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Magnetic fields surrounding black holes are responsible for various astrophysical phenomena related to
accretion processes and relativistic jets. Depending on the source, the configuration of the field lines may
differ significantly, affecting the trajectories of charged particles and the corresponding observables.
Usually, the magnetic fields around black holes are modeled within a single source or current generating the
field. However, magnetic fields can have more than a single origin, being a combination of different fields,
such as, e.g., that of an accretion disk and external large-scale or Galactic ones. In this paper, we propose a
combined magnetic field solution given by the superposition of the uniform and Blandford-Znajek split-
monopole magnetic fields in a strong gravity regime of the Schwarzschild black hole. We show that when
the combined magnetic field components are aligned, the resulting field is of a paraboloidal jetlike shape.
Such a configuration is supported by relativistic jet observations and is often utilized in general relativistic
magnetohydrodynamical simulations. In the opposite orientation of the two field components, we observe
looplike field structures magnetically connecting the black hole with an accretion disk and the magnetic
null points, which can be related to the regions of magnetic reconnection. In the combined magnetic field
configurations, we analyze the dynamics of charged particles, study their stability conditions, and find the
locations of stable off-equatorial structures close to the symmetry axis. Finally, we consider an ionization of
Keplerian accretion disk as a particular scenario of particle scattering. From the numerical experiments, we
conclude that charged particles in the jetlike combination show a strong tendency to escape from the black
hole, which is not observed in the case of individual fields. In contrast, the looplike combination supports
accretion of charged particles into the black hole.

DOI: 10.1103/PhysRevD.109.063005

I. INTRODUCTION

Magnetic fields in regions of strong gravity play a crucial
role in the explanation of various high-energy phenomena
observed in black hole systems of different mass scales.

Among these phenomena are e.g., the formation and
collimation of relativistic jets [1] observed in active galactic
nuclei (AGNs) and other black hole systems, the generation
of high-frequency quasiperiodic oscillations (QPOs) from
microquasars and AGNs [2], acceleration of ultrahigh-
energy cosmic rays [3], among others.
The strength of the magnetic field around compact

objects can be estimated using different methods depending
on the type of object and properties of the surrounding
plasma. A typical magnitude of the magnetic field around
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supermassive black holes at the centers of many galaxies is
estimated to be around B ∼ 104 G [4]. This value refers
mainly to AGNs with visible relativistic jets. In contrast to
that, the Galactic center supermassive black hole Sgr A* in a
quiescent state is likely surrounded by an ordered magnetic
field, which is significantly weaker than in AGNs, being of
the order of ∼10–100 G [5,6]. For stellar mass black holes,
the strengths of the magnetic field can vary all the way from
mG for isolated black holes inside the Galaxy up to the
values of 108 G, typical for the nontransient binary systems
such as microquasars [7]. All these and other estimates
indicate that themagnetic field around black holes of various
masses in the astrophysical context is a test field, meaning
that it cannot alter the spacetime geometry. This condition
reads B ≪ BG ¼ 1019 G ×M⊙=M [8]. A field that satisfies
the test field condition, B ≪ BG, has a negligible effect on
neutral particles. However, for charged particles, the corre-
sponding Lorentz force influence can be considerably
large or dominant, as in the case of elementary particles.
For a relativistic particle of charge q andmassm, the ratio of
the Lorenz force to the gravitational force close to the black
hole can be represented by the following dimensionless
parameter

B ¼ jqjGMB
2mc4

: ð1Þ

This quantity can be quite large, even for weak magne-
tic fields due to the large value of the specific charge
q=m [9,10]. Therefore, in many cases, the influence of the
magnetic field on the motion of charged particles cannot be
neglected [11,12].
Many observed black hole candidates are surrounded by

accretion disks of conducting plasma. Depending on their
densities, shapes, dynamics, and stages of accretion, the
magnetic fields generated by the plasma can have different
configurations and strengths. Additionally, the magnetic
field around a black hole can also be of an external origin,
e.g., magnetic field of the Galaxy, or of a companion
neutron star as in the case of a binary system. Hence, the
final shape of the magnetic field can be somewhat more
complicated, being a combination of more than one field.
For the simplest approximation to the problem of black

hole magnetosphere, one can use the vacuum solutions of
the Maxwell’s equations in the curved background as a
starting point. Since the Maxwell’s equations are linear, one
can combine two or more different solutions and create a
new one. The first exact solution of Maxwell’s equations in
a curved background of a rotating black hole was obtained
by Wald [13]. It represents a solution of the vacuum
Maxwell equations for an asymptotically uniform magnetic
field, in which a Kerr black hole is immersed. The simple
and elegant form of the Wald solution allows one to study
various effects of electromagnetic fields on a charged
matter in the strong gravity regime analytically, although

ignoring collective plasma effects. Therefore, although the
Wald solution can serve as a good approximation to
describe external magnetic fields around isolated black
holes, it is not very suitable for the description of the black
hole magnetospheres generated by plasma accretion disks.
Shortly thereafter, Blandford and Znajek (BZ) in their
seminal work [1], investigated the plasma-filled black hole
magnetosphere described by force-free electrodynamics
and formulated the electromagnetic energy extraction
mechanism from rotating black holes. In this mechanism,
the magnetosphere around a slowly rotating Kerr black hole
is considered to be a split-monopole. In this configuration,
the magnetic field lines in the southern and northern
hemispheres go in opposing directions, which is where
the difference between the monopole and split-monopole
solutions lies. Therefore, the BZ split-monopole solution
does not require the presence of magnetic monopole
charges and does not violate the no-hair theorem.
Similar magnetic field configurations around the black
hole have been explored within relativistic magnetohydro-
dynamics (GRMHD) [14–16] or relativistic particle-in-cell
(GRPIC) [17,18] numerical simulations.
Despite this, the exact shape of the magnetosphere

around astrophysical black holes has not yet been properly
resolved. In realistic cases, one can expect that the final
form of the magnetosphere will result in a combination of
internal and external solutions. While the internal field is
strongly connected to the accretion processes, the external
field is independent of plasma properties in the black hole
vicinity, which can be, e.g., of a Galactic magnetic field, or
of a companion neutron star. Due to the linearity of
Maxwell’s equations of electrodynamics, the combined
field solution can be described as a superposition of the two
individual field potentials, so the resulting solution satisfies
the Maxwell equations.
In this paper, we study the effects of a combinedmagnetic

