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This paper concerns the development of a first simplified model to take into account the perturbations
produced by the nongravitational forces acting on the satellites of the Galileo FOC constellation and the
corresponding first orbital determinations within the G4S_2.0 project. G4S_2.0 has a series of objectives in
verifying the gravitational interaction in the weak field limit of the theory of general relativity, exploiting
in particular the eccentricity of the orbits of some Galileo FOC satellites and the precise measurements
that can be derived from the atomic clocks on board these satellites. The study focused on the model for
the acceleration produced by direct solar radiation pressure on the satellites. This is the largest of all
nongravitational perturbations. It is therefore necessary to build a sufficiently accurate model for it before
being able to seriously consider smaller perturbation effects, such as those related to terrestrial radiation and
thermal thrust effects. The work presents new aspects in the literature of navigation satellites. One of these
is the determination of the effects in the Keplerian elements produced by the direct solar acceleration
obtained from a box-wing model of the satellite. A second aspect is the comparison of these predictions in
the orbital elements with the corresponding orbital residuals achieved from an orbit determination of the
satellite. The study therefore highlights even more the importance of being able to improve the model of the
perturbation originating from solar radiation in the field of global navigation satellite systems. This is very
important if one wants to extract gravitational measurements from the orbit and clock-bias measurements of
these satellites to verify the predictions of general relativity and compare them with those of alternative
theories of gravitation.

DOI: 10.1103/PhysRevD.109.062005

I. INTRODUCTION

This paper mainly focuses on modeling direct solar
radiation pressure (SRP) on the current constellation of
ESAGalileo FOC satellites and constitutes the continuation
of a work presented in this same issue [1]. In particular,
we introduce the results obtained for the effects of SRP
in the case of a box-wing model of the spacecraft
obtained according to the metadata of ESA Galileo FOC
satellites [2]. Although not new in the literature of the
global navigation satellite systems (GNSS), our box-wing
(BW) model presents, in its various applications, several

new aspects compared to what has already been published
for the Galileo satellites, see for instance Bury et al. [3,4].
As explained in [1], this activity falls within the Galileo for
Science (G4S_2.0) project funded by the Italian Space
Agency (ASI) [5–8]. The main goals of G4S_2.0 are in the
field of fundamental physics and exploit the relatively high
eccentricity of the orbits of the Galileo GSAT0201 and
GSAT0202 satellites and the accuracy of the on board
atomic clocks, see [1] for details.
As said above, we are interested to model the effects of

direct SRP on the Galileo FOC spacecraft. SRP represents
the largest Non Gravitational Perturbation (NGP) on all
GNSS satellites: about two orders of magnitude larger than
the albedo perturbation, the second in magnitude. In fact,*david.lucchesi@inaf.it
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as we have extensively illustrated in [1] (see Secs. II and IV
therein), suboptimal modeling of SRP is currently the main
source of error in determining the orbits of all GNSS
satellites. Therefore, being able to improve the model for
the SRP of Galileo satellites is extremely important for a
number of different reasons, such as: (i) the use of the orbits
and clocks of these satellites for the products of the
International GNSS Service (IGS) ([9]), (ii) for more
purely geophysical and geodetic applications within the
global geodetic observing system (GGOS) [10], (iii) and
for applications in the field of fundamental physics of
current and next generation satellites [5,11,12].
In [1] (hereafter Paper I), we described, in particular, how

we built our 3D model of the current Galileo FOC space-
craft (see Sec. XII A) and our BW model based on ESA
metadata (see Sec. XII). In particular, we introduced what
we called a simplified box-wing (S-BW) model and we
provided its first applications within COMSOL [13] (see
Section XII B). As explained in Paper I, the 3D model will
be used to calculate the impact of the SRP—as well as that
of the Earth’s radiation pressure—using a refined ray-
tracing technique. This will only be possible once a much
more in-depth characterization of the spacecraft is achieved
than current knowledge based on presently available ESA
metadata. This will be, in fact, our ultimate goal within
G4S_2.0. In this work we will present the results of our
analytical S-BW model in the case of direct solar radiation.
Another object of our investigations, which will be

presented in the second part of this work, concerns the
orbital determination of the Galileo FOC satellites. In fact,
after the improvement of the dynamic model, precise orbit
determination (POD) represents the main tool with which to
obtain, directly or indirectly, the various gravitational mea-
surements of interest for our project. These measurements
can directly concern the knowledge of the state vector of the
satellites, as in the case of those related to relativistic
precessions, or a better estimate of the clock-bias of the
on board atomic clocks, as in the case of local position
invariance tests or to set constraints in the presence of dark
matter.
The rest of the paper is organized as follows. Section II

defines the main characteristics of the Galileo FOC
satellites that we have taken into consideration for our
analyses. In this section the attitude law applied to these
satellites is also introduced and described. Section III
defines the model we have adopted for the interaction of
incoming solar radiation with the surfaces of the spacecraft.
The accelerations produced by SRP on satellites in ellip-
tical orbits are calculated using the S-BW model. In
particular, the acceleration results are provided in different
reference frames and under different representations.
Section IVexploits the results obtained for the accelerations
in the Gauss reference frame to determine their effects in
the orbital elements of the aforementioned satellites. In
Sec. V, on the basis of a very simplified dynamical model,

we introduce our preliminary orbital determination for a
Galileo satellite in elliptical orbit and for one in nominal
orbit and we compare and discuss the obtained results. In
particular, the orbital residuals of GSAT0201 have been
computed and compared with the prediction of the S-BW
model. In Sec. VI, we summarize the results obtained by
interpreting them in terms of the further efforts to be made
in the development of the dynamic model of the Galileo
FOC satellites in order to achieve the fundamental physics
objectives of G4S_2.0. Finally, in Sec. VII our conclusions
and recommendations are provided.

II. THE GALILEO FOC SATELLITES

In the present work we will apply our S-BWmodel to the
two aforementioned satellites GSAT0201 and GSAT0202
in elliptical orbit. The application of the model to
GSAT0206 and GSAT0208, which are instead in their
nominal (almost circular) orbit, will be provided later. The
reason why our analyzes and simulations focus on these
two different types of Galileo FOC satellites lies precisely
in the nature of the different fundamental physics objectives
of the G4S_2.0 project.
As introduced in Paper I, elliptical orbits are particularly

important for the modulation of the gravitational redshift
signal and for the measurement of the total relativistic
advancement of the satellite’s argument of pericenter. From
the latter it is possible to measure the Schwarzschild and
Lense-Thirring precession and, consequently, to place
constraints on alternative theories of gravitation through
their predictions on the relativistic advancement of the
pericenter of the orbits [14–19]. Conversely, the satellites in
nominal orbit (together with the two satellites in elliptical
orbit), in particular the atomic clocks on board these
satellites, will be useful for placing constraints on the
possible presence of dark matter in the spherical halo in
which our galaxy is immersed and for the possibility of
detecting in future gravitational waves by the use of all the
satellites of the constellation [20].
In both cases, an improved POD of these satellites with

respect to the current state of the art is mandatory to
achieve precise and accurate measurements in the field of
fundamental physics. Therefore, as already underlined,
one of our objectives in this direction is to improve the
dynamic model of the orbits of satellites and, first of all,
that of the nonconservative forces starting from the SRP.
In Table I, some physical characteristics of the satellites
and of their orbits are shown together with their identi-
fication numbers.
In addition to the satellite name [21], the Table shows

two different numbers to identify each satellite: the
pseudorandom noise (PRN) number and the space vehicle
number (SVN). The mean Keplerian elements ða; e; iÞ,
those at the reference date ðΩ0;ω0;M0Þ and their
rate ðΩ̇; ω̇; ṀÞ, are exactly those provided in the ESA
metadata [22]. The slot indicates the orbital plane of each
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satellite—A, B, C for satellites in nominal orbit and
“Extended” for satellites in elliptical orbit—with the
progressive number (up to a maximum of 8 for satellites
in nominal orbit) of the satellites in that plane. The average
cross section, A⊙, is that seen from the Sun. It was
estimated by adding the average cross section of the bus
as seen from the Sun (2.390 m2) to the surface of the solar
panels (10.820 m2).

A. The Galileo FOC attitude law

The knowledge of the position of the spacecraft’s center-
of-mass (c.m.) [23] is not enough to describe the motion of
a satellite of complex shape and equipped with antennas
and motors, but it is also necessary to know the orientation
of the spacecraft with respect to the inertial space. In
Paper I, we briefly described the spacecraft attitude law.
In the following, we will provide useful details on the basis
of Galileo metadata and we will see the differences in the
application of this attitude law between satellites in
nominal orbit and those in elliptical orbit. In fact, in the
case of GNSS satellites the knowledge of their attitude is
very important for different reasons.
At first, because the navigation signals come from the

phase center of the antenna (PCA), whose position does not
coincide with that of the c.m. and, consequently, it is
necessary to refer these microwave measurements to the
c.m., i.e., the distance between the two points must be
known. This distance in general is not constant due to fuel
sloshing or mechanical movements of some Appendices, as
in the case of solar panels. Anyway, even assuming the
vector between these two points constant in magnitude,

its orientation in inertial space changes due to the attitude
law and its evolution needs to be known to correctly analyze
navigation signals [24,25]. The same considerations on the
microwave antennas and their PCA apply as well to the laser
retroreflector array (LRA) used for satellite laser ranging
(SLR). A third aspect is related to the so-called phase wind-
up effect. This is related to the knowledge of the observed
carrier phase, the latter depending on the relative orientation
between the spacecraft and its antennas with the transmitted
or received signals, which are right-handed circular polar-
ized: this is the phase wind-up effect [26,27]. Finally, and
this represents the aspect to which we are most interested
in this work, the modeling of the direct SRP finds its
implementation in the precise knowledge of the orientation
of the spacecraft body and of the solar panels with respect to
the incoming solar radiation [25,26].
For a GNSS spacecraft, the attitude is functional to the

navigation task and to the corresponding requirements
needed to guarantee it. In this regard, three drivers need
to be satisfied [27]:
(1) The antenna boresight needs to be kept toward the

Earth’s center to provide the proper coverage and
signal strength to the on-ground receivers.

(2) The solar panels need to maximise the received solar
radiation, by aligning them perpendicularly to the
Sun direction.

(3) One of the spacecraft faces parallel to the antenna
boresight and to the solar panel rotation axis should
point opposite to the Sun, in order to ease the
thermal stability of atomic clocks (located close to
this position).

