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In this paper we discuss the analytical properties of the binary collision integral for a gas of
ultrarelativistic particles interacting via a constant cross section. Starting from a near-equilibrium expansion
over a complete basis of irreducible tensors in momentum space we compute the linearized collision
matrices analytically. Using these results we then numerically compute all transport coefficients of
relativistic fluid dynamics with various power-counting schemes that are second order in Knudsen and/or
inverse Reynolds numbers. Furthermore, we also exactly compute the leading-order contribution with
respect to the particle mass to the coefficient of bulk viscosity, the relaxation time, and other second-order
transport coefficients of the bulk viscous pressure.
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I. INTRODUCTION

The kinetic theory of rarefied gases contains a collision
term which describes the interaction among constituents
through collisions. The well-known collision term defined
by Boltzmann’s Stoßzahlansatz, or the assumption of
molecular chaos, defines the number of binary collisions
through a product of two single-particle distribution func-
tions. The resulting integro-differential equation, the
Boltzmann transport equation, describes the spacetime
evolution of the single-particle distribution function [1–3]

kμ∂μfk ¼ C½f�; ð1Þ

whereC½f� is the collision term. In the case of binary elastic
collisions, the collision term reads

C½f�≡ 1

2

Z
dK0dPdP0ðWpp0→kk0fpfp0 f̃kf̃k0

−Wkk0→pp0fkfk0 f̃pf̃p0 Þ; ð2Þ

where fk ≡ fkðxμ; kμÞ denotes the Lorentz-invariant
single-particle distribution function, while f̃k ≡ 1 − afk,
with a ¼ �1 for fermions/bosons and a ¼ 0 for classical
particles. The Lorentz-invariant differential element is
dK ≡ gd3k=½ð2πÞ3k0�, while g denotes the number of
internal degrees of freedom. The 1=2 factor removes the

double counting from the integrations with respect to dP
and dP0. The four-momentum of particles kμ ¼ ðk0;kÞ is
normalized to their rest mass squared, kμkμ ¼ m2

0, where

k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

0

p
is the on-shell energy. In this paper we use

natural units ℏ ¼ c ¼ kB ¼ 1.
The binary transition rate is defined as

Wkk0→pp0 ≡ s
g2
ð2πÞ6dσð

ffiffiffi
s

p
;ΩÞ

dΩ
δðkμþk0μ−pμ−p0μÞ; ð3Þ

where the factor ð2πÞ6=g2 appears due to our convention for
the momentum-space integration measure. For simplicity,
in the remainder of this paper we set g ¼ 1. The delta
function ensures the conservation of the energy and
momentum in binary collision. The transition rate depends
on the total center-of-momentum (CM) energy squared
s≡ ðkμ þ k0μÞ2 ¼ ðpμ þ p0μÞ2, while the total cross section
integrated over the solid angle Ω is defined as [4]

σTð
ffiffiffi
s

p Þ ¼ 1

2

Z
dΩ

dσð ffiffiffi
s

p
;ΩÞ

dΩ
: ð4Þ

In this paper we employ the so-called hard-sphere approxi-
mation which assumes that the transport cross section is
isotropic and independent of the total CM energy,

σT ≡ 2π
dσð ffiffiffi

s
p

;ΩÞ
dΩ

¼ 1

n0λmfp
; ð5Þ*Corresponding author: victor.ambrus@e-uvt.ro
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where n0 is the particle density and λmfp is the mean free
path between collisions.
The relativistic Boltzmann equation provides a frame-

work for studying various properties of matter in and out of
equilibrium, as well as for deriving the macroscopic
conservation laws, i.e., fluid dynamics, based on the
microscopic properties of the system.
A vanishing collision term, C½f0k� ¼ 0, due to detailed

balance, defines the local equilibrium distribution, the
Jüttner distribution function [2,3,5],

f0k ¼ ½exp ðβkμuμ − αÞ þ a�−1; ð6Þ

where uμ ¼ γð1; vÞ is the timelike fluid-flow four-velocity
normalized to uμuμ¼1, while γ¼ð1−v2Þ−1=2. Furthermore,
β ¼ 1=T is the inverse temperature and α ¼ βμ, with μ the
chemical potential. Out of equilibrium, the distribution
function is separated as

fk ≡ f0k þ δfk: ð7Þ

In this paper we apply a relativistic version of Grad’s
method of moments [6], as formulated by Denicol, Niemi,
Molnár, and Rischke (referred to as DNMR) [7], to obtain
the transport coefficients for a classical gas of massless
particles interacting via an isotropic constant cross section.
Therein the irreducible moments of tensor-rank l of δfk
are defined as

ρμ1���μlr ≡
Z

dKEr
kk

hμ1 � � � kμliδfk: ð8Þ

Here, r denotes the power of energy Ek ≡ kμuμ, while
khμ1 � � � kμli ¼ Δμ1���μl

ν1���νl k
ν1 � � � kνl are the irreducible tensors

forming a complete orthogonal basis [1,7]. The four-
momentum is decomposed as kμ ¼ Ekuμ þ khμi, where
khμi ≡ Δμ

νkν is defined using the elementary projection
operator Δμν ≡ gμν − uμuν, with gμν ¼ diagðþ;−;−;−Þ
being the metric tensor. The symmetric, traceless, and
orthogonal projection tensors of rank 2l, Δμ1���μl

ν1���νl , are
constructed using the Δμν projectors.
Expressing the comoving derivative of irreducible

moments, ρ̇hμ1���μlir ≡ Δμ1���μl
ν1���νl u

α
∂αρ

ν1���νl
r , the equations of

motion for these moments follow from the Boltzmann
equation (1). For the sake of concision, we do not list the
complete equations of motion, since they can be found in
Eqs. (35)–(46) of Ref. [7], and instead quote just the
following terms:

ρ̇r − Cr−1 ¼ αð0Þr θ þ ðhigher-order termsÞ; ð9Þ

ρ̇hμir − Chμi
r−1 ¼ αð1Þr ∇μαþ ðhigher-order termsÞ; ð10Þ

ρ̇hμνir − Chμνi
r−1 ¼ 2αð2Þr σμν þ ðhigher-order termsÞ; ð11Þ

where the irreducible moments of the collision term (2) are
defined similarly to Eq. (8) as

Chμ1���μli
r ≡

Z
dKEr

kk
hμ1 � � � kμliC½f�: ð12Þ

The coefficients αðlÞr ≡ αðlÞr ðα; βÞ are thermodynamic
functions. Furthermore, ∇μ ¼ Δμν

∂ν is the gradient oper-
ator, θ≡∇μuμ is the expansion scalar, and σμν ≡
1
2
ð∇μuν þ∇νuμÞ − 1

3
θΔμν is the shear tensor.

The conservation of the particle number as well as of
energy and momentum in binary collisions requires that the
corresponding moments of the collision term vanish equiv-
alently, i.e., C0 ¼ 0, C1 ¼ 0, and Chμi

1 ¼ 0. The resulting
equations of motion are the conservation laws of fluid
dynamics,

∂μNμ ¼ 0; ∂μTμν ¼ 0; ð13Þ

where the particle four-current and energy-momentum
tensor are given by

Nμ ¼ n0uμ þ Vμ; ð14Þ

Tμν ¼ e0uμuν − ðP0 þ ΠÞΔμν þ πμν: ð15Þ

Here, n0, e0, and P0, are the particle density, the energy
density, and the isotropic pressure, in equilibrium. The bulk
viscous pressure, the particle-diffusion four-current and the
shear-stress tensor are defined by

Π≡ −
1

3
TμνΔμν − P0 ¼ −

m2
0

3
ρ0; ð16Þ

Vμ ≡ Δμ
αNα ¼ ρμ0; ð17Þ

πμν ≡ Δμν
αβT

αβ ¼ ρμν0 : ð18Þ

In the above decompositions the fluid-flow four-velocity is
the timelike eigenvector of the energy-momentum tensor,
uμ ¼ Tμνuν=e0, as per Landau’s definition [8], and hence

ρμ1 ≡ Δμ
αTαβuβ ¼ 0: ð19Þ

The chemical potential and the temperature are determined
through the Landau matching conditions,

ρ1 ≡ Nμuμ − n0 ¼ 0; ρ2 ≡ Tμνuμuν − e0 ¼ 0: ð20Þ

The equations of motion for the primary dissipative
quantities ρ0 ¼ −3Π=m2

0, ρ
μ
0 ¼ Vμ, and ρμν0 ¼ πμν follow

from Eqs. (9)–(11). The five conservation equations (13)
couple to these nine transport equations which contain
various transport coefficients that explicitly depend on
the underlying approximations and the influence of all
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nondynamical moments included in this truncation. These
equations are truncated according to a power-counting
scheme in Knudsen and inverse Reynolds numbers. The
Knudsen number, Kn≡ λmfp=L, is the ratio of the particle
mean free path λmfp and a characteristic macroscopic scale
L, while the inverse Reynolds number Re−1 is the ratio of
an out-of-equilibrium and a local equilibrium macroscopic
field. The resulting equations of fluid dynamics are of
second order in Knudsen and/or inverse Reynolds numbers
and are closed in terms of 14 dynamical moments contained
in Nμ and Tμν.
Focusing on this second-order theory of relativistic fluid

dynamics, we compute the moments of the linearized
collision term for a gas of ultrarelativistic hard spheres
with a constant cross section. Introducing a novel aniso-
tropic decomposition of the collision integral in the center-
of-momentum frame, the calculation of the linearized
collision matrices is done analytically in the ultrarelativistic
limit. Using these exact results in the 14-dynamical
moment approximation we collect and compute all trans-
port coefficients, with five significant digits of precision,
for truncation orders N0 − 2 ¼ N1 − 1 ¼ N2 ¼ 1000, cor-
responding to N0 þ 3N1 þ 5N2 þ 9 ¼ 9014 moments
included in the basis.
We also compare the effect of three slightly different

power-counting schemes for the nondynamic moments
introduced in Refs. [7,9,10], on all transport coefficients.
Specifically, we will consider and compare
(1) the DNMR approach with additional corrections

to the OðKn2Þ transport coefficients of Refs. [7,11];
(2) the inverse Reynolds dominance (IReD) approach of

Ref. [9], where all OðKn2Þ terms are rewritten and
absorbed into the OðRe−1KnÞ terms;

(3) the corrected DNMR (cDNMR) approach of
Ref. [10], where the OðKn2Þ transport coefficients
receive contributions only from the asymptotic
matching of the moments ρμ1���μlr>0 .

All three schemes considered here fully account for all
second-order terms with respect to Kn and Re−1 and are
therefore equivalent (up to terms of third order) within this
truncation scheme. At asymptotically long times, when the
magnitudes of the Knudsen and the inverse Reynolds
numbers are of the same order, i.e., Kn ∼ Re−1, also known
as the order of magnitude approximation [4,11,12], there is
freedom to rearrange the transport coefficients. The IReD
approximation of Ref. [9] expresses the thermodynamic
forces in terms of the primary dissipative quantities to replace
Kn2 → KnRe−1 and hence removes terms that are of second
order in the Knudsen number from the fluid-dynamical
equations of motion. In this paper, we focus solely on the
linearized binary collision integral, which does not provide
Re−2 terms. However, one may include nonlinear contribu-
tions to the collision integral as described in Ref. [11].
The main results of this paper are the closed-form

computations of the collision matrices for the scalar, vector,

and tensor moments in the case of massless ultrarelativistic
particles interacting through a constant isotropic cross
section. This interaction model reduces in the nonrelativ-
istic limit to the well-studied hard-sphere interaction model,
for which the first-order transport coefficients, i.e., the
shear viscosity and heat conductivity, can be obtained in
terms of the so-called Chapman-Cowling collision integrals
[13,14] via a successive iterative refinement procedure.
This method can be extended into the relativistic regime
[2,15], where the exact expression requires a resummation
over the entire hierarchy of moments [7]. We will demon-
strate the truncation-order dependence with an analytical
result only for the leading-order contribution with respect
to the particle mass m0 to the bulk viscosity coefficient ζ
and to the relaxation time τΠ for the bulk viscous pressure.
For all other transport coefficients, we rely on numerical
methods to obtain their values in the limit of infinite
truncation order.
Another collision model for which the transport coef-

ficients are obtained with similar accuracy as for the hard-
sphere model is that of the so-called Maxwell molecules
[14,16], interacting via a potential VðrÞ ∼ r−5, with r being
the distance between two interacting particles. Two rela-
tivistic generalizations of this model correspond to the
Israel particles model [17] and the Polak model [18]. More
recently, the collision operator corresponding to the λϕ4

scalar field theory was studied in Refs. [19,20]. These
results were used to compute transport coefficients in
several fluid-dynamical theories in Ref. [21]. The present
work complements these studies considering the analogous
problem for hard spheres.
This paper is structured as follows. In Sec. II, we

introduce the expansion of the distribution function and
the linearized collision integral in terms of irreducible
moments. Then we discuss the various power-counting
methods and the transport coefficients of second-order fluid
dynamics. Section III clarifies the analytical structure of the
collision integrals appearing in the moment equations up to
tensor-rank two. These expressions are the main results of
this work. In Sec. IV all first- and second-order transport
coefficients are computed in the ultrarelativistic limit. The
exact results for the coefficient of bulk viscosity and the
relaxation time of the bulk viscous pressure are computed
in Sec. V. Finally, Sec. VI concludes this work. For reasons
of brevity and clarity, various computations are relegated to
the Appendixes.

II. SECOND-ORDER FLUID DYNAMICS
WITH 14 DYNAMICAL MOMENTS

For reasons of completeness, we first summarize the
derivation of second-order relativistic fluid dynamics from
the Boltzmann equation based on Ref. [7]. The near-
equilibrium expansion is summarized in Sec. II A. In
Sec. II B, we discuss the linearized collision integral and
the various power-counting schemes in a unitary fashion.
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Finally, Sec. II C provides the relaxation equations of
second-order fluid dynamics with 14 dynamical moments.
The particle rest mass m0 is considered arbitrary (non-
vanishing) throughout this section.

A. Near-equilibrium expansion over a
complete basis of irreducible tensors

The expansion of δfk is given by

δfk ≡ f0kf̃0kϕk

¼ f0kf̃0k
X∞
l¼0

XNl

n¼0

ρμ1���μln khμ1 � � � kμliHðlÞ
kn ; ð21Þ

where the coefficient HðlÞ
kn is a polynomial in energy of

order Nl → ∞ defined through another polynomial PðlÞ
km as

HðlÞ
kn ≡WðlÞ

l!

XNl

m¼n

aðlÞmnP
ðlÞ
km; PðlÞ

km ≡Xm
r¼0

aðlÞmrEr
k: ð22Þ

The negative-order moments ρμ1���μlr<0 are not included in
the expansion (21) but they are expressed by a linear
combination of positive-order moments through

ρμ1���μl−r ¼
XNl

n¼0

F ðlÞ
rn ρ

μ1���μl
n ; ð23Þ

where we defined

F ðlÞ
rn ≡ l!

ð2lþ1Þ!!
Z

dKE−r
k ðΔαβkαkβÞlHðlÞ

kn f0kf̃0k; ð24Þ

such that F ðlÞ
−r;n ¼ δrn by construction.

The coefficients aðlÞmn are obtained via the Gram-Schmidt
orthogonalization procedure by imposing the following
condition: Z

dKωðlÞPðlÞ
kmP

ðlÞ
kn ¼ δmn; ð25Þ

where the weight ωðlÞ is defined as

ωðlÞ ≡ WðlÞ

ð2lþ 1Þ!! ðΔ
αβkαkβÞlf0kf̃0k; ð26Þ

while the normalization parameter WðlÞ is fixed according

to PðlÞ
k0 ≡ aðlÞ00 ¼ 1, leading to

WðlÞ ¼ ð−1Þl
J2l;l

: ð27Þ

Here the thermodynamic integrals are defined as

Inqðα; βÞ≡ ð−1Þq
ð2qþ 1Þ!!

Z
dKEn−2q

k ðΔαβkαkβÞqf0k; ð28Þ

Jnqðα; βÞ≡
�
∂Inqðα; βÞ

∂α

�
β

; ð29Þ

where ð2qþ 1Þ!! ¼ ð2qþ 1Þ!=ð2qq!Þ is the double facto-
rial of odd integers. For classical particles, a ¼ 0 and
Jnqðα; βÞ ¼ Inqðα; βÞ. Using these integrals, the particle
number density, the energy density, and the isotropic
pressure are n0 ¼ I10, e0 ¼ I20, and P0 ¼ I21.

The coefficients αðlÞr ðα; βÞ in Eqs. (9)–(11) are

αð0Þr ≡ −βJrþ1;1 −
n0
D20

ðh0G2r − G3rÞ; ð30Þ

αð1Þr ≡ Jrþ1;1 −
Jrþ2;1

h0
; ð31Þ

αð2Þr ≡ βJrþ3;2; ð32Þ

where h0 ≡ ðe0 þ P0Þ=n0 is the enthalpy per particle and

Gnm ≡ Jn0Jm0 − Jn−1;0Jmþ1;0; ð33Þ

Dnq ≡ Jnþ1;qJn−1;q − J2nq: ð34Þ

Note that the thermodynamic integrals introduced in this
subsection are computed explicitly for the case of ultra-
relativistic particles in Appendix A.

B. The linearized collision integral
and power-counting methods

Substituting the near-equilibrium distribution function
from Eq. (7) into the binary collision term (2) and using the
identity f0pf0p0 f̃0kf̃0k0 ¼ f0kf0k0 f̃0pf̃0p0 while neglecting
quadratic terms in δfk, the irreducible moments of the
linearized collision integral become

Chμ1���μli
r ¼ 1

2

Z
dKdK0dPdP0Wkk0→pp0f0kf0k0 f̃0pf̃0p0

× Er
kk

hμ1 � � � kμliðϕp þ ϕp0 − ϕk − ϕk0 Þ: ð35Þ

Now, inserting the expansion from Eq. (21) into the above
formula, the moments of the collision integral can be
expressed in terms of a linear combination of irreducible
moments from Eq. (8) as

Chμ1���μli
r−1 ¼ −

XNl

n¼0

AðlÞ
rn ρ

μ1���μl
n : ð36Þ

The matrix AðlÞ
rn is defined as [7]
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AðlÞ
rn ≡ 1

2ð2lþ 1Þ
Z

dKdK0dPdP0Wkk0→pp0

× f0kf0k0 f̃0pf̃0p0Er−1
k khμ1 � � � kμli

× ðHðlÞ
kn khμ1 � � � kμli þHðlÞ

k0nk
0
hμ1 � � � k0μli

−HðlÞ
pn phμ1 � � �pμli −HðlÞ

p0np
0
hμ1 � � �p0

μliÞ; ð37Þ

and it is separated in loss and gain parts as

AðlÞ
rn ¼ AðlÞ;l

rn −AðlÞ;g
rn : ð38Þ

Now, using Eq. (22) to express HðlÞ
kn , we obtain

AðlÞ;l
rn ≡WðlÞ

l!

XNl

m¼n

Xm
q¼0

aðlÞmna
ðlÞ
mqL

ðlÞ
r−1;q; ð39Þ

AðlÞ;g
rn ≡WðlÞ

l!

