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We provide the quantization of a charged black hole. We consider a redefinition of the scalar constraint
in order to render the algebra of constraints a Lie algebra. We apply loop quantum gravity techniques
adhered to a novel improved dynamics scheme. We show that the model is solvable in closed form. We
compute effective geometries, and show that the resulting effective space-times replace the inner horizon
with a transition surface that connects trapped and antitrapped regions within the charged black hole
interior. Quantum effects therefore stabilize the classical inner Cauchy horizons, as long as the charge is
small compared to the mass. We further discuss the properties of these effective geometries by defining an
effective stress-energy tensor out of the Einstein tensor, concluding that the null energy condition is

violated.
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I. INTRODUCTION

Black holes are ultracompact objects that have become a
trending topic of research nowadays [1,2], and the natural
focal point where we expect to find deviations from
classical general relativity. They are traditionally thought
to be a generic consequence of the gravitational collapse of
classical matter [3]. It involves the formation of a trapped
region and, ultimately, a singularity, where the classical
theory breaks down. The first solution to the Einstein
equations, describing the formation of a black hole was
obtained by Oppenheimer and Snyder [4]. It entails the
collapse of a perfectly spherical distribution of a homo-
geneous and pressureless perfect fluid (or dust cloud). The
eventual outcome of this collapse is a Schwarzschild black
hole, characterized by a spacelike curvature singularity
enclosed by a trapped region.

Initially, the status of the black hole singularity remained
ambiguous, raising questions about whether it was an
inherent outcome or a byproduct of spherical symmetry.
But it was soon established as a generic result through the
celebrated singularity theorems (see for instance [5]). These
theorems dictate that, once a trapped region forms and
specific conditions regarding energy positivity and causal-
ity are met, the collapse process inevitably goes on until a
singularity forms (in the sense of the inextendability of
incomplete geodesics). Notably, these theorems do not
provide insights into the nature of the singularity or the
causal structure enveloping it.

Actually, the internal structure of realistic black holes
seems to be notably more intricate than that portrayed by the
Oppenheimer-Snyder solution. For instance, perturbations
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away from spherical symmetry result in spacelike singular-
ities with distinctive characteristics compared to their
symmetric counterparts. This is the case if one adds a small
charge or rotation to the Schwarzschild solution, resulting in
a geometry with a singularity structure that significantly
departs from an unperturbed one. For example, the Kerr-
Newman solution [6] features not only an outer apparent
horizon but also an inner one. Given that the trapped region
does not extend all the way to the singularity, the nature of
this singularity adopts a timelike character. Moreover, they
show intriguing causal features [7]. Likewise, perturbations
give rise to the mass inflation instability [8,9]. Here,
perturbations located at the inner horizon induced by
external energy fluxes result in an exponential growth of
the space-time curvature. The Cauchy horizon is replaced by
a (weak) curvature singularity [10], while the inner horizon
collapses, potentially forming a spacelike singularity at a
finite time [11]. This does not modify the external structure
of the black hole, which is puzzling from the perspective of
the no hair theorems.

Semiclassical effects may play an interesting role
when understanding the physics beyond the classical
theory [12-18]. However, we are interested in the non-
perturbative approach of loop quantum gravity (LQG)
to incorporate quantum corrections (see Refs. [19,20]
for a general viewpoint). Concretely, the quantization of
uncharged (nonspinning) space-times within the improved
dynamics scheme suggested in Refs. [21-23] allowed the
derivation of effective geometries with desirable proper-
ties. In particular, they agree very well with the exterior
geometry of a Schwarzschild black hole for macroscopic
masses, but display large corrections close to the would-be
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singularity, where curvature (including a nonvanishing
Ricci tensor) becomes Planckian, and there one finds a
transition from a trapped to an antitrapped region, in very
good agreement with [24]. Charged (nonspinning) space-
times have also been studied in Ref. [25] within LQG (see
also [26,27]). Despite there being a singularity resolution,
we lack a detailed study of the effective geometries
resulting from this quantization. Since they do not adopt
an improved dynamics scheme, one should expect they
will not show all the desirable properties mentioned above
(like Planck-order upper bounds for curvature scalars).
This will be the main motivation of this manuscript.

This paper is organized in the following way. In Sec. II
we describe the Reissner-Nordstrom space-time in the
classical theory. In Sec. III the kinematical aspects of the
quantum theory are described and the improved dynamics
scheme introduced. Section IV is devoted to the physical
Hilbert space and observables. The main properties of the
effective metric are discussed in Sec. V. Finally, we present
the conclusions of the analysis in Sec. VI. We also include
an Appendix with details about the solutions to the
Hamiltonian constraint.

