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We study transformations of the dynamical fields—a metric, a flat affine connection and a scalar field—
in scalar-teleparallel gravity theories. The theories we study belong either to the general teleparallel setting,
where no further condition besides vanishing curvature is imposed on the affine connection, or the
symmetric or metric teleparallel gravity, where one also imposes vanishing torsion or nonmetricity,
respectively. For each of these three settings, we find a general class of scalar-teleparallel action functionals
which retain their form under the aforementioned field transformations. This is achieved by generalizing
the constraint of vanishing torsion or nonmetricity to nonvanishing, but algebraically constrained torsion or
nonmetricity. We find a number of invariant quantities which characterize these theories independently of
the choice of field variables, and relate these invariants to analogues of the conformal frames known from
scalar-curvature gravity. Using these invariants, we are able to identify a number of physically relevant
subclasses of scalar-teleparallel theories. We also generalize our results to multiple scalar fields, and
speculate on further extended theories with nonvanishing but algebraically constrained curvature.
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I. INTRODUCTION

Our current understanding of the gravitational interaction
is largely based on general relativity, which describes the
gravitational interaction through the curvature of the Levi-
Civita connection of a Lorentzian metric. It is a highly
successful theory, whose predictions agree with observa-
tions on different scales, including the Solar System, black
holes and gravitational waves [1]. However successful, it
leaves a number of open questions to be answered: its
application to cosmology, which leads to the so-called
ACDM model describing 95% of the matter-energy content
of the universe as dark energy in form of a cosmological
constant A and cold dark matter (CDM), is challenged by
observational tensions [2,3], and any attempts to conclu-
sively quantize general relativity or obtain a unified theory
of gravity and the other fundamental interactions have so
far remained unsuccessful. Modified theories of gravity,
which aim to solve these open problems unanswered by
general relativity, are therefore an actively studied topic in
modern physics [4-13].

A large class of theories which is subject to current
research are teleparallel gravity theories [14]. These the-
ories fall into the more general class of metric-affine gravity
theories [15], as they are based on the assumption that
another fundamental field variable besides the metric is an
independent affine connection, which is imposed to be flat.
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There are three types of teleparallel theories, conventionally
called general, symmetric and metric teleparallel gravity,
where the latter two are obtained from the general class
by imposing additional constraints on the flat affine
connection—either vanishing torsion or vanishing non-
metricity. The remaining, nonvanishing tensorial properties
of the connection, i.e., nonmetricity in the symmetric case,
torsion in the metric case and both of them in the general
case, then carry the gravitational interaction, and therefore
take the role which is taken by the curvature in general
relativity. Through a suitable choice of the action func-
tional, each of these three types of teleparallel theories
allows the construction of a teleparallel equivalent of
general relativity, where equivalence is to be understood
as leading to identical field equations for the metric and
thus also identical solutions [16-20].

One of the reasons for studying teleparallel gravity
theories is the fact that they admit modifications of their
general relativity equivalents whose dynamics differs from
similar modifications of general relativity, leading to new
possibilities to address the aforementioned observational
tensions [21-23]. One of the most simple modifications,
which is motivated by a similar class of modifications of
general relativity [24-26], is the addition of one or more
scalar fields, which leads to the notion of scalar-torsion
[27-32], scalar-nonmetricity [33,34] and general scalar-
teleparallel [14,35] theories of gravity. Among these
theories one finds large classes which are able to address
open questions in cosmology, while being consistent with
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observations in the Solar System, described by their post-
Newtonian limit.

Numerous aspects of scalar-teleparallel gravity theories
are still to be studied and thoroughly understood. One such
aspect is the conformal frame freedom, which is known
from scalar-curvature gravity theories [36], and has become
an actively debated topic [37-47]. An interesting conse-
quence of this freedom is the existence of a number of
invariant quantities [48,49], which allow the description of
phenomenological properties of scalar-curvature theories
independently of the choice of the conformal frame [50-53].
Ithas been shown that analogously constructed scalar-torsion
[32] and scalar-nonmetricity [33,34] theories admit a similar
freedom of conformal transformations, either acting on the
tetrad defining the metric and the connection or the metric
alone, thus maintaining the constraints of vanishing curva-
ture and either vanishing nonmetricity or vanishing torsion.
Another open question in modified teleparallel gravity
theories is the appearance of a strong coupling problem
[54-62], which manifests itself by the absence of dynamical
degrees of freedom in the linear perturbation theory around
highly symmetric backgrounds, which reappear in higher
order perturbations, thus challenging the validity of the
perturbative approach to solving the field equations.

The aim of this article is to address some of the afore-
mentioned open questions in scalar-teleparallel gravity. Our
main focus is on the conformal frame freedom, which we aim
to study in all three types of scalar-teleparallel theories. For
this purpose, we need to generalize and unify the different
notions of conformal transformations in scalar-torsion and
scalar-nonmetricity theories—either transforming the con-
nection to maintain vanishing nonmetricity or leaving the
connection unchanged to maintain vanishing torsion—and
extend their application to the general scalar-teleparallel class
of theories. Transformations of this type fall into a more
general class of transformations in metric-affine gravity
theories [63]. We will see that these extended transformations
lead to a natural generalization of scalar-torsion and scalar-
nonmetricity theories to also include nonvanishing non-
metricity and torsion, respectively. The latter may serve as
an additional starting point to also address the question of
strong coupling, as it leads to more general background
geometries around which perturbations may be studied. In
particular, we study the existence of invariant quantities
similar to the scalar-curvature case and the possibility to use
these for a frame-independent characterization of scalar-
teleparallel gravity theories. We consider a single scalar field
at first, and then generalize our results to multiple scalar
fields, where we also discuss the difficulties arising from this
generalization.

The outline of this article is as follows. In Sec. II, we
briefly review the dynamical fields in scalar-teleparallel gra-
vity theories, and introduce the class of field transformations
we study in this article. We then provide a brief overview of
the different types of scalar-teleparallel gravity actions in

Sec. III, where we also define the matter coupling we
consider here. The transformation of these actions is studied
in Sec. IV. We make use of these transformations in Sec. V,
where we identify a number of invariant quantities. These are
further used in Sec. VI to state the aforementioned action
functionals in particular frames. We generalize our results to
multiple scalar fields in Sec. VII, where we also point out
necessary restrictions arising for this generalization. As an
application of our findings, we provide an invariant charac-
terization of several subclasses of (multi)scalar-teleparallel
theories in Sec. VIII. We end with a conclusion in Sec. IX.

II. FIELD TRANSFORMATIONS
IN SCALAR-TELEPARALLEL GEOMETRY

We will start our discussion with a brief review of the
scalar-teleparallel geometry. Throughout this article, we will
assume that the fundamental fields mediating the gravita-
tional interaction are given by a metric g,,, an affine con-

nection with coefficients I'#,,, which is imposed to be flat,

Rﬂl/po' = aprﬂya - aarﬂyp + Fﬂrpr‘rwf - Fﬂwrfyp = O’ (1)

as well as a scalar field ¢. In presence of a metric, the
connection is fully characterized by the torsion

Tﬂvp = Fﬂpy - Fﬂypv (2)
as well as the nonmetricity
Q;wp = vﬂgl/p = aﬂgl/p - Fdwgap - Fap/lgmf' (3)

This can be seen by defining the contortion

1
Kﬂyp = E (Tl/”/) + Tp’ly - T”zzp)v (4)
and the disformation
1
L”Dp = E (Q”up - Qv”p - Qp”,,)' (5)

With the help of these two quantities, it is possible to write the
difference between the coefficients of the teleparallel and
Levi-Civita connections, i.e., the Christoffel symbols

o 1

Fﬂup = Eglw(augap + apgva - ao‘Qup)? (6)
as

Fﬂbp - 1°—~/4Dp = Mﬂup = K#vp =+ Lﬂl/p' (7)

Here, M*,, is called the distortion. Note that we denote
quantities which are defined through the Levi-Civita con-
nection with a circle on top in order to distinguish them from
the corresponding quantities defined through the teleparallel
connection.
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In the following, we will study transformations of the
aforementioned fundamental fields. For the scalar field ¢,
we consider a general redefinition of the form

¢ =f(¢) (8)

with an arbitrary, invertible function f. For the metric, we
consider a conformal transformation given by

g/w = g;wez}/((i))v (9)

where y is an arbitrary function. Finally, for the connection
we study transformations of the form

v, =%, + ()0, (10)

with another arbitrary function { of the scalar field, for
reasons which shall become as follows. First, note that it
follows from the flatness of the connection that it has a
path-independent parallel transport on simply connected
regions, from which follows that locally its coefficients can
be written as

™, = (A 0,A%,. (11)

vp c”p

This parallel transport changes by a scalar-field dependent
factor £(¢) if we replace the coefficients A*, by

Ny = E(p)Ar,, (12)

from which follows that the connection defined by this new
parallel transport has the coefficients

Fﬂyp = (/_\_l)ﬂna/)/_\ﬂv = Fﬂy/) + §I(¢)6Ilf¢,p’ (13)

which becomes equal to the transformation (10) with
C(¢) = E (), reflecting the fact that a constant factor ¢,
which does not depend on ¢, does not change the
connection. It follows that this transformation retains
the flatness of the connection: by direct calculation, one
finds

Rﬂvpa = apf‘llw_ - aal:va + fﬂfpfrva - fﬂrafrvp
— R*,,, =0. (14)

Further, we find the transformation of the torsion
Tﬂyp = l:wpu - fwt/p = T#vp - 2¢(¢)5ﬁ/¢p] (15)
and the nonmetricity

Qﬂv/) = vygw) = e¥?) [Qﬂl/[) - 2(C<¢) - yl(¢))gu/)¢.ﬂ]‘
(16)

Hence, we see that if the initial teleparallel connection is
torsion-free, 7#,, = 0, then this property is also retained by
the transformed connection, provided that we choose
{(¢) = 0. Similarly, if we start from a metric-compatible
connection, Q,,, = 0, then this holds also for the trans-
formed connection, if we choose {(¢) =7'(¢). We will
make use of these choices when we consider the trans-
formation of metric and symmetric teleparallel geometries
and gravity theories in the following sections. Further, we
will use the convention that indices of transformed (barred)
tensor fields are raised and lowered with the transformed
metric g,,, while indices of original (unbarred) tensor fields
are raised and lowered with the original metric g,,.

