
All orders factorization and the Coulomb problem

Richard J. Hill1,2 and Ryan Plestid 1,2,3

1University of Kentucky, Department of Physics and Astronomy, Lexington, Kentucky 40506 USA
2Fermilab, Theoretical Physics Department, Batavia, Illinois 60510, USA

3Walter Burke Institute for Theoretical Physics, California Institute of Technology,
Pasadena, California, 91125 USA

(Received 17 October 2023; accepted 2 February 2024; published 7 March 2024)

In the limit of large nuclear charge, Z ≫ 1, or small lepton velocity, β ≪ 1, Coulomb corrections to
nuclear beta decay and related processes are enhanced as Zα=β and become large or even nonperturbative
(with α the QED fine structure constant). We provide a constructive demonstration of factorization to all
orders in perturbation theory for these processes and compute the all-orders hard and soft functions
appearing in the factorization formula. We clarify the relationship between effective field theory amplitudes
and historical treatments of beta decay in terms of a Fermi function.
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I. INTRODUCTION

The Coulomb field of a nucleus can have dramatic
consequences for low energy phenomena. Relative to other
QED effects, Coulomb corrections are large because (i) they
are enhanced by the charge of the nucleus [1–4], (ii) they
are enhanced at low relative velocity [5–8], and (iii) loop
integrals receive systematic π enhancements [9]. Many
precision experiments involve leptons interacting with
nuclei [10–44] and require the systematic treatment of
Coulomb corrections and their interplay with other sub-
leading effects [45–51].
Factorization theorems underlie much of our ability to

retain theoretical control in precisionmeasurements involving
nucleons, nuclei, and other hadrons [52–57]. Factorization
arises from the separation of different energy scales involved
in a physical process,with the components in the factorization
formula identifiedwith contributions fromeach scale [58,59].
In terms of a sequence of effective field theories (EFTs), the
components are identified as the corresponding sequence of
matching coefficients, and the final low-energy matrix
element. Historically, Coulomb corrections have been under-
stood not in terms of EFT, but by appealing to wave function
methods i.e., solutions of the Dirac or Schrodinger equation
[2,60–62]. Such wave function descriptions contain the
correct long-distance behaviorwhich is, however, intertwined
with model-dependent short-distance behavior. Separating
scales allows us to systematically resum logarithms and study

higher order radiative corrections using standard tools of
effective field theory. The interplay of high order Coulomb
corrections with other subleading effects is crucial for
precision measurements, and in particular for nuclear beta
decays [50].
In this paper, we demonstrate factorization for radiative

corrections induced by photon exchange between charged
leptons and a static Coulomb field, and compute explicit
all-orders expressions for the components of the factori-
zation formula. We describe how traditional wave function
methods are related to dimensionally regulated Feynman
integrals order by order in perturbation theory. Using this
correspondence, and a new all-orders calculation of the
short-distance region, we extract the universal MS
Coulomb corrections to the matrix element for a contact
interaction (as is relevant for nuclear beta decays) to all
orders in perturbation theory.
The remainder of the paper is organized as follows.

Section II introduces notation for Coulomb corrections
from a diagrammatic perspective. Section III considers the
Schrodinger-Coulomb problem and establishes the corre-
spondence between wave functions and the diagrammatic
expansions. Section IV considers the Dirac-Coulomb
problem and extracts the relevant EFT matrix element to
all orders in perturbation theory. Section V highlights new
and interesting features of the preceding analysis and
comments on phenomenological applications.

II. COULOMB CORRECTIONS
AND CONTACT INTERACTIONS

Consider a reaction that takes place via an effective
contact interaction in the vicinity of a heavy particle with
charge Z. The outgoing charged particles (“leptons”) can
exchange photons with the heavy particle (“nucleus”).

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 109, 056006 (2024)

2470-0010=2024=109(5)=056006(18) 056006-1 Published by the American Physical Society

https://orcid.org/0000-0003-0779-7289
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.056006&domain=pdf&date_stamp=2024-03-07
https://doi.org/10.1103/PhysRevD.109.056006
https://doi.org/10.1103/PhysRevD.109.056006
https://doi.org/10.1103/PhysRevD.109.056006
https://doi.org/10.1103/PhysRevD.109.056006
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


For neutral current processes (i.e., when the initial and final
nuclear states have the same charge Z), QED radiative
corrections can be straightforwardly organized as a series in
powers of α, Zα, and Z2α, with each power being
separately QED gauge invariant.1 We will consider the
static limit, in which the particle of charge Z in the initial
and final state is heavy, so that recoil corrections can be
neglected. For low momentum probes satisfying jpj ≪ 1=R
with R the charge radius of the heavy particle, the pointlike
limit is applicable and universal corrections to the ampli-
tude can be computed using Feynman rules for a static
external Coulomb field [64]. In this static limit, terms

∼Zmαn vanish form > n [65]. In the following we consider
the leading series of terms, ∼ðZαÞn, for n ≥ 0.
As an explicit example, consider dilepton production via

a short-range neutral current in some nuclear decay,2

AðvAÞ → BðvBÞ þ l−ðp1Þ þ lþðp2Þ; ð1Þ

where states A and B have charge Z, and vμB ¼ vμA ¼ vμ ¼
ð1; 0Þ which defines the static limit. As discussed above,
this can be reduced to an external field problem describing
the production of a dilepton pair in a static Coulomb field,

ð2Þ

For a contact interaction, the Coulomb corrections on each leg factorize. For example,

ð3Þ

In general, the Coulomb corrected matrix element can be represented as

1For charged current process, e.g., A½Z þ 1� → B½Z� þ lþ þ νl, the same Coulomb factor describes the leading Z-enhanced
contributions. See Ref. [63] for a discussion of how subleading contributions are organized.

2An electromagnetic E0 transition can mimic the same phenomenology if both eþ and e− are nonrelativistic, such that the virtual
photon that mediates the transition is far off-shell.
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ð4Þ

We may therefore, without loss of generality, study the
Coulomb corrections on a single leptonic leg: any process
with multiple leptons that is mediated by a hard current
reduces to a product of Coulomb corrections on each leg.
The perturbative series for a relativistic lepton contains
nontrivial Dirac structure that must be inserted between
external polarization spinors. For the process (1), Eq. (4)
becomes

M ¼
X
ijkl

ūðp1Þið…ÞijΓtree
jk ð…Þklvðp2Þl: ð5Þ

Traditional analyses of beta decay are expressed in terms
of position-space Coulomb wave functions for the leptons
evaluated at the origin of coordinates, ψðr ¼ 0Þ [2,60–62].
As we discuss in Appendixes B and C, the diagrammatic
series represented in Eq. (4) is equivalent to a wave function
solution. However, starting at two-loop order the wave
function ψðr ¼ 0Þ is UV divergent.3 The amplitude must
be renormalized and matched consistently with the under-
lying contact interaction. In order to execute this program,we
phrase the problem in terms of factorization of momentum
space amplitudes, using dimensional regularization in the
MS scheme. Coulomb corrected amplitudes can then be

matched consistently to underlying quark-level Lagrangians,
and model-dependent position-space wave functions are
replaced by a systematic expansion in EFT operators.

III. SCHRODINGER-COULOMB PROBLEM

Consider the quantum mechanical corrections to a tree-
level process for a final-state particle of massm and electric
charge (−e) scattering from a Coulomb potential with
source charge ðþZeÞ (we suppress the overall tree-level
amplitude factor):

M ¼
X∞
n¼0

MðnÞ

¼
X∞
n¼0

ð2mZe2Þn
Z

dDL1

ð2πÞD
Z

dDL2

ð2πÞD � � �

×
Z

dDLn

ð2πÞD
1

L2
1 þ λ2

1

ðL1 − pÞ2 − p2 − i0

×
1

ðL1 −L2Þ2 þ λ2
1

ðL2 − pÞ2 − p2 − i0
� � �

×
1

ðLn−1 −LnÞ2 þ λ2
1

ðLn − pÞ2 − p2 − i0
: ð6Þ

Here, D ¼ 3 − 2ϵ is the spatial dimension with dimen-
sional regularization parameter ϵ, and λ is a photon mass
regulator. The Schrodinger-Coulomb problem describes the

3An exception is the nonrelativistic Schrodinger Coulomb
wave function, which is UV finite to all orders.
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limit p ≪ ΛUV ≪ m, where ΛUV ∼ R−1 denotes the scale
of nuclear or hadronic structure.
The amplitude (6) can be evaluated at each order in

perturbation theory. With the photon mass regulator in
place, the integrals in Eq. (6) are UVand IR finite at ϵ → 0.
By convention Mð0Þ ¼ 1 and at one-loop order,

Mð1Þ ¼ 2mZe2
Z

dDL1

ð2πÞD
1

L2 þ λ2
1

ðL − pÞ2 − p2 − i0

→
im
p
Ze2

4π

�
log

2p
λ

−
iπ
2

�
; ð7Þ

where the final expression denotes the limit ϵ → 0, λ → 0.

