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Multiple pulsar timing array (PTA) collaborations recently announced the evidence of common-spectral
processes caused by gravitational waves (GWs). These can be the stochastic GW background and its origin
may be astrophysical and/or cosmological. We interpret it as the GWs induced by the primordial curvature
perturbations and discuss their implications on primordial black holes (PBHs). We show that the newly
released data suggest PBHs much lighter than the Sun [Oð10−4ÞM⊙ for the delta-function curvature
spectrum; < Oð10−2ÞM⊙ more generally] in contrast to what was expected from the previous PTA data
releases.
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I. INTRODUCTION

Recently, the evidence of the Hellings-Downs curve [1], a
smoking-gun signal of the isotropic stochastic gravitational
waves (GWs) representing a particular pattern of angular
correlations, has been reported by pulsar timing array (PTA)
experiments, in particular, by NANOGrav [2,3] and by
EPTA and InPTA [4–6] (see also the results of PPTA [7–9]
and CPTA [10]). The GWs are consistent with the stochastic
GW background (SGWB), as there have not been strong
hints for continuous GW signals or anisotropy [11–13]. A
natural astrophysical interpretation of the origin of such
SGWB is the superposed GW signals from binary mergers
of supermassive black holes as discussed in the above
PTA papers.
Alternatively, the observed GWs may have a cosmo-

logical origin. This could be a great observational window
to study the early-Universe cosmology. The common spec-
trum process was already observed in the NANOGrav
12.5-year data [14] and IPTA data release 2 [15], though the
evidence of the Hellings-Downs curve was not observed at
that time. Since then, the cosmological GW sources for the
PTA experiments have been enthusiastically studied, e.g.,
in the context of topological defects such as cosmic strings
and domain walls [16–22], cosmological first-order phase
transitions [23–32], scalar-induced GWs associated with
primordial black holes (PBHs) [33–40], and inflationary
GWs [41–44] (see also Ref. [45] for a comprehensive study
on the cosmological sources).

After the recent announcements, a variety of explanations
of the SGWB were proposed: cosmic strings [46–48],
domain walls [48–51], a first-order phase transition [52–55],
inflation (first-order GWs) [56], second-order (scalar-
induced) GWs and PBHs [57,58], parametric resonance
in the early dark energy model [59], turbulence due to the
primordial magnetic field [60], axionlike particles, and
gravitational atoms [61]. In addition, the importance of
softening of the equation of state by the QCD crossover was
pointed out [62], the effects of the SGWB on neutrino
oscillations were discussed [63], and probing dark matter
density was discussed in the context of supermassive binary
BH mergers [64].
In this work, we discuss the implications of the recent

observation of the stochastic GWs by the PTA experiments
on PBHs. PBHs have been attracting a lot of attention
because of their potential to explain dark matter and/or
the binary BH merger signals detected by LIGO-Virgo-
KAGRA Collaborations [65–70] (see Refs. [71–74] for
reviews). PBHs can be produced when large density pertur-
bations enter the Hubble horizon. In general, large density
perturbations can produce not only PBHs, but also GWs
through the nonlinear interaction [75,76]. These scalar-
induced GWs are an important probe of PBHs [77–92] (see
also Refs. [93,94], and references therein). In particular,
after the first detection of GWs from the merger of ∼30M⊙
BHs, the connection between the PTA experiments and the
scalar-induced GW signals associated with Oð10ÞM⊙
PBHs have been focused on in Refs. [79,80,92,95–100].
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II. THE GRAVITATIONAL-WAVE SIGNALS AND
INDUCED GRAVITATIONAL WAVES

The SGWB detected by the PTA collaborations may be
explained by cosmological (new physics) GWs. The new
physics interpretations of the SGWB were studied by the
NANOGrav Collaboration [101] and by the EPTA/InPTA
Collaboration [6]. In particular, they studied the interpre-
tation of the data by the induced GWs. We first review their
results.
The cosmological abundance of the GWs is convention-

ally parametrized by ΩGWðfÞ ¼ ρGWðfÞ=ρtotal, where
ρGWðfÞ is related to the total energy density of the GWs
by ρGW ¼ R d ln fρGWðfÞ. The GW spectrum in the PTA
experiments is parametrized as [102]

