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The probability that the primordial black hole (PBH) binaries formed in the early Universe can be affected
by the Hubble expansion of background, which is non-negligible when the number density of PBHs is very
low (it is actually this case for supermassive PBHs). In this paper, taking into account the effect of cosmic
expansion on the comoving distance of PBH pairs, weworked out the merger rate of PBHs with any extended
mass function. The torques by all PBHs and linear density perturbations are also considered. It is found that
the merger rate of PBH, M ≳ 106M⊙, binaries is significantly lower for fpbh ≲ 0.01 than expected.
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I. INTRODUCTION

Recently, the detection by LIGO/Virgo of the gravita-
tional waves (GWs) emitted by the merging of black hole
(BH) binaries, M ∼ 10M⊙ (e.g., [1,2]) has revived the
interest in the models of PBHs [3–5], although other
explanations for the origins of such BHs as well as the
LIGO/Virgo binaries are also possible (see e.g., Ref. [6]). It
has been widely thought that PBHs can constitute a fraction
of or all dark matter [7–9].
The nanohertz stochastic GW background (SGWB)

detected recently by pulsar timer array experiments
[10–13] might be interpreted with a population of super-
massive BH binaries with M ≳ 109M⊙ [14–16]. The
developing space-based detectors, e.g., LISA [17] and
Taiji [18], which aim for mHz GWs, are ideal for detecting
the mergers of massive and supermassive BHs with masses
above 103M⊙, e.g., [19]. Supermassive BHs also may have
primordial inflationary origin (e.g., [20], see also [21,22]),
i.e., supermassive PBHs (SMPBHs). It is well-known that
the result of the merger rate of PBHs is necessary for
assessing the event rate of PBH mergers at different
redshift, which might be significant for distinguishing
PBHs from astrophysical BHs, and SGWB.
There are some earlier works on the merger rate of PBHs,

which were effectively randomly distributed in space and
formed in the early Universe.1 The merger rate of PBHs in

Refs. [9,29] is applicable to the case that all PBHs have
the same (monochromatic) mass and the torque is exerted
only by the nearest PBH. In Ref. [28], the tidal torquing
by all other PBHs, as well as standard large-scale adiabatic
perturbations, has also been taken into account (see also
[30,31] for the extended mass function). References [32,33]
also presented the merger rate of PBHs with nonmono-
chromatic mass. Though N-body simulations have been
performed in Ref. [33], the mass range of PBHs simulated
is ∼Oð10ÞM⊙.
However, when the number density of PBHs is very low

(it is actually this case for SMPBHs), the effect of cosmic
Hubble expansion on binding PBH binaries (specifically,
on the comoving separation of PBH pair)2 so the merger
rate might be not negligible. Relevant studies, e.g.,
Refs. [28,30,31], did not take this effect into account. The
current observations require the fraction of PBHs fpbh ≲
10−3 for 106M⊙ ≲M ≲ 1012M⊙, thus the number density
∼ρpbhM−1 is actually considerably low for SMPBHs.
In this paper, taking into account the effect of cosmic

expansion on comoving separation of PBH pairs, we show
our merger rate in Sec. II and discuss its implications in
Sec. III. Throughout this paper we use units c ¼ G ¼ 1 and
the values of cosmological parameters are set in light of the
Planck results [34]. We denote by t0 the present time.
The scale factor is normalized to unity at the matter
radiation equality z ¼ zeq ≈ 3400.
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1Conversely, see e.g., [23–26] for an initially clustered spatial

distribution and [7,27,28] for the merger rate in the late Universe.

2The physical distance of PBH pair at the decoupling time is
equal to the semimajor axis of the resultant binary [32]; this can
be converted to the maximum for the semimajor axis as in
Ref. [29].
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II. MERGER RATE

The probability distribution function of PBHs, as
described in Refs. [33,35,36], is defined as

ψðmÞ≡ m
ρpbh

dn
dm

; ð1Þ

with ψðmÞ normalized as
R
ψðmÞdm ¼ 1, where ρpbh is the

energy density of PBHs and nðmÞ is the average number
density of PBHs in the mass interval ðm;mþ dmÞ.
The comoving total average number density of PBHs is

nT ¼ ρpbh
hmi ; ð2Þ

where hmi≡ 1
n

R
mdn ¼ ðR dm ψðmÞ

m Þ−1 is the mean mass
of PBHs with n ¼ R

dnðmÞ. The fraction of the average
number density of PBHs in the total average number
density of PBHs is [31,37]