XNl

m¼n

Xm
q¼0

aðlÞmna
ðlÞ
mqG

ðlÞ
r−1;q; ð40Þ

where the corresponding summands LðlÞ
rn and GðlÞ

rn are
given by

LðlÞ
rn ≡ 1

2ð2lþ 1Þ
Z

dPdP0dKdK0Wkk0→pp0

× f0kf0k0 f̃0pf̃0p0Er
kk

hμ1 � � � kμli
× ðEn

kkhμ1 � � � kμli þ En
k0k0hμ1 � � � k0μliÞ ð41Þ

and

GðlÞ
rn ≡ 1

ð2lþ1Þ
Z

dPdP0dKdK0Wkk0→pp0

×f0kf0k0 f̃0pf̃0p0Er
kE

n
pkhμ1 � � �kμliphμ1 � � �pμli; ð42Þ

respectively. The computation of these summands and of
the collision matrix in the ultrarelativistic limit m0β → 0 is
one of the main purposes of this paper and will be discussed
in Sec. III.
The inverse of the collision matrix, the relaxation-time

matrix, contains the microscopic timescales proportional to
the mean free time between collisions τmfp ¼ λmfp=c,

τðlÞrn ≡ ðAðlÞÞ−1rn ¼
XNl

m¼0

ΩðlÞ
rm

1

χðlÞm

ðΩðlÞÞ−1mn: ð43Þ

Here the matrix ΩðlÞ diagonalizes AðlÞ, leading to eigen-

values that are arranged in increasing order, χðlÞr ≤ χðlÞrþ1,

ðΩðlÞÞ−1AðlÞΩðlÞ ¼ diagðχðlÞ0 ; χðlÞ1 ;…Þ; ð44Þ

where without loss of generality we set ΩðlÞ
00 ¼ 1.

The diagonalization of the collision term identifies the
slowest microscopic timescale that dominates the evolution
of the linearized Boltzmann equation [7]. However, as
discussed in Ref. [9], the diagonalization procedure is not
required for the computation of the inverse collision matrix
τðlÞ, since it can be obtained by directly inverting AðlÞ as
apparent in Eq. (43).
Using the relaxation-time matrices (43) and the αðlÞr

coefficients from Eqs. (30)–(32), the first-order transport
coefficients ζr, κr, and ηr, are defined as

ζr ≡m2
0

3

XN0

n¼0;≠1;2
τð0Þrn α

ð0Þ
n ;

κr ≡
XN1

n¼0;≠1
τð1Þrn α

ð1Þ
n ; ηr ≡

XN2

n¼0

τð2Þrn α
ð2Þ
n ; ð45Þ

where the exclusions of n ≠ 1, 2 and n ≠ 1 from the first
and second summations are imposed by the conservation
laws (13).
The equations of motion for the primary dissipative

quantities, Π ¼ −m2
0ρ0=3, Vμ ¼ ρμ0, and πμν ¼ ρμν0 , are

obtained by performing the matrix multiplication of

Eqs. (9)–(11) with τðlÞnr , followed by setting n ¼ 0. In these
equations, the terms of second order in Knudsen and/or
inverse Reynolds numbers also contain irreducible
moments ρμ1���μlr with r ≠ 0, which need to be specified,
while moments with tensor rank l > 2 are omitted in what
follows.
Following the DNMR method [7], the irreducible

moments for 0 < r ≤ Nl are approximated by their asymp-
totic solutions as

ρr>0 ≃ −
3

m2
0

Ωð0Þ
r0 Πþ 3

m2
0

ðζr −Ωð0Þ
r0 ζ0Þθ; ð46aÞ

ρμr>0 ≃Ωð1Þ
r0 V

μ þ ðκr −Ωð1Þ
r0 κ0Þ∇μα; ð46bÞ

ρμνr>0 ≃Ωð2Þ
r0 π

μν þ 2ðηr −Ωð2Þ
r0 η0Þσμν: ð46cÞ

The remaining moments of negative order ρμ1���μl−r are
obtained by substituting only the first terms, and hence
neglecting terms of order OðKnÞ, from the right-hand sides
of Eqs. (46a)–(46c) into Eq. (23), leading to

ρ−r ≃ −
3

m2
0

γð0Þr0 Πþ 3

m2
0

ðΓð0Þ
r0 − γð0Þr0 Þζ0θ; ð47aÞ

ρμ−r ≃ γð1Þr0 V
μ þ ðΓð1Þ

r0 − γð1Þr0 Þκ0∇μα; ð47bÞ

ρμν−r ≃ γð2Þr0 π
μν þ 2ðΓð2Þ

r0 − γð2Þr0 Þη0σμν; ð47cÞ
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where we displayed explicitly both the OðRe−1Þ and the

OðKnÞ contributions. The DNMR coefficients, γðlÞr0 , are

γð0Þr0 ≡ XN0

n¼0;≠1;2
F ð0Þ

rn Ωð0Þ
n0 ;

γð1Þr0 ≡ XN1

n¼0;≠1
F ð1Þ

rn Ωð1Þ
n0 ; γð2Þr0 ≡XN2

n¼0

F ð2Þ
rn Ωð2Þ

n0 : ð48Þ

In addition, we introduced the so-called corrected DNMR

coefficients, ΓðlÞ
r0 , defined as [9,10]

Γð0Þ
r0 ≡ XN0

n¼0;≠1;2
F ð0Þ

rn
ζn
ζ0

;

Γð1Þ
r0 ≡ XN1

n¼0;≠1
F ð1Þ

rn
κn
κ0

; Γð2Þ
r0 ≡XN2

n¼0

F ð2Þ
rn

ηn
η0

: ð49Þ

On the other hand, in the cDNMR approach, the
thermodynamic forces can be replaced by the Navier-
Stokes relations, θ ¼ −Π=ζ0, ∇μα ¼ Vμ=κ0, and σμν ¼
πμν=ð2η0Þ. Therefore, substituting the right-hand sides of
Eqs. (47) eliminates the OðKnÞ contributions to the
negative-order moments ρμ1���μlr<0 and yields [9,10]

ρ−r ≃ −
3

m2
0

Γð0Þ
r0 Π; ρμ−r ≃ Γð1Þ

r0 V
μ; ρμν−r ≃ Γð2Þ

r0 π
μν: ð50Þ

Finally, the IReD approximation of Ref. [9] defines a
power-counting scheme without the diagonalization pro-
cedure, such that the irreducible moments are of order
OðRe−1Þ. The nondynamical positive-order moments are
given by

ρr>0 ≃ −
3

m2
0

Cð0Þr0 Π; ρμr>0 ≃ Cð1Þr0 V
μ; ρμνr>0 ≃ Cð2Þr0 π

μν;

ð51Þ

where the corresponding IReD coefficients, CðlÞr0 , are

Cð0Þr0 ≡ ζr
ζ0

; Cð1Þr0 ≡ κr
κ0

; Cð2Þr0 ≡ ηr
η0

; ð52Þ

while the negative-order moments are given by Eqs. (50).
To simplify our notation we will introduce a common

variable, ξðlÞr , for the transport coefficients (45) in what
follows:

ξð0Þr ¼ ζr; ξð1Þr ¼ κr; ξð2Þr ¼ ηr: ð53Þ

To study the different power-counting schemes, we intro-
duce the following notation for the nondynamical moments

encompassing the DNMR, the cDNMR, and the IReD
approximations:

ρr ¼ −
3

m2
0

X ð0Þ
r0 Πþ 3

m2
0

Yð0Þ
r0 θ; ð54Þ

ρμr ¼ X ð1Þ
r0 V

μ þ Yð1Þ
r0 ∇μα; ð55Þ

ρμνr ¼ X ð2Þ
r0 π

μν þ 2Yð2Þ
r0 σ

μν: ð56Þ

Here, for r ¼ 0, in all cases, by definition,

X ðlÞ
00 ¼ ΩðlÞ

00 ¼ CðlÞ00 ¼ 1; YðlÞ
00 ¼ 0: ð57Þ

For r ≠ 0, the DNMR coefficients are

X ðlÞ
r0 ¼

�ΩðlÞ
r0 ; r > 0;

γðlÞ−r;0; r < 0;
ð58Þ

and

YðlÞ
r0 ¼

�
ξðlÞr −ΩðlÞ

r0 ξ
ðlÞ
0 ; r > 0;

ðΓðlÞ
−r;0 − γðlÞ−r;0ÞξðlÞ0 ; r < 0;

ð59Þ

as follows from Eqs. (46) and (47).
Similarly, the cDNMR coefficients are

X ðlÞ
r0 ¼

�ΩðlÞ
r0 ; r > 0;

ΓðlÞ
−r;0; r < 0;

ð60Þ

and

YðlÞ
r0 ¼

�
ξðlÞr −ΩðlÞ

r0 ξ
ðlÞ
0 ; r > 0;

0; r < 0;
ð61Þ

as it is apparent from Eqs. (46) and (50).
Finally, the IReD coefficients can be identified from

Eqs. (50) and (51):

X ðlÞ
r0 ¼

�
CðlÞr0 ; r > 0;

ΓðlÞ
−r;0; r < 0;

ð62Þ

while, by definition,

YðlÞ
r0 ¼ 0; r ≠ 0: ð63Þ

Note that the following relation holds for all of the
approaches:

ξðlÞ0 X ðlÞ
r0 þ YðlÞ

r0 ¼
�
ξðlÞr ; r ≥ 0;

ξðlÞ0 ΓðlÞ
−r;0; r < 0:

ð64Þ
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C. Second-order fluid-dynamical equations

The relaxation equations for the irreducible moments are
obtained by multiplying Eqs. (9)–(11) by τðlÞnr and then
summing over r. Employing the expression

XNl

r¼0

τðlÞnr C
hμ1���μli
r−1 ¼ −ρhμ1���μlin ; ð65Þ

valid for the linearized collision model (35) and (36) and
derived using the property

XNl

r¼0

τðlÞnr A
ðlÞ
rm ¼ δnm; ð66Þ

the second-order transport equations with a linearized
collision integral for Π, Vμ, and πμν from Ref. [7] read

τΠΠ̇þ Π ¼ −ζθ þ J þK; ð67Þ

τVV̇hμi þ Vμ ¼ κ∇μαþ J μ þKμ; ð68Þ

τππ̇
hμνi þ πμν ¼ 2ησμν þ J μν þKμν: ð69Þ

Here, τΠ, τV , and τπ are the relaxation times, while ζ ¼ ζ0,
κ ¼ κ0, and η ¼ η0 are the first-order transport coefficients,

ζ ¼ m2
0

3

XN0

r¼0;≠1;2
τð0Þ0r α

ð0Þ
r ; τΠ ¼

XN0

r¼0;≠1;2
τð0Þ0r X

ð0Þ
r0 ; ð70Þ

κ ¼
XN1

r¼0;≠1
τð1Þ0r α

ð1Þ
r ; τV ¼

XN1

r¼0;≠1
τð1Þ0r X

ð1Þ
r0 ; ð71Þ

η ¼
XN2

r¼0

τð2Þ0r α
ð2Þ
r ; τπ ¼

XN2

r¼0

τð2Þ0r X
ð2Þ
r0 : ð72Þ

Furthermore, J ;J μ, and J μν collect the terms of order
OðRe−1KnÞ,

J ¼ −lΠV∇μVμ − τΠVVμu̇μ − δΠΠΠθ

− λΠVVμ∇μαþ λΠππ
μνσμν; ð73Þ

J μ ¼ −τVVνω
νμ − δVVVμθ − lVΠ∇μΠ

þ lVπΔμν∇λπ
λ
ν þ τVΠΠu̇μ − τVππ

μνu̇ν

− λVVVνσ
μν þ λVΠΠ∇μα − λVππ

μν∇να; ð74Þ

J μν ¼ 2τππ
hμ
λ ω

νiλ − δπππ
μνθ − τπππ

λhμσνiλ þ λπΠΠσμν

− τπVVhμu̇νi þ lπV∇hμVνi þ λπVVhμ∇νiα: ð75Þ

Finally, the tensorsK,Kμ, andKμν contain all contributions
of order OðKn2Þ, given by

K ¼ ζ̃1ωμνω
μν þ ζ̃2σμνσ

μν þ ζ̃3θ
2 þ ζ̃4IμIμ

þ ζ̃5u̇μu̇μ þ ζ̃6Iμu̇μ þ ζ̃7∇μIμ þ ζ̃8∇μu̇μ; ð76Þ

Kμ ¼ κ̃1σ
μνIν þ κ̃2σ

μνu̇ν þ κ̃3Iμθ þ κ̃4u̇μθ

þ κ̃5ω
μνIν þ κ̃6Δ

μ
λ∇νσ

λν þ κ̃7∇μθ; ð77Þ

Kμν ¼ η̃1ω
λhμωνi

λ þ η̃2θσ
μν þ η̃3σ

λhμσνiλ þ η̃4σ
hμ
λ ω

νiλ

þ η̃5IhμIνi þ η̃6u̇hμu̇νi þ η̃7Ihμu̇νi þ η̃8∇hμIνi

þ η̃9∇hμu̇νi; ð78Þ

where Iμ ¼ ∇μα was introduced.
Note that all coefficients appearing in Eqs. (73)–(75) and

Eqs. (76)–(78) are calculated using the X ðlÞ
r0 and YðlÞ

r0
notations in Appendix B.

III. EXACT COLLISION MATRICES

In this section, we provide exact expressions for the
matrix elements of the linearized collision term assuming
that the differential cross section is constant. The transition
rate from Eq. (3) now reads

Wkk0→pp0 ¼ sð2πÞ5σTδðkμ þ k0μ − pμ − p0μÞ: ð79Þ

We focus on the case of a massless, classical (Boltzmann)
gas, such that

f0k ¼ eα−βEk ; f̃0k ¼ 1: ð80Þ

Therefore, the loss and gain terms introduced in Eqs. (41)
and (42) simplify to

LðlÞ
rn ¼ σT

ð2lþ1Þ
Z

dKdK0f0kf0k0Er
k
s
2

×khμ1 � � �kμliðEn
kkhμ1 � � �kμli þEn

k0k0hμ1 � � �k0μliÞ ð81Þ

and

GðlÞ
rn ¼ 2

σTð2πÞ5
ð2lþ 1Þ

Z
dPdP0dKdK0f0kf0k0Er

kE
n
p
s
2

× δðkμ þ k0μ − pμ − p0μÞkhμ1 � � � kμliphμ1 � � �pμli:

ð82Þ

We refer the reader to Appendixes C–H for the details of the
calculations. Specifically, Appendixes C and D cover
general techniques for solving the relevant collision inte-
grals, while the results of Sec. III A are derived in
Appendixes E and G. Appendixes F and H finally cover
the results of Sec. III B.
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A. The loss terms

The auxiliary loss terms defined in Eq. (81) can be
obtained in closed form and read in the cases l ¼ 0, 1, and
l ¼ 2 as follows:

Lð0Þ
rn ¼ P2

0σT
4

β2−r−n½2Γðrþ nþ 3Þ
þ Γðrþ 3ÞΓðnþ 3Þ�; ð83aÞ

Lð1Þ
rn ¼ P2

0σT
36

β−r−n½−6Γðrþ nþ 5Þ
þ Γðrþ 4ÞΓðnþ 4Þ�; ð83bÞ

and

Lð2Þ
rn ¼ P2

0σT
15

β−2−r−nΓðrþ nþ 7Þ: ð83cÞ

Now, inserting these expressions into Eq. (39) and perform-
ing the summations, we obtain the loss part of the collision
matrices,

Að0Þ;l
rn ¼ βP0σT

�
δnr þ

ðrþ 1Þ!
2

δn1β
1−r
�
; ð84aÞ

Að1Þ;l
rn ¼ βP0σT

�
δnr −

ðrþ 2Þ!
6

δn0β
−r
�
; ð84bÞ

Að2Þ;l
rn ¼ βP0σTδnr: ð84cÞ

B. The gain terms

Similarly, the auxiliary gain terms defined in Eq. (82) are
given in closed form by

Gð0Þ
rn ¼ σTP2

0β
2−r−n

ðnþ 1Þðrþ 1Þ
× ½Γð4þ nþ rÞ − Γð3þ rÞΓð3þ nÞ�; ð85aÞ

Gð1Þ
rn ¼ −

σTP2
0β

−r−n

3ð1þ rÞð2þ rÞð1þ nÞð2þ nÞ
× ½ðrþ nþ rn − 3ÞΓð6þ nþ rÞ
þ ð3rþ 3nþ rnþ 11ÞΓð4þ rÞΓð4þ nÞ�; ð85bÞ

and

Gð2Þ
rn ¼ 2σTP2

0β
−2−r−n

15ð1þ nÞð2þ nÞð3þ nÞð1þ rÞð2þ rÞð3þ rÞ
× f½64 − 6ðrþ nÞ þ 2ðr2 þ n2Þ − 3rn

× 3ðn2rþ r2nÞ þ r2n2�Γð8þ rþ nÞ
− ½22þ 4ðrþ nÞ þ rn�Γð6þ rÞΓð6þ nÞg: ð85cÞ

Plugging these expressions into Eq. (40), the resulting gain
contributions to the collision matrices read

Að0Þ;g
0n ¼ 2ð−1ÞnσTP0β

1þn

ðnþ 1Þ! ½δn0 − Sð0Þn ðN0Þ�;

Að0Þ;g
r>0;n≤r ¼

2σTP0β
1þn−rðrþ 1Þ!

rðnþ 1Þ! ð1 − δn0Þ; ð86aÞ

Að1Þ;g
0n ¼ 16ð−1ÞnσTP0β

1þn

ðnþ 3Þ!
�
3

4
δn0 − Sð1Þn ðN1Þ

�
;

Að1Þ;g
r>0;n≤r ¼

2σTP0β
1þn−rðrþ 2Þ!

ðnþ 3Þ!
nðrþ 4Þ − r
rðrþ 1Þ ; ð86bÞ

and

Að2Þ;g
0n ¼ 432ð−1ÞnσTP0β

1þn

λmfpðnþ 5Þ!
�
5

18
δn0 − Sð2Þn ðN2Þ

�
;

Að2Þ;g
r>0;n≤r ¼

2σTP0β
1þn−rðrþ 4Þ!ðnþ 1Þð9nþ nr − 4rÞ
ðnþ 5Þ!rðrþ 1Þðrþ 2Þ ;

ð86cÞ

while

AðlÞ;g
r>0;n>r ¼ 0: ð86dÞ

Here we defined the auxiliary sums

SðlÞn ðNlÞ≡
XNl

m¼n

�
m

n

�
1

ðmþ lÞðmþ lþ 1Þ : ð87Þ

C. The collision matrices

Collecting the results from the previous subsections, we
can write down closed-form expressions for the elements

AðlÞ
rn of the collision matrices. In the case when l ¼ 0, we

obtain

Að0Þ
00 ¼ 1

λmfp

N0 − 1

N0 þ 1
;

Að0Þ
0;n>0 ¼

2ð−βÞn
λmfpðnþ 1Þ!

�
Sð0Þn ðN0Þ −

δn1
2

�
;

Að0Þ
r>0;n≤r ¼

βn−rðrþ 1Þ!
λmfpðnþ 1Þ!

