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In an optically active medium, such as a plasma that contains a neutrino background, the left-handed and
right-handed polarization photon modes acquire different dispersion relations. We study the propagation of
photons in such a medium, which is otherwise isotropic, within the framework of the covariant collissionless
Boltzmann equation incorporating a term that parametrizes the optical activity. Using the linear response
approximation, we obtain the formulas for the components of the photon polarization tensor, expressed in
terms of integrals over the momentum distribution function of the background particles. The main result here
is the formula for the P- and CP-breaking component of the photon polarization tensor in terms of the
parameter involved in the new term we consider in the Boltzmann equation to describe the effects of optical
activity. We discuss the results for some particular cases, such as long-wavelength and nonrelativistic limits,
for illustrative purposes. We also discuss the generalizations of the P- and CP-breaking term we included in
the Boltzmann equation. In particular we consider the application to a plasma with a neutrino background
and establish contact with calculations of the photon self-energy in those systems in the framework of

thermal field theory.
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I. INTRODUCTION AND OUTLINE

It was shown sometime ago, in the context of thermal
field theory (TFT), that the general expression for the
photon self-energy in an isotropic medium, consistent with
gauge and Lorentz invariance in four dimensions, may
contain a term which signals P- and CP- symmetry
breaking, either in the Lagrangian, or in the background,
or both [1,2]. The effect of this term is that the dispersion
relation of the photon transverse modes, which would
otherwise be degenerate, are split according to the polari-
zation of the propagating mode. A consequence of this is the
rotation of the linear polarization of an electromagnetic
wave traveling in such media, or birefringence. These
effects arise, for example, when photons propagate in a
medium that contains a neutrino background [3-5].

On the other hand it has also been shown that the effect
mentioned can be described in the context of the classical
Maxwell equations in terms of an additional electromag-
netic constant {, besides the standard dielectric (¢) and
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magnetic (u) constants [6]. A covariant version of this
formulation has also been given [7]. Following Ref. [6] we
refer to { as the activity constant, and to this kind of medium
as an optically active medium.

Our objective in the present work is to revisit the study
the propagation of photons in such media, in the frame-
work of the covariant, collisionless, Boltzmann equation,
but incorporating a term that gives rise to the optical
activity effects mentioned above. This approach, which
lies somewhere in the middle between the two approaches
mentioned, that is, TFT on one hand, and a purely
phenomenological description on the other, could be more
suitable than those two approaches in certain situations.

Recently, the optical activity effects on the cosmic
microwave photons as they travel through the medium of
the cosmic neutrino background have been considered in the
context of the cosmic birefringence [8]. Independently of
whether or not the photon-neutrino interactions are respon-
sible for the observed effects in this context, or whether
another source of the optical activity may be required as
suggested in Ref. [8], our work may be useful for further
development in this area, and other astrophysical contexts in
which optical activity plays a role.

While in the present work we restrict ourselves to the
collisionless Boltzman equation, modified to incorporate
the optical activity effects, the method we use can be
extended to include the effect of collisions in an optically
active plasma, for example by adapting the techniques used
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for this purpose in the framework of the Boltzmann equation
for an ordinary plasma (see, e.g., Ref. [9] and references
therein). For example, in the case of photons propagating in
a plasma medium with a neutrino background, it may be
important to include also the effects of collisional inter-
actions. While such interactions typically lead to damping
effects, under the appropriate circumstances can also lead to
growth effects. An example of a growth effect was provided
in Ref. [4], with regard to the evolution of a magnetic field
perturbation in such a medium. This particular phenomena
has been considered by Semikoz and Sokoloff [10] as a
mechanism for the generation of large-scale magnetic fields
in the early Universe as a consequence of the neutrino-
plasma interactions. In this sense the present work provides
the mechanism for considering the effects of collisions in an
optically active medium on a firm ground.

In short, our proposal is to consider the relativistic
collisionless Boltzmann equation for a given particle specie
“a,” of charge q,,

(1.1)

modified by adding a term proportional to the dual
electromagnetic tensor F s a8 We state precisely below,
including the explanation of the various symbols that enter
in this equation. The strategy is to use the linear response
approach to obtain the expression for the induced current,
and thereby the photon polarization tensor, in terms of the
particle distribution functions, and study various aspects of
the results that could be useful for applications, such as the
corresponding dispersion relations and the interpretation in
terms of the activity constant. In the present work we
restrict ourselves to implement this program for an isotropic
system, that is, the momentum distribution functions of all
the particle species are isotropic in the rest frame of the
system. The generalization of the approach to other cases,
for example a two-stream component plasma is straightfor-
ward from a conceptual point of view, although of course
the details will be different and they can be important in
specific physical contexts.