A. Factorization

Two momentum regions [58,59] are relevant in the
integrals (6): the soft region with jLj ∼ λ; and the hard
region with jLj ∼ p. Neglecting power corrections in λ=p,
the amplitude may be written

M ¼ MSMH: ð8Þ

In the language of effective operators, MH represents a
matching coefficient and MS represents a low-energy
operator matrix element, when the full theory represented
by Eq. (6) is matched onto a low-energy theory containing
only soft degrees of freedom.4

B. Soft factor

The soft limit of Eq. (6) is readily seen to exponentiate,
yielding the soft factor to all orders [68,69],

MðnÞ
S ¼ 1

n!
ðMð1Þ

S Þn; ð9Þ

where the one-loop result is

Mð1Þ
S ¼ 2mZe2

Z
dDL
ð2πÞD

1

L2 þ λ2
1

−2p ·L − i0

¼ im
p

Ze2

ð4πÞ1−ϵ Γð1þ ϵÞλ−2ϵ 1

2ϵ
: ð10Þ

C. Hard factor

The hard factor can similarly be evaluated explicitly,
order by order in perturbation theory. The hard momentum
region is isolated by expanding at L2 ≫ λ2. At first
order,

Mð1Þ
H ¼ 2mZe2

Z
dDL
ð2πÞD

1

L2

1

ðL − pÞ2 − p2 − i0

¼ im
p
Ze2

4π

�ð16πÞϵΓð1
2
þ ϵÞffiffiffi

π
p

�
ð−4p2 − i0Þ−ϵ

�
−1
2ϵ

�

¼
�
iZᾱ
β

ð−4p2=μ2 − i0Þ−ϵ
��

−1
2ϵ

�
; ð11Þ

where5 β ¼ p=m and the MS coupling ᾱ is related to the
bare charge e in D ¼ 3 − 2ϵ dimensions as6

μ2ϵᾱðμÞ ¼ e2

4π

�ð16πÞϵΓ�1
2
þ ϵ

�
ffiffiffi
π

p
�
: ð12Þ

At ϵ → 0, it is readily seen that

Mð1Þ ¼ Mð1Þ
S þMð1Þ

H : ð13Þ

At second order

Mð2Þ
H ¼ð2mZe2Þ2

Z
dDL1

ð2πÞD
Z

dDL2

ð2πÞD
1

L2
1

1

ðL1−pÞ2−p2− i0

×
1

ðL1−L2Þ2
1

ðL2−pÞ2−p2− i0

¼
�
iZᾱ
β

ð−4p2=μ2− i0Þ−ϵ
�
2

×

�
1

8ϵ2
þ π2

12
þ5ζð3ÞϵþOðϵ2Þ

�
; ð14Þ

where the integral is evaluated in Appendix A. At third
order,

4In applications, IR divergences are regulated by physical
scales associated with e.g., bremsstrahlung radiation or screening
effects from atomic electrons [62]. It is interesting to note that a
photon mass mimics the Yukawa potential typical of the Thomas-
Fermi model of atomic screening [66,67].

5For the relativistic case, we use β ¼ p=E to denote the usual
relativistic velocity.

6Other common definitions in the literature are μ2ϵ4πᾱðμÞ=e2 ¼
ð4πÞϵΓð1þ ϵÞ or μ2ϵ4πᾱðμÞ=e2 ¼ ð4πÞϵ expð−γEϵÞ. The choice in
Eq. (12) is convenient for expressions arising from loop integrals in
three dimensions. These definitions only differ at order ϵ2 and
therefore yield identical expressions for the renormalized ampli-
tudes that we consider.
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Mð3Þ
H ¼ ð2mZe2Þ3

Z
dDL1

ð2πÞD
Z

dDL2

ð2πÞD
Z

dDL3

ð2πÞD
1

L2
1

1

ðL1 − pÞ2 − p2 − i0
1

ðL1 −L2Þ2

×
1

ðL2 − pÞ2 − p2 − i0
1

ðL2 −L3Þ2
1

ðL3 − pÞ2 − p2 − i0

¼
�
iZᾱ
β

ð−4p2=μ2 − i0Þ−ϵ
�
3
�
−1
48ϵ3

−
π2

24ϵ
−
13ζð3Þ

6
þOðϵÞ

�
: ð15Þ

The evaluation of this integral is also performed in
Appendix A. At higher-loop order, direct evaluation of
integrals becomes increasingly difficult. We will see how
wave function methods provide a closed-form expression
for arbitrary loop order.

D. Renormalization

Before turning to the all-orders discussion, we present
the renormalized hard matching coefficient through three-
loop order in the MS scheme. Identifying the above
amplitudes as bare matching coefficients, MH ≡Mbare

H ,
writing

Mbare
H ¼ Z−1MHðμÞ; ð16Þ

and requiring that ZðμÞ has only 1=ϵ terms when expressed
in terms of ᾱ, we find

Z−1 ¼ 1þ
X∞
n¼1

�
Zᾱ
β

�
n
zðnÞ; ð17Þ

with

zð1Þ ¼ −i
2ϵ

; zð2Þ ¼ −1
8ϵ2

; zð3Þ ¼ i
48ϵ3

: ð18Þ

The renormalized matching coefficient (at ϵ ¼ 0) is then

MHðμÞ ¼ 1þ Zα
β

�
π

2
þ i log

2p
μ

�

þ
�
Zα
β

�
2
�
π2

24
þ iπ

2
log

2p
μ

−
1

2
log2

2p
μ

�

þ
�
Zα
β

�
3
�
−
π3

48
−
iζð3Þ
3

þ iπ2

24
log

2p
μ

−
π

4
log2

2p
μ

−
i
6
log3

2p
μ

�
þOðα4Þ; ð19Þ

where ᾱ reduces to the on-shell QED coupling α at ϵ → 0
(recall that there are no dynamical leptons in the non-
relativistic theory). Since the productMSMH is UVand IR
finite (at λ ≠ 0), the quantity Z is identical to the (MS)
operator renormalization constant for the soft operator,

Mbare
S ¼ ZMSðμÞ: ð20Þ

From the explicit form of Eqs. (9) and (10), the renorm-
alization constant to all orders is given by

Z ¼ exp

�
iZᾱ
2βϵ

�
; ð21Þ

in agreement through three-loop order with Eq. (18). The
renormalized soft function is

MSðμÞ ¼ exp

�
iZα
β

log
μ

λ

�
: ð22Þ

E. Wave function solution and all-orders
hard function

We recognize Eq. (6) as the perturbative expansion of the
position-space wave function evaluated at r ¼ 0 for a
particle scattered by a Coulomb source and described by
the Hamiltonian,

H ¼ p2

2m
−
Zα
r
e−λr: ð23Þ

The all-orders solution at leading power is (see
Appendix B),

M ¼ ½ψ ð−Þð0Þ��

¼ Γ
�
1 −

iZα
β

�
exp

�
Zα
β

�
π

2
þ i log

2p
λ

− iγE

��

þO
�
λ

p

�
; ð24Þ

where ψ ð−Þ denotes the scattering solution that matches
asymptotically to a plane wave plus an ingoing spherical
wave. Combining Eqs. (22) and (24) we obtain the closed
form result

MHðμÞ¼
M

MSðμÞ

¼Γ
�
1−

iZα
β

�
exp

�
Zα
β

�
π

2
þ ilog

2p
μ
− iγE

��
: ð25Þ

This result reproduces the above results, cf. Eq. (19),
through three-loop order.
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IV. DIRAC-COULOMB PROBLEM

In place of Eq. (6), consider the amplitudes for a relativistic fermion in the Coulomb field of an extended object with a
charge form factor FðL2Þ

