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We test the consistency of dark matter velocity distributions obtained from dark matter-only numerical
simulations with analytic predictions, using the publicly available Via Lactea 2 dataset as an example. We
find that, well inside the scale radius, the velocity distribution obtained from numerical simulation is
consistent with a function of a single integral of motion—the energy—and moreover is consistent with the
result obtained from Eddington inversion. This indicates that the assumptions underlying the analytic
result, namely, spherical symmetry, isotropy, and a static potential, are sufficiently accurate to govern the
coarse properties of the velocity distribution in the inner regions of the halo. We discuss implications for the
behavior of the high-velocity tail of the distribution, which can dominate dark matter annihilation from a
p- or d-wave state.

DOI: 10.1103/PhysRevD.109.063016

I. INTRODUCTION

The velocity distribution of particle dark matter (DM) in
(sub)halos is an important input to dark matter direct and
indirect detection searches. There are two main strategies
for studying this distribution: large N numerical simula-
tions [1–4], and analytic analyses of the phase space
distribution [5,6]. The advantage of simulations is that
they do not require the use of approximations, such as
spherical symmetry or isotropy,1 and incorporate the details
of the merger history. The advantage of analytic analyses,
apart from computational simplicity, is that they allow one
to learn broad lessons which apply beyond the details of an
individual simulation. Our goal in this work is to investigate
the extent to which the results of numerical simulations of
the dark matter velocity distribution match the general
predictions of analytic analyses.
The answer to this question has significant implications

for dark matter detection strategies. The connection
between the dark matter velocity distribution and direct
detection has been well studied [10]. For many dark matter
candidates, it is only the high speed tail of the DM
distribution which can deposit enough energy in the

detector to produce a recoil above threshold. Moreover,
the velocity distribution affects the annual modulation of a
direct detection signal [11]. The connection between the
DM velocity distribution and indirect detection has been
less well studied because, if the DM annihilation cross
section is velocity independent (the most commonly
studied scenario), then the annihilation rate will depend
only on the density distribution, not the velocity distribu-
tion. But there are a variety of particle physics models in
which the annihilation cross section is velocity dependent,
and in these cases, the astrophysical J factor which controls
the annihilation rate in any particular astrophysical target
will depend in detail on the velocity distribution [12–15].
For example, for models of p- or d-wave dark matter

annihilation, the dark matter indirect detection signal
receives an enhanced contribution from the annihilation
of particles in the high-speed tail of the velocity distribu-
tion. In numerical simulations, one finds that in any radial
shell, in simulations with baryons, the velocity distribution
is well fit by a Maxwell-Boltzmann distribution with an
exponential tail (see, for example, [16,17]). For dark
matter-only simulations, the Maxwell-Boltzmann distribu-
tion fit is still reasonable but not as robust [18,19]. More
generally, given the large uncertainties in these fits, it is
difficult to quantify how different the behavior of the
high-speed tail of DM-only simulations is from the
Maxwell-Boltzmann distribution. On the other hand, ana-
lytic analyses suggest that, under certain assumptions, the
high-speed tail falls off only as a power law near the center
of the halo (see, for example, [20,21]). Although the broad
features of these distributions are similar, the differences
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Eddington inversion, which we consider, there are other ap-
proaches which do not require this assumption (see, for example,
[7,8]). An axisymmetric approach has been considered in Ref. [9],
for example.

PHYSICAL REVIEW D 109, 063016 (2024)