ΩGW ¼ 2π2f2�
3H2

0

A2
GWB

�
f
f�

�
5−γ

; ð1Þ

where H0 is the Hubble parameter, AGWB the amplitude of
the GWs, f� the pivot-scale frequency often adopted as
f� ¼ fyr ¼ ð1 yrÞ−1 ≈ 32 nHz, and γ the power index of
the spectrum.
Figure 1(b) in Ref. [2] shows that the data favor γ ≈ 3

[γ¼3.2�0.6 (90% credible region) [2]], compared to γ ≈ 2
or ≈4, corresponding to the power-law index 5 − γ ≈ 2. For
simplicity, we assume an integer value γ ¼ 3.
There are several ways to interpret this power law in

terms of the induced GWs.
(1) The power-law GWs can be explained by the power-

law curvature perturbations PζðkÞ ∝ k in the relevant
range of frequencies. With such PζðkÞ, the induced
GWs approximately behave as ΩGW ∼ P2

ζ ∝ f2. This
requires a nontrivial condition on the underlying
inflation model so that Pζ ∝ k. Since this is not a
generic consequence of inflation models, we do not
focus on this case in this paper. A recent discussion
based on inflation models can be found in Ref. [57].

(2) The spectral slope can be interpreted as the so-called
universal infrared (IR) tail when the curvature
perturbations are sufficiently steep. For the induced
GWs produced during the radiation-dominated
(RD) era, the universal IR tail has the ΩGW ∝ f3

slope [103] for generic underlying curvature pertur-
bations up to logarithmic corrections [104]. How-
ever, this slope becomes f2 under some conditions.
(i) When the induced GWs are produced in a

cosmological era with the equation-of-state
parameter w, the power-law index of the uni-
versal IR tail was worked out to be ΩGW ∝
f3−2j

1−3w
1þ3wj [105]. In particular, the power is 2 as

desired if w ¼ 1 or 1=9. For example, the w ¼ 1
case is realized when the Universe is dominated
by the kinetic energy of a scalar field. In the
remainder of this paper, we focus on the

standard RD era, so we do not consider this
option.

(ii) Even in the RD era, theΩGW ∼ f2 scaling can be
realized for an extended range of the frequencies
when the spectrum is narrow [106]. In particular,
the limit of the delta function Pζ leads to the
ΩGW ∼ f2 scaling without the restriction on the
frequency range. The delta function peak is, of
course, not physical nor realistic, but it would
approximate sufficiently peaked spectra.1

The last item above, i.e., the delta function power spectrum,
was studied in Refs. [6,77,101] along with other example
spectra such as the log-normal function and the top-hat
box-shaped function [78]. Because of the simplicity and the
guaranteed f2 scaling, we discuss the delta function power
spectrum Pζ as a first step to interpret the PTA GW signals
in terms of the induced GWs. We briefly discuss in the
Appendix how the result changes when a finite width of the
peak of the power spectrum is taken into account.
Let us here summarize the equations for the induced

GWs. In the Newtonian gauge, the metric perturbations are
given by

d2s ¼ −a2
�
ð1þ 2ΦÞdη2 þ

�
ð1 − 2ΨÞδij þ

hij
2

�
dxidxj

�
;

ð2Þ
where Φ and Ψ are the scalar perturbations and hij is
the tensor perturbation, which describes GWs. We have
neglected vector perturbations, because we focus on the
GWs induced by the scalar perturbations throughout this
work. In the following, we consider the perfect fluid,
which enables us to take Ψ ¼ Φ. Then, from the
Einstein equation, the equation of motion of the tensor
perturbations is given by

hλk
00ðηÞ þ 2Hhλk

0ðηÞ þ k2hλkðηÞ ¼ 4SλkðηÞ; ð3Þ

where k (k ¼ jkj) and λ denote the wave number and the
polarization of the tensor perturbations, the prime denotes
∂=∂η, and H ¼ a0=a is the conformal Hubble parameter.
The source term Sλk is given by

Sλk ¼
Z

d3q
ð2πÞ3 e

λ
ijðk̂Þqiqj

�
2ΦqΦk−q þ

4

3ð1þ wÞ

×
�
H−1Φ0

q þΦq

��
H−1Φ0

k−q þΦk−q
��
; ð4Þ

1More precisely, the ratio of the peak frequency fp and the
spectral break frequency fb that divides the f3 and f2 scalings is
given by the width of the power spectrum of the curvature
perturbations up to anOð1Þ factor when the peak is narrow [106].
When the peak is broad, the GW spectrum also becomes broad
and the IR tail is given by the universal f3 slope. See also the
Appendix.
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where eλijðk̂Þ is the polarization tensor and w ¼ 1=3 in an
RD era. By solving the equation of motion and taking the
late-time limit during an RD era, we obtain the energy
density parameter of the induced GWs during an RD era as

