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We compute the gravitational wave (GW) spectrum sourced by the sound waves produced during a first-
order phase transition in the radiation-dominated epoch. The correlator of the velocity field perturbations is
evaluated in accordance with the sound shell model. In our derivation we include the effects of the expansion
of the Universe, which are relevant in particular for sourcing processes whose time duration is comparable
with the Hubble time. Our results show a causal growth of the GW spectrum at small frequencies, Qgw ~ k°,
possibly followed by a linear regime Qgw ~ k at intermediate k, depending on the phase transition
parameters. Around the peak, we find a steep growth that approaches the ~k” scaling previously found
within the sound shell model. The resulting bump around the peak of the GW spectrum may represent a
distinctive feature of GWs produced from acoustic motion. Nothing similar has been observed for vortical
(magneto)hydrodynamic turbulence. Nevertheless, we find that the ~k° scaling is less extended than
expected in the literature, and it does not necessarily appear. The dependence on the duration of the source,
8750, is quadratic at small frequencies k, and proportional to In?(1 + 74,7, for an expanding universe.
At frequencies around the peak, the growth is suppressed by a factor Y = 1 — 1/(1 + 6z, H.,) that becomes
linear when the GW source is short. We discuss in which cases the dependence on the source duration is
linear or quadratic for stationary processes. This affects the amplitude of the GW spectrum, both in the
causality tail and at the peak, showing that the assumption of stationarity is a very relevant one, as far as the
GW spectral shape is concerned. Finally, we present a general semianalytical template of the resulting GW
spectrum, as a function of the parameters of the phase transition.
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I. INTRODUCTION

A first-order thermal phase transition can be parametrized
in terms of a scalar field, whose vacuum state is degenerate at
a given critical temperature 7. [1-3]. According to the
Standard Model (SM), both the electroweak [4] and the
QCD [5] phase transitions have occurred as crossovers in
the early Universe. However, extensions of the SM that
provide the required conditions for baryogenesis at the
electroweak scale can also lead to first-order phase tran-
sitions (see Ref. [6] for a review, and references therein).
Moreover, a large lepton asymmetry or a primordial mag-
netic field may affect the QCD phase diagram, potentially
leading to a first-order QCD phase transition [7-11].

We assume that, for a specific model, T is reached while
the early Universe is cooling down in the radiation-
dominated era. Part of the potential energy in the unstable
vacuum is then transferred to the surroundings as kinetic
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energy, through the nucleation and expansion of bubbles of
the broken phase [12—-14].

The resulting shear stress of the fluid can have anisot-
ropies of the tensor type and, hence, source gravitational
waves (GWs) that propagate in the homogeneous and
isotropic background [15,16]. To study the power spectrum
of these GWs, the shear stress from a first-order phase
transition can be decomposed into different contributions;
bubble collisions [17-23], sound waves [24-30], and
turbulence [18,31-44] (for reviews see Refs. [6,45] and
references therein).

The dynamics of the expanding bubbles of the broken
phase is determined by the interaction of the plasma
particles with the scalar field, which is commonly modeled
as a friction term [14,21,24,46]. If the friction is strong
enough, we expect the expanding bubble walls to reach a
terminal velocity &, which depends on the specific value of
the friction term. On the contrary, the bubbles may run
away when the friction is not sufficiently strong [47].
However, first-order electroweak phase transitions are
expected to rarely reach this regime [48]. If the bubbles
do not run away, the long-lasting nature of the sound waves

© 2024 American Physical Society
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promotes them as the dominant source of GWs. Only if the
phase transition is supercooled, it effectively occurs in a
vacuum and hence the production of sound waves is
negligible [6,49-51].

The development of turbulence can occur due to the
interaction of the scalar field and the plasma [15,52], or in
the presence of a primordial magnetic field [53,54], due to the
extremely high conductivity and Reynolds number in the
early universe [55,56]. The production of GW's from vortical
turbulence has been found to be subdominant with respect to
the one from acoustic turbulence [37]. However, it is not clear
how much energy is converted from sound waves into
turbulence once this regime takes over, or if vortical motions
can be directly sourced from bubble collisions [57].
Moreover, the time scales corresponding to each production
mechanism are not well-understood. This information deter-
mines the resulting GW amplitudes, see, e.g., Refs. [6,58].

In the current work, we focus on the production of GWs
from sound waves. A semianalytical description of the
velocity spectrum originating from sound waves is pro-
vided by the sound shell model, put forward in the
seminal work [26]. The corresponding GW spectrum has
been studied in detail in Ref. [28] for a nonexpanding
universe, and extended in Ref. [59] to an expanding
universe. These results feature a steep growth at small
frequencies, Qgw ~ k°. The latter, however, has not been
found in other numerical [24,25,30] or analytical [60]
works, which are, instead, consistent with the ~k> low-
frequency tail typically expected outside the zone of both
spatial and temporal correlation of the GW source [33].

The goal of this work is to generalize the results of
Refs. [28,59] to provide a semianalytical template that is
accurate and applicable to the full range of frequencies of
the GW spectrum.

We confirm the presence of a steep growth of the GW
spectrum (cf. Ref. [28]) that, however, only appears around
the peak and for certain values of the phase transition
parameters. In particular, it depends simultaneously on the
duration of the GW sourcing and the mean size of the bubbles.
The steep growth extends for a short range of frequencies
around the peak, leading to a bump in the GW spectral shape.
Atlower frequencies, the GW power spectrum can develop an
intermediate linear growth, Qgw ~ k. At even smaller
frequencies, i.e., below the inverse duration of the GW
sourcing, the causal tail, Qgw ~ k3, takes over. We also find
that the bump around the GW peak is less pronounced when
one takes into account the expansion of the Universe.

With the detection of a stochastic GW background
(SGWB) from the early universe becoming conceivable
in the near future, it is important to crosscheck and validate
accurate theoretical templates for the signal of the different
contributions. The predicted spectral shape of the GW
signal, in fact, strongly affects forecast observational
constraints on the phase transition parameters.

The current observations by pulsar timing arrays (PTA)
have reported an SGWB at nano-Hertz frequencies that
could be compatible with sourcing anisotropic stresses
produced around the QCD scale [61-66]. PTA observations
have been extensively used in the literature to report
constraints on the phase transition parameters from the
GW production due to sound waves [67-77]. The space-
based GW detector Laser Interferometer Space Antenna
(LISA), planned to be launched in the early 2030s, will be
sensitive to GWs with a peak sensitivity of around 1 mHz
[78]. Signals produced at the electroweak phase transition
are expected to peak around these frequencies. Several
studies have used the expected sensitivity of LISA to
forecast the potential detectability of the SGWB pro-
duced by sound waves [6,49,58,79-83]. First-order phase
transitions at higher energy scales, e.g., at temperatures
T > 10® GeV have been constrained by the results of the
third observing run of the LIGO-Virgo Collaboration [84]
and can be further probed by the next generation of ground-
based GW detectors, like the Einstein Telescope or the
Cosmic Explorer.

This paper is organized as follows. In Sec. II, we provide
general formulas for the production of GWs during the
radiation-domination era, and we introduce the unequal-
time correlator (UETC) of the anisotropic stresses origi-
nating from sound waves. Section III deals with the
velocity field within the framework of the sound shell
model. We provide new results regarding the causality
bounds on the velocity field and its UETC spectrum. Being
the focus of the current work on GW production, we briefly
discuss a theoretical interpretation of the causality argu-
ment for the initial conditions used in the sound shell model
[26,28], and we extend the discussion in an accompanying
paper [85].

In Sec. IV, we study specific features of the GW
spectrum in the sound shell model, both analytically and
numerically. In particular, we discuss the occurrence of the
k3 causal tail at small frequencies. We investigate its
dependence on the duration of the source, identifying
the cases in which the assumptions of Refs. [28,59] do
not apply. The dependence of the GW amplitude on the
duration of the source is the topic of Sec. V. We study the
GW production for stationary processes by comparing
the results obtained within the sound shell model with
those obtained for a velocity field with Gaussian (cf.
Kraichnan) decorrelation.

Numerical results for the GW spectrum are presented in
Sec. VI. We show that a steep Qgw ~ k' growth may
appear below the peak under certain circumstances, leading
to a bump in the spectral shape. A linear growth Qgw ~ k
can also develop between the causal Qgw ~ k> and the
steep bump. Studying the dependence of the amplitude on
the duration of the source dz5,, we find that the causality
tail is always quadratic in dzg,, while the peak may present
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a quadratic or a linear dependence, with the latter being the
one obtained in Refs. [28,59].

We provide a template for the current-day observable
Qgw. as a function of the parameters that describe the phase
transition. In Sec. VII, we discuss the implications and
conclude.

In the following, the notation is such that the character-
istic scales and time intervals are physical and therefore
time dependent. They are normalized by the conformal
Hubble factor H, = (a,/ag)H., where throughout this
paper, an asterisk subscript indicates a quantity evaluated
at the initial time of GW generation, and a zero subscript
indicates today’s values.

II. GW PRODUCTION DURING
RADIATION DOMINATION

A. Tensor-mode perturbations

We consider tensor-mode perturbations ¢;; in an expand-
ing universe, described by conformal coordinates

ds? = a*(7)[-de* 4 (8;; + £;;)dx'dx/], (1)

where a is the scale factor. The perturbations are traceless
and transverse (TT); #i =0 and 0'¢;; =0. Assuming
radiation domination, the scale factor a evolves linearly
with conformal time. We set a(z,) = 1 at the starting time
of GW generation, such that a(z) = H,z, where H, =
da'/a(z,) is the conformal Hubble parameter evaluated at z,,,
and a prime denotes the derivative with respect to con-
formal time, a' = 0,a.

The dynamics of small perturbations is described by the
linearized FEinstein equations. In comoving momentum
space, k,' the tensor-mode perturbations are governed by
the GW equation,

(2 4+ 2H0, + k*)¢,i(z.k) = 162Ga*p11;(z.k), (2)

with G being the gravitational constant and k = |k|. The
perturbations of the stress-energy tensor T';; are denoted by

UL (2,k) = Ajj (k) Ty, (2. k), Where p =3H?/(82Ga?)
is the critical energy density, and A;j, denotes the
projection onto TT components,

2Nijim = PP + PPy — PPy, 3)

1 . . . .
For a generic function f(x), we use the Fourier convention

3
flk) = /d3xf(x)eik'x, flx) = /%f(k)e—ik-x.

Fourier-transformed quantities are distinguished only by their
argument k.

for h;; = af;; during radiation domination yields

6H*Hl’j(7, k)

(02 + k2)hij<7’ k) = .

(4)

Equation (4) shows that the scaled strains £;; are sourced by
the normalized and comoving TT projection of the aniso-
tropic stresses, IT;;.

While the source is active,” 7, < 7 < Tfin, the solution to
Eq. (4) with initial conditions 4;;(z,.k) = hi;(z..k) = 0 is
the convolution of the source with the Green’s function,

hij(r, <7 < 74y, k)

© Mok
:67;‘*/ i OB Gk — ). ()

7]

At later times, 7 > 7, the solution in the free propagation
regime is

Tfin H ,k
hl’j(T>Tﬁn,k)—67];(*/ ! dlesink(T—Tl). (6)
T, 71

We are interested in the fractional energy density of GWs
today

Qaw () = /_ " Qaw(z0, K)dInk (7)
532;(;- (€170, )2 (70, %)) (8)
127.1[%a2< 1i(70, x)hi;(70, %)), (9)

where a dot denotes derivatives with respect to cosmic time
0, = a9, and Qgw(z0. k) is the GW spectrum today.