TABLE I. Characteristics and orbital parameters of Galileo FOC satellites, mainly adapted from ESA Galileo
metadata. The reference date for the satellites is November 21, 2016 at 00∶00∶00 UTC. Semi-major axis,
eccentricity and inclination must be considered as mean values and not as obsculating elements. The metadata
provides the indicated values for the mass of the satellites for December 2021 (see Sec. III for the mass values after
the maneuvers of the satellites).

Type Eccentric orbit Nominal orbit Nominal orbit

Name GSAT0201, GSAT0202 GSAT0206 GSAT0208
PRN E18, E14 E30 E08
SVN E201, E202 E206 E208
Slot Ext01, Ext02 A05 C07
Launch dates August 22, 2014 September 11, 2015 December 17, 2015
Mass: m (kg) 660.977, 662.141 707.735 709.138
Average cross-section: A⊙ (m2) 13.210 13.210 13.210
Semi-major axis: a (km) 27977.6 29599.8 29599.8
Eccentricity: e 0.162 0.0 0.0
Inclination: i (°) 49.850 56.0 56.0
RAAN: Ω0 (°) 52.521 317.632 197.632
Argument of pericenter: ω0 (°) 56.198 0.0 0.0
Mean anomaly: M0 (°) 316.069, 136.069 0.153 120.153
Ω̇ (°=d) −0.03986760 −0.02764398 −0.02764398
ω̇ (°=d) þ0.03383184 0.0 0.0
Ṁ (°=d) þ667.86467481 þ613.72253566 þ613.72253566
Revolution period: P (h) 12.94 14.08 14.08
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The result of these requirements is the implementation
of the yaw-steering (YS) mode, first implemented by
GPS [28] and later by most other constellations. Such an
approach is of course followed as well by the Galileo
satellites [29].
It is assumed a body reference frame with þZ-axis

aligned with the antenna boresight direction, þY-axis
parallel to the rotation axis of the solar panels and the
−X-axis chosen so that the −X-panel is illuminated by the
Sun during nominal YS, while the þX-panel is oriented
toward deep space (the opposite for the other constella-
tion). In order to follow the three drivers, the attitude
requires a rotation of the spacecraft body about the
Earth pointing þZ-axis (yaw axis) as well as a rotation
of the solar panels about the þY-axis (pitch axis) to be
perpendicular to the Sun.
The typical attitude for GNSS spacecrafts is that of a

nadir-pointing satellite, where the pitch and roll angles
vanish and the spacecraft attitude is fully described by the
yaw-angle Ψ; this is the reason of the name yaw-steering
for the attitude mode. The yaw-angle Ψ is function of just
two angles: the Sun elevation β⊙ with respect to the orbital
plane and the position angle μ of the satellite on the orbital
plane measured with respect to the midnight point or to the
noon point:

Ψ ¼ atan2
�
− tan β⊙
sin μ

�
; ð1Þ

where for the origin of μ we followed the first convention
in agreement with [30], while atan2 refers to the range
ð−π;þπÞ for the variability of the yaw-angle Ψ.
Following the ESA Galileo metadata, in the case of a

Galileo FOC spacecraft, Eq. (1) takes the following
expression:

Ψ ¼ atan2

�
ŝðtÞ · n̂ðtÞ

ŝðtÞ · ðr̂ðtÞ × n̂ðtÞÞ
�
; ð2Þ

where
(i) t is the current on-board computer time.
(ii) ŝðtÞ is the Sun position unit vector.
(iii) r̂ðtÞ is the satellite position unit vector.
(iv) n̂ðtÞ is the orbit normal unit vector.

and all these unit vectors are in the Earth centered inertial
(ECI), J2000.0, reference frame.
However, the above law for the yaw-angle cannot be

applied at all times during the life of a spacecraft due to
technical limitations related to the performance of onboard
reaction wheels. This happens during the eclipse season
and, in particular, for small values of the β⊙ angle (above or
below the satellite’s orbital plane) and near a collinear
condition for the vectors that identify the Sun and
the spacecraft with respect to the Earth, i.e., close to
“midnight” (μ ≃ 0°) and close to “noon” (μ ≃ 180°).

In these periods Galileo satellites (and GNSS in general)
have to perform fast yaw-slews to accomplish the yaw
angle change, i.e., an instantaneous rotation by 180° after
crossing the orbit midnight or noon position.
Furthermore, being such an attitude law based on the

use of solar sensors, the eclipse of the Sun in these
periods may result in non-nominal yaw angles during
limited periods of time. The result is that: (i) maneuvers at
noon and midnight positions depart from the nominal
attitude, causing a time delay between the current and the
nominal yaw angle, and (ii) additional manoeuvres are
needed to recover the nominal attitudes after the position
crossings. Moreover, a further drawback during these
phases is that the need to move the spacecraft with a
high yaw-rate, or close to it, can excite solar array
oscillations and/or propellant sloshing motion, inducing
at the same time c.m. displacements. This produces a
worst knowledge of the attitude, already degraded for the
transitions and, finally, in several related aspects, as
precise point positioning [31], tropospheric and clock
solutions [26] and in the overall POD [32]. We refer
to [27] for further details.
Consequently, in the case of the Galileo FOC satellites,

when the satellite and Sun position vectors are close to
collinearity, the following “modified” yaw steering law is
used:

ΨmodðtmodÞ¼90° · signþðΨinit−90° · signÞ · cos
�
2π

T0

tmod

�
;

ð3Þ

where
(i) tmod is the elapsed time since the switch over.
(ii) Ψinit is the yaw-angle ΨðtÞ at the time of the switch

over to the modified yaw profile.
(iii) sign is the sign of Ψinit.

Therefore, close to orbit noon and midnight, Eq. (3), allows
to keep the yaw changing rate law compared to that
provided by Eq. (1). The period T0 ¼ 5656 s corresponds
to about two times the maximum duration of the noon/
midnight maneuver.
As specified in the Galileo FOC metadata of ESA, the

switch over to the modified yaw steering law takes place
when all of the following conditions are met:

(i) The Sun elevation angle β⊙ is smaller than the
value β0 ¼ 4.1°.

(ii) The current collinearity angle ϵ is smaller than the
value ϵ0 ¼ 10.0°.

(iii) The collinearity angle for the previous epoch was
bigger than ϵ0.

The collinearity angle ϵ is defined as follows:

�
ϵ ¼ arccosðr̂ · ŷÞ if arccosðr̂ · ŷÞ ≤ 90°

ϵ ¼ 180° − arccosðr̂ · ŷÞ if arccosðr̂ · ŷÞ > 90°;
ð4Þ
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where
�
x̂ ¼ n̂ × ŝ

ŷ ¼ n̂ × x̂
ð5Þ

In the following figures are shown the results for the
attitude law in the case of GSAT0208 on the basis of the
information provided in Table I and for a simulation period
of 1 year. In Fig. 1 it is shown the comparison of the
nominal and the modified yaw-steering law following ESA
metadata, i.e., Eqs. (2) and (3). The two laws perfectly
overlap outside the eclipse season, but show differences
near and during eclipses. Also shown is the change in the
height of the Sun, β⊙, with respect to the orbital plane
during the simulated period.
The differences between the two attitude laws are

evident in Fig. 2, where the smoothest variation of the
modified law with respect to the nominal law is clear and
evident.

Figure 3 shows the difference between the modified law
Ψmod and the nominal law Ψnom. Clearly the differences
are only along the eclipse seasons with the consequent
nonorthogonality of the solar panels to the incoming solar
radiation pressure.
It is important to underline that the attitude law

described was designed for satellites in circular orbit,
such as GNSS satellites in general, and not for satellites in
elliptical orbit, such as GSAT0201 and GSAT0202.
Currently, this attitude law is instead applied also to these
satellites ([33]), and it is therefore not optimal for a
profitable use of the tracking observations and for the
PODs of these satellites during the eclipse season. In
Figs. 4 and 5 the different behavior during the eclipses
between GSAT0201, in elliptic orbit, and GSAT0208, in
nominal (quasi circular) orbit, are shown.
The first figure provides the cosine of the angle between

the solar panels normal and the direction of the incoming
SRP. As can be derived, in the case of GSAT0208, the
maximum fractional discrepancy from the orthogonality
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FIG. 1. Nominal (blue) and modified (red) attitude law for
GSAT0208. Two eclipse seasons are shown. The starting epoch
corresponds to November 21, 2016. The black line defines the
variation of the Sun’s altitude with respect to the orbital plane in
the period shown.
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FIG. 2. Detail of the Fig. 1 close to the first eclipse season.

5.735 5.74 5.745 5.75 5.755 5.76 5.765 5.77 5.775

Time (MJD) 104

-80

-60

-40

-20

0

20

40

60

80

100

FIG. 3. Difference between the modified and nominal attitude
laws for GSAT0208 together with the β⊙ angle variation.
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FIG. 4. Cosine of the angle between the normal to the solar
panels and the direction of the incident solar radiation: compari-
son between GSAT0201 and GSAT0208.
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condition to the solar panels for incoming solar radiation is
approximately 0.25%, increasing to 1.62% for GSAT0208.
The second figure shows that this maximum discrepancy
corresponds to an angle of about 10° for GSAT0201 and to
about 4° in case of GSAT0208.
Therefore, in order to make the most of the data useful to

the earth-segment from the satellites in elliptical orbit
during the eclipses, one should proceed with a variation
of the conditions linked to the modified attitude law
described by Eq. (3), in particular acting on the collinearity
angle ϵ0.

