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The cosmic string contributes to our understanding and revelation of the fundamental structure and
evolutionary patterns of the Universe, unifying our knowledge of the cosmos and unveiling new physical
laws and phenomena. Therefore, we anticipate the detection of stochastic gravitational wave background
(SGWB) signals generated by cosmic strings in space-based detectors. We have analyzed the detection
capabilities of individual space-based detectors, LISA and Taiji, as well as the joint space-based detector
network, LISA-Taiji, for SGWB signals produced by cosmic strings, taking into account other
astronomical noise sources. The results indicate that the LISA-Taiji network exhibits superior capabilities
in detecting SGWB signals generated by cosmic strings and can provide strong evidence. The LISA-Taiji
network can achieve an uncertainty estimation of AGu/Gu < 0.5 for cosmic string tension Gu ~ 107'8,
and can provide evidence for the presence of SGWB signals generated by cosmic strings at Gu > 10717,
and strong evidence at Gu > 107!, Even in the presence of only SGWB signals, it can achieve a relative
uncertainty of AGu/Gu < 0.5 for cosmic string tension Gu < 107!3, and provide strong evidence at

Gu > 10717,
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I. INTRODUCTION

Using space-based laser interferometers to explore gravi-
tational wave sources is currently a hot research topic. As
space detectors, The Laser Interferometer Space Antenna
(LISA) [1] and Taiji [2] are sensitive to gravitational waves
in the millihertz frequency range and can explore gravita-
tional wave signals emitted by independent sources from
astronomy and cosmology, as well as stochastic gravita-
tional wave background (SGWB) signals generated by a
large number of independent sources. Exploring cosmo-
logical SGWB is of great significance for studying the early
behavior of the Universe and important for testing the
Universe models. The SGWB may come from many differ-
ent processes in the early Universe such as phase transi-
tions [3—6] inflation models [7,8], and cosmic strings [9—11].
The corresponding frequency of gravitational wave (GW)
signal is in (107" — 10! Hz) [12,13].

In practical detection, any cosmological gravitational
wave signal will be mixed with other foreground and back-
ground noise. Apart from cosmological SGWB, there is
astronomical SGWB originated from the superposition of
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gravitational waves generated by a large number of celestial
bodies. In this paper, we need to separate the cosmological
SGWB from the noise to understand the behavior of the
Universe at that time. Here we are concerned with the
SGWB signal generated by cosmic strings and assume
that the mixed foreground noise consists of two parts; one is
the gravitational wave background (GWB) model [14,15],
generated by binary black holes (BBH)/binary neutron stars
(BNS) based on observations of the stellar mass black hole
from LIGO and Virgo, and the other is the SGWB from
unresolved White Dwarf Binaries in our galaxy, which is
observed as a modulated waveform due to LISA’s orbital
motion [16,17].

As one of the most prospective approach for detecting
SGWB, space detectors need to understand their sensitivity
to cosmological string GW signals and their ability to
separate them from confusing noise. Several teams have
now conducted detailed research on the capabilities of
LISA [18,19]. The results show that LISA has good
identification and estimation capabilities for SGWB signals
and their associated parameters generated by first-order
transitions and cosmic strings in the presence of contained
noise. Therefore, it is also important to understand the
corresponding capabilities of Taiji as a LISA-like detector.
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Taiji studies have shown that a single Taiji detector
has an order of magnitude improvement in detecting
SGWRB signals generated by cosmic strings compared to
NANOGrav 15-year data [20]. Moreover, a single detector
is unable to locate space sources very well [21]. For this
point, the proposed joint LISA-Taiji observation can be
expected to significantly improve the accuracy of source
location [22,23] and detectability [24]. Consequently,
studying the sensitivity of joint space networks to detect
SGWB from cosmological strings and their ability to
separate it from confusing noise is also attractive. In this
paper, the structure of a joint-space network is constructed
by the three Taiji detector orbit designs mentioned in [25].
Cosmic strings are one-dimensional topological defects [26],
which may be produced by spontaneous symmetry break-
ing after a phase transition in the early Universe and are
expected to exist throughout cosmic history. Some results
have shown that the LISA detector can detect cosmic strings
with tension Gu > O(107'7) under any cosmic string
model [27-30]. In previous work, we also used Taiji and
LISA-Taiji joint networks to detect cosmic strings SGWB
in Model 2 [31] and the results showed that the joint
networks are also able to detect cosmic strings with tension
Gu 2 O(107'7) [32]. Therefore, we hope to further under-
stand the detectability of different space-based millihertz
GW detectors to cosmological string SGWB with confus-
ing foregrounds, such as, the superposition of GWs from
double white dwarfs and BBH/BNS (see Sec. IV), the use
of the Fisher matrix for parameter estimation and deviance
information criterion (DIC) method to more intuitively
demonstrate the detectability of the detectors for observing
the SGWB in different cosmic string models.

The structure of this paper is as follows. In Sec. II, we
describe the gravitational wave background from cosmic
strings, double white dwarfs, and stellar-mass black hole in
an inspiral stage based on LIGO and Virgo observations.
In Sec. III, we discuss the noise model of detectors, the
sensitivity curves of joint networks and single detectors to
cosmic strings, and analyze the possibility of identifying
cosmological string SGWB from foreground and back-
ground noise. In Sec. IV, we introduce how to use the
Fisher matrix and Bayesian factor DIC to calculate the
results of cosmic string parameter estimation through
the cosmic string SGWB detection. Finally, we summarize
the results and give conclusions in Sec. V.