IL. REISSNER-NORDSTROM SPACE-TIME:
THE CLASSICAL THEORY

Here we recall the basics of gravity in spherical sym-
metry [28-33] in Ashtekar variables. The gravitational
sector consists of two pairs of canonical (gauge-invariant)
variables, E*, K, and E?,K,, the triad and the extrinsic
curvature, in the radial and transverse directions, respec-
tively. The Poisson brackets between the triad and the
extrinsic curvature are

{K.(x),E*(xX')} = G6(x — X'), (2.1)

(K, (x), E* (')} = Go(x — x'). (2.2)

The matter sector is a spherically symmetric electromag-
netic field A = I'dx + ®dt parametrized by two configu-
ration variables I, ® and their canonically conjugate
momenta, Pr, Pg, respectively. We assume a trivial bundle
for the electromagnetic field implying the absence of
monopoles. In the canonical treatment it is found that @
acts as a Lagrange multiplier, so it can be dropped as a
canonical variable (see Ref. [34] for more details). The
Poisson brackets are

{T(x), Pr(x)} = 6(x = x'). (2.3)

The theory has three constraints: the Hamiltonian,
diffeomorphism and electromagnetic Gauss law given by

H= é {—%— 2VE'K K, — f\é/lz_q’Jr éEfE_)gi
C=GY(E")K,-E"(K,) —8xP,d'}, (2.5)
G=-P. (2.6)

respectively. Here the prime denotes the partial derivative
with respect to x and we have set the Immirzi parameter to
one." The extended Hamiltonian takes the form

Hyp = /dx{NH + N*C + G},

with N the lapse function, N* = g™ N, the shift vector and
A the Lagrange multiplier of the Gauss constraint.

In order to make the constraint algebra a true Lie algebra,
one can rescale the lapse and the shift functions in the
following way:

_ 2NK,VE*
N* = N* + (E(/))c>/ ’ (27)
- E’N

so the extended Hamiltonian becomes

[.. G(EYYP. 2GK,TP}
M= /dx{N{HG_ 2BV E”

+ N*[-(E*)'K, + E?(K,) —T'P{] — /IP’F}, (2.9)

where we have defined

(EY) VE

Hg = (\/ﬁ(l +K2) - Wy

- 2GM>/. (2.10)

The new Hamiltonian constraint (the phase space function
multiplying N in the above expression) has an Abelian
algebra with itself, and the usual algebra with the diffeo-
morphism constraint and Gauss law (which remains invari-
ant after this redefinition of lapse and shift). The term 2GM,
with M the Arnowitt-Deser-Misner (ADM) mass is a
constant of integration that arises from an examination
of the theory at spatial infinity. We will now perform a
redefinition of the multiplier A:

'For other choices of this parameter we obtain results similar to
those reported in the literature [24].
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_ _K
R - (Nx—2GN—‘”>F. (2.11)

E?

With this, the Hamiltonian becomes

+ N*[-(E")K, + E*(K,)] — A(P}) } (2.12)

Now, integrating by parts the Gauss constraint, we get
_[-  G(E")P}
= fan{ o=t
+ N*[-(E*)YK,+ E*(K,) ] + X (Pr+ Q)}, (2.13)
with the constant of integration Q being the ADM charge.

We will now redefine yet again the Lagrange multiplier for
the Gauss constraint:

(Pr—0Q)+4, (2.14)

ey

=
N2
(55}
~
S

so that the Hamiltonian becomes

Hp = /dx{N[I:IG - %;;/Qj] + N¥[-(E¥)'K,

+ E?(K,) ]+ X (Pr+ Q)}. (2.15)

For static situations we fix the electromagnetic gauge to
I' = 0, so the Lagrange multiplier A is determined and the
Gauss law turns into a strong constraint Pr = —Q. This
leads to an extended Hamiltonian of the form

Hp = / dx(N H+N*C,), (2.16)
with
C,=G"! / dx[-(E*)K, + E?(K,)']. (2.17)
AN) =G / dxN vE* E? [Kg - ggl;);
+ <1—%+GE—QXZ>}, (2.18)

and

[—

= (2.19)

Each of the constraints eliminates one phase space
variable per space-time point. In order to have a fully
gauge fixed theory, we have to specify spatial coordinates
(in this case only the radial coordinate) and how the spatial
slicing is embedded in the space-time. This is equivalent to
fixing the lapse and shift functions. It is important to clarify
that for different choices one has diffeomorphically equiv-
alent solutions, so their physical content is the same. We
will restrict to the set of stationary slicings solutions for
which N* =0 and N =0 (e.g. N = 1/2). Here, one can
easily solve the theory and express the basic phase space
variables in terms of two functional parameters g(x), (x),
the ADM mass (M) and the charge (Q) observables as

Y(x) = alx ?(x 2 _ [gl(x)}2/4
e e P A
K.(x) = [h(x)] /22 K, =h(x).