2470-0010=2024=109(6)=063016(8) 063016-1 © 2024 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.063016&domain=pdf&date_stamp=2024-03-13
https://doi.org/10.1103/PhysRevD.109.063016
https://doi.org/10.1103/PhysRevD.109.063016
https://doi.org/10.1103/PhysRevD.109.063016
https://doi.org/10.1103/PhysRevD.109.063016


are significant. If the velocity distribution only falls off as a
power law, then the power-law enhancement of the cross
section in the case of p-/d-wave annihilation can compen-
sate, causing the indirect detection signal to be dominated
by the small fraction of particles in the high-speed tail. This
tail is much less significant if the velocity distribution
exhibits an exponential falloff at high speed. It is thus
important to know if the results of numerical simulations,
though well fit by a Maxwell-Boltzmann distribution, are
generally consistent with the predictions of analytic analy-
ses. Particularly since the high-speed tail is necessarily
relatively poorly sampled in numerical simulations, it is
helpful to know if analytic results for the asymptotic
behavior of the tail can be trusted. More generally, if the
results of numerical simulations are consistent with those of
analytic analyses, then credence is lent to the idea that the
approximations which underlie the analytic analyses are
sufficiently good.
In this work, we consider the publicly available results of

the Via Lactea 2 (VL-2) DM-only numerical simulation [3],
consisting of 105 particles randomly drawn from the 109

particles in their sample. We find that, for radial distances
less than half the scale radius, the velocity distribution
inferred from these particles is broadly consistent with being
a function of a single integral of motion—the energy. This is
the result predicted from analytic analyses, under the
assumptions of spherical symmetry, isotropy, and time
invariance. Although these assumptions are not exact,
deviations from these assumptions are apparently small
enough that they do not have a large effect on coarse features
of the velocity distribution in the inner regions of the halo.
More specifically, we find that the velocity distribution
obtained from VL-2 is consistent with the result obtained
from Eddington inversion. The consistency between
Eddington inversion and the results of numerical simulations
was also discussed, though more qualitatively, in Ref. [22].
We compare our approach and our results with theirs.
The plan of this paper is as follows. In Sec. II, we will

review results from an analytic analysis of the phase
distribution. We compare these to publicly available results
obtained from the VL-2 numerical simulation in Sec. III.
We conclude in Sec. IV.

II. ANALYTIC ANALYSIS OF THE PHASE
SPACE DISTRIBUTION

This discussion follows the results of several standard
texts (see, for example, [23,24]). In general, the velocity
distribution fðr⃗; v⃗; tÞ is a function of seven variables. We
begin with four initial assumptions:

(i) the DM velocity distribution (as well as the distribu-
tion of any baryonic matter) is spherically symmetric,

(ii) the DM velocity distribution (as well as the distri-
bution of any baryonic matter) is independent of
time,

(iii) each DM particle is subject only to central forces
which depend only on its radial position,

(iv) and the DM velocity distribution is isotropic
(optional).

If the only relevant forces are gravitational, then assump-
tions (i) and (ii) together imply assumption (iii). Although
this is the standard scenario, in the interests of generality,
we will retain (iii) as an independent assumption. Of
course, none of these assumptions will be exactly true.
We emphasize that numerical simulations, including VL-2
(see, for example, [25]), exhibit significant deviations from
these assumptions. Our goal will be to examine the
consequences of these assumptions, and compare the
resulting predictions to results from numerical simulations,
in which none of these assumptions are made.
Assumptions (i)–(iii) imply that the velocity distribution

is only a function of three variables: r, vr and v⊥, where
r ¼ jr⃗j, vr ¼ v⃗ · r̂, and v⊥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v⃗2 − v2r

p
. Moreover, these

three assumptions imply that each dark matter particle may
be thought of as moving under the influence of a single
time-invariant central potential. r⃗ and v⃗ are thus functions
of time and six integrals of motion.
Two integrals ofmotion determine the plane ofmotion, and

another determines the orientation of the orbit in the plane.
The remaining three are the energy, the magnitude of the
angular momentum, and a constant t0 which identifies the
time zero point. Spherical symmetry implies that f is
independent of the first three integrals of motion, and thus
is a function of only three variables, as expected. Liouville’s
theorem further implies that the phase space density is
invariant under time translation, so f is also independent of
t0. Thus, assumptions (i)–(iii) imply thatf is a functiononlyof
the energy and the magnitude of the angular momentum. If
assumption (iv) also holds, then f depends only on r and
v ¼ jv⃗j, or equivalently, f is a function of energy alone.
Given assumptions (i)–(iii), the density distribution is a

function only of r, given by

ρðrÞ ¼
Z

vescðrÞ

0

d2v⊥dvrfðr; vr; v⊥Þ;