The outline of the rest of the paper is as follows. In
Sec. II we present the covariant Boltzmann equation, that
includes the P- and CP-breaking term to describe the
effects of an optically active medium. For consistency, we
discuss some particular features and consequences of the
equation, including current conservation and the role of the
discrete symmetries of the new term. In Sec. III, we
consider the solution of the equation, using the standard
linearization method. The expression for the induced
current is determined, in terms of integrals of the momen-
tum distribution functions of the particles. There we
establish contact with the photon polarization tensor, or
equivalently the photon self-energy, in the TFT language,
specifically as used in Ref. [1], and the formulas for the
components of the polarization tensor are obtained. The

P a(x>fa = _QaF”Dpyaflp)fa’

results for the longitudinal and transverse components of
the photon self-energy are the familiar ones. The formula
for the P- and CP-breaking term is the new result here. In
Sec. IV we discuss some details of the results obtained, and
consider specifically some particular cases (e.g., the long-
wavelength and the nonrelativistic limit) that are useful in
many applications and can serve as benchmark references
for more general situations. We also point out possible
generalizations of the P- and CP-breaking term we
included in the Boltzmann equation, in particular how it
applies in the context of a plasma with a neutrino gas as a
background, and establish contact with calculations of the
photon self-energy in such backgrounds in the framework
of TFT [3]. Possible avenues for extensions and explora-
tion of the present work are mentioned in Sec. V.

II. P- AND CP-BREAKING KINETIC EQUATION

Without further preamble, the equation we consider is,

p . a(x)fa = [—an”U + yaﬁﬂy}pbaﬁp)fa’ (21)

We will discuss some generalizations of this equation in
Sec. IVB. In this expression, f,(x,p) is the number
density of the particles specie “a,” of charge ¢,, in the
plasma, expressed as a function of the four-vectors x* and
p*, and normalized as specified below [e.g., see Eq. (2.10)].

Further, F** is the dual electromagnetic field tensor,

P = _emlF (2.2)

1
2

and we are using the shorthand symbols

w_ 9

R —

# ox*

() _ O

o) N (2.3)

We use the conventions such that ¢** has diagonal elements
(1,-1,-1,-1) and €% = +1.

The parameter y, is a phenomenological parameter,
which in this approach is unknown. However Eq. (2.1),
or its generalizations, as we will discuss, parametrize
effectively the results of the calculations of optical activity
in some systems, such as those considered in the references
already cited (e.g., Refs. [3—5]). In this sense this approach
serves as a bridge between those calculations on one hand,
and a pure phenomenological description in terms of the
electrodynamics equations on the other (e.g., Refs. [1,6,7]).

Before entering in the practical calculations, there are
various aspects of these equations that are worth discussing.
We consider them below.
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A. Current conservation

The electromagnetic current density is

jll == anja”, (24)
where
J —2/ TD 502 —m2)0(p - W)pufe (25)
o (271)3 ‘ . '

We have introduced the velocity four-vector of the medium,
u#, which has components

-

ut = (1’0), (26)
in the medium’s own rest frame. Notice that
8(p* —m3)0(p - u) = 8(p° —Eup),  (2.7)
2E,,
with
E., = \/|BI* +mi, (2.8)

since @(p - u) =0 for the negative solution p’ = —E
Therefore Eq. (2.5) reduces to

d*p
Joyy= | —— ,
“ / (27[)3Eap pﬂfa

which is the conventional expression for the current density
four-vector of each specie. In particular, its zeroth compo-
nent is the particle number density of each specie,

ap-*

(2.9)

dp

=J0= [ £ ¢
na a (272:)3 a

(2.10)

We now consider the divergence of the current density.
From Eq. (2.5),

awdfa/§§aﬁﬂ@an@www,@n>

and using Eq. (2.1)
oW - T, = AL 4, (2.12)
where we have defined
A = —q F" 4y F*, (2.13)

and

sz/wa—%wwmm#m

—/ﬁm#%ﬂﬁ—%WVM-@M)