\/1+h2(x)+%— Ve

Here h(x) and g(x) [such that g(x) > 0 and ¢ (x) # 0]
are arbitrary functions representing the choice of coordi-
nates for stationary space-times, and requiring that the
resulting space-times are asymptotically flat, so g(x)=
x>+ 0(x7") and h(x) = O(x~") when x — co. Considering
these conditions we have

, 2y GO 2GM
N? =1+ h?(x) RV
x _ 2V 9(x) 2(y) 4. G2 _ 2GM
N == \/1+h()+g(x) ol (2.20)

Finally, the space-time metric in spherical symmetry is
given by

ds* = —(N* — N N¥)dt* + 2N  dtdx
(E%)?

E

dx? + |E*|dQ2, (2.21)

where dQ? = d6? + sin® 0d¢? is the metric of the unit
round sphere.

III. KINEMATICS AND IMPROVED DYNAMICS
IN THE QUANTUM THEORY

We begin the quantization process by recalling the basis
of spin network states in one dimension [28-31]. Consider
graphs g consisting of a collection of edges e; connecting
the vertices v;. One can construct the gravitational sector of
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grav

the kinematical Hilbert space Hy;,~ of the theory, charac-

terized by a basis of states |I; ji), with k; € Z and p; €R,
the valences of edges e; and vertices v;, respectively. For
convenience, we will restrlct our study to spin networks
such that j is an integer following a uniform sequence of
unit steps in the interval [-S, —1] U [1, S], with S finite and
arbitrarily large. Therefore each spin network will have a
total number of vertices 25.% On this basis, the kinematical
operator corresponding to the triad in the radial direction
defined on the lattice is

E* (x|, i) (3.1)

The operator corresponding to the triad in the tangent
direction is a well-defined density on vertices

= 25()6 = %))k,

— A2k, ji).

E* (x)|k. i)

D). (32)

Point holonomies I/ ,. = exp(ip;K,(x;)) of the connec-
. . J . .
tion K, act on vertices v; in the following way:

Uy luj) = uj+ pj)- (3.3)

Note that there are also well-defined operators corre-
sponding to holonomies of the connection component K,
but, since we made the Hamiltonian Abelian, there are no
components of the curvature proportional to K, so we do
not need to construct them explicitly.

Now, we will implement the improved dynamics scheme,
following similar ideas introduced by Chiou et al. [33] and
following [21]. We start approximating the components of
the classical curvature (of the real connection) by holono-
mies of finite closed loops along suitable edges generated by
the Killing vectors, such that the classical physical area
enclosed by these plaquettes equals the first nonzero
eigenvalue of the full LQG area operator A (the so-called
area gap). This prescription requires some knowledge from
the quantum geometry we have not yet derived, and we hope
that at the end of the day we obtain a self-consistent and
physically sensible description. For instance, to properly
define areas and lengths, we need a metric. Here, we will
take the classical metric (in its diagonal gauge) given in
Eq. (2.21), namely, setting 4(x) = 0. Hence,

(B 1
AE(x) 12, 5¢

9oo(X) = E*(x),  gue(x) = (3.4)

We now define the areas of closed holonomies that
replace the components of the curvature in the quantum

*Note that more general spin networks can be easily consid-
ered, but the main results of our paper will not change within the
semiclassical sector.

theory on each vertex v;. Let us consider first a plaquette
adapted to a 2-sphere, such that its area is equal to A. A
2-sphere will have area 47 ggy(x) = 47E*(x). The plaquette
adapted to a 2-sphere must then satisfy

A = 4z} |k, |52 (3.5)

where £k ; is the eigenvalue of the kinematical operator

E*(x) according to (3.1). These eigenvalues represent the
areas of the spheres of symmetry.3 Point holonomies (3.3)
of fractional length

A

o 3.6
4nty k| 2o

pj=
will produce a shift |u;) — |u; +p;) in a state which

depends on the spectrum of some kinematical operators.
We will adopt a more convenient state labeling |v;) with

v = ,uj\/¢ Point holonomies L[— = exp(ip,;K,(x;))

have a well-defined and simple action on this new (single-

vertex) state basis of H; :

Uy lv) = v +1). (3.7)

,U) are normalized to

<k 1/|k/ V') = 6yp0sp, and  kinematical operator (3.1)
remains unchanged on this basis. The volume operator
density is well-adapted on this basis:

D). (3.8)