¼ 2
ffiffiffi
2

p
π

Z ffiffi
2

p
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φð∞Þ−ΦðrÞ

p

0

dL
Z

Φð∞Þ

L2=2r2þΦðrÞ
dE

L
r2

×
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − L2

2r2 −ΦðrÞ
q fðE;LÞ; ð1Þ

where E and L are the energy and angular momentum per
unit mass, respectively. Φ is the gravitational potential, and

E ¼ 1

2
ðv2r þ v2⊥Þ þΦðrÞ;

L ¼ rv⊥;

vescðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðΦð∞Þ −ΦðrÞÞ

p
: ð2Þ
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If f is independent of L, then one may perform the integral
over L, yielding

ρðrÞ ¼ 4
ffiffiffi
2

p
π

Z
Φð∞Þ

ΦðrÞ
dE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E −ΦðrÞ

p
fðEÞ: ð3Þ

We can use these formulas to test if the velocity
distribution is determined by these two integrals of motion.
If assumptions (i)–(iv) hold, and f depends only on E, then
in any thin radial shell of volume dV, the number of
particles within the energy range ½E;Eþ dE� is given by

NðE; rÞ ¼ ½4
ffiffiffi
2

p
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E −ΦðrÞ

p
dE dV�fðEÞ: ð4Þ

Scaling out the factor in brackets, one can use the particle
count per energy bin in a numerical simulation to determine
fðEÞ for each radial bin.2 If f only depends on E, then these
functions will be identical, differing only in the range of
energies [from ΦðrÞ to Φð∞Þ] which are sampled in each
radial shell.
If only assumptions (i)–(iii) are good approximations,

then f will depend on E and L. The integral over L is then
nontrivial, and the rescaling above would not remove all
radial dependence. As a result, the functions fðEÞ found in
different radial bins would not agree. In that case, one
would use the particle count in radial bins and in bins of E
and L in order to determine fðE;LÞ, after rescaling by the
appropriate function of E, L andΦðrÞ found in Eq. (1). But
if even assumptions (i)–(iii) are not good approximations,
then f would not be expected to depend only on E and L. In
this case, even the functions fðE;LÞ obtained from the
particle counts in different radial bins would not agree.
In particular, if we derive the velocity distribution from

numerical simulation data in two nonoverlapping radial
bins, then these velocity distributions have support over
disjoint regions of phase space which are not related by
spherical symmetry, and are a priori independent. What
relates them is the fact that, given our assumptions, the
integrals of motion E and L remain constant as a particle
moves from one region of phase space to another. This need
not be true if assumptions (i)–(iii) do not hold, as energy or

angular momentum could be transferred from one particle
to another.

III. COMPARISON TONUMERICAL SIMULATION

We consider the Via Lactea 2 DM-only simulation [3],
consisting of 109 particles. If fit to a generalized Navarro-
Frenk-White (gNFW) profile of the form ρðrÞ ¼
ρs=½ðr=rsÞγð1þ r=rsÞ3−γ� [26], the best fit value for the
inner slope of the halo is γ ¼ 1.24, with a scale radius of
rs ¼ 28.1 kpc and a scale density ρs ¼ 0.0035M⊙=pc3.
The radius of convergence is 0.38 kpc, and is not expected
to affect our results. We use the 105 randomly selected
particles which have been made publicly available. Fitting
the enclosed mass of this subset of particles as a function of
radius to a gNFW profile with γ ¼ 1.24 yields χ2=d.o.f. ¼
0.56 (using nine radial bins extending between 0.05rs and
0.5rs). This indicates that the publicly available points do
indeed constitute a representative sample which may be
used to study the velocity distribution of this halo.
For simplicity, we use the dimensionless variable

