PHYSICAL REVIEW D 109, 063515 (2024)

Merger rate of supermassive primordial black hole binaries
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The probability that the primordial black hole (PBH) binaries formed in the early Universe can be affected
by the Hubble expansion of background, which is non-negligible when the number density of PBHs is very
low (it is actually this case for supermassive PBHs). In this paper, taking into account the effect of cosmic
expansion on the comoving distance of PBH pairs, we worked out the merger rate of PBHs with any extended
mass function. The torques by all PBHs and linear density perturbations are also considered. It is found that

the merger rate of PBH, M = 10°M, binaries is significantly lower for Spon < 0.01 than expected.
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I. INTRODUCTION

Recently, the detection by LIGO/Virgo of the gravita-
tional waves (GWs) emitted by the merging of black hole
(BH) binaries, M ~ 10M (e.g., [1,2]) has revived the
interest in the models of PBHs [3-5], although other
explanations for the origins of such BHs as well as the
LIGO/Virgo binaries are also possible (see e.g., Ref. [6]). It
has been widely thought that PBHs can constitute a fraction
of or all dark matter [7-9].

The nanohertz stochastic GW background (SGWB)
detected recently by pulsar timer array experiments
[10—13] might be interpreted with a population of super-
massive BH binaries with M > 10°M [14-16]. The
developing space-based detectors, e.g., LISA [17] and
Taiji [18], which aim for mHz GWs, are ideal for detecting
the mergers of massive and supermassive BHs with masses
above 103M, e.g., [19]. Supermassive BHs also may have
primordial inflationary origin (e.g., [20], see also [21,22]),
i.e., supermassive PBHs (SMPBHs). It is well-known that
the result of the merger rate of PBHs is necessary for
assessing the event rate of PBH mergers at different
redshift, which might be significant for distinguishing
PBHs from astrophysical BHs, and SGWB.

There are some earlier works on the merger rate of PBHs,
which were effectively randomly distributed in space and
formed in the early Universe.' The merger rate of PBHs in
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'Conversely, see e.g., [23-26] for an initially clustered spatial
distribution and [7,27,28] for the merger rate in the late Universe.
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Refs. [9,29] is applicable to the case that all PBHs have
the same (monochromatic) mass and the torque is exerted
only by the nearest PBH. In Ref. [28], the tidal torquing
by all other PBHs, as well as standard large-scale adiabatic
perturbations, has also been taken into account (see also
[30,31] for the extended mass function). References [32,33]
also presented the merger rate of PBHs with nonmono-
chromatic mass. Though N-body simulations have been
performed in Ref. [33], the mass range of PBHs simulated
is ~O(10)M .

However, when the number density of PBHs is very low
(it is actually this case for SMPBHSs), the effect of cosmic
Hubble expansion on binding PBH binaries (specifically,
on the comoving separation of PBH pair)* so the merger
rate might be not negligible. Relevant studies, e.g.,
Refs. [28,30,31], did not take this effect into account. The
current observations require the fraction of PBHs fpu, <
103 for 10°My < M < 10'2M, thus the number density
~pponM ™" is actually considerably low for SMPBHs.

In this paper, taking into account the effect of cosmic
expansion on comoving separation of PBH pairs, we show
our merger rate in Sec. II and discuss its implications in
Sec. III. Throughout this paper we use units c = G = 1 and
the values of cosmological parameters are set in light of the
Planck results [34]. We denote by 7, the present time.
The scale factor is normalized to unity at the matter
radiation equality z = z¢q ~ 3400.

*The physical distance of PBH pair at the decoupling time is
equal to the semimajor axis of the resultant binary [32]; this can
be converted to the maximum for the semimajor axis as in
Ref. [29].

© 2024 American Physical Society
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II. MERGER RATE

The probability distribution function of PBHs, as
described in Refs. [33,35,36], is defined as

m dn
y(im)=———, 1
= (1)

with y(m) normalized as [y (m)dm = 1, where p,, is the
energy density of PBHs and n(m) is the average number
density of PBHs in the mass interval (m,m + dm).