In the second equality in Eq. (2.14) we have integrated by
parts, dropping the surface term since f, vanishes for
infinite momentum. Current conservation is a consequence
of the fact that, while A%” is antisymmetric,

AR = AW (2.15)
Jau 18, as we show below, symmetric,

Ja;w = Jav/r (216)
Therefore,

AZ”JW,, =0, (2.17)
which together with Eq. (2.12) imply that

o . J, =0. (2.18)

The proof of Eq. (2.16) is by straightforward algebra.
Taking derivative that appears in the integrand of Eq. (2.14)
we obtain,

o [p,8(p> —m2)6(p - u)] = g,,6(p* — m2)8(p - u)

+p, ol [5(p* = m2)0(p - u)),
(2.19)

and for the second term in Eq. (2.19)

oL [8(p> —m2)0(p - u)] = p,& (P> —m2)6(p - u)
+u,6(p* —m3)8(p-u). (2.20)

In the last formula, the product of the two delta functions
give zero because the two conditions,

P’ =E£\/IpI + mg, (2.21)
and
pou’ = p -, (2.22)

cannot be satisfied simultaneously. Therefore we get
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Sy =— / d*pfo(p-u)|g,,S(p> —m2)+ p,p,8 (p*—m2)],

(2.23)

which explicitly verifies Eq. (2.16).

B. Modification of the Boltzmann equation
If the distribution function is treated as a function only
of p rather than p and p° separately, in other words we
explicitly set
£ 0F D) = Falp) o, (2.24)
it is well known that the covariant equation given in
Eq. (1.1) is equivalent to (see, e.g., Ref. [11])

atft<lS> + 1_}41 ' vxfglg) = _fa ! vpng)’ (225)

with

F,=qu(E+7,xB). (2.26)
Equation (2.25) is the standard form of the Boltzmann
equation for charged particles in an electromagnetic field.

In the case that f, satisfies Eq. (2.1) the corresponding
equation, analogous to Eq. (2.25), is

-

0L + 7, Vofs) = (=F, +G,) -V, fY,  (2.27)
where F . 1s given above, and
G, =7,(B -7, xE). (2.28)

The result given in Eq. (2.27) follows easily from the fact
that the elements of F 4w are obtained from F,, by making
the replacement

oS!
oo1)

—

’

-
- —E,

ool

(2.29)

which implies that éa is obtained from F . by making the
same replacement. Thus, for example, in the presence of

only a magnetic field B, the equation is

atfglx) + 17(1 : vxfgls) = (_qaﬁa S E"’yag) : vprlS) (230)

A quick observation that follows from Eq. (2.27) is that
some discrete space-time symmetries are broken in the
system when the F ,w term is present in the Boltzmann
equation. This is obvious, for example for parity (P), from
the fact that E and B have opposite phase under a P

transformation, and therefore the same holds for F and é

III. LINEARIZATION OF THE KINETIC
EQUATION AND 7,

A. Linearization and the induced current
The dispersion relations for the propagating photons are
obtained by linearizing the kinetic equation. We put
Ja=fawtfa+- -, (31)
where f o is the equilibrium distribution, and f,; is linear

in F*. Substituting Eq. (3.1) in Eq. (2.1), and retaining
only terms that are linear in F**, gives

p- a(X)fal = [_an/w + YaFMD}pya/Sp)faO' (32)
The next step is to consider the momentum space equation
corresponding to Eq. (3.2). Denoting the wave vector by k*,
the momentum space equation is obtained from Eq. (3.2)
by making the replacements

F/w_)fuw
F;w_)f/un
fal _)fal’

aL)C)fal - _ikufalv (33)

with the understanding that the functions on the right-hand

side are the Fourier transforms of those on the left. In
particular,

~ 1
f”y =3 ﬂyaﬁf{lﬁv

: (3.4)

in correspondence with Eq. (2.2). Furthermore, remember-
ing that we are considering an isotropic system, f,, is a
function only of

E=p-u, (3.5)
in which case
O fao = wuf o, (3.6)
where
9f a0
1= 3.7
a0 ag ( )

With these substitutions, the momentum space equation
corresponding to Eq. (3.2) is,
(_lk : p)fal = [_qafﬂy + yafﬂy}uﬂpvf;O’ (38)

which gives
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fur= (5 ) Fauf + rPhum s (39)