III. ACTION

We will now introduce a number of scalar-teleparallel
gravitational theories, whose behavior under the pre-
viously introduced field transformations we will study in
the remainder of this article. We start by introducing the
general form of the matter action, which defines the
coupling between the matter and gravitational fields, in
Sec. IIT A. For the gravitational part of the action, we have
to distinguish three different cases, depending on whether
we impose vanishing torsion or nonmetricity, or allow for
both of them to be nonvanishing. We start with the latter
case, known as general teleparallel gravity, in Sec. Il B. We
then impose vanishing torsion in Sec. III C and vanishing
nonmetricity in Sec. III D.

A. Matter part

We start our discussion of scalar-teleparallel gravity
theories by providing a general matter action, which we
choose to be of the form

So[Gu DVope.2'] = S [P T, + B()L0 2.
(17)

with two free functions a and S of the scalar field and an
arbitrary set y! of matter fields. Writing the variation of the
matter action as

1
58, = Aj <§ ©8g,, + H, 6T+, + ®5p + w,5x1>

X /=gd*x, (18)

we identify the energy-momentum tensor ©,,, hypermo-
mentum H,*”, nonminimal matter coupling ® and matter
field equations w’. It follows from the assumed structure
(17) of the matter action that these are not independent.
This can be seen by writing the variation as
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N 14 ~
88, = / [5 ©"*8(g,,e*) + H,8(T+,, + P& ,) + 1%,5)(’} et /—gd*x
M

1A A .
= /M [5 " e*(8g,, + 2g,,d5¢) + H, 5TV, + B8 ,60 + p&,5¢ ,) + t7,5x" ] e\ /—gd*x

1 g . . [ e
- / {5 SR 5, + M, ST, + | @ g, - pV, (e H ) |5 + e4“1%15)(’}\/—_gd4x (19)
M

after integration by parts, where here and in the remainder
of this article we omit the function arguments for brevity,
unless they are required for clarity. By comparison with the
variation (18), we can thus identify the terms

" = 5O, H,W =M,

= eé”a’C:)””gW —ﬁ@b (64“1@”’”), w; = e**dr;, (20)
and so we find the relation
® =0 —pV,H,H, (21)

where we have defined ® = ©*g,, . This relation then also
enters the gravitational field equations, which we will not
discuss here for brevity.

B. General teleparallel gravity

In the most general case, we will study the class of
general teleparallel gravity actions defined by

1

= /M [—A($)G + 2B($)X +2C($)U

+2D(P)V + 2E(P)W = 22V()]
x y/=gd*x, (22)

where we introduced the abbreviations

SG [g[ll/’ Fﬂl/p? ¢] =

1
G= ZMﬂp[yMpDv]? X = —ngwgb.”(ﬁ’w U= Tylwgb,w
V= Qwugb,w W= Q#/‘”qﬁ,w (23)

and A, B, C, D, &, V are functions of the scalar field, whose
choice determines a particular action within this class.
Theories of this type were studied in [64], and generalize a
class of theories discussed in [14,35]. This action is
motivated by analogy to the well-known class of scalar-
curvature gravity theories [25,26]. Note that there are
several equivalent possibilities to impose the flatness of
the connection: either by restricting the variation of the
connection, or by introducing a Lagrange multiplier
[14,65]. Here we choose the latter approach, and introduce
another contribution to the action given by

Selr, 7o, T¢,,] = / r,°R:,,,dhx, (24)
M
where the tensor density v,”” is the Lagrange multiplier

which enforces the flatness (1). The full action of general
scalar-teleparallel gravity is then given by

Sgen =8¢+ S+ Sms (25)

and its properties will be discussed in the following
sections.

C. Symmetric teleparallel gravity

In symmetric teleparallel gravity, one considers a con-
nection with vanishing torsion, in addition to the vanishing
curvature condition. Following the same line of thought as
for the general teleparallel case discussed above, we
implement this additional constraint by introducing another
Lagrange multiplier term

Sylt, . T, = A £, T, d*x (26)

into the action, with another tensor density t,””. Imposing
this constraint, we find that the gravity scalar G reduces to

1 1 1 1
Q :ZQ” pQ/,wp_EQﬂlQp/,u/_ZQlwﬂpr +§Q#/¢pQ[ v
(27)

while U vanishes. It follows that the general scalar-
teleparallel action (22) reduces to the scalar-nonmetricity
class of actions given by

=5a /M [—A($)Q +2B($)X +2D(¢)V

£ 26(¢)W - 22V()]y=gd'x.  (28)

SQ [g/u/v Fﬂvp’ ¢]

which generalizes a class of theories discussed in [33,34].
The total action is thus given by

Ssym = So + i + S + Si,, (29)

and will also be studied in this article.
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D. Metric teleparallel gravity

Finally, we come to the metric teleparallel class of theories,
where in addition to vanishing curvature we impose vanish-
ing nonmetricity by a Lagrange multiplier term

Sq [q;wp, g;wvrﬂup} = /\/I q#yﬂQuupd4xv (30)

where ¢/ is again a tensor density. Under this constraint, the
gravity scalar G reduces to

1 1
T =TT T"¢T,,,
4 3

_TH
Hvp ™,

.7, (31)
while V and W vanish. The general scalar-teleparallel action
(22) thus reduces to the scalar-torsion class

St Do) = 52 [ (AT +2B@)X +26()U
NN (32)

which was discussed in detail in [32]. The final structure of
the action is thus given by

Smet = S7 + 8¢ + Sq + Sms (33)

which resembles that of the previously introduced cases. This
concludes the family of scalar-teleparallel gravity theories
we study in this work.

IV. TRANSFORMATION OF GRAVITY THEORIES

We will now study the behavior of the different classes of
scalar-teleparallel gravity theories under the transformations
of the fundamental fields which we displayed in Sec. II. For
this purpose, we consider a new action functional S for the
transformed fields g,,, I*,,, ¢, which is defined in full
analogy to S, but with the parameter functions A, 5, C, D, £,
V), a, f replaced by new functions A, B,C, D, £, V, &, p. This
new action will involve the quantities

G=e¥G+2/QU-V+ W)+ 12/2X], (34a)

T = e™(T + 42U + 120°X), (34b)

0=e2[Q+2(C-7)(V-W)+12( —7)*X]. (34c)
X = 72X, (34d)
0= e f'(U+60X), (34e)
V=e2f[V+16(-7)X], (34f)
W= e2f'[W+4(¢-7)X) (34g)

in place of the corresponding unbarred quantities in the
gravitational part of the action. As in the previous section,
where we outlined the different classes on scalar-teleparallel
action we study here, we will proceed for each class
separately, starting with the general matter action in
Sec. IVA. We then continue with the general teleparallel
casein Sec. [V B, followed by the symmetric teleparallel case
in Sec. IVC and finally the metric teleparallel case in
Sec. IV D.

A. Matter part

We start with the matter part of the new action, which is
given by

Sm [guwl:ﬂvpv 4_5’)(1] = Sm |:f_];4 24(9) Fﬂ ﬂ(¢)5ﬁq—§/)v)(1:|

=3, [gﬂyem(f (D)+2(@) 1w,

oLy +B<f<¢>>f/<¢>5é‘¢,,,,x'} .
(35)

By comparison with the original action (17) we now see
that both actions for the original fields g,,, I'*,,, ¢ agree if
and only if the defining functions are related by

a=a+y. p=fp+¢ (36)

where we omitted the arguments again, and it is understood
that the transformed (barred) functions depend on
¢ = f(¢), while the original (unbarred) functions depend
on ¢. Writing the variation as

/ ( @ﬂ”égﬂy +H ”/’61"”,,/, + D5p + @6y )\/—gd“x

M

/ { 0 (50, + 20,7/ 0¢) + H, P (5T%,, + '8l 0 + (86, + DF 6 + 1%15)(’} eV /—gd*x
M

A/I {— 0" 5q,, + e H, T+, { YOG, — Cﬁy(e“yflﬂ"”) + e4Vf’¢_>} S5 + 647’1%15;(1] V—gd*x,  (37)
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we see that the matter terms transform as
O = OrEHY H/" = 6’4]/1:1”1//), O = ¥ (y’@ - val:l,/‘” +f’<i>>, w; = eV, (38)

One can perform a few consistency checks on this result. First, note that from the definition of the matter action S,, by the
first line of (35), which is analogous to the definition (17) of S,,, one finds the corresponding relation

O = o1, Hw = e*H ", P = 90", - BVD <e4&1:1,/‘”>, @ = ¥y, (39)

from which then also follows
&= a6 — BV, i, (40)
Substituting the matter terms (39) in the transformation (38) and comparing with the corresponding terms (20), one finds
again the transformation (36). Similarly, one finds that also the relations (21) and (40) are connected by the same

transformation rules.