We now consider a basis |k, 7,

) in Hy, such that

(R.DR.7) = b0006(M = M)3(Q - Q). (3.9)
In addition, and for the very first time in the literature,
we will introduce a second improved dynamics condition
given by holonomies that form closed plaquettes (annulus)
in the § — x and ¢ — x planes. For simplicity, we set the
plaquettes in the 6 = z/2 plane. With respect to the
physical metric, infinitesimal lengths along the x direction
are given by the norm of the I-form (dx)¥, namely,
V19,0 (dx)F(dx)’] = \/|gyc|dx, where the absolute value
has been introduced to make this expression valid even
when the 1-form (dx)* becomes timelike (like in the
interior of the black hole). Those along the equator are
given to be the norm of the 1-form (dg)* and have

*We remind the reader that in spherically symmetric LQG
the eigenvalues of £* represent the area of the surfaces generated
by the corresponding Killing vectors, that is, the spheres of
symmetry.
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infinitesimal length /g, (do)"(dg)" = \/ggede. Both in
the classical and the quantum theories, we need to specify a
choice of a radial coordinate. Following Ref. [23], we

define the radial coordinate £3,k; = sign(k;) (x7 4 x5), with

x;=(j+1)dx

x;=(j—1)éx

if je[-s, 1],

if jell,5], (3.10)
such that (6x/¢p)€N and with j#0. Note that
Chki—yy = £x§ fixes the value of xy to be related
with the smallest area of the spheres of symmetry. Its
value will be dynamically determined in the next section.
In turn, the spectrum of [(E})’ ]? can be approximated by

2
(24/x7 + A?/xg + 6x)". The reason for this approximation

is that we did not find a closed-form expression for it. The
previous approximated formula agrees very well with the
exact spectrum of the above operator, up to corrections of
the order A%/x3, which are negligible for macroscopic
black holes.

We now demand that closed plaquettes in the equator of
the innermost vertex (where we expect that quantum
corrections will be largest) enclose a physical area

2219045185\ o (5))ps] -1 = A, (3.11)

recalling that 6x; is the step of the radial coordinate x; of
the lattice, which here satisfies 5x; = x since we choose a

uniform lattice spacing,4 and 2zp; must be understood as a
|

fractional (coordinate) length along the equator in the ¢
direction.” Condition (3.11) takes a complicated form in
terms of physical operators. We will study it in the next
section.

Besides, in our model, there are global degrees of
freedom corresponding to the mass M and the charge
Q of the classical space-times. For both of them, we
adopt a standard representation as the one already
provided in [25]. Concretely, a complete basis of kinemati-

cal states is given by |I; U,M, Q), normalized such that
(k0. M, QK. T, M, Q') = 8:6:8(M — M")5(Q — Q).
The kinematical operators associated with the mass M and
the charge Q act as multiplicative operators, namely

(3.12)

(3.13)

Finally, on this kinematical framework, the action of the
diffeomorphism and scalar constraints is well defined.
Regarding the diffeomorphism constraint, its action is
encapsulated in the finite diffeomorphisms (unitary trans-
formations) that map a graph into itself, but moving the
positions of the vertices of the one-dimensional manifold
they have support on.

On the other hand, following [25], the scalar constraint
can be defined by means of the quantum operator which is
given by

J

The operator H(N) acts on each vertex v; of the

kinematical states 1?, U,M,Q) on Hy, as a first order
differential operator in the representation in which holon-
omies act as multiplicative operators. On this kinematical
Hilbert space, the action of the constraints is well defined,
and their quantum algebra is free of anomalies. The
physical states that are annihilated by this operator will
be discussed in the following section.

“This improved dynamics condition involves vertices j = 1
and j = 2. One can also obtain a similar result if one instead

chooses the vertices j = —1 and j = —2. Another possibility is to
evaluate the improved dynamics condition by choosing the
vertices j = —1 and j = 1. Here the spacing of the lattice would

be 26x. In any case, we will get qualitative agreement.

» (%)) g

. _ - sin?(p,K,, (x;
H(N)—/de 2 \/|E)¢|<1+(pf_—2
p.

+G >—2GM Ev — (B (JEX|)V/* (3.14)

|E]

IV. PHYSICAL SECTOR
OF THE THEORY WITHIN
THE IMPROVED DYNAMICS

The previous kinematical description is well adapted
to the quantization procedure of [25], now within the
improved dynamics scheme of [21]. Here, the scalar
constraint is again a differential operator. Its solutions
can be obtained as in Ref. [25] (see the Appendix for
details). They represent physical states, where the labels v/;
play the role of gauge parameters which determine the

Note however that a local version of the above improved
dynamics condition (valid at all j’s) implies a restriction for the
allowed sequences of k; of the spin networks. By itself, it is an
interesting proposal that deserves to be studied separately.
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slicing of the spa(:e—time,6 and hence are not physical.
The space of solutions can be endowed with a physical
inner product, and promoted to a Hilbert space. Here, a
basis of physical states is 1?, M, Q), normalized such that
(k, M, QIK',M', Q') = 6:26(M — M')8(Q — Q'). The basic
physical observables are the mass M and the charge O,
acting on the physical states in the following way:

Mk, M. Q) = M|k. M., Q) (4.1)

Olk.M. Q) = Qlk. M. Q). (4.2)
and a set of observables O associated with k and para-
metrized by a continuous parameter z € [—1, 1],

O(2) k. M, Q) = hkinso|k. M. Q). (4.3)
with 28 the total number of vertices and Int(Sz) the integer
part of Sz. The physical observable O codifies the (quan-
tized) areas of the spheres of symmetry. As we did with the
kinematical states, we will consider spin networks with a
finite but large number of vertices.