r̃≡ r=rs. We focus on the region r̃ < 0.5, which lies well
within the scale radius, and for which we expect deviations
from spherical symmetry and isotropy to be relatively small
[25]. Understanding this region should give us a good
understanding of the dark matter velocity distribution in
the region of phase space most relevant for indirect
detection, as dark matter annihilation is concentrated in
the innermost regions of the halo, especially if the inner
slope is relatively steep.
We divide the range r̃ < 0.5 into 5 radial shells (A–E),

and in each, we estimate deviations from spherical sym-
metry and isotropy. In particular, we expand the density
distribution in spherical harmonics and compute the asso-
ciated expansion coefficients alm for l ≤ 1. We use the
definition alm≡ ½R dVρðr;θ;ϕÞYlmðθ;ϕÞ�=½

R
dVρðr;θ;ϕÞ�,

where both integrals are taken over the volume of the
radial bin. We also compute the anisotropy coefficient
β≡ 1 − ½hv2⊥i=2hv2ri�. We define the radial extent of each
region, and present the alm and β (with uncertainty)3 in
Table I. In each region, the anisotropy parameter β and the

TABLE I. The radial extent of each of the five regions considered, along with the alm (l ≤ 1) and β.

Region a00 a10 Re a11 Im a11 β

0 < r̃ < 0.1 (A) 0.28 0.0028 0.0095 0.0000198 0.04� 0.12
0.1 < r̃ < 0.2 (B) 0.28 0.01 0.01 0.0024 0.03� 0.08
0.2 < r̃ < 0.3 (C) 0.28 0.01 0.007 0.027 0.14� 0.05
0.3 < r̃ < 0.4 (D) 0.28 −0.005 0.008 0.02 0.16� 0.05
0.4 < r̃ < 0.5 (E) 0.28 0.001 −0.015 0.022 0.13� 0.04

2Assuming spherical symmetry and that all forces are gravi-
tational, ΦðrÞ ¼ GN

R
r
0 dxMðxÞ=x2, where MðrÞ is the mass of

the particles enclosed within radius r, and we have set Φð0Þ ¼ 0.

3Adopting standard propagation of errors, we use δβ ¼
hv2⊥i
2hv2r i ½

hv4r i−hv2r i2
Nhv2r i2 þ hv4⊥i−hv2⊥i2

Nhv2⊥i2
�1=2, where N is the number of particles

in the radial bin.
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dipole terms in the density distribution are relatively small,
though nonzero.
Note, however, that β is really a spherically averaged

measure of anisotropy. One generally finds, even well
within the cusp, that velocity ellipsoids tend to align with
the major axis of the halo [27] in many numerical
simulations, including VL-2 [28]. As a result, despite
the relatively small value of β, the assumption of isotropy
is at best a coarse-grained approximation.
We expect that the assumption of a static distribution

should be reasonable, at a coarse-grained level, because the
relaxation time is typically large when considering a self-
gravitating system. We can test this hypothesis by consid-
ering the parameter q ¼ 2ðPEkinÞ=ð−

P
F · rÞ, where the

sum is taken over all particles satisfying r ≤ rmax ¼ 24rs.
Note, the choice of rmax is dictated by the fact that, for
r > rmax, the enclosed mass no longer is a good fit to the
gNFW profile, indicating that one has reached the edge of
the halo. For a viralized system in equilibrium, one should
find q ¼ 1. Instead we find q ¼ 1.09, quantifying the
extent to which there are deviations from equilibrium.
We now investigate the extent to which the velocity

distribution in the range r̃ < 0.5 can be well represented as
a function of energy alone. We divide each region into two
subregions [denoted “1” (inner) and “2” (outer)] at the
radial midpoint.4 Within each region, we choose a common
energy binning for both subregions. In each subregion, we
then determine the velocity distribution fi in the ith energy
bin using the relation fi ¼ Ni=½4