B. General teleparallel gravity

We proceed in full analogy with the gravitational part of the action, starting with the general teleparallel case. With the
transformations (34) at hand, we can now replace the action (22) by the new action

1 - _ -

ol T B = 52 | [FA@IG + 2B@)X + 22 @0 + 2D@G)V + 2 = 2V (@)y=5

= % ezr{—A[G +2/' QU =V + W) + 12y2X] + 2BfX + 2Cf'(U + 6¢X)
K= Jm

+2Df[V + 16(L =) X] + 2EF W + 4(L - /)X] — 2K262717}\/—_gd4x

1
2k

/ eZY{—AG +2[f?B — 6y2 A+ 6{f'C+4({ —y)f (4D + &)X
M

+2(f'C =2/ AU +2(f'D+y AV +2(f'E -y A)W — 2;<2e2n7}¢-—gd4x. (41)

[
We see that this reproduces the original action S for the  In order to complete the transformation of the action, we
original fields if and only if the parameter functions are  also need to replace the Lagrange multiplier part by
related by

A=e¥ A (42a) S.[5,70. 10, = Al TR pd = /w RN, ped
) ) ) o (43)
B=e¥[f*B-6y?A+6(f'C+4(—7)f (4D + &),

recalling from the transformation (14) that the curvature

(42b) tensor is invariant under the class of transformations we
_ _ consider. It follows that this action becomes equal to S, if
C=e(f'C-2/YA), (42¢) we set
D=e(fD+7 A, (42d) T, =T, (44)
a = In summary, we thus find that under a transformation of the
— 27 ¢ .,/ b

E=eT(flE=1 A, (42e) dynamical variables, the total action Seen retains its form,
o where the defining functions obey the transformations (36)

V= ey, (42f)  and (42).
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C. Symmetric teleparallel gravity

We then come to the symmetric teleparallel case. Recall
from Sec. III C that we constructed the action for scalar-
nonmetricity gravity by introducing a Lagrange multiplier
which imposes vanishing torsion in the scalar-teleparallel
action. Here we follow the same procedure to study the
behavior of the scalar-nonmetricity theory under field
transformations, and start with the Lagrange multiplier
part S;. Proceeding analogously to the previously discussed
actions, we find that it obeys the transformation

&@mejz/ﬁﬂﬁ%&x
M
= [ <T”y/,—2§5’[:¢,p]>d4x. (43)

Hence, we find that this term is, in general, not form-invariant,
unless { = 0. This leaves us with two options: most obviously,
we could restrict ourselves to transformations which leave this
action form invariant; such transformations, which would be
pure conformal transformations of the metric and redefinitions
of the scalar field, have been introduced in [33]. Alternatively,
we can study a more general class of actions, which retains its
form under the full class of transformations. Here we decide
for the latter, and consider a more general Lagrange multiplier
term defined by

Si[t, . T4, ) = /

tﬂyl) l:Tﬂvp - 27(45)6/[41,(#/)] d4xv (46)
M

with another free function 7 of the scalar field. It is now
straightforward to calculate the transformation

S; {fﬂup’ I:ﬂup’ (;5] = A/[ fﬂup |:Tﬂvp - 2T($)5I§,§Zp]:| d4x

= / fﬂvp [Tﬂw — 2(f”]_' + C)5ﬁ¢,ﬂ]:| d*x.
M
(47)

We see that this indeed reproduces the original action for the
original fields, provided that the Lagrange multiplier and the
newly introduced function 7 follow the transformation
t=tw, T=fT+¢ (48)
However, the enhanced form-invariance comes at a price: the
connection is no longer imposed to be torsion-free, but instead

the torsion is fixed by the algebraic (i.e., no derivatives on the
torsion) constraint

TMD/} = 2T(¢)5lfy¢,/)]’ (49)

which is nonvanishing in general. It follows that under this
constraint the general scalar-teleparallel action S (22) does
not reduce to the scalar-nonmetricity action Sy, (28). Imposing
the constraint (49), we find that the scalar terms in the action
become

G=0+2T(V-W)+12T2X, U=-6TX. (50)

It thus follows that under this constraint the general scalar-
teleparallel action (22) becomes equivalent to

1
Solgu- T ) =5 5 A {—A[Q + 2T (V = W) + 127%X] + 2BX — 12CT X + 2DV + 2EW — 262V} /=gd*x

_ L / [~AQ + 2(B = 6CT — 6AT)X + 2(D — AT)V + 2(€ + AT)W — 262V]/=gd‘x
M

2k?
B 1
2k

- 2BX + 2DV + 2EW = 2k2V ) /=gd*x. 51
/M<éQ+Q+Q+Q K]Q})gx ()

Note that formally this action S’Q has the same form as Sy, but with different parameter functions

A=A,

B=B-6CT —6AT?2,
(9] 4

D:D_AT7
0

E=E+AT, V=V (52)
o 0

which agree with the original functions only if 7 = 0. Hence, in the following we will study the class of theories defined by

the generalized scalar-nonmetricity action

Stym = S + S¢ + St + S (53)

We can then proceed by studying the transformation of the action Sf, under field transformations, and we find that this is

given by
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1

S’/Q [g,uw fﬂup? &5] - ﬁ

A
o

:% e { ~A1Q +2(C =)V + W) + 12(C ~72X] + 2Bf7X

K~ Jm o

2DV 16 )X+ 25V +4(C —7)X] - 22D | g
:% {AQ+2[f’2B 6(¢— 7)2A+4(C y)f’<4D+€>}

2K M 0

+2[rp- - nd]v+2|rg+ - d|w-2eerpl = (54)

We thus find that this action retains its form, provided that
the parameter functions undergo the transformations

A= e2uQI, (55a)

Q

— 52 R _ N2 A AW D o
g—er[fg (¢~ /P A+ 4 y>f<4g+g>}

(55b)
D= {f’g— - y/)gi], (55¢)
e=en|rg - (550
y=e. (55¢)

We see that these transformations apparently differ from the
transformations (42) we have found in the general tele-
parallel case. Nevertheless, they are closely related, and in
fact equivalent: if we make use of their definition (52) for
both the original and the transformed functions, and then
apply the transformations (42) and (48), we obtain again
the transformation rules (55). We also remark that { appears
only in the combination ¢ — y’, which originates from the
transformation (16) of the nonmetricity. This will be used
later in this article.

D. Metric teleparallel gravity

We finally come to the metric teleparallel case, which we
discuss following the same steps as in the symmetric
teleparallel case studied above. In this case, we have
constructed a scalar-torsion action in Sec. III D by intro-
ducing a Lagrange multiplier term S, in order to impose
vanishing nonmetricity. Under a field transformation, we
find that this term transforms as

|
Sq [qﬂy/]’ gﬂwl:ww)] = A C_Iﬂpryu/)d4x

= A F(Qup —2E =790 Je* d*x.
(56)

Again we see that this part of the action does not retain its
form unless ¢ =y’; transformations which obey this
restriction have been discussed in detail in [32]. Here,
however, we aim to lift this restriction, and enlarge the class
of theories such that it retains its form under the general
class of field transformations we study in this article. For
this purpose, we modify the Lagrange multiplier term such
that it reads

(¢)gy/;¢.ﬂ]d4x
(57)

S:I [qﬂyﬂ» > Fﬂv/)v qﬂ = /VI q”yﬂ[Qﬁwp -2Q9

with a newly introduced function Q of the scalar field. This
modified term undergoes the transformation

S:?[ [qﬂ”ﬂ, gﬂl/’ Fﬂvp’ (ﬂ
= A/l qlwp[Q/wp - 2Q($)gbpq_5.ﬂ}d4x
— [ @10, 22+ C =Pl (58)

and so we see that it resembles the original term if and only
if we set

g = MG, Q=fO+¢—7. (39)
The price we have to pay for this enhanced form invariance,
besides introducing another free function Q into the action,

is the fact that the connection is no longer metric compat-
ible, but now possesses nonvanishing nonmetricity

Q/u/p = 2Q(¢>gv/)~ (60)
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We can view this condition as an algebraic constraint on the
teleparallel connection coefficients I*,,. Imposing this
constraint, we find that the general scalar-teleparallel action
S (22) does not reduce to the scalar-torsion action Sy (32)
anymore. Note that under the constraint (60) the scalar
terms in the action reduce to

1
S {g/ll/’ vp’ - —2

1

I\)

1

I\)

1 / [—AT + 2(B — 16DQ — 4£Q — 6AQY)X + 2(C — 2AQ)U — 22V]/=gd*

G=T+4QU +120?X, V =—160X. W = —40X.
(61)

Inserting these relations in the general scalar-teleparallel
action (22), we find that it becomes equivalent to

A(T +4QU + 12Q%X) + 2BX + 2CU — 32DX — 8EX — 2k*V]y/—gd*x

=

— { —AT +2BX +2CU = 22V | /=gd‘x, (62)

which has formally the same form as Sz, but now depends on the parameter functions

A=A ZTS:B—16DQ—4€Q—6AQ2, C=C-2AQ, V=Y. (63)
The total action we will study in the following is thus given as
Set = ST+ S + Sg + S (64)

We finally also derive the transformation of S’ under general field transformations. In this case, we find the transformation

AR :2% A [ AT+ 2B@R + 280 -

21;(&5)} N

T
{ /Ti (T 444U + 128°X) + 2[]_’;’f’2X + 2(;?f’(U +6(X) — 2K2€27]7?] /—gd*x

,74'T ( f'2z;3 — 6&]4 +6¢ f/§> X+2 ( f’g - 2@14) U- 2,<2e2n;;] V=gd*x.  (65)

It follows that the action remains form invariant, where
the functions in the original and transformed actions are
related by

A=A, (66a)
T T
_ 2 nn_ 21 17
l]’g’_w(fl]s 6Cét+6§f§), (66b)
— L2 1o A
g_er<fg 2§,74>, (66¢)
Y =eY). (66d)
T T

We finally remark that we could have obtained the same
relations by making use of the definition (63), together with
the transformations (42) and (48) of the constituting
functions. With these transformations at hand, we conclude
the discussion of the transformation of scalar-teleparallel

gravity actions, and will study their properties in the
following sections.