II. COMPOSITION OF SGWB SOURCES
IN OUR WORK

The SGWB concerned in this paper consists of three
parts; the cosmic string stochastic gravitational wave signal
Qgw. the double white dwarf foreground Qpwp, and the
GW foreground Q,,, generated by the BBH/BNS based on
observations of the inspiral stellar mass black hole in LIGO
and Virgo. Among them, the stochastic gravitational wave

generated by cosmic strings Qgy is the signal that we hope
to identify, and the other two parts (Qpwp,2usro) are
considered as confusing foreground noise.

A. Gravitational wave from cosmic strings

The stochastic gravitational wave background of cosmic
strings is a noncoherent superposition of gravitational waves
emitted by oscillating cosmic string loops. There has been
extensive research on the stochastic gravitational wave
background generated by cosmic strings [10,28,33-54],
which includes two analytical methods and three cosmic
string models commonly used for calculating cosmic
strings.

We use the template mentioned in [31,33,53,54] to
represent the gravitational wave of cosmic strings, and
there are exact analytical approximation formulas for
Model 1, Model 2, and Model 3. All three cosmic string
models are fundamentally different, Model 1 is a purely
analytical model, a theoretical model is based on an
analytic approach, which was initially developed by
Kibble in [27] and later extended in [36—-39]. The detailed
derivation process is described in the Ref. [54]. Model 2 is
the simulation-inferred model of Blanco-Pillado, Olum,
and Shlaer (BOS), and Model 3 is the simulation-inferred
model of Lorenz, Ringeval, and Sakellariadou (LRS). The
GW we study is a function of the cosmic string tensor Gy,
which characterizes the size of the loop with a free constant
a that we consider as a constant value, i.e., @ = 0.1, and we
define the total power of cosmic string emission as I' = 50.
For the cosmic string GWs of Model 1 and Model 2 it can
be expressed as the same template mentioned in Ref. [53].
For their GW signals, there are a total of three periods of the
gravitational wave contribution of the cosmic string loop;
loops formed and decayed during the radiation period,
loops formed during the radiation period and decayed
during the matter period, and loops formed during the
matter period.

For loops formed and decayed in the radiation region,
the form of stochastic gravitational wave background is
given by

o) =2 an,0, % [ (B DY

9 e [\252+ f
where €, = o< is radiation energy density ratio,
A, = 0.54, and
1
2H
B, = 0 ’ (2)
v, I'Gu

where v, = % For loops formed in the radiation region and
decayed in the matter region, their contribution to the
SGWB has the following form:
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where Q,, is the matter energy-density ratio, and
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where v,, = 2/3. The contribution of loops generated in the
matter period to the SGWB generation by cosmic strings is
given by

m 2 2Bm + f
QGw(f) = 54”H09m? e f

B, (B, + f)
1 2e,+1 21 e.+1 B,
_?em(€m+1)+?0g< Em Bm+f>}'
(5)

Therefore, for Model 1 and Model 2, the SGWB
generated by cosmic strings can be well approximated as

éAmem—i—le{

Qow (f, M13) = QGw(f) + QGw(f) + Q&w(f), (6)

which can provide a good approximation for loops with
a>TGu [31,33,53]. For some small loops, i.e., those
whose size cannot support their survival from radiation to
matter-dominated era, the SGWB in Eq. (3) will not be
included in Eq. (6) [31,52]. Since Model 1 may be
calibrated to describe Model 2 and for a > I'Gy,
Models 1 and 2 are effectively identical in this regime [54],
|

om — 54”CerQm( Z )3(2;,2,-1) X261/
GW Ff(FGM)1—2)(, €q

(Bm <%f)% +f
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Bm(g—?)%+f (Bm+f)%[2+3m+f] )

I
and for simplicity we refer to Model 1 and Model 2
collectively as Model 2 in the following discussion.

For Model 3, we still use an analytical approximation
model, which was first summarized in [35]. The analytical
approximation model we used comes from [33,54]. Unlike
Model 1 and Model 2, Model 3 includes two additional
parts of loop contributions besides the three mentioned
above which two extra contributions are small loops that
exist and decayed during the radiation and matter periods.
That is to say, under this model, we need to consider loops
with length @ > I'Gpu and an extra population of small loops
with invariant lengths smaller than I'Gut [33].Therefore,
for Model 3, the SGWB generated by cosmic strings
includes five parts of contributions.

The form of gravitational wave produced by loops
during the radiation period is given by

647C,Q,

Ly =—
W 3r2-2r,)

4H (1 + zq)\ 22
(FGﬂ)% <1 + M) ,

JTGu
(7)

where C, =0.08, y, =0.2,H, is the Hubble function
during radiation domination period, and z., is the redshift
when the matter and radiation energy densities are equal;
here z., = 3400 [55]. For cosmic string loops formed
during radiation-domination period but existed during

matter-domination period, their contribution to the
SGWB is given by

3me)] \/T ®

fTGu) |,

The square bracket’s superscript and subscript represent the upper and lower limits of integration. ,F(a, b; ¢; d) is the

Gaussian hypergeometric function,

JFi(a, bsc,d) = f: w)gb) a

—~ (c), n!’