The induced current is obtained from Egs. (2.4) and (2.9)
using Egs. (3.1) and (3.9). The terms containing the
equilibrium distributions f,, do not contribute. This is
most easily seen by going to the medium’s own rest frame.
Due to the isotropy condition, the vector current density ja

is zero, while the total j° is zero assuming that the charge
density is zero in equilibrium. Thus,

j,u =i E Qa[_qafh + yujuy}ulll(li)v’ (310)
where
3 /
(1 &Ip fuw
low = | ——— - 3.11
! / (2”)3Eap k- P Pub ( )

The next step is to write Eq. (3.10) in terms of the vector
potential rather than the field. We consider separately the
two terms in Eq. (3.10).

1. f* term

For the term with f#**, using

f{z/)’ = _i[k(zA/;’ - k/iAa]’ (312)
we have
uapﬁfaﬂ = _l[(ku)pu_ (k'p)uv}Ab’ (313)
which gives
Frudly) = —il(k- w)l, — 17w, )4, (3.14)
where 1'},, is given in Eq. (3.11) and
= [Go e G19)
(271’)3Eap “

To arrive at Eq. (3.14) we have used again the fact that we
are considering an isotropic system so f o is a function of
p - u, and therefore

[t

(2r)’E, »
For the sake of completeness, we mention that the con-
tribution to the current from the term given in Eq. (3.14) is

transverse by itself, as can be easily verified explicitly by
multiplying by k¥ and using Eq. (3.16).

Fropn =12u,. (3.16)

2. f* term
We now derive the relation analogous to Eq. (3.14) for
the f** term. From Egs. (3.4) and (3.12), relabeling some of
the Lorentz indices, it follows that
FPupdlyn, = =ik upA, 1)), (3.17)
where Ifli)l, is defined in Eq. (3.11). Since IE,L),, is a

symmetric in u, v, and depends only on k* and u”, it is
of the form

IE,BU = Cg +Xyuu, + Xk, ki, + X5 (k,u, +u,k,). (3.18)
Only the C term contributes in Eq. (3.17) and therefore

fﬁ”ullgi)y = —iC €5k UP A"

e (3.19)

C, can in turn be written in terms of the tensor R defined
in Eq. (A6) as

C. = lRip](l)

SRVL, (3.20)

B. 7[”,, and nT,L.P

Using Egs. (3.14) and (3.19) in Eq. (3.10), the induced
current is then expressed in the form j, = -z, A"
[Eq. (A1)], with

Ty = Z{qczz[(k : M)IEIL)U - Igz)uyuv] - QaJ/aCaeuuaﬁkau/j}'
(3.21)

This expression for r,, can be decomposed in terms of
77..p as given in Eq. (A2). zp can be written by inspection,
while 77 ; can be obtained by projecting the term in square
brackets in Eq. (3.21), which is symmetric and transverse,

with R* and Q", using Egs. (A10) and (A9). Thus,

KD

= — 2 a
L Ea qa( K'2 >’
Tt = E qu<k'u)cav

Tp = Ziqayakca’ (322)
where C, has been defined in Eq. (3.20), while
D, = u'u”[(k - u)IgL),, - IS;Z)M”MD]. (3.23)

Using Eqgs. (3.11) and (3.15), the integral formulas for C,,
and D, can be written in the form
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1 a
c -1 / LY
2) (27)’E,,

+§[p-k—<k-u><p~u>]2}kf;,

{p2 ~(p-u)?

(3.24)

We consider the evaluation of the integrals for C, and D,,
in the medium’s rest frame, and thus we set

w = (1,0). (3.25)
We decompose k* in the form
K = (w,K), (3.26)
and in the integrands we will write
p' = (Eup: D) (3.27)

with the understanding that we are working in the rest
frame of the medium. In particular f, is a function only of
Eap, and
;y afao
a0 — oE. .~

(3.28)

ap

Thus, for example, the numerator of the integrand for D, in
Eq. (3.24)

(k-u)(p-u)* = (p-u)(k-p)
=wE2, —E,,(wE,, — K- Pp) = E K- P, (3.29)
while the denominator can be written as
Eap(w—l?- V), (3.30)
with
. P
= . 3.31
o= (3:31)

and similarly,

1 dp 2, ,
Ca==3 / orfw-f o (33

where

B, =3, —éoz. 5%, (3.34)
Although we do not indicate it explicitly, it is understood
that in these formulas for C, and D,, as well as in
the formulas for 7 r p given below, the singularity of the
integrand at @ = k- ¥, is to be handled by making the
replacement