Following the notation of Ref. [36], the unequal-time
correlator (UETC) spectrum S, of the strain derivatives
that appear in Eq. (6), is defined as

<h§j(717k)h?j/(727k2)>
Sy (t1,72,k)

= (271')653 (k—kQ) 47[]{2 s

(10)

“Since the initial time of GW production occurs within the
radiation-dominated era, 7, ~ 1/H,. ]

The exact relation from Egs. (8)—(9) is ¢ /H =
(hi; = hij/z)/(aH), where H=a/a and aH = H,. However,
terms proportional to 1/ (k) are negligible inside the horizon at
present time, kzg > 1.
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where S, only depends on the wave number k for a
stochastic field with a homogeneous and isotropic distri-
bution, and on the unequal times z; and 12.4

Evaluating Eq. (9) with Eq. (6) at equal times
Ty = To > T, the GW spectrum Qg today is

lnd f]nd
Qaw (70, k) —3kTGW/( Tl/l QEH (71,72, k)

90— 1T2). (11)

Ep is the UETC spectrum of the anisotropic stresses,’
defined as

x cos k(7o — 71) cos k(

(I (71. )T} (72, K2 ))

Ey(71.75. k)

= (22)°8° (k — ko) 2L

(12)

We call the transfer function, introduced in Eq. (11), the
prefactor that describes the redshift from GW sourcing time
to today,

T a\*( H, \*_ 9\ * (hT5/Ho >
N 4 Hy/h 9 T?/H,

100\ 4
z1.6x10‘5( ) (13)
g.

where ¢, and gy = 3.91 are the number of entropic degrees
of freedom atz, (e.g., g, ~ 100 at the electroweak phase tran-
sition) and at present time, respectively [86]. The temperature
today is taken to be Ty = 2.725 K [87]. The Hubble rate at
present time is given in terms of 4 = H,/ (100 km/s/Mpc),
while its value during the radiation-dominated era, H,, used
in Eq. (13), is H? = 473Gg,T*/(45h%) [86].

The product of the Green’s functions in Eq. (11) can be
expressed as

2cos k(zy — 1) cos k(g — 73)
= cos k(7| — 75) + cos 2kzq cos k(| + 7,)

+ sin 2kzg sin k(7 + 75). (14)

An average over highly oscillating modes kzy > 1, yields

Tfin dTl Tfin dTZ
_TGW/ / _EH TlaTZ7k)

| —T2). (15)

Qcw (k
x cos k(t

Note that the approximation in Eq. (15) is not valid if one is
interested in computing the gravitational wave spectrum

“The UETC spectrum can also be expressed in terms of the
power spectral density P, =2x*S,,/k* or the spectrum in units
of lnk Py = kSy in analogy to Eq. (7); see Ref. [28].

*Note that Ref. [28] uses the spectral density Uy = 272 Ey / k>

while the source is active. For this case, we provide a formula
for the full time dependency of Qgw in Appendix A.

B. GWs sourced by sound waves

The stress-energy tensor II;; = A, T, that sources
GWs [see Eq. (4)] can contain contributions from the fluid
(depending on the enthalpy w, the pressure p, and on
u' = yv', where y is the Lorentz factor and v’ the velocity),
and from gradients of the scalar field, ¢, among other
possible contributions (e.g., gauge fields),

1
T;j Dwuu;+ pd;j+ 0;p 0;¢p — 3 (0¢)%6;;,  (16)

where w = p + p, being p the energy density.

In the current work, we focus on the GWs sourced by
sound waves in the aftermath of a first-order phase
transition. Hence, we only consider the GW production
from the linearized fluid motion (omitting the potential
development of turbulence), and neglect the contributions
from bubble collisions, as well as the possible presence of
electromagnetic fields that would alternatively affect the
fluid dynamics and also source GWs [15,53].

Since diagonal terms in Eq. (16) are ruled out by the TT
projection, the contributing part of the energy-momentum
tensor is the convolution of the velocity field in Fourier

space
_ [ dp
Tij(z.k) DW/W

where we have denoted p = k — p. The velocity field from
sound waves corresponds to perturbations over a back-
ground at rest with mean enthalpy w. Hence, fluctuations in
the enthalpy field correspond to higher-order terms in the
perturbative expansion and can be neglected at first order.
In the linear regime, we also have y ~ 1.

If we assume that the stochastic velocity field is
Gaussian, Isserlis’ (or Wick’s) theorem [88] allows us to
express the four-point correlations as linear superposition
of the product of two-point functions,

ui(v.p)uj(z.p).  (17)

d3 d3
(T33(10,K) T (12.K)) D / P / P>

2n)* ) (27)°
x [(ui(zy,p1)uj (72,p2)) (uj(71.P1 )t (72.P2))
+ (i (71,01 (72.P2)) (uj (71,91 )u; (72,p2))]- (18)

In general, the spectrum of any statistically homo-
geneous and isotropic field can be decomposed in a
spectrum proportional to the projector P;;, given below
Eq. (3), and a spectral function proportional to IAcilAc ;[89]. In
the particular case of irrotational fields (as it is the case for
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sound waves), the contribution proportional to P;; is zero,

and the two-point correlation function of the velocity
field is®

(ui(r1,k)uj(12,kr)) = (27)0k;k ;5 (k — k)
y 2Eyin (71,72, k)

4Axk? (19)

The assumption of the velocity field being irrotational is
motivated by the results of numerical simulations [24,25,27].

In a semianalytical approach, the sound shell model
describes the velocity field as the linear superposition of the
single-bubble contributions until the moment of collision
[26,28], based on the hydrodynamics of expanding bubbles
[46]. At later times, the velocity field is assumed to be
described by the superposition of sound waves. Hence, the
resulting velocity field is irrotational and is described by the
tensor structure of Eq. (19).

Using Eq. (19), the TT projection of the stress tensor in
Eq. (18) acts as

2 2\2
AN AiBinlB p-(1-27)
ijlm(k>PlPJPle = 2 5 (20)
p
where z = k- p. The UETC spectrum of the anisotropic

stresses Epp, which sources the GW spectrum in Eq. (15),
becomes

1 ) 2
En(ry, 72, k) = 2k2v"v2/ dz/ dplj—4(l - z%)?
-1 0 p
X Eyin (71,72, p)Ein (71,72, ). (21)

Hence, under the assumption of Gaussianity of the velocity
field, the UETC of the anisotropic stresses Eyj is reduced to
a quadratic function of the UETC of the velocity field Ey;,,
integrated over p and z.

A useful alternative form of Eq. (21) is found by
changing the integration variable from z to p with

p? =k —p|* = p> + k* = 2pkz, (22)

yielding

Eq(ty,75,k) = 2kw? /) dppEiin(71.72.p)

k+[) E in ) ) 2 ~
« / ap PPy 2y (o)
|k—p| p

This expression is used in Ref. [28] and we use it in
Appendix B for a comparison with their results.

®Note that Ref. [28] uses the spectral density G = 472 Ey;, /K>
We add an extra factor of 2 in Eq. (19) such that the kinetic energy
density is 3 (u?(x)) = [ Ey,(k)dk.

In Sec. III, we present the computation of the UETC of
the velocity field for the sound waves produced upon
collision of broken-phase bubbles, following the sound
shell model. A detailed derivation, and theoretical aspects
of the velocity UETC are presented in an accompanying
paper [85].

III. SOUND WAVES FROM FIRST-ORDER PHASE
TRANSITIONS IN THE SOUND SHELL MODEL

A. Velocity field

In a first-order phase transition, the hydrodynamic
equations of the fluid around the expanding bubbles of
the broken phase can be derived imposing the conservation
of energy and momentum, d,7* = 0, and assuming radial
symmetry around the center of bubble nucleation [28,46].
Once the broken-phase bubbles collide, it can be assumed
that the Higgs field has reached its true vacuum state and
the fluid perturbations follow a linear hydrodynamical
description without any forcing term, leading to the
development of compressional sound waves, according
to the sound shell model [26,28]. Defining the energy
density fluctuations 1 = (p — p)/w, the linearization of the
fluid equations leads to wave equations for u and 4,

ﬂ,’(T, k) - ikiui(T, k) = O, (24)
ui(t,k) — ik;c2A(z,k) = 0. (25)

The equation of state ¢2 = dp/dp relates the background
fluid pressure p and energy density p. The solution is a

longitudinal velocity field, u; = lAciu,
u(r.k) =Y A (k)eer=), (26)
s=%

where the dispersion relation is @ = c,k. The coefficients
A, depend on the velocity and energy density fields at the
time of collisions [28,85],

A (k) = = [u(z,. k) = cA(z.. k)]. (27)

N[ =

Alternatively, as initial conditions, we could use the
velocity u and acceleration u’ fields, as done in
Ref. [24]. Reference [28] suggests the use of A in
Eq. (27) to respect the causality condition of irrotational
fields when & — 0 [89,90]. We show in an accompanying
paper that the causal limit does not depend on this choice,
however the latter is required to avoid discontinuities on u
and A at 7, [85].

According to the sound shell model, the velocity and
energy density fields are the linear superposition of the
fields produced by the expansion of each of the N, single
bubbles [24,28],
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N,
Aull) =Y AL ()T (28)
n=1

where, for the nth bubble, T, = 7, — T(()”) is its lifetime, rf)")

is its time of nucleation, and x(()”) is its nucleation location.

The functions A (y), where y = kT, are

As(r) = ") £ icil(x)), (29)

i
— 5 [
being f(y) and [(y) integrals of the single-bubble radial

profiles v;,(£) and 4;,(§) over a normalized radial coor-
dinate ¢,

A [ .
10 = / d&vy (€) sin(zE). (30)

1) =7 [“azeiy(@sincze). ()

We follow Refs. [28,46] to compute the single-bubble
profiles, and present the detailed calculation in an accom-

panying paper [85].

B. UETC of the velocity field

The UETC of the velocity field in Eq. (19) can be
computed from the resulting velocity field given in
Eq. (260),

Eyin(71,72.k) = Eﬁ!)(k) cos (7 — 1)

+ EZ) (k) cosw(z, + 75 — 21,)
+ ES) (k) sinw(r, + 75 — 21,), (32)

whose coefficients Ef:fg(k) are given as [28,85]

k2

B0 = S [ TaTuD 1o Tp). (33)

where /3 denotes the inverse duration of the phase transition
and T = Tp is the normalized bubble lifetime. The mean
bubble separation, R, = (87)'/3&,,/p [13], corresponds to
the characteristic length scale of the fluid motion. The
distribution of the bubbles’ lifetime, v/(7), is considered in
Ref. [28] for the scenarios of exponential and simultaneous
nucleation,

Vexp(T) = e_T’ Vsim(T) =

The functions £™ in Eq. (33) are

V) = AP = 2120 + 3P (9)
£0)() = Re( A, A%) = 1 [2(2) = PG, (36)

0 =Im(AA) = ef W), (7)

where A, (y) are defined in Eq. (29).
Following Ref. [28], we expect the amplitude of the

oscillatory contributions corresponding to EI((:lz in Eq. (32)

to be larger than those from El(jgl and EO). This is a

kin*
consequence of the inequalities among their amplitudes,

ED(y) = ED(y) = EX(y). (38)

However, when the term proportional to E](jz is not highly

oscillating, it cannot be neglected with respect to the one
proportional to EI((}I)] This occurs in the limit w = kcy <
(2674,)7", since 0 <17, + 1, — 27, < 267, where we
denote the duration of the source as 6tg, = 74, — Ts-

Let us first focus on the case k > 1/(2c¢ 674, ). Then, we
find a stationary UETC [28],

Eyin(k.71,75) & Ein (k) cos(kegz_), (39)

where Ey, (k) = E]((:z(k) and 7_ =1, —1,. Figure 1
shows benchmark results for the normalized {y;,(k) =
Ewn(k)/E;,, Ef, denoting the maximum value of
Eyin(k), obtained for a benchmark phase transition strength
a = 0.1 and a range of broken-phase bubble wall speeds
£, €10.1,0.9]. We present the details of these calculations
in an accompanying paper [85].