field given by a superposition of uniform and BZ split-
monopole solutions. As an exact solution of the Maxwell’s
equations in the curved Schwarzschild and Kerr black hole
spacetimes, the combined magnetic field has clear advan-
tages over the previously considered heuristic parabolic
black hole magnetosphere model [11,19]. In particular, we
focus on the influence of resulting field configurations on the
dynamics of charged matter. Close to the black hole, where
the effects of accretion processes are strong, we assume that
the magnetic field is dominated by the BZ split-monopole
solution [1]. At larger distances from the black hole, we
describe the external field using the homogeneous Wald
solution [13]. At large distances from the source of an
external magnetic field, in a finite region of space, the field
lines can be approximated to be nearly uniform.
Assuming an axial symmetry of the combined magnetic

field, we show that depending on the relative orientation of
the components, the resulting field can be of a paraboloidal
“jetlike” or of closed “looplike” shape. The former case is
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well-supported by numerical simulations and observations
of relativistic black hole jets. Observational studies of the
collimation of relativistic jets in M87 give evidence of the
parabolic shape of the jet closer to the formation zone and
transiting to the conical shape further away from the black
hole [19]. On the other hand, in the looplike configuration,
the magnetic field lines provide a direct magnetic con-
nection between a black hole and an accretion disk [20],
which can restrict particle escape and support the accretion.
In the looplike configuration, one can observe the existence
of magnetic null-points, which are essential for magnetic
reconnection.
We organize the paper as follows. In Sec. II we introduce

the combined magnetic field configuration in a spherically
symmetric Schwarzschild spacetime and discuss the prop-
erties of the new solutions. We show that the two solutions
can be combined in two qualitatively different ways, which
reminds either jetlike or looplike structures. In Sec. III, we
study the dynamics of charged particles, analyze the
effective potential, introduce equatorial and off-equatorial
orbits, and find the position of the innermost stable orbit. In
Sec. IV we consider the ionization of a Keplerian accretion
disk slightly tilted with respect to the magnetic field lines.
We show that the jetlike configuration supports the escape
of charged particles, while the looplike configuration
supports particle accretion into the black hole. Finally,
we give our concluding remarks and discuss the prospects
of combined field studies.

II. COMBINED MAGNETIC FIELD

We consider a black hole of a mass M described by the
Schwarzschild metric,

ds2 ¼ −fðrÞdt2 þ f−1ðrÞdr2 þ r2ðdθ2 þ sin2θdϕ2Þ; ð2Þ

where fðrÞ is the lapse function

fðrÞ ¼ 1 −
2M
r

: ð3Þ

Let the black hole be immersed into an external magnetic
field. Without specifying the shape of the field, we assume
that the field is stationary and axially symmetric, which
allows one to search the four-potential in the form of a
linear combination of the timelike and spacelike Killing
vectors ξμ [13],

Aμ ¼ C1ξ
μ
ðtÞ þ C2ξ

μ
ðϕÞ; ð4Þ

where C1 and C2 are constants. It should be noted that due
to the linearity of Maxwell’s equations, a corresponding
solution for combined independent field components can
be found as a simple superposition of the solutions to
individual fields. In this paper, we focus on a particular
combination of analytic solutions to the magnetic fields,

given by the superposition of the uniform and BZ split-
monopole magnetic fields, introduced below.

A. Magnetic field components

The four-vector potential for the uniform magnetic field
with an asymptotic value of the strength B and the field
lines orthogonal to the black hole’s equatorial plane in the
Schwarzschild metric has the only nonzero component

AU
ϕ ¼ B

2
r2 sin2 θ: ð5Þ

The uniform magnetic field can be interpreted as an
external large-scale magnetic field, whose source is located
outside and far away from the black hole, i.e., in the region,
where the field in a limited local space can be seen as
approximately homogeneous.
We combine an external uniform magnetic field with the

BZ split-monopole field proposed in [1]. It is important to
note that despite its name and in contrast to the classical
magnetic monopole, in the split-monopole case the con-
dition divB⃗ ¼ 0 is not violated, meaning that no magnetic
monopole charges are needed. For BZ split-monopole
magnetic field configuration, the nonvanishing component
of the four-vector potential takes the following form:

ASM
ϕ ¼ −Pj cos θj: ð6Þ

Note, that the classical magnetic monopole solution can be
recovered by dropping the modulus sign of cos θ in Eq. (6).
The difference between the monopole and split-monopole
solutions is in opposite directions of magnetic field lines in
the southern and northern hemispheres.ABZ split-monopole
configuration, which is originally derived from the force-
free plasma approximation [1], gives an idealized view of
magnetic field lines entering into the black hole’s horizon
through accreting plasma.
Finally, a combined solution of the two fields, given as a

superposition of (5) and (6) can be written in the form

AUþSM
ϕ ¼ B

2
r2sin2θ − Pj cos θj

≡ B
2
ðr2sin2θ − βj cos θjÞ; ð7Þ

where β ¼ 2P=B represents the relative ratio of the
strengths of the split-monopole and uniform magnetic
fields. The sign of β governs the relative alignments
of the two magnetic field configurations. If we fix
B > 0, then for β > 0, the magnetic field lines of both
uniform and split-monopole fields are aligned in the
same direction perpendicular to the equatorial plane of
the black hole. For β < 0, the magnetic field lines of
uniform and split-monopole fields are aligned in the
opposite direction. For β ¼ 0 we recover the uniform
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magnetic field solution (5), while when jβj ≫ jBj, or equi-
valently B ¼ 0, we obtain the split-monopole solution (6).
One can see the introduced two parametric B, P black

hole magnetosphere model (7) as the most simple expan-
sion of a generic magnetic field around a black hole into
spherical harmonic, where only zero (uniform) and first
(monopole) components are used. Both uniform and BZ
split-monopole components of the combined field Aμ and
their combinations satisfy Maxwell’s equations and do not
violate Gauss’s law for magnetism.
The orthonormal components of the magnetic field

vector B ¼ ðBr̂; Bθ̂; Bφ̂Þ, observed by the zero-angular
momentum observer (ZAMO) are given by

Bî ¼ ηijk

ffiffiffiffiffiffiffiffiffiffiffiffi
gjjgkk

q
Fjk; ð8Þ

where ηijk is a Levi-Civita tensor in three-dimensional
space. The nonvanishing orthonormal components of
magnetic field take the form,

Br̂ ¼ −B
�
cos θ þ Pj cos θj

r2 cosðθÞ
�
; ð9Þ

Bθ̂ ¼ B sin θ: ð10Þ

The square of magnetic field strength B as a function of
r and θ for the distant observer takes the form,

B2 ¼ B2 þ P2

r4
þ 2BPj cos θj

r2
; ð11Þ

the first term represents uniform MF, the second—
the monopole one, and the third term—its combined
contribution.