FðmÞ≡ nðmÞ
nT

¼ ψðmÞ hmi
m

: ð3Þ

Additionally, the characteristic comoving separation
between the nearest PBH pairs, labeled as mi and mj, is
determined by [28] as follows:

x̄ ¼
�

3

4πnT

�
1=3

: ð4Þ

We denote by ρeq the matter density at matter-radiation
equality,

ρeq ¼ ρm;0ð1þ zeqÞ3; ð5Þ

where ρm;0 is the matter density at present. Then the
comoving energy density of PBH is ρpbh ¼ fρeq, with f ≡
ρpbh=ρm ≈ 0.85fpbh is the total abundance of PBHs in
nonrelativistic matter, while fpbh ≡ ρpbh=ρdm is the fraction
of PBHs in dark matter. The energy density of radiation in
the radiation era is

ρrðzÞ ¼ ρeq

�
1þ z
1þ zeq

�
4

: ð6Þ

The condition for two PBHs to become gravitationally
bound is that the total energy mi þmj of PBHs must
exceed the background energy contained in the comoving
bulk to the nearest PBH [32], i.e.,

mi þmj >
8π

3

�
x ·

1þ zeq
1þ z

�
3

ρðzÞ; ð7Þ

where x is the comoving separation (i.e., the proper
separation at zeq) of the PBH pair. It is expected that
only when

x < xmax ¼
�
3

8π
·
mi þmj

ρeq

�
1=3

; ð8Þ

can the PBH pair come into being at redshift z ¼ zdec > zeq
with

1þ zdec ¼ ð1þ zeqÞ
�
xmax

x

�
3

: ð9Þ

By solving the equation of motion for the proper
separation projected along the axis of motion of PBH
pair numerically, one can get the semimajor axis a of the
binary [28],

a ≈ 0.1λx; ð10Þ

with

λ ¼ 8πρeqx3

3ðmi þmjÞ
¼

�
x

xmax

�
3

< 1: ð11Þ

Equation (10) also shows that the semimajor axis is
equivalent to the physical distance of the PBH pair
at the decoupling time numerically, i.e., a ∼ xð1þ zeqÞ=
ð1þ zdecÞ [32].
In the case of sparse PBH distribution, the condition

x < xmax (or equivalently, λ < 1) must be taken into
account in the probability distribution Pðmi;mj; xÞ of x
between two nearest PBHs with masses mi and mj (but
without other PBHs in the bulk of 4πx3=3). Assuming a
random distribution for PBHs, we derive the following
expression:

dPðmi;mj; XÞ ¼ 4πx2Θðxmax − xÞdx
�
FðmiÞdminðmjÞdmje

−4πx3nðmjÞdm
3

Y
m≠mj

e
−4πx3nðmÞdm

3

�

¼ ΘðXmax − XÞdXFðmiÞdmiFðmjÞdmje−X; ð12Þ

HUANG, JIANG, and PIAO PHYS. REV. D 109, 063515 (2024)

063515-2



where X ≡ ðx=x̄Þ3 ¼ 4πnTx3=3, with

Xmax ≡
�
xmax

x̄

�
3

¼ ðmi þmjÞnT
2ρeq

: ð13Þ

Then we need to calculate the dimensionless angular
momentum j of the PBH pair with the torque by all
surrounding PBHs and density perturbations of the rest dark
matter. The probability distribution of j for a given X is

j
dP
dj

����
X
¼ Pðj=jXÞ; PðγÞ≡ γ2

ð1þ γ2Þ3=2 ; ð14Þ

see e.g., Refs. [28,30,31] for detailed derivation, where the
characteristic value of jX is estimated as [31]

jX ≈
hmi

mi þmj
ð1þ σ2eq=f2Þ1=2X: ð15Þ

Here σ2eq is the variance of density perturbations of the rest
of dark matter at zeq [28]. As a comparison, the angular
momentum only accounting for tidal torquing by the nearest
PBH with mass of ml (the comoving distance is x0) is
estimated as [38,39]

