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Exploring magnetic fluctuation effects in QED gauge fields:
Implications for mass generation
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In this work, we calculate the one-loop contribution to the polarization tensor for photons (and gluons) in
the presence of a classical background magnetic field with white-noise stochastic fluctuations. The
magnetic field fluctuations are incorporated into the fermion propagator in a quasiparticle picture, which
we developed in previous works using the replica trick. By focusing on the strong-field limit, here we
explicitly calculate the polarization tensor. Our results reveal that it does not satisfy the transversality
conditions outlined by the Ward identity, thus breaking the U(1) symmetry. As a consequence, in the limit
of vanishing photon four-momenta, the tensor coefficients indicate the emergence of an effective magnetic
mass induced on photons (and gluons) by these stochastic fluctuations, leading to the interpretation of a
dispersive medium with a noise-dependent index of refraction.
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I. INTRODUCTION

Understanding the properties of photons and gluons in
thermal and magnetized media is essential for a proper
interpretation of the observables arising from current high-
energy experiments [1,2]. Recent studies on photon pro-
duction in heavy-ion collisions (HIC) have revealed that
photons originating from such scenarios exhibit an elliptic
flow coefficient, denoted as v,, of similar magnitude to that
measured in hadrons [3-5]. Various sources of photons
have been proposed to characterize the observed spectrum.
A significant photon yield is generated during the equi-
librium stages of HIC, which is utilized to estimate the
temperature of the colliding system [6]. On the other hand,
direct photons are believed to be produced during the
hadronization stages of HIC, where much of the v, is
generated. Furthermore, prompt photons are identified as
part of the low pt spectra [7]. Despite the aforementioned
identified sources of photons, there remains a discrepancy
between the theoretical models developed to describe the
photon spectra and the corresponding experimental mea-
surements. In particular, an excess of low-py photons is
obtained when comparing theory and experimental data [8].
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In an effort to provide a more comprehensive descrip-
tion of the experimental data, recent studies have sug-
gested that the production of prompt photons may be
influenced by the intense magnetic fields generated during
the initial stages of the collision [9-12]. These inves-
tigations propose that the background magnetic field
induces gluon fusion and splitting processes for photon
generation due to the high-density gluon occupation,
referred to as the Color Glass Condensate [13-16].
Although this hypothesis leads to an improved descrip-
tion of the elliptic flow and yield, the kinematic restric-
tions arising from the vanishing mass of photons and
gluons reduce the available phase space for the number
of photons [17]. Therefore, any modification in the
dispersion relations for gluons and photons induced by
the medium may open up a richer physical scenario. For
instance, it is well known that a thermalized medium can
induce an effective photon/gluon mass [18,19]. Similar
effects may in principle arise from a magnetized medium,
described by a noisy background magnetic field, and this
is the main focus of the present work.

Very intense magnetic fields are generated in semicentral
HIC by the presence of spectator particles, but they rapidly
decay [20,21]. This leads to an incomplete electromagnetic
response in the effective medium formed at later times,
such as the Quark-Gluon Plasma [22]. Consequently, the
magnetic field is found to be particularly intense during
the preequilibrium stage. Nevertheless, from a theoretical
perspective, the screening effects from magnetized media
do not modify the dispersion relation when a constant
magnetic field is taken into account [23].
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The absence of an induced photon/gluon mass in a
uniformly magnetized medium arises from symmetry
considerations. In the context of the one-loop polariza-
tion tensor approximation, the U(1) symmetry remains
intact in a constant background magnetic field, as the
Ward-Takahashi identity is still satisfied under such a
condition [24]. As a consequence, the inverse propagator
for gauge fields continues to exhibit a pole at ¢g*> = 0, thus
implying the absence of an induced magnetic mass.
Therefore, a physical condition that breaks such a symmetry
may lead to the generation of a magnetic gluon/photon mass.

In two of our recent works [25,26], we investigated the
implications of the classical background magnetic field,
possessing stochastic fluctuations, on the properties of a
QED medium. We model this scenario by assuming that the
classical background magnetic field arises from a classical
gauge field Aj;(x) + 6Af;(x) with white-noise correlated
stochastic fluctuations A5 (x), as described by the stat-
istical properties [25,26]

(0Apg(x)) =0
<5AEG(X)5A{30()’)> = A35ij5(x -). (1)

By applying the so-called replica trick [27], we derived an
effective interaction term for QED fermions in the presence
of such a noisy magnetic field. This approximation leads, at
the perturbative level, to a renormalization of the fermion
propagator that now represents quasiparticles propagating in
adispersive medium [25]. On the other hand, when we apply
our analysis at the mean field level, the emergence of vector
currents is predicted [26]. Both perspectives point toward
violations of U(1) symmetry due to the presence of stochas-
tic fluctuations in the background magnetic field.

In this work, we apply our results obtained in Ref. [25] to
calculate the one-loop polarization tensor for photons and
gluons, and we find that it is explicitly nontransverse in the
sense of the Ward-Takahashi identity. This effect arises from
the breaking of U(1) symmetry due to the incoherent,
stochastic nature of the classical background gauge field
Al (x) + 8A%5(x), thus resulting in the generation of a
dynamical magnetic mass for the quantum gauge fields
(photons and gluons).