B. Jetlike and looplike configurations

In Fig. 1 we compare the magnetic field lines of the
uniform, split-monopole, and the superposition of these
two magnetic field configurations with a black hole at the

FIG. 1. Comparison of the magnetic field lines of homogeneous (upper left), Blandford-Znajek split-monopole (upper right), and their
superpositions. The magnetic field in the jetlike configuration (bottom left) corresponds to BP > 0, when the two fields are aligned in
the same direction, while the looplike configuration (bottom right) corresponds to BP < 0, when two fields are aligned in opposite
direction. The dark gray circle represents a black hole, the blue arrows indicate the magnetic field direction, and the black solid indicates
the contours of the magnetic field magnitude. The BZ split-monopole magnetic field configuration has to be supported by an electric
current sheet floating in the ϕ direction in the equatorial plane (horizontal red line). Red points located on the vertical axis in the looplike
configurations show the positions of the null points, where the magnetic field vanishes. The red dashed lines denote points where the
electromagnetic four-potential Aμ turns zero.
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center, as seen by an observer at rest at infinity. The
resulting superposed magnetic field configuration signifi-
cantly differs depending on the relative orientation of the
magnetic field components, i.e., the sign of β.
In the case with β > 0, that is, when the two field

components are aligned, the resulting combination is of a
paraboloidal shape. Such a configuration is well motivated
by the GRMHD and GRPIC simulations, demonstrating the
formation of the paraboloidal geometry of the magneto-
sphere around a black hole regardless of the shape of
an initial magnetic field or accretion configurations (see,
e.g., [14,15,17,21]). Moreover, the paraboloidal configu-
ration reminds us of the jet behavior observed in astro-
physical black hole systems [11,19]. Therefore, the case
β > 0 is astrophysically well motivated. Hereafter we call
this configuration “jetlike”. In Sec. IV we show that this
configuration is optimal for escaping charged particle
trajectories. One can see that the field lines close to the
black hole in the jetlike configuration extend from the black
hole to infinity, which can imply that the energy and
angular momentum from the black hole can, in principle, be
transferred to infinity along the narrow paraboloidal region.
This region also contains a surface of zero electromagnetic
potential, as indicated in Fig. 1, which corresponds to the
region with a minimal energetic boundary in the effective
potential of a charged test particle. One can expect that the
jetlike motion along magnetic field lines within this surface
is more favorable for charged particles.
The case with β < 0, where the uniform and BZ split-

monopole fields are pointing in opposite directions, forms
a configuration with closed field lines connecting the black
hole with an equatorial thin disk. Such a connection of an
event horizon with the accretion disk, if the black hole is
rotating, can lead to the energy extraction and subsequent
angular momentum transfer from the black hole to the
disk [22–24]. While in the mentioned works the magnetic
connection is achieved by the electric currents floating
on the inner edge of the disk, here we show that similar
field lines can be obtained without currents by a simple
combination of the two magnetic fields of opposite
directions. However, we leave the discussion of the
magnetic connection through a combination of magnetic
fields in the Kerr spacetime and subsequent energy
extraction to future work.
Superposition of the fields pointing in opposite direc-

tions also leads to the existence of magnetic null points in
the black hole vicinity, which play an important role as
particle acceleration sites for magnetic reconnection, if a
plasma is properly injected [25,26]. We mark these points
as red in Fig. 1. One can find the positions of the magnetic
null points taking derivatives from the right-hand side of (7)
with respect to r and θ, giving

Brsin2θ¼0; sin2θ

�
2r2þ β

jcosθj
�
¼0: ð12Þ

From the above equations, it follows that the magnetic null
points can exist only at the poles and be located at the
distance rNull from the black hole’s center given by

r2Null ¼ −
β

2
; ð13Þ

which is valid only in the case when β < 0. Moreover, to
have the magnetic null points outside the event horizon,
rNull > rg, one should have jβj > 2r2g, i.e., the BZ split-
monopole component of the combined magnetic field must
be sufficiently stronger (by about an order of magnitude)
than the external uniform magnetic field component. Such
a situation is actually plausible in astrophysical scenarios
since the magnetic field generated by the plasma dynamics
in the vicinity of a black hole is expected to be stronger
than the magnetic field of external origin. Another inter-
esting observation is that the two null points of the
considered configuration slightly differ from each other
by the directions of ingoing and outgoing magnetic field
lines, thus creating an asymmetry between the northern
and southern hemispheres. This may cause a difference
between the acceleration efficiencies in the magnetic
reconnection if plasma injected at the null points leads
to asymmetric or even unipolar ejection of relativistic jets,
as observed e.g., in [27].
The realistic values of the parameter β depend on the

astrophysical system considered. In jetted AGNs a typical
magnetic field strength at the event horizon scale of a central
supermassive black hole is expected to be around 104 G [4].
A typical equipartition strength of many spiral galaxies,
including our own, is around 10−5 G [28]. However, the
galactic fields,which inmany cases follow the galactic spiral
arms, are amplified toward the center [28,29]. Thus, if the
galactic magnetic field is the only source of the external
field, the ratio of the internal to external magnetic field
components can be rather large, reaching β ¼ 107–109. In
the case of the Galactic center supermassive black hole
SgrA* with a magnetic field around 10 G [6], one gets the
parameter βSgrA� ¼ 104–106. However, the situation can
change significantly for binary black hole systems. In a
certain separation distance between the two components of
the binary, the primary black hole can be immersed into the
magnetic field of the companion object. If the companion
object is a neutron star, as in the case of black hole
microquasars, the external field may start to dominate the
internal field of the black hole accretion disk, leading to
β < 1. However, such a situation is likely to be observed at
the final stages of the binary evolution. Thus, the parameterβ
can have a wide range of values from ∼1 to 109.
It is important to note, that for larger β, e.g., β ∼ 109, the

shape of the field lines is essentially the same, as e.g., in
Fig. 1 shown for β ∼ 102. The whole picture for larger β
will just be rescaled to larger distances, given by the factor
of

ffiffiffiffiffiffiffiffi
β=2

p
, as now the transition from the split-monopole to
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the uniform field will appear at larger radii, but the
configurations of the combined fields will not change.
For example, according to Eq. (13) and Fig. 1, the null-
points located at the poles at rNull ≈ 7.1 for β ¼ 100;
essentially the same shapes of the field lines can be
obtained for β ¼ 109 with rNull ≈ 2.2 × 104, where the
axes are rescaled by the factor of

ffiffiffiffiffiffiffiffi
β=2

p
∼ 3.1 × 104.