�
δnr þ

2

r
δn0 þ δn1 −

2

r

�
;

Að0Þ
r>0;n>r ¼ 0: ð88Þ

Note that Að0Þ
1n ¼ Að0Þ

2n ¼ 0, since the particle number and

energy are conserved, while Að0Þ
r>0;0 ¼ 0.
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Similarly, when l ¼ 1 we have

Að1Þ
0n ¼ 16ð−βÞn

λmfpðnþ 3Þ!
�
Sð1Þn ðN1Þ −

δn0
2

�
;

Að1Þ
r>0;n≤r ¼

βn−rðrþ 2Þ!
λmfpðnþ 3Þ!r ð4nþ nr − rÞ

×

�
δnr þ δn0 −

2

rþ 1

�
;

Að1Þ
r>0;n>r ¼ 0; ð89Þ

where Að1Þ
1n ¼ 0 reflects the momentum conservation in

binary collisions.
Summarizing the results for l ¼ 2, we have

Að2Þ
0n ¼ 432ð−βÞn

λmfpðnþ 5Þ! S
ð2Þ
n ðN2Þ;

Að2Þ
r>0;n≤r ¼

βn−rðrþ 4Þ!ðnþ 1Þ
λmfpðnþ 5Þ!rðrþ 1Þ ð9nþ nr − 4rÞ

×

�
δnr −

2

rþ 2

�
;

Að2Þ
r>0;n>r ¼ 0: ð90Þ

All these collision matrices share a similar structure, in
the sense that they are almost lower triangular matrices. In
all cases, all entries appearing on the zeroth row are
nonvanishing, most of them diverging when Nl → ∞ with
different degrees of severity. Furthermore, the matrices for
tensor-rank l ≤ 2 have 2 − l vanishing rows due to the
conservation of the particle number and of four-momentum
in binary collisions. Note that the nonvanishing entries on
the zeroth row imply that the moments corresponding to
hydrodynamic variables, i.e., ρ0, ρ

μ
0, and ρμν0 , couple to all

moments of the same tensor rank, which was also a
conclusion found in Ref. [20] in the case of the λφ4 theory.

IV. SECOND-ORDER TRANSPORT
COEFFICIENTS

In this section, we compute all second-order transport
coefficients from Eqs. (73)–(78) in the ultrarelativistic
limit. The general expressions of these coefficients for
arbitrary particle mass and various power-counting
schemes are listed in Appendix B. All second-order trans-
port coefficients are related to the inverse of the collision
matrices τðlÞrn , for which we obtained analytical expression
only in the scalar case when l ¼ 0. For l ¼ 1 and 2, we
employed numerical computations to find the inverse of the
collision matrices given in Eqs. (89) and (90).
The numerical values were obtained through an

extrapolation with respect to 1=N2 by computing the
best fit parameters a, b, and t∞ of the power law

tðN2Þ ¼ t∞ þ aN−b
2 , where t denotes a generic transport

coefficient with convergence value t∞. The fits are done on
data points up to N2 ¼ 1000 through GNUPLOT scripts that
are included in the Supplemental Material [22] to this
paper. All transport coefficients are listed to five signi-
ficant digits, which is justified by the asymptotic standard
deviation of the fit being of order Oð10−6Þ or lower.
We remark that the coefficients do not converge at
the same speed. Specifically, we can estimate the values
of N2 for fixed relative differences between all transport
coefficients and their respective convergence values
as N2½Oð10−4Þ� ≃ 16491, N2½Oð10−5Þ� ≃ 168329, and
N2½Oð10−6Þ� ≃ 1718186, respectively. These large num-
bers can be attributed mainly to the slow convergence of
the coefficient ζ4 in the cDNMR approach. For contrast,
IReD leads toN2½Oð10−4Þ� ≃ 171,N2½Oð10−5Þ� ≃ 554, and
N2½Oð10−6Þ� ≃ 1803.
For the validation of our numerical computations

against analytically solvable models, we verified that
our computations reproduce the results of Ref. [10],
where all transport coefficients were computed in the
well-known relaxation-time approximation of Anderson
and Witting [23].
In the following, all transport coefficients are computed

involving the general power-counting scheme, in terms of

X ðlÞ
r0 and YðlÞ

r0 . Henceforth, as in Sec. II B, we will report
results for three power-counting schemes: DNMR, the
corrected DNMR, and IReD. Differences between the
DNMR and cDNMR methods appear only for the transport

coefficients involving the functions X ðlÞ
r0 with r < 0, or the

functions YðlÞ
r0 . Conversely, the cDNMR and the IReD

methods show discrepancies only for the coefficients

involving X ðlÞ
r0 and YðlÞ

r0 with r > 0.
Furthermore, in order to assess the magnitude of the

higher-order corrections originating from the irreducible
moments ρμ1���μlr with l ≤ 2 and r ≠ 0, we also list the
values for the transport coefficients appearing in the
J μ1���μl-terms for the lowest-possible truncation order of
14 dynamical moments (14M) contained in Nμ and Tμν,
i.e., N0 ¼ 2, N1 ¼ 1, and N2 ¼ 0.
The computation of the transport coefficients is done via

a Mathematica notebook, which can be found in the
Supplemental Material [22] to this article.
Since the bulk viscous pressure Π vanishes in the

ultrarelativistic limit, only the coefficients which are
unrelated to it are computed in Sec. IV B. The remaining
second-order coefficients involving the bulk viscosity are
expanded up to leading order with respect to the particle
mass m0 in Sec. IV C.
Finally, Sec. IV D ends with a discussion about the

possible combinations of transport coefficients that remain
invariant under the reshuffling between the Kn2 and
Re−1Kn terms, as also considered in Ref. [9].
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A. Thermodynamic functions in the massless limit

In this section we present the various thermodynamic
functions necessary for the computation of the transport
coefficients. Since n0 ∼ β−3 and P0 ∼ β−4, it follows that

CðlÞr0 ∼ β−r; ΩðlÞ
r0 ∼ β−r; X ðlÞ

r0 ∼ β−r; ð91Þ

while the mean free path λmfp ¼ 1=σTn0 ∼ β3, and thus,

τðlÞnr ∼ λmfpβ
n−r ∼ β3þn−r: ð92Þ

The thermodynamic functions H and H̄ are given to
leading order with respect to m0 by

Hðα; βÞ≡ n0
D20

ðh0J20 − J30Þ ¼ m2
0

β2

3
;

H̄ðα; βÞ≡ n0
D20

ðh0J10 − J20Þ ¼
β

3
: ð93Þ

Furthermore,

G2r

D20

¼ β2−r

6
ð1 − rÞðrþ 1Þ!; ð94aÞ

G3r

D20

¼ β1−r

2
ð2 − rÞðrþ 1Þ!; ð94bÞ

βJrþ2;1

e0 þ P0

¼ β1−r

24
ðrþ 3Þ!: ð94cÞ

These relations can be used to show that αð0Þr vanishes in the

massless limit. To leading order with respect tom0, the α
ðlÞ
r

coefficients evaluate to

αð0Þr

m2
0

¼ β4−rP
36

r!ðr − 1Þðr − 2Þ; ð95aÞ

αð1Þr ¼ β1−rP
24

ðrþ 2Þ!ð1 − rÞ; ð95bÞ

αð2Þr ¼ β−rP
30

ðrþ 4Þ!: ð95cÞ

Note that αð0Þ1 ¼ αð0Þ2 ¼ αð1Þ1 ¼ 0 for arbitrary mass. We can
thus derive the following relations:

β

m4
0

∂ζr
∂β

¼ ð3 − rÞ ζr
m4

0

;

β
∂κr
∂β

¼ −rκr; β
∂ηr
∂β

¼ −ðrþ 1Þηr: ð96Þ

This gives an identical behavior for YðlÞ
r0 :

β

m4
0

∂Yð0Þ
r0

∂β
¼ ð3 − rÞY

ð0Þ
r0

m4
0

;

β
∂Yð1Þ

r0

∂β
¼ −rYð1Þ

r0 ; β
∂Yð2Þ

r0

∂β
¼ −ðrþ 1ÞYð2Þ

r0 : ð97Þ

B. Transport coefficients for the
ultrarelativistic fluid

In this subsection, we summarize the second-order
transport coefficients in the case of vanishing particle
mass, by taking the appropriate limits in the formulas
displayed in Appendix B. Since in this limit, the scalar
sector involving the bulk viscous pressure does not play a
role, we postpone the discussion of the transport coeffi-
cients governing the coupling to Π to the next subsection.
We begin with the transport coefficients appearing in the

equation for Vμ, Eq. (68). The coefficients for the
OðRe−1KnÞ terms appearing in J μ, Eq. (74), are

δVV ¼
XN1

r¼0;≠1
τð1Þ0r X

ð1Þ
r0 ¼ τV; ð98aÞ

lVπ ¼
XN1

r¼0;≠1
τð1Þ0r

�ðrþ 3Þ!
24

β1−r − X ð2Þ
r−1;0

�
; ð98bÞ

τVπ ¼ lVπ; ð98cÞ

λVV ¼ 1

5

XN1

r¼0;≠1
τð1Þ0r ð2rþ 3ÞX ð1Þ

r0 ; ð98dÞ

λVπ ¼
1

4

XN1

r¼0;≠1
τð1Þ0r ð1 − rÞX ð2Þ

r−1;0: ð98eÞ

These coefficients, together with the coefficient of diffu-
sion κ and relaxation time of diffusion τV introduced in
Eqs. (70), are computed in Table I.
TheOðKn2Þ coefficients fromKμ in Eq. (77) are given by

κ̃1 ¼
XN1

r¼0;≠1
τð1Þ0r

�
2ð1 − rÞ

5
Yð1Þ

r0 þ r
2
Yð2Þ

r−1;0

�
; ð99aÞ

κ̃3 ¼ −
2

3

XN1

r¼0;≠1
τð1Þ0r Y

ð1Þ
r0 ; ð99bÞ

κ̃5 ¼ 2
XN1

r¼0;≠1
τð1Þ0r Y

ð1Þ
r0 ¼ −3κ̃3; ð99cÞ

κ̃6 ¼ −2
XN1

r¼0;≠1
τð1Þ0r Y

ð2Þ
r−1;0: ð99dÞ
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The numerical values of these coefficients are given in
Table III for the DNMR and cDNMR power-counting
schemes. Note again that in the IReD power-counting
scheme, κ̃i ¼ 0 by construction. As expected, DNMR and
cDNMR disagree only for κ̃6, which involves the coef-

ficient Yð2Þ
−1;0. Note that here we excluded κ̃2, κ̃4, and κ̃7,

since they vanish in the ultrarelativistic limit as m2
0 → 0.

The leading-order contributions to the κ̃4 and κ̃7 are
computed in the limit of small mass in Sec. IV C.
The OðRe−1KnÞ coefficients in the relaxation equation

for the shear-stress tensor (69), listed in Eq. (75), are

δππ ¼
4

3

XN2

r¼0

τð2Þ0r X
ð2Þ
r0 ¼ 4

3
τV; ð100aÞ

lπV ¼ 2

5

XN2

r¼0

τð2Þ0r X
ð1Þ
rþ1;0; ð100bÞ

τπV ¼ 4lπV; ð100cÞ

τππ ¼
2

7

XN2

r¼0

τð2Þ0r ð2rþ 5ÞX ð2Þ
r0 ; ð100dÞ

λπV ¼ −
1

10

XN2

r¼0

τð2Þ0r ðrþ 1ÞX ð1Þ
rþ1;0: ð100eÞ

These are computed in Table II. The OðKn2Þ coefficients
appearing in Kμν, introduced in Eq. (78), are

η̃1 ¼ 2
XN2

r¼0

τð2Þ0r Y
ð2Þ
r0 ; ð101aÞ

η̃2 ¼ −
1

3
η̃1; ð101bÞ

η̃3 ¼ −
2

7

XN2

r¼0

τð2Þ0r ð4rþ 3ÞYð2Þ
r0 ; ð101cÞ

η̃4 ¼ 2η̃1; ð101dÞ

η̃5 ¼ −
1

10

XN2

r¼0

τð2Þ0r ðrþ 1ÞYð1Þ
rþ1;0; ð101eÞ

η̃6 ¼ 5η̃1; ð101fÞ

η̃7 ¼ −
8

5

XN2

r¼0

τð2Þ0r Y
ð1Þ
rþ1;0; ð101gÞ

η̃8 ¼ −
1

4
η̃7; ð101hÞ

η̃9 ¼ −η̃1: ð101iÞ

Since none of the above coefficients involve YðlÞ
r0 with

negative r, both DNMR and cDNMR agree. The explicit
values of these coefficients are summarized in Table IV.

TABLE I. The coefficient of diffusion and second-order transport coefficients in J μ for the particle-diffusion
current Vμ, evaluated in different approaches.

Method κ τV ½λmfp� δVV ½τV � lVπ½τV � ¼ τVπ½τV � λVV ½τV � λVπ ½τV �
14M 1=12σ 9=4 1 β=20 3=5 β=20
IReD 0.15892=σ 2.0838 1 0.028371β 0.89862 0.069273β
DNMR 0.15892=σ 2.5721 1 0.11921β 0.92095 0.051709β
cDNMR 0.15892=σ 2.5721 1 0.098534β 0.92095 0.056878β

TABLE II. Same as Table I, but for η and the second-order transport coefficients in J μν for the shear-stress
tensor πμν.

Method η τπ½λmfp� δππ ½τπ� lπV ½τπ� τπV ½τπ� τππ½τπ� λπV ½τπ�
14M 4=ð3σβÞ 5=3 4=3 0 0 10=7 0
IReD 1.2676=ðσβÞ 1.6557 4=3 −0.56960=β −2.2784=β 1.6945 0.20503=β
DNMR & cDNMR 1.2676=ðσβÞ 2 4=3 −0.68317=β −2.7327=β 1.6888 0.24188=β

TABLE III. Second-order transport coefficients in Kμ for the
particle-diffusion current Vμ evaluated using the DNMR and
corrected DNMR methods. The IReD and strict 14M approaches
lead to κ̃1 ¼ κ̃3 ¼ κ̃5 ¼ κ̃6 ¼ 0.

Method κ̃1½τV � κ̃3½τV � κ̃5½τV � κ̃6½τV �
DNMR 0.050292 0.020115 −0.060345 −0.24395
cDNMR 0.050292 0.020115 −0.060345 −0.19152
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C. Leading-order contributions to the transport
coefficients coupling to the bulk viscous pressure

Here we compute the leading-order contributions of the
remaining coefficients which couple to the bulk viscous
pressure from Eqs. (73)–(78). Note that we excluded κ̃2,
since the evaluation of the leading-order correction to this
coefficient requires the computation of m2

0 corrections to
the collision integral, which is beyond the scope of the
present paper.
We begin with the transport coefficients appearing in the

equation for the bulk viscous pressure Π, Eq. (67). The
OðRe−1KnÞ coefficients appearing in Eq. (73) are obtained
by taking the massless limit of the expressions listed in
Eqs. (B1), and read

δΠΠ ¼ 2

3
τΠ; ð102aÞ

lΠV

m2
0

¼ −
XN0

r¼0;≠1;2

τð0Þ0r

3

�
X ð1Þ

r−1;0 þ ðrþ 1Þ! ðr − 2Þ
2

β1−r
�
;

ð102bÞ

τΠV
m2

0

¼ −
lΠV

m2
0

; ð102cÞ

λΠV
m2

0

¼ 1

12

XN0

r¼0;≠1;2
τð0Þ0r ðr − 1ÞX ð1Þ

r−1;0; ð102dÞ

λΠπ
m2

0

¼ −
1

3

XN0

r¼0;≠1;2
τð0Þ0r ðr − 1Þ

�
X ð2Þ

r−2;0 −
ðrþ 1Þ!

6
β2−r

�
:

ð102eÞ

Note that here, the last four coefficients are divided by m2
0

to extract their leading-order values. The numerical values

of these coefficients, together with the bulk viscosity ζ and
bulk relaxation time τΠ, are listed in Table V.
The leading-order contributions of the terms of second

order in the Knudsen number (76) appearing in the
equation of motion for the bulk viscous pressure are

ζ̃1
m4

0

¼
XN0

r¼0;≠1;2
τð0Þ0r

Yð0Þ
r0

m4
0

; ð103aÞ

ζ̃2
m2

0

¼ −
2

3

XN0

r¼0;≠1;2
τð0Þ0r ðr − 1ÞYð2Þ

r−2;0; ð103bÞ

ζ̃3
m4

0

¼ 4

3

ζ̃1
m4

0

; ð103cÞ

ζ̃4
m2

0

¼ −
1

12

XN0

r¼0;≠1;2
τð0Þ0r ðr − 1ÞYð1Þ

r−1;0; ð103dÞ

ζ̃5
m4

0

¼ −5
ζ̃1
m4

0

; ð103eÞ

ζ̃6
m2

0

¼ −
1

3

XN0

r¼0;≠1;2
τð0Þ0r Y

ð1Þ
r−1;0; ð103fÞ

ζ̃7
m2

0

¼ −
ζ̃6
m2

0

; ð103gÞ

ζ̃8
m4

0

¼ ζ̃1
m4

0

: ð103hÞ

These coefficients are collected in Table VI.
Next, we move on to Eq. (68) for the diffusion current.

The coefficients appearing in Eq. (74) which are related to
the bulk viscous pressure read

TABLE IV. Same as Table III, but for the second-order transport coefficients in Kμν for the shear-stress tensor πμν.

Method βη̃1½τπ� βη̃2½τπ� βη̃3½τπ� βη̃4½τπ� βη̃5½τπ � βη̃6½τπ � βη̃7½τπ� βη̃8½τπ� βη̃9½τπ�
DNMR & cDNMR −0.43647 0.14549 0.28867 −0.87294 −0.011466 −2.1824 −0.13454 0.033634 0.43647

TABLE V. Same as Table I, but for ζ and the second-order transport coefficients in J for the bulk viscous pressure Π.

Method ζ=m4
0 τΠ½λmfp� δΠΠ½τΠ� lΠV ½τΠ�=m2

0 τΠV ½τΠ�=m2
0 λΠV ½τΠ�=m2

0 λΠπ½τΠ�=m2
0

14M β4=ð18σÞ 3 2=3 β=9 −β=9 −β=18 −7β2=180
IReD 11β4=ð324σÞ ð11þ 6π2Þ=33 2=3 0.067077β −0.067077β −0.11638β −0.051367β2
DNMR 11β4=ð324σÞ 3 2=3 0.15415β −0.15415β −0.084570β −0.067901β2
cDNMR 11β4=ð324σÞ 3 2=3 0.12282β −0.12282β −0.092398β −0.062583β2
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m2
0lVΠ ¼

XN1

r¼0;≠1
τð1Þ0r X

ð0Þ
rþ1;0; ð104aÞ

m2
0τVΠ ¼ 2m2

0lVΠ; ð104bÞ

m2
0λVΠ ¼ 1

4

XN1

r¼0;≠1
τð1Þ0r ð1þ rÞX ð0Þ

rþ1;0: ð104cÞ

The leading-order contributions to the coefficients con-
tained in the terms Kμ which vanish in the ultrarelativistic
limit are given by

κ̃4
m2

0

¼ β2

2
κ̃5 − 5

XN1

r¼0;≠1
τð1Þ0r Y

ð0Þ
rþ1;0; ð105aÞ

κ̃7
m2

0

¼
XN1

r¼0;≠1
τð1Þ0r Y

ð0Þ
rþ1;0 −

β2

6
κ̃5: ð105bÞ

Finally, in the case of the equation for the shear-stress
tensor, the coefficient in Eq. (75) related to Π is

m2
0λπΠ ¼ −

2

5

XN2

r¼0

τð2Þ0r ðrþ 4ÞX ð0Þ
rþ2;0: ð106Þ

There are no OðKn2Þ coefficients to report in this case.
Note that, in the 14M approximation, where N2 ¼ 0, the
coefficient λπΠ does not diverge when m0 → 0. However,
for all orders N2 > 0, it diverges as 1=m2

0, which is why we
list its value multiplied by the square of the mass. The
explicit values of the coefficients in Eqs. (104)–(106) are
listed in Table VII.