ffiffiffi
2

p
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E −Φðr̃Þp

ΔEΔV�,
where Ni is the number of particles in that energy bin, ΔE
is the width of the energy bin, and ΔV is the spatial
volume of the subregion. Here, E is evaluated at the
midpoint of the energy bin, and Φðr̃Þ is taken to be
the average value of the potential over all particles in
the subregion, assuming that the density distribution
follows a gNFW form with γ ¼ 1.24. Note, we ignore
energy bins for which Eavg −Φavgðr̃Þ < 0. More generally,
because the scaling factor in Eq. (4) is averaged over the
energy and spatial bin, there will be associated binning
error in the resulting velocity distribution.
We then compare the values of fðEÞ in the two

subregions, to see if they are statistically consistent. The
standard deviation of fiðEjÞ in the ith radial bin and jth
energy bin is taken to be σij ¼ fiðEjÞ=

ffiffiffiffiffiffiffi
Nij

p
, where Nij is

the number of particles in the ith radial bin and jth energy
bin. We compare the values of fðEÞ in subregions 1 and 2
by computing χ2 ≡P

j½f1ðEjÞ − f2ðEjÞ�2=½σ21j þ σ22j�.
Our results for the five pairs of subregions are presented
in Table II. We generally find consistency, indicating that,
to a good approximation, the dependence of the velocity
distribution on r and v arises from the dependence of E on

both. Note that some particles within radial subregion A1
lie inside the radius of convergence (r̃ < 0.135). But owing
to the volume factor,<10% of particles in this bin lie inside
the radius of convergence, so including these particles does
not affect our results significantly.
Finally, we can compare the fðEÞ found in these ten

subregions to the analytic expression one would obtain
from Eddington inversion assuming a gNFW profile with
inner slope of γ ¼ 1.24. Essentially, Eddington inversion
amounts to inverting Eq. (3) with an inverse Abel integral
transform, allowing one to numerically solve for fðEÞ,
given an ansatz for ρðrÞ5:

fðEÞ ¼ 1
ffiffiffi
8

p
π2

Z
Φð∞Þ

E

d2ρ
dΦ2

dΦ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Φ − E

p : ð5Þ

For simplicity, we define the constant E0 ¼ 4πGNρsr2s , and
the dimensionless quantities Ẽ ¼ E=E0, f̃ ¼ f=ðρsE−3=2

0 Þ.
We plot f̃ðẼÞ in the ten subregions, along with the analytic
result (obtained using Eddington inversion for the case of a
gNFW profile with γ ¼ 1.25 [20]), in Fig. 1. The velocity
distribution obtained from VL-2 data is consistent with the
result obtained from Eddington inversion. Given this
consistency, there is little to be gained from attempting
to determine the dependence of the velocity distribution on
angular momentum, given this limited dataset.
We can compare these results to those of Ref. [22], which

compared the results of three (Milky Way-sized) numerical
simulations to the results of Eddington inversion, for both
DM-only scenarios and for runs including the effects of
baryons. Reference [22] also found general agreement
between Eddington inversion and the results of their
numerical simulations, for both DM-only runs and runs
including baryonic effects. In particular, Ref. [22] found

TABLE II. For each region A through E, the number of energy
bins used, and the χ2=d.o.f. between fðEÞ of the two subregions.
Note that the number of energy bins varies slightly from region to
region, because energy bins with Eavg −Φavgðr̃Þ < 0 are rejected.

Pair No. of energy bins χ2=d.o.f.

A1,A2 8 0.92
B1,B2 10 1.42
C1,C2 9 0.71
D1,D2 8 1.11
E1,E2 10 0.95

4For example, subregions A1 and A2 extend from 0 < r̃ <
0.05 and 0.05 < r̃ < 0.1, respectively.