Therefore, the results presented in the article for particular
values of β > 1 are equally valid also for larger values of
the parameter β.
One can see that both field configurations obtained from

the combination of uniform and BZ split-monopole mag-
netic fields can be astrophysically relevant in various
scenarios involving black holes. Regarding AGNs with
supermassive black holes at their centers, while the jetlike
configuration can apparently be related to the jet formation
scenarios of radio-loud AGNs, the looplike configuration
can be related to radio-quiet AGNs, where energy release
occurs without apparent jets [30]. The possible connection
of the two AGN types and their regimes of energy emission
with the role of an external magnetic field component
in relation to the internal magnetic field of the source
needs further investigation, which is beyond the scope of
this paper.

III. DYNAMICS OF CHARGED PARTICLES

A. Equations of motion

In this section, we explore the dynamics of a charged test
particle in combined uniform and BZ split-monopole
magnetic fields around a Schwarzschild black hole. The
equation of motion of a particle with a charge q and massm
is given by the Lorentz equation,

m
Duμ

dτ
¼ qFμ

νuν; ð14Þ

where D denotes a covariant derivative, uμ is a four-
velocity of a test particle satisfying the condition
uμuμ ¼ −1, τ is the proper time of the particle, and Fμν ¼
Aν;μ − Aμ;ν is the antisymmetric Faraday tensor of electro-
magnetic field.
The Lagrangian density for the charged particle motion

is given by

L ¼ 1

2
gμν

dxμ

dτ
dxν

dτ
þ q
m
Aμ

dxμ

dτ
: ð15Þ

Since (15) does not depend explicitly on t and φ variables,
these two symmetries give rise to two integrals of motion,
namely the total energy and the canonical angular momen-
tum, respectively

E ¼ fðrÞ dt
dτ

; ð16Þ

L ¼ r2sin2θ
dϕ
dτ

þ Bðr2sin2θ − βj cos θjÞ: ð17Þ

Here we use specific energy E, specific axial angular
momentum L

E ¼ E
m
; L ¼ L

m
; ð18Þ

and magnetic field parameters B, β, e,

B ¼ qB
2m

; e ¼ qP
m

; β ¼ e
B
; ð19Þ

which reflects a relative relationship between Lorentz and
gravitational forces, see discussion of Eq. (1).

B. Effective potential

Using the normalization of the four-velocity, one can
find the effective potential in the form

Veff ≡ Veffðr; θÞ

¼ fðrÞ
�
1þ

�
L − Bðr2sin2θ − βj cos θjÞ�2

r2sin2θ

�
: ð20Þ

In general, the Lorentz force acting on the charged particle
moving around black hole in external magnetic field can be
either attractive or repulsive with respect to the gravitational
force [8]. Since a combination ofmagnetic field components
gives two different configurations, in total one can distin-
guish four qualitatively different types of motion. If β <
r2 sin2 θ=j cos θj the attractive Lorentz force (i.e., directed
towards the black hole) is obtained forL > 0;B < 0, which
is also equivalent to L < 0;B > 0 due to above-mentioned
symmetry. Inversely, the repulsive Lorentz force (i.e.,
directed outward from the black hole) is obtained for
L > 0;B > 0, or equivalently for L < 0;B < 0. On the
other hand, if β > r2 sin2 θ=j cos θj, we have an inverse
situation, so that the attractive Lorentz force is obtained for
L > 0;B > 0, or equivalently to L < 0;B < 0 and the
repulsive Lorentz force is obtained for L > 0;B < 0, or
equivalently for L < 0;B > 0. In general, one can distin-
guish the following three situations:

(i) − attractive Lorentz force, Br2 sin2 θ < Bβj cos θj;
(ii) þ repulsive Lorentz force, Br2 sin2 θ > Bβj cos θj;
(iii) 0 null configuration, r2 sin2 θ ¼ βj cos θj.

Since r and θ are dynamical parameters, while B and β are
fixed, in a conservative system (withE andL conserved), it is
possible to find the trajectory, along which the Lorentz force
changes direction. This is a distinguishable feature of the
combinedmagnetic field that cannot be observed in the case
of individual field configurations [10,31]. Due to such
symmetries of the effective potential and without loss of
generality, hereafter, we fix L > 0, while the magnetic
parameters B and β can be positive or negative.
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The effective potential (20) shares the background
symmetries of the spacetime metric and those of the
superposition magnetic field. It is independent of the
coordinate ϕ and diverges at the event horizon r ¼ 2M.
We exclude the regions of the horizon and divergent points
from our considerations; the effective potential is positive
everywhere outside the horizon. Due to background sym-
metries, we focus on the region θ∈ ð0; π=2Þ, which allows
us to remove the modulus sign appearing due to the BZ
split-monopole solution in the considered region. In Fig. 2
we plot the effective potential as a function of r for the
positive and negative values of the magnetic field. We plot
the effective potential as a function of Cartesian coordinates
x − z in Fig. 2. For that, we use the coordinate conversion,

x¼ rcosϕsinθ; y¼ rsinϕsinθ; z¼ rcosθ; ð21Þ

which is a standard transformation.
The effective potential represents an energetic boundary

given by

E2 ¼ Veffðr; θÞ: ð22Þ

The stationary points of Veffðr; θÞ, defining maxima or
minima, are given by the derivatives,

∂rVeffðr;θÞ¼ 0; ∂θVeffðr;θÞ¼ 0: ð23Þ

These equations read explicitly in the following form:

Mr2−2FBr2ðr−2MÞ−F2ðr−3MÞ
sin2 θ

¼ 0; ð24Þ

F

��
r2B þ Lþ βBj cos θj

sin2θ

�
cos θ þ βB

j cos θj
�
¼ 0; ð25Þ

where

F ¼ L − Bðr2 sin2 θ − βj cos θjÞ: ð26Þ

In contrast to the homogeneous magnetic field case [10], in
the combined magnetic field the effective potential has
minima also outside of the equatorial plane. Further, we
study the orbital motion of charged particles, including off-
equatorial conditions.