Ω̃GWðfÞ ¼
Z

∞

0

dv
Z

1þv

j1−vj
duKðu; vÞPζðukÞPζðvkÞ; ð5Þ

where f ¼ k=ð2πÞ is the frequency of the GWand Pζ is the
power spectrum of the curvature perturbation, and the
integration kernel K is given by [81,82]

Kðu; vÞ ¼ 3
�
4v2 − ð1þ v2 − u2Þ2�2ðu2 þ v2 − 3Þ4

1024u8v8

×

��
ln

���� 3 − ðuþ vÞ2
3 − ðu − vÞ2

���� − 4uv
u2 þ v2 − 3

�
2

þ π2Θ
�
uþ v −

ffiffiffi
3

p ��
: ð6Þ

Note that the energy density parameter of the induced GWs
during an RD era asymptotes to Ω̃GW after the peak-scale
perturbations enter the horizon.
Taking into account the following matter-dominated and

dark-energy-dominated eras, the current energy density of
the induced GWs is given by

ΩGWh2 ¼ 0.43

�
g�
80

��
g�;s
80

�
−4=3

Ωrh2Ω̃GW; ð7Þ

where g� and g�;s are the effective relativistic degrees of
freedom for the energy and entropy densities, respectively,
when the GW energy density parameter becomes constant
during the RD era and Ωr is the current energy density
parameter of radiation (Ωrh2 ≃ 4.2 × 10−5). See Ref. [107]
for the temperature dependence of g�ðTÞ and g�;sðTÞ.
As motivated above, we consider the monochromatic

(delta function) power spectrum given by

Pζ ¼ Aζδ
�
lnðk=k�Þ

�
; ð8Þ

where Aζ governs the overall normalization and k� is the
wave number at which there is a spike in the power
spectrum. In this case, the energy density parameter of
the induced GWs [Eq. (5)] can be expressed as

Ω̃GWðfÞ ¼
3A2

ζ

64

�
4 − f̃2

4

�
2

f̃2
�
3f̃2 − 2

�
2

�
π2
�
3f̃2 − 2

�
2

× Θ
�
2
ffiffiffi
3

p
− 3f̃

�þ�4þ �3f̃2 − 2
�

× log

����1 − 4

3f̃2

����
�

2
�
Θð2 − f̃Þ; ð9Þ

where the dimensionless wave number f̃ ≡ f=f� is intro-
duced for notational simplicity. In the IR limit f̃ ≪ 1, the
spectrum reduces to

Ω̃GW ≃
3A2

ζ

4
f̃2
�
π2 þ

�
2þ log

3f̃
4

�
2
�
: ð10Þ

Indeed, this scales as f2 up to the logarithmic correction
that becomes more and more important in the limit f̃ ≪ 1.
Note that the above spectrum depends on the combina-

tion Aζ=f� up to the logarithmic correction, so one must
expect the parameter degeneracy in the direction Aζ ∝ f�.
This is consistent with the analyses by the PTA collabo-
rations [6,101]. The NANOGrav result [101] is shown by
blue contours in Fig. 1. In this figure, the orange line for
comparison shows a linear relation

Aζ ¼ 10−2
�

f�
10−7 Hz

�
: ð11Þ

As the characteristic frequency approaches the NANOGrav
frequency range ½2 × 10−9 Hz; 6 × 10−8 Hz�, the relevant
part of the GW spectrum ceases to be the IR tail, which has
the f2 scaling. This is why the deviation of the orange
straight line from the blue contours becomes larger toward
the left part of the figure. The vermilion-shaded region is
excluded by the dark radiation constraint ΩGWh2 < 1.8 ×
10−6 from the big-bang nucleosynthesis [82] because of the
overproduction of GWs. See also Ref. [108] for a slightly
stronger constraint ΩGWh2 < 1.7 × 10−6 from the cosmic
microwave background.