5Note that, in general, the result obtained from Eddington
inversion depends on how the halo truncates, for example, at the
tidal radius. We consider Eddington inversion for an infinite
gNFW profile, for which the surface term is irrelevant. This is
expected to provide a good approximation to the velocity
distribution well inside the cusp, since only a very small fraction
of particles deep within the cusp will be energetic enough to reach
the edge of the halo.
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that Eddington inversion generally provided a better fit to
numerical simulation data than a Maxwell-Boltzmann
model. However, the consistency of numerical simulation
data with a velocity distribution dependent only on E is
only presented qualitatively in Ref. [22]. In particular, fðEÞ
is derived from radial bins which extend from well inside
the cusp to 104 kpc. At such large radii, the halo has
significant deviations from isotropy. As a result, for fixed
E, the values of fðEÞ found in Ref. [22] span more than 2
orders of magnitude. As no statistical uncertainties arising
from numerical sampling are provided, Ref. [22] can only
provide a qualitative statement of agreement between
numerical simulation and Eddington inversion.
Reference [22] does account for statistical uncertainty due

to numerical simulation when comparing the velocity dis-
tributions obtained from four radial bins to the predictions of
Eddington inversion.But again, they can only find qualitative
agreement in these four radial bins. Indeed, they find
χ2=d.o.f. significantly larger than 1. This may be related
to the fact that twoof four radial bins they consideredhad radii
comparable to or larger than the scale radius; if anisotropy is
important for those bins, then the velocity distribution would
not be expected to match the results of Eddington inversion.
Moreover, the Eddington inversion result itself was derived
from a fit to the density profile of the entire halo, including
regions at large r for which deviations from spherical
symmetry and equilibrium could be important.
By contrast, our results show much more quantitative

agreement, not only between the velocity distribution
derived from VL-2 data and that derived from Eddington
inversion, but also between the velocity distribution derived

from VL-2 data in different radial bins with each other. This
may be due to the fact that our method focused on fitting
the density and gravitational potential in the innermost
regions of the cusp, for which the approximation of a
velocity distribution which depends only on E is expected
to be better. A more detailed comparison of these results
would be an interesting topic of future work.
In this context, we note also that Eddington inversion

seems to yield a slight but systematic overestimate of the
velocity distribution for 0.4 < Ẽ < 0.6 and a similar under-
estimate of the velocity distribution for 0.7 < Ẽ < 1. In
particular, for these energies, the velocity distributions
obtained from different VL-2 radial bins are more consistent
with each other than they are with the result of Eddington
inversion. Of course, if the velocity distribution is truly a
function of energy alone, then it should be exactly equal to
the Eddington inversion result. But we have only focused on
the region of small energy, or equivalently, well within the
cusp. There are good reasons to believe that, even if
the velocity distribution is well described as a function of
E well within the cusp, it might depend nontrivially on L at
large distances. In this case, Eddington inversion may not
reproduce fðEÞ.
In particular, note that in Eq. (1), ρðrÞ is determined by

an integral over the range of E and L which are kinemat-
ically accessible at radial position r. If fðE;LÞ is largely
independent of L at small E, then Eq. (3) will be a good
approximation to fðEÞ at small E. On the other hand, the
inverse Abel integral transform in Eq. (5) determines fðEÞ
in terms of an integral over values of Φ (equivalently, r)
which are not accessible for a particle with energy E. If f is

FIG. 1. f̃ðẼÞ for ten radial bins from 0 to 0.5r̃s, with each bin of width 0.05r̃s, as labeled. Also plotted (dashed) is the analytic result
obtained from Eddington inversion [20], assuming γ ¼ 1.25.
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not a function of E alone everywhere, this inverse equation
need not exactly reproduce fðEÞ, even at energies for
which the velocity distribution is independent of L. Further
investigation of the slight discrepancy between fðEÞ
obtained from numerical simulation data and from
Eddington inversion, especially with a larger dataset, would
be an interesting topic for future work.