V. INVARIANT QUANTITIES

We have seen in Sec. IV that the actions of the different
classes of scalar-teleparallel gravity theories which we
study in this article retain their form under the given class
of field transformations of the metric, connection and scalar
field, provided that we perform a suitable transformation of
the free functions A, B, C, D, £, V, T, Q, a, f which select
a particular action from these classes. A similar behavior is
well known from scalar-curvature theories of gravity [36],
as well as similarly constructed scalar-torsion theories [32].
This fact has motivated the construction of a number of
invariant quantities in scalar-curvature [48,50-53] and
scalar-torsion [32] theories, and it has been conjectured
that any observables derived from such theories can be
expressed completely in terms of these invariants. In this
section, we show that similar invariant quantities can also
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be constructed for general scalar-teleparallel theories as
well as their symmetric and metric counterparts.

We start with the functions A, V and a, for which we
have seen that their transformation depends on y only,
without any derivatives. For these we can proceed in full
analogy to the scalar-curvature and scalar-torsion cases and
define

e V

(67)
These functions of the scalar field are true invariants in the

sense that under an arbitrary field transformation defined by
functions y, £, f they transform as

L(p(x)) = Z(f(p(x))) = Z(h(x)).

and analogously for ¢/, which means that even though the
functional form of 7 as a function of its scalar field changes
due to the fact that the scalar field variable changes, this
change is such that it simply compensates the transforma-
tion of the scalar field, and the value of these invariants
remains the same at every spacetime point, independently
of the choice of the scalar field variable through which
it is evaluated. We then continue with the functions C, D
and &, whose transformation involves also the derivative y’.
In order to compensate this term in the transformation, we
can combine these functions with a suitable derivative term

(68)

A = 6‘27(27//A+f/fi/), a = f/&/ +}//, (69)
where it is understood that a prime on a barred function
denotes its derivative with respect to the function argument
¢, which explains the appearance of f’ from the inner

derivative. This allows us to construct the invariants

As for the previously defined quantities Z and U/, these
are invariant under transformations of the metric with an
arbitrary function y, and trivially also invariant under con-
nection transformations with a function {. However, under a
redefinition of the scalar field they transform covariantly as

K= fK, (72)

and equivalently for the remaining invariants. We proceed
with the functions 7 and f, whose transformation involves ¢,
but does not involve y. This transformation therefore cannot
be compensated by any of the previously discussed func-
tions, but we can define the invariant

S=T-p (73)

which is invariant under transformations of the metric and the
connection, but follows the covariant transformation (72).
We then come to Q, whose transformation involves the
combination { — y’. Building upon the construction of other
invariants performed above, we find the invariant

P=0Q+d-p,

which again satisfies the covariant transformation rule (72).
Finally, we are left with /3, whose transformation behavior is
the most involved. We can follow a similar approach as above
and introduce compensating terms involving a and . One
then finds that the function

B—6a%A—6pC +4(ad — p)(4D + &)
262(1

i1s invariant under transformations of the metric and the
connection, while under scalar field reparametrizations it
transforms as

(74)

G= (75)

G = f"G. (76)

Note that the invariants above are not independent; in

o C+2dA M= D-dA N = E+dA particular, we have the relations
2 eZa ’ 2 e2a ’ 2 6201 ’ 7
(70) AT -H) = -4IM=-J) =4(IN - L) ==, (T7)
or alternatively which hints towards the possibility to construct new invar-
. , . iants from those given above. In particular, one can use the
= C+A 7= 2D-A = 28+ A (71) functions appearing in the symmetric and metric teleparallel
2A 44 4A action functionals to construct the invariants
|
C+2pA D—(d-p)A E+(d -p)A
k=TT, M:Q—ZQ, /\/29429, (78)
T 2e 0 2 0 2e°"
or alternatively
] 2D - A +2AT 264+ A -2AT
H:(Tz—'_“]é"l—’_ '/;tQ T = 0 0 [ [ — 0 0 0 (79)
T 2.,;1 ’ 0 0

4A ’ 4A
0 0
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Through the definitions (52) and (63), they are related to the previously defined invariants by

P S

S

— _ — _—— = _ = = . = 5 80
IgICI’ ngMZI’ JXN+2Z ?H’ ‘gj §£ (80)
and satisfy the relations
A 7’
2<IIC—H):——2P, 4(TM-g) =4(IN - L) == +28. (81)
T T T 0 0 0 7
From the quantities lQS’ and ZT3 one can similarly define
B-6(ad —pB)A+4(d —B)(4D+E —6RA—
G0 (@ =)y A+ 4 =)D + &) g:z;’ 6" A~ 65C )
0 262(1 ’ T 262(1 ’
but one also has another possibility, using either ,él and 7 or .,;l and Q in place of a and # as compensating terms, which then
leads to
2AB-3(A —2AT)* + 4(A' - 2AT)4D + & 2AB-3(A +2A40Q0)* — 6(A" +2
F— (Y (Q 0 ) (Q 0 )( 0 Q) F— J;"t? (é N VI{‘Q) (J;"t + JJL"tQ)g (83)
0 4.A? T 447
0 T
Again we remark that the former two terms are obtained from previously defined invariants via
38? 3P2
G=G-6KS ——, G=G—4(4M+ NP —— (84)
0 7 T
while they are interrelated by
3IS +1')? 32IP-1')?
=7G-2(4 2IS+ 1) - —F——, =7G-3KRIP-1') - —F1—. 85
£ =rg- 2 aers +7) - 2EEIL porgosgorp -7 2ERER )

So far the quantities we have defined appear rather
arbitrary, except for the sole fact that they are invariant
under transformations of the metric and the teleparallel
affine connection. However, it turns out that the invariant
combinations we have shown here are particularly useful
for an invariant formulation of scalar-teleparallel gravity
theories, as we will see in the following section. Further,
also their remaining transformation behavior (72) and (76)
is not by accident, but has a clear geometric meaning,
which will become clear in Sec. VII D, where we extend the
construction of invariants to multiple scalar fields.

VI. FRAMES

The full virtue of the invariant quantities we have defined
in the previous section lies in the fact that they can be used
for a formulation of scalar-teleparallel gravity theories
which is invariant under transformations of the metric
and the teleparallel affine connection. The key ingredient to
this formulation is the definition of a set of invariant field
variables, in terms on which the action and field equations

of scalar-teleparallel gravity theories can be expressed with
the help of invariant functions only. Here we present two
such choices of variables, or frames in a terminology
borrowed from scalar-curvature theories. These have prop-
erties similar to the well-known Jordan frame, as discussed
in Sec. VI A, as well as the Einstein frame, discussed in
Sec. VI B, which appear in scalar-curvature gravity theo-
ries. Since these frames are obtained only through trans-
formations of the metric and the teleparallel affine
connection, we will leave the scalar field unchanged,
unless stated otherwise.

A. Jordan-like frame

In the scalar-curvature class of gravity theories, the
Jordan frame, whose associated quantities we will define
with the letter {, is defined such that there is no direct
coupling between the scalar field and any matter fields [36].
By comparison with the matter action (17) we see that this
is the case if and only if both coupling functions vanish,
hence
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35250. (86)

By setting the transformed frame, which we denoted with a
bar in previous sections, equal to the Jordan frame, we see
from the transformation (36) that we can transform from
any other frame into the Jordan frame by applying the
transformation

{=p. (87)

where @ and f are the coupling functions defined in the
original frame, from which the transformation is to be
performed. One finds that under this transformation the
metric and the connection become

~

5. = I, =%, + poL 88
g;w_e gyw vp T I./p+ﬂ I/¢,p' ( )

Note that these field variables are invariant in the sense that
if we had started from any other frame, which is related by
transformations y and £, we would find

~

) o a az 3
I = e Yy = e +},)gpw =e Guw = G- (89)
as well as
S -
I, =", +psip,=T",,+ B+,
_ _ 3
=I",,+ ﬂﬁﬁ‘qﬁp =T1%,. (90)

Further, one finds that not only the field variables become
invariant, but also the functions in the gravitational action.
Applying the transformation (87) with the rules (42), one
finds that in the Jordan frame the defining functions become

f 5
3 3 3
D—oM, E=2N, V==, 1)

A similar result is obtained for the scalar-nonmetricity class
of theories. With the transformation rules (48) and (55) one
finds

3
. T=& (92)

©ther IR

3
=2N, V=
0 0

Finally, one can apply the same transformation also to scalar-
torsion theories, for which the rules (59) and (66) yield

1

_1 u
==,

3
=2 Q=P (93)

SR
SN
el wiet}

~her

= 2g7 = 2K7
T T

In summary, we see that in the Jordan frame any scalar-
teleparallel gravity theory which belongs to one of the three
classes we discuss here is characterized by a number of
invariants which appear in the gravitational part of the action
only. Note that one still has the freedom to reparametrize the
scalar field ¢ with an arbitrary invertible function f, and that
only 7 and U/ are invariant under this reparametrization, while
the remaining functions transform covariantly. We will
discuss this remaining freedom in Sec. VIL

B. Einstein-like frame

Another commonly used frame in the scalar-curvature
class of gravity theories is the Einstein frame, in which there
is no direct coupling between the scalar field and the Ricci
scalar in the gravitational part of the action [36]. A similar
frame has been found also in a class of scalar-torsion theories
which is invariant under conformal rescalings of the tetrad
[32]. For the class of general scalar-teleparallel theories
which we study in this article, one could similarly impose the
condition A = 1. However, note that this would determine
only the function y defining the conformal transformation of
the metric, while the action (22) does not offer any preferred
choice for the function { defining the transformation of
the teleparallel affine connection. This is different for the
scalar-nonmetricity and scalar-torsion classes presented in
Secs. IV Cand IV D, in which there exists another function
T or Q, which defines the algebraic constraint on the
torsion or nonmetricity, respectively. One can thus define a
frame by imposing the additional condition that the
corresponding function vanishes, so that the connection
becomes either symmetric or metric compatible, which
then fixes the function . We will discuss these definitions
of an Einstein frame for the two relevant classes of
theories below.