FIG. 1. The favored parameter space (blue contours) for the
delta function power spectrum taken from Ref. [101]. The darker
(lighter) blue contour corresponds to the 68% (95%) Bayesian
credible region. The orange line illustrates the approximate
parameter degeneracy relation Aζ ∝ f� [Eq. (11)]. The vermil-
ion-shaded region is the dark radiation constraint from the big-
bang nucleosynthesis, ΩGWh2 < 1.8 × 10−6 [82].

DETECTED STOCHASTIC GRAVITATIONAL WAVES AND … PHYS. REV. D 109, 063506 (2024)

063506-3



Already at this stage, the degeneracy allows the param-
eter space to extend to much higher frequencies than the
nanohertz ballpark. This indicates that the new data
analyses by the PTA collaborations prefer smaller-mass
PBHs than expected so far.

III. IMPLICATIONS FOR PRIMORDIAL
BLACK HOLES

In this section, we show that subsolar-mass PBHs are
favored by the new data. To this end, we summarize the
formulas for PBHs. When it comes to the abundance of
PBHs, there is a huge uncertainty depending on the cal-
culation scheme. For definiteness, we basically adopt the
method used by the NANOGrav analyses [101]. In par-
ticular, our prescription here (as in Ref. [101]) is based
on Carr’s formula (also known as the Press-Schechter
formalism) [109], but the result changes significantly when
one adopts the peaks theory, within which there are
varieties of methods with varying results [110–121].
There are also uncertainties on the choice of the window
function and the critical density (shortly introduced below),
on which we will come back to in Sec. IV.
PBHs are formed shortly after an extremely enhanced cur-

vature perturbation enters the Hubble horizon [109,122,123].
Therefore, the mass of PBHs is related to the wave number
of the perturbations that produce PBHs:

M ¼ γMH ≃ 6.1 × 10−4M⊙

�
γ

0.2

��
g�ðTÞ
80

�
1=2

×

�
g�;sðTÞ
80

�
−2=3

�
6.5 × 107 Mpc−1

k

�
2

≃ 6.1 × 10−4M⊙

�
γ

0.2

��
g�ðTÞ
80

�
1=2

×

�
g�;sðTÞ
80

�
−2=3

�
1.0 × 10−7 Hz

f

�
2

; ð12Þ

where γ is the ratio between the PBH mass and the horizon
mass, for which we take γ ¼ 0.2 as a fiducial value [109],
and T is the temperature at the PBH production.
The PBH abundance per log bin in M is given by2 [124]

f̃PBHðMÞ ≃ γ3=2
�

βðMÞ
2.6 × 10−9

��
80

g�ðTÞ
�

1=4

×

�
0.12

ΩDMh2

��
M⊙

M

�
1=2

: ð13Þ

The production rate β is given by [109]

βðMÞ ¼
Z
δc

dδffiffiffiffiffiffi
2π

p
σðMÞ exp

�
−

δ2

2σ2ðMÞ
�

≃
σðMÞffiffiffiffiffiffi
2π

p
δc

exp

�
−

δ2c
2σ2ðMÞ

�
; ð14Þ

where δc is the threshold value of the overdensity for
PBH production. As a fiducial value, we take δc ¼ 0.45
[101,125–128]. The σ is the coarse-grained density con-
trast, given by

σ2ðkÞ ¼ 16

81

Z
dq
q

�
q
k

�
4

W2

�
q
k

�
T 2ðq; k−1ÞPζðqÞ: ð15Þ

Here, WðxÞ is a window function, which we take
WðxÞ ¼ e−x

2=2, and T is the transfer function of the density
perturbations during an RD era:

T ðq;k−1Þ

¼ 3

�
sin

�
qffiffiffi
3

p
k

�
−
�

qffiffiffi
3

p
k

�
cos

�
qffiffiffi
3

p
k

�� =� qffiffiffi
3

p
k

�
3

: ð16Þ

The total abundance of the PBHs can be expressed as

fPBH ¼
Z

dM
M

f̃PBHðMÞ: ð17Þ

In the case of the monochromatic power spectrum, σ2ðkÞ
can be integrated analytically:

σ2ðkÞ ¼ 16Aζe−1=k̃
2

�
cos2

�
1ffiffiffi
3

p
k̃

�
þ k̃

�
3k̃sin2

�
1ffiffiffi
3

p
k̃

�

−
ffiffiffi
3

p
sin

�
2ffiffiffi
3

p
k̃

���
; ð18Þ

where k̃≡ k=k�. Using these equations, we can map the
contours in Fig. 1 onto a PBH parameter space ðM; fPBHÞ
numerically. Before doing it, let us obtain an approximate
analytic formula to have some intuition. Combining the
above equations and the parameter degeneracy relation
Eq. (11), we can map the degeneracy relation onto the
M-fPBH plane:

fPBH ∼ f̃PBHðMÞ ∼ 5.6 × 1010
ν1=2

δc

�
M

6.1 × 10−8M⊙

�
−3=4

× exp

 
−
δ2c
2ν

�
M

6.1 × 10−8M⊙

�
1=2
!
; ð19Þ

where we have approximated σ2 as σ2ðkðMÞÞ ∼ νAζ. The
coefficient ν is introduced to show the sensitivity of fPBH
on the overall normalization of σ2. In Fig. 2, we set ν ¼ 0.2.
The slope does not fit perfectly, because the GW spectrum
does not have a perfect f2 scaling. This equation is not a

2The tilde on f̃PBHðMÞ is introduced to distinguish it with its
integrated quantity fPBH.
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rigorous fit but just a rough guide to the location of the
contours mapped from Fig. 1 into Fig. 2.
The blue contours in Fig. 2 are the main result of this

paper. This shows that the PBHs much lighter than the
Sun are favored by the new PTA data analysis results.
If the PBH abundance is significant, they have masses of
the order of 10−4M⊙. More generally, the contours show
the range [5 × 10−5 ≤ M=M⊙ ≤ 2 × 10−3]. It should be
emphasized that this is based on the assumption of the delta
function Pζ, but our conclusion does not qualitatively
change even if we take into account the finite width of the
realistic power spectrum. This statement is backed up in the
Appendix, where we study the effects of a finite width of
the power spectrum of curvature perturbations (see also
Ref. [101]). We find that the PBH mass can be as large as
2 × 10−2M⊙, but it is around Oð10−4Þ and Oð10−3Þ solar
mass when the PBH abundance is large enough to be
cosmologically relevant.
The shaded regions in the upper part in Fig. 2 show the

existing observational constraints on the abundance of
PBHs. We see that there is a lower as well as an upper
bound on the mass of the PBHs. In other words, the
extension to the degeneracy direction is limited by the
overproduction of PBHs. Again, the quantitative values of
these bounds change when we drop off the assumption of
the delta function curvature spectrum, but our conclusion is
intact at least when the power spectrum has a narrow peak.
See the analyses of NANOGrav [101] and EPTA/InPTA [6]

and the Appendix for the curvature spectra with a
finite width.

IV. CONCLUSION AND DISCUSSION

In this work, we have discussed the implications of the
recent PTA observations of stochastic GWs on PBHs. The
large scalar perturbations can produce not only PBHs,
but also strong GWs through nonlinear interactions. If the
detected stochastic GWs originate from scalar-induced
GWs, we can obtain implications on the PBH mass
distribution. We have found that, if PBHs are produced
by the monochromatic curvature power spectrum, the
stochastic GW signals can be explained by the large-scale
tail of the induced GW spectrum.
It is interesting to note that the favored region on the

M-fPBH plane to explain the excess events of Optical
Gravitational Lensing Experiment (OGLE) [130] (the
yellow shaded region in Fig. 2) [129] has a small overlap
with the blue contours in Fig. 2.3 It is remarkable that the
OGLEmicrolensing events and the SGWB signals from the
PTA data can be simultaneously explained by PBHs of
mass M ≈ 6.5 × 10−5M⊙.
Unfortunately, this overlap will disappear when we

introduce a finite width of the power spectrum of the
curvature perturbations unless the width is tuned. In the
Appendix, we find the shift of f� (M) to a smaller (larger)
value, respectively, as we introduce a narrow but finite
width. On the other hand, the direction of the shift turns
around as the width becomes broad [101]. The OGLE
signals might be explained by an extremely narrow width
(Δ ≪ 10−2; see the Appendix for the definition of the width
Δ) or a broad width (Δ > 1). We leave quantitative
constraints on the width to simultaneously fit the PTA
signals and the OGLE signals for future work.
Examples of the scalar-induced GW spectrum are shown