II. THE PHOTON POLARIZATION TENSOR
AT STRONG MAGNETIC FIELD

Our starting point is the one-loop contribution to the
photon/gluon polarization tensor, which is depicted in
Fig. 1 and is given by
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FIG. 1. Feynmann diagrams that contribute to the one-loop
photon polarization tensor. The arrows in the propagators
represent the direction of the flow of charge, whereas the dashed
arrows represent the momentum flux.

where g is the electric charge of the fermion in the loop,
and the antiparticle or charge conjugated contribution has
been taken into account.

Note that the only difference between the photon and
gluon polarization tensors arises from the trace over color
SU(3) space, i.e.,

1
— S pilly (3)

photon’

iy

gluon

= Tr{tatb}ingﬁoton = 2
where t,, are the generators of the color group in the
fundamental representation.

To analytically compute Eq. (2), we will employ the
renormalized fermion propagator in the presence of static
(quenched) white noise spatial fluctuations, focusing on
the regime of a strong external magnetic field [25,26].
Specifically, the effective fermion-fermion interaction arises
as a result of averaging over the background magnetic noise,
where we include the magnetic noise-induced interaction
effects by dressing the Schwinger propagator with a self-
energy, as shown diagrammatically in the Dyson equation
depicted in Fig. 2. We remark that for this theory, the skeleton
diagram for the self-energy is represented in Fig. 3, and the
dressed propagator is provided by

RES! _ 0 rap’ +
is9(p) = C(p) (mwop +H>P( ). @

where m is the fermion mass and

2
_z(p)e P/ lasBl
C(p) =1 2 2 2
pj—=z (p)m
3 Alq, Ble¥/ a8

4 7\/pi-m?

FIG. 2. Dyson equation for the “dressed” propagator (double
line), in terms of the free propagator (single line) and the
self-energy X.

z(p) =1+
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FIG. 3. Skeleton diagram representing the self-energy for the
effective interacting theory. The dashed line is the disorder-
induced interaction Ap, while the box I" represents the 4-point
vertex function.

P /lasBl
o= ()
D(p) =3 [1 & sign(a,Bliza(p)r'). (54

As explained in Ref. [25], the fermion propagator self-
energy was computed, as depicted by the diagram in Fig. 4,
to order A = q]%A g Therefore, to maintain consistency

with this level of approximation, we expand Eq. (4) as
follows:

isy) (p) =Sy (p) + 1A <|‘%f|> [©1(p)(#) +m)OS

= 0,(p)r*OH) £ 0,(p)iy'(p) + m)]
+0(4%), (6)

where

e pl/quBl

st (p) = 2lﬁ (7 +m)O=) (7)

is the fermion propagator in the presence of an intense
magnetic field, the spin-projection operator is given by

O = S [1 £ sign(q,B)iy'r?, (8)

l\)l'—

and we defined the functions

3(pﬁ 4 mZ)E—QPi/\IIfB\

0,(p) = : (9a)
(P} —m?)*\/pg —m’®
,—* -~
// \\\
4 \
/ \
/ \

A

-
<

A

FIG. 4. Self-energy diagram at first order in A = ¢ fAB

(S = , 9b

T S
e—Zpi/\qu\

O;(p) = (9¢)

(pf —m*)\/po—m®

Here, we separated the parallel (||) from the per-
pendicular (L) Minkowski subspaces, as defined by their
relative direction with respect to the background external
magnetic field, by splitting the metric tensor as

¢ = gf“‘” + 47 (10a)
where
j"‘” = diag(1,0,0,—-1)
¢\ = diag(0,-1,-1,0). (10b)
The latter implies that for any four-vector
p'=p|+ L. (11a)
we get
P’ —P|| Pl (11b)
with
pt=rs-r3
Pl =pi+pi (11c)

Hence, Eq. (2) takes the form

i = e 4 21972 |qf

ZT (12)

where il1§)" is the one-loop polarization tensor in the strong-
field limit and in the absence of fluctuations [28],

2 H v

. iq7lgrB| _ Pip
5 < 2 et (i -"15)

[

so that (see Appendix A)

! x(1—x)
7o(r}) = "m

1 2m?/ pt
— |1+ L iog

A

4m
” i . (14)
4m
Py
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and the tensors 7% are given by

i . d4k e_kz/‘qu‘ 2 v v u
Ty = 161/ (2x) W@(k = p)l(m* + &y - (p) = kll))(gﬁ -4+ (kﬂ - P||)kﬁ + kﬁ(kﬁ - Pﬁ)L (15a)
, . d*k e ¥i/lasB] ,
T = 161/ 27)° kﬁiG)z(k - p)(k3dﬁ + kﬁég + kﬁé’é) (15b)
and
w [ d*k e7k/lasBl 5
T = 161/ (2”)4W®3(k_ p)lm* +ky - (py = k)9 = d1) + (kj — Pk + K| (ki — pf)]. (15¢)
| .
Further details are presented in Appendix B. lim 7% — 4ilgB| dydx 1
/;0:00 3 3am g2 (27[)2 <x2 + y2 4 1) /y2 41
III. THE GAUGE FIELD MASS GENERATION 1
BY MAGNETIC FLUCTUATIONS X [m g"“” -g/ }
Ty
To ascertain the role of the magnetic field fluctuations 1| B|
on the possible generation of mass in the gauge fields, we bk [ gf‘” ‘”] (18c¢)
identify the poles of the propagator. From the Dyson 3zm

equation, its inverse is

(D (p)]~" = [P (p)]~" =il (p), (16)

where

—ig"

Dgy(l’) = m

(17)

is the “free” photon propagator, in the Feynman gauge.
Furthermore, we shall approximate the polarization tensor
up to one loop, by applying the results obtained in our
previous calculations.