FIG. 2. An example of the effective potential as a function of x, z for different B and β ¼ e=B parameters. The left panel for jetlike
configuration shows the existence of a single minimum corresponding to a stable orbit at the equatorial plane. The right panel for the
looplike configuration shows the existence of the off-equatorial minima with corresponding off-equatorial stable orbits. The effective
potential Veffðx; zÞ will have a “ridge” in the equatorial plane (z ¼ 0) in a looplike configuration, which will lead to the formation of two
minima, one above and one below the equatorial plane.
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C. Equatorial and off-equatorial orbital motion

Equatorial motion with θ ¼ π=2 in a combined magne-
tic field (7) reduces to the motion in the uniform magnetic
field (5), due to the vanishing of the BZ split-monopole
field component at the equatorial plane. Such a motion has
been studied in detail in the past (see, e.g., [10]).
Due to the presence of a homogeneous component in the

superposition field, the motion of the charged particle is
always bounded in the radial direction around the equato-
rial plane θ ¼ π=2, due to the term B2r2 appearing in the
limit of r → ∞ in the equatorial region [10]. Therefore,
charged particles in the superposition magnetic field can
escape from the black hole only in vertical directions, i.e.,
along the magnetic field lines, as expected.
On the other hand, the effective potential has more than

one extremum in θ, given by (25), which implies that stable
circular orbits can exist in both the equatorial and off-
equatorial planes. From (25) it follows that cos θ ¼ 0,
leading to the equatorial orbits with θ ¼ π=2. Another
solution of (25) can be obtained by equalizing parentheses
to zero, which leads to the cubic equation in j cos θj,

ðjcosθoff j3− jcosθoff jÞr2B− jcosθoff jL−Bβ¼0: ð27Þ

The above equation has the only real root, that is

j cos θoff j ¼
H2=3=r2B þ 121=3ðr2B þ LÞ

181=3J1=3
; ð28Þ

where

H¼ 9r4B3βþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3r6B3

�
27r2B3β2−4ðr2BþLÞ3�q

: ð29Þ

The analytical solution of obtained equation is nontrivial,
however at the regions close to the equatorial plane, one
can find the following approximate solution for the off-
equatorial stable orbits:

j cos θoff j ≈ −
βB

r2B þ L
: ð30Þ

Since the right-hand side of this equation must be positive,
it puts restrictions on the signs of B and β for given L.
Obviously, the existence of the off-equatorial orbits is due
to the contribution of the BZ split-monopole magnetic
field [31], since such orbits cannot exist in the pure
uniform magnetic field case [10]. In a pure BZ split-
monopole case (without uniform magnetic field compo-
nent), the condition for the existence of the off-equatorial
stable orbits is Bβ < 0, while for Bβ > 0 stable orbits can
exist only at the equatorial plane. In a superposition
magnetic field, the situation is slightly different. For
L > 0 (we are free to choose the sign of angular momen-
tum, due to the spherical symmetry of the black hole), to
hold j cos θoff j > 0, one may have the following three
conditions:

(i) β < 0, B > 0;
(ii) β > 0, B < 0, L > jr2Bj;
(iii) β < 0, B < 0, 0 < L < jr2Bj.

Since the sign of the magnetic parameter B depends on
both the sign of the particle’s charge and magnetic field
direction, while β is independent from the sign of the

FIG. 3. Positions of stationary points of the off-equatorial effective potential Veffðx; zÞ in x–z plane for various values of the magnetic
field parameters. One can see that the off-equatorial circular orbits can exist in both jetlike and looplike configurations. With increasing
the split-monopole parameter e, the off-equatorial stable orbit shifts further away from the black hole. In the jetlike configuration
(Be > 0) the change of the off-equatorial orbit is monotonic, while in the looplike configuration (Be < 0) there always exists a
maximum distance from the equatorial plane. Due to the symmetries of the effective potential, discussed after (20), in the chosen L > 0
case, the circular orbits exist above the equatorial plane for e < 0 while below the plane for e > 0. There are no circular off-equatorial
orbits below the photon orbit r < 3.
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charge, one may have all three situations in either com-
bination of the two field lines.
Angular momentum at a circular orbit is then given by

Lc:o:¼−B
�
βjcosθjþMr2 sin2θ

r−3M

�

�rsinθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2B2 sin2θðr−2MÞ2þMðr−3MÞ

p
r−3M

; ð31Þ

corresponding to both equatorial and off-equatorial orbits,
in which j cos θj is either zero (for equatorial orbits), or
given by (28) (for off-equatorial ones).
In Fig. 3, we show the locations of stable circular orbits

around a black hole in a combined field for various
magnetic parameters. Both jetlike and looplike configura-
tions have off-equatorial plane minima.
The motion of charged particles in a combined magnetic

field is always bounded in the r direction, due to the B2r2

term present in the effective potential (20). However, the
motion can be open in the vertical z direction if allowed by
the energetic boundary condition (22). Thus, the charged
particles can escape to infinity along the z-axis if the
particle’s energy is large enough

E ≥ EflatðminÞ ¼
	
1 for B ≥ 0;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4BL

p
for B < 0;

ð32Þ

where EflatðminÞ defines the minimum energy of the charged
particle at infinity; see Fig. 4. At the equatorial plane, z ¼ 0
and at infinity z → ∞ the BZ split-monopole component
vanishes, making the energetic escape condition in the
combined field the same as in the case of the uniform
magnetic field [10]. In Fig. 5 we show examples of the off-
equatorial trajectories of charged particles in jetlike and
looplike configurations.

D. Innermost stable circular orbits
and generic trajectories

One of the most important characteristics of particle
motion in general relativity is the presence of the innermost
stable circular orbit (ISCO), below which all orbits are
unstable. In a pure Schwarzschild black hole case (without
magnetic field), the ISCO is located at r ¼ 6M. When
electromagnetic interaction is taken into account, the ISCO
may shift towards or outward from the black hole depending
on the chosenmagnetic field configuration and the direction
of theLorentz force [8,32]. The ISCO radius at the equatorial
plane, rπ

2
ISCO is located closer to the black hole than the

corresponding last stable off-equatorial orbit roffISCO. Since
in the equatorial plane, the BZ split-monopole component
of the magnetic field vanishes, the ISCO is actually given
by the relation corresponding to the uniform magnetic field
case [10]. The ISCO in a general plane can be found by using
the second derivative of the effective potential,

FIG. 4. The horizontal x cross section of the effective potential Veffðx; zÞ for different vertical values z. A particle can escape to infinity
if its energy satisfies the condition (32).
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d2Veff

dr2
¼ 0 ¼ B2

�
2βj cos θj

r3

�
4þ 3βðr − 4Þj cos θj

r2sin2θ

�

þ 2sin2θ
�
þ 4BβL

r3

�
3βðr − 4Þj cos θj

r2sin2θ
þ 2

�

þ 2

r3

�
3L2ðr − 4Þ
r2sin2θ

− 2

�
: ð33Þ

Substituting here θ ¼ π=2 and L ¼ Lc:o: from (31) one gets
the equation for the ISCO radius,