IV. CONCLUSION

We have compared the dark matter halo velocity distribu-
tion found in DM-only numerical simulations to analytic
predictions, using the publicly available Via Lactea 2 dataset
as an example.Wehave found them tobebroadly consistent in
the region lying well inside the scale radius. In particular, we
have found that the velocity distribution found in numerical
simulation iswell described as a functionof a single integral of
motion—the energy. This is consistent with analytic predic-
tions in the case in which the dark matter distribution is
spherically symmetric, isotropic and time invariant. More
specifically, the velocity distribution obtained from numerical
simulation data is a good fit to the result obtained from
Eddington inversion, well inside the scale radius.
Of course, there are certainly deviations from spherical

symmetry, isotropy and time invariance [28,29], and the
velocity distribution in a localized region will be significantly
affected by the recent merger history [30–32], etc. Such
deviations are especially important in the context of
direct detection experiments, for which experimental sensi-
tivity depends on the dark matter velocity distribution at a
particular location in the Milky Way halo. But our result
implies that deviations from these approximations do not
dramatically alter the broad features of the velocity distribu-
tionwhich one obtains from analyticmethods, when averaged
over sufficiently large scales. These features are more impor-
tant in the context of indirect detection,where one is interested
in dark matter annihilation within an entire halo or subhalo.
Deviations from spherical symmetry and time invariance

can certainly be important in the context of indirect detection
as well, particularly in relation to the formation and dis-
ruption of substructure [33–35]. We have not attempted to
consider this issue here, though it would be an interesting
topic of future work. However, we have considered the
application of our results to the case of dark matter annihi-
lation from a p- or d-wave initial state, for which the form of
the velocity distribution is important. In these scenarios, the
effect of substructure is expected to be relatively mild [36].
Because the p-wave annihilation cross section scales as

ðv=cÞ2, the contribution of the high-speed tail of the velocity
distribution is enhanced, and it becomes important to know
how strongly the velocity distribution is suppressed at high
speed. Since the tail of the distribution will be least well
sampled in a numerical simulation, it is helpful to be able
to gain intuition from analytic results. If the velocity
distribution is a function of energy alone, then within a
power-law cusp, the velocity distribution will generally fall

off only as a power of velocity [20], not exponentially (as
one would expect if the velocity distribution were Maxwell-
Boltzmann). To characterize the effect on p-wave annihi-
lation of using a velocity distribution derived from analytic
principles, as opposed to a Maxwell-Boltzmann distribu-
tion, it is sufficient to compute the velocity dispersion, hv2i
for each scenario, since the annihilation rate per volume in
the case of p-wave annihilation is proportional to hv2i [20].
We compare the result obtained from Eddington inversion
deep inside a cusp with γ ¼ 1.24 (where f can be well
approximated as power law in E) to a Maxwell-Boltzman
distribution normalized so that both distributions have the
same peak velocity. We find hv2iEdd=hv2iMB ¼ 4.16, indi-
cating that the exponential suppression of the high-speed tail
in the Maxwell-Boltzmann distribution has a significant
effect on the p-wave annihilation rate, As we find that
numerical simulation data is well described by the
Eddington inversion result, at least for DM-only simula-
tions, well inside the cusp, our results suggest that p-wave
annihilation may be significantly enhanced relative to
expectations from a Maxwell-Boltzmann distribution.
Indeed, these results suggest that for a dark matter halo

of gNFW form with γ ¼ 1.24 (as in the VL-2 halo), d-wave
annihilation [which scales as ðv=cÞ4] even within the cusp
is dominated by the most energetic particles, which explore
the entirety of the halo [20]. In this case, the total
annihilation rate is controlled by the shape of the gravi-
tational potential well outside the scale radius. These results
may also impact studies of direct detection for models in
which only the high-velocity tail can provide recoils which
are above threshold.
Our analysis has been performed only with the 105 VL-2

particle sample made publicly available. It would be
interesting to refine this analysis by applying it to a much
larger dataset. In such an analysis, the effects of anisotropy
may become noticeable, requiring one to consider a
velocity distribution depending on angular momentum as
well as energy. Moreover, it would be worthwhile to see if
the effects of deviations from spherical symmetry and
isotropy become more noticeable at larger distances. VL-2
is a DM-only simulation of a Milky Way-sized halo.
It would be interesting to extend this analysis to simulations
which include baryonic matter, and on different scales.
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