In the family of states |M, Q, 1€>, the triad can be easily
represented as physical parametrized observables as

E*(x;)|M. Q.k) = O(z(x,)) M. Q. k)
- f%’lkj|M7 Ql:)

= sign(k;) (x} + x3)|M. Q. k), (4.4)

and its spatial derivative

fx b k 1—k' -,
E )l IM. 0.8 = 630 = M. 0.K). (45)
J

has positive definite spectrum (with its minimum eigen-
value equal to ox).

From the expression of the Hamiltonian constraint (2.18)
we can write the square of the triad £ as a parametrized
observable [20]:

[(E*(x;) TP /4

(B0 () = — A —, (4.6
1 4 Ky (y) 26 GQ?
G VIEG) T IEw)]

with K ,(x;) playing the role of a collection of parameters,
one for each vertex, which can depend on M, Q or O(z).

E? must be a well defined self-adjoint operator.
Concretely, when sin*(p,K,(x;)) =1, it must satisfy
(E*)? > 0, so

®In the classical theory this is equivalent to fixing E¥ with a
gauge fixing condition.

1 2GM GO?
1+=- Q

7 E) )]

Condition (4.7) leads to a minimum global eigenvalue of
|E*(x;)], given by ¢ |k, | = x3, which yields the smallest
value of the area of the 2-spheres. At this point of the lattice
we expect large quantum effects. If in addition we replace
po by Eq. (3.6), we can obtain the values of x fulfilling
inequality (4.7) by analyzing the zeros of

>0, Vx,M,Q. (47)

2 2
c=1430 s o (4.8)
A Xy Xp

for a given mass, M, and a given charge, Q. Here, we have
introduced rg = 2GM and ryp = V/GQ, in order to simplify
the notation.

If r¢y is small enough compared to rg, we can find two
real positive solutions xi of Eq. (4.8) by setting ¢ = 0. But,
before we focus on their physical consequences, let us note
that if we now increase ré, keeping rg > £p;, one can see
that the two real solutions to Eq. (4.8) converge to only one.
Its value is given by

(4.9)
or, equivalently,

eq 1/r SA 1/3
X —2<2ﬂ) . (4.10)
For larger values of ry, we have ¢ > 0, implying that
inequality (4.7) is always satisfied and there is no restric-
tion for the values of k;.

In this work we will focus on the physical consequences
of the limiting case in which rp < rg, rg > ¢’p;. We leave
other regimes to be explored in future works (see Ref. [27]
for additional details). In the considered limit, the largest
solution to (4.8) is given by

2
o (1A' o Zr\*?
x0_<4ﬂ'> 3r5+0 rg +O

while the smaller solution is of order xj ~rg/rs. In

4
rh ]
7/3
Al/SrS

(4.11)

principle, all of the eigenvalues of the operator |E*(x;)|
greater than (x])? and smaller than (xj)* are allowed.
However, in the case in which x5 > ¢, there will be spin
networks producing effective geometries that will show an
inner core separated from the external region with a strong
quantum character (in agreement with Ref. [27]). This will
require a more delicate analysis that we will leave for a
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future publication. Hence, we will consider configurations
such that x; < Zp;. Note that this actually implies rZQ [rs <
Zp. Given that we are assuming rp < rg,rg > ¢p, the
above condition will be likely satisfied. Therefore, the spin
networks we will consider here will only have support on
eigenvalues of the operator £*(x ;) greater than (xg)2.

Moreover, the second improved dynamics condition (3.11)
reads as

14+ A?/x% + 6x/2x2 —
V 1+ A%/x5+ 6x/ xoéx Ar— A

(4.12)
2
rs_1_"o
173
and in the limit o < rg, rg > ¢p implies
Xt
ox = 2¢pInt [—0} , (4.13)
Cp)

at leading order. All this fixes the values of the parameters x;
and ox. It is important to note that condition (4.7), which
implements the improved dynamics condition (3.5), refers to
the spectral properties of a parametrized observable in a
gauge that in the classical theory allows one to cover the
maximum extension of the space time and hence allows us to
obtain the minimum value for the areas of the spheres of
symmetry. We should note that this maximum extension is
gauge invariant by construction. On the other hand, once this
condition is solved, and the minimum value of kj is
determined, condition (4.12) refers to the second improved
dynamics condition that we must solve for ox. For it, we
choose a diagonal gauge that is well adapted to the calculation
of lengths in the radial directions. One could think that this
condition is gauge dependent. However, we construct this
condition via scalars (norms of two 1-forms), i.e. geometrical
quantities that are independent of the gauge one chooses.
Therefore, condition (4.12) is gauge invariant.