D. Invariant combinations of transport coefficients

It was already noticed in Ref. [9] that there are various
combinations of second-order transport coefficients that

stay invariant regardless of the power-counting scheme. To
keep the discussion in this section as general as possible,
we consider the functions X ðlÞ

r0 to be arbitrary and enforce
Eq. (64) to determine

YðlÞ
r0 ¼ ξðlÞ0 ðCðlÞr0 − X ðlÞ

r0 Þ; ð107Þ

where CðlÞr>0;0 ¼ ξðlÞr =ξðlÞ0 was introduced in Eq. (52) and

since F ðlÞ
−r;n ¼ δrn, therefore CðlÞr<0;0 ¼ ΓðlÞ

−r;0.
The combinations of transport coefficients that are

invariant with respect to the power-counting method are
those which have no explicit dependence on the essentially

arbitrary functions X ðlÞ
r0 . In the more general case of

massive particles, these combinations are listed in Table
II of Ref. [9]. We now identify similar combinations in the
case of massless particles. In order to do so, we compare
the expressions for the leading-order contributions of the
second-order transport coefficients belonging to terms of
orderOðKn2Þ, i.e., Eqs. (99), (101), (103), and (105), to the
ones belonging to terms of order OðRe−1KnÞ, i.e.,
Eqs. (98), (100), (102), (104), and (106), and make use

of Eq. (107) to eliminate YðlÞ
r0 in favor of X ðlÞ

r0 .
For the relaxation times, the invariant combinations are

τΠ þ ζ̃1
ζ
; τV þ κ̃5

2κ
; τπ þ

η̃1
2η

; ð108Þ

while for the second-order coefficients appearing in the
equation of motion for Π, they read

lΠV−
ζ̃7
κ
; τΠV −

ζ̃6
κ
; λΠV −

ζ̃4
κ
;

λΠπ
m2

0

þ ζ̃2
2m2

0η
: ð109Þ

The invariant combinations for the coefficients in the
equation for Vμ are given by

TABLE VI. Same as Table III, but for the second-order transport coefficients in K for the bulk viscous pressure Π.

Method ζ̃1½τΠ�=m4
0 ζ̃2½τΠ�=m2

0 ζ̃3½τΠ�=m4
0 ζ̃4½τΠ�=m2

0 ζ̃5½τΠ�=m4
0 ζ̃6½τΠ�=m2

0 ζ̃7½τΠ�=m2
0 ζ̃8½τΠ�=m4

0

DNMR −0.0098705β4 0.079777β −0.013161β4 −0.00032159β 0.049352β4 −0.016937β 0.016937β −0.0098705β4
cDNMR −0.0098705β4 0.066291β −0.013161β4 −0.0015663β 0.049352β4 −0.011958β 0.011958β −0.0098705β4

TABLE VII. Coefficients in Eqs. (74) and (75) related to the bulk viscous pressure and leading-order contributions
to the coefficients in (77) which diverge or vanish in the strict ultrarelativistic limit.

Method m2
0lVΠ½τV � m2

0τVΠ½τV � m2
0λVΠ½τV � m2

0λπΠ½τπ� κ̃4½τV �=m2
0 κ̃7½τV �=m2

0

14M 0 0 0 0 0 0
IReD −0.32062=β −0.64124=β −0.16367=β −1.3938=β2 0 0
DNMR & cDNMR −0.53325=β −1.0665=β −0.27211=β −2.5303=β2 −0.076600β3 0.019343β3
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lVΠ

m2
0

þ κ̃7
m2

0ζ
þ β2κ̃5

6ζ
; lVπ þ

κ̃6
2η

;

m2
0τVΠ −m2

0

κ̃4 þ 3κ̃7
ζ

; τVπ þ
κ̃6
2η

;

λVV þ 2η

κ
λVπ −

4κ̃1 − 2κ̃5 þ κ̃6
4κ

; ð110Þ

while those contained in the equation for πμν read

τππþ
η̃1− η̃3
2η

; τπV−
η̃7
κ
; lπVþ

η̃8
κ
; λπVþ

η̃5
κ
: ð111Þ

The above relations are in full agreement with the massless
limit of the relations in Table II of Ref. [9], which are valid
for arbitrary mass and statistics. Note that, compared to that
table, we do not list any relations for λVΠ and λπΠ.
Establishing such relations within the present framework
requires the next-to leading-order contributions in m2

0

for the coefficients κ̃3, κ̃5, η̃1, and η̃3, which were not
considered in this work.

V. EXACT RESULTS FOR THE SCALAR SECTOR

In this section we discuss several analytical results
derived from the collision matrix Að0Þ

rn for the irreducible
scalar moments. We derive exact results for the inverse

matrix τð0Þrn in Sec. VA, while the first-order bulk viscosity
coefficients ζr are computed in Sec. V B. The relaxation
times of bulk viscosity τΠ;r are computed in Sec. V C.
Finally, the scalar contribution to the deviation δfk from
local equilibrium is discussed in Sec. V D. Note that, since
the bulk viscous pressure vanishes in the ultrarelativistic
limit, one has to take appropriate care to derive the leading-
order terms in an expansion in m0β. The respective
calculations are detailed in Appendix I.

A. The inverse collision matrix

The inverse collision matrix is given by

τð0Þ00 ¼ 1

Að0Þ
00

¼ λmfp
N0 þ 1

N0 − 1
;

τð0Þm>2;2<n≤m ¼ λmfpβ
n−m ðmþ 1Þ!ðm − 1Þðm − 2Þ

ðnþ 1Þ!ðn − 1Þðn − 2Þ

×

�
δmn þ

2

m − 2

�
;

τð0Þ0;n>0 ¼ −
2λmfpð−βÞn

ðn − 1Þðn − 2Þðnþ 1Þ!

×

�
1þ N0

n

� ð1þ N0 − nÞ½N0ðn − 2Þ þ n�
ðN0 − 1ÞN0ðN0 þ 1Þ ;

τð0Þm>0;0 ¼ τð0Þm>2;n>m ¼ 0; ð112Þ

which then allows for the computation of the coefficient of
bulk viscosity ζr and the relaxation times τΠ;r.

B. Bulk viscosity coefficients

Considering Eqs. (45), we can write the coefficients of
bulk viscosity as

3

m4
0

ζr ¼
1

m2
0

XN0

n¼0;≠1;2
τð0Þrn α

ð0Þ
n ; ð113Þ

where we divided by m4
0 to obtain the leading-order

contribution in the massless limit. Inserting the results

for the inverse matrices τð0Þrn , we obtain

ζr≥3
m4

0

¼ λmfpP0β
4−r

108
ðr − 1Þðrþ 1Þ!

�
2Hr −

1

1þ r
−
8

3

�
;

ð114Þ

while 1
m4

0

ζ1 ¼ 1
m4

0

ζ2 ¼ 0. In the above, Hr ≡Pr
n¼1 n

−1 is

the rth harmonic number. A calculation detailed in
Appendix I 2 yields the bulk viscosity as an exact expres-
sion in terms of N0, namely

1

m4
0

ζ ¼ P0β
4λmfp

6þ 7N0 þ 11N3
0

324N0ðN2
0 − 1Þ ; ð115Þ

interpolating between the 14-moment approximation cor-
responding to N0 ¼ 2 and its convergence value when
N0 → ∞:

ζ

m4
0

����
N0¼2

¼P0β
4λmfp

18
; lim

N0→∞

ζ

m4
0

¼ 11P0β
4λmfp

324
: ð116Þ

The second equation above gives the exact value of the
leading-order contribution to the bulk viscosity. Their ratio,
ζðN0 → ∞Þ=ζðN0 ¼ 2Þ ¼ 11=18, shows that including
higher-order moments can lead to a decrease of the bulk
viscosity of almost 40%.

C. The relaxation time of the bulk
viscous pressure

Depending on which power-counting method is consid-
ered, the relaxation times of the bulk viscous pressure take
on different values

DNMR& cDNMR ∶ τΠ ≡ τð0Þ00 ¼ ½χð0Þ0 �−1; ð117Þ

IReD∶ τΠ;r ≡
XN0

n¼0;≠1;2
τð0Þrn

ζn
ζr

; ð118Þ
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where the eigenvalues χð0Þr are defined in Eq. (44). Note that
the IReD relaxation time of the bulk viscous pressure is
denoted as τΠ ≡ τΠ;0.
Due to the fact that Að0Þ

r0 ¼ 0 for r > 0, the eigenvalues
of the matrix Að0Þ are given by its diagonal entries. The
eigenvalues are solutions of the equation

0 ¼ det ½τð0Þ − χI� ¼
YN0

r¼0;≠1;2
½τð0Þrr − χ�; ð119Þ

where the diagonal entries τð0Þrr of the inverse collision
matrix are given by

τð0Þ00 ¼ λmfp
N0 þ 1

N0 − 1
; τð0Þrr ¼ λmfp

r
r − 2

; ð120Þ

where we considered r ≥ 3. In the case when N0 ¼ 2, there

is a single eigenvalue equal to χð0Þ0 ðN0 ¼ 2Þ≡ 3λmfp. For

N0 > 2, the largest eigenvalue corresponds to τð0Þrr with

r ¼ 3, being equal to 3λmfp, while τ
ð0Þ
00 > λmfp becomes the

lowest eigenvalue. Rearranging the above expressions in

decreasing order gives the set of eigenvalues ½χð0Þr �−1 as

½χð0Þ0 �−1 ¼ 3λmfp; ½χð0Þr≥3�−1 ¼ λmfp
rþ 1

r − 1
: ð121Þ

Thus, the relaxation time of the bulk viscous pressure in the
DNMR and cDNMR approaches becomes independent of
N0 ≥ 2 and is given by

τΠ ¼ 3λmfp: ð122Þ

Note that the inverse eigenvalues are bounded

λmfp < ½χð0Þr �−1 ≤ 3λmfp; ð123Þ

while from ½χð0Þ0 �−1 ¼ 3λmfp and ½χð0Þ3 �−1 ¼ 2λmfp we see
that there is a clear separation of scales.
A calculation provided in Appendix I 3 yields the exact

result for the relaxation time of the bulk viscous pressure in
the IReD approach as a function of N0,

τΠ¼ λmfp

�
11þ6π2

33
−
12

11
ψ ð1ÞðN0Þþ

2

N0−1

þ 2

6þ7N0þ11N3
0

�
ðN0−2Þð3þ5N0Þþ

6π2

11
ð1þ3N0Þ

−
32

11
ð1þ3N0Þψ ð1ÞðN0Þ

�	
: ð124Þ

When N0 → ∞, we arrive at

τΠ ¼ λmfp

�
1

3
þ 2π2

11

�
≃ 2.13λmfp: ð125Þ

The moments of higher orders on the other hand relax with

τΠ;r ¼
λmfp

2Hr − 1
rþ1

− 8
3

�
28r2 þ 33rþ 11

9ðr2 − 1Þ

−
2ðrþ 2Þð5r − 3Þ

3rðr − 1Þ Hr þ 2H2
r þ 2Hr;2

�
; ð126Þ

where Hr;m ¼Pr
n¼1 n

−m is the generalized harmonic
number, with Hr ≡Hr;1. At large r, the harmonic numbers
Hr and Hr;2 are given asymptotically as

Hr ¼ ln rþ γ þOðr−1Þ; Hr;2 ¼
π2

6
þOðr−1Þ; ð127Þ

with γ ≃ 0.577 being the Euler-Mascheroni constant, such
that the highest-order moments relax without bounds for
r → ∞ as

τΠ;r ¼
λmfpð18L2 − 30Lþ 28Þ

6ð3L − 4Þ þOðr−1Þ; ð128Þ

where we introduced L ¼ γ þ ln r. It can be seen that
limr→∞ τΠ;r ≃ λmfp ln r, such that higher-order moments
relax slower.

D. Scalar correction to the equilibrium
distribution function

The results obtained in the present section allow us to
estimate the scalar correction, l ¼ 0, defined in Eq. (21), to
local equilibrium,

δfð0Þk ¼ f0k
XN0

n¼0

ρnH
ð0Þ
nk : ð129Þ

Using the massless limit of Hð0Þ
nk from Eq. (A9), the strict

14-moment approximation 14M, corresponding to N0 ¼ 2
leads to

δfð0Þk cN0¼2 ≡ −
3Π

m2
0β

2P0

ð6 − βEkÞð2 − βEkÞf0k: ð130Þ

On the other hand, using Eq. (51) to express the non-
dynamical moments according to the IReD approximation,
we have

ρn ≃ −
3Π
m2

0

ζn
ζ0

; ð131Þ

such that now δfð0Þk becomes
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δfð0Þk ¼ −
3Π
m2

0

�
Hð0Þ

k0 þ
XN0

n¼3

ζn
ζ0

Hð0Þ
kn

�
f0k: ð132Þ

After some algebra discussed in Appendix I 4, we find the
correction to be

δfð0Þk ¼ −
6Π

m2
0β

2P0

�
18

11βEk
þ 6

11
ðβEk − 3Þ lnðβEkÞ

þ 2βEk

11
ð3γ − 4Þ þ 9

11
ð1 − 2γÞ

�
f0k: ð133Þ

Figure 1 shows a comparison between δfð0Þk computed in
the 14-moment approximation, Eq. (130), and the above
expression. Contrary to the 14-moment approximation
(indeed, to any finite-N0 representation), the resummed
result obtained in the N0 → ∞ limit exhibits terms that go
as E−1

k and lnEk in the infrared limit. One can conclude that

the shape of δfð0Þk is very different in the resummed case
compared to the 14-moment truncation.

VI. CONCLUSION

In this work, we have analytically computed the linear-
ized collision matrices for an ultrarelativistic gas of hard
spheres, and determined the correlation structure of the
moment equations. It was found that the collision matrices
feature a nearly lower-triangular structure, coupling the
moments of a given order r > 0 to all lower-order ones. On
the contrary, the irreducible moments of energy-rank zero,
the primary dissipative quantities ρ0 ¼ −3Π=m2

0, ρ
μ
0 ¼ Vμ,

and ρμν0 ¼ πμν, couple to all higher-order ones included in
the basis.

Expressions for all first- and second-order transport
coefficients that appear in different formulations of sec-
ond-order fluid dynamics, i.e., DNMR, cDNMR, and IReD,
have been obtained. The coefficients appearing in the terms
of second order in the Knudsen number are nonvanishing in
both the DNMR and the cDNMR approaches, and we have
computed them here for the first time to the best of our
knowledge. Even though they vanish in the strict 14-moment
approximation, their convergence values are non-negligible.
This is also evidenced by the fact that some of the second-
order transport coefficients appearing in the terms of order
OðKnRe−1Þ differ between the various power-counting
methods in second-order fluid dynamics.
Furthermore, we obtained closed-form expressions for

the bulk viscosity and the relaxation time for the bulk
viscous pressure. Compared to their values in the strict 14-
moment approximation, there is a decrease of 39% and
29%, respectively, as shown in Table V. Also, our results in
Table I show that the diffusion coefficient κ increases its
value from 1=12 ≃ 0.083 in the 14-moment approximation
to 0.16, by almost 100%. Even though the shear viscosity η
exhibits only a 5% decrease from 4=3 to 1.27 in Table II,
our results show that the inclusion of higher-order moments
leads to sizable changes for the second-order transport
coefficients. The results reported in our study may serve as
a reference for modeling high-energy ultrarelatvistic fluids
with binary hard-sphere interactions [24–32]. Furthermore,
the computation of the collision integrals and correspond-
ing transport coefficients presented here could easily be
extended to the relativistic third-order theory of dissipative
fluid dynamics introduced recently in Ref. [33].
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APPENDIX A: ORTHOGONAL POLYNOMIALS
FOR THE ULTRARELATIVISTIC IDEAL GAS

In this appendix we follow Ref. [10] and express the
orthogonal polynomials PðlÞ

km andHðlÞ
km as well asF ðlÞ

rn in the

FIG. 1. The scalar correction to local equilibrium, δfð0Þk , as a
function of βEk in the lowest-order truncation N0 ¼ 2 [see
Eq. (130)] and in the N0 → ∞ limit [see Eq. (133)], with red
and blue lines, respectively.
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case of ultrarelativistic particles obeying classical
Boltzmann statistics, i.e., a ¼ 0. The local-equilibrium
distribution from Eq. (6) becomes

f0k ≡ eα−βEk ¼ g−1π2P0β
4e−βEk ; ðA1Þ

where Ek ≡ uμkμ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Δαβkαkβ

q
≡ k0 is the particle

energy in the comoving frame and

P0 ¼ geαT4=π2 ðA2Þ

is the equilibrium pressure.
In the ultrarelativistic limit of a Boltzmann gas the

thermodynamic integrals from Eqs. (28) and (29) reduce to

Inq ¼ Jnq ¼
ðnþ 1Þ!
ð2qþ 1Þ!!

P0

2βn−2
: ðA3Þ

Taking into account the orthogonality relation obeyed by
the generalized Laguerre polynomials,

Z
∞

0

dxe−xx2lþ1Lð2lþ1Þ
m ðxÞLð2lþ1Þ

n ðxÞ

¼ ðnþ 2lþ 1Þ!
n!

δmn; ðA4Þ

the polynomial PðlÞ
kmðEkÞ from Eq. (22) is expressed in

terms of the generalized Laguerre polynomials as

PðlÞ
kmðEkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m!ð2lþ 1Þ!
ðmþ 2lþ 1Þ!

s
Lð2lþ1Þ
m ðβEkÞ: ðA5Þ

Now using the explicit representation

Lð2lþ1Þ
m ðxÞ ¼

Xm
n¼0

ðmþ 2lþ 1Þ!
ðm − nÞ!ðnþ 2lþ 1Þ!

ð−1Þnxn
n!

; ðA6Þ

the expansion coefficients of PðlÞ
km ¼Pm

n¼0 a
ðlÞ
mnEn

k are
identified as

aðlÞmn ¼ ð−1Þnβn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m!ð2lþ 1Þ!ðmþ 2lþ 1Þ!p
n!ðm − nÞ!ðnþ 2lþ 1Þ! : ðA7Þ

Furthermore, setting PðlÞ
k0 ≡ aðlÞ00 ¼ 1, the momentum-in-

dependent function WðlÞ from Eq. (27) evaluates to

WðlÞ ¼ ð−1Þl 2β
2l−2ð2lþ 1Þ!!
P0ð2lþ 1Þ! : ðA8Þ

Using these results the HðlÞ
kn polynomial introduced in

Eq. (22) is expressed as

HðlÞ
kn ¼ ð−1Þlþn 2β

2lþn−2ð2lþ 1Þ!!
P0ðnþ 2lþ 1Þ!l!

×
XNl−n

m¼0

ðnþmÞ!
n!m!