Since the resulting velocity field due to the superposition
of sound waves is irrotational, the causality condition
requires Eyi, (7,72, k) ~ k* in the limit k — 0 [28,89,90].
We note that, since Ey, (k) is an integral over T of 1) (y),
the limit of E;, (k) when k — 0 is equivalent to the limit of
EM(y) when y — 0. The integrand is then proportional to
f?(x) + c2P(y) [see Eq. (35)].

As mentioned above, Ref. [28] justifies the choice of A
(which leads to the c2/? contribution in E,;,) in Eq. (29) for
the initial conditions, instead of i/, to ensure the causality
condition. However, the function /?(y) in Eq. (31) leads
to the asymptotic limits /*(y) ~x° when y — 0, and
Eyin (k) ~ k*> when k — 0, as we show in an accompanying
paper [85]. This naively seems to violate causality. The
same is true when one chooses #’ to impose the initial
conditions. The key point to recover the causality condition
is to note that the assumption in Eq. (39) is not valid in
the limit k < 1/(2¢467,). In this limit, one finds from
Eq. (32),
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FIG. 1.

Time-independent component of the normalized velocity field UETC spectrum {y, (k) = Ey, (k) /Ey;, [see Eq. (39)], Ef;,

being the maximum value of the spectrum. Numerical results are obtained according to the sound shell model [28], as described in
Ref. [85], for the phase transition strength parameter @ = 0.1 and a range of wall velocities &, € [0.1,0.9]. The results are computed in

the cases of exponential (black) and simultaneous (red) bubble nucleations [28]. Vertical dashed lines indicate the wave numbers, k
are reached. Their numerical values are given in Table L

s

where the maxima, Ej;,,

lim Eygn (1, 72.k) = Eyip (k) + Ega (k). (40)
The UETC of the velocity field in the £ — O limit is then
proportional to f”(y) [see Egs. (35) and (36)], and not to
I(y), as previously found using Eq. (39). Then the y — 0
limit is indeed f> ~ y?, such that E;, ~ k*, as expected
from causality.

In the following, we take Eq. (39) to describe the UETC
spectrum and will refer to Ey;, as the kinetic spectrum.
Even though Ey;, does not describe the UETC in the limit
k — 0, it does for all the scales that are relevant for the
study of GW production (see Fig. 1).

Following the normalization of Ref. [42], we define a
characteristic amplitude E};, and wave number k,. For the
kinetic spectrum corresponding to sound waves, we set
k., = 1/R, and E};, to be the maximum amplitude, which is
located at KP2™* = kPR, ~ O(1) (see Fig. 1 and values in
Table I). Then, the kinetic spectrum can be expressed as

Eyin(k) = Egnliin(K), (41)
where K = k/k, = kR, and {;, determines the spectral
shape of the kinetic spectrum. The spectral shape found
within the sound shell model (see Fig. 1) is proportional to
k* at low k, as discussed in Sec. III B, and follows a k2
decay at large k. At intermediate scales, {};, can present an
additional intermediate power law, especially for values of

the wall velocity &, close to the speed of sound ¢, = 1/+/3,

peak
kin °

and develop a double peak structure, as can be seen in
Fig. 1 and shown in Refs. [28,80].

The total kinetic energy density Qg, expressed as a
fraction of the critical energy density, is computed from
Eq. (39) at equal times 7| =7, =7,

oo E*.
Qx = / Eyin(7, 7, k)dk = X0 iC, (42)
0 R*
where we have used Eq. (41), and’
5 [ talK)aK. (43)
0

only depends on the spectral shape, characterizing how
broad is the spectrum around K = 1. The values of I are
listed in Table I for the benchmark phase transitions shown
in Fig. 1. The kinetic energy density Qx is estimated by the
single-bubble profiles in Ref. [46] as Qg = ka/(1 + a),
where « is an efficiency factor that depends on o and &,,. We
omit the comparison of Qg found in the sound shell model
with that of Ref. [46] since we focus on the GW production
in the current work. This relation will be explored in an

"As discussed above, Cxin 18 not a valid description of the
UETC spectrum at small K. However, the effect on K is
negligible, since (y;, becomes very small in this range of K,
and it does not contribute appreciably to the integral.
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TABLE L.

Numerical values of the amplitudes and peak frequencies that characterize the spectra of the velocity field (columns 3 to 6)

and of GWs (columns 7 to 9), within the sound shell model for exponential (‘“exp”) and simultaneous (“sim”) types of nucleation
[28,85]. The bubble wall velocities &, correspond to the benchmark phase transitions shown in Fig. 1, with @ = 0.1. The parameters in

the last five columns determine the fit of K3§H(K ) in Eq. (50).

Type &,  10°E;, /R, KM K 102Q¢ ¢ Kow  (K¥npew K K, b a a

exp 0.1 26.8 1.15 749 20 121 2.03 090  1.18 239 034 076 122
exp 0.2 25.7 1.28 542 14 094 2.39 136 1.59 239 106 066 133
exp 0.3 21.6 1.53 552 12 0.0 3.01 2.41 1.98 300 0 067 1.10
exp 04 16.0 1.80 843 14 076 4.01 4.93 1.99 670 0 070 130
exp 05 10.3 202 2195 23 075 8.44 1397 226 1281 036 073 131
exp 0.6 5.3 228 5888 31 075 2033 68.80 279 2694 0.78 0.68 1.08
exp 0.7 3.2 221 8882 29 073  56.63 10237 342 9189 042 049 127
exp 0.8 53 205 2298 12 072 9.53 1409 163 1194 147 181 039
exp 09 5.1 204 1090 06  0.68 6.36 909 233 1066 0O 069 138
exp  0.99 45 2.04 795 04 0.6 4.99 736 220 782 0 073 149
sim 0.1 18.2 259 1043 19 044 3.42 751 1.74 3.81 092 141 234
sim 0.2 19.0 2.82 708 13 031 4.03 1085  2.09 404 093 134 213
sim 03 16.1 3.29 729 12 026 5.07 1845 256 477 129 139 125
sim 0.4 11.6 364 1111 13 025 6.76 3529 353 1050 0 092 239
sim 0.5 7.2 385 3066 22 025 1695 10240 420 2063 033 085 295
sim 0.6 3.7 416 8435 3.1 025 4079 52801 536 4462 075 071 2.15
sim 0.7 2.3 420 12332 28 024 11365 71845 7.5 15460 029 045 2.86
sim 0.8 3.8 406 3114 12 023 1607 9756 3.4 2338 1.02 1.70 0.71
sim 0.9 3.6 412 1492 05 022 1072 6357 415 1672 0 088 2.74
sim 0.9 3.2 413 1084 04 022 8.41 5226 396 1237 0 096 2.66

accompanying paper [85] (see also the discussion of
Refs. [24,26-30]).

C. UETC of the anisotropic stress
We consider the UETC of the anisotropic stresses Efy,
defined in Eq. (21), under the stationary assumption of

Eq. (39). Introducing the normalization of Eqs. (41)—(43)
one obtains,

O\ 2
KEp(ty, 75, k) > 2w2 K3 (%) Cln(z_,K), (44)
where, following Ref. [42], we have defined

Con(e-K) = [ 7 Pln(P)cos(Petr )aP

x/l(l—z2)2Cki“(i))cos(Pcsk*T_)dz, (45)

I P

and used the notation P=p/k, = pR, and P=p/k, = pR,.
The constant C is defined such that {(K) — 1, in the
K — 0 limit, at equal times, i.e., 7 = 0 (see Table I for
values of C of the benchmark phase transitions),

_ 16 [ (K)
C= 15A vy dK. (46)

The spectral shape is therefore encoded in {1;. We note that,
as discussed in the previous section, the UETC of the
velocity field in this limit should be taken from Eq. (40), so
it does not only depend on the time difference z_ when
k< 1/(2¢ci675)-

At equal times, Eq. (45) becomes

CCn(K) = A " P2, (P)AP / 1 —z2>2‘:“}‘ggp) dz,  (47)

-1

where {(K) <1 is a monotonically decreasing function,
shown in Fig. 2 for the benchmark phase transitions of
Fig. 1. This condition can be understood from the derivative
of C{y with respect to K,

Cocn(K) = / ® P2 (P)AP / (1-22)

1
_4§kin(i)) K- Pz
P P

|GGl g (4
We find that the term in square brackets is always negative
if {yin(P) & P" with n <4 at all P, which is indeed the
case. The second term K — Pz is positive for most of the
integration range since it becomes negative only when
z> K/P. Since 1 —z? is symmetric in z, then the final
integral is almost always negative, unless the term in the
square bracket, once multiplied by P?{,(P), has a larger
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FIG. 2. Normalized spectrum of the anisotropic stresses, {, for
the kinetic spectra of the benchmark phase transitions shown in
Fig. 1, in the case of exponential nucleation, computed numeri-
cally (solid lines) compared to the fit from Eq. (50) (dashed lines).
¢n is multiplied by K3 since this is the relevant contribution to the
resulting GW spectrum (see Sec. VI). The stars correspond to
Kgw, where K3¢p is maximum (see values in Table I).

contribution when K/P < 1 and K/P < z < 1 than in the
rest of the range, but this is not the case for any of the
evaluated spectra (see Fig. 2).

At intermediate K, {1y strongly depends on the specific
spectral shape of the velocity power spectrum {;,(K), and
it requires numerical evaluation of the integral in Eq. (47).
However, in the asymptotic limit K — oo, indicated by a oo
superscript, Eq. (47) becomes

éloo /oo PZCkin(P)dP
0 == (49)
K4 gl%ln(zp) dP
oy P

Therefore, if the kinetic spectrum decays as {5 ~ Kb,
then ¢ decays as K~"~*. However, since P is integrated
from O to oo, it can become of the same order as K and the
power law decay K~”~* might not be reached exactly. In
particular, we find (F ~ K3, which is close to the
estimated K~ slope, for the benchmark kinetic spectra
[see Fig. 2, where dashed lines correspond to the fit in
Eq. (50), with an exact K~ decay].

We find in Sec. VI that the final GW spectrum is
proportional to K3{ in the limit of short duration of the
GW sourcing, é75,/R, < 1. For longer duration, the GW
spectrum can deviate with respect to K3(; by a factor A
(see Sec. VI). In any case, the GW spectrum approximately
peaks at Kqy, defined as the wave number where K3
takes its maximum value (K*(p) e The value of Kgy
depends on how steep is the negative slope of {; when it
starts to decay around K ~ O(1); it therefore requires
numerical evaluation of { using Eq. (47). We give in

Table I the numerical values of Kgy and (K3§H)peak.

Due to the double peak structure of {y;,(K), which
appears when the wall velocity &, approaches cg, an
appropriate fit for K3¢ is a smoothed double broken
power law,

K31+ (K/K )]

K3¢n(K :
¢n(K) [+ (K/K,) e

(50)

where K, are the wave number breaks, b is the inter-
mediate slope, and a; , are parameters that determine the
smoothness of the transition between slopes. At low K, we
fix {i; = 1, as desired, and at large K, we fix {7 ~ K. We
note that, in general, K, is not necessarily equal to Kgy.
We show the corresponding values of K ,, b, and a;,,
found for the benchmark phase transitions of Fig. 1,
in Table I. We note that some ({ are already well-
approximated by a single broken power law since they
do not present a double peak structure, especially for
£,<05and ¢, = 0.8.

