observables are SU(2)-
valued loop variables, which are defined using traces of
holonomies around curves in X and insertions of configu-
ration and momentum variables along the curves. That is,
given a smooth curve y:[a, b] — X, we define the Wilson
line from a to b:

Ulyl(a,b) = Pexp ( / ’ dx“ALTi), (36)

where P stands for path ordering and 7; are the generators
of 3u(2). If a = b, we get the so-called Wilson loops. Since
these are matrices in SU(2), and hence transform under
SU(2) via conjugation [i.e. g- Uly] = g~'(a)U[y]g(b)], the
cyclic invariance of the trace operation entails that
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T°[y] = Tr(U[y)(a. a)) (37)

is an observable. Similarly, the rest of the familiar T
variables, defined via insertions of the momentum E¢
along Wilson lines, are also observables, e.g.

Tar-ay [7]()"17 ,,,,xn)
= Tr[U[y](a, x,)E“ (x))
xU[y](x1, %) E%(x) - - - E%Uly](x,, ),

where E¢ = E?Ti and xi,...,x, are fixed points on the
curve y.

However, unlike in LQG, these are not the only loop
observables, since we now have the additional 8u(2)-
valued configuration and momentum variables, namely ¢’
and p;, that may be inserted along Wilson lines as well.
There are numerous such possibilities, ranging from simple
end-of-the-curve insertions such as

Trigp(x)Uly)(x, y)$(y)] (38)

to mixed and middle-of-the-curve insertions such as

Tr[gp(x;)Uly](xi, xz)E(xz) Ulr](x2,x3)
X P (x3)Ulr](x3, x4)p(x4)]- (39)

The former are essentially flux tubes analogous to those
found in Yang-Mills theory, except that the nonzero
Hamiltonian of the latter can cause these tubes to break
to form more such tubes, whereas our model has unbroken
tubes floating around in spacetime.

V. CLASSICAL SOLUTIONS

Since the Hamiltonian constraint, which generates
orthogonal transformations of three-dimensional hyper-
surfaces, vanishes in both the HK model and the model
here, both are essentially theories of three-geometry that
arise from four-dimensional actions. For the HK model,
constraint-free initial data specified on a three-dimensional
hypersurface are solutions of the Gauss and spatial diffeo-
morphism constraints. Since the Hamiltonian constraint
vanishes, these data do not evolve. Therefore they are
solutions for a three-geometry. This means that constraint-
free data for Einstein gravity are a subset of the data for the
HK model.

In the model at hand the Gauss constraint contains a
source term. Two peculiar features of the model conspire to
yield a large class of interesting three-geometries as
solutions of the model. First, the three-metric (34) depends
solely on the configuration variables ¢ and A. Since these
variables are independent, one can set their conjugate
momenta p' and E“ to zero to trivially solve the Gauss
constraint, which fortunately is the only constraint to solve.

Second, since the model is valid for arbitrary (semisimple)
gauge groups of dimension 3, which include those with
Cartan-Killing metrics of mixed signature [e.g. SO(2,1)],
one can even construct solutions of 2 + 1 gravity. Thus, by
appropriately fixing the form of ¢ and A, while setting p
and E to zero, it is possible to construct almost any three-
metric, including all those resulting from projecting sol-
utions of the 3 4 1 Einstein equations on three-dimensional
hypersurfaces, as well as all the solutions of 2 + 1 gravity.
To illustrate these remarks, we explicitly construct the
spatial Schwarzschild metric and the Banados-Teitelboim-
Zanelli (BTZ) black-hole metric [17].

A. 3d Schwarzschild metric

For SU(2), p= E=0, use spherical coordinates
(r,0,9) on Z, and set

A= qu& + (cos 0r; — msin 972> dp,  (40)
¢=P(r)rs,  f(r)=+1=R/r, (41)

r)+1‘+ 2f(r)
r)=1]  (f(r)+D(f(r)=1)

where 7/ are the Pauli matrices. Then (34) gives the
Schwarzschild three-metric

P(r) :§ M;E ] (42)

ds* = f72(r)dr* + r*dQ*. (43)

B. BTZ black hole

For the gauge group SO(2, 1) the Cartan-Killing metric
can be written as diag(—1, 1, 1). Pick cylindrical coordi-
nates (7, @, z) on X. Then the BTZ metric can be obtained
as follows. Let