j ∼
2ml

mi þmj

�
x
x0

�
3

; ð16Þ

which is physically natural only for a (or nearly) mono-
chromatic mass function. However, since the torque is also

proportional to the mass of the outer PBH, Eq. (16) is not
valid if the mass of PBHs extends over many orders of
magnitude. Thus, we adopt Eq. (14).
The angular momentum j can be expressed by the

semimajor axis a and the coalescence time t as [40]

j ¼
�
85

3
·
mimjðmi þmjÞ

a4

�
1=7

t1=7: ð17Þ

Then we have

γX ¼ jðt;XÞ
jX

¼ Ct1=7X−37=21: ð18Þ

The factor C only depends on mi and mj. Combining
Eqs. (12), (14), (15), and (17), we can get the probability
distribution of the merger time

dPðmi;mj; XÞ
dt

¼
Z

dX
d2Pðmi;mj; XÞ

dXdt

¼ 1

7t
FðmiÞdmiFðmjÞdmj

×
Z

dXe−XΘðXmax − XÞPðγXÞ: ð19Þ

The peak of PðγXÞ is at X� ≪ 1, see Appendix A, which
suggests that e−X ≈ 1 in Eq. (19) [28,30,31]. Thus, with the
generalized hypergeometric function 2F1, the integral in
Eq. (19) can be integrated out as

Z
dXΘðXmax − XÞPðγXÞ ¼

21X58=21
max

2146ðC2t2=7 þ X74=21
max ÞCt1=7

�
95C2t2=72F1

�
−
1

2
;
29

37
;
66

37
;−

X74=21
max

C2t2=7

�

− ð58C2t2=7 þ 21X74=21
max Þ2F1

�
1

2
;
29

37
;
66

37
;−

X74=21
max

C2t2=7

��
: ð20Þ

It is convenient to rewrite Eq. (20) as
R
dXΘðXmax − XÞPðγXÞ ¼ XmaxYðyÞ with

YðyÞ ¼ 21y
2146ð1þ y2Þ

�
952F1

�
−
1

2
;
29

37
;
66

37
;−y2

�
− ð58þ 21y2Þ2F1

�
1

2
;
29

37
;
66

37
;−y2

��
; ð21Þ

where

yðmi;mj; tÞ≡ 1

γXðt;XmaxÞ
¼ X37=21

max

Ct1=7

≈ 2.95 × 102f

�
1þ σ2eq

f2

�1
2

�
mi

M⊙

�
−1
7

�
mj

M⊙

�
−1
7

�
mi þmj

M⊙

� 1
21

�
t
t0

�
−1
7

: ð22Þ

Thus, our resulting merger rate is

RðtÞ ¼ dNmerge

dtdV
¼ 1

2

nT
ð1þ zeqÞ3

dP
dt

≡
ZZ

Rðmi;mj; tÞdmidmj; ð23Þ
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where Rðmi;mj; tÞ is the differential merger rate,

Rðmi;mj; tÞ ≈
1.02 × 108

Gpc3 yr
f2
�
mi

M⊙

�
−1
�
mj

M⊙

�
−1
�
mi þmj

M⊙

��
t
t0

�
−1
Yðyðmi;mj; tÞÞψðmiÞψðmjÞ: ð24Þ

III. IMPLICATION OF OUR MERGER RATE

In the condition that the number density of PBHs is large, resulting in y ≥ 1 according to Eq. (22) and YðyÞ ≈ 0.42y−0.54,
see Fig. 1. After substituting YðyÞ into Eq. (24) combined with Eq. (22), we arrive that

Rðmi;mj; tÞ ≈
1.99 × 106

Gpc3 yr
f1.46

�
1þ σ2eq

f2

�−0.27�mi

M⊙

�
−0.92

�
mj

M⊙

�
−0.92

�
mi þmj

M⊙

�
0.97

�
t
t0

�
−0.92

ψðmiÞψðmjÞ: ð25Þ

Equation (25) corresponds to the merger rate without the limitation X < Xmax, i.e., the effect of cosmic expansion on the
comoving distance of PBH pairs is negligible. In, e.g., Ref. [31], such a merger rate density has been calculated as follows:

Rno−expanðmi;mj; tÞ ¼
1.94 × 106

Gpc3yr
f

53
37

�
1þ σ2eq

f2

�−21
74

�
mi

M⊙

�
−34
37

�
mj

M⊙

�
−34
37

�
mi þmj

M⊙

�36
37

�
t
t0

�
−34
37

ψðmiÞψðmjÞ; ð26Þ

which is essentially consistent with our Eq. (25).