The comoving total average number density of PBHs is

Ppbh
) @

where (m) =1 [mdn = ([dm @)_1 is the mean mass
of PBHs with n = [dn(m). The fraction of the average

number density of PBHs in the total average number
density of PBHs is [31,37]

Additionally, the characteristic comoving separation
between the nearest PBH pairs, labeled as m; and m s is
determined by [28] as follows:

7= < 4;) " 4)

We denote by p, the matter density at matter-radiation
equality,

Peq :pm,()(l +Zeq)37 (5)

where p,,o is the matter density at present. Then the
comoving energy density of PBH is ppyn = fpeq, With f =
Ppoh/Pm ~ 0.85fppn s the total abundance of PBHs in
nonrelativistic matter, while fpn = ppph/Pam 18 the fraction
of PBHs in dark matter. The energy density of radiation in
the radiation era is

Pr(z) = Peq <11++Z;>4 (6)

The condition for two PBHs to become gravitationally
bound is that the total energy m; +m; of PBHs must
exceed the background energy contained in the comoving
bulk to the nearest PBH [32], i.e.,

8z 1+ 2z
: > 22 (xe ’ 7
ity 5 (x-S )

where x is the comoving separation (i.e., the proper
separation at zo,) of the PBH pair. It is expected that
only when

X< Xpax = 3 mitm\' (8)
max — 87[ peq ’

can the PBH pair come into being at redshift z = zgee > Z¢q
with

xmax 3
1z = (14 2) (22 )

By solving the equation of motion for the proper
separation projected along the axis of motion of PBH
pair numerically, one can get the semimajor axis a of the
binary [28],

a~~0.12x, (10)
with
8 3 3
P G R (11)
3(mi + mj) Xmax

Equation (10) also shows that the semimajor axis is
equivalent to the physical distance of the PBH pair
at the decoupling time numerically, i.e., a ~x(1 4 z¢q)/
(1 + Zdec) [32].

In the case of sparse PBH distribution, the condition
X < Xpax (or equivalently, 4 < 1) must be taken into
account in the probability distribution P(m;,m;, x) of x
between two nearest PBHs with masses m; and m; (but
without other PBHs in the bulk of 4zx®/3). Assuming a
random distribution for PBHs, we derive the following
expression:

—4;n3n(m-)dm —4x3 n(m)dm
dP(m;.m;j, X) = 47220 Xy — X)dx {F(’"")dm""(m’)dmfe i | G ]

m#m;

— X)dXF (m;)dm;F(m;)dm e, (12)
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where X = (x/x)? = 4zn;x*/3, with

(=)

Then we need to calculate the dimensionless angular
momentum j of the PBH pair with the torque by all
surrounding PBHs and density perturbations of the rest dark
matter. The probability distribution of j for a given X is

3 (mi+my)ng
2peq

XIIIB.X =

(13)

7/2

(1 + J/2)3/2 ’

dpP
J

dj = P(j/jx),

X

P(r) = (14)

see e.g., Refs. [28,30,31] for detailed derivation, where the
characteristic value of jy is estimated as [31]

(

(1+ 0%/ f?)'"X. (15)

J

Here agq is the variance of density perturbations of the rest
of dark matter at z.q [28]. As a comparison, the angular
momentum only accounting for tidal torquing by the nearest
PBH with mass of m; (the comoving distance is x') is
estimated as [38,39]

()

which is physically natural only for a (or nearly) mono-
chromatic mass function. However, since the torque is also

X

x/

2m1

J~ (16)

mi+mj

21x38/21

proportional to the mass of the outer PBH, Eq. (16) is not
valid if the mass of PBHs extends over many orders of
magnitude. Thus, we adopt Eq. (14).

The angular momentum j can be expressed by the
semimajor axis a and the coalescence time ¢ as [40]

85 mym;(m; + m)IV7

3 4

; (17)

j=
Then we have

it X)

Jx

vy = C/71x-31/21

(18)

The factor C only depends on m; and m;. Combining
Egs. (12), (14), (15), and (17), we can get the probability
distribution of the merger time

/dX

1

dP(mi, m],X)
dr

dZP(mi, mj,X)
dXxdr

x / AXe O (X — X)P(ry).  (19)

The peak of P(yy) is at X, < 1, see Appendix A, which
suggests that e™X ~ 1 in Eq. (19) [28,30,31]. Thus, with the
generalized hypergeometric function ,F', the integral in

129 66 x421

max

/dX®(Xmax - X)P(Vx) =

— (58C22/7 + 21X

It is convenient to rewrite Eq. (20) as [ dXO(X . —

21y 1 29 66
Y(O) = |95,F, (=222 2
0) 2146(1+y2)[ 2 1( 2°37°37
where
1 x37/21
y(m;,mj,t) =

fo(t; Xmax) - Ct1/7

2
Ocq

~ 2.95 x 102f(1 + 5

Thus, our resulting merger rate is

dN merge

1 nr
dedv  2(1

+ Zeg)’

R(t) =

2146(C227 + X!