ūðpÞM ¼
X∞
n¼0

ðZe2Þn
Z

dDL1

ð2πÞD
Z

dDL2

ð2πÞD � � �
Z

dDLn

ð2πÞD
FðL2

1Þ
L2

1 þ λ2
1

ðL1 − pÞ2 − p2 − i0
FððL1 −L2Þ2Þ
ðL1 −L2Þ2 þ λ2

1

ðL2 − pÞ2 − p2 − i0
� � �

×
FððLn−1 −Ln−2Þ2Þ
ðLn−1 −LnÞ2 þ λ2

1

ðLn − pÞ2 − p2 − i0
ūðpÞγ0ðp− L1 þmÞγ0ðp− L2 þmÞ � � � γ0ðp− Ln þmÞ: ð26Þ

The Dirac-Coulomb problem corresponds to the hier-
archy p ∼m ≪ ΛUV. For FðL2Þ ¼ 1, E ¼ m, and
p − Li þm → 2m, the amplitude reduces to the
Schrodinger Coulomb problem (6). The fermionic case
represented by Eq. (26) involves nontrivial Dirac structure,
and a dependence on UVmomentum scales jLj ≫ p. In the
limit of a pointlike source we have FðL2Þ ¼ 1. Similar to
the Schrodinger-Coulomb case, we first consider the low-
order contributions. At one loop, for λ → 0 and ϵ → 0,

Mð1Þ ¼ 2EZe2
Z

dDL
ð2πÞD

1

L2 þ λ2
1

ðL − pÞ2 − p2 − i0

×

�
1 −

1

2E
γ0L

�

→
iZᾱ
β

��
log

2p
λ

−
iπ
2

�
þ 1

2

�
mγ0

E
− 1

��
: ð27Þ

Similar to Eq. (8), we can express the result, up to λ=E
power corrections as the product of soft and hard factors,
with MS as in Eq. (10), and MH now containing two
different Dirac structures,

MH ¼ MH1 þ
�
mγ0

E
− 1

�
MH2: ð28Þ

At tree level, the hard factor is given by

Mð0Þ
H1 ¼ 1; Mð0Þ

H2 ¼ 0; ð29Þ

and at one loop,

Mð1Þ
H1 ¼

�
iZᾱ
β

ð−4p2=μ2 − i0Þ−ϵ
��

−1
2ϵ

�
;

Mð1Þ
H2 ¼

�
iZᾱ
β

ð−4p2=μ2 − i0Þ−ϵ
��

1

2ð1 − 2ϵÞ
�
: ð30Þ

At two-loop order, using integrals from Appendix A,

Mð2Þ
H1 ¼

�
iZᾱ
β

ð−4p2=μ2 − i0Þ−ϵ
�
2

×
�
1

8ϵ2
þ π2

12
þ β2

�
−1
8ϵ

−
5

4

�
þOðϵÞ

�
;

Mð2Þ
H2 ¼

�
iZᾱ
β

ð−4p2=μ2 − i0Þ−ϵ
�
2
�
−1
4ϵ

−
1

2
þOðϵÞ

�
: ð31Þ

A. Factorization

The integrals in Eq. (26) are UV divergent by power
counting when FðL2Þ ¼ 1. The explicit computations
above show that MSMH is UV divergent beginning at
two-loop order, indicating sensitivity to short distance
physics. Regulating UV divergences with FðL2Þ introdu-
ces a new UV scale, and a corresponding momentum
region in loop diagrams with jLj ∼ ΛUV ≫ p. The factori-
zation formula is

M ¼ MSMHMUV: ð32Þ

In the following, we compute the explicit form of MUV
using an illustrative charge form factor. We then introduce
an alternative finite-distance regulator that permits an all
orders solution of MUV. Combined with an all orders
solution for the total amplitude M using the same UV
regulator, and the all orders solution ofMS, we then extract
MH to all orders in perturbation theory.

B. UV contribution from a charge form factor

In dimensional regularization, the factor MUV is com-
puted by setting λ ¼ p ¼ 0. For simplicity, we take

FðL2Þ ¼ Λ2
UV

Λ2
UV þL2

: ð33Þ

At one-loop order,

Mð1Þ
UV ¼ Ze2

Z
dDL
ð2πÞD

FðL2Þ
ðL2Þ2 γ

0γ ·L ¼ 0: ð34Þ
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Nontrivial contributions begin at two-loop order,

Mð2Þ
UV ¼ ðZe2Þ2

Z
dDL1

ð2πÞD
Z

dDL2

ð2πÞD
FðL2

1Þ
ðL2

1Þ2
FððL1 −L2Þ2Þ
L2

2ðL1 −L2Þ2
× γ0γ ·L1γ

0γ ·L2

¼ ½Zᾱðμ=ΛUVÞ2ϵ�2
�
−

1

8ϵ
−
1

2
þOðϵÞ

�
: ð35Þ

Let us compute renormalized expressions through two-loop
order. In the MS scheme, the renormalized soft function is
again given by Eq. (22),

MSðμSÞ ¼ 1þ iZα
β

log
μS
λ
−
ðZαÞ2
2β2

log2
μS
λ
þOðα3Þ: ð36Þ

The renormalized hard function through two-loop order is

MHðμS;μHÞ¼1þZα
β

�
i

�
log

2p
μS

−
iπ
2

�
þ i
2

�
m
E
γ0−1

��
þ
�
Zα
β

�
2
	
−π2

12
−
1

2

�
log

2p
μS

−
iπ
2

�
2

−
1

2

�
log

2p
μS

−
iπ
2

��
m
E
γ0−1

�
þ
�
5

4
−
1

2

�
log

2p
μH

−
iπ
2

��
β2


þOðα3Þ; ð37Þ

and the renormalized UV function for the form factor in Eq. (33) is

MUVðμHÞ ¼ 1þ ðZαÞ2
�
−
1

2
−
1

2
log

μH
ΛUV

�
þOðα3Þ: ð38Þ

It is readily checked that with the explicit results (36)–(38), the product (32) is independent of μS and μH through two-
loop order.

C. UV contribution with finite distance regulator

Consider the series of amplitudes representing the perturbative expansion of the Dirac wave function at finite distance:

ūðpÞMr ¼
X∞
n¼0

ðZe2Þn
Z

dDL1

ð2πÞD
Z

dDL2

ð2πÞD � � �
Z

dDLn

ð2πÞD e−iLn·r
1

L2
1 þ λ2

1

ðL1 − pÞ2 − p2 − i0

×
1

ðL1 −L2Þ2 þ λ2
1

ðL2 − pÞ2 − p2 − i0
� � � 1

ðLn−1 −LnÞ2 þ λ2
1

ðLn − pÞ2 − p2 − i0

× ūðpÞγ0ðp − L1 þmÞγ0ðp − L2 þmÞ � � � γ0ðp − Ln þmÞ: ð39Þ

For loop momentum jLj ≫ 1=jrj the rapid oscillations of
the exponential regulate the integral, and the finite distance
r acts as UV regulator. In the limit 1=r ≫ p, the amplitudes
are described by the factorization theorem Eq. (32).
The finite distance regulator is convenient since regu-

lated amplitudes correspond to coordinate space solutions
of the Dirac equation, which for jpj ≪ 1=r have a closed
form solution (cf. Appendix C). We may relate the finite
distance regulator scheme to a conventional MS-regulated
amplitude by applying the method of regions [58,59]. The
finite-distance regulated amplitude Mr satisfies the fac-
torization theorem (32),

Mr ¼ MSMHMUVðrÞ; ð40Þ
where the UV matching coefficient depends on r.
We will now show that MUVðrÞ can be computed to all

orders in perturbation theory. This fact is related to the

structure of the loop integrals with a finite distance regulator,
Eq. (39), as compared to a charge form factor, Eq. (26): the
regulator affects only the final (dDLn) loop integration, so
that all of the preceding integrals are recursively one-loop.
Details are presented inAppendixD, with the results for bare
amplitudes at arbitrary even and odd orders in perturbation
theory respectively:

Mð2nÞ
UV ¼ ð−1Þn

n!

�ðZα̃Þ2=8
ϵ

�
n
�Yn−1
m¼0

1

1þ 2mϵ

�
; ð41Þ

Mð2nþ1Þ
UV ¼ ð−1Þn

n!

�ðZα̃Þ2=8
ϵ

�
n
�Yn
m¼0

1

1þ 2mϵ

�

×

�
−Zα̃

iγ0γ · r̂
2

�
: ð42Þ
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The quantity α̃ is given in terms of the MS coupling ᾱ in
Eq. (12), by

α̃≡ ᾱ ×

�
μ2r2

16

�
ϵ Γ

�
1
2
− ϵ

�
Γ
�
1
2
þ ϵ

� : ð43Þ

As discussed in Appendix D, both series can be expressed in
closed form for arbitrary nonzero ϵ in terms of Bessel
functions. The MS renormalization constant can also be
computed in closed form. A careful treatment of the small-ϵ
asymptotics of the bare amplitudes, cf. Appendix D, then
yields the all orders result,

MUVðμÞ ¼ ðμr eγEÞη−1 1þ η

2
ffiffiffi
η

p
�
1 −

Zα
1þ η

iγ0γ · r̂

�
; ð44Þ

where η ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðZαÞ2

p
. The result (44) is renormalized in

the MS scheme using the coupling defined in Eq. (12).