The exact values of the amplitude (K*(p)peq. the
frequency breaks K, and the intermediate slopes highly
depend on the specific spectral shape of the velocity power
spectrum {y;,. According to the sound shell model,
Refs. [26,28] proposed that the two peaks are determined
by the inverse mean size of the bubbles, 1/R,, and the
inverse sound shell thickness, 1/(R.A,,), where A, =
|E,, — ¢s|/cs- Similar dependencies are found in numerical
simulations [24,25,27,29,30]. We explore the relations
between the phase transition parameters and the shape of
the anisotropic stresses, which will ultimately impact the
GW spectrum, in an accompanying paper [85]. In the
following, we study the spectral shape of GWs once we
know the spectral shape of {y;, shown in Fig. 2 for a set of
benchmark phase transitions.

IV. LOW WAVE NUMBER TAIL OF THE GW
SPECTRUM FROM SOUND WAVES

In this section, we study the amplitude of the GW
spectrum analytically, by evaluating its low-frequency limit
k — 0. We do not assume flat space-time but consider an
expanding universe. Following the sound shell model [28],
we adopt the stationary assumption of Eq. (39), assuming
its validity down to k — O (see discussion in Sec. III B).
The source is assumed to be stationary but still charac-
terized by a finite lifetime, d7y,. Note that this might
introduce a spurious effect in the final GW spectrum due to
the sharp cutoff of the integrals in time [34]. However, we
deem this not important, given the good agreement of the
GW spectrum evaluated semianalytically following the
sound shell model with the one from numerical simulations
[26,28]. The study of the GW spectrum at all & is presented
in Sec. VL.

In Sec. IV A, we start by collecting the results of Sec. I1I
to evaluate the GW spectrum, and comment on the

063531-9



ROPER POL, PROCACCI, and CAPRINI

PHYS. REV. D 109, 063531 (2024)

consequences of the expansion of the universe. We find in
Sec. IV B that the GW spectrum follows a k* scaling at low
k; this is expected from previous analyses, both analytical
[60] and numerical [30,91], but it is in contradiction with
the findings of the original sound shell model of Ref. [28],
which obtains instead that, at scales larger than the peak,
the GW spectrum goes as k°. In Sec. IV C, we reproduce
the calculation of Ref. [28] and show that the k° behavior is
recovered only when one makes an assumption for the
UETC that is, however, only justified under certain con-
ditions that do not hold in the £k — O limit. We therefore
claim that the &* scaling is the correct one in the low-k limit.

Moreover, we find in Sec. IV B that the GW amplitude in
the k — O limit is proportional to In*(1 + 875, H,,). This
factor becomes quadratic in the source duration parameter
OtrnH,. when one ignores the expansion of the universe,
i.e., in the limit oz, H, < 1. A similar quadratic depend-
ence has also been found in the numerical analysis of
Ref. [37] for acoustic turbulence, as well as for (magneto)
hydrodynamical [(M)HD] vortical turbulence, both ana-
lytically [33,34,42] and numerically [37-43]. However, this
result is in contradiction with the linear dependence in the
source duration usually assumed for stationary UETCs
[24,28,31-33,59,92]. In particular, a linear growth is
assumed for sound waves in analytical (see, e.g.,
Refs. [6,28,49,58,80,83,93,94]) and numerical (see, e.g.,
Refs. [24,25,27,29,30,57]) studies. We investigate this
issue in Sec. V. We show that the linear growth of
Ref. [28], and the suppression factor ¥ = 1 — 1/(z5,H,)
of Ref. [59] for an expanding universe, are valid for
stationary processes only under specific assumptions [33],
which are equivalent to those used in Refs. [28,59]. We show
that these assumptions do not hold in the k& — O limit.
Therefore, the causality tail, proportional to k%, is also
proportional to In?(1 + S5, H.,).

InSec. V B, we extend our analysis to a stationary Gaussian
UETC (cf. Kraichnan decorrelation [31,32,34,43,95]) to
show, within a general framework, when the aforementioned
assumptions hold. We find that this occurs when kz. > 1,
where 7. is a characteristic time of the process (e.g., 0, in the
sound shell model). Hence, if 675,/R, > 1, the slope of

the GW spectrum around its spectral peak, kkm ~1/R,, is
well-described under these assumptions. As discussed in
Sec. VI B, this limit corresponds to low fluid velocities and
correspondingly weak first-order phase transitions.

Indeed, in Sec. VI, we extend our analysis to all Xk and we
show that, even though the causality tail is proportional to
k* and follows a quadratic growth with &7, the amplitude
around the peak can present a steep slope approaching
the k° scaling, and can follow a linear growth with Sz,
when 67, /R, > 1. Hence, at frequencies k > 1/6ty,, and
when 675, /R, > 1, the GW spectrum can be approxi-
mately described by the calculation of Refs. [28,59],
reproduced in Appendix B. Including the expansion of

the Universe, the quadratic (575,H, ) and linear 574, H,
dependencies become respectively In?(1 + 65, ) and Y.

A. GW spectrum in the sound shell model

We adopt the stationary assumption of Eq. (39) and
combine Egs. (15) and (21) to find the GW spectrum today.
After averaging over fast oscillations in time, it becomes

1
QGW<5Tﬁn7k):3w2k3TGW/ (1-2%)%dz

-1

2
e )4
x / A2 B () B (D) B3 . D). (51

Note that Eq. (51) gives the present-day GW spectrum, i.e.,
the observable we are generally interested in. While the
source is still active, the GW spectrum would depend not
only on the source duration dzg, = 7y, — 7., but also on the
absolute time 7. During the production phase in the early
universe, in fact, the dependence on 7 cannot be averaged
out. We present this case in Appendix A, which is
particularly relevant when one compares it with the results
of numerical simulations: depending on the wave number
span and on the duration of the simulation, it is often
required to take into account the residual dependence on =
of the GW spectrum, instead of on dzg, only.

The function A in Eq. (51) contains the integral over
times 7; and 7, of the Green’s functions and the time
dependence of the stationary UETC,

Tll]d de
(éTflnvk P, p /1 T]/l 72

x cos(pegt_)cos(pegr_)cos(kr_). (52)

The product of cosines can be expressed as

cos(pegr_) cos(pegr_) cos(kr_)
1
-7 Z COS(iJmnT_), (53)
4m,n:i1

where we have defined p,, = (p + mp)c, + nk. We
separate the time dependencies using

Cos(ﬁmnTZ) Cos(ﬁmnfl)

+ Sin(ﬁmrﬂd) Sin(ﬁmnTl)v (54)

Cos(f)nl}’lr—) =

so that the integrals over 7; and 7, yield

A(&rﬁn?k p, p Z Amn 5Tf1n’pmn) (55)

m,n==+1

where we have defined the function
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. 1o . .
Amn (5Ttin > Pmn ) = Z [AC12 (Tfin > Pmn )

+ ASE (g, Poun)]- (56)

and
ACi(z, p) = Ci(pr) - Ci(pz.). (57)
ASi(z, p) = Si(p7) — Si(pz.). (58)

Even though A,,, is an intermediate function, which needs
to be integrated over p and z to obtain the GW spectrum
[see Eq. (51)], itis still very useful to study its behavior as a
function of both 6z, H, and p,,,/H.. In Fig. 3, we show
A, as a function of érn, H, for different fixed values
of Pyn/MH..

In the limit p,,, < H.,, the functions ACi — In(zg,H..)
and ASi— 0, such that A — In?(zg,H, ) =In?(1+rg,H,,)
(see Fig. 3). This limit is very relevant; we show in
Sec. IV B that, indeed, this logarithmic scaling with the
source duration holds also for the GW spectrum in the
k — 0 limit.

If the duration of the production of GWs from sound
waves is short, oz, H,, << 1, the expansion of the universe
can be neglected. As a consequence, 7~ 1/H, in Eq. (4),
and the factor 1/(z,7,) in the integrand of Eq. (52) becomes
constant, 2. In this case, we obtain the solution for a flat
(nonexpanding) universe,

11— COS[(i’mn/H*)(H*éTﬁn)].

Agﬁ(érﬁn» f)mn) - 2(]3 /H )2 (59)

Since &rpH, < 1, one has A™ — (§75,H,)? from
Eq. (59), suggesting that the GW spectrum grows quad-
ratically in Ozg,. This quadratic scaling also holds for an
expanding universe, since the same limit can be found
from Eq. (56); for p,,, < H, and 74, H, < 1, one has
A — In*(1 + 8t H,) — (675,H,)?. These behaviors for a
flat and an expanding universe are shown in Fig. 3 and are
due to the asymptotic limits of the cosine and sine integral
functions, as pointed out in Refs. [33,42].

B. Low-frequency limit

In the previous section, we have shown that the function
A,.., given in Egs. (56) and (59) respectively for an
expanding and a flat universe, depends logarithmically
on the duration of the source, In?(zg, H., ), for small values
of p,../H.,. In this section, we compute explicitly the GW
spectrum in the limit kK — 0, and confirm that the GW
spectrum inherits the same logarithmic dependence at large
scales. We also show how the & scaling, expected from
causality [90], appears in this limit, instead of the k° scaling
found in Ref. [28].

In the low-frequency limit k—0, p— p and
Pun = (p+ mp)c,. The latter becomes 0 for m = —1
and 2pc, for m = 1. Therefore, the z-dependence in
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Eq. (51) is reduced only to the function (1 — z?)?, and the
GW spectrum becomes

LIL% Qcw (07fin, k)

0o F2
= 31/_\/2](3 E TGW / EkLgp) AO (5Tﬁnv p)dp (60)
15 0 P

This expression already shows an important result; the GW
spectrum scales with k* in the limit k — 0, since the
integral in Eq. (60) does not depend on k. We defer the
comparison of this result to the k° scaling found in Ref. [28]
to Sec. IV C. There, we demonstrate that a simplifying
approximation of A used in Ref. [28] leads to an additional
dependence of A, on k. However, this approximation does
not apply in the k — 0 limit, invalidating the k° behavior at
large scales. In the following, we rather focus on the
dependence of Qgyw with the source duration dzg,.

The A, function that appears in Eq. (60) corresponds to
A, given in Eq. (55), in the k — O limit,

AO(érﬁn’ p) = il_l;% A(51-t'1nﬂ k, p, IN’)
1 2 2
=5 [111 (TfinH*) + ACi (Tﬁn’ 2PCs)

2
+ AS(75n. 2pcy)]. (61)

which, for a flat (nonexpanding) universe, reduces to
AT (675, p) = lim A (524, k, p, P)

1 sin?(pcydtgn)
= — | (6, H. 2 7 \esTring
R P TR

2
We find in Eq. (61) a first term, §In*(zg,..), indepen-
dent of p, and a second term that depends on p and will
enter the integral over p in Eq. (60). We can parametrize the
dependence of the GW amplitude with oz, by defining a
weighted average of the function A, with the spectral
function &y,

(62)

0 2. K
(:kmi()Ao(&ﬁn,K/R*)dK
o K?
AO((STﬁnaR*) - ooé,z' (K)
km2 dK
, K

, (63)

where we have used the normalized quantities {yy,(K) =
En(K)/Eg;, and K = k/k, = kR, defined in Sec. III C.
Introducing Eq. (63) into Eq. (60), and using the normali-
zation of Sec. IIC for the UETC of the anisotropic
stresses, we find

]](12}) QGw (07sin, K)

Qr\2 -~
= 3wk To () ChoGr k). (6

where E;. = QgR,/K [see Eq. (42)]. Since the dimen-
sionless kinetic power spectrum (g, is peaked at KP= =
KKR, ~ O(1) (see Fig. 1), we can approximate it as
Ciin(K) ~ 8(K — 1) in the integrals of Eq. (63). Under this
assumption, Ay(67g,, R,) = Ag(874n. 1/R,), showing that
A,/ A, characterizes the deviations with respect to a delta-
peaked kinetic power spectrum. We can now study the

dependence of A, with &g, under this approximation,

1
Ay(67gn, R,) ~ 5 {mz(fﬁnH*)
. 2Cs 5Tﬁn . 2cs 2
oz v ) o (%)
A 2c Stsipn S 2cs \ ]2
(2 s e

If ¢,675,/R. < 1, from the expansion of the Ci and Si
functions one gets,

- 1
AO(CxéTfin/R* < ]) ~ 5 {11]2 (TfinH*) + (5TﬁnH*)2}
~ (5TﬁnH*)27 (66)

where the last estimate holds when 675, H, < R,H, < 1.
In the opposite limit ¢,67,/R, > 1, the contribution from
the Ci and Si functions is oscillating and decaying, and
therefore subdominant. One then expects,

~ 1
Ao(CS(STﬁn/R* > 1) Nilnz(‘[me*). (67)

The asymptotic behavior at the extremes of the quantity
676, R.. is confirmed by Fig. 4, showing the function A,,

T TTTTHW T TTTTHW T T T TTTTI T T TTTTIT

sim |

1 111“1” 1 111111” 1 111111”

1071 10" 10* 102

peak
OTfin Cs oy,

L LIl

FIG.4. The function A, compensated by its short-duration limit

k
bin
K ~ O(1/R,) is the spectral peak of the kinetic spectra shown
in Fig. 1 (see dashed lines and values in Table I). The blue dashed

line corresponds to the empirical fit in Eq. (68).