We start with the generalized class of scalar-nonmetricity
theories defined in Sec. IV C. In this case we define the
Einstein frame by imposing vanishing coupling of the
scalar field to the nonmetricity scalar and vanishing torsion
of the connection, which translates to the conditions

©
1, T=o. (94)

SN
i

By comparison to the transformation rules (48) and (55),
we see that this frame is obtained from an arbitrary frame
by applying the transformation defined by

¢ | ¢
Y 2né, (=T, (95)

under which the metric and the connection become
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G G
G = égﬂlﬂ Iy, =T wt Té’,f(ﬁ,/,. (96)

As for the Jordan frame, these are invariant field variables,
in the sense that their definition does not depend on the
choice of the original frame. Finally, we are left with
expressing the remaining functions in the action, which
now includes also the functions a and f defining the matter
coupling of the scalar field, in terms of invariant quantities.
In this case we find that they are given by

¢ [ ¢

B=2F, D=27. E£=2L

0 0 0 0 0 0

¢ © ¢

V=U, = a=jWI,  f=-S (97)

By comparison with their values (92) in the Jordan frame,
we now see that the invariants Z and S, which previously
defined the coupling to the nonmetricity scalar and the
torsion constraint, now define the matter coupling.

We then continue with the generalized scalar-torsion
class of theories. In this case we define the Einstein frame
by imposing vanishing coupling to the torsion scalar and
vanishing nonmetricity, from which we obtain the conditions

¢
1, Q

A

0 98
/ (98)
on the parameter functions in the gravitational part of the
action. From the transformation rules (59) and (66) we then
find that this frame is related to an arbitrary frame by the
transformation

A/
¢ 1 ¢ T
y=5InA, C—Q+24 (99)

In this case the invariant metric and connection thus read
A/

(] ¢ T
g/w = -’;tg/w’ FMVP = Fﬂyp + (Q + Zﬁ) 5’345,/)' (100)

Finally, the parameter functions in the action are now
expressed in terms of invariant quantities as

(] (] ¢

B=2F, C=2H, V=U,

T T T T T

¢ 1 ¢ 7

G—EIHI, ﬂ—ﬁ—,}) (101)

As in the scalar-nonmetricity case, we see that the invariants
7 and P, which define the coupling to the torsion scalar and
the nonmetricity through the relations (93) in the Jordan
frame, now define the matter coupling. We will return to this

observation in Sec. VIII, when we give a physical interpre-
tation to these invariants.

VII. MULTISCALAR-TELEPARALLEL
EXTENSION

So far we have considered only scalar-teleparallel gravity
theories in which there exists a single scalar field as a
dynamical field variable next to the metric and flat affine
connection. We now show how our results are generalized
to the case of multiple scalar fields, hence giving rise to
multiscalar-teleparallel theories of gravity. In this section
we thus replace the single scalar field ¢ by a scalar field
multiplet ¢ = (¢, a = 1, ..., N) of N scalar fields. This is
motivated by a similar generalization which can be con-
structed in scalar-curvature [24,49] and scalar-torsion [32]
theories of gravity. For the scalar-teleparallel we study in
this article, a similar generalization is possible, but not
without intricacies, which we discuss in this section. We
start with a discussion of the field transformations in
Sec. VII A. The multiscalar-teleparallel action functionals
are defined in Sec. VII B, and their transformation is shown
in Sec. VIIC. From these transformations, we obtain
invariant quantities in Sec. VIID. Finally, we generalize
the notion of Jordan and Einstein frames to multiscalar-
teleparallel theories in Sec. VIIE.

A. Field transformation

We start our discussion of the multiscalar-teleparallel
case by defining the transformation of the fundamental
fields and studying the resulting transformation of derived
geometric objects. For the scalar fields, this means that we
have to replace the single function f by N functions f*,
which define the transformation

P = f(d).

and now depend on all scalar fields in the multiplet ¢b. As in
the single-field case, we restrict ourselves to functions f¢
such that this transformation is invertible. For the metric,
the transformation reads

(102)

gﬂl/ = g;wezyw))v (103)
and thus the only change is the fact that now also the
function y depends on all scalar fields. Finally, for the
connection we study a generalized transformation of
the form

1=wt/p = F”vp + Ca (¢)5¢f¢70 (104)
defined by N functions ¢,, where we have chosen the index
position such that we can make use of the FEinstein
summation convention also for indices which label scalar
fields, as it will turn out to be well defined throughout the
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remainder of this article. We can then study the trans-
formation of derived geometric objects. For the torsion, we
find the transformation

T#vp = Tllvp - 2§a6/[4,,¢3;]’ (105)
while the transformation of the nonmetricity reads
Q/u/p = ezy[Q/wp - Z(Ca - }/,a)gup¢fm' (106)

Here and in the following, a subscript with a comma
denotes a derivative of a function with respect to the
corresponding scalar field. For the curvature, however, we
now find a nonvanishing contribution

Rﬂvprr = Rﬂu/m - Zé‘[a,b]éllj(bc;)(b,ba (107)
Note the appearance of a term (|, ;, Which vanishes in
the single-field case. One obvious possibility to maintain
vanishing curvature is to consider only transformations of
the form ¢, = &, with some function &(¢p) of the scalar
fields, such that this condition is automatically satisfied.
This is motivated by the geometric interpretation given in
Sec. II that locally a flat connection corresponds to a
path-independent parallel transport described by a locally
transported basis A¥,, which we can now transform with
a scalar-field dependent rescaling defined by
Ny = E(P)N,, (108)
such that the connection defined by A#, has the coef-
ficients
Fﬂup = Fﬂup + g,a (¢)5llf¢i) (109)
Alternatively, one may proceed as for the torsion and
nonmetricity before and enlarge the class of theories and
also study theories in which the curvature is nonvanish-
ing, but determined by an algebraic constraint equation.
While the latter would exceed the scope of this article,
we will keep {, arbitrary wherever possible, and remark
on the implications and necessity of setting {, =&,
wherever it leads to any nontrivial consequences.

B. Scalar-teleparallel action

Before we can study the transformation of multiscalar-
teleparallel gravity theories, we first need to define their
action functionals, which now also involve all scalar fields.
We start with the matter action, which we now assume to be
of the generalized form

Sm[gﬂw Fﬂvpv ¢a’)(1] = Sm[gyueza(‘ﬁ)v FMD/J + ﬂa (¢)5ﬁ ,L;)’)(I}’

(110)

with a single function a and N functions S, of the scalar
field. For the variation of the matter action we write

1
8S,, = /M (5 ©"%og,, + H,Pol*,, + @60 + @, 5y" )
X ./—gd4x,

where we now have N terms @,. As in the single-field case,
it follows from the structure (110) of the action that these
terms @, are not independent, but can be expressed through
the energy-momentum and hypermomentum tensors as

(111)

@, = a,0—p,V,H,". (112)
We then turn our focus to the gravitational part of the
action. First, note that the scalar terms in the action which
involve the scalar field generalize to

1
Xab = —Eg/“’ 3’ ,IL, U = T;/w(bi,

Ve = Quﬂﬂtﬁi’

where X is obviously symmetric in its indices. This larger
number of scalar quantities, which are now organized in
multiplets, must also be reflected by the parameter func-
tions, which govern their contribution to the gravitational
action. For the general scalar-teleparallel action this means
that it now becomes

W= Q" (113)

Solgue Do) = 513 [ [-A)G + 28,5 (#)x"
+2C,(p)U+2D,(p)V* +2E,,(p)W*
=22V(¢h)]/—gd*x, (114)

and so it depends on functions A, B, C,, D,, £,, V. In
order to proceed towards the symmetric and teleparallel
cases, we need to consider the generalized Lagrange
multiplier terms S} and Sy introduced in Sec. IV. A naive
generalization of these terms to multiple scalar fields reads

St [tﬂvﬂ’ I, ¢ = /

£, [T"W, 27 ()8, 4" }d“x
M

»]

(115)

and

L[, gy TV, . ] = L (0,0 — 204 (), ).
(116)

which now each depend on N functions 7, and Q,,
respectively. However, note that constraining the torsion
and the nonmetricity also imposes a constraint on the
curvature through the Bianchi identities
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Rﬂ[upa] = v[yTﬂpa] + Tﬂw[vapo‘] = 25/[:¢?0¢Z]Ta.b (1 17)

and

2R(/m)uy = ZVWQD]/M; + Tmyl/Q(l)/){f = 4¢.a[”¢i]gpo' Qa,b'
(118)