(a),=ala+1)(a+2)---(a+n-1)=

where (a)

n

(9a)

I'(a +n)

[(a) (9b)

is the Pochhammer symbol and I'(x) is the gamma function. H,, is the Hubble function during matter

domination period, and for loops formed during matter domination period, their contribution to the SGWB is given by

o 2 % 32)(mﬂ-cmgm )2 |: xm—4

GW = H2m—2x—rfz;(—2 2tm—4

Fy (3 =2 =235 = 2 —

erﬂﬂ m’ (10)
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where y,, = 0.295, C,, = 0.015. In addition to the stochastic gravitational wave signals generated by the three parts of
loops mentioned above, two additional sets of small loops still have a significant contribution to this model. However, the
sizes of these two groups of string loops are too small to survive from the radiation-dominated period to the matter-
dominated period. Therefore the population of additional small loops has only two contributions as follows: (1) Their
contribution during the radiation-dominated period is given by

647TCQ(1/2—2)() 2y —1
Qr,epsl _ resr r c;{,
W T3 —y)2-2,)

0

X o [4(1 4 zeg) H,/ (rc )~ = (DGu/yc) !
(2 - 2)(r) - 4(1 + Zeq)HV(l - 2)(r)/(ycf) - (FGﬂ/yC)ZZr_I

if f<4(1+4 ze)H,(0Gu)™
if f <41+ zeq)H,7c!
if f>4(1 + zeg)H,rc s

(11)

(2) For small loops during the matter-dominated period, their contribution to the stochastic gravitational wave background
generated by cosmic strings also has a piecewise function form,

547C,,H,Q,,(1 - 21,,)
(3 =22m) (2 = 21m)f
0

[3m,,]
L 7(' d

.%' 2%m=3 [1 _ (1 + Zeq)—(3—2;(,,,)/2]

mepsl __
QGW -

3H
Gﬂ},g)(m_2 < m>
vef

[ 1-1
(3= 2,1 = (14 20) ]

Therefore, for Model 3 the form of the stochastic gravi-
tational wave signal generated by cosmic strings should be

Qaw (f, M3) = Q6w (f) + Qaw (f) + Q6w (/)

+ QU 4 st (13)

B. Gravitational wave background

In actual detection, the data includes not only the
gravitational wave signals generated by cosmic strings
but also astronomical foreground noise. The foreground
noise include the superposition of GWs from double white
dwarf (DWD) and inspiraling BBH/BNS based on the
observations of LIGO and Virgo [14,18,56].

The model of GW from double white dwarf is a
modulated signal based on the LISA orbital motion, and its
energy spectral density can be approximated by the broken
power-law model proposed by Lambert et al. [18,19],
which is given by

A"
QDWD(f) = #2(;)0,2 (14)

Y3 ] [3H,,,/ (CGuf )2}

3-2 m
(3 - ZZm)f}’c/(?’Hm) + (2)(m - 2) - (3Hmf, y/clJrzeq) '

if f<4H, (TGu)™!
if f<4H,\/TF 2eq(TGu)™"

if f<4H,\/T+ zeqr7!
if f>4H, \/T+ 20"

[

it should be noted that for calculating the GW of double
white dwarf, we use the model based on the modulation
signal generated by LISA for different detectors. Therefore,
for this paper, at any detector the GW produced by
DWD is treated as Eq. (14), that is, f, = c/2zL,,
L, = 2.5 x 10° km. For the superposition of gravitational
wave background produced by inspiraling BBHs/BNS
observed by LIGO and Virgo, it can be modeled as a
power-law function based on the observation results. This
model is consistent with the one used in Refs. [18,19],
which is given by

f Pastro
Qastro (f ) = Qustro ( > (15 )
I
where f, = 3 mHZ.
Therefore, the total energy spectrum related to gravita-
tional waves discussed in this paper is as follows:
Qtot(f) = Qastm(f) + Q'DWD(f) + Qaw(f, Mx)- (16)
Where M, (x =1, 2, 3) represents the three different

gravitational wave models generated by cosmic string
loops, namely Model 1, Model 2, and Model 3. For the
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TABLE 1. Parameter values for astronomical foreground noise
in data simulation.

Parameter Value Parameter Value
Ay 7.44 x 1071 A, 2.96 x 1077
[e4] —1.98 a -2.6

Q. stro 4.44 x 10712 Qastro 2/3

GW from double white dwarf and the superposition of
BBHs/BNS, we set the parameters as shown in Table 1.

The energy density spectra for the above gravitational
wave sources are displayed in Fig. 1, including GWs from
double white dwarf and inspiraling BBHs/BNS and cosmic
string loops.

III. THE SPACE DETECTORS MODEL

The LISA and three Taiji orbits we use are as follows

[25,32]:

(a) LISA, trailing the Earth by ~20° and its formation
plane has an inclination angle respect to the ecliptic
plane about ~ + 60°;

(b) Taijim, leading the Earth by ~20° with a ~—60°
inclination;

(c) Taijip, leading the Earth by ~20° with a ~ 4 60°
inclination;

(d) Taijic, trailing the Earth by ~20° is coplanar with
LISA.