III. SPACECRAFT-SOLAR RADIATION
INTERACTION

In this section we apply the box-wing we have developed
to the modeling of the direct SRP. This model is fully
described in Section III B 4 of Paper I. We recall that it is a
box-wing model that we have defined “simplified” (S-BW),
since it is based on the current Galileo metadata [34], which
provide a very rough approximation of the real satellite.
The overall complex shape of the satellite bus—because of
the instrumentation of the face pointing to the Earth plus the
radiators on the other faces—and of the solar panels are
approximated by a parallelepiped plus symmetric wings, and
with average optical properties for five different materials,
already introduced in Table VI of Paper I. Equation (6)
provides the acceleration produced by the direct SRP on a
elementary surface dA of the spacecraft [35]:

da ¼ −
Φ⊙

mc

�
ð1 − ρÞêD þ 2

�
δ

3
þ ρ cos ϑ

�
n̂
�
dAj cos ϑj;

ð6Þ

where Φ⊙ represents the solar irradiance, m the mass of the
satellite, c the speed of light, the unit vector êD is directed
toward the Sun from the spacecraft center of mass, and

finally n̂ represents the unit vector normal to the surface and
ϑ the Sun zenith angle with respect to the surface normal,
such that cosϑ ¼ êD · n̂. The optical coefficients α (absorp-
tion), ρ (specular reflection), and δ (diffusive reflection)
satisfies the condition:

αþ ρþ δ ¼ 1; ð7Þ

which shows that each surface dA behaves like a linear
combination of an ideal black body, a perfect mirror, and a
perfect diffuser. As explained in Paper I, we avoid the
approximation that assumes instantaneous thermal rera-
diation for the absorbed radiation, as suggested by [36]
and usually assumed in the GNSS literature [3,4,37]. We
will address this aspect in a work dedicated to thermal
effects. In fact, as highlighted in Paper I, these are
characterized by a plethora of effects of different origins
and act on the satellite with accelerations of the order
of 10−10m=s2 or less. They can therefore be taken into
serious consideration only after adequately modeling not
only direct solar radiation, but also terrestrial albedo and
infrared radiation pressure, see Table II.
In the following subsections we will present the results

obtained for the accelerations produced by the SRP
on the Galileo FOC satellite GSAT0201 characterized by
an elliptical orbit. The results obtained in the case of
GSAT0202 are provided in the Supplemental Material [39].
We will compare our results with those reported in the
literature and, in particular, with those of Bury et al. [3,4],
whenever possible. The simulations for the different
satellites were carried out over a two-year period starting
from the time of their launch, see Table I. An integration
step of 120 s has been used. The eclipses have been
modeled with a conical shadow model for a spherical Earth,
in such a way to consider penumbra effects [40]. In our
simulations we also considered the variation of the mass of
the satellites, when occurs, as reported by the international
laser ranging service (ILRS) [41], see Table III.
Table IV provides the Keplerian orbital elements of the

satellites that we computed from the precise orbits of ESA
determined at ESOC. This provides orbits more accurate
than those reported in the ESA Galileo Metadata, which
seem approximate or physically implausible for several
orbital elements and their rates. Therefore, the satellites
state-vector (position and velocity) calculated in the ter-
restrial rotating reference frame (sp3c files: Extended
Standard Product-3 format) have been transformed, on
the basis of current IERS Conventions [42]—i.e., taking
into account for polar motion, precession and nutation—
from the rotating frame to the J2000.0 inertial one. This
state-vector was finally transformed into the corresponding
six Keplerian elements. Finally, from the temporal evolu-
tion of the elements we estimated their corresponding rate.
We have kept from the Galileo metadata only the informa-
tion relating to the mean anomaly M of the two satellites.
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FIG. 5. Angle between the normal to the solar panels and the
direction of the incident solar radiation: comparison between
GSAT0201 and GSAT0208.
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A. Long-term analysis of the SRP accelerations:
GSAT0201

Figure 6, shows the variation of the Sun’s height β⊙, over
the 2-year period of the current simulation, with respect to
the orbital plane of GSAT0201 together with the modified
and nominal attitude law for Ψ, as described in the Galileo
metadata.
It is precisely the evolution over time of the satellite

attitude law, characterized by a long-term evolution mainly
linked to the satellite’s draconic year, and by higher-
frequency evolutions, mainly at the orbital period of the
satellite, which shapes the evolution over time of the
perturbation linked to solar radiation.
The following figures show the impact of the acceler-

ations due to the direct SRP in the case of the GSAT0201
satellite approximated with the S-BW model. The results
are provided in three different frames of the satellite,
see Fig. 7.

Figure 8 shows the acceleration in the DYB frame of the
spacecraft, which is also known as the Sun-satellite-Earth
(SSE) reference frame. The D-axis is defined by the unit
vector êD already introduced, êY is the unit vector along the
spacecraft solar panel axis and defines the Y-axis, finally
êB ¼ êD × êY defines a right-handed reference system and
the corresponding B-axis. The overwhelming contribution
of the acceleration along the D-axis is due to the interaction
of direct SRP with the solar panels which, according to the
attitude law described in Sec. II A, are always orthogonal to
the solar rays except in periods characterized by eclipses.
To a lesser extent, the interaction of solar radiation with
the faces of the bus of the spacecraft contributes once the
different contributions are projected along the D-axis.
As we can see from this figure, the maximum accel-

erations (in absolute value) along the D-axis are about two
orders of magnitude greater than the accelerations along the
B-axis. Indeed, the behavior of the acceleration along the

TABLE III. Mass values for Galileo satellites FOC GSAT0201 (E18) and GSAT0202 (E14). These values for
satellite masses are current as of December 20, 2022.

Satellite Time interval Mass [kg] Time interval Mass [kg]

GSAT0201 August 22, 2014 660.977
GSAT0202 August 22, 2014 to July 30, 2015 662.646 July 31, 2015 to onward 662.141

TABLE IV. Orbital elements for the Galileo FOC satellites GSAT0201 (E18) and GSAT0202 (E14) estimated from the Precise Orbits
of ESOC. The reference date for the satellites is November 21, 2016 at 00∶00∶00 UTC.

Satellite a [m] e I [°] Ω [°] ω [°] M [°]

GSAT0201 27978099.66 0.1604 50.369 53.505 50.184 316.069
−0.04000414086 [°=d] þ0.04910776939 [°=d] þ667.909221051 [°=d]

GSAT0202 27977624.83 0.1608 50.309 52.459 52.086 136.069
−0.04002923721 [°=d] þ0.04784293004 [°=d] þ667.909221051 [°=d]

TABLE II. Main nongravitational accelerations (S.I. units) on a Galileo FOC satellite. The symbol (� � �) means
that the acceleration is negligible, while the symbol (NA) means that the acceleration is currently unknown (not
available), since it has not yet been evaluated. We refer to Paper I for more details.

Physical effect Formula Parameter [S.I. units=adim] Galileo FOC

Direct SRP CR
A
m

Φ⊙
c

Φ⊙ ¼ 1360.8 1.0 × 10−7

Earth’s Albedo 2 A
m

Φ⊙
c A⊕

πR2
⊕

4πr2
A⊕ ≈ 0.3 7.0 × 10−10

Earth’s infrared radiation A
m

ΦIR
c

R2
⊕
r2

ΦIR ≈ 240 1.1 × 10−9

Neutral drag 1
2
CD

A
m ρV

2 CD; ρ � � �
Charged drag [38], Chap. 5 Species densities, floating potential ¬
Power from antennas P

mc
P ≃ 265 1.2 × 10−9

Thermal effect solar panels 2
3
σ
c
A
m ðϵ1T4

1 − ϵ2T4
2Þ ϵ1 ≃ ϵ2 ≈ 0.8; T1 ≃ 317; T2 ≃ 318 1.9 × 10−10

Y-bias Y0: empirical acceleration Y0 7.0 × 10−10

Poynting-Robertson 1
4
A
m

Φ⊙
c

R2
⊕
r2

v
c

Φ⊙ ¼ 1360.8 1.9 × 10−14

Solar Yarkovsky-Schach 16
9

A
m

ϵσ
c T

3
0ΔT ϵ; T0;ΔT ¬

Earth Yarkovsky 0.41 4
9
A
m

ϵΦIRf0
αc

R2
⊕
r2

ΦIR, f0; α ¬
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D-axis is very close to the behavior of the absolute value of
the direct SRP on the S-BW model, see Fig. 9. Concerning
the behavior of the acceleration along the Y-axis, this is the
same as the one shown in Fig. 13: it is nonzero only during
the eclipse season in this approximation for the orientation
of the solar panels with respect to the incoming solar
radiation pressure.
Figure 10, shows the behavior of the direct SRP

acceleration in the Gauss comoving frame ðr̂; t̂; ŵÞ. In this
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FIG. 6. GSAT0201 (E18): nominal (blue) and modified (red)
attitude law. Four eclipse seasons are shown. The starting epoch
corresponds to August 23, 2014. The black line defines the
variation of the Sun’s altitude with respect to the orbital plane in
the period shown.

FIG. 7. Representations of the DYB and XYZ reference frames
of the spacecraft. The yellow sector highlights the direction of the
Sun along the þD axis compared to the þZ direction which
instead points toward the Earth.
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FIG. 8. GSAT0201 (E18): acceleration due to direct SRP along
the D (top) and B (bottom) directions.
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FIG. 9. GSAT0201 (E18): absolute value of the acceleration
due to direct SRP.
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FIG. 10. GSAT0201 (E18): acceleration due to direct SRP
along the directions of the Gauss comoving frame.

FELICIANA SAPIO et al. PHYS. REV. D 109, 062005 (2024)

062005-8



frame corotating with the satellite revolution around the
Earth, the radial direction (r̂) is identified by the direction
from the Earth’s center of mass to the satellite center of
mass. The out-of-plane or cross-track direction (ŵ) is
identified by the obsculating angular momentum direction.
Finally, the transverse direction (t̂) is defined in such a way
to define a right-handed reference system: t̂ ¼ ŵ × r̂.
For our purposes, the introduction of the Gauss reference
frame is important to express the perturbing effects of the
modeled SRP in the so-called Gauss perturbing equations.
This will allow us to estimate the impact of the disturbance
effects on the orbital elements, see Sec. IV.
As we can see from Fig. 10, the radial R and transverse T

accelerations have a similar behavior and magnitude. The
maximum values for the out-of-plane W acceleration are a
little smaller and its long-term behavior is clearly modu-
lated by the variation of the solar height with respect to the
orbital plane. This long-term modulation is also present for
the other two components, but for these components the
modulation of the acceleration at the orbital period assumes
a clear and evident importance. In Figs. 11 and 12 we
compare these three components of the direct SRP in two
very different conditions for the Sun height β⊙: during a
few eclipses (where the solar height is very close to zero)
and far way from the eclipses (where the solar height is
very close to its maximum value). Obviously, in the first
case the out-of-plane component of the SRP acceleration
is practically zero and its effects on the orbital elements
are fully negligible. Conversely, in the second case the
out-of-plane component is almost constant and greater
than the other two components. Finally, the radial and
transverse components have similar behavior in the two
cases, as already anticipated.
Finally, Fig. 13 shows the components of direct SRP

acceleration in the spacecraft frame already introduced in
Sec. II A, the XYB frame. The YB-axis coincides with the
solar panel axis Y-axis of the DYB frame and the ZB-axis

is nadir pointing and opposite to the radial direction axis
of the Gauss frame. The XB-axis completes the right
handed frame: X̂B ¼ ŶB × ẐB. In practice, the XYZ
frame coincides with the mechanical reference frame
introduced in Paper I.
This reference frame is interesting to consider in view of

the possible on-board installation of an accelerometer in a
next generation of Galileo satellites. This is one more goal
of the G4S_2.0 project. In fact, the XYZ frame represents
the reference integral with the satellite on which to orient
the three axes of the accelerometer. An accelerometer of the
right sensitivity and measurement band would in fact
provide a direct measurement of the various nongravita-
tional and inertial accelerations to which the satellite is
subjected. Therefore, an on-board accelerometer will con-
tribute improving the satellites POD, also using its mea-
surements in synergy with the new models for NGPs.
In the next subsections we will deepen the description of

the results obtained according to two different representa-
tions for the accelerations produced by direct solar radiation.
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FIG. 11. GSAT0201 (E18): components of the Gauss per-
turbing acceleration due to direct SRP during eclipses.
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1. Synoptic view of the accelerations