In? (7, H,,). A, is shown as a function of &zg,cek where
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compensated by the logarithmic dependence In?(zs,H., ),
for the benchmark phase transitions of Fig. 1. One can
appreciate that almost all curves collapse into one, apart

from small deviations, which are due to the specific spectral

shape of the kinetic spectra i, (k) around their peak P

(see Fig. 1). In all the cases considered, the dependence of
the GW amplitude with dr;, given in Eq. (64) can be

expressed as Aln?(zz,H,), where A monotonically

decreases around 5zg, ~ (¢ kP5)~! between its asymptotic

values, i.e., from 1 to 0.5, as it can be derived approx-
imately from Eqs. (65)-(67). The exact variation of the
function A at intermediate o7y, requires numerical compu-
tation of Eq. (63) for the specific spectral shape {y;,.
However, we show in Fig. 4 that the empirical fit,

1
A w5 |1+ exp(=0.35[5rme, KEIS) L (68)

gives an accurate estimate for the evaluated phase transitions.

By taking the low-frequency limit kK — O of the GW
spectrum, we have found that its amplitude depends quad-
ratically on the duration of the GW source when 6z, is short,
compared to the Hubble time, and it is proportional to
In?(zs,H,. ) in general (see Fig. 4). As previously discussed,
this result is in contradiction with the linear dependence on
the source duration usually assumed for the GW spectrum
from sound waves, and from stationary processes in general.
We come back to this aspect in Sec. V and extend the
discussion to a generic class of stationary UETC. In the next
Sec. IV C, we instead analyze the k-dependence of the GW
spectrum at large scales, and provide insight on the reasons
why a k° behavior is found in Refs. [28,59], as opposed to
the usual causal k3 scaling given in Eq. (64).

C. I vs I tilt in the low-frequency limit

In Sec. IV B, we have found that the GW spectrum scales
proportional to k> when k — 0 [see Eq. (64)]. The causal k*
branch is, in general,8 in agreement with numerical sim-
ulations of sound waves [24,25,29,30,91] and the recent
analytical derivation of Ref. [60]. However, as mentioned
above, it is in contradiction with the k° scaling reported in
the sound shell model [26,28,59]. To understand the &> vs
k° discrepancy of the GW spectrum, we reproduce in this
section the calculation of Refs. [28,59]. Since Ref. [28]
considers that the duration of the phase transition is short
and hence ignores the expansion of the universe,” we will

$This agreement is not always completely clear, since the
numerical studies of the IR regime of the GW spectrum are
computationally challenging (see discussion in Refs. [30,42]).

We note, however, that even if the duration of the phase
transition $~' is short with respect to the Hubble time, the
duration of the GW sourcing from sound waves can last longer,
until the plasma develops nonlinearities or until the sound waves
are completely dissipated [6,96].

consider the limit 67, H, < 1 when comparing our results
to theirs.

In order to reproduce the calculations of Ref. [28], we
need to compute the growth rate of Qgyw with the duration
of GW production, 7g,. Note that in Ref. [28], the growth
rate A [see their Eq. (3.38)] is defined instead as the
derivative of A with respect to cosmic time . We consider
this interpretation to be misleading since A, see Eq. (52),
has been defined after averaging over time and it is
valid only in the free propagation regime at late times
7> 15,, €.2., at present time 7, [see Eqgs. (11) and (15)].
We show in Appendix A the correct time-dependence
of A with conformal time during the phase of GW
production, 7 < 7,. We note that using Eq. (55) during
the sourcing could lead to wrong results when comparing,
for example, to the results from numerical simulations
[24,25,27,29,30].

As a present-day observable, we are then interested in the
dependence of the GW spectrum with the source duration
875, s0 we define A’=0, A. Note that in the current

work, we distinguish A’ from A = 9, A since we take into
account the expansion of the universe.

We start by performing the change of variables {7;,} —
{7} in the integral of Eq. (52), with 7, = (7; + 7,)/2 and
7_ = 7, — 7. The limits of integration can be found in the
following way. Since 7,7, € [r,,75,), one has that
7, €1y, Tgn), and

=2 7)) =2 - 7y), (69)

which, since 7,7, € [z,, 75,], leads to the limits
r_€2[-5", 57, ] v €2][-6r,, 570, (70)

where we have defined 67, =7, — 7, and 6711“ =Th, — Ty
Combining both limits we see that, when 7, <7, =
1(t. + 7). the limits of integration for 7_ are 7_€
2[-6t,, 67, ], and when 7, >7,, then 7_€2[-57", 5711n]
(see Fig. 5). Hence, the change of variables {z;,} — {7}
in Eq. (52) yields

n Tfin dTl Tfin dTZ
Amn(éTfimpmn) = / 21_1 / 2_1_2003 pmn )

/T"’ /25@ Cos(pmnT )d‘[
261, 4T+ - ’Z'
Tfin 257ﬁ" coS p T_
/ 1+/ L )d'r_. (71)
T Z(Srf‘“ T - T

In particular, if we ignore the expansion of the universe,
we can set 7, — 0 and take 7,7, & 1/H2 in Eq. (71), such
that A,,, becomes
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FIG. 5. The limits of integration for the change of variables
{r12} = {r4}, with 7, = (7, +13)/2 and 7_ =17, — 7y in the
715 € [r., T range corresponds to the region bounded by the
blue and red lines. The extension of the blue lines up to g,
indicates the region considered for the same integration in
Ref. [28], which thus ignores the bounds given by the red lines.
For illustration, we show contour values of the integrand
multiplied by #2 for an expanding [Eq. (71), upper panel]
and a flat [Eq. (72), lower panel] universe, with p,,,/H, = 5.

27,

4A£1Lar£(57f1n’pmn) H2 /2 " dT+/ cos pmn )dT—
2T,
Tfin 267 ﬁ“
+ H? T+/ cos(pn7_)dz_. (72)
rhn 261““

Figure 5 shows the values of the integrand in Eqs. (71)
and (72) as a function of 7. Ignoring the expansion of the
universe, the integrand is constant in 7, and only depends
on 7_ as cos(Pu,7_).

If we compare this integral with the one computed in
Ref. [28] [see their Eq. (3.36)], we find that the limits of the
integral are taken to be 7, €0, 7g5,] and 7_ € [-27,,27].
This corresponds to integrating over 7_ according to the
blue limits in Fig. 5 in all the range 7, €0, 75,], hence
including the areas of integration that are not allowed,
limited by the red lines. The inclusion of the upper and
lower right triangles, out of the limits denoted by the red
lines, leads to 7, > 75, and 7, > 75,, respectively. Using
these limits of integration, the explicit dependence of the
limits of the integral over z_ on the source duration zg, is

ignored, leading to the wrong value of A’,
show below.
We now compute the growth rate A’ from Eq. (71),"°

as we

1

2 Tfin
+ Sln(ﬁmnl—ﬁn)ASi(Tﬁn’ ﬁmn)]’ (73)

A;nn (5Tfin7 ﬁmn) = [cos(pmnTﬁn)AC1<Tf1n7 pmn)

which can also be directly found from Eq. (56). Ignoring
the expansion of the universe we get, from either Eq. (59) or
Eq. (72),

Sin(i)mn57ﬁn)

Agﬁ;/ (5T in» i’mn) = H* ~ .
f 2(pmn/H*)

(74)

If one omits the dependence on 7y, in the integration limits
over 7_ in Eq. (72), the solution to Eq. (3.38) of Ref. [28] is
found, which is equivalent to Eq. (74) with an extra factor
of 2 in the sin function, sin(2p,,,87gy,)-

Figure 6 shows the dependence of the growth rate A},
given in Egs. (73) and (74), on the combined momenta p,,,
for different values of the GW source duration d7g,. We
observe that, as dty, increases, A/, becomes more con-
fined around p,,, — 0. Taking into account the relation
between the sinc and the Dirac § function,

O

Ref. [28] approximates Eq. (74) in the 1/67g, — O limit,
i.e., for large GW duration,11

lim  Afla¢
Sty H, =00 mn( mn)

This approximation is used in Refs. [28,59] to simplify
the calculation of the integral in Eq. (51). However, it is not
required to compute the GW amplitude, as we have done in
Sec. IV B in the k£ — 0 limit and we extend in Sec. VI to all
k. We show in the following that it is precisely this
assumption the one that leads to the linear growth with
the source duration and the k° scaling of the GW spectrum

"“The derivative can be taken from the integral over 7;, or
from the integral over 7.. The dependence of the integration
limits on 75, is simpler in the former case after using the correct
lnmts (see Fig. 5) but both computations lead to the same result.

Equatlon (76) is equivalent to Eq. (3.39) in Ref. [28] after
taking into account the extra factor of 2 [see text below Eq. (74)]
and that their A is defined with an extra % factor [see their
Eq. (3.36) compared to Eq. (52)].
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FIG. 6. Function |A},,|/H, for an expanding [blue, Eq. (73)] and a flat [red, Eq. (74)] universe as a function of p,,,/H., for different

GW sourcing duration §zg,H, € {1072, 107", 1, 10}.

when k — 0. We also show in Sec. V that this assumption is
equivalent to the one usually taken for stationary processes
that decay very quickly with the time difference 7_
[31-35,43,95]. However, the UETC found in the sound
shell model is a periodic function in z_ [see Eq. (39)] so this
assumption is, in general, not justified.

On the other hand, when £ is large and oscillations over
7_ become very rapid, this assumption might become
justified. In such circumstances, as we show in Sec. VI,
the expression computed in Appendix B, based on this
approximation, can describe the GW spectrum in the
regime k > 1/67g, and, in particular, around the spectral
peak if é7g,/R, > 1. One can understand this by noting
that the limit leading to Eq. (76) is equivalent to
considering p,,,0ts, — 0. At low and moderate k, in
general, this limit does not hold, since p and p are
integrated from O to co. However, when kdzg, — oo, this
assumption is valid, since A,,, is symmetric in p,,, and
then p,,,,075, — 0.