We see that in order for these to vanish for arbitrary scalar
field configurations we must impose the restrictions
T a5 =0and Q. ) = 0, since otherwise these constraints
would not be compatible with the flatness constraint.
Imposing the constraint (115) on the torsion, we find
|

1

S/Q [gﬂl/’ F’ly/)v ¢a] = ﬁ

while the multiscalar-torsion action becomes

that the terms
reduce to

in the multiscalar-teleparallel action

G=Q+2T,(Vi =W+ 12T, T, X, U*=—-6T,X,

(119)
while the constraint (116) for the nonmetricity yields
G=T+4Q,U"+12Q,09,X, Ve =—16Q,X°,

We = —4Q, X, (120)

It follows that we can write the multiscalar-nonmetricity
action as

/ [—é(«ﬁ)gugab@)xab+21Q>a<¢>va+zga<¢>wa—zng<¢>}¢——gd4x, (121)

St T = s [ [~A@IT + 28000 + 26,0000 - 20900 |, (122)
where the appearing parameter functions are related by
é:A, lgab =By, —6C(, Ty —6AT T, YQDa =D,- AT, g“ =&, +AT,, 1Q2:V (123)
and
A=A By =By—16D,Q) —46,Q) —64Q,Q;  Co=C,—24Q, V=V,  (124)

respectively. This completes the family of multiscalar-
teleparallel gravity actions, which we discuss in the
following.

C. Transformation of multiscalar-teleparallel
gravity

We now study the transformation of the various
multiscalar-teleparallel gravity actions introduced in
Sec. VIIB under the generalized field transformations
introduced in Sec. VII A, following the procedure detailed
for the single-field case in Sec. IV. We start with the matter
action (110). Following the same steps as outlined for the
single-field case in Sec. IVA, we find that the functions
defining the matter coupling transform as

a=a+vy, ﬂa = ,baﬁb+€a‘ (125)

We then turn our attention towards the gravitational part of
the action. First note that the scalar quantities constructed
from the field variables undergo the transformations

[
G = e G+ 2y ,2U% =V + W) + 12y .y , X,

(126a)

T = (T 4 4£,U° + 12¢,8,X%), (126b)
0=e[0+2(0y—r.a) (VI = W)

+12(C0 = 7.) (s = 7.5)X), (126c¢)

X = e~ fo b xe, (126d)

U = e~ f4 (U + 6¢,.X"), (126¢)

Ve =e [V +16(¢, — v ,.)XP], (126f)

W= e f4 WP + 4L —7.)X"]. (126g)

With the help of these formulas, we can study the trans-
formation of the different contributions to the gravitational
part of the action. From the general multiscalar-teleparallel
action (114), we read off the transformations
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A=e¥A, (127a)
B,, = e [f?afchd — 6y 7 p A+ 6€(af.cb)éc

+ 4w = 7@ )% 4D, +E,)), (127b)

Co = (18, 21 4 A) (127¢)

D, = ¢ (f%4Dy +7.4A). (127d)

Ea = € (f2uEh ~ 7.4 A), (127e)

V= ey, (127f)

Similarly, for the multiscalar-nonmetricity action (121) we
find the transformations

A=Y A, (128a)
0 0
gab = 62)/ |:fcaf%7§ab - 6(4,11 - y.a)(éb - Y,b)é
(& - < 4D, + & 128b
+ (C(zz 7,(a)f_b) ( QC + ‘gc)] ’ ( 8 )
— L2 b _ _ A
ga = e |:f,a€,b (Ca 7,a)-é:| s (128C)
_ 2| b B _ 1 12
ga e |:f,a(g.b + (é,a yu)é] ’ ( Sd)
V=%, (128e)
0 0

while the multiscalar-torsion action (122) transforms as

A=e%A,

/ / (129a)

?ab = 62}’ < ?afi?cd - 6§a€b-’§ + 6§(af?b)§c> ’ (lng)

— L2 b 1

(Yza e <f,a(7:,lb 2Ca-’;l> ’ (129C)
V= ey, (1294)
T T

To complete our discussion, we also need to consider the
Lagrange multiplier terms, which enforce the vanishing
curvature, torsion and nonmetricity, respectively. From the
latter two, given by the functionals (115) and (116), we find
the transformations
Ta = f,baTb + Z.:a’

Qa :f,baQb"'Ca_y,a' (130)

Finally, we must also consider the term (24), whose
transformation now becomes

Q [# vpo T _ = Upo 4
Se[x,e. T+, —/ TRV, dx
M

- / £7 (R, — 25 B ).
M
(131)

and so in contrast to the single-field case it does not retain
its form, unless £, =0. One possibility would be to
proceed in analogy to the Lagrange multiplier terms for the
torsion and nonmetricity, and consider a more general term

Slt [r”vpo" Fﬂppa ¢] = /\/I rul/pa [Rﬂvpzf - 26’5 ,apqszR[a,b]]dé‘x’
(132)

which includes new functions R, of the scalar field, and
imposes the constraint

Rﬂvpv = 25’54’3} gR[a.b] (133)
on the curvature of the connection. Similar considerations
would also be necessary if we abandoned the restrictions
T1ap) =0 or Qp,; =0. However, this would lead to a

nonflat connection, which has a number of consequences,
which must be taken into account. Most notably, the

difference between the scalar G and the Ricci scalar R is
no longer a boundary term, which invalidates the GR limit
of the theory given by the GTEGR action, and so the action
S must be modified accordingly to include also curvature
terms. This would extend the discussion into the general
metric-affine class of theories, which exceeds the scope of
this article; see [63] for possible extensions. Here we
restrict ourselves to the original flatness constraint (24),
and thus consider only such transformations for which
(o =&, for some function & of the scalar fields, such
that C[a,b] =0.

D. Invariant quantities

Using the transformation behavior of the parameter
functions in the multiscalar-teleparallel gravity action, it
is now straightforward to generalize the construction of
invariant quantities constructed in the single-field case.
First, note that for the functions A, V and « there is no
significant difference to the single-field case, and so the
invariants Z and U are defined in full analogy. Note that
these functions now depend on all scalar fields, and so in
place of their (single) derivative, which we used to
construct further invariants, we now have the derivatives
-A,a = eZy (2}/,51-/4 + fZA,b),

a,=fha,+ra.. (134
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Together with the functions C,, D, and £,, we can use these ~ As in the single-field case, these are invariant only under

to construct the invariants transformations of the metric and the connection with
functions y and ¢, while under scalar field transformations
K — Co+2a,A M. = D,—a,A they transform covariantly as
PR ¢ et _
_ b
v Euta - Ka = 14K (137)
‘ 20 and analogously for the other invariants. The same holds

and similarly also for the quantities

Ca+Au 2Da_~’4u 25a+Au Sa:Ta_ﬂav Pa:Qa+a.a_ﬁa, (138)
Ha: 2./4’ ja: 4A, Ea:74A
which are constructed from 7 ,, Q, and j,. Finally, the
(136) term constructed from B,, now takes the form
ab

Ba -6 a A-6 ac +4 a” Fla 4Dy + &
G, = B = 6% B(aCr) + 4@ = Pa) (4Ds) h))’ (139)

232(1

where we must take care of the symmetry in its two indices, and transforms as

gab = fcafa;ygcd (140)

By comparison of the transformation rules (137) and (140), which generalize the rules (72) and (76) found in the single-field
case, we now see that G, transforms as the components of a symmetric rank-two tensor on the space of scalar fields, while
the previously introduced invariants which carry one index transform as the components of a covector. Keeping this
geometric interpretation in mind, it is not surprising that the (exterior) derivative of a scalar invariant such as 7 yields the
components of a vector invariant. This becomes apparent, e.g., in the relations

VA

2ATK,=Hy) = =HTM, = T o) = 4IN, = L) = 5.

(141)

Also in the multiscalar-teleparallel case we can proceed to construct invariants also for the symmetric and metric classes of
theories. For the vector invariants, one finds the straightforward generalizations

C,+2BA D, — (o = p)A Eq+ (o = p)A
P A VI R T —) (142)
T 2e°* 0 2e°* 0 2e°”
and
2 2D, - A, +2AT, 28, + A, —-2AT,
H :§“+“74’“+ “74Q“ 7. -2 ¢ 0 r -2 o 0 (143)
¢ 2A ' 0 4A ' 0 4A '
T 0 0
which are expressed in terms of the previously constructed invariants as
P S S
K,=K _J’ = _J’ a—/Va J? a = Ilas a = Jas L :Ea’ 144
i “ I /\Q/t" Ma 27 jg N +2Z 77_"[ n ‘g J Q4 (144)
and satisfy the relations
1, 1,
2| IK,—H, | =—=-2P,, 4 IM, - T, | =4|IN,-L,) =—="+28,. (145)
T T T 0 0 0" 0 z

Similarly, for the tensor invariants one finds the generalizations
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gah - 6(a,a _ﬂu)(a.b _ﬁh)é + 4(a,(u _ﬂ(u)(42Q)h) + gh))

?ab - 6ﬂaﬁb-’]4 - 6ﬂ(agb)