Following the approach outlined in Ref. [19], the poles
associated with the dynamic mass emerge as the coeffi-
cients of g‘ﬁ” and ¢\", respectively, when the limits py — 0
and p — 0 in i[1*(p) are considered. Calculating those

limits in Eq. (15), as described in detail in Appendix C, we
obtain

lim T :41|qu| dydx (X2+y2— l)d‘l‘y
wot T am Jee (20 (2 132 4 1)
_ilgsB|
= 18
2l (18a)
. 2 v v
lim 7% = _4ilgsB| [ dydx  X(g)" +2855)
W am - Jee (27)7 (22 4 y2 +1)2/y7 + 1
= |qf | (o +26845%). (18b)
and

where the integrals are computed as explained in detail
in Appendix B. An alternative decomposition into the
standard tensor basis is presented in Appendix D. Then,
after integration and by using the fact that

}}(1310 iy =0, (19)
p—0
we can conclude
BZ
lim i = GemM 5" % ( g+ g‘i + 5"5~) (20)
PO~ V3
p—0
where
B -
aemzq;/élﬂ, B= |qf2 |, A=mA. (21)

When these results are substituted into the Dyson
equation, using ¢" = ¢/" + ¢/, we have that at low

energies the inverse photon propagator is given by
(D= ()]~ = ig|" (p* + M} + i€) +ig} (p* + M3 +ic)
+ 3iMIid %% + ..., (22)

or inverting this relation,

D;w( )_ _l‘gﬁ _lg‘j_y
P = M v ie | 0 +iM2 +ie
I P 1
3M2 55,
(P +iM} +ie)(p? +i(M] = 3M7) +ie)’
(23)
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where we defined the magnetic effective masses in both
parallel and transverse projections by the coefficients

,  A3aBA
T
amB’A
73]1_ m-.
We remark upon the physical interpretation of those

effective masses by comparing with the poles of the photon
propagator along each polarization, since

M i_ = (24)

p*HiMT = py—p* +iMT | (25)

indicates an effective photon dispersion relation for each
polarization direction

COL.H(P) = \/P2 - ile_H, (26)

where the corresponding effective mass is complex:

)12 ::ML,H‘ (27)
V2

While the real part represents, as usual, a damping effect,
the imaginary part generates an oscillatory component.
This picture is consistent with our interpretation of the
presence of random magnetic fluctuations as generating an
effective dispersive medium both for fermions and photons
(or gluons) as well.

_ o
my ) = (=iM7

IV. SUMMARY AND CONCLUSIONS

In this study, we computed the one-loop polarization
tensor for photons (and gluons) propagating in a medium
subjected to a strong magnetic field with white-noise
fluctuations. To achieve this, we utilized the fermion propa-
gator developed in our previous work [26], which is obtained
through the application of the replica trick to average the
fluctuations over the QED Lagrangian. This approach
ensured the consistency of our calculations and allowed
us to maintain perturbative accuracy up to order O(A).

|

A 2 2

(pf = m?*)*/pg =

2
X {ZO(i) T iA<|¢IfB|> eP/lasBl 2}

" T—mzy 4

pﬁ—m iy,

-p’ /lq,Bl 3lg B p2 + m? 3—2P1/|f1f3|
isy”(p) = [146 - iA( 49y |> py+m)

3|qu|> e_le/l‘IfBl :|
+m)—A : 3
mz] [(1/ ) ( o e 3P

2 2

ar ) (pj=m*)P\/py -

-p}/lasBl 3lg,.B (p2 + m2)6—291/|4/3|
_ [.e i +iA< 9 |> I :||:2(ﬂ+m)o(i):':iA<
m

pj—m

3|lg,B|\ ePi/lasBl
—A< 9y |> p3y30(i)+0(A2)}

2 ) \/pi—m?

Our findings revealed that this tensor does not exhibit
transversality in the Ward-Takahashi sense, resulting in
the breaking of the system’s U(1) symmetry. Furthermore,
by following the standard procedure involving the poles of
the inverse gauge field propagator, we identified the emer-
gence of magnetic masses generated solely by the fluctua-
tions. Notably, these masses were observed to be distinct in
both parallel and perpendicular spatial dimensions, indicat-
ing the presence of birefringence effects resulting from the
violation of Lorentz symmetry.
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APPENDIX A: PROPAGATOR AT ORDER
AND POLARIZATION TENSOR A

We expand C(p), z3(p), and 1/z(p) up to order A as
follows:

() _e~P/lasBl
pP)=1—>F"7
pj—m’
3la.B (p2 + mZ)e—ZPf_/\IIfB\
—|—1A< |Zf |> ZH 5 . 2—|—O(A2),
i (P” —m?) po—m
(A1)
|qu|) e—Pi/\fIfB\
zp—l—A(- +0(A? A2