in Fig. 3 in comparison with the 14 lowest-frequency bins
(see Appendix C in Ref. [2]) of the NANOGrav 15-year
data [101]. The black solid line corresponds to M ¼ 1.2 ×
10−4M⊙ and fPBH ¼ 2 × 10−2, which is inside the 68%
credible region (dark blue contour) in Fig. 2. The black
dot-dashed line corresponds to M ¼ 6.5 × 10−5M⊙ and
fPBH ¼ 1.5 × 10−2, which is inside the 95% credible region
(light blue contour) and the yellow shaded region to explain
the OGLE events.
In our previous work [35], we discussed that the PBH

interpretation of the common-spectral processes in the
NANOGrav data can be tested by future observations of
GWs at a different frequency range originating from the
merger events of the binary PBHs. This also constitutes the
SGWB because of the superposition of many binary
mergers in the Universe. In this paper, we have emphasized

FIG. 2. The favored region (blue contours) on the M-fPBH
plane. The dark and light blue contours correspond to the 68%
and 95% credible regions, respectively. This shows that sub-
stantially lighter PBHs than solar mass are favored. The orange
curve is an approximate formula [Eq. (19)] with ν ¼ 0.2.
The yellow shaded region near the top left corner is the 95%
allowed region [129] to explain the ultrashort-timescale micro-
lensing events observed by OGLE [130] combined with the
Hyper Suprime-Cam (HSC) constraint [131]. The dark shaded
region on top of the figures represents constraints on PBHs in
this mass range: EROS-2 [132] and MACHO [133] (purple),
OGLE [129,130] (brown), caustic crossing [134] (blue), and
Advanced LIGO [135–137] (gray; top right corner).

3The relation between the 12.5-year NANOGrav data and the
OGLE events has been studied in the context of PBHs produced
during an era with a general w in Ref. [36].
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that the preferred mass range of PBHs associated with the
induced GWs that explain the new PTA data is shifted to a
smaller mass range. It is then natural to ask about the
corresponding change of the observational prospects to test
the PBH scenario.
To calculate the merger-based GW spectrum, we have

adopted the methods concisely summarized in appendixes
in Ref. [138], essentially based on the merger rate calcu-
lations in Refs. [67,71] and the source-frame spectrum
emitted at a single merger event studied in Refs. [139,140].
For simplicity, we take the representing mass M corre-
sponding to k� and neglect the mass distribution of PBHs
in the calculation of the merger-based GW spectrum. The
extension of the f2=3 spectrum to the far IR may break down
at some frequency as discussed in Appendix B in Ref. [141].
The comparison of the merger-based GWs (shown by

black lines) and the sensitivity curves of future GW
detectors is shown in Fig. 4. Compared to Fig. 5 in
Ref. [35], the peaks of the merger-based GWs are shifted
to the high-frequency side. This is because the correspond-
ing binary PBH masses have become lighter in view of the
new PTA data. Unfortunately, the observational prospects
by the future GW detectors become worse due to this
frequency shift. Nevertheless, Fig. 4 shows that the SGWB
originating from Oð10−4ÞM⊙ PBH binary mergers can be
tested by future GW observations.4 To achieve this goal,
foreground subtraction is essential [142,143].5 An alter-
native route is the development of MHz–GHz GW detec-
tors. See, e.g., Refs. [144,145], and references therein.

Our results are consistent with those in Ref. [101],
because we basically use the same equations and take
similar values of the parameters as in the reference.
However, as mentioned in Ref. [57], our results and those
in Ref. [101] on the PBH abundance are different from
those in Ref. [57]. The calculation in Ref. [57] shows that
PBHs are overproduced if we do not take into account the
non-Gaussianity that decreases the PBH abundance with
the amplitude of the induced GWs fixed.6 On the other
hand, our calculation has shown that the PBH overpro-
duction can be avoided even if the non-Gaussianity effects
are neglected, as in Ref. [101]. The main discrepancy
comes from the difference in the window function and/or
the threshold value δc, as mentioned in Ref. [57]. Our
results show that whether the recent detection of the
stochastic GWs is associated with PBHs or not significantly
depends on the uncertainties on the choice of window
function and/or δc. From the rough relation given by
Eq. (19), we can see their uncertainties exponentially affect

FIG. 3. Comparison of the induced GW spectrum and the 14
lowest-frequency bins [2] of NANOGrav 15-year data [101]. The
solid black curve represents the induced GW spectrum for the
case withM ¼ 1.2 × 10−4M⊙ and fPBH ¼ 2 × 10−2 (correspond-
ing to the solid black lines in Fig. 4 below), whereas the dashed
black curve can explain the OGLEþ HSC data [129–131]: M ¼
6.5 × 10−5M⊙ and fPBH ¼ 1.5 × 10−2. The pure f2 scaling is
shown by the orange dotted line with AGWBjf�¼fyr ¼ 10−14.1.