= = 14
g“b 262(1 ’ gah 262(1 ’ ( 6)
as well as
2AB = 3(A, —2AT )(A, —2AT,) +4(A, —2AT ) 4D, + &
s 8 b (Q, A )(Q.b / b) (Q,< AT )( Dy Qb)) )
Qah 442 ’
0
o 2“74[]3ab - 3(“;4,11 + 2-’;4Qa)(~’74,b + 2“74Qb) - 6("74,(& + 2"]4Q(a)§b) (147b)
T 4A? )
T
In terms of the previously constructed invariants they read
38,8 3P, P
Gab = Gap = OK(aSpy ==L, Gup = Gap — 4(4M 4 + N () Py = —= (148)
0 T T T
and are related by
3(2ZS,+71,)(2ZS, +1,)
Far =ZGu, —2(4M, + N ) 2ZS,y + T ;) — 4 -« = 149a
L ab gb ( o Q()( )+ L) AT (149a)
3TP, -7 ,)2LP, -1
Fap = TGu = 3K(a(2TPy) = L) = ( *4%(2 p=T) (149b)

This concludes our construction of invariants in the multi-
scalar-teleparallel gravity theories we consider here, pro-
ceeding in full analogy to the single-field case. As in the
latter, one may expect that the particular invariants shown
here are of particular use in the formulation of such
theories, and we will show this below. We finally remark
that if we impose the restriction ¢, ;) = 0 on the allowed
transformations of the connection, in order to retain its
flatness, then also quantities such as

(150)

ﬁ[u,h]’ T[u.b]’

Q[u.b]
are invariant under the restricted class of transformations,
where we recall that the latter two must vanish as a
consequence of the Bianchi identities in order to be
compatible with vanishing curvature. We will see the
relevance of such terms in the following section.

E. Frames

In Sec. VI we have constructed scalar-teleparallel ana-
logues to the Jordan and Einstein frames which are known
from scalar-curvature gravity theories. We now generalize
these frames to multiscalar-teleparallel theories, where we
must pay attention to possible restrictions arising from the
condition ¢, which we impose to maintain vanishing
curvature of the teleparallel affine connection. At first, we

I
take a look at the Jordan frame, which we introduced in
Sec. VI A. If we simply generalize the condition (86) to
multiscalar-teleparallel theories, it reads

s 3
a=p,=0, (151)
and thus leads to the transformation
5 3
y:a’ Ca:ﬁa' (152)

However, keeping in mind the restriction (|, ;) = 0, we see
that this is possible only if S, , = 0, unless one extends the
class of theories beyond the teleparallel paradigm and also
allows for algebraically determined, yet nonvanishing
curvature. Since we do not delve into this extension in
this article, we conclude that a true teleparallel Jordan
frame exists in the multiscalar-teleparallel case only for a
particularly restricted class of matter couplings. Proceeding
further in analogy to the single-field case, we then define
the Jordan frame metric and connection by

~ 3

i)
gﬂl/ = ezagmn Fﬂbp =1 vp +ﬂa5,lf¢a s (153)

and find that they are again invariant in the sense that
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o~

. o 3
G = €%, = g, =g, =g,  (154)

and

o~

Jﬂ T Hoaa ;4 P i1 a
FVP =T 17 +ﬂa50¢,p =D + (ﬂa +§a)5v¢,p

3,
=T%,, + B0l =T, (155)
are defined independently of the choice of the original
frame. Finally, for the parameter functions in the gravita-
tional part of the action, we now find that in the general
multiscalar-teleparallel case they become

3 1 3 3
A= =g Bab = 2gab7 C Ka’
A
3 3 3 U
Da :2Ma, Sa :2Na, V:Z—_Z, (156)

El ! % 2G % 2M
0 —I, Qab_ Qabv Qa_ Qa’
3 S U 3
E,=2N,, V=—, T,=S8, 157
0 0 0o I? (157)
and for the multiscalar-torsion theories we find
a-L B, G, — 2K
T _f’ Tab - galﬂ Ta Ta
3 U 3
= =P, 158
¥ IQ s Qa Pa ( )

which is a straightforward generalization of the single-
field case.

We then continue with the Einstein frame in generalized
multiscalar-nonmetricity theories, which we define by the
conditions

©
1, 7T,=0.

©
A 159
/ (159)
Hence, the corresponding transformation from an arbitrary
frame is given by

¢ 1 ¢
y ==InA, ¢ =17, (160)
2 0

and also here we see that this is possible without violating
the flatness constraint only for theories which satisfy
T 45) =0, as demanded by the Bianchi identities in this
case. For theories which do not satisfy this condition it is
not possible to find a frame in which both torsion and
curvature vanish simultaneously, and so we see that such

theories constitute a genuine extension to the purely
multiscalar-nonmetricity theories, which we do not study
here. Assuming that the condition is satisfied, we can thus
define the invariant metric and connection as

©

G
g/w = égyw Fﬂy/) = Fﬂy/) + Taaﬁ(l)f;)’ (161)

and finally express the multiscalar-nonmetricity action
through the invariants

¢ ¢ ¢
B, =2F 4s D, =
Qab Qab Qa

¢ ¢ 1

V=U, a==InZ, ﬂaf S, (162)

0 2

once again in full analogy to the single-field case.
Finally, we turn our attention to the Einstein frame in

generalized scalar-torsion theories, which we now define

by the conditions

G G
.,;lE 1, Q,=0, (163)
from which we deduce the transformation
¢ lha ¢ Fi 164
foahA L=Qurgg (6

Also here we see that the flatness constraint for the
connection obstructs the existence of this frame unless
Qlap) =0. As in the previously studied multiscalar-non-
metricity theories, we thus find the possibility to study a
genuine extension to the pure multiscalar-torsion class of
theories. Only for the nonextended class we can define the
invariant Einstein frame field variables as

G ¢ “4
G = “;tgﬂw Fﬂv/) = ]'W 9, + .A 5”45” (165)

Finally, the parameter functions in the action now become

¢ ¢ ¢
Babzzfam CaZQ'Hav V=U,
T T T T T
¢ 1 ¢ 7,
—Eh’lI, ﬂa —ﬁ—Pa. (166)

This concludes our discussion of frames in multiscalar-
teleparallel gravity theories. With these results at hand, we
can now characterize a few subclasses of these theories
independently of the choice of the frame. This will be done
in the following section.
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VIII. INVARIANT CHARACTERIZATION
OF THEORIES

In the previous sections we have studied the trans-
formation of (multi)scalar-teleparallel gravity theories
under a particular class of field transformations and found
a number of invariant quantities which describe these
theories independently of the choice of their field variables.
It is natural to expect that any physical predictions made
by these theories are independent of the choice of these
variables, and so we expect that these are fully determined
in terms of invariants. In this section we will make use of
these invariants in order to characterize a few subclasses of
the general (multi)scalar-teleparallel theories and discuss
some of their properties. While a full phenomenological
analysis of these theories would exceed the scope of
this article, we aim to give at least a broad overview.
The (multi)scalar-teleparallel equivalent of (multi)scalar-
curvature gravity is discussed in Sec. VIII A. In Sec. VIII B,
we include a coupling prescription of the scalar field to the
teleparallel boundary term. In Sec. VIIIC, we discuss
theories with no derivative coupling of the scalar field.
Note that in all cases we keep the discussion general and
consider an arbitrary number of scalar fields, while
remarking on the single-field case if it has exhibits any
significant difference from the multifield case. It is there-
fore understood that all appearing parameter functions
depend on the scalar field multiplet ¢.

A. Scalar-teleparallel equivalent
of scalar-curvature gravity

The different classes of (multi)scalar-teleparallel theories
we study in this article are motivated by a similar class of
(multi)scalar-curvature actions, which are defined by the
action [25,26]

1 o
Ssca =73 {AR + 2B, X% — 21<2V} V—gd*x, (167)
K= Jm

where the only dynamical field variable is the metric.
Hence, also the matter action has no coupling to the
teleparallel connection, and so it takes the form

S0 #% 2" = Sulgu e 1']. (168)
A crucial observation is the fact that the Ricci scalar R of
the Levi-Civita connection, which is the constituting
ingredient of the Einstein-Hilbert action, is related to the
teleparallel gravity scalar G (which reduces to Q in the
symmetric teleparallel case and 7 in the metric teleparallel
case) by a boundary term,

R=-G+B,

B =2V, MW, (169)

and so the (multi)scalar-curvature action can be rewritten as

1

SSCG =

72 [A(=G + B) + 2B, X% — 2k?V]/—gd*x.
M

(170)

Note that the term 4B is not a boundary term anymore, as it
contains the function A of the scalar fields. However,
rewriting it using

A@ﬂM[W]D — ﬁﬂ(AM[W]D) _ A,aM[””]yﬁ,lgb”
= Y, (AM¥A,) = 3 A, (0% = Vo 4 W),
(171)

we see that up to a boundary term the action becomes
equivalent to the action of the general teleparallel equiv-
alent of scalar-curvature gravity, which reads [14]

1
ScTESC = 22 M[—AG +2B, X% — A, QU = V4 + W)
—2k2V)/—gd*x.

Comparing this action with the general multiscalar-
teleparallel action (114), we see that it is a special case
with the parameter functions given by

(172)

(173)

These functions, of course, change if we perform a trans-
formation of the metric and the teleparallel connection.
However, we see by comparison with the definition (136)
that these conditions are equivalently written as
H,=T.=L,=0, (174)
and thus expressed in terms of invariants. We have thus
found an invariant characterization of the equivalents of
(multi)scalar-curvature theories within the general class of
(multi)scalar-teleparallel theories of gravity.