After introducing a representation in the time domain of
the components of the acceleration produced by the SRP
according to three different reference systems, in this
section we are interested to introduce and discuss the
representation of the components of the SRP according to
two other different approaches. The first is a synoptic
representation of the acceleration in the plane ðΔu; β⊙Þ,
whereΔu ¼ u − u⊙ is the difference between the argument
of latitude u of the satellite with respect to that of the Sun
u⊙. From the practical point of view, Δu represents the
azimuth of the satellite direction in the orbital plane with
respect to the projection of the Sun direction in that plane.
The second approach is instead based on the spectral
analysis of the different components of the acceleration
produced by the SRP, see Sec. III A 2. Both approaches are
important to characterize accelerations more fully, as we
will see, and to allow us to improve their modeling and,
consequently, the final orbital determination of the satellite.
In Figs. 14(a) and 14(b) the synoptic representation of

the accelerations produced by the direct SRP along the D
and B directions are shown. We have restricted the
representation to the first 200 days of our simulation, so
as to contain a single excursion in the height of the Sun
between its minimum and its maximum (whose perio-
dicity is approximately 183 days). This allows us not to
report on the plane the further acceleration variations
linked to the variation—between the successive maxi-
mum and minimum values, of the height of the Sun due to
the precession of the orbital plane—accelerations which
would tend to stratify on the previous values “dirtying”
the representation itself. The color bar provides the
accelerations values in m=s2.
In the case of the Figs. 14(a) and 14(b), the trend of the

values traced for the accelerations depends on the variable
geometry of the SSE reference frame, which is influenced
by the variation of the solar height with respect to the
orbital plane and its distance from the satellite, as well as by
the different attitude of the spacecraft with respect to the
Earth and the Sun.
This type of representation for accelerations is more

useful than the one previously reported in the time domain
when one wants to highlight the variations of the dynamic
perturbation model with respect to a basic model taken as a
reference. As we highlighted in Paper I, our ultimate goal is
to develop a FEM for the Galileo-FOC and apply an ad hoc
raytracing technique to calculate the different perturbative
accelerations, starting from the direct SRP.
As a possible example of this aspect, we can compare our

results in the D and B directions with the corresponding
results obtained in [4]. We recall that these authors modeled
the absorbed radiation assuming that it is instantaneously
reemitted back to space according to Lambert’s law, see
Eq. (7) of Paper I. The authors assumed that this will make
a difference for the bus but not for the solar panels, since

they assumed the same temperature for the front and back
sides of the panels. For geometric reasons, we expect this
further acceleration to have a greater impact along the
D direction and a lesser impact along the B direction,
although not zero. Indeed, if we compare our Figs. 14(a)
and 14(b) with Fig. 2 of [4], respectively (bottom left)
and (bottom right), for the Galileo-FOC E18 satellite, we
note that the most evident discrepancies occur along the D
direction. Conversely, if we include in our model, i.e., in
Eq. (6), the immediate thermal re-radiation to space of the
absorbed radiation, we obtain the two representations of
Figs. 14(c) and 14(d) for the accelerations along the D
and B directions. In this case our Fig. 14(d) is practically
indistinguishible from that of [4], while Fig. 14(c) still
shows some differences related to the different attitude law
modeled for the satellite: in [4] a perfect orthogonality
between the solar panels with the direction of the incoming
solar radiation has been assumed, this is reflected in evident
differences when β⊙ is close to zero.
In Figs. 14(e) and 14(f) we show the differences in the

synoptic representation due to the contribution of the
immediate thermal re-radiation of the absorbed radiation.
Naturally, as already highlighted in the above discussion,
the major differences occur in the case of direction D, see
the acceleration values on the scale of the color bar.

2. Spectral analysis of the accelerations

Figure 15 shows the different behavior for the two
components of the acceleration along the D and B directions
in the frequency domain. The fast Fourier transform (FFT)
has been computed on the 2-year period of the analysis, but
long-term effects (low frequencies) were not represented in
the figure. The acceleration amplitude in the two compo-
nents is expressed in terms of the frequency in Hz in a
semilogaritmic scale. The spectral lines are at the orbital
revolution frequency forb ≃ 2.15 × 10−5 Hz and its integer
multiples, and greater along the D direction, in accordance
with the values reported in Figs. 8, 14(a), and 14(b). Indeed,
as was reasonable to expect, the spectrum is characterized by
larger amplitudes along the D direction—see for example the
lines at 2, 3 and 4 times the orbital frequency—due to the
attitude law and to the nadir pointing of the satellite, which
make the contribution of the satellite bus more relevant. In
these cases, the amplitudes of the acceleration are compa-
rable at different frequencies: between 2 × 10−9 m=s2 and
4 × 10−9 m=s2. Conversely, in the case of acceleration along
the B direction, the amplitudes of acceleration at higher
frequency are much smaller than that at orbital frequency.
Figure 16 shows the different behavior for the two

components of the acceleration along the X and Z direc-
tions in the frequency domain. The X-component of
the SRP acceleration is dominated by a line at twice of
the orbital frequency with an amplitude of about
1.95 × 10−8 m=s2, while the Z-component (or radial com-
ponent) is dominated by a line at the orbital frequency with
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FIG. 14. GSAT0201 (E18): synoptic view of the acceleration due to direct SRP along the D and B directions. (a) GSAT0201 (E18):
synoptic view of the acceleration due to direct SRP along the D direction; (b) GSAT0201 (E18): synoptic view of the acceleration due to
direct SRP along the B direction; (c) GSAT0201 (E18): synoptic view of the acceleration due to direct SRP along the D direction in case
of immediate thermal re-radiation; (d) GSAT0201 (E18): synoptic view of the acceleration due to direct SRP along the B direction in
case of immediate thermal re-radiation; (e) GSAT0201 (E18): differences in the synoptic representation of the acceleration due to direct
SRP along the D direction with and without thermal re-radiation; and (f) GSAT0201 (E18): differences in the synoptic representation of
the acceleration due to direct SRP along the B direction with and without thermal re-radiation.
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an amplitude of about 6.95 × 10−8 m=s2. In the case of
X-component, the line at the orbital frequency has an
amplitude of about 5.0 × 10−9 m=s2, while for the
Z-component the line at twice of the orbital frequency
has an amplitude of about 1.36 × 10−8 m=s2.
To find accelerations with amplitude of the order of

few times 10−10 m=s2, comparable to the main effects of
thermal origin (see Table II), periodic effects with fre-
quency greater than 6 × 10−5 Hz must be considered, see
Fig. 17 and Table V.
Table V summarizes, for the first five spectral lines, the

values of the amplitudes found for the four components of
the direct SRP acceleration analyzed here.
The results obtained in terms of spectral lines are

congruent with those shown in [4], although the represen-
tation is different, since these authors expressed the
amplitudes as a function of the orbital revolutions and
not of the frequency in Hz. The amplitudes of the different
lines are slightly different in the cited paper mainly because
are calculated over a different (smaller) time length.
In Fig. 18 also the long-period effects of SRP in the X

and Z directions are shown. Obviously, the low-frequency
effects are not as evident as the high-frequency ones, since
the timespan of the analysis is not long enough to
adequately resolve them.
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FIG. 15. GSAT0201 (E18): spectral analysis of the SRP
accelerations along the D (top) and B (bottom) directions.

10
-5

10
-4

10
-3

10
-2

Frequency (Hz)

0

0.5

1

1.5

2

A
m

p
lit

u
d

e
  

(m
/s

2
)

10
-8 FFT acceleration along X-axis

10
-5

10
-4

10
-3

10
-2

Frequency (Hz)

0

2

4

6

8

A
m

p
lit

u
d

e
  

(m
/s

2
)

10
-8 FFT acceleration along Z-axis

FIG. 16. GSAT0201 (E18): spectral analysis of the SRP
accelerations along the X (top) and Z (bottom) directions.
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FIG. 17. GSAT0201 (E18): spectral analysis of the SRP
accelerations along the X (top) and Z (bottom) directions.
Particular of Fig. 16.

TABLE V. GSAT0201 (E18). Acceleration values (in units of
10−9 m=s2) for the D, B, X, and Z components of the SRP for the
first five spectral lines.