A. Noise models for LISA and Taiji

Using the time-delay interferometry (TDI) technique, the
laser frequency noise of LISA and Taiji can be suppressed
[19,25,56-73]. For LISA-like detectors, three suitable
gravitational wave measurement channels, namely X, Y,
and Z channels [63], can be constructed through the TDI

1070
1011 — Qowp
5 0
(] T >lastro
10-13) _— Mz,GH:1O'15
I th
~
10—15,
10‘75 104 0.001 0.010 0.100
Frequency(Hz)
FIG. 1. The orange solid line represents the GW from double

white dwarf, the red solid line represents the gravitational wave
superposition background during the black hole inspiralling of
stellar-mass black holes, the blue solid line represents the
gravitational wave generated by cosmic strings with string
tension Gu = 1075 in Model 2, and the black solid line
represents the total energy spectrum of the gravitational waves
generated by the three sources mentioned above.

technique. Here we assume that the SGWB is stationary
and uncorrelated with the instrument noise. We also assume
that the instrument noise is only acceleration noise and
optical path perturbation noise, and that these instrument
noises are the same for each spacecraft with the same arm
lengths, so that the LISA-like instruments form an equi-
lateral triangle. Under these assumptions, the cross-spectra
and response functions of the X, Y, Z channel combinations
are identical [67].

For convenience, a linear combinations of these channels
can be used. For LISA-like instruments, two ‘noise-
orthogonal” channels A and E, and a “null” channel T
are usually selected, which are defined as

A=5(Z-X)
E=_(X-2Y+2), (17)
T:%(XJF Y+ Z).

These combinations can lead a reduced sensitivity to GWs
in the “null” channel T.

Assuming that the arm length of the LISA-like detector
is stable and the responses in A, E, and T channels are
stable and uncorrelated. We consider only the responses in
the A and E channels, as there is no response in the T
channel and only instrument noise is present in this “null”
channel [18,19]. At the same time, since the effect of the T
channel is not significant in the range of our concern
frequency band [32,58,74-76], in the following calcula-
tions we only consider the responses of the A, E channels.
The gravitational wave signal response in the A and E
channels of the LISA-like detector is given by [76]

&) = k) =g R () 7 09

where i = Lisa, Taiji, W/(f) = 1 —e™//fi, and for the
LISA-like detector, f; = ¢/2xL;, with Ly;;, =2.5x 10° km
and LTa.iji =3x 106 km.

Based on the noise model given in the LISA Science
Requirement Document [19,77], LISA noise consists of
acceleration and optical path disturbance noise. Similarly,
for the LISA-like detector Taiji, the model we use is similar
to that of LISA, which has the same acceleration noise and
slightly different optical path noise [1,2,25]. For LISA, its
acceleration and optical path disturbance are given by

(5aLisa)2 =3x 10_15 m/SQ, (193)

(8x1i)? = 1.5 x 10711 m. (19b)

While for Taiji they are [22]
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(Saryj)* =3 x 107 m/s, (20a)
VBrrg)? =8 x 1072 m. (20b)

The acceleration and optical path disturbance noise are

: N A%
N; =—7011 —
= e (1 (7))
_ (v(5ai)2/Li)2 1 f1)? Hz!
=— 071+ (= z7!,  (21a)
(27f) f
Néo(f) = N, = (y/(6x;)*/L;)* Hz ™!, (21b)
where i = Lisa, Taiji, f; = 0.4 Hz. These noise models
can be transformed into interferometer noise through the
spectral density of the X channel and the cross spectral
density of the channel X and Y, which are
2

Ny (f) = [ANgy(f) + 8[1 + cos® (£ /£1)INace ()W (f)
(22)

Nigy(f) = =[2Ngp(f) + 8Nice ()] cos(f/£:) W (f)*.
(23)

We can construct the noise power spectral density of the
A and E channels of the detector through

Ny (f) = N(f) = Nx(f) = Ny (f)- (24)

The noise spectral density formula for different channels
can be constructed from the noise power spectral density
and response function

. . Ni
Si(f) = Si(f) = 2

TR ) (25)

To describe the sensitivity to gravitational waves, we can
construct an equivalent energy density spectrum related to
these channels [19,25],

An’f3
3H '

Q(f) = Q(f) = Su(f) (26)

where H,, is the current Hubble constant. For a single
LISA-like detector considering only A and E channels, the
total equivalent energy density is [76]

: 42 f3 R\
Qi(f) = 3Hf3 <ZjA,E NI f)> . (@7

B. Sensitivity for LISA-Taiji networks

To calculate the energy density for LISA-Taiji network,
we only consider the mutually orthogonal A and E
channels, similar to the computation of a single LISA-like
detector. The equivalent energy density formula for the
LISA-Taiji network is given by [74]

4 23
choss(f): f (Z

3H}

P\
a=A.E.D=A".E' SLisa (f) Szalji () )
(28)

here, SL(f),5,“%" are the noise power spectral density of a
single detector, which are given by Eq. (25), H, is the
current value of the Hubble parameter, and y,,(f) is the
overlap reduction function between two different channels
of the two triangular detectors. The expression for y,;,(f)
for the LISA-Taiji network can be obtained using the
ground-based laser interferometer network [78] as