@ — o+ 07", (3.35)
as usual.
From Eq. (3.22) we then obtain
SO / Sl
w—K-, T
_ o 2 i
Ty = 2 ;qa w X —> fa()’
ix &p EZL ,
Ttp D) ;qaya/(zﬂ)g.w_,c‘ 7, a0 ( )

The corresponding expressions for €., obtained from
Eq. (A23) reproduce the standard classic results, e.g.,

e [ 5

and similarly for €,. On the other hand, the formula for zp,
and the corresponding formula for ¢, obtained from
Eq. (A23), are new.

K

i1,
, 3.37
e e

p

IV. DISCUSSION

A. Dispersion relations in the long-wavelength limit

The longitudinal dispersion relation is not affected by the
7, terms, as already indicated. Therefore, we focus on the
transverse ones (i.e., polarizations perpendicular to )
which involve both 77 and zp. Moreover, we consider
specifically the long-wavelength limit,

® > KV, (4.1)
which is a particularly useful and representative of more
general situations.

Using the fact that we are considering the case that the
distribution functions f,, are isotropic, by straightforward
manipulation of the integrand,

056022-6
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QZ
C,w,k—0)= Ea (4.2)
where
d*p v2
0= [ ool (1 - a)fao- (4.3)
(2n)’E,, 3

For reference, recall that the plasma frequency (@ ,) of
each specie is given by

a)ﬁl_a = q2Q2. (4.4)
For example, in the nonrelativistic limit,
Q2 = a0 (4.5)

mg

where n, is the equilibrium particle number density of the
specie [see Eq. (2.10)]. From Eq. (3.22) we then obtain in
the long-wavelength limit

and the well-known result

nr(w,k — 0) = Q3 (4.7)
where
Q=) g (4.8)
and
Yp — anyagz' (49)

As reviewed in Appendix, the transverse dispersion
relations are determined as the solutions of
k* — (mg + Azp) = 0, (A==). (4.10)
Substituting in this equation the results for zp and 77 given
in Egs. (4.6) and (4.7), respectively, in the long-wavelength
limit the equation becomes

iAkyp

w? — (kK2 + Q2) — 0. (4.11)

In the limit yp — 0 we obtain the standard transverse

solutions,
o = or(k) = /x> +Q3,

(4.12)

for either polarization. In the more general situation,
assuming

2 3
ol < 221, (4.13)
the solutions are
() = op(6) + i (4.14)
w(k) = wp(k) + i . .
r 202 (k)

The dispersion relations are such that one polarization mode
is damped (absorption by the medium) while the other one
grows (emission by the medium). Which is one or the other
depends on the sign of yp, which in turn depends on the
relative signs and values of the ¢,y, terms in Eq. (4.9).

B. Generalization

Equation (2.1) is probably the simplest equation of the
kind we are discussing, but there are some possible
generalizations. Here we mention some of them. We will
write them in the generic form

p0Wf, = [~q. " + T¥]p, ol fo.  (4.15)
The requirement is that [ must contain, in some form, the
dual tensor £, and that it is antisymmetric in y, v so that
the proof of current conservation given in Sec. Il A applies
in this case as well, with the identification of A* =
—q,F" + 1" in place of Eq. (2.13).

One possibility is

% =y (- 0W)Fr, (4.16)

where ygl)

Eq. (3.9) for fa, apply also in this case, with the
identification

is a constant parameter. The steps to arrive at

va = —i(k-u)yi). (4.17)

Thus for example, from Egs. (4.6) and (4.9), we can see that
in the long wavelength limit this gives a contribution to zp
of the form

any(al)Qﬁ. (4.18)
The main qualitative difference, relative to the case in
which y,, is independent of @, is that in the present case the
corresponding contribution to zp is real, which in turn
produces a real term in the dispersion relations of opposite
sign for the (&) polarizations.
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More generally, we can consider the equation

= / d*x'T,(x — X' Fm(x'). (4.19)
The momentum space equation in the linear approximation
for fal is again Eq. (3.9), but with y, being the Fourier
transform of T',(x — x'), that is, y, defined by writing