1 3lg,B -p%/lasB|
—:1—A< 9y |> ¢ L O(A2),  (A3)

Z(p) 4r 1/p(2)—m2

so that the propagator if Eq. (4) is

|qu|> e P /larB,

1,2
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|QfB|) e=2p1/l4sB| () + m)iy'y? —iA <3|‘1f3|> e~2P1/lasBl PP O)
2z ) (pf = m?)\/pg —m’ 2 ) (pt=m)\/pg—m*
—2p2 ‘B|
_(3lqB|\ (p]+m*)ePi/l4
+1A< ! ) : ” = () +m)OF) +0(A2), (A4)

2 ) (pi=m*)/ps—m

=istY(p) ¥ iA(

|
where 4 = 0, (k — p)Tr{y*iSy” (k)7 (ky — # + m)OD)},

. () e~P1/lasBl (A9%)
iSy”(p) = 21? (#) +m)O™
1t = =0, (k - p)Tr{yisy” (k)y O}, (A9)

OF) = —(1+iy'y?). (AS)

l\)l'—

# = =i (k - p)Tr{yiSy” (k)r* (k) = #) +m)r'7*},
Let us define (A9c)

3(pﬁ + m?)e2p1/lasBl

0(p) =55 75— (A6a) " =0, (k)Tr{y*(k + m)O- piss (k= p)}. (A9d)

(P|| —m*)*\/p5—m
o) = 3PP ne ~0, (W) Tr{yy O sy (k= p)}. (A%€)

2P) =" > 7’
(pj=m)Vpo=—m 1 = i@y (k) Tr{y* (k) + m)y'72riSy ) (k= p)}.  (A9F)
and
Sy 4 = O (=K Tr{piSg" (=k + p)y (=K + m)O)}.
- PL q

0;(p) = ‘ : (A6c) (A9g)

(pt = m*)\/pg —m*’

B = @, (—k)Tr{p*iSs" (=k + p)y 3O}, A%h
the propagator in Eq. (4) is 8 (=R TryiSo ( Py ! (A9h)

Y = i@ (k) Tr{7*iSs" (=k + p)r*(—ky + m)y's2},

. o(£) o) : |QfB|> +
is =1iS +iA[——)[® + m)OF)
D =50+ ia () @)+ m) o
= 0,(p)r?OF) £ 65(p)iy'y*(p) + m)]
1 0(A2). (A7) o = O1(=k + p)Tr{r*( -k + P+ m)O+ ]/"IS ( k)},
o (A9))
Therefore, the polarization tensor at order O(A?) reads
as v
1Y = —@y(—k + p)Te{yPOpriss ) (k). (A%K)
2 12 4
STTHY MY .q |qu|A d*k v v . .
iy = illy” +i—~ Zl 2n)° g0(k), (AB)  pY — i@ (—k + p)Tr{y*y'y2r* (=K + #y + m)iSy" (=k)}.
(A9])
where il1§" is the one-loop polarization tensor in the strong
field limit and in the absence of fluctuations [28], and We can add the similar terms:
|
B+ 1+ B s = 0y (k= p)Tr{p sy (k)y (ky = p) + m)OO} + 0, () Tr{y* (k) + m)Opisy (k= p)}
+ 0, (—k)Te {8y (=k + p)r(=k + m)OH)}
+ 0, (=k + p)Tr{y(—ky + p| +m)OTprisS (=k)}; (A10)
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given that ©,(—p) = ©,(p), we get

Die~k1/lasBl 2ie—(k=p)%/1asB|

- k_p T
kﬁ—m2 X ) (k—p)ﬁ—m2

+ Tr{y“ (—k” + ﬂH + m)(’)<+>y" (—k” + m) OH)}} . (All)

B =

®l(k)‘| [TI‘{)/” (k“ + m)(9<‘)y” (k“ - ﬂH + m)(’)(_)}

Now, from the identities [y’H‘ ,O0®)] =0, and OB yrOF) = O(i)yﬁ , it is straightforward to show that

v v w v . _kzi/‘qu‘ _(k_ )3 /lasBl

I~ wr O P =

. _ 12 2 v v
x [ (py - ky = 4+ ) g+ 2Kike = ke — pike]. (A12)
Similarly, we can add the following tensors:

B 1 = =0y (k= p)Te{ sy (0P 00 — 0u(k)Te{ P O ptis (k= p) |

= Oy (=K Tr{ i (=k + p)r PO} = O(=k + p)Te{ PO pris(V (<K | (A13)
In this case, from the fact that ®,(—p) = —0,(p)

. 2
Zle_kl/‘qul

B =T
[

0,(k - p) [Tr{y”ﬁ(’ﬂ”y" (—kj +m) (’)(+)} - Tr{y”(kﬂ + m)O)yry30) H

2ie=(k=p)3 /lasBl

+ m@z(k) [Tr{}/v<—kH + 7+ m)0(+)}/ﬂy30(+)}
_ Tr{yvy3(9 - y”(k” -y + m)@(—)H
- [M Oa(k = p) +M O, (k )] <k3g/‘” RS kvé”)
- (k=p)j—m* 1%

e~ (k=p)1/lasB] N .