Now let us consider the typical PBH mass functions
specifically. Taking the monochromatic PBHs,

ψðmÞ ¼ δðm −MÞ; ð27Þ

we plot Rðt0Þ and Rno−expanðt0Þ for different M ¼
10M⊙; 103M⊙; 106M⊙ in Fig. 2, respectively. As expected,
we always observe RðtÞ ≲ Rno−expanðtÞ. Furthermore, the
smaller the value of M or the larger the value of fpbh, the
closer these two merger rates become. This implies that
neglecting the effect of cosmic expansion on the separation
can only be considered safe when the number density of
PBHs, ∼ρpbhM−1, is very high.

It is also interesting to consider that of PBHs sourced by
supercritical bubbles that nucleated during slow-roll infla-
tion, see Appendix B,

ψðmÞ ¼ e−σ
2=8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mc

2πσ2m3

r
exp

�
−
ln2ðm=McÞ

2σ2

�
: ð28Þ

In Fig. 3, we plot RðtÞ and Rno−expanðtÞ at different
redshifts, respectively. It is clearly seen that when

FIG. 1. YðyÞ with respect to y according to Eq. (21).

FIG. 2. Merger rate Rðt0Þ at present of monochromatic PBH
binaries with masses 10M⊙ (green), 103M⊙ (orange) and
106M⊙ (red), respectively. As a comparison, we use different
merger rate formulas, i.e., Eqs. (24) (our work, solid lines) and
(26) (dashed lines).
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fpbh ¼ 10−1 and the characteristic mass Mc ¼ 10M⊙, the
difference between RðtÞ and Rno−expanðtÞ is indistinguish-
able. However, when fpbh ∼ 10−3, especially at low red-
shifts, the difference becomes more pronounced. This is
attributed to later binary mergers corresponding to larger
separations x, where the effect of cosmic expansion
becomes more significant. As a result, the effect of
cosmic expansion significantly suppresses the merger
rate for SMPBHs.

IV. CONCLUSION

In the early Universe the probability that the PBHs
formed might be affected by the Hubble expansion of
background, which is non-negligible when the spatial
distribution of PBHs is sparse, specially for SMPBHs. In
this paper, taking the effect of cosmic expansion on the
comoving separation of PBH pair into account, we worked
out the merger rate of PBHs with the extended mass
function, see Eq. (24). It is found that the merger rate of
SMPBHs, M ≳ 106M⊙, can be significantly suppressed
for fpbh ≲ 0.01.3

Throughout our estimation, the subdominant effects, such
as the effects of the tidal field from the smooth halo, the
encountering with other PBHs, the baryon accretion,
present-day halos and the spin of PBHs, are neglected. In
order to study the corresponding effects thoroughly, it might
be better to perform the N-body simulation in an expanding
background. Nonetheless, for the merger of PBHs with any
extended mass function, our Eq. (24) might suffice to capture
the essential impact of cosmic expansion on the merger rate,
which thus can have interesting applications, specially for
SMPBHs and low-frequency GWs.
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APPENDIX A: ON X� AND Xmax

The value of X� maximizes PðγXÞ, i.e.,

P0ðγX�Þ
∂γX
∂X

����
X¼X�

¼ 0: ðA1Þ

Since γX is monotonic, which implies P0ðγX�Þ ¼ 0, we get

jðt;X�Þ ¼
ffiffiffi
2

p
jX� ; ðA2Þ

According to Eq. (A2) we have

X� ≈ 1.63 × 10−2f
16
37

�
1þ σ2eq

f2

�−21
74

�
mi

M⊙

� 3
37

�
mj

M⊙

� 3
37

×

�
mi þmj

M⊙

�36
37

�hmi
M⊙

�
−1
�
t
t0

� 3
37

: ðA3Þ

In the monochromatic mass approximation, Eq. (27), we
have Xmax ¼ f. Thus,

X� ≈ 3.20 × 10−2f
16
37

�
1þ σ2eq

f2

�−21
74
�

M
M⊙

� 5
37

�
t
t0

� 3
37

: ðA4Þ

We plot X� compared with 1 and Xmax ¼ f in Fig. 4, which
shows that X� ≪ 1 in all cases while X� > Xmax for
SMPBHs.