Component forb 2forb 3forb 4forb 5forb

D 2.28 4.12 2.45 2.21 2.12
B 4.00 1.06 0.58 0.10 0.29
X 5.05 19.54 4.78 3.43 1.72
Z 69.53 13.58 2.62 2.11 2.30
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FIG. 18. GSAT0201 (E18): spectral analysis of the SRP
accelerations along the X (top) and Z (bottom) directions also
showing the long-period effects of direct SRP.
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IV. LONG-TERM ANALYSES: ORBITAL EFFECTS

In this section we are interested to introduce an estimate
of the long-term effects on satellite orbits produced by
direct solar radiation pressure on the basis of the previously
introduced S-BW model. We want to underline that the
BW model, although it is not a good approximation of the
satellite behavior as far as short-term effects are concerned,
is nevertheless useful for delineating the long-term pertur-
bative effects of direct SRP.
This will provide us with useful information regarding

some measures of fundamental physics, such as the
relativistic precessions of the orbits and the consequent
constraints that can be placed on some alternative theories
of gravitation, i.e., alternative to general relativity in their
predictions.
The most natural way to proceed in this direction is to

exploit the accelerations produced by the SRP in the Gauss
triad through the corresponding perturbation equations of
the osculating elements. In particular, Gauss’ perturbation
equations describe the variations of the Keplerian elements
under the action of a perturbing acceleration of any origin,
i.e., due to conservative or nonconservative forces. In the
following the Gauss equations for the osculating ellipse
are shown [35]:

da
dt

¼ 2

n
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ½T þ eðT cos f þ R sin fÞ� ð8Þ
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where r represents the satellite distance from the Earth and
H represents the orbital angular momentum per reduced
mass of the two–body problem, while R, T, and W are the
components of the acceleration in the Gauss form along the
radial, transversal and out-of-plane directions, respectively.
In these equations the quantities a, e, I, Ω, and ω are,
respectively, the satellite’s semimajor axis, eccentricity,
inclination, longitude of the ascending node and argument
of perigee, already introduced. The fast angular variables f
and E are the satellite’s true anomaly and eccentric
anomaly, finally n represents the satellite mean motion
(n ¼ 2π=P, where P represents the revolution period see
Table I). The essence of the method is to write the time
derivatives of the parameters characterizing the perturbed
satellite orbit, and then numerically integrate them in order
to find the effects in the elements.
Concerning the Gauss equation for a fast variable,

such as the mean anomaly M, we have to consider two
perturbing equations in general. In fact, since the temporal
variation of M must be the expression of both the
perturbative effects and of the mean motion along the
osculating ellipse, we can introduce two fast variables η and
ρ, such that MðtÞ ¼ ηþ ρ represents the osculating mean
anomaly at time twith ρ̇ ¼ n. Finally, for the time variation
of these two perturbations we obtain:
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na

þ 2r
na2

�
þ T

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
sinE

nae

�
a
r
− 1

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

na
sinEðcos f þ cosEÞ

�
ð13Þ

and

d2ρ
dt2

¼ ṅ ¼ −
3

a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ½T þ eðT cos f þ R sin fÞ� ð14Þ

This approach, as explained in [35], as the advantage of
introducing an element that changes “slowly,” i.e., with a
time derivative going to zero with the perturbative accel-
eration. Equations (13) and (14) are comparable in their
predictions as soon as the perturbing acceleration—in
particular the T component—is periodic, i.e., as soon as
the semimajor axis and the mean motion oscillate around an
average value. Conversely, the contribution from Eq. (14)
become predominant if T is constant, in such a way that
the changes in mean anomaly accumulate quadratically.

We refer to [35] for further details and the complete
mathematical derivation of Gauss perturbing equations.
Figures 19–24 show the results obtained for the

variation of the six keplerian elements of GSAT0201
on the basis of our S-BW model and the Gauss perturbing
equations. The units of measurement are in m=d and 1=d,
respectively for the rate in the semimajor axis and in the
eccentricity of the satellites, while they are in rad=d for
the angular variables.
In the case of GSAT0202, only the semimajor axis

behavior is shown in Fig. 19(b) since, upon first visual
inspection, the results look identical for the two satellites.
Of course, they are not exactly the same. The apparent
overlapping of the results in the different elements arises
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FIG. 19. Long-term evolution of the semimajor axis rate of the satellites. (a) GSAT0201: long-term evolution of semi-major axis
rate ȧ. (b) GSAT0202: long-term evolution of semi-major axis rate ȧ.

FIG. 20. GSAT0201: long-term evolution of eccentricity rate ė.

FIG. 21. GSAT0201: long-term evolution of inclination rate İ.

FIG. 22. GSAT0201: long-term evolution of the RAAN rate Ω̇.

FIG. 23. GSAT0201: long-term evolution of the argument of
pericenter rate ω̇.
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from the fact that the orbits are very close to each other,
practically with the same mean elements and very close
initial conditions, see previous Tables I and IV.
The nonoverlapping of the results is evident in Fig. 25,

where the evolution of the rate of the right ascension of the
ascending node (RAAN) and of the rate of the argument of
pericenter for the two satellites are compared over a limited
time interval of some orbits. In the case of the nodal rate,
the evolution is characterized by the same amplitude, but
with opposite phase. Conversely, in the case of the rate of
the argument of pericenter, the behavior is almost in phase
but with different amplitudes.
In the case of the mean anomaly variation, see Fig. 24,

we plotted the long-term behavior of η̇, since the variation
in ρ is comparable because of the behavior of the semimajor
axis rate, mainly characterized by an oscillation at the
orbital frequency, see its FFT for GSAT0202 in Fig. 26.
Clearly, the short- and long-term periodic effects char-

acterizing the rates of the different orbital elements shown

in the previous figures are those found for the three
components of Gaussian acceleration further modulated
by the (fast and slow) angular variables f, E, and ω which
enter the Gauss equations.
In the context of the gravitation measurements of the

G4S_2.0 project, in particular as regards the measurement
of the relativistic precessions of the orbits of the two
satellites, the long-term behavior obtained for the right
ascension of the ascending node and for the argument of the
pericenter are interesting to be analyzed. As can be seen
from Figs. 22 and 23, integer multiples of a solar year (or
rather of a draconic period) contain a complete integer
number of long-period oscillations, i.e., of full cycles.
This implies that the unmodeled or poorly modeled
effects of direct solar radiation tend to average toward
zero (even if not completely) over these time intervals,
consequently reducing their impact on the estimation of
systematic errors.

FIG. 24. GSAT0201: long-term evolution of the Mean anomaly
rate in η: η̇.
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FIG. 25. Differences in the long-term evolution of the RAAN rate and of the argument of pericenter rate of the satellites.
(a) GSAT0201 and GSAT0202: differences in the long-term evolution of the RAAN rate Ω̇. (b) GSAT0201 and GSAT0202: differences
in the long-term evolution of argument of pericenter rate ω̇.
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In Table VI, the average value we obtained for the rate of
the argument of pericenter on five different time intervals
of our 2-year analysis are shown. Results are provided in
both rad=d and mas=yr (milli-arc second per year),
where 1 mas=yr ≈ 1.3 × 10−11 rad=d.
From the comparative analysis of this Table with Fig. 23

it is possible to obtain some useful information in view of
future measurements in the field of gravitation. The average
changes by about two orders of magnitude when moving
from an interval of about 8 months to an interval containing
a draconic period or two draconic periods. Furthermore,
even over two different draconitic periods of one year, the
averages are different, since the maximum positive ampli-
tudes and the maximum negative amplitudes are different,
due to the variation of the height of the Sun on the orbital
plane of the satellite. These average values are huge when
compared with the smallness of the relativistic precessions
to be measured, see Table VII. This table shows, respec-
tively for each satellite, the Schwarzschild (or Einstein)
precession [43] on the argument of pericenter, the Lense-
Thirring precession [44] on the RAAN and on the argument
of pericenter, and finally the de Sitter precession [45] on
the RAAN.
In reality, the values to be considered for the estimation

of systematic errors are somewhat smaller than those
indicated in Table VI. Primarily because the SRP will be
modeled in the software used for the POD of the satellites:
this would allow the average values to be reduced up to a
factor of 100 in the case of the FEM. Furthermore, some of
the parameters that will define our model, whether it is an
improved BW compared to the current one or a FEM, can
in turn be estimated thus allowing a further reduction of the
systematic error to be attributed to our model.
Similar considerations apply in the case of the right

ascension rate of the ascending node. In this case a direct
measurement of the total relativistic effect is somewhat

complex and probably unlikely, given the smallness of the
relativistic precessions involved, see again Table VII.

V. PRELIMINARY PODs AND ANALYSIS

In this section we introduce the preliminary results of the
PODs we made for the GSAT0201 and GSAT0208 satel-
lites. These analysis have been made using GEODYN II [46]
for the data reduction of the satellites normal points (NPs).
The modeling setup we are currently using is shown in
Table VIII. It accounts for: (i) the satellite dynamics, (ii) the
measurement procedure, and (iii) the reference frames
transformations. In this context, our models comply,
wherever possible, with the international resolutions and
conventions, such as the International Astronomical Union
(IAU) 2000 Resolutions [47] and the IERS Conventions
(2010) [42].
Currently, for modeling the spacecraft in the POD we

have applied a simple cannonball model with an average
area-to-mass ratio of the Galileo FOC satellite, see Table I.
The reason for this is twofold. On the one hand, we are
interested in highlighting in the PODs results the improve-
ments that are gradually obtained starting from a simple
satellite model up to the final FEM, via the current S-BW
model. On the other hand, as already highlighted in
previous Sec. IV, for the long-term effects we expect that
even a simplified model will be able to give us significant
feedback, and our aim is to evaluate how good it is.
The analyzes covered the time interval from the launch

date of the two satellites, see Table I, until November 25,
2022: that is, for about 8 years in the case of GSAT0201
and about 6.8 years in the case of GSAT0208. These time
intervals were then divided into noncausally connected arcs
of 7-day for the POD. The POD step size was 50 s.
Furthermore, to overcome the current excessive simplifi-
cation of the dynamic model, in particular of the non-
gravitational forces, empirical accelerations in the form of
constant and once-per-revolution have been introduced and
adjusted to absorb part of the mismodeling [66].
In Figs. 27–29, the number of observations (NPs), the

weighted root-mean-square (W-RMS) of the residuals in
range and the mean of the residuals in range are plotted for
each arc of the analyses.
The figures allow a first direct comparison of the results

obtained from the PODs madewith GEODYN II in the case of
a satellite of the Galileo FOC constellation in elliptical orbit
(GSAT0201, in black) compared with a satellite in nominal
orbit (GSAT0208, in red). Figure 27 shows us that the

TABLE VI. GSAT0201 (E18). Average values in rad=d (first line) and in mas=yr (second line) for the rate of the
argument of pericenter ω̇ on different time intervals of our 2-year analysis.

Element First 8 months 1st year 2 years 2nd year Last 8 months

hω̇i −8.698 × 10−6 þ1.77 × 10−7 þ7.0 × 10−8 −3.6 × 10−8 þ4.396 × 10−6

hω̇i −655, 291 þ13, 335 þ5, 274 −2, 712 þ331, 187

TABLE VII. Relativistic precessions on GSAT0201 (E18) and
GSAT0208 (E08) and their comparison with LAGEOS II. Units
are in mas=yr.

GR precession GSAT0201 GSAT0208 LAGEOS II

ω̇Schw þ428.63 þ362.72 þ3352.58
Ω̇LT þ2.39 þ2.18 þ31.51
ω̇LT −5.15 −3.77 −57.33
Ω̇dS þ17.64 þ17.64 þ17.64
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FIG. 27. Number of observations per arc. (a) GSAT0201: normal points per arc. (b) GSAT0208: normal points per arc.
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FIG. 28. W-RMS per arc of the satellites range residuals. Outliers more than three standard deviations from the mean of the W-RMS
have been removed. (a) GSAT0201: weighted root-mean-square of the range residuals. (b) GSAT0208: weighted root-mean-square of
the range residuals.