Let us now compare this result to the uncharged case
studied in [21,35]. The equation (4.8), when ry =0,
becomes

LA s

4.14
A (4.14)

Setting 6 = 0 we can find one real positive solution to this
equation, which in the limit r¢ > ¢p is given by

1 A\ 1/3 S
X :fPIInt[f—Pl G‘—ﬂ) } 5x5=2fpllntl;—;]. (4.15)

For values of x; < xg the quantity ¢ in (4.14) becomes
negative, so the inequality (4.7) is not satisfied. Comparing
this result with (4.11), we can see that condition (4.7) leads,
in both cases, to a minimum eigenvalue for the operator

E*(x ;) both of which differ by a term of order O(rg/rs).
As we will see in the next section, there is an event horizon
located at fp]\/m =rg in the uncharged case and at
¢p/Ikj] = rs —ry/rs in the charged case. The Cauchy
horizon present in the classical Reissner-Nordstrom black
hole is located at a value of £p;/|k;| which is smaller than
xsr and is therefore inaccessible. From this discussion, we
conclude that one of the consequences of adding a small
charge to a quantum Schwarzschild black hole is merely
that of shifting its event horizon and transition surface
locations by a small amount. Besides, as we expected, the
global space-time structure will remain qualitatively equiv-
alent to the one of the uncharged black hole.

V. REISSNER-NORDSTROM
EFFECTIVE METRIC

Let us now construct the line element of the space-time
with the purpose of analyzing the physical aspects of the
improved dynamics and compare them with the results
of [21]. In order to do this, we are going to use the same
slicing as [21,35], which uses Eddington-Finkelstein hori-
zon penetrating coordinates such that

- _ _GQ® 2GM
sin®(p;K,(x;)) | E@I /B (5.1)
2 T _62 wh '
/ [E*(x;)] |E* ()]

The operators corresponding to the metric components
are then given by

. GO? 2GM
Ju(x;) =1+ - T ,
Bl 1B (xy)

E)

bl = |1 L ) = B,
N

A (E*(x;)) 2GM GO?

gtx(xj)_ -

2 fiEIN B ET
B () = | E(x,)[sin? ().

We will now consider a family of quantum states which are
sharply peaked in both the mass and charge and are
compatible with the restriction to a single spin network
(one-dimensional lattice). The construction of such states
can be done in an analogous way to that of [21]. They will
be peaked on ry < rg so that the minimum value for k; in
our spin network is that corresponding to (4.11). We adopt

2
here the approximation [(E})']* by (24/x7 + A?/xj + 6x)

discussed in the previous section. An effective space-time
metric can then be defined as g,, = (j,,), where the

(5.2)
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expectation value is computed on the states previously
mentioned and where we replace the discrete label j
by a continuous dimensionful coordinate £pj — x € R
Moreover, although the expectation values depend on
superpositions in the mass M and the charge 0O, we will
restrict ourselves to the case in which both AM and AQ are
negligible (a discussion of this point can be found in
Appendix B of [21] for the uncharged case). In this limit,
the effective metric can be written as g,, =0 G+
where “...” means contributions proportional to AM?, AQ?
and AMAQ that will be ignored. In total, we obtain the
following metric:

(\/x2 + A%/ (x§)? + x&)z
(2 + (x5)?)

VXE+ A% (x))? —I—xg)

dx

0)ds? := —f(x)dr* +

- l—f()C)<

dtdx
(o + (xg)?)
+ (2% + (x])?)dQ>. (5.3)
where
o rs o
f(x) =1 Fean (X(J)r)z +x2 + (xg)z’ (5-4)

xg is given by Eq. (4.11) and we have replaced &x
by Eq. (4.12).

A. Curvature of the effective space-time

In order to compare our results with [21] we will analyze
the properties of the curvature of the effective metric (5.3)
by computing the Ricci scalar R, ¢*, the Kretschmann
scalar K = R,,,,R""? and the Ricci tensor squared R, R"".
Their asymptotic expressions at spatial infinity are,
respectively,

(3r5x6r+6(xg))C:—2A/(xg)2)2+o(;_9) (5.5)

R2=

2 + +3\2
o120 +2rs)éo +2(xg) )+@<i7> (5.6)
X X
6(xg)? !
R Rﬂl/ = 7 - . :
» 0[5 (5.7)

"This approximation is well justified. See Ref. [22] for a more
detailed treatment of the discrete model. Besides, and for
simplicity, we assume x takes values in the whole real line,
although we should keep in mind that the fundamental theory has
a finite number of vertices and therefore we can only cover a large
but finite portion of the space-time.