Lð2lþ1Þ
mþn ðβEkÞ; ðA9Þ

hence, F ðlÞ
rn from Eq. (24) evaluates to [10]

F ðlÞ
rn ¼ ð−1Þn

ðrþnÞ
βrþnð2lþ1−rÞ!ðNlþ rÞ!

n!ðr−1Þ!ð2lþ1þnÞ!ðNl−nÞ! : ðA10Þ

APPENDIX B: TRANSPORT COEFFICIENTS

The coefficients appearing in Eq. (73) are obtained

by multiplying Eq. (9) by −ðm2
0=3Þ

PN0

r¼0;≠1;2 τ
ð0Þ
0r . Then,

replacing the irreducible moments using Eqs. (54)–(56) and
collecting the corresponding terms, we obtain

δΠΠ ¼
XN0

r¼0;≠1;2
τð0Þ0r

�
rþ 2

3
X ð0Þ

r0 þH
∂X ð0Þ

r0

∂α
þ H̄

∂X ð0Þ
r0

∂β

�

−
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r

�
ðr − 1ÞX ð0Þ

r−2;0 þ
G2r

D20

�
; ðB1aÞ

lΠV ¼ −
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r

�
X ð1Þ

r−1;0 −
G3r

D20

�
; ðB1bÞ

τΠV ¼
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r

�
rX ð1Þ

r−1;0þβ
∂X ð1Þ

r−1;0

∂β
−
G3r

D20

�
; ðB1cÞ

λΠV ¼ −
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r

�
∂X ð1Þ

r−1;0

∂α
þ 1

h0

∂X ð1Þ
r−1;0

∂β

�
; ðB1dÞ

λΠπ ¼ −
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r

�
ðr − 1ÞX ð2Þ

r−2;0 þ
G2r

D20

�
: ðB1eÞ

The proper-time derivative and the gradient of Xðα; βÞ are
expressed through

Ẋ ≡
�
Hðα; βÞ ∂X

∂α
þ H̄ðα; βÞ ∂X

∂β

�
θ; ðB2Þ

∇μX ≡
�
∂X
∂α

þ 1

h0

∂X
∂β

�
∇μα − β

∂X
∂β

u̇μ; ðB3Þ

where Hðα; βÞ and H̄ðα; βÞ are given in Eq. (93).
Similar to the scalar equation of motion, the coefficients

appearing in Eq. (74) are found by multiplying Eq. (10) byPN1

r¼0;≠1 τ
ð1Þ
0r , then using Eqs. (54)–(56), and finally collect-

ing the corresponding terms
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δVV ¼
XN1

r¼0;≠1
τð1Þ0r

�
rþ 3

3
X ð1Þ

r0 þH
∂X ð1Þ

r0

∂α
þ H̄

∂X ð1Þ
r0

∂β

�

−
m2

0

3

XN1

r¼0;≠1
τð1Þ0r ðr − 1ÞX ð1Þ

r−2;0; ðB4aÞ

lVΠ ¼
XN1

r¼0;≠1
τð1Þ0r

�
βJrþ2;1

e0 þ P0

− X ð0Þ
r−1;0 þ

1

m2
0

X ð0Þ
rþ1;0

�
; ðB4bÞ

lVπ ¼
XN1

r¼0;≠1
τð1Þ0r

�
βJrþ2;1

e0 þ P0

− X ð2Þ
r−1;0

�
; ðB4cÞ

τVΠ ¼
XN1

r¼0;≠1
τð1Þ0r

�
βJrþ2;1

e0þP0

− rX ð0Þ
r−1;0−β

∂X ð0Þ
r−1;0

∂β

�

þ 1

m2
0

XN1

r¼0;≠1
τð1Þ0r

�
ðrþ3ÞX ð0Þ

rþ1;0þβ
∂X ð0Þ

rþ1;0

∂β

�
; ðB4dÞ

τVπ ¼
XN1

r¼0;≠1
τð1Þ0r

�
βJrþ2;1

e0 þ P0

− rX ð2Þ
r−1;0 − β

∂X ð2Þ
r−1;0

∂β

�
; ðB4eÞ

λVV ¼ 1

5

XN1

r¼0;≠1
τð1Þ0r ½ð2rþ 3ÞX ð1Þ

r0 −m2
0ð2r − 2ÞX ð1Þ

r−2;0�;

ðB4fÞ

λVΠ ¼
XN1

r¼0;≠1
τð1Þ0r

�
∂X ð0Þ

r−1;0

∂α
þ 1

h0

∂X ð0Þ
r−1;0

∂β

�

−
1

m2
0

XN1

r¼0;≠1
τð1Þ0r

�
∂X ð0Þ

rþ1;0

∂α
þ 1

h0

∂X ð0Þ
rþ1;0

∂β

�
; ðB4gÞ

λVπ ¼
XN1

r¼0;≠1
τð1Þ0r

�
∂X ð2Þ

r−1;0

∂α
þ 1

h0

∂X ð2Þ
r−1;0

∂β

�
: ðB4hÞ

The coefficients of the shear-stress equation (75) follow

after multiplying Eq. (11) by τð2Þ0r and summing from r ¼ 0

to N2. Then, after some algebra we obtain the following
results:

δππ ¼
XN2

r¼0

τð2Þ0r

�
rþ 4

3
X ð2Þ

r0 þH
∂X ð2Þ

r0

∂α
þ H̄

∂X ð2Þ
r0

∂β

�

−
m2

0

3

XN1

r¼0;≠1
τð2Þ0r ðr − 1ÞX ð2Þ

r−2;0; ðB5aÞ

lπV ¼ 2

5

XN2

r¼0

τð2Þ0r ½X ð1Þ
rþ1;0 −m2

0X
ð1Þ
r−1;0�; ðB5bÞ

τπV ¼ 2

5

XN2

r¼0

τð2Þ0r

�
ðrþ 5ÞX ð1Þ

rþ1;0 þ β
∂X ð1Þ

rþ1;0

∂β

�

−
2m2

0

5

XN2

r¼0

τð2Þ0r

�
rX ð1Þ

r−1;0 þ β
∂X ð1Þ

r−1;0

∂β

�
; ðB5cÞ

τππ ¼
2

7

XN2

r¼0

τð2Þ0r ½ð2rþ 5ÞX ð2Þ
r0 −m2

0ð2r − 2ÞX ð2Þ
r−2;0�; ðB5dÞ

λπΠ ¼ 2

5

XN2

r¼0

τð2Þ0r ½ð2rþ 3ÞX ð0Þ
r0 −m2

0ðr − 1ÞX ð0Þ
r−2;0�

−
2

5m2
0

XN2

r¼0

τð2Þ0r ðrþ 4ÞX ð0Þ
rþ2;0; ðB5eÞ

λπV ¼ 2

5

XN2

r¼0

τð2Þ0r

�
∂X ð1Þ

rþ1;0

∂α
þ 1

h0

∂X ð1Þ
rþ1;0

∂β

�

−
2m2

0

5

XN2

r¼0

τð2Þ0r

�
∂X ð1Þ

r−1;0

∂α
þ 1

h0

∂X ð1Þ
r−1;0

∂β

�
: ðB5fÞ

Note that using Eqs. (58) in these transport coefficients
leads to the results of Ref. [7],1 while using Eqs. (62)
corresponds to the results of Ref. [9].
The transport coefficients from Eq. (76) are proportional

to YðlÞ and evaluate to

ζ̃1 ¼
XN0

r¼0;≠1;2
τð0Þ0r Y

ð0Þ
r0 ; ðB6aÞ

ζ̃2 ¼ −ζ̃1 −
2m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r ðr − 1ÞYð2Þ

r−2;0; ðB6bÞ

ζ̃3 ¼
XN0

r¼0;≠1;2
τð0Þ0r

�ðrþ 1Þ
3

Yð0Þ
r0 þH

∂Yð0Þ
r0

∂α
þ H̄

∂Yð0Þ
r0

∂β

�

−
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r ðr − 1ÞYð0Þ

r−2;0; ðB6cÞ

ζ̃4 ¼
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r

�
∂Yð1Þ

r−1;0

∂α
þ 1

h0

∂Yð1Þ
r−1;0

∂β

�
; ðB6dÞ

ζ̃5 ¼
XN0

r¼0;≠1;2
τð0Þ0r Y

ð0Þ
r0

�
2þ βJ30

ðe0 þ P0Þ
�
; ðB6eÞ

1Please note that there is a sign error in Ref. [7] related to the
term on the second line in Eq. (B5e).
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ζ̃6 ¼ −
XN0

r¼0;≠1;2
τð0Þ0r Y

ð0Þ
r0

HD20

ðe0 þ P0Þ2

−
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r

�
rYð1Þ

r−1;0 þ β
∂Yð1Þ

r−1;0

∂β

�
; ðB6fÞ

ζ̃7 ¼
m2

0

3

XN0

r¼0;≠1;2
τð0Þ0r Y

ð1Þ
r−1;0; ðB6gÞ

ζ̃8 ¼ ζ̃1: ðB6hÞ

The coefficients from Eq. (77) are given by

κ̃1 ¼ −2
XN1

r¼0;≠1
τð1Þ0r

�ðr − 1Þ
5

Yð1Þ
r0 þ ∂Yð2Þ

r−1;0

∂α
þ 1

h0

∂Yð2Þ
r−1;0

∂β

�

þ 2m2
0

5

XN1

r¼0;≠1
τð1Þ0r ðr − 1ÞYð1Þ

r−2;0; ðB7aÞ

κ̃2 ¼ 2
XN1

r¼0;≠1
τð1Þ0r

�
rYð2Þ

r−1;0 þ β
∂Yð2Þ

r−1;0

∂β

�
; ðB7bÞ

κ̃3 ¼ −
XN1

r¼0;≠1
τð1Þ0r

�ðrþ 2Þ
3

Yð1Þ
r0 þH

∂Yð1Þ
r0

∂α
þ H̄

∂Yð1Þ
r0

∂β

�

−
XN1

r¼0;≠1
τð1Þ0r Y

ð1Þ
r0

�
∂H
∂α

þ 1

h0

∂H
∂β

�

−
XN1

r¼0;≠1
τð1Þ0r

�
∂Yð0Þ

r−1;0

∂α
þ 1

h0

∂Yð0Þ
r−1;0

∂β

�

þ 1

m2
0

XN1

r¼0;≠1
τð1Þ0r

�
∂Yð0Þ

rþ1;0

∂α
þ 1

h0

∂Yð0Þ
rþ1;0

∂β

�

þm2
0

3

XN1

r¼0;≠1
τð1Þ0r ðr − 1ÞYð1Þ

r−2;0; ðB7cÞ

κ̃4 ¼
XN1

r¼0;≠1
τð1Þ0r

�
rYð0Þ

r−1;0 þ Yð1Þ
r0

∂ðβHÞ
∂β

þ β
∂Yð0Þ

r−1;0

∂β

�

−
1

m2
0

XN1

r¼0;≠1
τð1Þ0r

�
ðrþ 3ÞYð0Þ

rþ1;0 þ β
∂Yð0Þ

rþ1;0

∂β

�
; ðB7dÞ

κ̃5 ¼ 2
XN1

r¼0;≠1
τð1Þ0r Y

ð1Þ
r0 ; ðB7eÞ

κ̃6 ¼ −2
XN1

r¼0;≠1
τð1Þ0r Y

ð2Þ
r−1;0; ðB7fÞ

κ̃7 ¼ −
XN1

r¼0;≠1
τð1Þ0r ½Yð0Þ

r−1;0 þHYð1Þ
r;0 �

þ 1

m2
0

XN1

r¼0;≠1
τð1Þ0r Y

ð0Þ
rþ1;0: ðB7gÞ

Finally, the coefficients from Eq. (78) are

η̃1 ¼ 2
XN2

r¼0

τð2Þ0r Y
ð2Þ
r0 ; ðB8aÞ

η̃2 ¼ −
2

3

XN2

r¼0

τð2Þ0r ½ðrþ 1ÞYð2Þ
r0 −m2

0ðr − 1ÞYð2Þ
r−2;0�

− 2
XN2

r¼0

τð2Þ0r

�
H

∂Yð2Þ
r0

∂α
þ H̄

∂Yð2Þ
r0

∂β

�

−
2

5

XN2

r¼0

τð2Þ0r ½ð2rþ 3ÞYð0Þ
r0 −m2

0ðr − 1ÞYð0Þ
r−2;0�

þ 2

5m2
0

XN2

r¼0

τð2Þ0r ðrþ 4ÞYð0Þ
rþ2;0; ðB8bÞ

η̃3 ¼ −
2

7

XN2

r¼0

τð2Þ0r ½ð4rþ 3ÞYð2Þ
r0 −m2

0ð4r − 4ÞYð2Þ
r−2;0�; ðB8cÞ

η̃4 ¼ 2η̃1; ðB8dÞ

η̃5 ¼
2

5

XN2

r¼0

τð2Þ0r

�
∂Yð1Þ

rþ1;0

∂α
þ 1

h0

∂Yð1Þ
rþ1;0

∂β

�

−
2m2

0

5

XN2

r¼0

τð2Þ0r

�
∂Yð1Þ

r−1;0

∂α
þ 1

h0

∂Yð1Þ
r−1;0

∂β

�
; ðB8eÞ

η̃6 ¼ 2
XN2

r¼0

τð2Þ0r Y
ð2Þ
r0

�
2þ βJ30

ðe0 þ P0Þ
�
; ðB8fÞ

η̃7 ¼
XN2

r¼0

τð2Þ0r

�
Yð2Þ

r0
2HD20

ðe0 þ P0Þ2
−
2ðrþ 5Þ

5
Yð1Þ

rþ1;0

�

þ 2m2
0

5

XN2

r¼0

τð2Þ0r

�
rYð1Þ

r−1;0 þ β
∂Yð1Þ

r−1;0

∂β
−

β

m2
0

∂Yð1Þ
rþ1;0

∂β

�
;

ðB8gÞ

η̃8 ¼
2

5

XN2

r¼0

τð2Þ0r ½Yð1Þ
rþ1;0 −m2

0Y
ð1Þ
r−1;0�; ðB8hÞ

η̃9 ¼ −η̃1: ðB8iÞ
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Note that using Eqs. (59) in these transport coefficients
leads to the results listed in Appendix I of Ref. [11].
However, in the formulation used in that reference, the

contributions that stem from the coefficients YðlÞ
r0 with

r < 0 were not considered; cf. the discussion after Eq. (24)
in Ref. [9].

APPENDIX C: REFERENCE FRAMES
AND PROJECTION OPERATORS

In order to calculate the collision matrix, it is beneficial
to define the total momentum involved in binary collisions

Pμ
T ≡ kμ þ k0μ ¼ pμ þ p0μ: ðC1Þ

Its squared norm corresponds to the Mandelstam variable
s≡ Pμ

TPT;μ. The projection operator orthogonal to the total
momentum, i.e., Δμν

T PT;ν ¼ 0, is

Δμν
T ≡ gμν −

Pμ
TP

ν
T

s
: ðC2Þ

Using these definitions the particle momentum can be
decomposed with respect to the total momentum and the
corresponding projection operator as

pμ ¼ Pμ
T
ðPν

TpνÞ
s

þ Δμν
T pν: ðC3Þ

Furthermore, it is useful to define the CM frame where the

total momentum is Pμ
T ¼CM ð ffiffiffi

s
p

; 0Þ, such that

P0
T ¼CM k0 þ k00 ¼ p0 þ p00 ¼ ffiffiffi

s
p

; ðC4Þ

PT ¼CM kþ k0 ¼ pþ p0 ¼ 0: ðC5Þ

However, in the CM frame the fluid four-flow vector is

uμ ¼CM ðu0;uÞ; hence, it follows that

Pμ
Tuμ¼CM

ffiffiffi
s

p
u0; ðC6Þ

while the normalization condition uμuμ ¼ 1 yields

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPμ

TuμÞ2 − s
q

¼CM ffiffiffi
s

p
u; ðC7Þ

where we denoted u≡ juj.
In the local rest (LR) frame, where uμ ¼LR ð1; 0Þ, we have

the following representation of the invariant scalars:

Pμ
Tuμ ¼LR k0 þ k00 ¼ p0 þ p00 ðC8Þ

and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPμ

TuμÞ2 − s
q

¼LR jkþ k0j ¼ jpþ p0j: ðC9Þ

In the ultrarelativistic limit, kμkμ ¼ m2
0 → 0, and hence,

k0 ¼ jkj≡ k, while

s≡ 2kμk0μ ¼LR 2kk0ð1 − cos θkk0 Þ; ðC10Þ

where θkk0 is the center-of-mass angle between the colliding
particles with momenta k and k0 in the LR frame.
Similar to the projection operator in Eq. (C2), we

introduce another four-vector, zμT , in the CM frame that
is orthogonal to Pμ

T , i.e., z
μ
TPT;μ ¼ 0,

zμT ≡ uμ − Pμ
T
ðPν

TuνÞ
s

¼CMð0;uÞ; ðC11Þ

normalized as zμTzT;μ ≡ 1 − ðPμ
TuμÞ2=s ¼CM − u2. Hence,

using Eq. (C11) we also obtain that

Ep ≡ uμpμ ¼ zμTpμ þ Pμ
Tuμ

ðPν
TpνÞ
s

: ðC12Þ

The underlying spacelike unit vector, lμT ¼CM ð0;u=uÞ con-
structed from zμT , is also orthogonal to the total momentum,
Pμ
TlT;μ ¼ 0, and it is defined in a covariant fashion as

lμT ≡ zμT
u

¼ uμ

u
− Pμ

T
ðPν

TuνÞ
su

: ðC13Þ

With the help of this new spacelike four-vector a new
symmetric and traceless projection operator, similarly as
in anisotropic fluid dynamics (see, for example, Ref. [34]),
can be constructed. Here besides the usual spacelike pro-
jection operator a new projection onto the two-dimensional
subspace that is orthogonal to both Pμ

T and lμT is defined as

Ξμν
T ≡ gμν −

Pμ
TP

ν
T

s
þ lμTl

ν
T ¼ Δμν

T þ lμTl
ν
T; ðC14Þ

where Ξμν
T PT;ν ¼ Ξμν

T lT;ν ¼ 0, while Ξμν
T gμν ¼ 2. Using

these projectors, the particle momentum can be decomposed
with respect to Pμ

T , l
μ
T , and Ξμν

T as

pμ ¼ Pμ
T
ðPν

TpνÞ
s

− lμTðlνTpνÞ þ Ξμν
T pν: ðC15Þ

APPENDIX D: THE P AND P0 INTEGRALS

In order to evaluate the collision matrix, i.e., Eqs. (41)
and (42), we have to compute the following type of
momentum integrals:

Pμ1���μn
i ≡ 1

2

Z
dPdP0Wkk0→pp0Ei

ppμ1 � � �pμn : ðD1Þ
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It is beneficial to first introduce the following auxiliary
integral from Refs. [7,11]:

Θμ1���μn ≡ 1

2

Z
dPdP0Wkk0→pp0pμ1 � � �pμn

¼
X½n=2�
q¼0

ð−1ÞqbnqBnq

× Δðμ1μ2
T � � �Δμ2q−1μ2q

T P
μ2qþ1

T � � �PμnÞ
T ; ðD2Þ

where we used Eq. (C3) repeatedly to replace pμ1 � � �pμn .
Here, n and q are natural numbers while the sum runs up to
½n=2� denoting the largest integer which is less than or equal
to n=2. The symmetrized tensors Δð

T � � �PÞ
T are counted by

bnq ≡ n!
2qq!ðn−2qÞ!, while the Bnq coefficients are

Bnq ≡ ð−1Þq
ð2qþ 1Þ!!