The last group of tensors is

Bt oy = =05k = p)Te{pisE (K () = iy + m)r' 72 | = 03K Te{ Uy -+ m)y sy (k= p) }
10 () Tr{ i85 (= + p)y (=) + m)y'r?}

105 (=K + p)Te{y (=K + i+ m)y rPrrisy (k) }. (A15)
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Because O3(—p) = ©3(p), we get

1 +1g" + 15" + 14,
20~ K1 /lasBl
:ﬁ@(k“”) [Tr{yy (K +m) Oyt (ky = py + m)ylrz} 'Tr{V”(-kn + 7 +m)r' Rt (—ky + m)0(+)H
[
pe—(k=p) /148l - y
+Wﬁ_mz®3 (k) [Tf{}’”(ku +m)y'rr (k- p +m)@(‘)}—Tr{y”(—k” + 4 m) OB (=ky + m)yly H
e_ki/‘qu‘ ap b 2 2 H 1,2 1,2
:W@ (k=p) |:8€abgj_ 9 (m* + py -k = k) —lTr{y”kHy 7' (K _ﬂ”)}

+iTI‘{y”(—kH + ﬂH)]/]]/ZY”kH]/]]/Z} - 2im2Tr{7/D7/l}’2}’”7172}:|
e—(k—ﬂ)i/\fﬁB\
+7
(k - p)ﬁ —m?

+ iTr{y” (—k) + ﬂ\\)ylyzr”/ém/lyz} - 2im2Tr{y”y1y27”yly2 H -

03 (k) [~8eang g (m? + py -y = ) =TT {y Ry vy () = ) ) '7}

(A16)

From the identity y'y?y*y'y? = ¢/ — yﬁ, we obtain

Rie~K3/lasBl

1+t +1g +19; = 2 Ok-p) {(mz +p k= k) (g = 9 —iewg ) + 2Kk — plkt = Pﬂkﬂ
[
8ie—(k—]?)i/\q_/'3\ 2 2 v woy s ap _bu v H v v
+ = P)\z\ 0 05 (k) [(m +py k- kH)(g"“ - +iewgl' ) + 2Kkt — Pkt — kaﬂ'
(A17)
|
1. The integral 7 (I’ﬁ) Factorizing the denominator accordingly, we have
Here we present the details on the calculation of the -
integral I(p?) = 1 1_m_2/1 dx
i Pl (may)(x-al)
1| m> 1 1 1
L (=) _ L 1—7/d< - )
2\ _ X
I(P”)—/O dxx(l—x)pﬁ—mz pﬁ_ pﬁ(aJr—a_) 0 X—a, x—a_
1] m? (1-a)a_
1 m? [l dx =—|1- log 2. (A20)
=— 1—|——/ . (A18) 2 2a, —a_ [l—a_a
p2|> pﬁ 0 x(l—x)—mz/pﬁ Pyt p\l( + ) ( )ay

Finally, substituting the definitions of a,, we obtain

1
The denominator of the remaining integral is a second- ( pﬁ) = / dx
order polynomial in x, whose roots (poles) are 0 x(

1 2m?*/p Py

L1 Al -7 |+ 4”210g — || (a21)
X =da = — —_ _— _am _am
+7 027 pﬁ ! rj ! ! P
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APPENDIX B: MOMENTUM INTEGRALS

Let us define the following tensors:

v d4 v v v v
T E/(zﬂ) (" + 1) + 15+ 1), (Bla)
o= [ LK ) (B1b)
2 = (27[)4 2 5 8 11/
and
o [ g B1
3:/(2ﬂ,)4(3+6+9+12)' (Blc)

1. Computing 7"

T = d*k v + t,uu + t/u./ + v
1 = (2”) ( 10)

[ d*k |eKi/lasBl e—(k=p)3 /lasB| , o
_81/<2> R e g R [Py Ky = K+ m?) g+ 2Kk = it = i

where

v . d4k e_ki/‘qu‘ v H u (kv v
T7<a>581/(2n)4w (k= p) [ Ky - (o = k) + ) + (K = )R+ Kk = )] (B3)

and

» ) Pk e—(k=p)i/lasBl N .. ) )
Ty = 81/ Gy (k= ) =7 0 (k) [(ku (py = ky) +m?) g + (K = p) kg + K (K = pu)] (B3b)

In the second expression for T’f?b), let us change the integration variable k' = p — k, such that k = p — k" and d*k’ = d*k,

A K/ lasBl
=8 | Gy T @ = (g =) K-+ )+ () (of =) + (0 = K1) (K1) (B)

Finally, using the parity symmetry of the function ®;(p — k') = ©,(k’ — p), and removing the primes, we obtain

4 e—kL/quBl
T’f?w_gl/(;lzrl;m k=) [((py = ky) - g+ m2) g+ R (k= ph) + (K= PR (BS)

to conclude that T’l“(’b) = Tll“(/a)’ and hence T = ZT,],,(Jay
v

For both tensors the integration over the perpendicular momenta is the same. For T’f (a)

eKi/lasBl (k= p) 3[(k = p)} -+ m2)e /141812052 o/
722 Q1K= p)= 2
kj—m (k& = m?) [ (k= p)F = m2|* (ko = po)? = m?