TABLE VIII. Models currently used for the POD obtained from GEODYN II. The models are grouped in
gravitational perturbations, nongravitational perturbations and reference frames realizations.

Model for Model type References

Geopotential (static) EIGEN-GRACE02S/GGM05S [48–50]
Geopotential (time-varying: even zonal harmonics) GRACE=GRACE FO [49,50]
Geopotential (time-varying: tides) Ray GOT99.2 [51]
Geopotential (time-varying: non tidal) IERS Conventions 2010 [42]
Third–body JPL DE-403 [52]
Relativistic corrections Parametrized post-Newtonian [47,53]

Direct solar radiation pressure Cannonball [46]
Earth albedo Knocke-Rubincam [54]
Earth-Yarkovsky Rubincam [55–57]
Neutral drag JR-71=MSIS-86 [58,59]
Spin LASSOS [60]

Stations position ITRF2008=2014 [61,62]
Ocean loading Schernek and GOT99.2 tides [46,51]
Earth Rotation Parameters IERS EOP C04 [63]
Nutation IAU 2000 [64]
Precession IAU 2000 [65]

FUNDAMENTAL PHYSICS …. II. A BOX WING FOR … PHYS. REV. D 109, 062005 (2024)

062005-17



GSAT0208 satellite, although it was launched after
GSAT0201, has been subject to a greater number of
observations in the form of NPs than the satellite in
elliptical orbit. In Table IX we summarize, in the case of
the two satellites, the total number of normal points and
their average value per year and per day. The latter value
was also calculated for the 2016–2017 period of the
ILRS Campaign for the Galileo gravitational Redshift
Experiment with eccentric sATellites (GREAT) experiment
[11,12]. As can be seen, during this 2-year period the
average number of NPs for GSAT0201 is more than twice
the average over the entire 8-year period considered.
Conversely, the bottom line (no-GREAT) gives the average
number of NPs per day after removing the 2-year period of
the GREAT analysis with the dedicated SLR campaign.
Indeed, this represents a delicate aspect for some of

our measurements, since in the context of G4S_2.0 we
are primarily interested in the analysis of the orbits of
GSAT0201 and GSAT0202 for the measurements of
relativistic precessions, starting with the Schwarzschild
one, the greatest of all. This scarce number of normal points
for satellites in elliptical orbit is unfortunately present
despite the mentioned ILRS campaign carried out for the
GREAT project [67].
In Fig. 30, the NPs of the two satellites are compared

as a function of time in MJD. In fact, in the period 2016

(MJD 57388)—2017 (MJD 58118), a greater number of
NPs is clearly seen for the two satellites—in particular for
the satellite in elliptical orbit—compared to the remaining
periods, especially from 2018 onward. For this reason we
asked the ILRS Central Bureau for a new dedicated
observing campaign for the Galileo FOC satellites to
improve the number of NPs, in view of the fundamental
physics measurements of the G4S_2.0 project.
In particular, we would like to exploit the full-rate data

during the penumbra transitions to improve the POD during
these delicate shadow-light transitions, and vice versa, of
the satellites. Additionally, full-rate data are appropriate for
determining spacecraft attitude. Therefore, we should try to
increase the SLR observations under these conditions, at
least for the two elliptically orbiting satellites, GSAT0201
and GSAT0202. These two satellites will be used specifi-
cally for the measurement of the gravitational redshift and
for the measurement of relativistic precessions. It will be
anyway useful to also have an increased number of SLR
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FIG. 29. Mean values per arc of the satellites range residuals. Outliers more than three standard deviations from the mean of the range
residuals have been removed. (a) GSAT0201: mean of the range residuals. (b) GSAT0208: mean of the range residuals.

TABLE IX. Normal Points statistic for GSAT0201 and
GSAT0208 on the respective time spans of the analyses per-
formed with GEODYN II.

Normal Points GSAT0201 GSAT0208

Number of NPs 13,244 15,249
NPs=yr 1661 2235
NPs=d 4.5 6.1
NPs=d (GREAT) 10.9 9
NPs=d (no-GREAT) 2.7 5.1
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FIG. 30. GSAT0201 (E14) and GSAT0208 (E08): direct
comparison of the available observations in the NPs format up
to November 25, 2022.
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observations for the other Galileo’s in nominal orbits, to be
used for the dark matter constraints of the project.
Finally, an increased number of SLR data is important to

reduce systematic errors in the measurements to be per-
formed. Orbit modeling errors are strongly correlated to the
clock solutions and SLR data are essential to characterize
orbital radial errors in the IGS Analysis Centers solutions:
in fact, the radial systematic errors are one to one correlated
with the onboard clock solution. Since these systematic
errors are mainly due to the mismodeling of the direct solar
radiation pressure, it will be useful to have a campaign long
enough to account for the variation of the Sun beta angle,
whose period of variation (as we have seen in Sec. II A) is
equal to the Draconit year, i.e., very close to 365 days.
As mentioned above, in Figs. 28 and 29 the weighted

root-mean-square (W-RMS) of the residuals in range and
the mean of the residuals in range are shown for each arc of
the analyses. The range residuals are defined as:

Oi − Ci ¼ −
X
j

∂Ci

∂Pj
dPj þ dOi; ð15Þ

where Oi and Ci are, respectively, the range observations
and their computed (from the dynamical model) values,
dPj represent the corrections to the vector P of parameters

to be estimated and, finally, dOi are the errors associated
with each observation. These errors account for both the
contribution from the noise in the observations as well as
for the incompleteness of the mathematical model included
in the software used for the orbit determination. In practice,
the orbit determination is reduced to the least-squares
solution of Eq. (15).
The scattering of plotted data in these two figures is a clear

indicator that POD results are suboptimal due to the nonideal
modeling of NGPs and, in particular, direct solar radiation
pressure, here provided by a simple cannonball model. This
is more evident in the case of GSAT0201 in elliptical orbit.
In Table X we summarized the statistic we obtained for both
the range residuals and their root-mean-square.
As can be seen the mean value of the W-RMS of the

range residuals is about 20 cm in both cases (with a
comparable standard deviation), when the POD of satellites
in nominal orbit is usually at the level of a few cm RMS, or
even less when carrier phase is used as tracking data [27].
The fact that the mean value of the residuals in range
converges toward zero (close to about�1 mm)—and this is
well highlighted in the histograms of the range residuals of
the two satellites in Fig. 31—should not mislead.
This is due to the use of the previously mentioned

empirical accelerations, which assume large values after
data reduction. This is shown below in Figs. 32–34.
These are general acceleration terms added to the equa-

tions of motion, and are aimed at modeling and/or absorbing
otherwise unknown small effects which may be relevant for
the dynamics. In GEODYN II, these acceleration are decom-
posed in the three Gauss directions under the general form:

aðtÞ ¼ a0ðtÞ þ acðtÞ cos ðωðtÞ þ fðtÞÞ
þ asðtÞ sin ðωðtÞ þ fðtÞÞ; ð16Þ

where the amplitudes ac and as define the terms of
acceleration at orbital frequency. In these figures we plotted

TABLE X. GSAT0201 and GSAT0208: statistic indicators for
the mean of the range residuals (RR) and for their weighted RMS
on the respective time spans of the analyses performed with
GEODYN II.

GSAT0201 Mean Standard deviation (cm)
RR −1.5 mm 8.62
W-RMS 21.44 cm 25.51

GSAT0208 Mean Standard deviation (cm)
RR þ0.6 mm 1.20
W-RMS 17.30 cm 11.85

FIG. 31. Histogram of the range residuals of Fig. 29. (a) GSAT0201: histogram of the range residuals of Fig. 29(a). (b) GSAT0208:
histogram of the range residuals of Fig. 29(b).
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the transverse acceleration for the two satellite, the most
important in defining the shape of the orbit, as can be seen
from Gauss equations (8) and (9) for the satellite semimajor
axis and eccentricity.
From these figures it is once again evident the scarcity of

the NPs of the satellites, in particular of GSAT0201, clearly
evident in the arcs in which the data reduction has not been
successful (holes in the data). Other information obtained
from the plots is the high value of the estimated arc-by-arc
amplitudes for the transverse acceleration in the PODs
of the two satellites. This is evident from the empirical
acceleration terms at orbital frequency, i.e., from the once-
per-rev terms Tc and Ts, which generally assume ampli-
tudes of the order of some 10−7 m=s2, i.e., more than one
order of magnitude larger than the estimated peak values
through our S-BW model, see Sec. III A 2. The situation is
better in the case of the constant term for the satellite
GSAT0208, whose maximum amplitudes are two orders

of magnitudes smaller than those estimated for
the satellite in elliptical orbit. Furthermore, the long-term
trend is also well defined, with a periodicity close to the
annual one.
However, in spite of the picture just described, which is

not too comforting, if we look at the long-term effects on
the orbital elements provided by the cannonball model, the
results are somewhat more interesting for our purposes.
This will be analyzed in next section.

A. PODs long-term effects: GSAT0201

Figures from 35 to 39 show the results obtained for the
long-term evolution of the keplerian elements of GSAT0201
in elliptical orbit. In Sec. II of the Supplemental Material
[39] are reported the results obtained in the case of
GSAT0208 in nominal orbit. Specifically, the plotted values
represent the adjustment of the state-vector at the start of

FIG. 32. Empirical transverse (constant component) acceleration (m=s2), estimated for each arc of the POD. Outliers more than three
standard deviations from the mean of the acceleration values have been removed. (a) GSAT0201: empirical transverse acceleration per
arc: T0 constant acceleration. (b) GSAT0208: empirical transverse acceleration per arc: T0 constant acceleration.

FIG. 33. Empirical transverse (cosine component) acceleration (m=s2), estimated for each arc of the POD. Outliers more than three
standard deviations from the mean of the acceleration values have been removed. (a) GSAT0201: empirical transverse acceleration per
arc: Tc amplitude of the cosine term. (b) GSAT0208: empirical transverse acceleration per arc: Tc amplitude of the cosine term.
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FIG. 34. Empirical transverse (sine component) acceleration (m=s2), estimated for each arc of the POD. Outliers more than three
standard deviations from the mean of the acceleration values have been removed. (a) GSAT0201: empirical transverse acceleration per
arc: Ts amplitude of the sine term. (b) GSAT0208: empirical transverse acceleration per arc: Ts amplitude of the sine term.
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FIG. 35. GEODYN II POD of GSAT0201: long-term evolution
of the semimajor-axis.
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FIG. 36. GEODYN II POD of GSAT0201: long-term evolution
of the eccentricity.
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FIG. 37. GEODYN II POD of GSAT0201: long-term evolution
of the inclination.
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FIG. 38. GEODYN II POD of GSAT0201: long-term evolution
of the right ascension of the ascending node.