FIG. 3. Merger rate of PBHs (sourced by supercritical bubbles) with an extended mass function Eq. (28) with respect to the redshift
according to Eqs. (24) (blue, our work) and (26) (red, Ref. [31]).

3Current cosmological and astrophysical constraints for the
abundance of SMPBHs are fpbh ≲ 10−3 [41].
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APPENDIX B: MASS DISTRIBUTION OF PBHs
SOURCED BY SUPERCRITICAL BUBBLES

The bubbles that nucleated during slow-roll inflation
can naturally develop to the PBHs [44,45]. It is found in
Ref. [20]4 that the PBHs sourced by supercritical bubbles
not only can be supermassive,M ≳ 109M⊙, but also have a
peaklike mass function5

ψðmÞ∼ ðc1c32Þ
1
2

fpbhM⊙
expf−B�½1þc3ðN 1=2−N 1=2

� Þ2�n=2−3N g;

ðB1Þ

with c1 ¼ Meq=M⊙ ≈ 1017, c2 ¼ HiM⊙=M2
p ≈ 1032, and

N ¼ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðm=M⊙Þ

p
, where n ¼ 1 for the nucleation

of the domain wall [44,49] and n ¼ 4 for the vacuum

bubble [50], Hi is the inflationary Hubble parameter, N is
the e-folds number before inflation ended. In correspond-
ing model, we naturally have the parameters c3 ≫ 1,
B� ∼Oð10Þ, and N � ∼Oð10Þ.
It is convenient to convert N � to the characteristic mass

Mc by

N � ≡ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðMc=M⊙Þ

p
: ðB2Þ

In the approximation of N → N � (or equivalently,
m → Mc), we have

ψðmÞ ∝ 1

m3=2 exp

�
−B�

�
1þ c3

ln2ðm=McÞ
16N �

�
n=2

	

∼
1

m3=2 exp

�
−B�

�
1þ ln2ðm=McÞ

2σ2

��
; ðB3Þ

where σ ≡ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N �=ðnc3Þ

p
corresponds to the width of mass

peak. Thus, the normalized mass function is

ψðmÞ ¼ e−σ
2=8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mc

2πσ2m3

r
exp

�
−
ln2ðm=McÞ

2σ2

�
: ðB4Þ

It is obvious that ψðmÞ approaches the monochromatic
spectrum centered on Mc as σ → 0, see Fig. 5. According
to Eq. (B4), we have

hmi ¼ Mce−σ
2

and hm2i ¼ M2
ce−σ

2

: ðB5Þ

FIG. 4. The most probable value of X for binaries merging
today for the PBH population with monochromatic mass func-
tion. One can compare it with Fig. 2 in [28]. The blue dotted line
represents Xmax ¼ f, above which is the parameter space satisfy-
ing X� > Xmax. We can see that X� ≪ 1 still holds in the case of
SMPBHs, considering the cosmological and astrophysical con-
straints on the abundance for SMPBHs [42,43] (e.g., we have
fpbh < 10−3 for M ¼ 109M⊙). Thus, it is safe to neglect the
factor e−X in Eq. (19). However, we do not have X� ≪ Xmax
similarly, especially for SMPBHs. Here, σeq ¼ 0.005.

FIG. 5. The normalized mass function of PBHs sourced by
supercritical bubbles.

5See also Ref. [48] for a different perspective.

4Here, the nucleating rate of bubbles must satisfy λ ≪ 1. In the
case of λ≳ 1, the resulting scenario corresponds to a two-stage
inflation model with an intermediate first-order phase transition,
during which the collisions between bubbles that nucleated will
contribute inflationary GWB, e.g., [46,47].
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