056007-9
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where the factors in the exponential can be reduced as follows:
ki +2(k, —py)®> =3k] —4p, -k, +2p7 =3(k, —2p,/3)* +2p1 /3. (B7)

Then, the suggested change of variables is given by

so that the integration over perpendicular momenta is straightforward:

V2 2 Che 12 2 v
g Sinla/Bl (- 2p2 )/ k) |(k=p)F 2| | (py - ky =+ m2)gl” + 200k = piks = pikt] (B9%)
1) ™ 2 2 3 .
(27) 3lasB| (27) (kﬁ m?) [(k P)H —-m } (ko = po)? —m?
From the identity
1 o AdA
—=2 —_—, B10
AB? A (AA + B)? (B10)
the denominator of T’l"(’a) is
1 _2/«: Jdi
(kj = m*)[(k=p)f =m*P " Jo [(1+2)kj =2p) - ky + p} = (1 + 2)m*]’
0 AdA
- : (B11)
/) [(1+2) (k) =iz p))> + 5 p] — (1 + )m?P
which suggests that the shift in the parallel momenta must be
1
T
=K1 (B12)
Similarly,
1 0 AdA
k 2 2| (x2 22_21 1 k A 2442 (] 213’ (B13)
[( _P)H_m}(u_m) [( +2) (k=i p))* + 1P — ( +’1)m}
so that
A
"o i
A=K -1 (B14)
Then
pu_ 16inla,8 (_ 2p2 )/oo 2d2 / &t (@) —thzp)® +m?
() ™ 2 3 3
(27) 3|g,B| 1+2)3) (2n)? (Lpz 1+/1)2p|| 2) \/(lo — 4 po)? —m?
i1 i S P LN
X [(—1 P AT g H)zpu 7+ )9” + 26464 + 15 (Pl + Pid)) - ( H)zpupu (B15a)
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By ignoring odd powers on Z|, and by using the fact that under the integral

2
2\ "2'/”\\ H (B16)

the expressions reduce to

- _16iﬂ|qu|eXp (_ 2p% ) /oo Ad /Jlf 1
1(a) (2r)? 3lg¢Bl) Jo (1+24)) (27)? (ﬂ L2 2)3\/(10_1%1,0)2_,”2

| T m

N A 21
x{(f+mp||+m>{<(l+l)2p”+m>gﬁ (1+l)2pp:|
+2(/11(1f;;z)(17 ) (o1 2)d = (Pl + piet)| } (B17)

Now, under the integral we can replace

1
L)
"zl’u”ﬂn

(py-€)(py-€))
(- 2)P)eh = 5 "”\PHPH’ (B18)
therefore,

1(a) — 2 - 3
(27:) 3lg¢Bl) Jo (1+4)3) (2n)? (Lpz 1+/1)2p|| —m2)} \/(lo — L py)? —m?

2 A 2 Y Hov 2 pY ’1(1 A) 2 u oy
X{< Ittt ﬂm(”ng’ﬂ _2”“”\\”’"47]*( Y1 21’1’)}’ (B19)

and 7" = 2T,

2. Computing 7%

4
Tllu:/(g) (lj4u+tﬂy+l}4u+t;1u;>

[ d*k [e7%i/lasBl e—(k=p)%/lasB] ) o
= 81/ ) [7,(2 Oy (k—p) + T 0, (k)| (g + K& + ki &)

d*k  e~(k=p)i/lasBl
—8i 3g" H sy v sh
81/ (271')4 (k — p)ﬁ ) ®2(k)(P Sfﬁ + pH53 + pH53)

= Th T (B20)

with

Ak 1/lasBl
T, —8/( L@ 2k = p) (g + K, + ko)

2r)* H - m?
_ 8in|q,B| _2p2 &k, (ks = p3) (Kg)" + k& + ki) B
(2r)? < 3|qu|> /( 2r)? (kﬁ—m )[(k—p)ﬁ—mz} (ko — po)? — m> (B21a)
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v g [ Gk O O — )t (= S+ (K — ) B21b
o = 1/(2ﬂ)4(k_p)ﬁ_m2 SRR = P + (K — )%+ (K = p)o%). (B21b)

In the expression for T’;’('b), let us change the integration variable k¥’ = p — k, such that k = p — k' and d*k’ = d*k,

Ml/ d4k e_kZ/quBl / 3 ’ﬂ U v
T, =i /(2 o Oalp KK K = ). (B22)
i

Finally, using the odd property of ®,(p — k') = —©,(k’ — p), and removing the primes k' — k, we finally obtain

» d*k % /1asBl
T =8 /(2ﬂ)4f® (k= p) (G + K& + k) (B23)
||
— T (B24)

and hence we conclude 75" = 277,

Introducing a Feynman parameter 4 via the integral transformation

%) wmrar (523
we have for ng/a)
1 e da
(6 —m?) [e=p)t=m?| S0 [a(k = m2) + (k= p)f -]
_ / ® di , (B26)
0o (1 +/1)2[fﬁ + 1 ] —m2]2
where
Ry ) (B27)
1+
and
1 e di
(kf = m?)[(k = p); _A = am + (i = )|
. /°° @ y (528
° =2 mz}
where
) (B29)
1+