100 oo .
10714 // |
" \

1073 k|

1074
R#VR}LV

10-5 . ‘_ s . : . . L L
-10 —10® -10> —10' —10° 0 100 10t 102 10 10t
xT

FIG. 1. This plot shows the square of the Ricci scalar, the
Kretschmann scalar and the Ricci tensor squared for Q = 1 and a
choice of r¢ =2 x 10'° (in natural units).

In the asymptotic region, we should note that the terms
involving Q are subdominating compared to the main
deviations from the classical theory.

In the most quantum region around x = x, (where the
curvature reaches Planck scale) and in the limit rg > p
we obtain

14422

R =—5 + O[rg*] (5.8)
" 727‘[2 —-2/3
RuR" = =5+ Ol (5.9)
14472 _
K= Az” +0rg?. (5.10)

For macroscopic black holes, several curvature scalars
reach upper bounds in the most quantum region which
are fully determined by the area gap, set in this case as
A= 4\/57;, where we have set the Immirzi parameter of
LQG to be y =1. In Fig. 1 we have plotted the three
curvature scalars, in the most quantum region for small
charges (Q =1 in natural units). Figure 1 shows the
curvature scalars for a choice of the mass parameter
corresponding to rg = 2 x 10'°,

B. Effective stress-energy tensor

The effective stress-energy tensor is defined as

1

T, =—-G
o 82G

[

(5.11)

with G, the Einstein tensor. It codifies the properties of the
effective quantum geometries ((0>gm,) and can be charac-
terized by an effective energy density p and radial and
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tangential pressures densities, p, and py, respectively. The
components of the stress-energy tensor in the exterior
region (the region where the effective quantum geometry
has a timelike Killing vector X*) are

XHXY
=7, —, 5.12
P= T 3ox) (5.12)
Uy
Px :=Tu—’ (513)
"(rr,)
o"o”
Po = Tﬂva (514)

with 7 the vector field pointing in the radial direction and
6" the vector field pointing in the #-angular one. It is worth
mentioning that, on the interior region, X* becomes space-
like while r# becomes timelike. This is equivalent to
reversing the role of X# and 7 in the previous expressions.
The asymptotic behavior of these quantities at x — oo is
given by

2 + xo(2rg + 3xg) 1
o T Xol2rs 0
= o=, 5.15
p o) 6y
2%y —Tg+3x; 1
e TR (1)
x X X
2 2
xg  2rg —rsxo —0xj 1

We can see that the effective stress-energy tensor in the
spherical electrovacuum case falls off sufficiently fast, so
the effective metric will come closer to the Minkowski
metric at spatial infinity. The energy density and tangential
pressure include contributions from Q2.

Now, in the most quantum region and for macroscopic
black holes (x = 0, rg > ¢p;), we have

p= O{rgm},

(5.18)

The components of the stress-energy tensor of a macro-
scopic black hole reach mass-independent upper bounds
completely specified by the area gap A. In Fig. 2, we show
them in a neighborhood of the transition surface for
concrete values of the mass and charge.

As a final comment, let us remember that the singularity
theorems (Hawking and Penrose) are based on the null
energy condition. Here, these are given by p + p, > 0 and
p+ po = 0. In the most quantum region, these two con-
ditions are clearly violated from Eq. (5.18). Just as in the
uncharged case [21-23], we see that the quantum theory

107 pm e — — 3
102 /
1073

1074
i

107° 4

—6
10 — (=p) | 1
1077 (=po) | ]

1078 4

107?

10-10 . . . . . . . .‘ .
-10* -10*° -10* —10" —10° 0 100 100 102 10%  10*
T

FIG. 2. This plot shows the energy and pressure densities for
0 =1 and a choice of r¢ = 2 x 10'° (in natural units).

contains semiclassical states that approximate general rela-
tivity coupled to an effective anisotropic fluid which violates
the hypothesis of singularity theorems. This is in accordance
with the results obtained in this work, namely, the elimination
of the singularity by LQG [24] and the fact that curvature
scalars reach upper bounds in the bounce completely
determined by the area gap A.