It is straightforward to derive analogous conditions also
for the generalized scalar-nonmetricity and scalar-torsion
classes of gravity theories. If we include the Lagrange
multiplier term (115) to constrain the torsion, we obtain the
action

1
SstESC = ?A[—AQ +2(Bap +6A (T ) — 6AT T ,)X

+ (A, —2AT ) (V= W) = 262V]/=gd*x
(175)

of the generalized scalar-nonmetricity equivalent of scalar-
curvature gravity, with the equivalent of scalar-curvature
gravity given by the case 7, = 0 [33,34]. In this case, we
see that we find the subclass of multiscalar-nonmetricity
actions (121) given by
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2D, =26, = A, - 2AT,. (176)
0] o ’ 0]

Q

We thus see that these theories are invariantly characterized
by

Ja

L
0" o

0. (177)
Finally, for the generalized scalar-torsion equivalent we

include the Lagrange multiplier term (116) constraining the
nonmetricity, which yields the action

1
SMTESC = 22 A/I{_AT +2(Bypy — 6A (,Qp)

-6A40,9,)X% -2(A, +2A0Q,)U"
- 2k2V]\/=gd’x,

with the scalar-torsion equivalent of scalar-curvature grav-
ity given by Q, =0 [32]. We thus see that a generalized
multiscalar-torsion theory belongs to this class if and only if
its parameter functions satisfy the condition

(178)

—-C,=A,+2A9,, (179)
T T T
which is expressed through invariant quantities as
=0. 180
H, (180)

This completes our discussion of scalar-curvature equiv-
alents in all three families of scalar-teleparallel gravity
theories.

B. Theories with boundary term coupling

A straightforward generalization of the action (170) of
(multi)scalar-curvature gravity is to introduce a different
coupling function Z for the boundary term, so that it takes
the form

1
SBCG = —2 5 / [_AG + 2BabX”b - ZB — 2K2V]\/ —gd4x.
K= Jm

(181)
Once again performing integration by parts, as for the
scalar-curvature equivalent discussed previously, one finds

the corresponding general scalar-teleparallel equivalent
action given by

1
SGTEBC = 22 A [-AG + 2B, X
+ Z,2U* -V + W) - 22V]/—gd*x.  (182)

We see that only derivatives of Z contribute to the action,
and so adding any constant to this function does not change

the action. This can also be seen from the original action
(181), since any constant addition to Z only contributes as a
boundary term to the action. This ambiguity invites for
another generalization of the action to become

1
SeBcG = 2K2A/1[_AG + 2B, X% + Y, QU = V¢ + W)

- 22V)/=gd*x,

where the functions ), are now arbitrary and not restricted
to be derivatives of another function. This action was
introduced in [14], and its cosmology was studied in [35].
By comparing this action with the general form (114), we
see that theories of this type are characterized by the
conditions

(183)

(184)

Comparing further with the definition (136) of vector
invariants, we see that this can be formulated invariantly as

H,=-2T,=2L,. (185)
Similar results can also be obtained in the generalized
(multi)scalar-nonmetricity and (multi)scalar-torsion classes
of theories. Following the same procedure as discussed in
detail in Sec. VIII A, which we do not repeat here for
brevity, we find that a general multiscalar-nonmetricity
gravity theory has a generalized boundary term coupling
defined by some arbitrary functions ),, and is thus of the
form (183), if and only if

D, +£,=0, (186)

Q

which translates to the equivalent invariant condition

T+ L, =0. (187)
0 (9]

Finally, for the scalar-torsion case, we find that theories
with generalized boundary term coupling already constitute
the most general class of theories, since the only derivative
coupling term U* is obtained from a boundary term through
integration by parts. We also remark that a theory is of the
more restrictive form (182) if and only if the relevant vector
invariants (136) or (143), respectively, are integrable, i.e.,
given by the derivatives of some other (likewise invariant)
function of the scalar fields. Note in particular that this is
always true in the single-field case.

C. Theories without derivative coupling

It has been shown for all three flavors of scalar-
teleparallel gravity theories that deviations of their post-
Newtonian limit from GR, which become evident by
parameters f and y whose values deviate from their GR
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values f =y = 1, are introduced through the derivative
coupling terms U“, V¢, W* [64,66-68]. Theories in which
these terms do not appear in the gravitational action do not
exhibit such deviations. In order to understand this con-
dition, one must keep in mind that the post-Newtonian
limit has been calculated in the Jordan frame, strictly
imposing @ = 0 and B, = 0. Hence, also the conditions
on the parameter functions which characterize such min-
imally coupled theories and which are derived from the
aforementioned post-Newtonian limit are formulated in the
Jordan frame and read

3

a Da Egu

acr
ll
=]

0, 0, C,=0, (188)

I
Q
1l
QO 0neR
Q
If
SN

depending on the particular class of theories under con-
sideration. By comparison with the Jordan frame quantities
listed in Sec. VIIE, we see that these correspond to the
invariant conditions

K,=M,=N,=0, M,=N,=0, K,=0, (189)
0 0 T

respectively, for the three classes of theories. The invari-
ance of the post-Newtonian limit under field transforma-
tions, which has been thoroughly studied in the (multi)
scalar-curvature case [48,49], becomes apparent by deriv-
ing the field equations, where one finds that contributions
to the aforementioned post-Newtonian parameters arise
from contributions to the scalar field equation. In the Jordan
frame, these contributions are given only by derivatives of
the teleparallel affine connection, while in other frames also
the nontrivial matter coupling of the scalar fields contrib-
utes. It is the virtue of the invariant formalism that this
contribution can be expressed independently of the choice
of the field variables in terms of invariants only. Showing
this explicitly throughout the field equations is a lengthy,
but straightforward calculation; however, we will not enter
this calculation here for brevity, and conclude with the
remark that we expect also other observable properties
of (multi)scalar-teleparallel theories to be determined by
invariant functions only.

IX. CONCLUSION

We have studied the behavior of different classes of
(multi)scalar-teleparallel gravity theories, which belong to
the general, symmetric and metric types of teleparallel
theories, under transformations of the three dynamical field
variables: the metric, the connection and the scalar field(s).
These transformations are defined by a number of functions
of the scalar field(s). By comparing the action functionals
for the original and the transformed field variables, we have
identified three classes of theories, one of each of the
aforementioned three types, which retain their form under
these transformations. Any particular theory within these
classes is defined by a number of functions of the scalar

field(s), and field transformations relate theories which are
defined by different choices of these free functions. Further,
we have found several combinations of these functions which
are invariant under the aforementioned transformations, and
identified their role in the construction of analogues of the
Jordan and Einstein frames known from scalar-curvature
gravity theories. Finally, we have made use of the constructed
invariants to characterize several subclasses of theories,
which are either equivalent to already known theories, or
have specific phenomenological properties.

One of our main results is the construction of generalized
classes of scalar-torsion and scalar-nonmetricity gravity
theories, in which nonmetricity or torsion are not imposed
to vanish, but are algebraically constrained to be non-
vanishing and determined by the scalar field in terms of
new parameter functions Q, and 7 ,, respectively, in the
Lagrange multiplier term. From the Bianchi identities, which
show that vanishing curvature is compatible only with the
conditions Qj,; =0 or 7|, =0, we found that these
theories still maintain equivalence to the known “pure”
scalar-torsion and scalar-nonmetricity theories. Theories
which do not satisfy these conditions require also a non-
vanishing, but algebraically constrained curvature and thus
provide a genuine extension to the teleparallel framework.

The second main result is the construction of a set of
quantities from the parameter functions defining the gravi-
tational action which are invariant under transformations
of the metric and the connection. By analogy with scalar-
curvature gravity theories, in which a similar set of
invariants has been constructed, we may conjecture that
any physical properties of a given (multi)scalar-teleparallel
theory can be expressed solely in terms of these invariants.
Further, by studying their behavior under transformations
of the scalar field(s), in particular in the multifield case, we
have seen that they behave as tensors on the space of scalar
fields. This finding supports the interpretation of the values
of the scalar fields not simply as numbers, but as coor-
dinates of a field space manifold, as it is known from so-
called sigma models [69]. In fact, one of the invariants we
constructed can indeed be interpreted as a Riemannian
metric on the scalar field space, which is one of the typical
ingredients of a sigma model.

Our results invite for numerous further studies. Given a
genuine extension of scalar-torsion and scalar-nonmetricity
theories of gravity, the question for their phenomenological
properties obviously suggests itself. In particular, one may
pose the question whether these are able to address open
questions such as those arising from cosmology or the
strong coupling problem, while still maintaining consis-
tency with the post-Newtonian limit in the Solar System.
The invariant quantities we introduced in this work may
become a useful tool in such future studies, and it has
to be investigated whether the aforementioned conjecture,
that the physical properties of a given theory only
depend on these invariants, holds for observables at the
classical level as well as for a possible quantum extension.
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Another intriguing possibility for future investigations
stems from the interpretation of the scalar field space as
a manifold, thus allowing for a nontrivial topology, and in
particular nonvanishing first de Rham cohomology H (I,R. In
this case one may have parameter functions Q, and 7,
which satisfy Qy, ;) = 0 or 7, ;) = 0, hence they constitute
the components of closed one-forms, but are not exact.
Another possibility, which may likewise benefit from the
formalism of invariants and their geometric interpretation,
is to study “teleparallel” gravity theories with nonvanish-
ing, but algebraically constrained curvature, as well as their
ability to address the aforementioned open questions.

Finally, one may also aim to generalize these results by
considering the Horndeski class of scalar-teleparallel the-
ories [70-74], which is motivated by the Horndeski class of
scalar-curvature gravity theories [75-79], and extend the
studied field transformations to include also disformal
transformations [80-85].
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