FUNDAMENTAL PHYSICS …. II. A BOX WING FOR … PHYS. REV. D 109, 062005 (2024)

062005-21



each 7-day arc to best fit the available tracking observations
of GSAT0201.
As said, the models implemented are those of Table VIII.

For the Earth’s background gravitational field we used
EIGEN-GRACE02S [48] up to degree and order 30. The
initial (a-priori) state-vector for the satellites was obtained
from their Two Line Elements (TLE) as provided by
NORAD (see [68]).
As we can deduce from these figures, in the case of

GSAT0201 the long-term evolution of the orbital elements
is different than that of GSAT0208 (see Figs. 7–11 in the
Supplemental Material [39]). This is primarily due to the
eccentricity of the orbit. In particular, an eccentricity
significantly different from zero is responsible for further
long- and (also short-) term perturbation effects, starting
with the Earth’s gravitational field [69].
In the following we want to compare the results of our

PODs with those obtainable from the precise orbits
obtained from the IGS analysis centres. In particular, we
will compare our PODs with the precise orbits obtained by
ESOC for the previous GREAT experiment. The precise
orbits, already introduced in Sec. III, are distributed
according to the sp3c format. These orbits are the highest
quality IGS solutions and consists of daily files produced
on a weekly basis.
The results of the comparison in the case of GSAT0201

and GSAT0208 are shown in Figs. 40–44 below and in
Figs. 12–16 in the Supplemental Material [39]. Results are
shown for the semimajor axis, eccentricity, inclination,
right ascension of the ascending node, and argument of
pericenter of the satellites. As can be seen from practically
all the figures, the agreement on the long-term behavior of
the orbits obtained with GEODYN II, based on a simple
cannonball model, with those obtained from the sp3c files
is quite good. In the case of GREAT, the precise orbits
were obtained from ESA’s NAPEOS orbital determination
code [70], probably exploiting the dynamic models for
nongravitational forces developed within this project.
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FIG. 39. GEODYN II POD of GSAT0201: long-term evolution
of the argument of pericenter.

FIG. 40. Comparison between GEODYN II POD (black) and
GREAT sp3c precise orbit (red): long-term evolution of the
semimajor axis of GSAT0201.

FIG. 41. Comparison between GEODYN II POD (black) and
GREAT sp3c precise orbit (red): long-term evolution of the
eccentricity of GSAT0201.

FIG. 42. Comparison between GEODYN II POD (black) and
GREAT sp3c precise orbit (red): long-term evolution of the
inclination of GSAT0201.
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In both cases, GEODYN II vs GREAT sp3c, the osculating
keplerian elements are plotted. One difference lies in the
sampling time of the plotted data: 7 days in the case of the
PODmade with GEODYN II and 300 s in the case of the POD
made by ESOC with NAPEOS. This difference is particu-
larly evident in the case of the semimajor axis of the orbit of
the two satellites considered, but less so in the other cases.
For this Keplerian element we plotted the GREAT data
sampled every 7 days (gray line). Even in this case the
agreement is notable. For some quantities, it was preferred
to plot the cumulative sum of the results obtained, as in the
case of the right ascension of the ascending node of the two
satellites or of the argument of the pericenter in the case of
GSAT0201.
In order to begin comparing our POD results with those

provided at the high frequencies of the precise orbits
obtained by GREAT, we need to reduce the length of
our arc and replace the cannonball model with more

sophisticated models, as already anticipated, starting with
the S-BW model.
However, the results obtained with the current approxi-

mation are nonetheless encouraging as regards the meas-
urement of relativistic precessions, linked to the secular
effects produced by general relativity (GR)—or by other
theories of gravitation (alternatives to GR)—on the right
ascension of the ascending node of the orbit and, in
particular, on the argument of the pericenter of the
satellites. This aspect will be further investigated in the
following subsection.
The agreement is remarkable also in the case of the

eccentricity of the satellites, as well as for their inclina-
tion: the differences are in the values of the initial
conditions, in any case less than 0.05 degrees. The
extrapolation of the initial condition from the orbits of
GREAT is sometimes not easy, as in the case of the
argument of pericenter of GSAT0201 but, above all, in the
case of the mean anomaly of the satellites, i.e., in the case
of a rapidly varying element.
These results give us a clear indication of the possibility

of determining, with GEODYN II, the effects of relativistic
precessions on the orbit of the Galileo FOC satellites even
in the case in which the dynamic model of the satellite is
not sophisticated enough, as regards the nongravitational
effects. Of course it is necessary to have enough laser
observations to ensure state vector convergence in the data
reduction process. In the next subsection we will give a first
assessment of these aspects in the case of the orbital
residuals of GSAT0201.

B. Orbit residuals in the Keplerian elements

In the following, from Figs. 45 to 50, we show the results
for the residuals we obtained from the Keplerian elements
of GSAT0201 after a second POD performed by GEODYN
II, different from that described in Secs. V and VA. The
units of measure for angular quantities are now milliarcsec
(mas) per day and not rad=d, as in previous plots.
The two main differences lie in not having modeled

general relativity and in not having estimated the empirical
accelerations in the POD. This is a correct way, although
not the only, to proceed to derive gravitational effects from
the analysis of satellite orbital residuals. The model for
GEODYN II relativistic corrections refers to the parametrized
post-Newtonian (PPN) formalism [71–73] according to the
formulation described in [53]. Of course, in this particular
case of preliminary POD, the relativistic effects are
completely masked by the imperfections of the dynamical
model we have used.
The plotted residuals have been determined with the

method described in [74] exploiting the difference between
the satellite’s state-vector estimated by GEODYN II at the
beginning of each arc of the POD and the propagated value
of the (estimated) state-vector of the previous arc at the
same epoch. Since the residuals were obtained by

FIG. 44. Comparison between GEODYN II POD (black) and
GREAT sp3c precise orbit (red): long-term evolution of the
argument of pericenter of GSAT0201.

FIG. 43. Comparison between GEODYN II POD (black) and
GREAT sp3c precise orbit (red): long-term evolution of the
RAAN of GSAT0201.
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FIG. 45. GSAT0201: residuals on 7-day of the satellite’s semimajor axis. (a) GSAT0201: long-term evolution of the satellite’s semi-
major axis residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s semi-major axis residuals in the
period 2016–2017.
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FIG. 46. GSAT0201: residuals on 7-day of the satellite’s eccentricity. (a) GSAT0201: long-term evolution of the satellite’s eccentricity
residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s eccentricity residuals in the
period 2016–2017.
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FIG. 47. GSAT0201: residuals on 7-day of the satellite’s inclination. (a) GSAT0201: long-term evolution of the satellite’s inclination
residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s inclination residuals in the period
2016–2017.
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FIG. 48. GSAT0201: residuals on 7-day of the satellite’s RAAN. (a) GSAT0201: long-term evolution of the satellite’s RAAN residuals
over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s RAAN residuals in the period 2016–2017.
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FIG. 49. GSAT0201: residuals on 7-day of the satellite’s argument of pericenter. (a) GSAT0201: long-term evolution of the satellite’s
argument of pericenter residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s argument of
pericenter residuals in the period 2016–2017.
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FIG. 50. GSAT0201: residuals on 7-day of the satellite’s mean anomaly. (a) GSAT0201: long-term evolution of the satellite’s mean
anomaly residuals over the entire analysis period. (b) GSAT0201: long-term evolution of the satellite’s mean anomaly residuals in the
period 2016–2017.
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propagating the state vector along the length of each arc,
they represent, strictly speaking, the residuals in the rate
of the orbital elements, more precisely their variation
over 7 days.
For each figure, the plot on the left shows the residuals

over the entire analysis period, i.e., over about 8 years,
while the plot on the right shows the residuals we obtained
over the 2-year period considered by the GREAT experi-
ment: 2016–2017. The residuals plotted over the entire
period clearly show the numerous gaps due to the non-
convergence of the state-vector during the data reduction
because of the scarcity of normal points for this satellite.
This was already highlighted in the previous sections.
On the contrary, the residuals obtained in the period 2016–
2017 do not show any discontinuity, confirming the success
of the observational campaign carried out by the ILRS
stations in favor of the GREATexperiment in the case of the
two satellites in elliptical orbit, see previous Table IX.
As can be seen, most of the figures indicate, in the

various orbital residuals, the presence of nonmodeled
effects with an annual periodicity. This is less evident in
the residuals in inclination and in the right ascension of
the ascending node, but it is well evident in all other
cases. This is a clear indication of the poor modeling of
direct solar radiation for Galileo FOCs in the case of the
cannonball model, which on the contrary is a good
approximation in the case of passive geodetic satellites,
such as LAGEOS [75].
This is indirectly confirmed in Figs. 51 and 52, where the

residuals in the eccentricity rate and in the argument of
pericenter rate, rescaled per day, are compared with the
predictions of our S-BW model presented in Sec. IV
(Figs. 20 and 23) and computed on a 4 years period.
The S-BW model is in this case able to explain the quasi
totality of the residuals currently determined with the POD
based on the cannonball model, in particular the annual
oscillation.

These results are remarkable and very important in view
of the possibility of extracting the measure of relativistic
precessions from the analysis of the orbital residuals of the
Galileo FOC satellites.

VI. CONSIDERATIONS IN VIEW
OF THE GR MEASUREMENTS

In this section, we will try to summarize, and briefly
discuss, the results we have obtained from the analyzes
described in this work in the perspective of the next
fundamental physics measurements of the G4S_2.0 project.
The question to ask is how much the model for the

nongravitational perturbations of the Galileo FOC satel-
lites, and more generally the overall dynamic model of the
satellites, needs to be improved in order to achieve reliable
measurements for the project’s gravitational measure-
ments? Obviously it is not easy to give a clear answer
to this question at this stage of G4S.0 activities.
In the following we will restrict our considerations to

the measurement of relativistic precessions which, in our
planning of the various activities and measurements, should
be obtained from the PODs made with the GEODYN II

software.
Naturally, the level currently achieved for modeling

nonconservative forces and, in particular, direct solar
radiation pressure, is not sufficient for a direct measurement
of relativistic precessions. For example, in the case of the
relativistic precession of the argument of pericenter of
GSAT0201—given by the sum of the Schwarzschild and
the Lense-Thirring precessions, equal to approximately
423.5 mas=yr (see Table VII)—the result should be
extracted, for instance, from the average value of the
pericenter rate residuals reported in Fig. 49 or 52.
Unfortunately, both the long-term annual oscillation that

characterizes the residuals in the rate of the argument of
pericenter of the satellite, and the shorter-term ones

FIG. 51. GSAT0201: direct comparison of the eccentricity rate
residuals with the corresponding prediction of the S-BW model
on a 4-year timespan.