We note that this approximation is only valid when kdzg,
becomes sufficiently large, not when 7 is large, since A’ is
the growth with respect to &zg,. The assumption of
asymptotically large dzy, is not justified for GW production
from sound waves and it is in contradiction with the
assumption that the expansion of the universe can be
ignored, so expansion becomes relevant in this regime.

In general, we find that A},, is widely spread along a
broad range of p,,, # 0 for short and moderate (around one
Hubble time) duration (see Fig. 6). Its maximum value at
Pumn = 0'is 3 675,'H... as can be inferred from Eq. (74). For
longer sourcing duration, one can no longer ignore the

expansion of the universe and we find that the growth rate
at p,,, = 0 decreases to 11n(zz,H,) /75, (see blue and red
dots in Fig. 6). Therefore, the integral over p and z in
Eq. (51) includes non-negligible contributions from
Pmn # 0 that are being ignored if one uses Eq. (76).

We now explicitly show how this approximation affects
the limit k - 0 of the GW spectrum, computed in
Sec. IV B. Denoting Qg = 0, Qgw as the growth rate
of the GW spectrum and using Egs. (64) and (76),
we find,

8 Q2
: / ) _ 2 K3T K
11<1_>InOS2GW(57fm’ K) 3 R.w°K GW( IC)

m€2in P
x A kPg )6(K—2Pcs)dP, (77)

where, following Ref. [28], we have further assumed that
Pmn only cancels when m =1 and n = —1, and Aj —
YH, 7 8(2¢cp — k) =1 (H.R.)7 5(2¢,P — K). We note
that this additional assumption does not take into account
the case m = —1, such that p +mp = 0, which always
holds when k — 0. From Eq. (62), one can see that the
m = —1 case would include in Qg a linear term in é7g,
that would lead to the quadratic scaling and a function
proportional to k3 when k — 0 that would dominate over
the k° term. Therefore, the k° scaling appears due to the
inclusion of a k dependence in the integral over p of
Eq. (77) and due to neglecting the leading-order term when
k — 0. The extension of Eq. (77) to all values of k is shown
in Appendix B.
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The integral in Eq. (77) is directly computed by sub-
stituting P = K/(2¢),

. 32z
Ilg(l)gﬁw(&ﬁml() = TCER w?

xK:rGw( )ckmm (78)

Therefore, we find that the GW spectrum in the k£ — 0
regime is proportional to K¢Z (K). For irrotational fields,
Cin ~ K with a > 4 (see Sec. III B) and, for the kinetic
spectra of the benchmark phase transitions of Fig. 1, we
find a = 4. Therefore, one finds that the GW spectrum is
proportional to K?**! = K° in this case, as argued in
Ref. [28]. As discussed above, this result is a consequence
of the assumption that the growth rate A’ can be approxi-
mated as a Dirac ¢ function [see Eq. (76)]. The calculation
using the stationary UETC found in the sound shell model
[see Eq. (39)] in the k — O limit has been presented in
Sec. IV B, where we recover the low frequency scaling with
k3 as expected by causality [see Eq. (64)]. We note that this
result also holds when one takes into account the expansion
of the universe.

V. GW PRODUCTION FROM
STATIONARY PROCESSES

In Secs. IVA and IV B, we have shown that the
dependence of the GW amplitude in the k& — 0 limit with
the source duration is In?(zs,H, ), which becomes quad-
ratic when the duration is short. In addition, we have shown
in Sec. IV C that the approximation of the growth rate A’,
given in Eqs. (73) and (74), as a Dirac ¢ function [see
Eq. (76)], taken in Refs. [28,59], leads to the conclusion
that the GW spectrum is proportional to k° in the k — 0
limit. We have found that this scaling is actually k> as
expected from causality and found in numerical studies. In
addition, from Eq. (78) we directly find that since Qg
does not depend on 74,, then Qgw = 574, QGw, Which
corresponds to the assumed linear growth with the source
duration. Hence, this result is also a consequence of the
aforementioned assumption, which does not hold in the
k — 0 limit. We note that this is not necessarily the case at
all k, however, as we show in Sec. VI, it can give an
accurate estimate of the GW amplitude at k > 1/67g,.

To understand the transition from the quadratic to the
linear growth of Qgw with dzp, as k increases, let us now
generalize our study to a velocity UETC described by an
arbitrary stationary process, Ey;,(71,72,k) = Eyi, (k) f (7_,k),
where f(7_, k) = cos(kcyr_) in the sound shell model. In
the general case, the function A in Eq. (52) is

de de
A<6Tfin7k7pvl~)):/f Tl/\f T2

x f(z_,p)f(z_, p)cos(kz_). (79)

Following Ref. [33], we take the change of variable
T, > T_,

- Tfin dT Tfin—T1
A(&'ﬁn,k,P,P):/ 1/ 1 +Tl
Xf(f_,p)f(f_’p)COS(kT-)- (80)

The characteristic linear growth of stationary processes
[24,28,31,32,59] is found when inverting the order of
integration in Eq. (80) is allowed [33]. This is justified
if the function f(z, k) becomes negligibly small in the range
7 <7,—71 and t > 755, — 7; forall 7; € (z,, 75, ), such that
the integral over 7_ can be extended to 7_ € (—o0, o) and
the limits of integration do not depend any longer on 7,
[33]. This condition can be justified, for example, when the
UETC decays as a Gaussian function (e.g., Kraichan
decorrelation [95]) as we show in Sec. V B. On the other
hand, when f(z, k) is a periodic function (e.g., the UETC
found in the sound shell model) this condition is, in general,
unjustified, unless f becomes sufficiently oscillatory in 7_.
This is the case in the k7_ — oo limit, where the limits of
integration already include several oscillations, so that
extending the limits to +oo0 does not affect drastically
the result of the integral. This approximation holds in the
regime assumed in Ref. [28], ko7, — oo (see discussion in
Sec. IV C). Under this assumption, we find

~ TﬁndT]
Aot k. p, p) =
( fin p P) /‘r* /ooT +Tl

x f(z_, p)f(z_,p)cos(kz_).  (81)

In particular, if one ignores the expansion of the universe,
the integral over 7; directly yields the linear dependence
with 5Tfin9

Aﬂat(érfin’ k’ P, ﬁ)

— Hesry, / " de_f(z_. p)f(z_. p)cos(ke_). (82)

A. Sound-shell model UETC

When we use the UETC found in the sound shell model
[see Eq. (39)], the solution to Eq. (82) is

25 . oo
%/ cos(Pnt_)dz_

== géfﬁnH*é(i)mn/H*)’ (83)

Agn‘g (5Tﬁnv f’mn) =

which is equivalent to Eq. (76). Therefore, we find that, as
mentioned above, the assumption to find Eq. (82) and the
one used in Ref. [28] to find Eq. (76) lead to the same
result.

Including the expansion of the Universe, there is still a
dependence on 7; in the integral over z_ in Eq. (81). With
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the change of variables {7;,} — {Ti} the term due to the
Universe expansion is 7,7, = 72 — ZT [see Eq. (71)] In
Ref. [59], the term 7,7, is appr0x1mated as 77y ~ 7 < [see
their Eq. (5.22)]. This is equlvalent to the omission of the
dependence on 7_ in the term 1/(z_ +7;) of Eq. (81),
yielding

A(éffinvk’pvﬁ)

:Hﬂr(&fm)/oo

—o0

de_f(z_,p)f(z-, p)cos(kz_),  (84)

where T is the suppression factor defined in Ref. [59] and
used in recent literature to account for the expansion of
the universe in the GW production from sound waves
[80,83,94],

Tfin dTl 1
T(07hin) = . HA =1- o H, (85)

This function reduces to the linear growth ¥ — 675, H, in
the limit oz, H, < 1, yielding Eq. (82) in the case of a flat
(nonexpanding) universe. Again, substituting the UETC of
Eq. (39) in Eq. (84), one finds

A ” A
Amn (5Tfin’ pmn) = 5 Y‘(&"-f'm)5(pmn/7—(*)' (86)

The results presented above are justified only in the
asymptotic limit kdzg, — oo, since this is the limit of
validity of the assumptions introduced to invert the order of
integration over 7; and 7_ (or over 7, and 7_). In particular,
these assumptions imply that the dependence of A on 7,
is encoded solely in the suppression factor T [see Eq. (84)],
which, in the limit of a short GW source, is linear,
T~ 5TﬁnH*.

The calculation of the integral over 7; and 7,, performed
in Sec. IV B in the k — 0 limit without any simplifying
assumptions, leads, instead to a dependence with 75,
characterized by A. This function is given in Eq. (63) in
the k — 0 limit and even though it depends on the spectral
shape, it is found to always be

"Reference [59] uses an integral equivalent to Eq. (71) with an
inverted order of integration,

A(67g0, k, p, P)

Onm w3 f(7_, p)f(z_, p) cos(kz_)
o [ e

1
+Hr_ T3 =37

where the limits of integration are shown in Fig. 5, and we have
used the change of variable 7_ — —7z_ in the range
7_ € (=675, 0) to find the same integral as the one in the range
(0, 675,). We find Eq. (84) by taking the limits over 7, to

(-0, 00) and neglecting 72 compared to 472.

Ag(67n) = Aln? (25, H,), (87)
where A €10.5,1] [see Fig. 4 and Eq. (68)]. Moreover,
Eq. (87) reduces to (67, H,)> when &7, is short. Its
extension to all k is studied in Sec. VI, where we find that,
when k > 1/6ty,, the suppression factor Y can be found
and if, in addition, the peak is in this regime (675, /R, > 1),
then it is relevant to describe the GW spectrum around
its peak.

B. Kraichnan decorrelation

Let us consider a stationary process, described by a
function f(z_, k), that does not decay fast enough in z_ out
of the integration limits in Eq. (80), and does not include
many periodic oscillations within the integration limits. We
have argued that, in this case, the GW amplitude grows
quadratically with 6zg,. To understand this result, we study
the Kraichan decorrelation [95], usually applied to the
study of turbulence [31,32,34,35,43], where f is a Gaussian
function of 7_,

flr_ k) = exp( L ) (88)

where v, (77,75, k) is the sweeping velocity [95]. We note
that this function is a positive definite kernel only if v, is a
function of 7, 5, breaking the stationary assumption [43],
and otherwise it is not an adequate description of the
velocity field UETC [34]. However, since we want to
address the importance of the aforementioned assumptions
for a generic stationary process qualitatively in the current
work, we use Eq. (88) with a time-independent v, for
simplicity.

Using this UETC for the velocity field and taking the
k — 0 limit (such that p — p), Eq. (79) becomes

/Tﬁn dTl /Thn de ]7 17 ‘L' (89)

The integrand is shown in Fig 7
We observe that for large p?v2, ~ O(10?), it is a good
approximation to extend the integration limits to
7_€(—00,00), while the same is not true at smaller
p*v3, ~ O(1). In this case we find two limiting cases:
(i) if 67, < 1/(pugy). we expand e™?" "% ~ 1, since
7_ €0, 67g,) (see footnote 12). Then Eq. (89) yields
the duration dependence found for the UETC of the
sound shell model in the k — O limit: In?(zg,.,);
(ii) if 67, > 1/(pvgy), the approximation leading to
Eq. (84) is justified, and we find the suppression
factor Y in the kK — O limit. As discussed above, this
regime can also appear in the sound shell model
when ké’l’ﬁn > 1.

6Tf1n s
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FIG. 7. Integrand leading to the value of A, assuming

Kraichnan decorrelation for p?v2, =1 (upper panel), 10
(middle), and 100 (lower), in the kK — O limit.

Therefore, the resulting dependence of the GW amplitude
with &, will change for different v, and it might be a
combination of the different modes since one needs to
integrate Eq. (63) over p for the general time dependence.
In addition, as mentioned above, vy, is also a function
of 7; and 7,, to ensure the positivity of the UETC
kernel [43].