Yab = ©1(y, f) cos(46) + Oy (y, f) cos(44),  (29)

where

:61+02
2

. s=122 (30)

A
2

04, 0, are the angles between the bisector of the L-shaped
interferometer on each detector and the tangent to the great
circle linking the two detectors, calculated counterclock-
wise. The specific orbit and interferometer positions can be
found in Refs. [21,25,74,78]. The function ©,(y, ) and
©,(y, p) are defined as

0,01) = (1n03) + 320 + 1130400 ) eos* (5). 31

0:0) = (~5 o) + 351200) = o))

(3000 =320 = 351400 ) cos

+ (=) = 20 = g l0) ) 052
(32)

where j, is the nth order spherical Bessel function, f is the
angle between the information planes of the two detectors,
which can be obtained directly by computing their normal
vectors. The detector normal vectors can be found in
Refs. [32,74], and y = 2zdf/c is a parameter of the
spherical Bessel function, where d is the distance between
the two detectors. For the LISA-Taiji network, due to the
mirror symmetry, y g = y4ap = 0, so we only need to
calculate y,4, and ygg. for the three different Taiji orbit
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TABLE II. Parameter values of the overlap reduction function in three different detector networks.

LISA-Taijip LISA-Taijim LISA-Taijic
vy VEE' vy VEE vy VEE
d=10x10"m d=10x10"m d=1.0x10" m d=10x10"m d=0m d=0m
p = 34.46° p = 34.46° p=171.06° p=171.06° p=0° p=0°
60=0° 6=0° 6=0° 60=0° 6=0° 6=0°
A =45° A=0° A =45° A=0° A =45° A=0°

designs. The m, p, ¢ orbit model mentioned in paper [25] is
used for the design of Taiji’s orbit in the joint network. The
parameter values related to the overlap reduction function
for the three different designs are shown in Table II.

The sensitivity curves for the three different networks
and the sensitivity curve for a single detector are summa-
rized in Fig. 2. It can be found that LISA-Taijic network has
the optimal sensitivity curve among the three different
network models. To demonstrate the detection capability
of a gravitational wave detector for a power-law ran-
dom gravitational wave signal with a form similar to
Q, = Q;(f/fr)%, a power-law integrated sensitivity
(PLS) was proposed [79]. Based on a given observation
time T, and signal-to-noise ratio (SNR) threshold p,,,the
PLS of the detector is given by [25,32,79]

Lisa—-Taijim
Lisa—-Taijip

s5/Q)1

Lisa-Taijic

10710 |

10-11 E

10712 1
105 10 0.001 0.010 0.100

Frequency(Hz)

FIG. 2. Sensitivity curves for three different LISA-Taiji net-
works and a single detector LISA, Taiji.

Qowo

Qasiro

———— M3,Gp=10"1
77777 M3,Gu=10"1®
—————— M3,Gp=10-17
——— M2,Gp=10"1
————— M2,Gp=10-1
777777 M2,Gp=10-17

Qew/QpLs

— Lisa
— Taiji
—— Lisa-Taijic
—— Lisa-Taijip
— Lisa-Taijim

n n n L n L
105 10 0.001 0010 0.100 1
Frequency(Hz)

FIG. 3. Gravitational wave from cosmic strings with different
parameters and different models, foreground noise of gravita-
tional wave, and PLS plots from different GW detectors for the
case p,, = 10 and T, = 4 years.

_ Pm Simax (f/fref)ZK _%
QK N \/2T0b <lmin dfm) ’ (33)

Qers(f) = maxszK( / ) (34)
K fref

where the subscript “missions” denotes the joint detector
network “cross” or a single LISA-like detector, f,; can be
freely chosen without affecting the PLS result [79], and the
index x €[—8,8|. Based on previous studies of SNR for
gravitational wave detectors [32], we assume p,, = 10
and T, = 4 years.

We integrate the PLS plots for a single LISA-like
detector, the three different joint network configurations,
as well as GWs from cosmic strings, DWD, and inspiraling
BBHs/BNS in Fig. 3. It can be seen that for LISA, Taiji, and
LISA-Taijic network, they can all detect the cosmic string
signal in Model 2 with Gu = 10~!7. However, the sensi-
tivity of Taiji is better than that of the LISA-Taijic network
over the full frequency range of the detectors, while the
sensitivity of LISA-Taijic is better than that of LISA and the
other detector networks.

IV. ESTIMATION AND MODELING

It can be concluded from Figs. 2 and 3 that LISA-Taijic
is the optimal choice in the joint networks. LISA, Taiji and
LISA-Taijic are capable for detecting SGWB with cosmic
string tensions Gu > 1077 under all the cosmic string
models considered in this paper. The sensitivity of LISA-
Taijip and LISA-Taijim is significantly weaker than that of
LISA-Taijic, LISA, and Taiji. Therefore, when performing
parameter estimation, we only consider the LISA-Taijic
network for the joint detection network, and we only
consider the A and E channels for TDL

In this section, we adopt the Fisher information matrix
(FIM) to calculate the ability of LISA, Taiji, and LISA-
Taijic, for estimating the cosmic string tension Gy in
different data cases, and the DIC method is used to
calculate when the cosmic string tension Gu reaches the
point where LISA, Taiji, and LISA-Taijic can provide
evidence of a cosmic string signal in the detection data
if the detection data contain confusion noise.
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A. Fisher information matrix