F(x=x) = / Lk ity (). (420)
“ (2r)* o ’
The fact that T',(x — x’) is real implies that
Va(k) = va(k)|jm_i- (4.21)

Being a scalar, y, is a function of the scalar variables @ and
k defined in Eq. (A3), a fact that we indicate by writing it as
Ya(®,x) when needed. In particular, Eq. (4.21) actually
implies the condition

7a(@.K) = 74(~0.x). (4.22)
This case includes the original Eq. (2.1) (constant y,) as
well as Eq. (4.16) as special cases, and of course Eq. (4.17)
is consistent with Eq. (4.22), as it should be.

C. Neutrino background

An example case in which y, has the form given in
Eq. (4.17) is afforded by an electron plasma with a neutrino
background. The calculation of zp in that case gives [3]

\/EGF(X w?)l,e
- (nl/‘, -n

zp(w,k = 0) = . -~

7K, (4.23)

where n, and n; stand for the number densities of the
electron neutrinos and antineutrinos, and w,,; , is the electron
plasma frequency. For simplicity let us consider the non-
relativistic limit, so that only the electrons (no positrons) are
present, in which case [i.e., Egs. (4.4) and (4.5)]

2
qeneo
wf)l,e = q2Q% = —:n , (4.24)

e

where ¢, is the electron charge and n, is the equilibrium
electron number density. On the other hand, for this case that
we are considering, in the framework of the kinetic equation

iKq,y Q2
np = delete, (4.25)
0]
Therefore, in the framework of the kinetic equation, the
effects of the neutrino background can be parametrized in

terms of a y, parameter for the electron of the form

7o = —iwyt”, (4.26)
with
2G
},gl) ={qe. % (nue - nf/e)' (427)
m;

The main lesson here is that the kinetic approach allows
us to parametrize the effects produced by the zp term in the
photon polarization tensor in terms of the parameter y,. In
this framework, y, is a phenomenological parameter that
must be determined by other means, e.g., thermal field
theory in the case of an electron plasma with neutrino
background, as we have seen. Nevertheless, the kinetic
approach allows us to study further the consequences of the
presence of the zp term, such as the effects of external
fields [10], streaming neutrino background [5] or collisional
plasmas [9], among others.

V. CONCLUSIONS AND OUTLOOK

In this work we have proposed a method to study the
propagation of photons in an optically active isotropic
medium, based on the covariant collisionless Boltzmann
equation. As shown in Sec. II, the covariant Boltzmann
equation can be modified by adding a term that gives rise
to the optical activity effects, in a way that is consistent
with the general requirements of current conservation and
symmetry considerations. In Sec. III, using the linear
response method, we obtained an expression for the
induced current, expressed in terms of integrals over the
momentum distribution function of the background par-
ticles. There we established contact with the photon
polarization tensor, or equivalently the photon self-energy,
in the TFT language, specifically as used in Ref. [1], and
the formulas for the components of the polarization tensor
were obtained. The results for the longitudinal and trans-
verse components of the photon self-energy, 7, ; respec-
tively, are the familiar ones. The new result here is the
formula for the P- and CP-breaking component zp due to
the new term we considered in the Boltzmann equation to
describe the effects of optical activity. In Sec. IV we
discussed some details of the results obtained, and con-
sidered specifically some particular cases (e.g., the long-
wavelength and the nonrelativistic limit) that are useful in
practical applications and representative of more general
situations. To emphasize the usefulness of the method, we
pointed out how the P- and CP-breaking term we included
in the Boltzmann equation can be generalized, in particular
how it applies to a plasma with a neutrino gas as a
background, and established contact with calculations of
the photon self-energy in such contexts in the framework
of TFT [3]. The strength and advantages of the method
here presented comes from its semiclassical standpoint,
which in many circumstances is more suitable than the
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thermal field theory approach for incorporating other
potentially important effects such as collisions, external
fields, stream backgrounds and multicomponent plasmas.

APPENDIX: NOTATION AND CONVENTIONS

We use the notation and conventions used in Ref. [1],
which we briefly review here for convenience. The
momentum of the propagating photon is denoted by k*,
and u* is the velocity four-vector of the medium, already
introduced in Eq. (2.5).