) G

Eq. (19) can be integrated out as
2’3_7’3_7’_C2t2/7>

Yol {95C2t2/72F1 (
t

Lpy (L2066 X! (20)
21\2°37°37" 227 |
X)P(7x) = Xpmar Y (y) with
1 29 66
A 2 S
m:\"7/m;\ " (m;+m N\t
) ) () ) )
Mg M 10
dpr
EE//R(ml,mj,t)dmldml, (23)
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where R (m;, m;, t) is the differential merger rate,

Riom ) = S 2 () () () (D) pwmon. (24)

Gpc? yr 1

III. IMPLICATION OF OUR MERGER RATE

In the condition that the number density of PBHs is large, resulting in y > 1 according to Eq. (22) and Y (y) ~ 0.42y=%%,
see Fig. 1. After substituting Y(y) into Eq. (24) combined with Eq. (22), we arrive that

1.99 x 10° 62\ 7027 / 1\ =092 / g N\ =092 /iy 4 gy N\ 0.97 /4 —0.92
R(m..m: 1) m—e o plas (1 7 i e i i , 3. 25
Omiemjo )~ =G ye ( iz M, M, M, L) wimdwlm).(25)

Equation (25) corresponds to the merger rate without the limitation X < X,,,, i.€., the effect of cosmic expansion on the
comoving distance of PBH pairs is negligible. In, e.g., Ref. [31], such a merger rate density has been calculated as follows:

194 % 10° o/ 62\ 7H (m; \ 75 (m\H m A+ mN\F 0\
Rno—expan(mi’mj’t):WfW(l'l'F Mg M—e My % V/(mi)l//(mj)’ (26)

which is essentially consistent with our Eq. (25).

Now let us consider the typical PBH mass functions It is also interesting to consider that of PBHs sourced by
specifically. Taking the monochromatic PBHs, supercritical bubbles that nucleated during slow-roll infla-
tion, see Appendix B,

s M, In®(m/M.)
l//(m) =e 2/8 Wexp <—2—62 . (28)

w(m) = 6(m - M), (27)

we plot R(f)) and Ry expan(fo) for different M =
10M, 103M, 10°M, in Fig. 2, respectively. As expected, _ _
we always observe R(f) < Ryo—expan(f). Furthermore, the In Fllg' 3, we P.IOt R(1) a.md Ruoexpan(2) at different
smaller the value of M or the larger the value of fyyp, the redshifts, respectively. It is clearly seen that when
closer these two merger rates become. This implies that
neglecting the effect of cosmic expansion on the separation 105
can only be considered safe when the number density of
PBHs, ~ponM ™, is very high.

T
>
IU
Q.
)
()
10714 T
o
@
2
—_ ()
> =
>
10—2 4
--=- log1oY(y) = —0.54 logi0y — 0.38
=7 logwo¥ly) = 0.98 l0gioy - 0.48 FIG. 2. Merger rate R(z,) at present of monochromatic PBH
10-2 10-1 100 100 10 103 binaries with masses 10My (green), 10°M, (orange) and
y 106Mo (red), respectively. As a comparison, we use different
merger rate formulas, i.e., Eqs. (24) (our work, solid lines) and
FIG. 1. Y(y) with respect to y according to Eq. (21). (26) (dashed lines).
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FIG. 3. Merger rate of PBHs (sourced by supercritical bubbles) with an extended mass function Eq. (28) with respect to the redshift

according to Egs. (24) (blue, our work) and (26) (red, Ref. [31]).

Spbh = 10! and the characteristic mass M, = 10M, the
difference between R(f) and Ryo_expan (?) is indistinguish-
able. However, when fp, ~ 1073, especially at low red-
shifts, the difference becomes more pronounced. This is
attributed to later binary mergers corresponding to larger
separations x, where the effect of cosmic expansion
becomes more significant. As a result, the effect of

cosmic expansion significantly suppresses the merger
rate for SMPBHs.