We considered three data cases for the data d' in a single
GW detector:
(1) d' = Q} (f) + Qaw(f.M,), with parameter space
0" = {N, Ni,Gu}, i.e., detector noise mixed with
GW signals generated by different cosmic strings;
2 d'= QIZA E(f) + Qastro (f) + QDWD (f)’ with para-
meter space 0'= {N:J’No ’Al 1 ﬂAZ’a2’ Q'astro’aastro}
i.e., detector noise, double white dwarf foreground
noise, and gravitational wave background of inspir-
alling BBHs/BNS;
3 d :QZE(f) +Qastro<f) +QDWD(f)}+Q‘GW(vax)’
with parameter space 6 = {N.,N,, A, a1, A,
2, Qasiros Xasiro» GH}, 1.€., detector noise, double
white dwarf foreground noise, gravitational wave
background of inspiraling BBHs/BNS, and SGWB
generated by cosmic strings.
For LISA-Taijic, we also consider the above three data
and the corresponding parameter space is as follows:
(1) 0= {Nlaisa’ngisa’NZaiji NTaiji G,Ll}
(2) 0= {N]Eisa’ ngisa’ Nzaljl Taljl Al » A1, AZ’ A, Qastrm
{aastro}; . i
(3) 9 = {NI&JSH’ N](;lsa’ Nzaljl’ Nzaljl’ Al , A, A27 as, Qastrov
aastrov GM} *
The likelihood function for a single LISA-like detector
can be constructed from the frequency domain data (d' =
{d\,d%}) and the given model parameters 6 [19,80,81],

N
L£i(d|o)) = H e TCTN Oy (35)

a=0 det(ZﬂCi(ei’fa)>

For the joint network, the likelihood function has the
following form:

L(d|0) = e TN Of)d - (36)

e
where a represents the frequency point. In the joint network
dy = {d* g dy™ dpV dip* gty (37)
and
= [, e 43 a0 0 Y (38)

The data composition and parameter space for different
data case can be found in the first and second paragraphs of
this section. C(¢', f,,) is the power spectral covariance
matrix of a single LISA-like detector at frequency point a.
Its form is

Ci(@if )_ S;z,A(fa)+N,i\(fa) 0
o 0 S;L.E(fa)"'NjE(fa) .

(39)

For simplicity, we omit f, in the covariance matrix of the
joint detector and write LISA-Taijic as LT ¢, which is

Clisa(elisa,fa) 0 0
C(H,fo) — 0 CTaiji(gTaiji’fa) 0
0 0 CHT(0. f )

(40)

Ni(f,) is the noise power spectral density of different
TDI channels, where I = A, E. The power spectral density
of signals in different channels of a single detector is
given by
3H{ Qo1 (f o)

4’ fq

the signal power spectral density for the joint detector is

Sii(fa) = Ri(fa): (41)

3H%Q[0[(f(l)
4n’f3
where Q, is the total energy density of the GW in the data

case. Due to mirror symmetry, y,z = ypa = 0, Eq. (40)
can be expanded as

h yid (fa) = vir (fa)v (42)

C(0. f) = diag (S + N, St + N, S+ N,

Shsa + Nhsa Sh.AA’ + / N}isa " N}&iji’
Snee + 1/ N Nszaiji)- (43)

The FIM is commonly used to estimate the uncertainty of
gravitational wave parameters [25,76,80,82—-84]. We use
data cases 1) and 3) as observation data to calculate the
Fisher matrix. For a parameter a in the parameter space of a
specific data, its uncertainty is expressed by the standard
deviation of that parameter / F.. The Fisher matrix can be
constructed from the covariance matrix [18,19], and the
result is similar to the literature [25,76,80,82]. For a single
detector, the uncertainty estimation of the cosmic string
tension Gu using the Fisher matrix is shown in Figs. 4
and 5. The form of the Fisher matrix is given by

. I 0l Clpp(f o) 0InCl 5 (f )
Fi =2 E T dfq. (44
@ I=AE ObA 90, 90y for 89

For the LT ¢ network, the Fisher matrix for estimating the
uncertainty of the cosmic string tension Gu is shown in
Fig. 6, and its form is
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FIG. 4. Fisher matrix estimation of the uncertainty of cosmic
string tension Gu for LISA detector under different models. The
purple horizontal line represents uncertainty AGu/Gu = 0.5. The
blue and orange solid lines represent data case 1); the green and
red solid lines represent data case 2).

Fo =2 ; Ty /0 00, 00, dfe (45)

Neglect the detector noise and assume that the signal
S, < N, then the FIM of LT ¢ network can be simplified to
the results in literature [25,82]. When the SGWB of cosmic
strings is in M3 form, we can make the most accurate

BN

0.100k —— Taiji+Model2
Taiji+Model3
0.010f

—— Taiji+M2+Confusing noise

AGUIGu

—— Taiji+M3+Confusing noise
0.001E — AGuIGu=0.5

1074

10—15 10-17 10-16 1015 10-14
Gu

FIG. 5. Fisher matrix estimation of the uncertainty of cosmic
string tension Gu for Taiji detector under different models. The
purple horizontal line represents uncertainty AGu/Gu = 0.5. The
blue and orange solid lines represent data case 1); the green and
red solid lines represent data case 2).