6 − r − 2B2rð2r3 − 9r2 þ 8r − 12Þ
þ 2Bðr − 6Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2r2ð5r2 − 4rþ 4Þ þ 2r

q
¼ 0: ð34Þ

Solving the above equation with respect to r gives the ISCO
radius at the equatorial plane, which as expected, coincides
with the results of [10]. We plot the dependence of the
ISCO on positive and negative B, corresponding to the
repulsive and attractive Lorentz force in Fig. 6.
In general, the fate of a charged particle is defined by the

initial conditions and the corresponding effective potential,
which allows one to separate bounded, escaping, and
collapsing orbits in parameter space. In Fig. 7 we show
some interesting examples of collapsing (first row), escap-
ing (second row), and bounded (third row) trajectories in a
combined magnetic field of jetlike configuration. Similar
fates of particles can obviously be observed in the looplike

configuration, too. Since the looplike configuration can
have magnetic null points, it is interesting to study the
behavior of charged particles in the vicinity of such points.
In Fig. 8 we plot the example of charged particle trajecto-
ries around the null points in the looplike configuration.
However, in the Schwarzschild case, no special behavior of
the particle is observed around the magnetic null points.

FIG. 5. Examples of two perturbed off-equatorial stable orbital trajectories (blue lines) around Schwarzschild black hole (gray circle)
in the jetlike (first row) and looplike (second row) magnetic field configurations (thin gray lines). The energetic boundary of the particle
is shown by the dashed black lines. Due to the presence of an attractive Lorentz force in the jetlike configuration, the orbital motion in
the ϕ-direction is much faster than in the looplike configurations, where one can even see retrograde curls due to the existence of a
repulsive Lorentz force. The positions of the off-equatorial orbits are plotted in Fig. 3.

FIG. 6. Radial position of the effective potential minima at the
equatorial plane as a function of uniform magnetic field param-
eter B [10]. The BZ split-monopole component of the magnetic
field β (e) vanishes at the equatorial plane and has no influence on
the radial stability of the circular equatorial orbit, although having
a strong effect on the vertical stability as can be seen from Fig. 2.
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From an analysis of trajectories, one can extract impor-
tant information on the role of magnetic field configuration
on the fate of the particle. In the next section, we will show
that the jetlike combination of magnetic fields supports
escape trajectories of charged particles, while the looplike
configuration more likely supports accretion into the
Schwarzschild black hole.

IV. IONIZED KEPLERIAN DISKS

In this section, we consider the ionization of particles
from Keplerian accretion disk orbiting a Schwarzschild
black hole in the presence of a combined magnetic field. In
realistic astrophysical situations, a black hole accretion disk
is expected to be fully ionized due to the very high
temperature and density of the accretion flow, satisfying
the global neutrality condition. Due to the quasineutrality
of the plasma, the angular momentum of an accretion disk
is governed by neutral circular geodesics. However, at the
edges of an accretion disk, one can always expect some

individual particles to be separated from the main accretion
flow. Such a charge separation can be caused by various
factors and is not statistically excluded. In these cases, the
charged particles, initially following neutral geodesics
within the accretion flow, after separation could start
feeling the electromagnetic forces and be governed by
the Lorentz equation. Depending on the strength of the
electromagnetic interaction and initial conditions, the
charged particles can form low-density bounded structures
above the disk (similar to Earth’s radiative belts) or escape
to infinity if their energies are large enough.
Moreover, in a hot and dense accretion plasma, the

processes of nucleosynthesis can occur [33], which include
the production of neutrinos, electron-positron pairs, neu-
trons, and heavier nuclei. For example, free neutrons can be
produced in the accretion torus in processes pþ e− →
nþ νe and pþ ν̃e → nþ eþ [34], for the temperature and
density being ∼1011 K and > 1010 g cm−3, respectively.
Subsequent decay of neutrons in beta decay n→pþe−þ ν̃e
is the ionization mechanism, in which the ionized particle

FIG. 7. Examples of charged particle trajectories around black hole in a combined magnetic field of the jetlike configuration
corresponding to the capture by black hole (first row), escape to infinity along the magnetic field lines (second row), and the trapped
oscillatory state (third row).
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starts its motion from the initial conditions of neutral
geodesics. This scenario has recently been considered in
themodel of acceleration of ultrahigh-energy cosmic rays by
a magnetized rotating Kerr black hole [3].
We assume that the disk is very slightly tilted with

respect to the equatorial plane, which is orthogonal to the
magnetic field lines at the poles. Studying the ionization
mechanism and behavior of ionized particles near a black
hole is important in the context of particle acceleration
and energy extraction scenarios [35,36], although here
we restrict ourselves to the nonrotating neutral black
hole case, where no energy is available for extraction.
We consider a simple ionization model with conserved
mechanical momenta of particles before and after ioniza-
tion. However, the canonical four-momenta of particles
after ionization get additional contribution due to inter-
action with electromagnetic four-potential. Since in the
combined magnetic field the only nonzero component of
the four potential is Aϕ, the energy of a particle before and
after ionization remains conserved, while angular momen-
tum modifies. This model was proposed and studied in
detail in [37,38] for the uniform magnetic field case as a
particle acceleration scenario.

A test particle inside the Keplerian accretion disk at the
radius r0 inclined with an angle θ0 with respect to the
chosen equatorial plane has an energy and angular momen-
tum given by

EðIÞ ¼
r0 − 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − 3r0

p ; LðIÞ ¼
r0 sin θ0ffiffiffiffiffiffiffiffiffiffiffiffi
r0 − 3

p : ð35Þ

Initial conditions for the particle are given by

xα ¼ ðt; r; θ;ϕÞ ¼ ð0; r0; θ0; 0Þ; ð36Þ

uα ¼ ðut; ur; uθ; uϕÞ ¼ ðE; 0; 0;LÞ: ð37Þ

After ionization the particle starts to feel external magnetic
field and angular momentum has to be modified as follows:

LðIIÞ ¼ LðIÞ þ Aϕðr0; θ0Þ; EðIIÞ ¼ EðIÞ; ð38Þ

while energy remains unchanged since there is no scalar
potential present in the chosen combined field solution in
the Schwarzschild metric. Ionized particles from the
Keplerian disk can now flow chaotically along magnetic