D. Wave function solution and all orders hard function

The amplitude (39) is related to the perturbative expan-
sion of a solution to the Dirac equation,

�
−iγ0γ · ∂þmγ0 −

Zα
r
e−λr

�
ψ ¼ Eψ ; ð45Þ

namely:

ūðpÞM ¼ ½ψ ð−Þð−rÞ�†γ0; ð46Þ

where ψ ð−ÞðrÞ denotes the solution that is asymptotically a
plane wave plus incoming spherical wave. The solution,
ignoring power corrections in λ=p and p=r−1, is

ψ ð−ÞðrÞ ¼ eiϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ ηm
Eþm

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðZ; E; rÞ

p �
1þ iZα

1þ η
γ0γ · r̂

�

×

�
1þM

2
þ 1 −M

2
γ0
�
uðpÞ: ð47Þ

Here FðZ; E; rÞ is the Fermi function,

FðZ;E;rÞ¼ 2ð1þηÞ
½Γð2ηþ1Þ�2 jΓðηþ iξÞj2eπξð2prÞ2ðη−1Þ; ð48Þ

the phase factor eiϕ is given by

eiϕ ¼ e−iξðlog
2p
λ −γEÞþiðη−1Þπ

2
Γðηþ iξÞ
jΓðηþ iξÞj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ηþ iξ
1þ iξ m

E

s
; ð49Þ

and the quantity M is given by

M ¼ Eþm
Eþ ηm

�
1þ iξ

m
E

�
: ð50Þ

In the Dirac (i.e., “Bjorken and Drell”) basis for γμ

and with relativistic normalization uðpÞ†uðpÞ ¼ 2E, the
expression is

ψ ð−ÞðrÞ ¼ eiϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðZ; E; rÞ

p �
1þ iZα

1þ η
γ0γ · r̂

�
UðpÞ; ð51Þ

where

UðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ ηm

p �
1

ð1þ iξ m
EÞ σ·p

Eþηm

�
χ; ð52Þ

and χ is a two-component spinor. Using Eq. (46), the
explicit all orders results for MS in Eq. (22), and MUV in
Eq. (44), the hard function appearing in the factorization
formula (32) is

MHðμS; μHÞ ¼ M−1
S ðμSÞMM−1

UVðμHÞ

¼ e
πξ
2
þiξðlog2pμS−γEÞ−iðη−1Þ

π
2
2Γðη − iξÞ
Γð2ηþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − iξ
1 − iξ m

E

s

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ ηm
Eþm

r ffiffiffiffiffiffiffiffiffiffiffi
2η

1þ η

s �
2pe−γE

μH

�
η−1

×

�
1þM�

2
þ 1 −M�

2
γ0
�
: ð53Þ

The amplitude has been explicitly decomposed into sep-
arate factors depending on a single scale, λ, p, or r−1 (here
we are not distinguishing the scales p, m, and E). We
remark that the explicit appearance of expðγEÞ accompany-
ing 2p=μ in Eq. (53) may seem unexpected since the
hard amplitude must match conventional MS renormalized
amplitudes order by order in perturbation theory. However,
these factors cancel against implicit factors7 of γE from the
expansion of Γðη − iξÞ=Γð1þ 2ηÞ.
Given Eq. (53) we can extract the anomalous dimension

for contact operators to all orders in Zα. We differentiate
MH with respect to μH and obtain

γO ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðZαÞ2

q
− 1: ð54Þ

7This can be seen most easily by noting that the two
perturbative parameters that appear are η − 1 ∼Oð½Zα�2Þ and
ξ ∼OðZαÞ. Then, using Γð1þ2ηÞ¼2ηð2η−1ÞΓð1þ2ðη−1ÞÞ and
logΓð1þzÞ¼− logð1þzÞþzð1−γEÞþ

P∞
n¼2ð−1ÞnðζðnÞ−1Þznn ,

it is easy to show that the combination e−iξγEΓðη − iξÞe−ðη−1ÞγE=
Γð1þ 2ηÞ contains no factors of γE at any order in perturbation
theory.
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This is the contribution to the anomalous dimension from
each light-particle leg. For example the operator mediating
Eq. (1) has an anomalous dimension of 2γO. For an
operator mediating a beta decay, A½Zþ1�→B½Z�þlþν,
Eq. (54) is the leading-Z contribution to the anomalous
dimension [50,51]. Including the one-loop beta function
with nf dynamical fermions, the scale dependence of
contact operators can be obtained in closed formZ

αH

αL

dα0
γHðα0Þ
βðα0Þ ¼

Z
αH

αL

dα0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−Z2α02

p
−1

2nf
3π α

02

¼ 3π

2nf

	
1−ηH
αH

−
1−ηL
αL

−Z½arcsinðZαHÞ−arcsinðZαLÞ�


; ð55Þ

where we have introduced the notation ηL;H ¼ ηðαL;HÞ.
This expression is useful when analyzing QED radiative
corrections for the beta decays of heavy nuclei [50].
The hard function (53), describes the limit p∼m≪ΛUV,

where ΛUV ∼ R−1 denotes the scale of nuclear or hadronic
structure. When the lepton is nonrelativistic, p≪m≪ΛUV,
it is convenient to expand the hard function as

MH ¼ Mþ
HPþ þM−

HP−; ð56Þ

where P� ¼ ð1� γ0Þ=2. Allowing for arbitrary values of ξ,
we find through second order in β,

Mþ
H ¼ e

πξ
2
þiξðlog2pμS−γEÞΓð1 − iξÞ

	
1þ β2

�
−
i
4
ξþ ξ2

�
−
1

2
log

2p
μH

þ 5

4
þ iπ

4
−
γE
2
−
1

2
ψð1 − iξÞ

��

;

M−
H ¼ e

πξ
2
þiξðlog2pμS−γEÞΓð2 − iξÞ

	
1þ β2

�
i
4
ξþ ξ2

�
−
1

2
log

2p
μH

þ 3

2
þ iπ

4
−
γE
2
−
1

2
ψð2 − iξÞ

��

; ð57Þ

where ψ denotes the digamma function, ψðxÞ¼Γ0ðxÞ=ΓðxÞ.
At each order in β2, the expressions (57) sum an infinite
series of terms involving powers ξn. At β → 0, the leading
term for the “large” upper component Mþ

H reduces to the
Schrodinger-Coulomb result (25) which corresponds to a
“nonrelativistic Fermi function,” cf. Refs. [49,60].

V. DISCUSSION

The formula (32), and its nonrelativistic analog (8),
provides an all orders explicit demonstration of factorization
for the Coulomb problem.We find that Coulomb corrections
factorize among different legs for a contact interaction (see
Sec. II). The universal hard matching coefficient in this
formula, MH in Eq. (53), can be applied to different
processes, and large logarithms can be summed to all orders
using renormalization group methods. The nonrelativistic
limit for p ≪ m ≪ ΛUV is given by Eq. (57). By identifying
the amplitudes as quantum field theory objects in a standard
regularization scheme (i.e., MS scheme in dimensional
regularization), we can systematically compute subleading
perturbative contributions andmatch to hadronic and nuclear
matrix elements. More detailed discussions of these points
are presented elsewhere [9,50,51]. It is interesting to note that
for unpolarized observables to beta decay, the spin-summed
matrix element squared,8

hjMHj2i ¼ FðZ; EÞjrH ×
4η

ð1þ ηÞ2 ; ð58Þ

differs from the historically defined Fermi function even
when evaluated at r−1H ¼ μHeγE . We observe that finite-
distance regulated amplitudes have special algebraic proper-
ties that allow for explicit all orders expressions, for both
bare and renormalized matrix elements as shown explicitly
in Eqs. (41), (42), and (44). This example of all-orders
renormalization may be of formal interest.
As an illustration of how the formalism applies to

different processes, let us return to Eq. (1). For definiteness,
suppose that the neutral current reaction is mediated by
exchange of a vector boson of mass mB. The tree-level
amplitude depicted in Eq. (2) takes the form

Mtree ¼ m2
B

m2
B − ðp1 þ p2Þ2

ūðp1ÞΓtreevðp2Þ; ð59Þ

where Γtree ¼ γ0ðAþ Bγ5Þ for some numbers A and B.
When Λ ≫ mB ≫ p, the boson mass plays the role of UV
regulator.9 The factorization formula describing the infinite
sum in Eq. (2) is

M ¼ ūðp1ÞMSðp1ÞMHðp1ÞMUVM̄Hðp2ÞM̄Sðp2Þvðp2Þ:
ð60Þ

8Explicitly we define hjMHj2i ≔
P

spins jūMHγ0PLvj2=P
spins jūγ0PLvj2 where γ0PL ¼ γμvμPL is the tree-level Dirac

structure, with vμ ¼ ð1; 0; 0; 0Þ.