0.100 — LTc+Model2
3 LTc+Model3
» §0.o10 —— LTc+M2+Confusing noise
—— LTc+M3+Confusing noise
0.001 — AGp/Gu=0.5
1075w 1077 10 1077 1071
Gu

FIG. 6. Fisher matrix estimation of the uncertainty of cosmic
string tension Gu for LISA-Taiji network under different models.
The purple horizontal line represents uncertainty AGu/Gu = 0.5.
The blue and orange solid lines represent data case 1); the green
and red solid lines represent data case 2).

—— Lisa+M2+Confusing noise

—— Lisa+M3+Confusing noise
— Taiji+M2+Confusing noise

Taiji+M3+Confusing noise
— LTc+M2+Confusing noise
— LTc+M3+Confusing noise
— AGu/Gu=0.5

10-18 10-17 10-18 10-15 10-1
Gu

FIG. 7. Fisher matrix estimation of the uncertainty of cosmic
string tension G for gravitational wave detectors under different
models in data case 3). The dark green and orange solid lines
represent LISA, the blue and teal solid lines represent Taiji,
the pink and purple solid lines represent LISA-Taijic network,
and the horizontal black solid line represents uncertainty
AGu/Gu = 0.5.

estimate of the cosmic string tension Gu through analysing
the detector data. This means that if the SGWB from
cosmic strings follows M3, the string tension Gu can be
estimated accurately. Even when considering data of M,
which includes foreground noise from DWD and inspiral-
ing BBHs/BNS, the detector’s constraint on the string
tension in M5 will still be better than that in M, by an order
of magnitude. We use the same level line AGu/Gu = 0.5
as in literature [18] to illustrate the estimation capability of
a single detector and L7 ¢ network for cosmic string tension
under different observation scenarios.

It can be seen that for a single detector Taiji has a better
restriction ability for cosmic string tension than LISA. The
estimation of relative uncertainty on cosmic string tension
in LISA-Taiji network is significantly better than that in a
single detector. To compare the uncertainty estimation of
cosmic string tension Gy for different data case between the
single detectors and joint network, we show the results of
detector under data case (3) in Fig. 7 and data case (1) in
Fig. 8. The results show that LISA-Taijic network has a
better restriction ability for cosmic string tension Gy than a

—— Lisa+Model2
—— Lisa+Model3
— Taiji+Model2

Taiji+Model3
— LTc+Model2
— LTc+Model3
— AGuIGu=0.5

AGuIGu

0.001}

10"18 10"'7 ‘IO"15 10"15 10"'A
Gu

FIG. 8. Fisher matrix estimation of the uncertainty of cosmic
string tension Gu for gravitational wave detectors under different
models in data case 1). The dark green and orange solid lines
represent LISA, the blue and teal solid lines represent Taiji, the
pink and purple solid lines represent LISA-Taijic network,
and the horizontal black solid line represents uncertainty
AGu/Gu =0.5.
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single detector in any model and data case, and its
uncertainty estimation ability for cosmic string tension
can be improved by about one order of magnitude in some
range of Gu like Gu € {10718-10-16}.

B. Deviance information criterion

We compare the data produced by a single detector as
well as the LT ¢ network for data case (1) and data case (3)
to investigate the detectability of SGWB from cosmic
strings in the presence of DWD foreground and a back-
ground of inspiraling BBHs/BNS, as well as the accuracy
of the estimation of the cosmic string tension Gu. In order
to investigate whether the detector provides a better fit to a
data case that includes cosmic strings or does not, as
well as to the detectability of SGWB from cosmic strings,
we use the DIC for model comparison, which can be
used even with inappropriate or vague priors [18,19,85,86].
The calculation of DIC requires Markov chain Monte Carlo
(MCMC) sampling firstly, where the variance of the
posterior samples D(#) and the penalty term pp=D—
D(0) are calculated after MCMC sampling, then the
Bayesian factor DIC is obtained as

DIC = D(D) + 2pp. (46)

where @ is the posterior sample mean of the parameter 6,
D(0) is defined as D(0) = —21log £L(d|6), and D is the
posterior mean of the variance. In calculating DIC, data
case 2) and 3) were used as observed results. Whether the
detector can provide evidence for data containing cosmic
strings can be determined by calculating the difference in
DIC between the DIC of detector for the case of data with
cosmic strings and the case of data without cosmic strings
[18,87,88]. An adaptive Markov chain Monte Carlo [89]
was used for sampling, based on the Metropolis-Hastings
algorithm. For MCMC, a prior distribution and a posterior
distribution constructed from a likelihood function are
needed. The likelihood functions for different detectors
are given by Eqgs. (35) and (36), and the prior distribution is
assumed to be an independent Gaussian distribution as
shown,

oo~ Teso(-2220). )

n

where for data case 3), u, represents the true values of
detector noise, DWD foregrounds, background of inspiral-
ling BBHs/BNS, and cosmic string parameters, and o,, is
the variance assume o, = 1. Similar to Ref. [19], loga-
rithmic parameter sampling was used for Ni, Ni,
A1, Ay, Quiro, and Gu. While direct sampling was used
for a;, ay, a,- In the detectable frequency range, the
likelihood function was constructed by equally dividing
each unit logarithmic frequency range into ten parts.