We recover the previous result analytically when neglect-
ing the expansion of the universe,"

13 . . .
In this case, one can find an analytical expression for any
wave number k, here avoided for the sake of brevity.

L 13 B—— R T
flat T -
100 - expanding In? (TﬁnH*)//"//./
i v
fé
S 1
H./(psw)
1074 Lol Ll L
1072 107! 10° 10!
57—ﬁnH*

FIG. 8. Dependence of the GW amplitude in the & — O limit
with the duration of the GW sourcing drg, for a Kraichnan
decorrelation with pog, = 12 for a flat (red) and an expanding
(blue) universe. The two asymptotic limits are separated at
6750 = 1/(prgy), showing the (674, )> scaling below this
limit, and the suppression factor Y above the limit.

Agat(&rﬁm P)/Hz = p# 5TﬁnErf(pUsw57ﬁn)

SwW

1 — =P Vot

e (90)
P Usw

where Erf(x) is the error function. Taking the limits 75, <

1/(pvgy) and Szg, > 1/(pug,), we find the two asymp-

totic behaviors mentioned above,

Aga‘(&ﬁnpvsw < 1) = (5TﬁnH*)25

5t H,
A (S prgy 3> 1) = YL o1)

poo/Hy

Including the effect of the expansion of the universe leads
to the same short-duration regime, and the limit at large
OTfn PVsyw becomes

\/J_T
pouJH. T (674n).- (92)

The two asymptotic limits are shown in Fig. 8, compared to
Eq. (89) evaluated numerically. These results show how we
can, in general, find both the quadratic and linear growth
rates, depending on v, the specific value of k (even in the
k — 0 limit), and the integrals over p and p performed to
find the GW spectrum sourced by a stationary process.

A8t prgy > 1) =

VI. GW SPECTRUM FROM SOUND WAVES:
RESULTS AND TEMPLATE

In Secs. IV and V, we have studied the GW spectrum in
the low-frequency limit k& — 0, aiming to understand
two characteristic features; the k> scaling, and the ampli-
tude evolution with respect to the duration of the source.
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The present section is dedicated to the study of the shape of
the GW spectrum at all frequencies.

For a direct comparison of our results for sound waves to
those for other sources, e.g., decaying vortical turbulence,
we adopt a similar normalization as in Ref. [42] (see also
Sec. ITII C).

A. GW spectral shape

With Eq. (64) the GW spectrum can be expressed in
terms of a normalized spectrum, {gw,

Q 2
Qow (0750, R, K) =3 K>T gwC (%)
X Ao (67n, R.)Caw (67, K, R..). (93)

In order to describe the spectral modifications of {gw with

respect to {p;, we introduce the function A = (gw /. Then
Eq. (93) becomes

Qaw (676n, R, K) = 3W*K3T gw C <g’2CK>
X {1 (K)Ao(676n, R )A(S7n, R, K). (94)

A generalizes Eq. (63) to all values of k and &z,
A(57y, R, K)

1 0
= - dPP%¢,. (P
o)y PTG (P)

< [la- oy a(P) P)

By construction we find that A — 1, when A does not
depend on p nor £, i.e., in the short-duration regime, or in
the k — O limit.

Hence, the parameters that determine the modifications
of {gw with respect to {py are the source duration é7g,, and
the characteristic scale R, = 1/k,.

Depending on how k compares with the inverse
source duration 1/67,, the GW spectrum presents different
behaviors.

In the regime where k < 1/67p,, studied in Sec. IV,
A — 1. The dependence of the GW spectrum on the source
duration 6z, is then fully encoded in Ay = A In?(zs,H,,),
with A€[0.5,1] [see Eq. (68)]. The amplitude in this
regime does not depend on R,, whose dependence only
appears through the self-similar K = kR,. At the same
time, the dependence on K survives in K3(p, which, as
shown in Fig. 2, follows a broken-power law that can be fit
using Eq. (50). ' The amplitude of the GW spectrum
depends on the specific spectral shape of the kinetic

(6Tﬁnvk P p)d (95)

"“The peak structure in the sound shell model is simple or
double, depending on the specific value of the wall velocity (see
Fig. 1 and Table I).

spectrum via the constants C and C [see Egs. (43) and
(46)]. Table I presents values for the benchmark phase
transitions considered here.

At wave numbers k > 1/6zy,, the approximation leading
to A ~ 1 is no longer valid, and the function A(K) depends
on both oz, and R,. As a consequence, in this range, the
GW spectrum shows a complex dependence on K and o7y,
that deviates with respect to the simple K3¢y; causal growth.
We expect the GW spectrum to transition from the
causal branch at kdry, < 1, toward the spectrum found
in Refs. [28,59] (see Appendix B), which is valid for
kétg, > 1, as discussed in Secs. IV and V. This transition
among the two asymptotic limits is, a priori, unknown and
requires a numerical evaluation of Eq. (95).

Numerical examples of the resulting normalized GW
spectra, K3¢w, are shown in Fig. 9 for the benchmark phase
transitions of Fig. 1, and at different values of 6z, and R,.
We find the predicted K3¢y; scaling when k < 1/87g,, with
the amplitude exactly given by Eq. (94) when setting A = 1.

A more complex structure appears at k > 1/dzg,, where
A = {gw/Cn plays a major role. To underline some generic
features, we show A in Fig. 10 at different 6z, and R,.

In the range 1/67, <k <1/R,, we find A~K72,
leading to the development of a linear GW spectrum in k.
A similar transition from a K3 to K slope in the GW
spectrum is also found for vortical (M)HD turbulence
[37-43], and is analytically described by the constant-in-
time approximation [42].

Atlarger k, a steep growth, Qqw ~ K7, appears just below
the peak of the spectrum. This result is close to the K° growth
found in Ref. [28]. In fact, in this range, 1 /675, < k < 1/R,,
motivating the assumption kdzg, — o0, required to obtain
the K° spectrum (see discussion in Sec. V). Note however
that, when the source duration becomes a non-negligible
fraction of a Hubble time, 575, H,, 2 O(107"), the expansion
of the universe starts playing a significant role. In particular,
it modifies not only the dependence of the GW spectrum on
Otg, but also its spectral shape through A in Eq. (95).

The peak amplitude of the GW spectrum, which we have
previously estimated to be located at Ky, where K3{; is
maximum, is modified by A when the k <1 /675, limit
does not hold. We find that A modifies the position of the
GW peak roughly to K ~ 0.8Kgw (see Fig. 9 and values in
Table I). In addition, A adds a dependence of the GW
amplitude on 675,/ R,, shown in Fig. 11. This modification
at the peak is well-approximated by the function
(1 + 6t4,/R,)™". For the benchmark phase transitions,
and the values of 675, and R, shown in Fig. 10, we find
that the ratio of the numerical values to the fit is between
0.2 and 5 (see dashed lines in Fig. 11).

Around the peak, AyA depends linearly on the suppres-
sion factor, T, and R, H,. This result agrees with the one
derived in Appendix B, following the approximation of
Refs. [28,59], when 675,/R, > 1, such that the peak 1/R,
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FIG. 9. Normalized GW spectral shape K3¢gw [see Eq. (93)] for the benchmark phase transitions shown in Fig. 1 in the case of
exponential nucleation. For comparison we show K3y (in black), expected in the range k < 1/5t5;,. The modifications with respect to
K3 oceur at k > 1/8tg,, and different colors correspond to different values of 575, /R,. The exact modifications depend separately on
both R, and &7y, especially when dz, /R, > 1. Dotted, dashed, solid, and dash-dotted lines correspond to values 65, H., of 1072, 107,
1, and 10, respectively. The vertical lines indicate the estimated position of the GW peak, at K ~ 0.8Kgyw, where Ky is the position
where K3(py is maximum (see values in Table I). The second peak of £ appears also in {gyw, and is related to the inverse sound shell
thickness 1/AR, = ¢&,,/(R. |, — ¢,|) [26]. Hence, when ¢, is closer to ¢, the second peak appears far from 1/R,, yielding a broad
plateau around the peak. When ¢,, diverges from c,, the second peak becomes closer to the first one at K ~ 1, and the plateau disappears.

is within the kézg, > 1 regime. For an accurate prediction To compare the resulting spectral shape of GWs to that of
of the amplitude at the peak, we thus take this value into  Ref. [28], where the function A is approximated by a Dirac
account and multiply it by the value where the function  delta function, we show in Fig. 12 the resulting GW
K3¢y is maximal (see Table I). spectra, obtained for a specific benchmark phase transition

Finally, at large K > 1, we find that the GW spectrum
decreases as 1/K when compared to K3{y;. Since the latter

scales as K2 (see Fig. 2), the GW spectrum decays as K3 N
at large values of k, which agrees with Refs. [28-30].  [777 ‘"“::::t:::::{\\
1 RN BN
107 ! —
100 ' ' = \\ \\ \\
6 N z \\ “\
107! ~ l
<2k < : ‘
= 1073 N SN
GZ 103 \ D RN
11— N 9 .
9 104 K2 A | | N
. PN ) -3 -1 1 3
10-° PR ¥ 10 10 10 10
/o A
10—6 | | 4 | K | AV 5Tﬁll/R*
-3 -2 -1 0 1 2
10 10 10 10 10 10 FIG. 11. Dependence of the GW peak amplitude with 5z, /R,
K =kR, normalized to the value in the 75, — O limit. Each dot corre-

sponds to a specific line in Fig. 10. The amplitude shows a
FIG. 10. Ratio A = {gw/Cn for the benchmark phase transi- universal trend with the product §zg,/R, that can be approx-
tions and parameters of Fig. 9. Line colors and styles are the same imately fit empirically by the function (1 + &7g,/R,)~!, inter-
as those in Fig. 9. mediate black dashed line.
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FIG. 12. GW spectrum as a function of kR, for a benchmark
phase transition with @ = 0.1 and &,, = 0.3, assuming exponen-
tial nucleation. The results are shown for different values of
R.H., and 675, H, = 0.01 (upper panel) and 1 (lower panel). For
comparison, the gray lines correspond to the GW spectrum using
the approximation of Refs. [28,59] [see Eq. (B3)]. The values of
Qgw are computed using 7 gw = 1 so they should be multiplied
by Eq. (13), choosing the specific time of generation, to find the
GW spectrum today.

with @ = 0.1 and &,, = 0.3, for a range of R, and J7y;,. The
calculation of the GW spectra under the assumption of
Refs. [28,59] is given in Appendix B.

We show that the GW spectrum found in Ref. [28] is a
correct description for the bump around and above the peak
when 67, /R, is sufficiently large (as described above),
after taking into account the correction due to the expansion
of the universe [59]. The transition toward the GW
spectrum in the “infinite duration” limit (given in
Appendix B) is related to the one from the quadratic to
linear growth that we have found in Sec. V B, since the
approximation used to extend the limits of integration over
7_ to oo in Eq. (80) is based on the assumption that
kétg, — co. However, additional linear and cubic regimes
appear in Qg at frequencies below the peak that were not
found in Refs. [28,59] since the kdrg, > 1 assumption
does not hold in this range of frequencies. Moreover, when
Otsn /R, < 1, the peak is in the regime k, < 1/67g,, so that
significant modifications of the GW spectrum may appear
around the peak.

B. Estimation of the source duration

Let us now discuss why the variables d7g;, and R, are not
completely independent. The characteristic scale R, is
determined by the mean bubble separation, which depends
on the characteristics of the phase transition via f and &,
[see relation below Eq. (33)].