9We have in mind a Z0 boson extending the Standard Model.
The amplitudes are equivalent to a Standard Model Z boson in the
formal limit Λnuc ≫ mZ ≫ me.
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Here the conjugate amplitude is denoted M̄ ¼ γ0M†γ0. It
is straightforward to compute MUV from the diagrams in
Eq. (2), neglecting charged lepton masses and momenta.
Through two-loop order, after MS renormalization,

MUVðμÞ ¼ Γtree

�
1þ ðZαÞ2

�
1

2
log

μ2

m2
B
−
3

4

��
: ð61Þ

It is readily seen that the scale dependence of MUVðμHÞ
cancels against the product of MHðμHÞ for the charged
leptons.
An important application of the formalism presented

above is to the description of precision nuclear beta decay,
e.g., for jVudj determination [36] and tests of first row
CKM unitarity [23,24,26,36,40–44,49,70,71]. Consider the
decay of a heavy atom to a negatively charged ion, a
positron, and a neutrino [22,25,30,72–87],

A → I− þ eþ þ νe: ð62Þ

Beta decays are a complicated multiscale problem, involv-
ing energies from the weak scale ∼100 GeV, down to
scales set by atomic screening ∼100 eV. Structure depen-
dent corrections e.g., due to nuclear charge distributions,
can be subsumed into a short-distance Wilson coefficient in
the pointlike theory considered here. The embedding of
Coulomb corrections in a broader EFT framework is crucial
for the systematic separation of physical scales and
computation of QED radiative corrections. For charged
current processes such as beta decays, the charge-mismatch
between the initial and final heavy particle (i.e., nucleus)
introduce subleading effects whose analysis can be sub-
stantially simplified using eikonal algebra [63]. Systematic
evaluation of these subleading corrections differ from
previous phenomenological approaches and lead to numeri-
cal differences that are larger than the existing estimated
error budget for outer radiative corrections [36,50]; detailed
calculations are presented elsewhere [50,51].
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APPENDIX A: LOOP INTEGRALS

We collect here some results for loop integrals that are
used in the main text. Integrals are defined in Euclidean
D-dimensional space with D ¼ 3 − 2ϵ.

1. Two-loop integrals

a. Scalar integrals

Consider the two-loop integral

Jða1; a2; a3; a4; a5Þ

¼
Z

dDL2

ð2πÞD
dDL1

ð2πÞD
1

½L2
2�a1

1

½ðp −L2Þ2 − p2�a2
1

½L2
1�a3

×
1

½ðp −L1Þ2 − p2�a4
1

½ðL1 −L2Þ2�a5
: ðA1Þ

Using that the integral of a total derivative vanishes in
dimensional regularization, and inserting ð∂=∂Li

2ÞLi
2 and

ð∂=∂Li
2ÞLi

1 under the integral, yields the following “inte-
gration by parts” [88] relation,

0 ¼ D − a1 − a2 − 2a5 − a11þð5− − 3−Þ
− a22þð5− − 4−Þ; ðA2Þ

where we use the shorthand m� to denote the raising
or lowering indices in J, e.g., 2�Jða1; a2; a3; a4; a5Þ ¼
Jða1; a2 � 1; a3; a4; a5Þ. In particular, for the two-loop
integral appearing in Eq. (14),

Jð0; 1; 1; 1; 1Þ ¼ 1

D − 3
½Jð0; 2; 1; 1; 0Þ − Jð0; 2; 1; 0; 1Þ�;

ðA3Þ
where the integrals on the right-hand side are recursively
one-loop and are readily evaluated:

Jð0;2;1;1;0Þ¼ ð−p2− i0Þ−1−2ϵ
�
Γð1

2
þ ϵÞ

ð4πÞ32−ϵ
�
2
�
−1
2ϵ

�
; ðA4Þ

Jð0; 2; 1; 0; 1Þ ¼ ð−p2 − i0Þ−1−2ϵ
�
Γð1

2
þ ϵÞ

ð4πÞ32−ϵ
�
2

×
Γ
�
1
2
− ϵ

�
2
Γð1þ 2ϵÞΓð−4ϵÞ

Γ
�
1
2
þ ϵ

�
Γð1 − 2ϵÞΓ

�
1
2
− 3ϵ

� : ðA5Þ
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b. Vector and tensor integrals

In the evaluation of the hard function for a relativistic lepton, Eq. (31), we encounter the following two-loop integrals:

Jiða1; a2; a3; a4; a5Þ ¼
Z

dDL2

ð2πÞD
dDL1

ð2πÞD
Li
2

½L2
2�a1

1

½ðp −L2Þ2 − p2�a2
1

½L2
1�a3

1

½ðp −L1Þ2 − p2�a4
1

½ðL1 −L2Þ2�a5
; ðA6Þ

Jijða1; a2; a3; a4; a5Þ ¼
Z

dDL2

ð2πÞD
dDL1

ð2πÞD
Li
2L

j
1

½L2
2�a1

1

½ðp −L2Þ2 − p2�a2
1

½L2
1�a3

1

½ðp −L1Þ2 − p2�a4
1

½ðL1 −L2Þ2�a5
: ðA7Þ

In particular, we require the contractions piJið1; 1; 0; 1; 1Þ, piJið0; 1; 1; 1; 1Þ, and δijJijð0; 1; 1; 1; 1Þ, which by partial-
fractioning can be written,

2piJið1; 1; 0; 1; 1Þ ¼ Jð0; 1; 0; 1; 1Þ − Jð0; 1; 1; 0; 1Þ;
2piJið0; 1; 1; 1; 1Þ ¼ Jð−1; 1; 1; 1; 1Þ − Jð0; 0; 1; 1; 1Þ;
2δijJijð0; 1; 1; 1; 1Þ ¼ Jð0; 1; 0; 1; 1Þ þ Jð−1; 1; 1; 1; 1Þ − Jð0; 1; 1; 1; 0Þ: ðA8Þ

Applying the integration by parts identity (A2) yields

Jð−1; 1; 1; 1; 1Þ ¼ 1

D − 2
½−Jð0; 1; 1; 1; 0Þ þ Jð0; 1; 0; 1; 1Þ þ Jð−1; 2; 1; 1; 0Þ − Jð−1; 2; 1; 0; 1Þ�: ðA9Þ

The remaining integrals are recursively one-loop and are given by

Jð−1; 2; 1; 0; 1Þ ¼ ð−p2 − i0Þ−2ϵ
"
Γ
�
1
2
þ ϵ

�
ð4πÞ32−ϵ

#
2 Γ

�
1
2
− ϵ

�
2Γð2ϵÞΓð2 − 4ϵÞ

Γ
�
1
2
þ ϵ

�
Γð1 − 2ϵÞΓ�3

2
− 3ϵ

� ;
Jð−1; 2; 1; 1; 0Þ ¼ ð−p2 − i0Þ−2ϵ

"
Γ
�
1
2
þ ϵ

�
ð4πÞ32−ϵ

#
2
2ð1 − ϵÞ
ϵð1 − 2ϵÞ ;

Jð0; 0; 1; 1; 1Þ ¼ 0;

Jð0; 1; 0; 1; 1Þ ¼ ð−p2 − i0Þ−2ϵ
"
Γ
�
1
2
þ ϵ

�
ð4πÞ32−ϵ

#
2

1

ϵð1 − 2ϵÞ ;