Therefore, the posterior distribution of the joint LTc¢
network for data case 3) can be obtained by combining
Eq. (36) and Eq. (47) as shown,

p(6]d) o« p(0)L(d|6). (48)

An adaptive Metropolis-Hastings algorithm [89] was
used in MCMC sampling to improve acceptance rates by
using a proposal distribution Q,,(6), and the proposed
distribution for the mth iteration is in the form,

0 (0)=(1=B)N(0.(2.28)°%,,/d) +pN (6.(0.1)*Z,/d).
(49)

where = 0.01, A is a multivariate normal distribution,
X, 1s the current empirical estimation of the covariance
matrix of the parameter vector € at the mth iteration, d is the
number of parameters, Z, is a d-dimensional identity
matrix. The number of parameters varies depending on
the data case and detector.

MCMC sampling is performed for different detectors
under data case 2) and 3) with a sampling iteration of
m = 200, 000, and the covariance matrix is estimated
empirically based on 2000 samples. Since there is random-
ness in sampling, there is also randomness in DIC results.
To reduce the impact of randomness, we perform ten
separate samplings with different cosmic string tensions
Gyu for each data case and detector, and calculate the DIC
value using the posterior samples from ten separate
samplings, and take their average as the final result.

The DIC values for different detectors under data case 3)
and the difference in DIC values for different detectors
under data case 2) are shown in Fig. 9. Following the
general empirical rule, when ADIC > 2, evidence for data
case with cosmic strings begins to be provided, when
ADIC > 5, there is sufficient evidence to prove the
presence of cosmic strings in the data case, and when
ADIC > 10, there is strong and decisive evidence
[18,19,87,88]. It can be seen that the DIC results show a
similar trend as the FIM results, and L7 ¢ network has
significantly improved detectability compared to a single
detector for SGWB in both cosmic string models. For the
cosmic string model in M3, all detectors provide sufficient
evidence for the presence of SGWB from cosmic string in
the data case with Gu ~ 107'° and Gu > 10~'°, while the
LTc network provides decisive evidence with Gu ~ 10717
and Gu > 10~!7. For the cosmic string model M, only the
LTc network provides evidence from Gu ~ 10~!7, while a
single detector can only provide evidence at Gu ~ 1071°
and cannot provide sufficient evidence at other positions.
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FIG. 9. Model comparison of different detectors using DIC for
data case (2) and (3). The pentagram represents the DIC differ-
ence of the LTc¢ network for different data cases, the circle
represents LISA, and the diamond represents Taiji.

V. CONCLUSION

We mainly focus on the constraints on the cosmic string
tension Gy in different observation data cases using a single
mHz detector and the joint networks. We specifically
calculate the detectability of SGWB from cosmic string
in different models and different data cases. We compared
the equivalent energy density curve and PLS curve of a
single detector and three different Taiji orbits combined
with LISA. The SGWB from cosmic string with tension
Gu = 1077 can be detected by a single detector and the
LTc network.

Furthermore, we calculate the uncertainty in the param-
eter estimation of the cosmic string tension when the
observation data case is a combination of SGWB from
cosmic string and the foreground noise. We use the Fisher
information matrix for parameter estimation and the
DIC method for detectability analysis. The results suggest
that the LTc network has better performance than a
single detector in terms of parameter estimation and
detectability of cosmic strings. According to the results
from Fisher information matrix, for observation data case
with foreground noise, the LTc¢ network shows the best
performance in different cosmic string models. The

uncertainty of cosmic string tension is AGu/Gu < 0.5
since Gu ~ 107!8. For data case only containing SGWB
from cosmic strings, it can achieve AGu/Gu < 0.5 in
lower tension regions even Gu < 107!8, According to the
DIC results, the LT ¢ network also exhibits better properties
than a single detector. It provides evidence for the existence
of My from Gu~10""7 and evidence for M, from
Gu ~ 107!, Therefore, using a joint LISA-Taiji network
to observe the SGWB from cosmic string may be a good
choice in practical applications.

In this paper, we only consider foreground including
modulated DWD and GWB model generated by BBHs/
BNS from on LIGO and Virgo. In actual observations,
more confusion gravitational waves need to be considered.
For the cosmological SGWB, we only consider the one
from cosmic strings. However, in reality, there will be more
scientific requirements, such as searching for cosmological
stochastic gravitational wave generated by first-order phase
transitions [90] or inflation [91]. Therefore, our next step is
to consider the estimation of parameters related to first-
order phase transitions using joint detectors. At the same
time, we are aware of another space-based detector called
TianQin [92], which plays a unique role in the high-
frequency region through its own joint observations or joint
observations with LISA and Taiji [74]. The TianQin
research team has conducted a calculation of the SNR of
the SGWB produced by the cosmic strings by a single
TianQin detector and TianQin + LISA with a operation
time of 1-year. The results show that under certain con-
ditions, the SNR of the two schemes can reach more than
100 [93]. So in our subsequent studies, we will also
consider more details of TianQin detectors for joint
observations to search for cosmological stochastic gravi-
tational wave.
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