Therefore, by ignoring the odd powers on ¢ and using that p; p?=-p3

o 81717|qu|exp (_ 2p? >/oo d d*¢) ( (&3 1+/1°P3> Qﬂ + 28454) (B303)
2@ T T (21)? 3|q,B 1+22) (2 '
(2n) aBl) Jo (22 ) P (g8 1 a2 (1 = 1 o) = m?
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3. Computing 7%

AL
= [ )

[ d*k e7¥1/lasBl 5 WN(AY gy au by
_8l/<2”)4 kﬁ—mz ®3(k_p)[(m +pk _ku)(dﬁ — ¢y —ieagl'dt) + kﬁkn PH Puku]

. Pk e~tk=p)i/lasBl a by
= Ty + T, (B3

where

4k oK1/ lasBl
T = Si/ ek ) (2 k- (py = k) (o = o2 = ieang o) + (K = Pkt + K (ke = )]

(27)* ki —m?
(B32a)
and
v . d*k e_(k_p)i/‘qul 2 i v ap by Y v v v
) 581/ ) (=) - 505 (K) [ (2 + - (py = k) (= g+ ieang™'ol) + (K = Pl RE+ Ko (k= ).

(B32b)

We remark that the “skew” terms proportional to i€ ;g7 ¢%" in the expressions above vanish upon integration when they

enter in the combination T%" = Tg’?a) + Tg'?b). For this purpose, let us consider the expression for T’;(”b), and perform the

change of integration variables k' = p — k, such that k = p — k' and d*k’' = d*k,

y o [ A €K asB v au ’
T?(b>581/(2ﬂ)4m®3(l’—k')[(m2+(1?||—k')'k')(9” — gV +ieawgtg) =k (P = k) + (P = k[) (= km

(B33)

Finally, we make use of the parity property of the function ®5 ( p—K ) = 05 (k/ - p), and further removing the primes of
the integration variable X' — k we obtain

Hv : d4k e_kZ/quBl 2 v v ap by v v H v
T3(b>581/(2,z) W@s(kﬂ?)[(’" k- (py = k) (o = o2+ ieang ™ o) + Ko (k= pt) + (K = ) (k1) .

(B34)

Comparing Eq. (B34) with Eq. (B32a), we see that they are identical except for the opposite sign of the ie ;g g5 terms,
that hence vanish upon adding them both, such that

4 oK1/ lasBl
TI3W _ 16i/ (;i”]; W@g,(k—p) [(m2 + k- (pH — k”))(dﬁv _g;iu) + (kﬁ _p"“)k“" + kﬁ(kﬂ —p’l'l)}. (B35)
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After integrating with respect to perpendicular momenta, we employ the transformation of Eq. (B27) for T’;’(’a) and the

v

transformation of Eq. (B29) for T’3‘

i +(1+A)2pll> (" -9") +7}

b Then, ensuring the elimination of odd powers in £,

I (li)zpﬁpﬁ

T _ 16i7r|qu|eXp( szl )/00( di / dzf” <

b = - (B36)
3(2n) 3lq,B| 1+2)%) (27)° \/(13+$p0)2 —m? <Kﬁ+(1)zp2 —m2>2
144
|
APPENDIX C: INTEGRALS o =2+ 1,
IN THE LIMIT p, =0, p — 0
1. Computing T*%" _ L fredy 1 [Hedx x> +a?
Ml 3 30 (C7)
In the limit py = 0, p — 0 we have m ) 21711 Vyr+1 2” x + 0‘+)

T’l“(“b) = T’l“(“a), (C1)
so that
,l,}glo T = 2T”'()
p—0
B 32i7r|qu| ©  AdA
N (271)2 0 ( +/1)3
y / & (’fﬂﬁ ")
( ) ( ) /7 I
~ 16iz|q,B| d*¢) m (KH + m?) )
N (271)2 (27:)2 (fﬁ - m2)3 I35 — m? I
(C2)
Let us define
M / ) diia (C3)
1 P—
NG GRS
so that
lim T’“’zi 2 v C4
A e

To compute M, it is convenient to pass to the Euclidean
space 0 — it*,

1 dydx y24+xr =1
M, =L / . (cs
Lomt ) (2m)? VY 10+ +1)° (©)
where we have defined
x=2¢*/m, and y=7*/m. (Co)

we can perform the x integral of M, in the complex plane,

so that
/+°°dx 2ot hm]{dz 22 +a*
o 27 (X% + a%r)3 R Jo 21 (2 + ai)3
2., 2
— iRes {%} . (C8)
(Z +O!+) z=la

where the integration contour C is shown in Fig. 5(a).
Then, it is straightforward to show that

1 [+edy 1 3(y*-1)
M1_16m3/_°o 2 [(y e

which can be easily computed with the contour of Fig. 5(b):

| )

1

=——". C10
M=~ g (C10)
By collecting the results,
v i |LIfB| v
lim 7" = . 11
mlwo " 32m 9}‘4‘ (C1)
p—0
(a) Im(z) (b) Im(z)
o i
R R Re(z) «— = 7 Re(z)
—lay l —il

FIG. 5. Contours for (a) the x integration of M/, (b) the y
integration of M.
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2. Computing 7%
In the limit py =0, p — 0:

lim 7% = lim 7%, and limT% ., =0;

ro—0 2( ) po—0 ( )’ po—0 2( )
p—0 p-0 p—0
then
16iz|q B| [  dA / d*¢) (£3)?
i T’”— Y2885
w @ o Wrar) @y g

_ 16in’|qlfB| szﬂH (bﬂ3)2
@r ) CaP (A—m) =t

Passing to the Euclidean space and defining x and y like in Eq. (C6),

(9" +2884).