1. Photon polarization tensor

In the context of TFT, the photon self-energy, 7, gives
rise to a contribution to the effective Lagrangian of the
photon and the corresponding field equation that leads to
identify

.j/l = _ﬂlwAb’ (Al)
as the induced current in the presence in the external field,
and whence 7, as the polarization tensor. As discussed in
that reference, the most general form of 7, in an isotropic
medium is

7y (ks ) = 77 (0, )Ry, (K, ) + 71 (@, ) Oy (K, )

+ ”P(w’ K)P/w(kv u)? (A2)
where w and x are the scalar variables
w=k-u, k= (w* — k)2, (A3)

which have the interpretation of the energy and the
magnitude of the momentum of the photon, in the rest
frame of the medium. The tensors R, Q, P are defined as
follows. First, the component of u# transverse to k* is

iy, = Gt (A4)
where
N k,k,
g;w = gyu ZT . (AS)
Then,
Qi
_ Mty
Q;,w - 112 k]
R;w = g/u/ - mev

1
P/u_/ = ;eﬂmﬂko‘uﬁ. (A6)

It is useful to remember that all three tensors are transverse
to k#, that is

KT, =0=kT,; (T=R,0,P), (A7)
and also that R and P are transverse to u* as well,
wT,, =0=uT,; (T=R,P). (A8)

They satisfy various product relations, among them

R'R,, =R!, =2, o"Q,,=0", =1, PwP, =-2,
(A9)
and
R¥Q,, =0,  QWMP, =0, PR, =P,
PH P, = RF,. (A10)

In the rest frame of the medium, the components of R,
and P, are,

K'iK)'
Roo = Roi = Rjp =0, R;j =6;; + et

i

Pyy = Py; = Py =0, P = ;eiijk- (AL1)

2. Dispersion relations

The equation 0“F,, = j,, in momentum space becomes

[(k* = 7p)R, + (K* — 7)) 0, — mpP, JAY =0, (A12)
which determines the dispersion relations and polarization
vectors of the propagating modes. To discuss them we
recall the definition of the transverse vectors ¢ ,, which in
the rest frame of the medium have components

eio=1(0,€,). (A13)
where €, are unit vectors with
€1, K=0, é, =KXeé. (A14)
In covariant form, they satisfy
R,e = e, Qe =0, (a=1,2), (Al5)
and
ey = —iP"ey,, el = iP"e,,. (A16)
In addition it is useful to introduce
o — ”i” . (A7)
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which together with ¢f, form a basis in the subspace
orthogonal to &*.

From the fact that R* and P* acting on #, give zero, it
follows that A* ~ ¢4 is a solution of Eq. (A12) provided

K> —m, =0, (A18)
which is the equation for the dispersion relation w; (k) for
the longitudinal mode. Since the presence of the y, term
does not affect z;, the dispersion relation for the longi-
tudinal mode is not affected.

In the absence of the zp term, Eq. (A15) implies that
A# ~ ¢! ,, or any combination of them, give a solution of
Eq. (A12) if

k> —ny =0, (A19)
which gives the dispersion relation w7 (k), The transverse
modes, corresponding to the polarization vectors e/ , are
therefore degenerate, with the same dispersion rela-
tion wr (k).

As a consequence of the relations in Eq. (A16), neither
A ~ ¢ nor A# ~ ¢4 are separately solutions of the equa-

tion. At this point it is useful to introduce the circular
polarization vectors

1
e = — (" £ ie) (A20)
\/z 1 2/

which satisfy

pel!) = JeWn j =1 (A21)
in addition to identities analogous to Eq. (A15). It then
follows that A* ~ e are each a solution of the equation,
with the corresponding dispersion relation being the
solution of

k* = (np + Azp) = 0. (A22)

3. Dielectric tensor

An equivalent way to express the presence of the zp term
in the photon self-energy is in terms of the components of
the dielectric tensor, which are given by [12]
l—e,=np/0?, l—e,=n /k* €,=np/w*. (A23)
The interpretation is that, in the rest frame of the medium,
the induced current vector is given by

J=io[(1—e)Es + (1 —€,)E, —ie,k x E|,  (A24)
where we are writing, in that frame,
kK = (w,K), (A25)

while E; and E , denote the components of the electric field
parallel and transverse to K, respectively. The €, term
breaks the degeneracy between the two transverse polari-
zation states of the propagating photon.
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