1

2

Z
dPdP0Wkk0→pp0

×

�
Pμ
Tpμffiffiffi
s

p
�n−2q

ðΔαβ
P pαpβÞq: ðD3Þ

In evaluating Bnq, we changed pμ and p0μ to the CM frame
defined by Pμ

T ¼ kμ þ k0μ, such that Pμ
Tpμ ¼ s=2 and

Δαβ
P pαpβ ¼ −s=4. The integrals in Eq. (D1) are then

obtained via

Pμ1���μl
i ¼ uν1 � � � uνiΘν1���νiμ1���μl : ðD4Þ

Even though the integral Pμ1���μn
i could in principle be

evaluated via Eq. (D4), doing so is rather complicated.
Instead, it is more sensible to use the decomposition from
Eq. (C12) to write

Pμ1���μn
i ¼ 1

2

Z
dPdP0Wkk0→pp0pμ1 � � �pμn

×

�
Pν
Tuν

ðPμ
TpμÞ
s

þ zμTpμ

�i

; ðD5Þ

from where it is clear that the tensor structure of Pμ1���μn
i can

only consist of the tensors lμT , P
μ
T , and Ξμν

T .
Now, in the CM frame we express zμTpμ ¼ uðlμTpμÞ ¼

ð ffiffiffi
s

p
u=2Þ cos θpu, where θpu is the angle between p and u.

Furthermore, we have Pμ
Tuμ ¼ Ep þ Ep0 ¼ ffiffiffi

s
p

u0, and
using the binomial formula we obtain

Ei
p ¼

Xi
j¼0

�
i

j

� ðu0Þi−j
u−j

�
Pμ
Tpμffiffiffi
s

p
�i−j

ðlμTpμÞj: ðD6Þ

Subsequently, we expand the integral Pμ1���μn
i in terms of the

tensors lμT , P
μ
T , and Ξμν

T ,

Pμ1���μn
i ≡X½n=2�

q¼0

Xn−2q
m¼0

ð−1ÞqbnmqD
ðiÞ
nmq

×Ξðμ1μ2
T � � �Ξμ2q−1μ2q

T l
μ2qþ1

T � � � lμ2qþm

T P
μ2qþmþ1

T � � �PμnÞ
T ;

ðD7Þ

where bnmq ≡ n!=½2qq!m!ðn − 2q −mÞ!� counts the num-

ber of tensor symmetrizations and the coefficientsDðiÞ
nmq are

defined as

DðiÞ
nmq ≡ ð−1Þqþm

ð2qÞ!!
1

2

Z
dPdP0Wkk0→pp0 ðΞαβ

T pαpβÞq

×
Xi
j¼0

�
i

j

� ðu0Þi−j
u−j

�
Pμ
Tpμffiffiffi
s

p
�nþi−m−j−2q

ðlμTpμÞmþj;

ðD8Þ

where the double factorial for even numbers is
ð2qÞ!!≡ 2qq!. To evaluate these coefficients, we note
that lμTpμ ¼ ðEp − Ep0 Þ=ð2uÞ; hence, in the CM frame,
s ¼ 2pμp0

μ ¼ 4p2 and lμTpμ ¼ p · u=u ¼ p cos θpu, while

Ξαβ
T pαpβ ¼ −s=4þ ðlμTpμÞ2 ¼ −p2sin2θpu. In the ultrare-

lativistic limit for a constant cross section we then have

DðiÞ
nmq ¼ ð−1Þm

4ð2qÞ!!
σT

2nþ1þi s
qþ1þm

2

×
Xi
j¼0

�
i

j

�
½1þ ð−1Þmþj�ð ffiffiffi

s
p

u0Þi−jð ffiffiffi
s

p
uÞj

× B

�
m
2
þ j
2
þ 1

2
; qþ 1

�
; ðD9Þ

where Bði; jÞ≡ ΓðiÞΓðjÞ=Γðiþ jÞ denotes the Euler Beta

function. Note that Dð0Þ
n0q ¼ Bnq, as expected. We now

evaluate Eq. (D7) for the cases n ¼ 0, n ¼ 1, and n ¼ 2,
corresponding to the scalar, vector, and tensor cases,
respectively.
In the scalar case, n ¼ 0, such that q ¼ m ¼ 0,

and thus

Pi≡1

2

Z
dPdP0Wkk0→pp0Ei

p¼DðiÞ
000

¼ σT
ðiþ1Þ2iþ2

ð ffiffiffi
s

p Þiþ2

u
½ðu0þuÞiþ1−ðu0−uÞiþ1�: ðD10Þ

In particular, for i ¼ 0 we obtain the following identity:

Z
dPdP0δðkμ þ k0μ − pμ − p0μÞ ¼ 1

ð2πÞ5 : ðD11Þ
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Note that the latter scalar integrals can be evaluated in
other ways as in Refs. [35,36]:

Pi≡σT
ð2πÞ5
ð2πÞ6

1

2

Z
∞

−∞

d3p
p0

Z
∞

−∞

d3p0

p00 Ei
p

× sδð ffiffiffi
s

p
− ðp0þp00ÞÞδðpþp0Þ

¼ 2σT

Z
∞

0

dppiþ2δð ffiffiffi
s

p
−2pÞ

Z
1

−1
dxðu0−uxÞi; ðD12Þ

where s ¼ ð2p0Þ2 ¼ ð2pÞ2 and x ¼ cos θpu.
In the vector case, n ¼ 1 and, hence, q ¼ 0 and

m ¼ 0, 1,

Pμ
i ≡ 1

2

Z
dPdP0Wkk0→pp0Ei

ppμ

¼ DðiÞ
100P

μ
T þDðiÞ

110l
μ
T; ðD13Þ

where the corresponding coefficients are

DðiÞ
100 ¼

σT
ðiþ 1Þ2iþ3

ð ffiffiffi
s

p Þiþ2

u

× ½ðu0 þ uÞiþ1 − ðu0 − uÞiþ1� ðD14Þ

and

DðiÞ
110 ¼

σT
ðiþ 2Þ2iþ3

ð ffiffiffi
s

p Þiþ3

u

×

�
u0

uðiþ 1Þ ½ðu
0 þ uÞiþ1 − ðu0 − uÞiþ1�

− ½ðu0 þ uÞiþ1 þ ðu0 − uÞiþ1�
	
: ðD15Þ

For the tensor case, n ¼ 2, and we have q ¼ 0, 1 and
m ¼ 0, 1, leading to the following decomposition:

Pμν
i ≡ 1

2

Z
dPdP0Wkk0→pp0Ei

ppμpν

¼ DðiÞ
200P

μ
TP

ν
T þ 2DðiÞ

210P
ðμ
T l

νÞ
T þDðiÞ

220l
μ
Tl

ν
T −DðiÞ

201Ξ
μν
T ;

ðD16Þ

where the coefficients are

DðiÞ
200 ¼

1

2
DðiÞ

100; DðiÞ
210 ¼

1

2
DðiÞ

110; ðD17Þ

as well as

DðiÞ
220 ¼

σT
ðiþ 3Þ2iþ4

ð ffiffiffi
s

p Þiþ4

u

��
1þ 2ðu0Þ2

u2ðiþ 1Þðiþ 2Þ
�

× ½ðu0 þ uÞiþ1 − ðu0 − uÞiþ1�

−
2u0

uðiþ 2Þ ½ðu
0 þ uÞiþ1 þ ðu0 − uÞiþ1�

	
ðD18Þ

and

DðiÞ
201 ¼ −

σT
ðiþ 1Þðiþ 3Þ2iþ4

ð ffiffiffi
s

p Þiþ4

u2

×

�
u0

uðiþ 2Þ ½ðu
0 þ uÞiþ2 − ðu0 − uÞiþ2�

− ½ðu0 þ uÞiþ2 þ ðu0 − uÞiþ2�
	
: ðD19Þ

APPENDIX E: COMPUTATION OF THE
LOSS TERMS

In this section we compute the loss terms LðlÞ
rn defined in

Eq. (41) for l ¼ 0, 1, 2. These integrals are Lorentz scalars
and thus can be evaluated in any frame. Here we choose the

LR frame of the fluid, where Ek≡kμuμ ¼LR k0¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þm2

0

p
.

In the following, we will omit the notation “LR” for brevity.
In spherical coordinates, dK¼ 1

ð2πÞ3
k2

k0 sinθdkdθdφ, where

k∈ ½0;∞Þ, θ∈ ½0; π�, and φ∈ ½0; 2πÞ. Furthermore, by
choosing the orientation of k0 parallel to the z axis, the
angle between the colliding particles θkk0 is equivalent to
the elevation angle θ ¼ arccosðkz=kÞ. Substituting now
k0 ¼ k, k00 ¼ k0, and s=2 ¼ kk0ð1 − xÞ, with x≡ cos θkk0 ,
the loss term for l ¼ 0 yields

Lð0Þ
rn ≡ σT

Z
dKdK0f0kf0k0

s
2
Er
kðEn

k þ En
k0 Þ

¼ σT
g2e2α

8π4

Z
∞

0

dkkrþ2

Z
1

−1
dxð1 − xÞ

×
Z

∞

0

dk0k02e−βðkþk0Þðkn þ k0nÞ

¼ σTP2
0β

2−r−n

4

× ½2Γðrþ nþ 3Þ þ Γðrþ 3ÞΓðnþ 3Þ�; ðE1Þ

where we used Eqs. (A1) and (A2), as well as the definition
of the Gamma function to compute the integralsZ

∞

0

dy
Z

∞

0

dy0e−y−y0yrþay0b¼Γðrþaþ1ÞΓðbþ1Þ: ðE2Þ

For computing the result for l ¼ 1 that can be found in
the same way, we note that in the LR frame we have

khμikμ ≡ khμikhμi ¼ −k2; ðE3Þ
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khμik0μ ≡ khμik0hμi ¼ −kk0x: ðE4Þ

Using these results, Eq. (41) for l ¼ 1 yields

Lð1Þ
rn ≡ σT

3

Z
dKdK0f0kf0k0

s
2
Er
kk

hμiðEn
kkμ þ En

k0k0μÞ

¼ −
σT
3

g2e2α

8π4

Z
∞

0

dkkrþ3

Z
1

−1
dxð1 − xÞ

×
Z

∞

0

dk0k02e−βðkþk0Þðknþ1 þ k0nþ1xÞ

¼ −
σTP2

0β
−r−n

36

× ½6Γðrþ nþ 5Þ − Γðrþ 4ÞΓðnþ 4Þ�: ðE5Þ

In the case when l ¼ 2, we make use of the following
identities:

khμkνikμkν ≡ khμkνikhμkνi ¼
2

3
k4; ðE6Þ

khμkνik0μk0ν ≡ khμkνik0hμk
0
νi ¼ k2k02

�
x2 −

1

3

�
; ðE7Þ

where khμkνi ≡ Δμν
αβk

αkβ ¼ khμikhνi − khαikhαiΔμν=3 and

Δμν
αβ ¼ 1

2
ðΔμ

αΔν
β þ Δμ

βΔν
αÞ − 1

3
ΔμνΔαβ. The corresponding

loss term now reads

Lð2Þ
rn ≡ σT

5

Z
dKdK0f0kf0k0

s
2
Er
kk

hμkνi

× ðEn
kkhμkνi þ En

k0k0hμk
0
νiÞ

¼ σT
5

g2e2α

24π4

Z
∞

0

dkkrþ4

Z
1

−1
dxð1 − xÞ

×
Z

∞

0

dk0k02e−βðkþk0Þ½2knþ2 þ k0nþ2ð3x2 − 1Þ�

¼ σTP2
0β

−2−r−n

15
Γðrþ nþ 7Þ: ðE8Þ

These results for l ¼ 0, 1, 2, corresponding to Eqs. (83),
can be put in a unitary form using the following expression:

LðlÞ
rn ¼ σTP2

0β
2−2l−r−n

2

� ð−1Þll!
ð2lþ 1Þ!!Γðrþ nþ 2lþ 3Þ

þ BðlÞΓðrþ lþ 3ÞΓðnþ lþ 3Þ
�
; ðE9Þ

where we introduced the coefficient BðlÞ ¼ f1=2; 1=18; 0g
for l ¼ f0; 1; 2g, respectively.

APPENDIX F: COMPUTATION
OF THE GAIN TERMS

In this section we compute the gain terms GðlÞ
rn defined in

Eq. (42) for l ¼ 0, l ¼ 1, and l ¼ 2.

1. Gain terms for l= 0

Considering Eq. (42) in the case when l ¼ 0 we obtain

Gð0Þ
rn ≡ 2σTð2πÞ5

Z
dPdP0dKdK0f0kf0k0Er

kE
n
p
s
2

× δðkμ þ k0μ − pμ − p0μÞ

¼ 2

Z
dKdK0f0kf0k0Er

kPn; ðF1Þ

where the P and P0 integrals in the center-of-momentum
frame are given in Eq. (D10), and hence,

Gð0Þ
rn ¼ σT

ðnþ 1Þ2nþ1

Z
dKdK0f0kf0k0Er

k
ð ffiffiffi

s
p Þnþ2

u

× ½ðu0 þ uÞnþ1 − ðu0 − uÞnþ1�: ðF2Þ

The next step consists in evaluating the remaining K and
K0 integrals in the LR frame of the fluid. Here, we recall
Eqs. (A1), (C8), and (C9) and note that in the LR frame
Ek ≡ k0 ¼ k and s ¼ 2kk0ð1 − xÞ are the massless limits.
Using these relations we get

Gð0Þ
rn ¼ σTP2

0β
8

ðnþ 1Þ2nþ4

Z
∞

0

dk
Z

∞

0

dk0e−βðkþk0Þ

×
Z

1

−1
dx

2krþ2k02ð1 − xÞ
jkþ k0j ½ðkþ k0 þ jkþ k0jÞnþ1

− ðkþ k0 − jkþ k0jÞnþ1�; ðF3Þ

where jkþ k0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ k02 þ 2kk0x

p
. Next we change the

integration variables to

y ¼ βk; y0 ¼ βk0; ðF4Þ

and we introduce a new angular integration variable,

z≡ jkþ k0j
kþ k0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ y02 þ 2yy0x

p
yþ y0

¼ u
u0

: ðF5Þ

Noting the following useful relation, sβ2 ≡ 2yy0ð1 − xÞ ¼
ðyþ y0Þ2ð1 − z2Þ, it follows that

u0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p ; u ¼ zffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p ; ðF6Þ

and hence,
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dx≡ z
ðyþ y0Þ2

yy0
dz ¼ 2z

ð1 − xÞ
ð1 − z2Þ dz: ðF7Þ

We remind the reader that Eq. (F6) is a consequence of the fact that the four-velocity, since it is evaluated in the CM frame,
is dependent on the momentum. With these substitutions, the integral becomes

Gð0Þ
rn ¼ σTP2

0β
2−r−n

ðnþ 1Þ2nþ4

Z
∞

0

dy
Z

∞

0

dy0e−y−y0yrðyþ y0Þnþ4

Z
1

jy−y0 j
yþy0

dzð1 − z2Þ½ð1þ zÞnþ1 − ð1 − zÞnþ1�

¼ σTP2
0β

2−r−n

ðnþ 1Þ
Z

∞

0

dy
Z

∞

0

dy0e−y−y0yr
� ðyþ y0Þnþ4

ðnþ 3Þðnþ 4Þ − ðyþ y0Þ y
nþ3 þ y0nþ3

ðnþ 3Þ þ ynþ4 þ y0nþ4

ðnþ 4Þ
�
: ðF8Þ

The first term of the integral is computed by changing the
integration variable y0 to x ¼ yþ y0, such that the range for
y becomes ½0; x�:Z

∞

0

dy
Z

∞

0

dy0e−y−y0 ðyþ y0Þnþ4yr

¼
Z

∞

0

dxe−xxnþ4

Z
x

0

dyyr ¼ Γðnþ rþ 6Þ
rþ 1

: ðF9Þ

The remaining terms under the integrals are computed
straightforwardly with respect to y and y0 in terms of the
Gamma function, and the final result is Eq. (85a),

Gð0Þ
rn ¼ σTP2

0β
2−r−n

ð1þ nÞð1þ rÞ ½Γð4þ nþ rÞ − Γð3þ rÞΓð3þ nÞ�:

ðF10Þ

Note that this expression has a finite limit when r → −1,

Gð0Þ
−1;n ¼

σTP2
0β

3−n

ðnþ 1Þ Γðnþ 3Þ½ψð3þ nÞ − ψð2Þ�; ðF11Þ

where ψ ð0ÞðzÞ≡ ψðzÞ ¼ d lnΓðzÞ=dz denotes the digamma
function.