Jð0; 1; 1; 0; 1Þ ¼ ð−p2 − i0Þ−2ϵ
"
Γ
�
1
2
þ ϵ

�
ð4πÞ32−ϵ

#
2 Γ

�
1
2
− ϵ

�
2Γð2ϵÞΓð1 − 4ϵÞ

Γ
�
1
2
þ ϵ

�
Γð1 − 2ϵÞΓ�3

2
− 3ϵ

� ;
Jð0; 1; 1; 1; 0Þ ¼ ð−p2 − i0Þ−2ϵ

"
Γ
�
1
2
þ ϵ

�
ð4πÞ32−ϵ

#
2

1

ϵð1 − 2ϵÞ : ðA10Þ

2. Three-loop integrals

Consider the three-loop integral,

Iða2; a4; a5Þ ¼
Z

dDL1

ð2πÞD
Z

dDL2

ð2πÞD
Z

dDL3

ð2πÞD
1

L2
1

1

ðL1 − pÞ2 − p2

1

ðL1 −L2Þ2
1

½ðL2 − pÞ2 − p2�a4
1

½ðL2 −L3Þ2�a5

×
1

½ðL3 − pÞ2 − p2�a2 : ðA11Þ

Integration by parts identities are [cf. Eq. (A2) at a1 ¼ 0],

0 ¼ D − a2 − 2a5 − a22þð5− − 4−Þ; ðA12Þ
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so that the integral of interest in Eq. (15) is

Ið1; 1; 1Þ ¼ 1

D − 3
½Ið2; 1; 0Þ − Ið2; 0; 1Þ�: ðA13Þ

The first integral in Eq. (A13) is given by the product of two- and one-loop integrals,

Ið2; 1; 0Þ ¼
�Z

dDL1

ð2πÞD
Z

dDL2

ð2πÞD
1

L2
1

1

ðL1 − pÞ2 − p2

1

ðL1 −L2Þ2
1

ðL2 − pÞ2 − p2

��Z
dDL3

ð2πÞD
1

½ðL3 − pÞ2 − p2�2
�

¼ Jð0; 1; 1; 1; 1Þð−p2 − i0Þ−1
2
−ϵ Γ

�
1
2
þ ϵ

�
ð4πÞ32−ϵ ; ðA14Þ

where Jð0; 1; 1; 1; 1Þ is evaluated above. The second integral in Eq. (A13) is recursively two-loop,

Ið2; 0; 1Þ ¼
Z

dDL1

ð2πÞD
Z

dDL3

ð2πÞD
1

L2
1

1

ðL1 − pÞ2 − p2

1

½ðL3 − pÞ2 − p2�2
�Z

dDL2

ð2πÞD
1

ðL1 −L2Þ2
1

ðL2 −L3Þ2
�

¼
Z

dDL1

ð2πÞD
Z

dDL3

ð2πÞD
1

L2
1

1

ðL1 − pÞ2 − p2

½ðL1 −L3Þ2�−1
2
−ϵ

½ðL3 − pÞ2 − p2�2 ×
Γ
�
1
2
þ ϵ

�
ð4πÞ32−ϵ B

�
1

2
− ϵ;

1

2
− ϵ

�

¼ Γ
�
1
2
þ ϵ

�
ð4πÞ32−ϵ B

�
1

2
− ϵ;

1

2
− ϵ

�
J

�
0; 2; 1; 1;

1

2
þ ϵ

�
: ðA15Þ

To evaluate Jð0; 2; 1; 1; 1
2
þ ϵÞ, we first perform the L3 integral in Eq. (A15),

Z
dDL3

ð2πÞD
1

½ðL3−pÞ2−p2�2 ½ðL1−L3Þ2�−1
2
−ϵ¼ Γð1þ2ϵÞ

Γ
�
1
2
þ ϵ

�ð4πÞD=2

Z
1

0

dxx−2ϵð1−xÞ−3
2
−ϵ
�
ðL1−pÞ2− p2

1−x

�−1−2ϵ
; ðA16Þ

so that

J

�
0; 2; 1; 1;

1

2
þ ϵ

�
¼ Γð1þ 2ϵÞ

Γ
�
1
2
þ ϵ

�ð4πÞD=2

Z
1

0

dx x−2ϵð1 − xÞ−3
2
−ϵKð1; 1; 1þ 2ϵÞ; ðA17Þ

where we introduce

Kða1; a2; a3Þ ¼
Z

dDL
ð2πÞD

1

½L2�a1
1

½ðL − pÞ2 − p2�a2
1

½ðL − pÞ2 − p2=ð1 − xÞ�a3 : ðA18Þ

Integration by parts for K yields

0 ¼ D − 2a1 − a2 − a22þ1− − a33þð1− þ 2−Þ; ðA19Þ

so that

Kð1; 1; 1þ 2ϵÞ ¼ 1

D − 3
fKð0; 2; 1þ 2ϵÞ þ ð1þ 2ϵÞ½Kð0; 1; 2þ 2ϵÞ þ Kð1; 0; 2þ 2ϵÞ�g: ðA20Þ

As a function of the integration variable x in Eq. (A17), the terms on the right side of Eq. (A20) are
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Kð0; 2; 1þ 2ϵÞ ¼ ð−p2Þ−3
2
−3ϵ

ð4πÞD=2

Γð3
2
þ 3ϵÞ

Γð1þ 2ϵÞ
Z

1

0

dz zð1 − zÞ2ϵ
�
zþ 1 − z

1 − x

�
−3
2
−3ϵ

;

Kð0; 1; 2þ 2ϵÞ ¼ ð−p2Þ−3
2
−3ϵ

ð4πÞD=2

Γð3
2
þ 3ϵÞ

Γð2þ 2ϵÞ
Z

1

0

dzð1 − zÞ1þ2ϵ

�
zþ 1 − z

1 − x

�
−3
2
−3ϵ

;

Kð1; 0; 2þ 2ϵÞ ¼ ð−p2Þ−3
2
−3ϵ

ð4πÞD=2

Γð3
2
þ 3ϵÞ

Γð2þ 2ϵÞ
Z

1

0

dzð1 − zÞ1þ2ϵ

�
−zð1 − zÞ þ 1 − z

1 − x

�
−3
2
−3ϵ

: ðA21Þ

Each integral may be evaluated as a series in ϵ, yielding,

J

�
0; 2; 1; 1;

1

2
þ ϵ

�
¼ Γð3

2
þ 3ϵÞð−p2Þ−3

2
−3ϵ

Γð1
2
þ ϵÞð4πÞD

−1
2ϵ

	
−1
3ϵ

þ 4

3
log 2þ 2þ

�
5π2

9
−
8

3
log22 − 8 log 2 − 12

�
ϵ

þ
�
−
62ζð3Þ

3
−
10π2

3
þ 72þ 32

9
log32þ 16log22þ

�
−
20π2

9
þ 48

�
log 2

�
ϵ2 þOðϵ3Þ



: ðA22Þ

APPENDIX B: WAVE FUNCTION SOLUTION:
SCHRODINGER-COULOMB

Consider the Lippmann-Schwinger equation and its
related Born series for the solution of the Schrodinger
equation,

ψ ð�Þ
p ðxÞ¼ hxj

�
1þ 1

E− Ĥ0� i0
V̂

þ 1

E− Ĥ0� i0
V̂

1

E− Ĥ0� i0
V̂þ…

�
jpi; ðB1Þ

where Ĥ0 ¼ p̂2=ð2mÞ is the free Hamiltonian and V̂ ¼
Vðx̂Þ is the potential. For a finite range potential, the þi0
(−i0) prescription in Eq. (B1) corresponds to a plane wave
plus outgoing (incoming) spherical wave at large distance.
Inserting a complete set of momentum eigenstates we
arrive at

ψ ð�Þ
p ðxÞ ¼ eip·x

�
1þ

Z
d3L
ð2πÞ3 e

iL·x −2m
2p ·LþL2 ∓ i0

ṼðLÞ

þ
Z

d3L1

ð2πÞ3
d3L2

ð2πÞ3 e
iL2·x

−2m
2p ·L2 þL2

2 ∓ i0

× ṼðL2 −L1Þ
−2m

2p ·L1 þL2
1 ∓ i0

ṼðL1Þ þ…

�
;

ðB2Þ

where ṼðLÞ ¼ R
d3x eiL·xVðxÞ is the potential in momen-

tum space. In particular, for a Yukawa potential, VðxÞ ¼
ð−Ze2Þ expð−λjxjÞ=ð4πjxjÞ, we have ṼðLÞ ¼ −Ze2=
ðL2 þ λ2Þ. Setting x → 0 and choosing the outgoing þi0

prescription, the wave function ψ ðþÞ
p ð0Þ provides an all

orders solution for the amplitude Eq. (6).