FIG. 4. Future prospect of testing the scenario by detecting
the merger-based SGWB (three black lines on the right side). The
spectrum depends on M and fPBH, but it mostly depends on the
latter. From top to bottom, fPBH ¼ 2 × 10−2 (solid line), 2 × 10−3

(dashed line), and 2 × 10−4 (dotted line). The PBH mass was
chosen within the blue contours in Fig. 2. From top to bottom,
M=M⊙ ¼ 1.2 × 10−4 (solid line), 1.6 × 10−4 (dashed line), and
2.2 × 10−4 (dotted line). The associated induced GW signal is
also shown around and above the nanohertz frequency band by
the black solid line. The gray violin plot shows the 14 lowest-
frequency bins [2] of the NANOGrav 15-year data [101]. The
shaded yellow region is the LIGO/Virgo O3 constraint on SGWB
[146]. The colored lines are power-law-integrated sensitivity
curves for the SGWB search of IPTA [147,148], SKA [149–151],
LISA [152,153], DECIGO [143,154–156], BBO [157–159],
ET [160–163], CE [164,165], and a combination of advanced
LIGO [166,167], advanced Virgo [168], and KAGRA [169–173]
(HLVK), which were read from Ref. [174].

4We adopted different sensitivity curves from those adopted in
the previous work [35]. See the caption of Fig. 4.

5We thank Marek Lewicki for his comment on this point.

6The possibility of the PBH overproduction was also discussed
with the IPTA data release 2 and the NANOGrav 12.5-year
datasets in Ref. [40].

INOMATA, KOHRI, and TERADA PHYS. REV. D 109, 063506 (2024)

063506-6



the PBH abundance, where ν in it depends on the choice of
the window function.
One of the reasons why we focus on the delta function

curvature spectrum in this paper even though it is unreal-
istic is the f2 scaling suggested by Fig. 1 (b) of the
NANOGrav paper [2] as discussed above. It is tempting to
argue that naively combining the new data (DR2new)
analysis and the full data (DR2full) analysis in Fig. 1 of
the EPTA/InPTA paper [4], γ ≈ 3 would be obtained.
However, one should be careful about the combination
of datasets in mild tension. It will be interesting to discuss
how well the narrow peak PBH scenarios can also explain
the data of other PTA collaborations. We will leave such
comprehensive analyses for future work.
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APPENDIX: RELAXING THE DELTA-FUNCTION
ASSUMPTION

In this appendix, we consider the power spectrum of
curvature perturbations with a finite width of its peak to
assess the validity or relevance of the delta-function case
adopted in the main text. For definiteness, we assume the
log-normal power spectrum

PζðkÞ ¼
Aζffiffiffiffiffiffiffiffiffiffiffi
2πΔ2

p exp

0
@−



log
�
k
k�

��2
2Δ2

1
A; ðA1Þ

where Aζ, k�, and Δ are the overall amplitude, the peak
wave number, and the width of the spectrum, respectively.
This reduces to the delta-function power spectrum Eq. (8)
as Δ → 0. See Ref. [106] for details of the GWs induced by
the log-normal power spectrum.
Beyond the delta-function case, some of the analytic

formulas are no longer available, but we can repeat the
analysis in the main text numerically. This time, let us begin
with the spectra of the induced GWs (see Fig. 5). The sky-
blue solid line is an example of the delta-function case (the
limit of Δ → 0). The other lines show the dependence on
finite values of Δ with their orders of magnitude changed.
Specifically, the orange dashed, bluish-green dot-dashed,
and reddish purple dotted lines show the cases ofΔ ¼ 0.01,
0.1, and 1, respectively. The values of the other parameters,
i.e., Aζ and f�, are arbitrarily chosen as representative

values (but largely consistent with the following analyses)
to compensate for the effect of changing Δ to fit the PTA
data (see the caption of Fig. 5).
Let us first focus on the three cases with Δ < 1. As we