2. Gain terms for l= 1

The gain term, Eq. (42), for l ¼ 1 reads

Gð1Þ
rn ≡ 2σT

3
ð2πÞ5

Z
dPdP0dKdK0f0kf0k0Er

kE
n
ppμkhμi

×
s
2
δðkμ þ k0μ − pμ − p0μÞ

¼ 2

3

Z
dKdK0f0kf0k0Er

kP
μ
nkhμi: ðF12Þ

Recalling the result for the P and P0 integrals from
Eq. (D13) together with Eq. (C13), we obtain

Gð1Þ
rn ¼ 2

3

Z
dKdK0f0kf0k0Er

kP
μ
Tkhμi

�
DðnÞ

100 −DðnÞ
110

ðPν
TuνÞ
su

�

¼ −
σT

3ðnþ 1Þ2nþ2

Z
dKdK0f0kf0k0Er

kP
μ
Tkhμi

1

ð ffiffiffi
s

p
uÞ2 ð

ffiffiffi
s

p Þnþ4

×

�
u0

ðnþ 2Þu ½ðu
0 þ uÞnþ2 − ðu0 − uÞnþ2� − ½ðu0 þ uÞnþ2 þ ðu0 − uÞnþ2�

	
: ðF13Þ

In order to perform the KK0 integration, we apply Eqs. (C8), (C9), and (C10) and express khμiPTμ ¼ −kðkþ k0xÞ by using
Eqs. (E3) and (E4), where x ¼ cos θkk0 denotes the cosine of the angle betweenk andk0. Thus, after these replacements, weget

Gð1Þ
rn ¼ −

σTP2
0β

8

3ðnþ 1Þ2nþ5

Z
∞

0

dk
Z

∞

0

dk0e−βðkþk0Þ
Z

1

−1
dx

2krþ2k02ðk2 þ kk0xÞð1 − xÞ
jkþ k0j2

×

� ðkþ k0Þ
jkþ k0jðnþ 2Þ ½ðkþ k0 þ jkþ k0jÞnþ2 − ðkþ k0 − jkþ k0jÞnþ2�

− ½ðkþ k0 þ jkþ k0jÞnþ2 þ ðkþ k0 − jkþ k0jÞnþ2�
	
: ðF14Þ
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Changing the variables to y, y0, and z as before and expressing y2 þ yy0x ¼ ðyþ y0Þ½y − y0 þ z2ðyþ y0Þ�=2, we obtain

Gð1Þ
rn ¼ −

σTP2
0β

−r−n

3ðnþ 1Þ2nþ6

Z
∞

0

dy
Z

∞

0

dy0e−y−y0yrðyþ y0Þnþ5

Z
1

jy−y0 j
yþy0

dzð1 − z2Þ½ðy − y0Þ þ ðyþ y0Þz2�

×
1

z

�
1

zðnþ 2Þ ½ð1þ zÞnþ2 − ð1 − zÞnþ2� − ½ð1þ zÞnþ2 þ ð1 − zÞnþ2�
	
: ðF15Þ

Employing similar steps as in the l ¼ 0 case, we arrive at Eq. (85b),

Gð1Þ
rn ¼−

σTP2
0β

−r−n

3ð1þnÞð2þnÞð1þ rÞð2þ rÞ ½Γð6þnþ rÞðrþnþ rn−3ÞþΓð4þ rÞΓð4þnÞð3rþ3nþ rnþ11Þ�: ðF16Þ

As in the l ¼ 0 case, this expression has a finite limit for r → −1,

Gð1Þ
−1;n ¼ −

σTP2
0β

1−n

3ð1þ nÞð2þ nÞ fðnþ 5Þ! − 2ðnþ 3Þ! − 4ðnþ 4Þ!½ψðnþ 5Þ − ψð2Þ�g: ðF17Þ

3. Gain terms for l= 2

The gain term related to the tensor moments l ¼ 2 from Eq. (42) reads

Gð2Þ
rn ≡ 2σT

5
ð2πÞ5

Z
dPdP0dKdK0f0kf0k0Er

kE
n
ppμpνkhμkνi

s
2
δðkμ þ k0μ − pμ − p0μÞ

¼ 2

5

Z
dKdK0f0kf0k0Er

kP
μν
n khμkνi: ðF18Þ

Using the result for the P and P0 integrals from Eq. (D16) we obtain

Gð2Þ
rn ≡ 2

5

Z
dKdK0f0kf0k0Er

kP
μ
TP

ν
Tkhμkνi

�
DðnÞ

200 − 2DðnÞ
211

ðPν
TuνÞ
su

þDðnÞ
220

ðPν
TuνÞ2
s2u2

þDðnÞ
201

�
1

s
−
ðPν

TuνÞ2
s2u2

��

¼ σT
5ðnþ 1Þðnþ 3Þ2nþ3

Z
dKdK0f0kf0k0Er

kP
μ
TP

ν
Tkhμkνi

1

ð ffiffiffi
s

p
uÞ3 ð

ffiffiffi
s

p Þnþ5

×

��
nþ 4þ 3ðu0Þ2

ðnþ 2Þu2
�
½ðu0 þ uÞnþ3 − ðu0 − uÞnþ3� − 3ðnþ 3Þu0

ðnþ 2Þu ½ðu0 þ uÞnþ3 þ ðu0 − uÞnþ3�
	
: ðF19Þ

Now, recalling Eqs. (E6) and (E7) together with khμkνikμk0ν ¼ 2k3k0x=3, we replace

Pμ
TP

ν
Tkhμkνi ¼

k2

3
½2k2 þ 4kk0xþ k02ð3x2 − 1Þ�: ðF20Þ

Hence, we can write the gain term as

Gð2Þ
rn ¼ σTP2

0β
−2−r−n

15ðnþ 1Þðnþ 3Þ2nþ8

Z
∞

0

dy
Z

∞

0

dy0e−y−y0yrðyþ y0Þnþ6

×
Z

1

jy−y0 j
yþy0

dzð1 − z2Þ½3ðy − y0Þ2 þ 2ðy2 − 3y02Þz2 þ 3ðyþ y0Þ2z4�

×
1

z2

��
nþ 4þ 3

ðnþ 2Þz2
�
½ð1þ zÞnþ3 − ð1 − zÞnþ3� − 3ðnþ 3Þ

ðnþ 2Þz ½ð1þ zÞnþ3 þ ð1 − zÞnþ3�
	
: ðF21Þ

Solving the y, y0 integrals in a similar fashion as in the l ¼ 0 and l ¼ 1 cases, we find Eq. (85c),
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Gð2Þ
rn ¼ 2P2

0σTβ
−2−r−n

15ð1þ nÞð2þ nÞð3þ nÞð1þ rÞð2þ rÞð3þ rÞ
× fΓð8þ rþ nÞ½64 − 6ðrþ nÞ þ 2ðr2 þ n2Þ − 3rnþ 3ðn2rþ r2nÞ þ r2n2�
− Γð6þ rÞΓð6þ nÞ½22þ 4ðrþ nÞ þ rn�g: ðF22Þ

Similar to the previous computations, this expression can be evaluated for r → −1, yielding

Gð2Þ
−1;n ¼

σTP2
0β

−1−n

15ðnþ 1Þðnþ 2Þðnþ 3Þ fðnþ 8Þ! − 24ðnþ 7Þ!þ 120ðnþ 5Þ!þ 72ðnþ 6Þ!½ψðnþ 6Þ − ψð2Þ�g: ðF23Þ

APPENDIX G: COMPUTATION OF THE LOSS MATRICES

Having computed the terms LðlÞ
rn in Appendix E, we now have to perform the sums to obtain the loss part of the collision

matrix AðlÞ;l
rn defined in Eq. (39). We start by substituting the explicit expression (E9) into Eq. (39) together with the

expressions from Eqs. (A7) and (A8). After some straightforward algebra we obtain

AðlÞ;l
rn ¼ σTP0β

1−rþn ð−1Þlþnð2lþ 1Þ!!
l!ðnþ 2lþ 1Þ!

×
XNl

m¼n

ðmþ 2lþ 1Þ!
n!ðm − nÞ!

Xm
q¼0

ð−1Þq
�
m

q

�� ð−1Þll!
ð2lþ 1Þ!!

ðrþ qþ 2lþ 1Þ!
ðqþ 2lþ 1Þ! þ BðlÞ ðrþ lþ 1Þ!ðqþ lþ 2Þ!

ðqþ 2lþ 1Þ!
�
: ðG1Þ

The sum over q can be evaluated with the help of the identity

Xm
q¼0

ð−1Þq
�
m

q

� ðqþ aþ bÞ!
ðqþ aÞ! ¼ ðaþ bÞ!

a! 2F1ðaþ bþ 1;−m; aþ 1; 1Þ

¼ ð−1Þm b!ðaþ bÞ!
ðb −mÞ!ðmþ aÞ! ; ðG2Þ

where we used Eq. (15.8.7) of Ref. [37] to evaluate the Gauss hypergeometric function:

2F1ðaþ bþ 1;−m; aþ 1; zÞ ¼ ð−bÞm
ðaþ 1Þm 2F1ð−m; aþ bþ 1; b −mþ 1; 1 − zÞ; ðG3Þ

with the Pochhammer symbols evaluating to ðaþ 1Þm ¼ ðaþ 1Þ � � � ðaþmÞ ¼ ðaþmÞ!=a! and ð−bÞm ¼
ð−bÞð−bþ 1Þ � � � ð−bþm − 1Þ ¼ ð−1Þmb!=ðb −mÞ!. Noting that 2F1ða; b; c; 0Þ ¼ 1, we arrive at

2F1ðaþ bþ 1;−m; aþ 1; 1Þ ¼ ð−1Þma!b!
ðaþmÞ!ðb −mÞ! ; ðG4Þ

in agreement with Eq. (G2). Using Eq. (G2), we arrive at

AðlÞ;l
rn ¼ σTP0β

1−rþn ð−1Þlþnð2lþ 1Þ!!
l!ðnþ 2lþ 1Þ! ðrþ 2lþ 1Þ!

×
XNl

m¼n

ð−1Þm
�
m

n

�� ð−1Þll!
ð2lþ 1Þ!!

�
r

m

�
þ BðlÞ ð1 − lÞ!ðlþ 2Þ!ðrþ lþ 1Þ!

m!ð1 − l −mÞ!ðrþ 2lþ 1Þ!
�
: ðG5Þ

The binomial coefficient ð rmÞ vanishes when m > r, such that the first term in the sum over m gives a nonvanishing
contribution only when n ≤ r. In this case, the sum over m runs between n and r, yielding a Kronecker delta:
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Xr
m¼n

ð−1Þm
�
m

n

��
r

m

�
¼ ð−1Þnδrn: ðG6Þ

The term involving BðlÞ vanishes for l ¼ 2, since by
definition Bð2Þ ¼ 0. For l ¼ 0 and l ¼ 1, the sum over
m terminates at m ¼ 1 − l. Performing this sum separately
for l ¼ 0 and l ¼ 1, we find

l ¼ 0∶
X1
m¼n

�
m

n

� ð−1Þm
m!ð1 −mÞ! ¼ −δn1; ðG7aÞ

l ¼ 1∶
X0
m¼n

�
m

n

� ð−1Þm
m!ð−mÞ! ¼ δn0: ðG7bÞ

With all these results, the contributions of the loss terms to
the collision matrix are

Að0Þ;l
rn ¼ σTP0β

�
δnr þ

ðrþ 1Þ!
2

δn1β
1−r
�
; ðG8aÞ

Að1Þ;l
rn ¼ σTP0β

�
δnr −

ðrþ 2Þ!
6

δn0β
−r
�
; ðG8bÞ

Að2Þ;l
rn ¼ σTP0βδnr; ðG8cÞ

in agreement with Eqs. (84).

APPENDIX H: COMPUTATION OF THE
GAIN MATRICES

In this section we compute the gain part of the collision
matrix defined in Eq. (40). As discussed in the main text,

the matrices AðlÞ;g
rn will contain terms that diverge in the

limit Nl → ∞. These divergences will appear in the form

of certain sums SðlÞn ðNlÞ defined in Eq. (87) that we list
here again:

SðlÞn ðNlÞ≡
XNl

m¼n

�
m

n

�
1

ðmþ lÞðmþ lþ 1Þ : ðH1Þ

These sums can be evaluated recursively using auxiliary
sums

S̃ðlÞn ðNlÞ≡
XNl

m¼n

�
m

n

�
1

mþ l
: ðH2Þ

The explicit recursions will be listed at the end of the
following subsections.

1. Gain matrix for l = 0

Setting l ¼ 0 and inserting the results for Gð0Þ
rn from

Eq. (85) into Eq. (40), we find

Að0Þ;g
rn ¼ 2βP0σTβ

n−rð−1Þn
rðnþ 1Þ!

XNl

m¼n

�
m

n

�
ðmþ 1Þ!

Xm
q¼0

ð−1Þq
ðqþ 1Þ!ðm − qÞ!

�ðqþ rþ 2Þ!
ðqþ 1Þ! − ðqþ 2Þðrþ 1Þ!

�
: ðH3Þ

The above expression is indeterminate when r ¼ 0. Let us first consider the case r > 0. The sum over q can be performed
by shifting the summation index q to qþ 1 and applying Eq. (G2),

Xm
q¼0

ð−1Þq
ðqþ 1Þ!ðm − qÞ!

ðqþ kþ 2Þ!
ðqþ 1Þ! ¼ ðkþ 1Þ!

ðmþ 1Þ!
�
1þ ð−1Þmðrþ 1Þ!

ðmþ 1Þ!ðr −mÞ!
�
: ðH4Þ

Applying the above formula with k ¼ r and k ¼ 0, corresponding to the first and second terms in square brackets in
Eq. (H3), respectively, we find

Að0Þ;g
r>0;n ¼

2ð−1Þnðrþ 1Þ!σTP0β
1þn−r

rðnþ 1Þ!
XN0

m¼n

ð−1Þm
�
m

n

�� ðrþ 1Þ!
ðr −mÞ!ðmþ 1Þ! − δm0

�
: ðH5Þ

In order to perform the sum over n in Eq. (H5), we
introduce the function SrnðxÞ via

SrnðxÞ≡
Xr−n
m¼0

�
r − n

m

�
ð−1Þmxr−m

¼ ð−1Þr−nxnð1 − xÞr−n: ðH6Þ

Denoting the integral of order q of SrnðxÞ by

Sð−qÞrn ðxÞ≡
Z

x

0

dx1

Z
x1

0

dx2 � � �
Z

xq−1

0

dxqSðxÞ

¼
Xr−n
m¼0

�
r−n

m

� ðr−mÞ!
ðr−mþqÞ!ð−1Þ

mxr−mþq; ðH7Þ
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the sum in the first term in square brackets in Eq. (H5) can
be written as

XN0

m¼n

ð−1Þm
�
m

n

� ðrþ1Þ!
ðr−mÞ!ðmþ1Þ!¼

ð−1Þn
n!

ðrþ1Þ!
ðr−nÞ!S

ð−1Þ
rn ð1Þ:

ðH8Þ

Then, we can reexpress Eq. (H5) as

Að0Þ;g
r>0;n ¼

2ðrþ1Þ!σTP0β
1−r

rn!ðnþ1Þ!
�ðrþ1Þ!
ðr−nÞ! ð−βÞ

nSð−1Þrn ð1Þ−δn0

�
:

ðH9Þ

Now, using the definition of the incomplete Euler Beta
function [37],

Bzða; bÞ≡
Z

z

0

dtta−1ð1 − tÞb−1; ðH10Þ

it can be seen that

Sð−1Þrn ðzÞ ¼ ð−1Þr−nBzðnþ 1; r − nþ 1Þ; ðH11Þ

while Sð−1Þrn ð1Þ ¼ ð−1Þr−nBðnþ 1; r − nþ 1Þ can be writ-
ten in terms of the complete Euler Beta function [37],
defined by

Bðnþ 1; r − nþ 1Þ ¼ n!ðr − nÞ!
ðrþ 1Þ! : ðH12Þ

Using these results, Eq. (H9) reduces to

Að0Þ;g
r>0;n ¼

2ðrþ 1Þ!σTP0β
1þn−r

rðnþ 1Þ! ð1 − δn0Þ; ðH13Þ

recovering the first part of Eq. (86a).
When r ¼ 0, we find with the help of Eq. (F11)

Að0Þ;g
0n ¼ 2ð−1ÞnσTP0β

nþ1

ðnþ1Þ!
XN0

m¼n

�
m

n

�
ðmþ1Þ!

×
Xm
q¼0

ð−1Þqðqþ2Þ
ðqþ1Þ!ðm−qÞ! ½ψð3þqÞ−ψð2Þ�: ðH14Þ

The summation over q gives

Xm
q¼0

ð−1Þqðqþ 2Þ
ðqþ 1Þ!ðm − qÞ! ½ψð3þ qÞ − ψð2Þ�

¼
�− 1

mðmþ1Þðmþ1Þ! ; m > 0

1; m ¼ 0
: ðH15Þ

The m ¼ 0 term contributes only when n ¼ 0, in which
case we have

Að0Þ;g
00 ¼ 2σTP0β

�
1 −

XN0

m¼1

1

mðmþ 1Þ
�
¼ 2σTP0β

N0 þ 1
; ðH16Þ

approaching Að0Þ;g
00 → 0 in the limit when N0 → ∞.

When n > 0, we have

Að0Þ;g
0;n>0 ¼

2ð−1Þnþ1σTP0β
nþ1

ðnþ 1Þ! Sð0Þn ðN0Þ; ðH17Þ

where we used the definition from Eq. (H1). The sum

Sð0Þn ðN0Þ diverges as logN0 for n ¼ 1. For small n > 1, it
diverges as Nn−1

0 , while for large n ≤ N0 the divergence
goes as NN0−n−2

0 , suggesting a maximum degree of diver-
gence around n ∼ N0=2. In the case n ¼ 1, we have

Sð0Þ1 ðN0Þ ¼ ψðN0 þ 2Þ − ψð2Þ; ðH18Þ

while for n ¼ 2 it holds that

Sð0Þ2 ðN0Þ ¼ −ψðN0 þ 2Þ þ ψð2Þ þ N0

2
: ðH19Þ

Using the auxiliary sum S̃ð0Þn ðN0Þ defined in Eq. (H2), we
can formulate a coupled recursion equation

Sð0Þnþ1ðN0Þ ¼
1

nþ 1
S̃ð0Þn ðN0Þ − Sð0Þn ðN0Þ; ðH20aÞ

S̃ð0Þnþ1ðN0Þ ¼
1

nþ 1

�
N0 þ 1

nþ 1

�
−

n
nþ 1

S̃ð0Þn ; ðH20bÞ

S̃ð0Þ1 ðN0Þ ¼ N0; ðH20cÞ

while the recursion for S̃ð0Þ1 ðN0Þ can be solved exactly:

S̃ð0Þn ðN0Þ ¼
1

n

�
N0

n

�
: ðH21Þ

2. Gain matrix for l = 1

We now compute the collision matrix Að1Þ;g
rn defined in

Eq. (40):

Að1Þ;g
rn ¼ 6ð−1Þnþ1

n!ðnþ 3Þ!P0

XN1

m¼n

m!ðmþ 3Þ!
ðm − nÞ!

×
Xm
q¼0

ð−1ÞqGð1Þ
r−1;q

q!ðm − qÞ!ðqþ 3Þ! : ðH22Þ

Substituting Eq. (85b) into the above leads to
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Að1Þ;g
rn ¼ 2ð−1ÞnσTP0β

1þn−r

n!ðnþ 3Þ!rðrþ 1Þ
XN1

m¼n

m!ðmþ 3Þ!
ðm − nÞ!

Xm
q¼0

ð−1Þq
ðm − qÞ!ðqþ 2Þ!ðqþ 3Þ!

× frðqþ 5þ rÞ! − ðrþ 2Þ2ðqþ 4þ rÞ!þ ðrþ 2Þ!½ð2þ rÞðqþ 4Þ! − rðqþ 3Þ!�g: ðH23Þ

Similar to the l ¼ 0 case, special care must be taken when evaluating the expression above for r ¼ 0; hence, we start by
assuming that r > 0. The sum over q is performed by first shifting q upwards by two units, then extending the summation
range from ð2; N1 þ 2Þ to ð0; N1 þ 2Þ, and subtracting the q ¼ −1 and q ¼ −2 terms. Noting that these latter q ¼ −1 and
q ¼ −2 contributions vanish identically, the sum can be evaluated using Eq. (G2) as follows:

Xmþ2

q¼0

ð−1Þq
ðmþ 2 − qÞ!q!ðqþ 1Þ! frðqþ 3þ rÞ! − ðrþ 2Þ2ðqþ 4þ rÞ!þ ðrþ 2Þ!½ð2þ rÞðqþ 2Þ! − rðqþ 1Þ!�g

¼ ð−1Þm½ðrþ 2Þ!�2½rþmðrþ 2Þ�
ðmþ 2Þ!ðmþ 3Þ!ðr −mÞ! : ðH24Þ

Finally, Að1Þ;g
rn evaluates to

Að1Þ;g
rn ¼ 2½ðrþ 2Þ!�2σTP0ð−βÞ1þn−r

n!ðnþ 3Þ!ðr − nÞ!rðrþ 1Þ ½ðrþ 4ÞSð−2Þrn ð1Þ − ðrþ 2ÞSð−1Þrn ð1Þ�; ðH25Þ

where the notation Sð−qÞrn was introduced in Eq. (H7). Using

Eq. (H11), the function Sð−2Þrn ð1Þ can be evaluated as

Sð−2Þrn ð1Þ≡ ð−1Þr−n
Z

1

0

dzBzðnþ 1; r − nþ 1Þ

¼ ð−1Þr−n n!ðr − nþ 1Þ!
ðrþ 2Þ! : ðH26Þ

Furthermore, using Eqs. (H11) and (H12) to replace

Sð−1Þrn ð1Þ, Eq. (H25) reduces to

Að1Þ;g
r>0;n≤r ¼

2ðrþ 2Þ!σTP0β
1þn−r

ðnþ 3Þ!
nðrþ 4Þ − r
rðrþ 1Þ ; ðH27Þ

while Að1Þ;g
r>0;n>r ¼ 0, agreeing with Eq. (86b).