Let us solve the Schrodinger equation,

�
−

1

2m
∇2 −

Zα
r
e−λr

�
ψðxÞ ¼ p2

2m
ψðxÞ; ðB3Þ

in the limit where λ ≪ jpj (but to all orders in Zα). Here
r ¼ jxj. Let us write ψpðx; λÞ ¼ eip·xFpðx; λÞ. Choosing p
along the ẑ direction, p ¼ pẑ, we look for the solution that
reduces to F ¼ 1 at z → −∞ to obtain ψ ðþÞ, and the
solution that reduces to F ¼ 1 at z → þ∞ for ψ ð−Þ. The
differential equation for F is

�
−
1

2
∇2 − ip ·∇ −

mZα
r

e−λr
�
FðxÞ ¼ 0: ðB4Þ

We may now apply boundary layer theory [89], solving
for solutions at short and long distances and matching
the solutions in their common domain of validity
p−1 ≪ r ≪ λ−1. For r ≪ λ−1, the Schrodinger equation is

�
−
1

2

∇2

p2
− i

p̂ · ∇!
p

−
ξ

pr

�
F< ¼ 0; ðB5Þ

with solution

FðþÞ
< ðxÞ ¼ Nðp; λÞ1F1ðiξ; 1; ipðr − zÞÞ; ðB6Þ

where 1F1ða; b; cÞ is the confluent hypergeometric func-
tion. For r ≫ p−1, the Schrodinger equation is

�
−i

p̂ · ∇!
λ

−
ξ

λr
e−λr

�
F> ¼ 0; ðB7Þ

with solution
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FðþÞ
> ðxÞ ¼ exp

�
iξ
Z

z

−∞
dz0;

e−λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z02þr2−z2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z02 þ r2 − z2

p
�
: ðB8Þ

In the overlap region p−1 ≪ r ≪ λ−1, the respective
solutions can be expanded as

FðþÞ
< → Nðp; λÞ 1

Γð1 − iξÞ exp
	
−
πξ

2
− iξ log½pðr − zÞ�



;

FðþÞ
> → exp

	
iξ

�
− log

λðr − zÞ
2

− γE

�

: ðB9Þ

Identifying FðþÞ
< ¼ FðþÞ

> in the overlap region, and
using that 1F1ða; b; 0Þ ¼ 1, we have, up to λ=p power
corrections,

ψ ðþÞ
p ðx ¼ 0Þ ¼ Nðp; λÞ

¼ Γð1 − iξÞ exp
	
π

2
ξþ iξ

�
log

2p
λ

− γE

�

:

ðB10Þ

The incoming solution ψ ð−Þ
p ðxÞ is given by Fð−ÞðxÞ ¼

½FðþÞð−xÞ��.

APPENDIX C: WAVE FUNCTION
SOLUTION: DIRAC-COULOMB

The Dirac equation can be similarly shown to have a
Lippmann-Schwinger solution and associated Born series.
Let us define ΦðxÞ ¼ uðpÞeip·x, where uðpÞ is a Dirac
spinor. The solution of the Dirac equation with a potential
can be written as

ψ ð�ÞðxÞ¼
�
1þ

Z
d3L
ð2πÞ3 e

iL·x 1

pþL−m� i0
γ0ṼðLÞ

þ
Z

d3L2

ð2πÞ3
d3L1

ð2πÞ3 e
iL2·x

1

pþL2−m� i0
γ0ṼðL1−L2Þ

1

pþL1−m� i0
γ0ṼðL1Þþ �� �

�
ΦðxÞ: ðC1Þ

The amplitude of interest, Eq. (39), is given by ūðpÞMr ¼
ψ̄ ð−Þð−rÞ ¼ ½ψ ð−Þð−rÞ�†γ0. We require the solution ψ ð−Þ
with a small but nonzero photon mass λ. References [90,91]
present the angular momentum components for the strict
λ ¼ 0 solution, which is related to our problem by a
normalization that must be computed.
To determine the complete solution including λ depend-

ence, we identify this solution with ψ ð−Þ
< , up to a normali-

zation that is fixed by matching to ψ ð−Þ
> in the overlapping

region of validity. For simplicity we perform the matching
by projecting onto the S-wave component of the outgoing
spherical wave.
Let us consider the upper components of ψ ð�Þ in the

Dirac basis for γμ, and introduce

1þ γ0
2

ψ ð�ÞðxÞ ¼ eip·xFð�Þ
p ðx; λÞ

�
χ

0

�
; ðC2Þ

where χ is a 2-component spinor. Similar to the
Schrodinger-Coulomb problem, we look for solutions
F> when r ≫ p−1, and F< when r ≪ λ−1.
The large-distance solution obeys an identical equation

to the Schrodinger-Coulomb problem (with ξ ¼ Zα=β and
β ¼ p=E representing the relativistic velocity). The sol-

ution for Fð−Þ
> is given in Appendix B, and for the matching

we require the small-r limit. Considering the outgoing
spherical wave component, the S-wave projection is

ψ ð−Þ
> →

eipr

2ipr
exp

�
−iξ

�
log

2p
λ
− γE

�
þ iξ logð2prÞ

�
: ðC3Þ

The relevant component of the small-r solution involves the
quantity [90,92]

Cðp; λÞf−1ðprÞ ¼ Cðp; λÞeπξ2 jΓðηþ iξÞj
Γð2ηþ 1Þ ð2prÞ

η−1fe−iprþiκðηþ iξÞ1F1ðηþ 1þ iξ; 2ηþ 1; 2iprÞ þ c:c:g; ðC4Þ

where expðiκÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ imξ=EÞ=ðηþ iξÞp
. From the large-r limit of this expression, taking the outgoing spherical wave

component, we have

ψ ð−Þ
< → Cðp; λÞ jΓðηþ iξÞj

Γðηþ iξÞ
eipr

2ipr
exp

�
iξ logð2prÞ − iðη − 1Þ π

2
þ iκ

�
: ðC5Þ
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Comparison of Eqs. (C3) and (C5) in the overlap region p−1 ≪ r ≪ λ−1 determines Cðp; λÞ. Using 1F1ða; b; 0Þ ¼ 1, and
taking the r → 0 limit of the complete solution, we have [cf. Eq. (16) of Ref. [92] ]

lim
r→0

ψ ð−Þðx; λÞ ¼ eiξ½− logð2p=λÞþγE�eπξ=2Γðηþ iξÞ × 1þ ηþ iξ
�
1 − m

E

�
Γð1þ 2ηÞ e−ið1−ηÞπ=2ð2prÞη−1

×

�
1þ Zα

1þ η

iγ0γ · x
jxj

���
1þM

2

�
þ
�
1 −M

2

�
γ0

�
uðpÞ; ðC6Þ

where

M ¼ Eþm
Eþ ηm

�
1þ iξ

m
E

�
: ðC7Þ

APPENDIX D: ALL-ORDERS UV FUNCTION WITH A FINITE-DISTANCE REGULATOR

We can compute the UV matching coefficient introduced in Eq. (40) by setting λ ¼ p ¼ 0 and evaluating the remaining
integrals using dimensional regularization. Examining the perturbative series we find that the (bare, unrenormalized) UV
matrix element has the following structure:

Mbare
UV ¼ Fbare

1 − Fbare
2 ×

iγ0γ · x
2jxj ; ðD1Þ

where

Fbare
1 ¼

X∞
n¼0

ðZe2Þ2nI ðnÞ
1 ; Fbare

2 ×
iγ0γ · x
2jxj ¼ ð−1Þ ×

X∞
n¼0

ðZe2Þ2nþ1I ðnÞ
2 : ðD2Þ

In particular, all even orders of perturbation theory contribute to F1 and all odd orders to F2. The lowest order loop integrals

are given by I ð0Þ
1 ¼ 1,

I ð1Þ
1 ¼

Z
dDL1

ð2πÞD
dDL2

ð2πÞD e−iL2·x
γ0γ ·L2

L2
2

1

ðL2 −L1Þ2
γ0γ ·L1

L2
1

1

L2
1

;

I ð0Þ
2 ¼

Z
dDL1

ð2πÞD e−iL1·x
γ0γ ·L1

L2
1

1

L2
1

; ðD3Þ

and for higher orders,

I ðnÞ
1 ¼

Z
dDL2n

ð2πÞD e−iL2n·x
γ0γ ·L2n

L2
2n

�Y2n−1
i¼2

Z
dDLi

ð2πÞD
γ0γ ·Li

L2
i

1

ðLi −Liþ1Þ2
� Z

dDL1

ð2πÞD
1

ðL2 −L1Þ2
γ0γ ·L1

L2
1

1

L2
1

;