IV. CONCLUSION

In the early Universe the probability that the PBHs
formed might be affected by the Hubble expansion of
background, which is non-negligible when the spatial
distribution of PBHs is sparse, specially for SMPBHs. In
this paper, taking the effect of cosmic expansion on the
comoving separation of PBH pair into account, we worked
out the merger rate of PBHs with the extended mass
function, see Eq. (24). It is found that the merger rate of
SMPBHs, M 2 10°M, can be significantly suppressed
for fom < 0.01.°

Throughout our estimation, the subdominant effects, such
as the effects of the tidal field from the smooth halo, the
encountering with other PBHs, the baryon accretion,
present-day halos and the spin of PBHs, are neglected. In
order to study the corresponding effects thoroughly, it might
be better to perform the N-body simulation in an expanding
background. Nonetheless, for the merger of PBHs with any
extended mass function, our Eq. (24) might suffice to capture
the essential impact of cosmic expansion on the merger rate,
which thus can have interesting applications, specially for
SMPBHSs and low-frequency GWs.

3Current cosmological and astrophysical constraints for the
abundance of SMPBHs are f, < 1073 [41].
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APPENDIX A: ON X, AND X,,.x

The value of X, maximizes P(yy), i.e.,

0
Plry )X =0,

Al
0X |x_x. (A1)

Since yx is monotonic, which implies P'(yy ) = 0, we get

J(1:X.) = V2jx.. (A2)
According to Eq. (A2) we have
X, ~ 1.63 x 10—2f%<1 +G§q>_%<m")%<m-">%
o ) M) \Me
36 _ 3
()G @)

In the monochromatic mass approximation, Eq. (27), we
have X .« = f. Thus,

o2 _%M%t%
X, ~320x 107251 +-4 — (=), (A4

We plot X, compared with 1 and X,,, = f in Fig. 4, which
shows that X, <1 in all cases while X, > X, for
SMPBHs.
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FIG. 4. The most probable value of X for binaries merging
today for the PBH population with monochromatic mass func-
tion. One can compare it with Fig. 2 in [28]. The blue dotted line
represents X,,,x = f, above which is the parameter space satisfy-
ing X, > X ... We can see that X, < 1 still holds in the case of
SMPBHSs, considering the cosmological and astrophysical con-
straints on the abundance for SMPBHs [42,43] (e.g., we have
foph <1073 for M = 10°M,). Thus, it is safe to neglect the
factor e~ in Eq. (19). However, we do not have X, < X
similarly, especially for SMPBHs. Here, o4 = 0.005.

APPENDIX B: MASS DISTRIBUTION OF PBHs
SOURCED BY SUPERCRITICAL BUBBLES

The bubbles that nucleated during slow-roll inflation
can naturally develop to the PBHs [44,45]. It is found in
Ref. [20]* that the PBHs sourced by supercritical bubbles
not only can be supermassive, M 2 10° M, but also have a
peaklike mass function’

1

3)z
w(m)NMexp{—B*[l oy (NV2Z Y22 Z3pr)
fpth(D

(B1)

with ¢; = Mey/Mg~ 10", ¢; = HiMo/M?3 ~ 10%, and
N =1In+/c,(m/My), where n=1 for the nucleation

of the domain wall [44,49] and n = 4 for the vacuum

*Here, the nucleating rate of bubbles must satisfy 4 << 1. In the
case of A = 1, the resulting scenario corresponds to a two-stage
inflation model with an intermediate first-order phase transition,
during which the collisions between bubbles that nucleated will
contribute inflationary GWB, e.g., [46,47].

3See also Ref. [48] for a different perspective.

le—6
M. =10M ¢

4.5

4.0

3.51

3.01

2.51

2.01

w(m)M

1.5

1.0+

0.5

0.0 T T T T T T
5.2 5.4 5.6 5.8 6.0 6.2 6.4

log (m/My)

FIG. 5. The normalized mass function of PBHs sourced by
supercritical bubbles.

bubble [50], H, is the inflationary Hubble parameter, N is
the e-folds number before inflation ended. In correspond-
ing model, we naturally have the parameters c; > 1,
B, ~ 0(10), and NV, ~ O(10).

It is convenient to convert A/, to the characteristic mass
M, by

N, =Inv/c,(M./My).

In the approximation of AN — N, (or equivalently,
m — M), we have

(B2)

1 In?(m/M,)]"/?
l//(m) OCWCXP{—B* |:1 +C3Tj\/*:| }

1n2(m/Mc)>}

1
~ 373 eXP [—B* <1 + 5.2 (B3)

where 6 = 4,/N,/(nc3) corresponds to the width of mass
peak. Thus, the normalized mass function is

. M, In*(m/M.)
vim) = o (SR m

It is obvious that y(m) approaches the monochromatic

spectrum centered on M, as ¢ — 0, see Fig. 5. According

to Eq. (B4), we have
(m) =M e~

and (m?) = M2".  (B5)
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