VI. DISCUSSION AND CONCLUSIONS

We have expanded upon the research conducted in [21]
by considering the case of a spherically symmetric black
hole with an electric charge. We have restricted our study to
the case in which the charge is small compared to the mass
of the black hole. After identifying suitable operators for
the components of the space-time metric and a suitable
family of semiclassical states we derived an effective
geometry and studied its properties. Most of the results
obtained in [21] seamlessly extend to the charged scenario:
(i) The effective metric approaches the Reissner-Nordstrom
geometry sufficiently fast at low curvatures; (ii) asymptoti-
cally, the curvature scalars and the energy and pressure fall
off sufficiently fast in an analogous way to that of the
uncharged case, except for the energy density which is
dominated by Q7; (iii) in the most quantum region, the
curvature scalars are bounded from above and are at most
Planck scale; and (iv) the effective energy-momentum
tensor violates the null energy condition present in the
singularity theorems. There is, however, a major difference.
In [21] it was found that there is a minimum allowed value
for the eigenvalues of the operator E*, and this in turn
implied the elimination of the singularity for the effective
geometry obtained there. In the charged case however we
found, in the limits ryp < rg,rg > ¢p that there is an
interval (ky, k¢) of values that are not allowed so all states
have to satisfy kj < k; and k; > k;. When constructing the
effective metric, however, we wanted to consider states
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which approximate a smooth geometry, and thus we restrict
the study to those with a monotonously growing sequence
of values of k; with uniform jumps (of the corresponding
radial coordinate) and such that the lowest of them is
ko > kg . The resulting semiclassical metric resembles that
of the uncharged case constructed in [21]: It features an
event horizon in agreement with the classical theory and a
minimum radius in which the curvature is maximum and
Planck order. This is a spacelike hypersurface showing a
transition from a trapped region to an antitrapped region,
reaching a future (low curvature) white-hole (Cauchy)
horizon. Hence, these semiclassical geometries can be
understood as one-way hidden wormholes in the classi-
fication given in [36]. This is unlike the classical case in
which adding an infinitesimal charge changes the basic
structure of the space-time since the classical Reissner-
Nordstrom metric features a (high curvature) Cauchy
horizon no matter how small the charge is. In the improved
case, this Cauchy horizon is “hidden” behind an inacces-
sible region in which quantum operators are not well
defined. In [25] it was mentioned that the discrete nature
of space-time could in principle play a role in stabilizing the
Cauchy horizon of the classical Reissner-Nordstrom met-
ric. The results of this work seem to point in that direction,
since in the effective metric constructed in this work,
radiation incoming from Z* cannot reach the classical
Cauchy horizon since it is located beyond the inaccessible
region. However, incoming radiation will reach the low
curvature Cauchy horizon to the future of the antitrapped
region. This deserves a detailed study in the future.
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APPENDIX: QUANTIZATION: DYNAMICS

Starting from the expression (3.14) for the Hamiltonian
operator, it has a well defined action on kinematical states
of the form

7/pj
) = / amdo] | /) " dK,(v))

< w(M. 0.k K,)|M. 0.k Kq,>. (A1)

k

Here, we adopt the K, representation while for K the usual
loop representation, the main reason of this choice being
the simplification of the analysis. Physical states will be
constructed out of solutions to the equation (¥|H(N) = 0,
where (| are states defined on a dense set of the dual to the
kinematical Hilbert space. In the representation we are
adopting, we will be dealing with a collection of differential
equations rather than finite difference ones in the variables
vj, which are not solvable in closed form. Since the
Hamiltonian operator has the form of a sum of operators
acting on different vertices, we may assume

w(M.Q.kK,)=]w;(M.0.k.ki_1.K,(v)). (A2)
J

It is easy to verify that the action of E? in the loop
representation given by (3.2), in the connection represen-
tation and under the integral becomes simply E? =
—it’}0/0K,. Recalling the action of the operators given
by Egs. (3.1) and (3.3), the action of the Hamiltonian
constraint on states (A2) yields

1+ m3sin®(y;)
J

(A3)

where we have defined

v =p;K,(v)),
2GM  GQ?

m_[) 1-— ,
ok, LRk

and with p; given by (3.6). Equation (A3) can be solved
for y:

WJ(M7 Q? kj? kj—l’ K(/)<U/))

i _ .
with F a two variable function given by

(AS)

A dr
F(A.B) =/) S B ()

While the steps followed to solve (A3) and the results
closely mirror those presented in [25], a notable distinction
lies in the dependency of the factor p; on k;, whereas
in [25], it remained a constant.
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Physical states are then given by

€ omys = / dMdQ|M. Q)

o (Sor(. 0.k (M.0 ks Ky ) ) (46)

where the diffeomorphism constrain has been imposed by
requiring group averaging. Besides, K, play the role of a

collection of parameters that will indicate the choice of
slicing. Kinematical states can then be promoted easily to

the physical operators (see Sec. IV). This is the case of M
and Q. Other kinematical operators must be promoted as
parametrized observables, like E* and E°.
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