FIG. 8. Charged particle motion around magnetic null points. We chose the magnetic parameters for the looplike configuration to be
B ¼ 1, e ¼ −100 ðβ ¼ e=B ¼ −100Þ, hence the magnetic null point is located at rnull ¼ 5

ffiffiffi
2

p
≐ 7.07. For the four presented

trajectories, we keep the same angular momentum L ¼ 100.059 and initial position r0 ¼ 7 at different inclinations of θ0. Keeping the
sameLmeans that the shape of the effective potential Veffðr; θ;LÞ is the same in all cases, and a change in θ0 will only elevate the energy
of the charged particle revealing different energy boundaries for particle’s trajectory from Eq. (22). Then the off-equatorial minimum is
located at r ¼ 7; θ ≐ 0.168. In the first column, we show the particle oscillating around the off-equatorial minimum, in the second
column the particle is at the circular off-equatorial orbit, in the third column the particle is captured by the black hole, and in the fourth
column, it escapes to infinity along the vertical z-axis. The magnetic null point is not a barrier for charged particle dynamics, as the
charged particles move along the magnetic field lines.
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field lines, oscillate around a circular orbit, or be caught by
the black hole.
Considering the ionization of neutral particles at differ-

ent points of the Keplerian accretion disk orbiting the
Schwarzschild black hole in the presence of a combined
magnetic field, we illustrate the behavior of ionized

particles in Figs. 9–11. In Fig. 9 we demonstrate the
particle ionization effect in both a pure BZ split-monopole
and uniform magnetic field components, comparing them
with the neutral particle motion. In Figs. 10 and 11, since
we agreed above to use L > 0, while the parameter e is
positive in Fig. 10 and negative in Fig. 11, due to

FIG. 9. Ionization of particles from thin Keplerian disk generated by a set of test particles on circular obit with different radii, here
denoted by a different color. Before ionization, we can see just a slightly inclined (θ ¼ 1.5) accretion disk (left figure). After the
ionization in a pure BZ split-monopole (middle figure) the charged particles will follow a radial magnetic field creating a wavelike
pattern, while after the ionization in a pure uniform MF (right figure), the particle will orbit a vertical magnetic field line creating curled
trajectories around black hole, which is depicted as a gray sphere. The inner edge of the Keplerian disk (black dashed circle) is
determined by the neutral test particle ISCO, r ¼ 6.

FIG. 10. Evolution of thin Keplerian accretion disks around Schwarzschild BH immersed into the combined magnetic field with the
BZ split-monopole parameter e ¼ Bβ ¼ 100. Colors indicate particles with different initial conditions and are intended to better
visualize individual trajectories. Initially, the particles follow circular geodesics with L > 0 and inclination from the equatorial plane
θ0 ¼ 1.5, while the magnetic field is directed along the vertical axis. The cases with B < 0 correspond to the looplike, while B > 0 to the
jetlike magnetic field configurations. B ¼ 0 corresponds to the BZ split-monopole field without an external uniform magnetic field
component. The black dashed circle indicates the ISCO for a neutral particle and the inner edge of the Keplerian accretion disk. One can
notice that ionized particles in the jetlike magnetic field configurations tend to escape the black hole more than in the looplike
configuration.
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symmetries discussed in Sec. III B, the two figures re-
present all four qualitatively different types of orbits
differing in the direction of the Lorentz force, for each
jetlike and looplike magnetic field configuration.
Perhaps the most important observation from Fig. 10 is

that regardless of the direction of the Lorentz force, the
most plausible configuration for escaping charged particle
trajectories is the jetlike magnetic field combination,
specifically when β≡ e=B > 0, i.e., when the two mag-
netic field components are aligned. Note that since the
energy of an ionized particle is conserved according to (38),
the escape trajectories cannot extend to infinity. Despite
that, simulations of particle ionization at different distances
from black hole in a combined magnetic field show a
tendency to escape trajectories only in the jetlike configu-
ration. Such tendencies are likely caused by the combina-
tion of magnetic field lines since they were not observed in
the past in similar settings for individual magnetic field
configurations [12].
In contrast to the jetlike combination, in the looplike

configuration, when the two magnetic field components are
pointing in opposite directions, we see that the ionized
particles tend to either fall into the black hole or oscillate in
the black hole vicinity in a quasibounded state. In this
combination, almost no escape trajectories are observed.
Since the combined field lines form loops connecting thedisk
with the black hole, while charged particles follow magnetic
field lines, one can conclude that the looplike configuration
supports accretion of charged particles into the black hole.
One can also note that the escaping tendency in

the jetlike configuration is stronger when both field

components are of comparable strengths. In other words,
as shown in Fig. 11 for very large e and small B, the
trajectories in the looplike configuration are similar to the
looplike case, and no escaping tendency of charged
particles is observed. This is simply due to the fact that
in such cases the resulting field is mainly of a BZ split-
monopole shape since the uniform component is too
weak to considerably affect the combined field’s shape.
Therefore, a strong jetlike effect of charged particle
trajectories requires the following condition:

B>1; 1<β<103; ð39Þ

which is well-fulfilled in realistic astrophysical situations.
The process of neutral particle ionization can be con-

sidered as a special case of a more general process of
particle scattering, where the particle’s momenta are
changed along with its charge. In this section, we aimed
to explore whether the ionized particles have preferred
types of motion in the combined magnetic field and
whether the particle trajectories form any structures in
the black hole’s neighborhood, where the ionized particles
are more likely to be found. Such structures, full of ionized
particles, are plotted in Figs. 12 and 13 and in some sense
remind of the Van Allen radiation belt formed in the Earth’s
dipole magnetic field.
As mentioned above, the use of the Schwarzschild metric

does not allow the charged particles to gain energy through
the considered ionization mechanism. Therefore, it is
interesting to study similar processes in a combined
magnetic field around a rotating Kerr black hole, where

FIG. 11. Ionization of a thin Keplerian disk for various BZ split-monopole parameter e. We keep the external uniform magnetic field
the same B ¼ 0.1. For large values of the parameter e ¼ �1000we see that the ionized particle is just circling around the radial magnetic
field line. See Figs. 9 and 10 for additional information.
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the energy extraction mechanisms can take place. However,
we leave these studies in the Kerr case to future work.