increase Δ, the frequency range where ΩGW has the f2

scaling is reduced, which is consistent with footnote 1.
This does not necessarily mean that one cannot fit the PTA
data with finite Δ, since the peak scale can be shifted to a
larger scale. Accordingly, the GW spectrum is modified
significantly from the f2 scaling above, e.g., 10−8 Hz for
Δ ¼ 0.1. However, the uncertainty of the PTA data is
substantial around there, so it does not significantly affect
the fit. Another thing to mention is the part below the
lowest frequency bin. This part is governed by the universal
IR scaling law ΩGW ∝ f3 [103]. As shown in the figure, it
is possible to find parameter values that let fb be at or
below the lowest frequency bin.
The case with Δ ¼ 1 has a broader spectrum.

Theoretically, there is no f2 scaling region. However,
the broad spectrum smoothly interpolates the universal
IR f3 scaling region and the peak, on which the spectrum
becomes locally flat (f0) by definition. Therefore, any
smooth broad spectrum contains a part that can be locally
approximated by fp with 0 ≤ p ≤ 3 and particularly a part
with p ≈ 2. Because of this, the PTA data can still be
fit well.
In this way, despite the fact that the f2 scaling has

limitations, the PTA data can be fit with Δ≲ 1. In Fig. 5,
we chose some representative values of Aζ and f�. So, let us
next explore more generic parameter space.
We study how the blue contours in Fig. 1 are modified

with finite values of Δ. To this end, we follow the analyses
by the NANOGrav and use PTArcade, a publicly available

FIG. 5. Comparison of the induced GW spectra. The param-
eters are chosen as follows: ðAζ; f�=Hz;ΔÞ ¼ ð0.04; 2 × 10−7; 0Þ
(sky-blue solid line), ð0.025; 1 × 10−7; 0.01Þ (orange dashed
line), ð0.025; 4 × 10−8; 0.1Þ (bluish green dot-dashed line), and
ð0.07; 6 × 10−8; 1Þ (reddish purple dotted line). The violin plot is
the same as in Fig. 3.

DETECTED STOCHASTIC GRAVITATIONAL WAVES AND … PHYS. REV. D 109, 063506 (2024)

063506-7



software [175,176] and a wrapper of ENTERPRISE
[177,178] and ceffyl [179]. We use the ceffyl mode to
reduce the computation time. Because of this choice, the
blue contours in Fig. 6 are slightly different from the counter-
parts in Fig. 1, which are taken from the NANOGrav
paper [101] and are based on the ENTERPRISE mode.
This systematic effect propagates to Fig. 7 below. The results
are shown in Fig. 6, which shows a comparison of the
favored regions in the parameter space ðAζ; f�Þ for fixed
values of Δ ¼ 0 (the delta-function limit), 0.01, 0.1, and 1.
The slope of a contour represents the parameter degeneracy
relation, which depends on the spectral slope of the GWs.
From the figure, we see that the orange contours of the very
narrow-width case Δ ¼ 0.01 align with the blue contours of
the delta-function case only within a limited range around
f� ∼ 10−7 Hz. This is because the f2 scaling is valid within
a finite range of frequency (see footnote 1) for 0 < Δ ≪ 1.
For larger values of Δ, the contours deviate more from the
delta-function case, but they are not far apart. To see the

impact of these changes, let us next study how these contours
are mapped onto the PBH parameter space.
Figure 7 shows a comparison of the favored regions in

the PBH parameter space characterized by M and fPBH.
The reason why the sky-blue solid lines deviate from the
blue solid lines in Fig. 2 is the difference between the
ENTERPRISE mode and the ceffyl mode, mentioned
above. Since the PBH abundance is extremely sensitive
on the power spectrum of the curvature perturbations while
the induced GWs are only quadratically sensitive, the
differences among the contours are expanded compared
to Fig. 6. The mass of the PBHs can be larger up to
Oð10−2ÞM⊙. If we focus on the parameter region with
cosmologically interesting abundance, say, e.g., fPBH >
10−5 in our calculation scheme, the PBHs are lighter than
several of 10−3M⊙. Thus, although the quantitative pre-
diction on the PBH mass and abundance can be shifted
from the delta-function case, our conclusion of the rel-
evance of subsolar-mass PBHs M ≪ M⊙ is intact with
finite width Δ of the power spectrum Pζ.
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