I ðnÞ
2 ¼

Z
dDL2nþ1

ð2πÞD e−iL2nþ1·x
γ0γ ·L2nþ1

L2
2nþ1

�Y2n
i¼2

Z
dDLi

ð2πÞD
γ0γ ·Li

L2
i

1

ðLi −Liþ1Þ2
� Z

dDL1

ð2πÞD
1

ðL2 −L1Þ2
γ0γ ·L1

L2
1

1

L2
1

: ðD4Þ

These integrals are recursively one-loop, and can be evaluated by repeated use of the following identity:

CðνjÞ
1

ðL2
2jþ1Þνjþ1−1

¼
Z

dDL2j−1

ð2πÞD
dDL2j

ð2πÞD
1

ðL2jþ1 −L2jÞ2
γ0γ ·L2j

L2
2j

1

ðL2j −L2j−1Þ2
γ0γ ·L2j−1

ðL2
2j−1Þνj

¼ 1

ð4πÞD
Γðνj þ 2 −DÞ

ΓðνjÞ
B

�
D
2
− 1; 1þD

2
− νj

�
B

�
D
2
− 1; D − νj − 1

��
1

L2
2jþ1

�
νjþ2−D

; ðD5Þ

where ν1 ¼ 2 and νjþ1 ¼ νj þ 3 −D so that νj ¼ 2þ 2ðj − 1Þϵ. The final integral involving e−iL2n·x for I ðnÞ
1 (or e−iL2nþ1·x

for I ðnÞ
2 ) can be evaluated with a Schwinger parameter, yielding
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I ðnÞ
1 ¼

�Yn−1
j¼1

CðνjÞ
�
×
ΓðD− νn− 1Þ
ð4πÞDΓðνnÞ

B

�
D
2
− 1;1þD

2
− νn

�

×

�
x2

4

�
νnþ1−D

;

I ðnÞ
2 ¼

�Yn
j¼1

CðνjÞ
��

2ΓðD
2
− νnþ1þ 1Þ

ð4πÞD=2Γðνnþ1Þ
��

x2

4

�
νnþ1−ðDþ1Þ=2

×
−iγ0γ ·x
2jxj : ðD6Þ

Using the properties of the Gamma function, the functions
F1 and F2 can be shown to have the following series
expansion:

Fbare
1 ¼

X∞
n¼0

g̃n
ð−1Þn
n!

�
1

ϵ

�
n
�Yn−1
m¼0

1

ð1þ 2mϵÞ
�
;

Fbare
2 ¼ Zα̃

X∞
n¼0

g̃n
ð−1Þn
n!

�
1

ϵ

�
n
�Yn
m¼0

1

ð1þ 2mϵÞ
�
; ðD7Þ

where in terms of ᾱðμÞ in Eq. (12) we define

g̃ ¼ ðZα̃Þ2
8

ðD8Þ

with

α̃ ¼ ᾱ

�
μ2r2

16

�
ϵ Γ

�
1
2
− ϵ

�
Γ
�
1
2
þ ϵ

� ¼ ᾱðμreγEÞ2ϵ½1þOðϵ2Þ�: ðD9Þ

In particular, when expressed in terms of α̃, the coefficients
in the perturbative expansion of Fbare

i are expressible
entirely as rational functions of ϵ. Choosing μ ¼
ðreγEÞ−1 so that α̃ can be identified with the MS coupling,
we find that the MS operator renormalization constant can
be written as exp½1ϵ

P
n ang̃

n� for some numbers10 an. The
sequence of coefficients can be related to the Catalan
numbers CðnÞ ¼ ð2nÞ!=ðn!ðnþ 1Þ!Þ.11 The series in the
exponent then converges, and is given by

logðZÞ¼ 1

ϵ

X∞
n¼0

2nCðnÞ
nþ1

g̃nþ1

¼ 1

2ϵ
½−

ffiffiffiffiffiffiffiffiffiffiffiffi
1−8g̃

p
þ logð

ffiffiffiffiffiffiffiffiffiffiffiffi
1−8g̃

p
þ1Þþ1− logð2Þ�:

ðD11Þ

The series in Eq. (D7) can also be summed, and converges
for any nonzero ϵ. The answer is given by

Fbare
1 ¼ 2

1
4ϵ−

1
2

� ffiffiffĩ
g

p
ϵ

�
1− 1

2ϵ

Γ
�
1

2ϵ

�
J 1

2ϵ−1

� ffiffiffi
8

p ffiffiffĩ
g

p
ϵ

�
; ðD12Þ

ðZα̃Þ−1Fbare
2 ¼2

1
4ϵ

� ffiffiffĩ
g

p
ϵ

�− 1
2ϵ

Γ
�
1þ 1

2ϵ

�
J 1

2ϵ

� ffiffiffi
8

p ffiffiffĩ
g

p
ϵ

�
: ðD13Þ

Using Eqs. (D12) and (D13) we can see how renormaliza-
tion works at all orders in the coupling. We require the
ϵ → 0 asymptotic behavior of the Bessel functions. The
relevant identity is [cf. Eq. (10.20.4) of Ref. [94] ]

lim
ν→∞

JνðνzÞ ∼
ffiffiffi
4

p
4ζðzÞ
1−z2 Aiðν2=3ζðzÞÞffiffiffi

3
p

ν
with ζðzÞ ¼

�
3

2
ð−

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p
þ log ð

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p
þ 1Þ − logðzÞÞ

�
2=3

; ðD14Þ

where we adopt the notation of Ref. [94] and use ∼ to denote “asymptotic to.” Using this identity, Sterling’s approximation,
and the large argument limit of the Airy function, it is straightforward to show that

ðZα̃Þ−1Fbare
2 ∼

�
1

1 − 8g̃

�
1=4

exp

�
1

2ϵ
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8g̃

p
− log ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8g̃

p
þ 1Þ − 1þ logð2ÞÞ

�
as ϵ → 0: ðD15Þ

For F1 it is convenient to introduce 1=2ϵ0 ¼ 1 − 1=2ϵ and g̃0 ¼ g̃ð1þ 2ϵ0Þ. We then find

Fbare
1 ∼

�
1

1 − 8g̃0

�
1=4

exp

�
1

2ϵ0
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8g̃0

p
− log ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8g̃0

p
þ 1Þ − 1þ logð2ÞÞ

�
as ϵ → 0: ðD16Þ

11We were able to identify this sequence with help from the Online Encyclopedia of Integer Sequences [93].

10The leading orders obtained by direct evaluation from Eq. (D7) are

Z ¼ exp

�
1

ϵ

�
g̃þ g̃2 þ 8g̃3

3
þ 10g̃4 þ 224g̃5

5
þ 224g̃6 þ 8448g̃7

7
þ 6864g̃8 þ 366080g̃9

9
þ 1244672g̃10

5

�
þ…

�
: ðD10Þ

We have checked explicitly to sixteenth order in g̃ that the renormalization constant can be written as exp½1ϵ
P

n ang̃
n�, consistent with the

explicit all orders expressions in Eqs. (D15) and (D16).
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Notice that the form of Z that we obtained from recogniz-
ing the infinite sequence using our perturbative result is
precisely what is needed for all orders renormalization,
cf. Eqs. (D11) and (D15). We find

F1jμ¼ðreγE Þ−1 ¼ lim
ϵ→0

ZFbare
1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðZαÞ2

p
þ 1

2

�
1

1 − ðZαÞ2
�

1=4
; ðD17Þ

F2jμ¼ðreγE Þ−1 ¼ lim
ϵ→0

ZFbare
2 ¼ Zα

�
1

1 − ðZαÞ2
�

1=4
: ðD18Þ

The μ dependence of the renormalized coefficient functions
Fi is governed by the anomalous dimension,

d
d log μ

Fi ¼ γOFi; ðD19Þ

and γO is determined by the coefficient of 1=ϵ in the
corresponding MS operator renormalization constant:

Z ¼
X∞
m¼0

1

ϵm
Zm; γ ¼ −2α

∂

∂α
Z1: ðD20Þ

Using the explicit form of Z we have, to all orders in the
coupling,

Z1 ¼
1

2

�
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ðZαÞ2

q
þ log

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ðZαÞ2

p
2

�
; ðD21Þ

and so taking the derivative, cf. Eq. (54), we find

γO ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðZαÞ2

q
− 1: ðD22Þ

Using the solution of Eq. (D19) with initial condition
Eq. (D17), the amplitude (D1) after MS renormalization is

MR
UVðμÞ ¼ ðμreγEÞη−1 1þ η

2
ffiffiffi
η

p
�
1 −

Zα
1þ η

iγ0γ · x
jxj

�
; ðD23Þ

where we have used η ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðZαÞ2

p
.
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