A=[P(r)t; + O(r)r]de + [R(r)ty 4+ S(r)z3]dz,
¢ =T(r)s, (44)

) o) J
N(I‘)Z—M—Fl—z‘i‘m, N¢<F):—ﬁ, (45)

where the last two functions are used to define the BTZ
metric. Substituting these into (34) yields the equations

T'(rf = N2(r). (46)
T2(r) (P2(r) - Q3(r)) = P2, (47)
R(1)T(r) = N(r), (48)
R(IQ(NT(r) = PN, (1), (49)
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which can be solved for the functions P, Q, R, T to obtain A
and ¢: the first equation gives

T(r)= éln ‘\/hz(r) +1+h(r)

2rr — M?
RN 0

and the other three are algebraic.
These examples show that almost any desired 3-metric
may be constructed by solving for A and ¢.

’

VI. QUANTUM THEORY

Since there are now two types of configuration variable,
the connection A and the ¢ variables, the connection
representation is better termed the A — ¢ representation.
Physical states are gauge-invariant functionals of ¢ and
A—for instance, the loop variables defined above but
depending solely on A and ¢, e.g.

Y(p,A) = Tr(¢(x))Uly)(x1, x2)p(x7)
x Uly](x2, x3)(x3)). (51)

The inner product on these states is well defined, with there
being now an additional integration over the ¢:

() = / du() / (AW} (. AV (. A),  (52)

where u(A) is a measure on the space of connections
(modulo gauge transformations), such as the Ashtekar-
Lewandowski measure, and y(¢) is some suitable measure
on the space of the ¢ fields (say, a Gaussian measure).

A. Spin-network states

As in LQG, quantum states in the model can be realized
as spin networks, with one addition. As usual, SU(2)
representations label the edges of embedded graphs,
corresponding to holonomies of the connection along
those edges, i.e. functionals of the form W(A), and these
representations are sewn by intertwiners associated with the
vertices of the graph. However, here we can also have
physical functionals that involve insertions of ¢ at the end
of Wilson lines. In a spin network, such states correspond to
the ¢ variables sitting at selected vertices of the underlying
graph, along with the intertwiners. Thus in general, a
typical spin-network state corresponding to a graph I is

i)

with the obvious inner product. Such states are physical
states of the theory, and the area and volume operators of
LQG are diagonal physical observables. The quantum
tetrahedra are physical states of the theory, and as there

F;jlv -~-7jn;117---,1n;¢1,.--

k<n, (53)

is no spatial diffeomorphism constraint, each graph repre-
senting a tetrahedron is a distinct physical state, unlike in
the HK model.

VII. DISCUSSION

Our main observation is the theory defined by (1), and
its unusual canonical version with missing Hamiltonian
and diffeomorphism constraints—it is a theory of three-
geometries with local degrees of freedom that is exactly
solvable classically and quantum mechanically.

A natural extension of the model arises by adding a
Chern-Simons boundary term

1
S = —/ d*xTr(Dép A Dp A F)
2 /m
2
+y/ d3x<A NAA+ZANA /\A). (54)
oM 3
Varying the action now yields
68 = —/ d*x[D A (D A F)|,6¢" + }// dxp;o¢’
M oM
- / d*x[D A (Dp A D) + (¢p x (D A F))|45A%
M
—l—/ Bx[yE Fiyy + ES)SAL.
oM

Thus, if we insist that the variations in ¢ and A on the
boundary oM can be nonzero, the conjugate momenta must
be constrained on the boundary to ensure a well-defined
variational principle:

Ef|op =~ Fiap, Pilow = 0. (55)
The first of these is a condition on conjugate momenta that
also arises with a topological bulk theory [18], and in the
context of black-hole entropy in LQG for an inner
boundary [12,19], where quantization of this condition
in the spin-network basis with the area operator provides an
area-entropy relation. A similar calculation is possible in
the present theory.

Other possible variants of the action include the addition of
a bulk topological term [ d*xTr(F A F), more than one
connection [20], as well as boundaries with multiple com-
ponents for identifying corner observables; see, e.g. [21].