Considering now the case when r ¼ 0, and using
Eq. (F17), Eq. (H23) becomes

Að1Þ;g
0n ¼ 2ð−1ÞnσTP0β

1þn

n!ðnþ3Þ!
XN1

m¼n

ðmþ3Þ!
ðm−nÞ!

Xm
q¼0

ð−1Þqm!

ðm−qÞ!ðqþ2Þ!
×fðqþ4Þðqþ5Þ−2−4ðqþ4Þ½ψðqþ5Þ−ψð2Þ�g:

ðH28Þ

The sum over q can be performed for the terms not
involving the digamma function ψðqþ 5Þ using the bino-
mial expansion, as follows:

Xm
q¼0

ð−1Þqm!

ðm − qÞ!q! ¼ δm0; ðH29aÞ

Xm
q¼0

ð−1Þqm!

ðm − qÞ!ðqþ 1Þ! ¼
1

mþ 1
; ðH29bÞ

Xm
q¼0

ð−1Þqm!

ðm − qÞ!ðqþ 2Þ! ¼
1

mþ 2
: ðH29cÞ

The sum over q involving ψðqþ 5Þ can be performed by
noting that ψðqþ 5Þ ¼ ψð1Þ þPqþ4

k¼1
1
k, where ψð1Þ ¼ −γ

and γ ≃ 0.577 is the Euler-Mascheroni constant, such
that

Xm
q¼0

ð−1Þqm!

ðm − qÞ!ðqþ 2Þ! ðqþ 4Þψðqþ 5Þ

¼
�
11

6
− γ

�
3mþ 4

ðmþ 1Þðmþ 2Þ

þ 2½3þ ðmþ 1Þðmþ 2Þðmþ 3Þ�
3ðmþ 1Þ2ðmþ 2Þ2ðmþ 3Þ : ðH30Þ

This leads to

Að1Þ;g
0n ¼ 16ð−1ÞnσTP0β

1þn

ðnþ 3Þ!
�
3

4
δn0 − Sð1Þn ðN1Þ

�
; ðH31Þ
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where we employed Eq. (H1). Similar to the l ¼ 0 case,
with the help of an auxiliary sum defined in Eq. (H2) we
can write down a recursion relation

Sð1Þnþ1ðN1Þ ¼
1

nþ 1
S̃ð1Þn ðN1Þ −

nþ 2

nþ 1
Sð1Þn ; ðH32aÞ

S̃ð1Þnþ1ðN1Þ ¼
1

nþ 1

�
N1 þ 1

nþ 1

�
− S̃ð1Þn ; ðH32bÞ

Sð1Þ0 ðN1Þ ¼
N1 þ 1

N1 þ 2
; ðH32cÞ

S̃ð1Þ0 ðN1Þ ¼ ψðN1 þ 2Þ þ γ: ðH32dÞ

Note that now Eq. (H31) can be evaluated explicitly in the
case n ¼ 0:

Að1Þ;g
00 ¼ −

2

3
σTP0β

N1 − 2

N1 þ 2
⟶
N1→∞

−
2

3
σTP0β: ðH33Þ

3. Gain matrix for l = 2

Considering the case when l ¼ 2, we are inserting
Eq. (85c) into Eq. (40), which yields

Að2Þ;g
rn ≡ 15ð−βÞ2þn

P0n!ðnþ5Þ!
XN2

m¼n

m!ðmþ5Þ!
ðm−nÞ!

Xm
q¼0

ð−βÞqGð2Þ
r−1;q

q!ðm−qÞ!ðqþ5Þ!

¼ 2ð−1ÞnσTP0β
1þn−r

n!ðnþ5Þ!rðrþ1Þðrþ2Þ
XN2

m¼n

m!ðmþ5Þ!
ðm−nÞ!

×
Xm
q¼0

ð−1Þqfð2Þrq

ðqþ3Þ!ðqþ5Þ!ðm−qÞ! ; ðH34Þ

where we defined

fð2Þrq ≡ rð1þ rÞðqþ rþ 8Þ!− 2rð3þ rÞð4þ rÞðqþ rþ 7Þ!
þ ð2þ rÞð3þ rÞ2ð4þ rÞðqþ rþ 6Þ!
− ðrþ 4Þ!½ðrþ 3Þðqþ 6Þ!− 2rðqþ 5Þ!�: ðH35Þ

As in the previous cases, Eq. (H34) is also indeterminate
when r ¼ 0. For the time being, we focus on the case when
r > 0. The sum over q can be performed by shifting q
upwards by three units; hence, the summation range can be
extended downwards from ð3; mþ 3Þ to ð0; mþ 3Þ,
such that

Xm
q¼0

ð−1Þqfð2Þrq

ðqþ 3Þ!ðqþ 5Þ!ðm − qÞ!

¼ −
Xmþ3

q¼0

ð−1Þqfð2Þr;q−3

q!ðqþ 2Þ!ðmþ 3 − qÞ! : ðH36Þ

With the above shift, the terms appearing inside the square

brackets in the expression for fð2Þrq in Eq. (H35) lead to
vanishing contributions:

Xmþ3

q¼0

ð−1Þq
q!ðmþ 3 − qÞ! ¼

Xmþ3

q¼0

ð−1Þqðqþ 3Þ
q!ðmþ 3 − qÞ! ¼ 0: ðH37Þ

The other terms can be summed using the binomial
theorem, as indicated in Eq. (G2), by setting a ¼ 2 (for
all terms) and b ¼ rþ 3, rþ 2, and rþ 1. The final
result is

Að2Þ;g
r>0;n ≡ 2ð−1Þnðrþ 3Þ!ðrþ 4Þ!σTP0β

1þn−r

n!ðnþ 5Þ!rðrþ 1Þðrþ 2Þ

×
XN2

m¼n

ð−1Þm½ð3þ rÞðmþ 2Þ! − 6ðmþ 1Þ!�
ðm − nÞ!ðr −mÞ!ðmþ 3Þ! :

ðH38Þ

The term ðr −mÞ! appearing in the denominator on the

second line is indicative that Að2Þ;g
r>0;n vanishes when n > r

due to the fact that ΓðnÞ diverges for integer n ≤ 0.
Performing the sum overm yields the first part of Eq. (86c),

Að2Þ;g
r>0;n≤r ¼

2σTP0β
1þn−rðrþ 4Þ!ðnþ 1Þð9nþ nr − 4rÞ
ðnþ 5Þ!rðrþ 1Þðrþ 2Þ ;

ðH39Þ

while Að2Þ;g
r>0;n>r ¼ 0.

We now focus on the r ¼ 0 case, which can be evaluated
using Eq. (F23). Performing the summation gives

Að2Þ;g
0n ¼ 432ð−1ÞnσTP0β

1þn

ðnþ 5Þ!
�
5

18
δn0 − Sð2Þn ðN2Þ

�
; ðH40Þ

where we used Eq. (H1).
With the help of the auxiliary sum defined in Eq. (H2),

we arrive at the following recursions:

Sð2Þnþ1ðN2Þ ¼
1

nþ 1
S̃ð2Þn ðN2Þ −

nþ 3

nþ 1
Sð2Þn ðN2Þ; ðH41aÞ

S̃ð2Þnþ1ðN2Þ ¼
1

nþ 1

�
N2 þ 1

nþ 1

�
−
nþ 2

nþ 1
S̃ð2Þn ðN2Þ; ðH41bÞ

Sð2Þ0 ðN2Þ ¼
N2 þ 1

2ðN2 þ 3Þ ; ðH41cÞ

S̃ð2Þ0 ðN2Þ ¼ ψðN2 þ 3Þ − ψð2Þ: ðH41dÞ
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APPENDIX I: CALCULATIONS FOR THE
BULK VISCOUS PRESSURE

In this appendix, we provide some intermediate calcula-
tions needed to arrive at the exact results for the inverse
collision matrix τð0Þ, the bulk viscosity ζ, and the relaxation
time of the bulk viscous pressure τΠ. Furthermore, we show
how to compute the correction to the local-equilibrium
distribution functionproportional to the bulk viscous pressure.

1. Inverse matrix

The matrix in the scalar case has the following structure:

Að0Þ
rn ¼

 
Að0Þ

00 Að0Þ
0;n>2

0 Að0Þ
r>2;n>2

!
; ðI1Þ

where Að0Þ
r>2;n>r ¼ 0; i.e., the matrix appearing in the

bottom-right corner of the above expression is lower-

triangular. The inverse matrix τð0Þrn inherits the same form,

τð0Þrn ¼
 
τð0Þ00 τð0Þ0;n>2

0 τð0Þr>2;n>2

!
; ðI2Þ

where τð0Þr>2;n>2 is also lower-triangular. It is easy to see that

τð0Þ00 ¼ 1

Að0Þ
00

¼ λmfp
N0 þ 1

N0 − 1
: ðI3Þ

For future convenience, we parametrize τð0Þrn for 3 ≤ n ≤
r ≤ N0 as

τð0Þrn ¼ λmfpðrþ 1Þ!
βr−nðnþ 1Þ! ðδrn þ τ̃ð0Þrn Þ: ðI4Þ

Imposing
PN0

m¼0;≠1;2 τ
ð0Þ
rmA

ð0Þ
mn ¼ δrn gives for r, n > 2

τ̃ð0Þrm −
Xr
n¼m

2

n
τ̃ð0Þrn ¼ 2

r
: ðI5Þ

The above relation can be arranged into a simple recursion,

τ̃ð0Þrm ¼ m
m − 2

τ̃ð0Þr;mþ1: ðI6Þ

Noting that τð0Þrr ¼ 1=Að0Þ
rr , we have τ̃

ð0Þ
rr ¼ 2=ðr − 2Þ, such

that

τ̃ð0Þrm ¼ 2ðr − 1Þ
ðm − 1Þðm − 2Þ ; ðI7Þ

leading to

τð0Þr>2;2<n≤r ¼
λmfpðrþ 1Þ!
βr−nðnþ 1Þ!

�
δrn þ

2ðr − 1Þ
ðm − 1Þðm − 2Þ

�
: ðI8Þ

The elements on the zeroth line can be found by
imposing

PN0

r¼0A
ð0Þ
0r τ

ð0Þ
rn ¼ 0 for n > 2:

Að0Þ
00 τ

ð0Þ
0;n>2 ¼ −

XN0

r¼n

Að0Þ
0r τ

ð0Þ
rn : ðI9Þ

Using Eqs. (88), (I3), and (I8), we get

τð0Þ0;n>0

τð0Þ00

¼−
2βn

ðn−1Þðn−2Þðnþ1Þ!

×
XN0

r¼n

ð−1Þrðr−1ÞSð0Þr ðN0Þ½2þðr−2Þδrn�: ðI10Þ

Using the explicit expression (87) for Sð0Þn , the summation
over r can be performed, leading to

τð0Þ0;n>0

τð0Þ00

¼−
2ð−βÞn

ðn−1Þðn−2Þðnþ1Þ!

×
XN0

m¼n

�
m

n

�
2nþmðn−2Þðnm−mþnþ1Þ

m2ðm2−1Þ

¼−
2ð−βÞn

ðn−1Þðn−2Þðnþ1Þ!

×

�
1þN0

n

�ð1þN0−nÞ½N0ðn−2Þþn�
N0ðN0þ1Þ2 : ðI11Þ

Collecting the above results, we find Eqs. (112).

2. Bulk viscosity

We compute ζ=m4 ≡ ζ0=m4 by substituting Eqs. (I3) and
(I11) in Eq. (113):

1

m4
0

ζ ¼ P0β
4λmfpðN0 þ 1Þ
54ðN0 − 1Þ

�
1 −

XN0

n¼3

ð−1Þn
nþ 1

×
XN0

m¼n

�
m

n

�
nþmðn − 2Þðnm −mþ 1Þ

m2ðm2 − 1Þ
�
: ðI12Þ

Swapping the summation with respect to n with that with
respect to m and using the properties

Xm
n¼3

�
m

n

� ð−1Þn
nþ 1

¼ −
mðm − 1Þðm − 2Þ

6ðmþ 1Þ ; ðI13aÞ

Xm
n¼3

�
m

n

�
ð−1Þn ¼ −

1

2
ðm − 1Þðm − 2Þ; ðI13bÞ

Xm
n¼3

�
m

n

�
ð−1Þnn ¼ −mðm − 2Þ; ðI13cÞ
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Eq. (I12) can be reduced to

1

m4
0

ζ ¼ P0β
4λmfpðN0 þ 1Þ
54ðN0 − 1Þ

×

�
1þ

XN0

m¼3

ðm − 2Þð11m2 þ 4m − 3Þ
3m2ðm − 1Þðmþ 1Þ2

�
: ðI14Þ

The sum over m appearing above represents a correction to
the 14-moment approximation, represented by the prefactor
of the square brackets. After performing this sum, we arrive
at Eq. (115).

3. IReD relaxation time

We begin with τΠ ≡ τΠ;0 and use Eqs. (114) and (115),

τΠ ¼ τð0Þ00 þ
XN0

r¼3

τð0Þ0r
ζr
ζ

¼ τð0Þ00

�
1 −

6N0ðN2
0 − 1Þ

6þ 7N0 þ 11N3
0

XN0

m¼3

1

mðmþ 1Þ

×
Xm
r¼3

�
m

r

�
ð−1Þr

�
2Hr −

1

rþ 1
−
8

3

�

×

�
r − 1þ 2r

m − 1
þ 2r
mðm − 1Þðr − 2Þ

�	
: ðI15Þ

In order to evaluate the sums not containing harmonic
numbers, we need the identities (I13), as well as

Xm
r¼3

�
m

r

� ð−1Þr
r − 2

¼ 1

4
mðm − 1Þð3 − 2HmÞ: ðI16Þ

In order to perform the summation over r for the terms
involving Hr, we employ its integral representation,

Hr ¼
Z

1

0

dt
1 − tr

1 − t
; ðI17Þ

together with the relations

Xm
r¼3

�
m

r

�
ð−tÞr ¼ −1þ ð1 − tÞm þmt

2
ð2þ t −mtÞ;

Xm
r¼3

�
m

r

�
ð−1Þrr ¼ mt½1 − ð1 − tÞm−1 − tðm − 1Þ�;

Xm
r¼3

�
m

r

� ð−1Þr
r − 2

¼ −
mt3

6
ðm − 2Þðm − 1Þ

× 3F2ð1; 1; 3 −m; 2; 4; tÞ: ðI18Þ

Interchanging the summation with respect to r with the
integration with respect to t, we arrive at

Xm
r¼3

�
m

r

�
Hr ¼ −

3m3 − 7m2 þ 4

4m
; ðI19aÞ

Xm
r¼3

�
m

r

�
ð−1ÞrrHr ¼

m
2
ð5 − 3mÞ þ 1

m − 1
; ðI19bÞ

Xm
r¼3

�
m

r

�ð−1ÞrHr

r−2
¼m

4
ðm−1Þð7−3Hm−2Hm;2Þ; ðI19cÞ

where Hm;n ¼
P

m
r¼1 r

−n is the generalized harmonic num-
ber, with Hm ≡Hm;1. Adding everything up, we find

τΠ¼ τð0Þ00

�
1þ 4N0ðN2

0−1Þ
6þ7N0þ11N3

0

XN0

m¼3

1

mðmþ1Þ

×

�
11

6
−

2m
m2−1

−
6þm
m2

−
6

ðm−1Þ2þ6Hm;2

�	
: ðI20Þ

The summation over m can be performed, yielding
Eq. (124). For the relaxation times of the higher-order
moments we have

τΠ;r ¼
XN0

n¼0;≠1;2
τð0Þrn

ζn
ζr

¼ m4

ζr

λmfpPβ4−r

108r
ðr − 2Þðr − 1Þðrþ 1Þ!

�
2Hr −

1

rþ 1

−
8

3
þ 2

Xr
n¼3

1

n − 2

�
2Hn −

1

nþ 1
−
8

3

��
: ðI21Þ

Performing the summation then gives Eq. (126).

4. Correction to the distribution function

We start from Eq. (132) and use Eqs. (114) and (115) for

ζn and ζ0, as well as Eq. (A9) for H
ð0Þ
kn, arriving at

δfð0Þk

f0k
¼ −

6Π
m2

0β
2P

�XN0

m¼0

Lð1Þ
m ðβEkÞ þ

3N0ðN2
0 − 1Þ

6þ 7N0 þ 11N3
0

×
XN0

n¼3

ð−1Þnðn − 1Þ
�
2Hn −

1

nþ 1
−
8

3

�

×
XN0

m¼n

m!

n!ðm − nÞ!L
ð1Þ
m ðβEkÞ

�
: ðI22Þ

In the second term, the sums over n andm can be swapped,
while the sum over n can be evaluated as follows:
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Xm
n¼3

m!ð−1Þnðn − 1Þ
n!ðm − nÞ!

�
2Hn −

1

nþ 1
−
8

3

�

¼ −
11

3
þ 2

�
1

m − 1
þ 1

m
þ 1

mþ 1

�
: ðI23Þ

Plugging the above into Eq. (I22) leads to

δfð0Þk

f0k
¼−

6Π
m2

0β
2P

�XN0

m¼0

Lð1Þ
m ðβEkÞþ

3N0ðN2
0−1Þ

6þ7N0þ11N3
0

×
XN0

m¼3

Lð1Þ
m ðβEkÞ

�
2

m−1
þ 2

m
þ 2

mþ1
−
11

3

��
: ðI24Þ

We now consider the limit N0→∞, when 3N0ðN2
0 − 1Þ=

ð6þ 7N0 þ 11N3
0Þ → 3=11. This leads to the expression

δfð0Þk

f0k
¼−

6Π
m2

0β
2P

�
1þLð1Þ

1 ðβEkÞþLð1Þ
2 ðβEkÞ

þ 6

11

X∞
m¼3

Lð1Þ
m ðβEkÞ

�
1

m−1
þ 1

m
þ 1

mþ1

��
: ðI25Þ

The summation over m can be performed by introducing a
fictitious parameter 0 < t < 1 and employing the generat-
ing function

X∞
m¼0

tmLðαÞ
m ðxÞ ¼ 1

ð1 − tÞαþ1
e−tx=ð1−tÞ: ðI26Þ

In our case, we must evaluate

X∞
m¼3

Lð1Þ
m ðxÞ

�
1

m−1
þ 1

m
þ 1

mþ1

�

¼
Z

1

0

dt

�
1þ1

t
þ 1

t2

��
e−xt=ð1−tÞ

ð1− tÞ2 −
X2
m¼0

tmLð1Þ
m ðxÞ

�
: ðI27Þ

It can be checked that the integrand behaves asOðtÞ around
t ¼ 0, and thus the integral converges. The result is

X∞
m¼3

Lð1Þ
m ðxÞ

�
1

m−1
þ 1

m
þ 1

mþ1

�

¼ 3

x
− ð3−xÞ lnx−19

2
þ γðx−3Þþ6x−

11x2

12
: ðI28Þ

Plugging the above into Eq. (I25) then gives Eq. (133).
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