V. SUMMARY AND CONCLUSION

The structures of magnetic fields around astrophysical
black holes have not yet been properly resolved. In some
regions with relatively higher mass density, the magnetic
field is expected to have a quite complex character due to

turbulent processes inside the surrounding plasma. Yet, in
predominantly dilute regions, like those outside an accre-
tion disk, the field lines can be of regular and even extended
large-scale shape, which is supported by polarimetric
observational studies related to various astrophysical black
hole candidates and their relativistic jets [19]. However,
even in those cases, modeling realistic magnetic field lines
in a strong gravity regime remains challenging. Usually, the
black hole magnetosphere is modeled by a single magnetic

FIG. 12. Probability to find charged particles in combined black hole magnetosphere after the ionization of the Keplerian accretion
disk. Avisual representation of the density of particle trajectories in a restricted axially symmetric phase space is an analog of Van Allen
radiation belts for black holes. This figure uses the same initial conditions as in Fig. 10.

FIG. 13. Probability to find charged particles in combined black hole magnetosphere after the ionization of the Keplerian accretion
disk. Avisual representation of the density of particle trajectories in a restricted axially symmetric phase space is an analog of Van Allen
radiation belts for black holes. This figure uses the same initial conditions as in Fig. 11.
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field source, either related to an accreting plasma or to the
field of external origin (e.g., that of a companion neutron
star, Galactic magnetic field, etc.). Nevertheless, it also
seems natural that the final form of the magnetosphere is
governed by a combination of both internal and external
fields of different origins.
Here, we propose for the first time a simple analytic model

for a black hole magnetosphere formed by a combination of
two independentmagnetic fields.As an internal and therefore
strongermagnetic field componentwe choose theBlandford-
Znajek split-monopole magnetic field, which is a solution to
force-free electrodynamics but it is also supported by
GRMHD and GRPIC simulations [14,17]. As an external,
weaker magnetic field component, we choose the asymp-
totically homogeneous magnetic field given by the Wald
solution, which can be effectively used to model large-scale
magnetic fields within a limited region of space. Close to the
black hole, the magnetosphere is dominated by the BZ split
monopole component, slightly transforming into a uniform
field with increasing distance from the black hole. In order to
see the primary effects of combined fields in a regime of
strong gravity, we used the Schwarzschild metric.
In order to simplify the problem, we restricted ourselves

to an axially symmetric situation when the two field
components are either aligned in the same or in opposite
directions. We have shown that when the magnetic field
components are aligned, the resulting field is of a parabo-
loidal shape, reminding the collimated jet structures at the
launching regions. We call this combination jetlike. Indeed,
as we have shown in Sec. IV, this is an optimal configu-
ration for escaping charged particle trajectories among the
considered individual fields and their combinations. The
jetlike combination of magnetic field components creates
zero-potential lines of paraboloidal structure, which is
equivalent to the regions of the minimal potential energy.
Therefore, close to these lines, extending from the black
hole to infinity, charged particles may have better chances
to escape.
In the case where the magnetic field components are

directed in opposite directions, the combined field lines
create magnetic loops connecting the equatorial accretion
disk region with the black hole and the magnetic null points
at the polar axis. We call this combination looplike.
Magnetic null points that exist only in the looplike
combination can be relevant when plasma is injected into
these points, as it could lead to magnetic reconnection and
acceleration of particles [39,25]. We have shown that
charged particles in the looplike configuration are more
likely bounded into the region in the black hole vicinity,
and almost no particles escape to infinity in this configu-
ration in the form of jets, unless the special choice of initial
conditions. This effect of the absence of the jets due to
interplay between the external and internal magnetic field
components of opposite directions can potentially serve as
a possible explanation of the radio-quiet AGNs, which are

known to have no large-scale relativistic jets [30]. This in
fact can distinguish them from the radio-loud AGNs with
relativistic jets, if the external magnetic field component is
oriented in the same direction as the internal one. The
detailed analysis of the role of external magnetic field
components on the observables of radio-quiet and radio-
loud AGNs is left to future work.
The BZ split-monopole magnetic field solution needs

supporting electric currents floating in the equatorial plane
and such currents generate dipole magnetic moment which
could be assigned to a split magnetic monopole located
inside the black hole. The split-monopole magnetic
moment will be oriented in alignment with the external
uniform magnetic field (jetlike configuration) or against it
(looplike configuration). One can assume that the mag-
netically aligned jetlike configuration is energetically more
favorable.
Based on the study of the effective potential, we

performed a detailed analysis of different types of charged
particle motion in the two new configurations, mapping
stable circular orbits for possible particle accumulation.
The minima of effective potential can be filled up by
ionized particles trapped in the black hole vicinity. We
investigated the trajectories of charged particles numeri-
cally and classified them.We have shown that the dynamics
of charged particles can be complicated and chaotic if the
Lorenz force acting on the particles is of a magnitude
comparable to the gravitational attraction of the black hole.
In a stronger magnetic field, the particles closely follow the
magnetic field lines. We also found that stable circular
orbits can exist outside the equatorial plane in both jetlike
and looplike combinations. These orbits cannot exist in a
scenario involving only a pure uniform magnetic field. At
the equatorial plane, the dynamics of charged particles
are governed by the uniform magnetic field component, as
the BZ split-monopole component vanishes at the equato-
rial plane.
We demonstrated that ionized particles from the

Keplerian accretion disk can escape to infinity along the
magnetic field lines, providing the energetic condition for
escaping trajectories. This creates a stable and well-
collimated flow of charged particles along the vertical
z-axis. If the energy of charged particles is less than the
critical escape energy, the particles remain in trapped states
around the black hole, forming radiative belts of various
shapes depending on the ratio between the BZ split-
monopole and uniform MF components. The portion of
the ionized particles will also fall into the BH.
From multiple numerical experiments presented in

this paper, we conclude that the jetlike combination of
the field components encourages the charged particles
to escape to infinity. This effect is not as strong in the
cases of considered individual magnetic field components.
Therefore, combining the BZ split-monopole and weak
uniform magnetic field components can be a better and
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more plausible setup for the jet acceleration scenarios. On
the other hand, if the field components are aligned in
opposite directions, then such a configuration supports
accretion of ionized particles from the accretion disk into
the black hole, as more particles are captured by the black
hole. Although the BZ split-monopole component in the
black hole vicinity is expected to be stronger than the
external uniform magnetic field, the optimal jetlike accel-
eration is achieved when condition (39) holds. If we assume
an external field to be of the order of a few G, then for the
motion of protons and ions the internal field component’s
strength has to be <103 G. For electrons, the internal field
can be stronger by the mass ratio between protons and

electrons. As one can see, condition (39) is quite realistic
and applicable to both stellar-mass and supermassive black
holes, which makes the proposed jetlike magnetosphere
astrophysically plausible.
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