FIG. 52. GSAT0201: direct comparison of the argument of
pericenter rate residuals with the corresponding prediction of the
S-BW model on a 4-year timespan.
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superimposed on it, provide an average value that com-
pletely masks the prediction provided by GR. Figure 52
shows implicitly that the inclusion of the S-BW model for
the satellite in the POD will be able to largely absorb the
long-term annual oscillation, but the higher frequency
variations shown in the residuals in the pericentric rate
will not be certainly absorbed.
These considerations are confirmed by the results of

the preliminary activities we have undertaken by includ-
ing the accelerations obtained with the S-BW model
(replacing the cannonball model) in the dynamic model
of GEODYN II. This result was achieved by providing
two external files to GEODYN II, in binary format, one
for the acceleration produced by the SRP on the box-
wing model of the satellite and one for the correspond-
ing attitude of the satellite according to the law intro-
duced in Sec. II A.
Figure 53 provides the results for the residuals of the

eccentricity rate and the argument of pericenter rate (in red)
for GSAT0201 obtained using the S-BW model acceler-
ations, compared to previous residuals obtained with the
cannonball model (in black).
As can be seen, the improvements in residuals reduction

are significant: about a factor of 20, or greater, in the
maximum amplitude for the eccentricity rate and about a
factor of 3 smaller in amplitude in the case of the argument
of pericenter rate. However, these improvements are not
sufficient to “easily” allow the extraction of relativistic
precessions. Indeed, the new residuals in the rate of the
argument of pericenter argument are still characterized by a
long-term oscillation with annual periodicity, in addition to
the expected high-frequency oscillations. From the new
analyses, which will be the subject of a dedicated work,
we have preliminarily estimated that the residual annual
oscillation is due to a transversal acceleration of such
periodicity and maximum amplitude of the order
of 1.5 × 10−8 m=s2.

Consequently, as highlighted in previous Secs. III
and IV, it will be necessary to further improve the model
of the spacecraft to be used for calculating the effects of
solar radiation pressure. The first step will be to achieve an
improved box-wing model based on a more detailed
characterization of the optical properties of the satellite
face that constantly looks toward the ground. Then, as a
second step, proceed further toward the improvement of the
FEM model introduced in Paper I.
Only after these improvements in the SRP model, which

can be estimated approximately to be a factor of 100 or 200
in the orbital residuals compared to the cannonball model,
will it make physical sense to take into account the
perturbative effects due to the albedo and infrared radiation
of terrestrial origin.
For instance, the mean value of the residuals of

Fig. 53(b) in the case of the S-BW model, is about 30
times greater than the prediction of GR for the combined
Schwarzschild plus Lense-Thirring precession (and about
300 times greater in the case of the cannonball model). This
difference compared to the expected value according to
GR, although conspicuous, is not to be considered as an
insurmountable obstacle and which consequently makes
the measurement of relativistic precession impossible.
This is for a series of reasons linked, not only to the

further development of the perturbative model (here we
have the virtuous example of what the GREAT project has
done in the case of the new measurement of gravitational
redshift), but also to the different modalities with which the
relativistic precession can be extracted from the different
orbital residuals.
What the residuals in the various orbital elements show is

not simply noise superimposed on the relativistic effects to
be measured but, mainly, other effects not modeled or
poorly modeled in the dynamic model and primarily of a
periodic nature. Therefore, by integrating the residuals in
the rate of the orbital elements, as for example in the case of
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FIG. 53. GSAT0201 cannonball model vs S-BW model: residuals on 7-day of the satellite’s eccentricity and argument of pericenter
rates. (a) GSAT0201: long-term evolution of the satellite’s eccentricity rate over the 2-year of the GREAT analysis (2016–2017).
(b) GSAT0201: long-term evolution of the satellite’s pericenter rate residuals over the 2-year of the GREAT analysis (2016–2017).
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the rate of the argument of pericenter, we will obtain that
the periodic effects integrate and remain periodic and
overlap with the linear trend of a relativistic nature. The
integration process also acts as a filter, hence “mitigating”
the effects on the pericenter rate due to higher frequency
periodic oscillations. The measurement of the slope will
therefore provide the relativistic precession sought, i.e.,
what was before the integration in the average of the rate of
the orbital element, now is in the slope of the element itself.
Of course, it is important that the time step of the

analysis is long enough to include an integral number of
(possible) unmodeled long-term periodic effects, which
then average their effect on the mean of the residuals, or
the slope of the integrated residuals, to zero. As regards
the possible lack of normal points for the satellites, the
measurement of relativistic precessions can still be
attempted over a long time span by means of the statistical
analysis used in [76].

VII. CONCLUSIONS AND RECOMMENDATIONS

We presented some of the ongoing activities at the
IAPS/INAF institute in Rome within the G4S_2.0 project
in fundamental physics funded by the Italian Space Agency
(ASI). These activities concern, on the one hand, the
development of new models to take into account the non-
gravitational forces acting on the satellites of the Galileo
FOC constellation of the European Space Agency (ESA), on
the other, the determination of the orbit of the satellites by
means of a least-square fit of the laser-ranged data (of each
spacecraft) provided by the ILRS through the SLR technique.
As far as the models are concerned, as a preliminary to

the finite element model of the satellite we are developing,
we have introduced a box-wing model built on the basis of
the metadata provided by ESA (Sec. III and Paper 1). The
model has been applied to take into account the perturba-
tion produced by direct solar radiation pressure, the largest
among all the perturbations produced by nonconservative
forces. The model differs in part from those reported in
the literature of GNSS satellites in that the visible solar
radiation absorbed by the different surfaces that make up
the satellite is not modeled, in terms of its instantaneous re-
emission. This effect will in fact be treated more properly
under the perturbations linked to the effects of thermal
thrust. Conversely, and contrary to the models reported in
the literature, the complete law on the complex attitude of
the satellite was implemented on the basis of the informa-
tion provided by ESA in its twofold form: “nominal” and
“modified” (Sec. II A). In this context, we have highlighted
some differences that arise in applying the attitude law to
satellites in nominal orbit—or almost circular orbit
(GSAT0208), for which it was built—with its application
to satellites in elliptical orbit (GSAT0201). The box-wing
model was used to calculate the accelerations produced
by solar radiation on the different surfaces of the satellites.
The accelerations have been provided in different

representations—in the time domain, in a synoptic view
and in the frequency domain—to highlight their different
usefulness for our purposes (Sec. III A and Sec. I of the
Supplemental Material [39]). Subsequently, the accelerations
in the Gauss reference system were exploited to determine
the corresponding effects on the Keplerian elements by means
of the so-called Gauss perturbation equations (Sec. IV). All
these results have been obtained for the two Galileos in
elliptical orbit, GSAT0201 and GSAT0202.
As regards the determination of the orbits of the

satellites, a series of preliminary PODs were performed
using the GEODYN II code and applying it to the GSAT0201
(Sec. V) and GSAT0208 (Sec. II of the Supplemental
Material [39]) satellites. In this context, a somewhat crude
model was deliberately taken for the satellites, that of a
cannonball with an area/mass ratio equal to the average
one of the Galileo FOC satellites. In the context of the
fundamental physics measurements that we are going to
make in the near future, a first verification object of our
study was to verify if the distribution of the normal points
of the laser data is sufficient to obtain the convergence of
the state vector. It has therefore been noted that a sufficient
number of normal points is not always available to the
scientific community, especially for satellites in elliptical
orbit. In this regard we have officially requested to the
Central Bureau of the ILRS an observation campaign
dedicated to the G4S_2.0 project, as was done in the
recent past for the GREAT and GASTON (GAlileo Survey
of Transient Objects Network) projects. The SLR campaign
was approved and began on January 20, 2024. A second
verification carried out was to compare the orbits obtained
with GEODYN II, again for the GSAT0201 and GSAT0208
satellites, with those we can achieve from the precise orbits
determined by the IGS analysis centers (Sec. VA and
Sec. II of the Supplemental Material [39]). In particular, the
orbits obtained by ESOC over the two years of the GREAT
project were taken into consideration. The verification was
positive, in the sense that even the cannonball model is
sufficient to obtain the correct long-term behavior of the
orbits of the two satellites considered. We then proceeded
to compute the orbital residuals from the orbits obtained in
the case of GSAT0201 (Sec. V B). Reliable orbital residuals
are an important tool for us to extract from their analysis the
signature of the relativistic effects we are interested in, such
as the relativistic precessions predicted by general rela-
tivity. The residuals we obtained have clearly highlighted
the shortcomings of the dynamic model used, in particular
the presence of long-term effects with a periodicity of about
365 days, therefore attributable to an inadequate modeling
of the direct solar radiation pressure. To test this con-
clusion, we directly compared the residuals in the orbital
elements with the predictions of the box-wing model on the
same elements. In fact, the box-wing represents for us a
first basic model, we have defined it simplified, toward the
construction of more performing models, until hopefully
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reaching the FEM of the spacecraft. The comparison was
not only positive, but remarkable as almost all of the
observed and nonmodeled effects can be replicated with
the S-BW model. This result is very significant as it will
allow us to enter the accelerations produced by our BW
model as input data to the GEODYN II software, as well as
those that we will obtain in the future from the spacecraft
models that we will gradually develop. This will allow a
significant improvement of the dynamic model and therefore
the subsequent reduction of tracking data in the POD. This
last analysis was introduced in Sec. VI in a preliminary form,
where the state of the art of our models was discussed in
view of the gravitation measurements that we will have to
undertake in the near future.
This work, together with Paper 1 presented in this issue,

provides a first overview of the activities and preliminary
results of the G4S_2.0 project, which are preparatory to the

actual measurements of fundamental physics. Other activ-
ities more related to these gravitational measures will be
presented in future specific works.
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