As the model and its variants are generally covariant
theories with local degrees of freedom, they provide a
useful testing ground for other quantization methods, such
as those involving spinfoams [22,23] and group-field
theory (GFT) [24]. For the former, it is possible to write
the action as a BF theory with a “simplicity” constraint term
A(B — D¢ A Dg); for the latter, the fact that our model has
no constraints other than the Gauss law makes it a natural
candidate to define directly on a group manifold, in
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particular for exploring the question of the manifestation of
the Hamiltonian and diffeomorphism constraints in GFT
models.

ACKNOWLEDGMENTS

This work was supported by NSERC of Canada. V. H.
acknowledges the Perimeter Institute where this work was
completed. Research at Perimeter Institute is supported in
part by the Government of Canada through the Department
of Innovation, Science and Economic Development Canada
and by the Province of Ontario through the 25 Ministry of
Colleges and Universities.

APPENDIX: DIRAC ANALYSIS

For completeness we present the Dirac analysis [14,15]
of the action (1). This ensures consistency with the analysis
of Sec. II. The definitions of the momenta (9) and (10) have
no explicit dependence on the time derivatives of A/, and ¢,
and so cannot be inverted to express the velocities as

{0, [ @

{;?“ (x), / ByAy(y) - G(y)

|

{90, [ @300 600} = ~000) <o),
|
|

{wx), R

{0 [ @300) 2200} = 003 pu(00) x B o),

{mx), [ @ -wm} = () x BO()) x plx) + ux) x (B(x) x b)),

functions of the momenta and configuration variables. We
thus have the following primary constraints:

- oL
B = om0, (A1)

0
i = pi =& eip D Fy, % 0, (A2)
)?;‘ = E? — éabc€ijka¢ch¢k ~ 0. (A3)

Since Eq. (11) is in the form [d®x(pg — H), the total
Hamiltonian a la Dirac is

Hy = [ @x(aly + B+ i+ pli). (M)

where A, u',pl, are arbitrary functions of spacetime
coordinates.

To ensure preservation of these primary constraints under
evolution with H, we first note the following algebra:

(AS)
(A6)

(A7)

(A10)

{)?“(XL / dypy(y) ')?”(y)} = 28[(x) x (pp(x) X Dep(x))] + 28 [D gp(x) x (p(x) x (x))].  (All)

where as before B% = g% F i .. The first three equations are all weakly zero, while the fourth one is identically zero owing

to the Bianchi identity; hence we obtain
{Ey(x). Hr} = =G(x) % 0,

{w(x). Hr} ~ (¢ x po) x B* =0,

{7¢(x). Hr} = [(u x BY) x @] + [ x (B* x )] + 28 [ x (p), x D )] + 26[D g x (p, x )] = 0.

(A12)
(A13)

(Al14)
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Equation (A12) is a secondary constraint as its right-
hand side does not involve a Lagrange multiplier; the other
two Egs. (A13) and (A14) are not secondary constraints,
but merely consistency conditions on the Lagrange multi-
pliers 4/ and p! (in line with Dirac’s method [14,15]). Thus
the last two conditions, when set to zero, fix x’ and pf as
functions of the phase-space variables. Finally, by virtue of
(A5)-(A7), {G;(x),Hs}~0. Therefore, the constraint
analysis ends, and we conclude that we have four con-
straints in total: the three primary constraints (A1)—(A3)
and one secondary constraint (A12).

Next, we classify the four constraints into first class or
second class. It is immediate that (A1) and the Gauss law are
first class, whereas (A2) and (A3) are second class. These
second-class constraints are solved strongly, which is

equivalent to defining the phase-space variables p; and E?
evident in (A2) and (A3). Lastly, the innocuous primary
constraint (Al) can be ignored, for its sole purpose is to
provide a full canonical gauge generator that correctly rotates
the full spacetime field A, rather than just its spatial
counterpart A, [25]. Hence we get a canonical theory defined
by the momenta (9) and (10) subject to evolution under the
Gauss law, as obtained in Sec. II. It is worth emphasizing
that the heuristic considerations in Sec. II pertaining to the
absence of any nontrivial algebraic relations among the
momenta p; and E¢ and the configuration variables ¢’ and A/,
are systematically reflected in the absence of any secondary
second-class constraints in Dirac’s procedure: the nontrivial
relations (A13) and (A14) are not secondary constraints, but
rather consistency conditions on the Lagrange multipliers.
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