The evaluation of 7y, requires further numerical studies
to simulate the decay of the sound waves, as well as the
development of turbulence. A first estimation of dzy, is the
eddy turnover time, i.e., the time that it takes the plasma
to develop non-linearities, r, ~ R,/\/Qg [6], and it
directly depends on R,. Setting &7, ~ 67, and Qg ~1072
for the benchmark phase transitions with a = 0.1 (see
Table 1), we find d7g,/R, ~ 10. For this estimate, the
condition é7g,/R, > 1 is valid, and the prescription of
Refs. [28,59] gives a correct estimate of the amplitude
around the peak. However, it fails at frequencies below the
peak, as expected.

We show in Fig. 13 the GW spectrum found in the
current work and compare it to the one given by Eq. (B3),
based on the assumptions of Refs. [28,59], when we set
Oty ~ 10R,. We find that, in this case, the suppression
factor Y is justified to describe the growth rate with 75, at
the peak. At frequencies below the peak, we find, in this
case, that the linear growth with k is almost completely
absent and the causality tail, proportional to k°, appears
close to the peak, similar to the results of numerical
simulations [30] and other analytical estimates [60].
However, for the exact dependence with 67y, of the full
spectral shape, we need to use the prescription developed in
the current work. In particular, we find that the causality tail
grows proportional to In?(zg, H., ).

C. Present-time spectral amplitude

The present-time GW energy density spectrum today
is directly found using Eq. (94) with the transfer func-
tion 7 gw given in Eq. (13) taking into account the value
of g, at the time of GW generation. We note that the
numerical values in Figs. 12 and 13 are computed using
Tow = 1, so those need to be multiplied by the corre-
sponding value of 7 gw to produce the GW spectrum at
present time.

Frequencies can be obtained from k using the dispersion
relation of GWs, 2z f = k, and redshifting the mean-size of
the bubbles R, to the present day,

R_l_ H* a*_ H* TO 90 %
0 _R*H*aO_R*H*T* 9«

1. 1075 H T 3
~ 65 x 10 z * (&)6’ (96)

R.H, 100 GeV \ 100

where we have used gy = 3.91 and Ty = 2.725 K [86,87].
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FIG. 13.  GW spectrum as a function of kR, for the benchmark phase transitions shown in Fig. 1. The results are shown for different

values of R,H, = {0.001,0.01,0.1, 1} and taking 6z, = 10R,, corresponding to the time expected to develop nonlinearities for
Qg ~ 1072, For comparison, the gray lines correspond to the GW spectrum using the approximation of Refs. [28,59] [see Eq. (B3)]. The
values of Qgw are computed using 7 gw = 1 so they should be multiplied by Eq. (13), choosing the specific time of generation, to find

the GW spectrum today.

VII. CONCLUSIONS

We have studied the GW production from sound waves
in a first-order phase transition during radiation domina-
tion. Sound waves are expected to be the dominant
contribution to the SGWB, unless the bubbles run away,
the phase transition is supercooled,]5 or the efficiency in
generating turbulence from bubble collisions is large.

We adopt the framework of the sound shell model to
estimate the UETC of the velocity field [26]. For the single-
bubble velocity and energy density profiles, we follow the
description of Ref. [46] and present the details of our
calculation in an accompanying paper [85]. The sound shell
model predicted a k° growth of the spectrum at small
frequencies k, and a linear dependence on the source
duration &7, in Ref. [28] that can be generalized to the
suppression factor Y = 1 — 1/(1 + 675, H,) when includ-
ing the effect of the expansion of the universe [59]. With
this work, we have found that their prescription holds only
in the regime k > 1/67y,. We have addressed this issue and
generalized their results to all frequencies.

Our results show that at small frequencies k — 0, the
GW spectrum presents a causal tail, proportional to k. The
amplitude of this tail has a universal dependence on
the physical parameters that describe the source. In par-
ticular, it is independent of R,, and it grows with the

“In this case bubble collisions may represent the dominant
contribution to the GW signal [49].

063531

duration of the source as In?(1 + 8z4,7,), which yields
a quadratic dependence when the source duration is short.

Around k > 1/6tg,, an intermediate linear spectrum,
Qgw ~ k, may appear, extending until a steep slope just
below the peak takes over, which leads to the formation of a
bump around the peak. When we estimate the duration of
the GW sourcing as the time scale for the production
of non-linearities in the plasma, we find that, for the
benchmark phase transitions considered in this work with
a= 0.1, 6tp,/R, ~ 10. In this case, the linear regime in
Qgw is almost absent, and the GW spectrum soon devel-
ops the causal k* tail at frequencies below the peak. When
6750/ R, becomes larger, the intermediate linear regime
extends between the peak and the causal tail. This bump is
a characteristic sign of a GW spectrum sourced by sound
waves, since this distinctive feature does not appear in the
GW spectrum sourced by vortical turbulence [37-43].
A similar bump was previously found numerically for
acoustic turbulence in Ref. [37] and confirmed in Ref. [91].
As long as the source duration is sufficiently large,
otsn /R, > 1, we find that the amplitude around the peak
is well-described by the approach of Refs. [28,59].

Our results reconcile the predictions of the sound shell
model with the numerical simulations of Ref. [30], where a
cubic dependence of the GW spectrum at low k is also
found. Furthermore, they are in agreement with the findings
of Ref. [91], where numerical simulations are also per-
formed, supporting the theoretical results of the sound
shell model.
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We have presented a theoretical description of the origin
of the linear and quadratic growth with oz, that can appear
when GWs are sourced by a general stationary process as,
in the sound shell model, by a stationary UETC of the
velocity field given by Eq. (39).

The resulting GW spectrum has been presented in a
semianalytical framework by separating each of the differ-
ent contributions that can affect its final spectral shape and
amplitude. Understanding each of the different contribu-
tions separately is important to test the validity of each of
the underlying assumptions in future work. This framework
allows for direct extensions of our results to include
different models or assumptions.

We present the detailed calculation of the anisotropic
stresses of the velocity field, following the sound shell
model, in an accompanying paper [85]. We have also
addressed the issue of causality that motivated the choice of
initial conditions for sound waves in Ref. [28], but we defer
a detailed discussion of this issue to Ref. [85].

Our work has consequences on the interpretation of
current observations of pulsar timing arrays under the
assumption that the QCD phase transition is of first
order. There are several analyses in the literature that have
used the k° spectrum and the inclusion of a k3 tail could
lead to significantly different constraints on the phase
transition parameters. This is especially important if one
considers the smallest frequency bins reported by the PTA
Collaborations, which are below the characteristic fre-
quency of the QCD phase transition where the signal is
expected to be dominated by the k* tail or by the
intermediate linear growth, k. Even at frequencies right
below the peak, we expect the k° behavior to be shallower.
Especially with the improvement of the PTA data in this
range of frequencies expected in the next years, the study of
the GW spectrum from sound waves with the presented
modifications will become completely relevant.

Similarly, our model has implications for current esti-
mations of the phase transition parameters that can be
probed by LISA when one considers a first-order electro-
weak phase transition, since several analyses are currently
using the k° model for the GW signal.

At larger frequencies, our model can be used to test
the potential observability of higher-energy phase transi-
tions with next-generation ground-based detectors, like
Einstein Telescope or Cosmic Explorer, and to put con-
straints on the current and forthcoming observing runs
by the LIGO-Virgo-KAGRA Collaborations, especially in
view of the advent of improvements in their sensitivities.

The calculations and routines to compute the radial fluid
profiles and the resulting spectra of the velocity field, the
anisotropic stresses, and the GWs presented in this work
will be publicly available on GitHub [97], alongside those
used in the accompanying paper [85].
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APPENDIX A: FULL TIME EVOLUTION
OF THE GW SPECTRUM

In this section, we compute the time evolution of the GW
spectrum while the source is active, according to the sound
shell model. The GW spectrum is usually averaged over
oscillations in time, as we are interested in its present time
observable, i.e., at very late times 7 > ty;,. However, if the
GW spectrum is compared with the results from simula-
tions to, for example, test the validity of the sound shell
model, it is required to compute its exact time evolution
while the source is active at 7 < 7g,. The average over
oscillations is then not well-motivated and it could lead to
wrong results. We note that one has to pay particular
attention to this aspect when using Weinberg’s formula as,
for example, in Refs. [29,30], since this approach already
assumes that the GWs have reached their free propagation
regime at all k, which can potentially lead to wrong results
in the IR tail of the GW spectrum, and it does not allow to
study their evolution with time.

We start with the GW spectrum, given by Eq. (11), and
use the UETC of the anisotropic stresses of Eq. (23) with
the stationary assumption for the velocity field UETC, see
Eq. (39). We then find an expression analogous to that of
Eq. (51) but in this case, the function A is a time-dependent
expression given as

=d =d
A(T,k,p,i))EZ/ ﬂ/ ﬂcos(cspr_)cos(csfn_)
. T1 Jr, T2

xcosk(t—1y)cosk(t—1,).  (Al)
We can express the product of cos as
cos( ) cos(cspr_) ! Z cos(p,,7_) (A2)
csPT_ cspT_) == T_),
sP sP 3 Pm

m==1

with  p,, = ¢(p +mp). Then, using cosk(r—r1;) =
cos kz cos kz; 4 sin kr sin kz; for i = 1,2, one gets,
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tdr

2
Az, k, p,p) = Z [(/ —L[cos kz cos kr; + sinkrsinkfl]cos(ﬁmr,))

m==x1 2

!

7 d 2
+ </ i[cos ktcos kt; + sin kz sin k| sin(ﬁ,,m)) }

1
=7 > " [ACR(z, pyun) + AST2(2. pyay) + €08 2kr(ACK(T, ) ACH(T. P )

m,n==1

+ ASi(T’ i?mn)ASi(T? ﬁm,—ﬂ))} ’

where the functions ACi,,, and ASi,,, have been defined in
Egs. (57) and (58). We note that if one uses Eq. (56)
substituting 75, — 7, Eq. (A3) is not recovered, since the
latter presents an additional term that is relevant during the
phase of GW production. Hence, when comparing to
numerical simulations, one should use Eq. (A3) to study
the validity of the stationary assumption for the UETC
found in the sound shell model.

APPENDIX B: GW SPECTRUM IN THE
INFINITE DURATION APPROXIMATION

In this section, we take the approximation of A as a Dirac
delta function [see Eq. (86)] that has been used in
Refs. [28,59] to find the GW spectrum from sound waves
in the sound-shell model approximation. We have shown in
Secs. [Vand V that this assumption is not valid in the k — 0
limit and have presented the resulting GW spectrum in
Sec. VI, so we compare here what are the differences in the
resulting spectral shape.

The GW spectrum, which we denote as HH19 (for
Hindmarsh and Hijazi 2019 [28]), is found substituting
Eq. (86) into Eq. (51),

3z ‘H.R, _ Q2
Qgsvlg(K) = TKZT(Tfin) T W2TGW <fK>
) P+K d]N)
< [T raapiar [7 =225
0 |P—K]| p

X Lyin(P)S(P 4+ P — K/ cy). (B1)

(A3)

Under this assumption, one can perform the integral in
Eq. (B1) over P by substituting P = K/c,— P when
|K — P| < K/c,— P < K+ P, which yields the condition
Pe[P_ P, being P =3 K(1+¢)/c,, and

1 K(1-¢?)
=————F". B2
¢ Cs 2Pc? (B2)
Then the GW spectrum becomes
3 H.R, _ Qr 2
Q5w (K) = szT(Tﬁn) o W Gw <KK>
Py
X / Pliin(P)(1 = 2%)°
P_
n(K/c,—P
Ckm( /Cs )dP. (B3)

(K/CS_P)3

The resulting GW spectrum is shown in Figs. 12
and 13, compared with the full calculation. We find
that Eq. (B3) provides a good approximation when
k> 1/6tg,.
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