16' B| [+ d +ood
lim Tlll/ _ 171'|Qf | y / X (guv+25M5y)

o (27)m Jow 27711

so that using the integration contour of Fig. 5(a),

)

tody  x? . z 2 . 7 1 1
STy Am _ﬁlees[ﬁ g A
o 21 (X +al)? Rew Jo 27 (22 + o) (& +ad) z=ia, dai 4\/y? 1

therefore

lim T — 4171'|qu| teody 1
Po—0 271' y —+ )

p—0

(g} +2858).

and after using the contour of Fig. 5(b),

tody 1 , dz 1 , 1 1
= lim — = 1Res[ 5 ] =_,
o 27r(y +1) R—oo Jo 2w 72+ 1 24+, 2

so that

|CIfB|
My v H Sy
}}MT 2am (d“‘ +25353)'

p—0

3. Computing 7%’

lim Tl“/f
w3 T 30217 Jo (1+4)?

p—0

16i]q B| [~ di /df” (m* =) (g = o) + 1]
(27)* (B -m)2B-m?
m2 2 -

v I v
ey \/zg_—mzdi]

_16i7‘[|qu| dsz |:
3(22)2 ) (22)* L(£} - m?)2 /B —m

_ 16iz|q/B| [ d*¢g { m? o £ +m? d,,,}
320 ) @a) L(tg+m?) B+ m ) (fe +m) 2B+ mE
_ 16ix|g,B| [+~ dy/+oo dx[ 1 g K +y? 41 g,w]
- 3(2n)m ) SR N L N NI E e he
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We have the following integrals:
/+00dy /+mdx _ /+oody 1 B 1
o 27\ /3P 41 27zx—|—a) 4 27r(y —|—1) 16’
and

/+°°dy /+°°dxx +y?+1 1/+°°dy 1
] 27 2] e w

Therefore,

B
1imrg”—1|"f |< g yi)

Po—=0
p—0

APPENDIX D: PROJECTIONS ONTO THE STANDARD TENSOR BASIS

The tensors 7% can be written as
T =T, (p)P|" + 71 (p)d".
15 =1,(p) (g} +20"b").
5 =I5(p) P + T3(p) g + Ks(p)dt

where we defined the 4-vector b* = (0, 0,0, 1), the tensor

. Pnpu
ri
and the integrals
64ir|q,B| , 2pi \ [> Adi [ d¥ (1 =27 + g pf + 0
Tilp) = (27)? Pie =35 /o (1+a)5/(zfz) ™ 2
! (At -m) o= tap)? - m

(fﬁ - oiiaypﬁ " '“) (’" I . 7)? pz) } ?51‘53 pzfﬁ] ’

. 2 ( ) 2p3
 16ixlg,B| 202\ [e i [ & i )
Ta(p) = (27r)f2 P (_3|Q,fB|> A (1 H)z/ (2”)”2 (22 + m?)*\/ (1o - 2—m

(12 2P||

16ir|q;B| 2p% ©  AdA d*¢) 1
I5(p) = — 35 pzeXp<— >/ / :
=5 1P g e (zn)zwgmpo)z_mz(ﬂ : pm>
+ 2
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(D3d)
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A2
16iz|q,B 2p? s 1) Pl
70 =S o0 () [ S - 3
2 m2 2
\/ (& + 147 p0)? (fu + (w)zl’u n )
. m> =2+ p
Ks(p) = - 16iz|qB| exp (- 2p% /oo di / d*¢) () o)
3(27)? 3lagBl) Jo (V422 (22) foo s a o o 5\ 2
\/(O—'—]_Hpo) —m ||+(] A)zp”_m
2,.
Let us assume that the full polarization tensor is written I, = q°19,B| AK;, (D7b)
in the basis {P", P, Py’}, where 4n
and
P — Pupu
L ri @’lasBl ri
pLp to = 47; [ P’ AT T p! aks
P’f = diy + J‘z L s
pﬂpl +2A ("0 - @ - >Iz} (D7c)
Pi=gt =S =pi-pl (04 (IS
hat provided by the fact that the basis is orthonormal and
so thal
w |l
T = TP+ TPy 4 TIPYY. (D5) Py g =1 (D8a)
Hence, given that Pb,b, p_§ (DSb)
@’laB 4
i = i + f Z fi
Pgn =1 (D8c)
B L
i o
T P g = s (D8d)
+ AT+ + j3)gf“‘” + AKsd) + 2AIzbﬂb”},
Pé _ p3
D6 Pyb,b, =——=—1, (D8e)
(D) Vo=
it is straightforward to show that
and
2|q/B| [ 2A P2
]'[” = 1% |:€ 2\4/3\pﬁ10 4 A(Il +I3) _ 5012 Pﬁ
d Pj Py G = 2 (D8f)
AT+ T+ 73)| (D7a)
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