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Role of sea quarks in the nucleon transverse spin
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We present a phenomenological extraction of transversity distribution functions and Collins fragmen-
tation functions by simultaneously fitting to semi-inclusive deep inelastic scattering and electron-positron
annihilation data. The analysis is performed within the transverse-momentum-dependent factorization
formalism, and sea quark transversity distributions are taken into account for the first time. We find the &
quark favors a negative transversity distribution, while that of the d quark is consistent with zero according
to the current accuracy. In addition, based on a combined analysis of world data and simulated data, we
quantitatively demonstrate the impact of the proposed Electron-Ion Collider in China on precise
determinations of the transversity distributions, especially for sea quarks, and the Collins fragmentation

functions.
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I. INTRODUCTION

How the nucleon is built up with quarks and gluons, the
fundamental degrees of freedom of quantum chromody-
namics (QCD), is one of the most important questions in
modern hadronic physics. Although the color confinement
and nonperturbative feature of the strong interaction at
hadronic scales makes it a challenging problem, the QCD
factorization is established to connect quarks and gluons that
participate in high-energy scatterings at subfemtometer
scales and the hadrons observed by advanced detectors in
experiments. In this framework, the cross section is approxi-
mated as a convolution of perturbatively calculable short-
distance scattering off partons and universal long-distance
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functions [1,2]. Therefore, it provides an approach to extract
the partonic structures of the nucleon through various
experimental measurements.

The spin as a fundamental quantity of the nucleon plays
an important role in unraveling its internal structures and
then in understanding the properties of the strong inter-
action. For instance, the so-called proton spin crisis arose
from the measurement of longitudinally polarized deep
inelastic scattering (DIS) [3,4] and is still an active frontier
after more than three decades. As an analog to the helicity
distribution, which can be interpreted as the density of
longitudinally polarized quark in a longitudinally polarized
nucleon, the transversity distribution describes the net
density of transversely polarized quark in a transversely
polarized proton. The integral of the transversity distribu-
tion equals to the tensor charge, which characterizes the
coupling to a tensor current. As the matrix element of a
local tensor current operator, it has been calculated in lattice
QCD with high accuracy [5—11] and is often referred to as a
benchmark. In addition, a precise determination of the
nucleon tensor charge will also shed light on the search of
new physics beyond the standard model [12,13].

The transversity distribution has both collinear and
transverse-momentum-dependent (TMD) definitions. As
a chiral-odd quantity [14,15], its contribution to inclusive
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DIS is highly suppressed by powers of m/Q, where m
represents the quark mass and Q is the virtuality of the
exchanged photon between the scattered lepton and the
nucleon. A practical way to access the transversity dis-
tribution is by coupling with another chiral-odd quantity,
either a fragmentation function (FF) in semi-inclusive DIS
(SIDIS) process [16,17] or a distribution function in
hadron-hadron collisions [18-21].

In the past two decades, many efforts have been made by
HERMES [22], COMPASS [23,24], and Jefferson Lab
(JLab) [25,26] via the measurement of SIDIS process on
transversely polarized targets. At low transverse momen-
tum of the produced hadron, a target transverse single spin
asymmetry (SSA), named as the Collins asymmetry, can be
expressed as the convolution of the transversity distribution
and the Collins FF within the TMD factorization. The
Collins FF, which describes a transversely polarized quark
fragmenting to an unpolarized hadron, also leads to an
azimuthal asymmetry in semi-inclusive e™ e~ annihilation
(SIA) process, and such asymmetry has been measured by
the BELLE [27], BABAR [28,29], and BESIHI [30]
Collaborations. Therefore, the transversity distribution as
well as the tensor charge can be determined through a
simultaneous analysis of the Collins asymmetries in SIDIS
and SIA processes. We note that one can alternatively work
in the collinear factorization to extract the transversity
distribution via dihadron productions [31-35].

Restricted in the TMD framework, many global analyses
were performed in recent years to extract the transversity
distribution with or without the TMD evolution effect
[36-43]. Since quark transversity distributions do not mix
with gluons in the evolution, the sea quark transversity
distributions were usually assumed to be zero, though some
exploration to include antiquark contributions was attempted
without TMD evolution [43]. This assumption might be
reasonable in the exploration era, but it should eventually be
tested by experiments, especially when high-precision data
become available at future facilities.

After the COMPASS data taking with a transversely
polarized deuteron target in the 2022-2023 run, the next
generation of high-precision measurements will be the
multihall SIDIS programs at the 12-GeV upgraded JLab
and future electron-ion colliders. The JLab experiments
will mainly cover the large-x region with relatively low Q2.
The Electron-Ion Collider (EIC) to be built at the
Brookhaven National Laboratory (BNL) [44,45] will pro-
vide moderate- and large-x coverage with high Q2.
Meanwhile, it can also reach small-x values down to about
10~*. The Electron-Ion Collider in China (EicC) [46] is
proposed to deliver a 3.5 GeV polarized electron beam
colliding with a 20 GeV polarized proton beam or a 40 GeV
polarized *He beam, as well as a series of unpolarized ion
beams, with designed instantaneous luminosity at about
2 x 103 em™2 57!, Its kinematic coverage will be comple-
mentary to the experiments at JLab and the EIC at BNL.

In this paper, we perform a global analysis of the Collins
asymmetries in SIDIS and SIA measurement within the
TMD factorization to extract the transversity distribution
functions and the Collins fragmentation functions. As will
be shown, there is a hint of negative # transversity
distribution with about 2 standard deviations away from
zero, while the d transversity distribution is consistent with
zero according to the current accuracy from existing world
data. Furthermore, we quantitatively study potential
improvement of the EicC, which was claimed to have
significant impact on the measurement of sea quark
distributions. The remaining paper is organized as follows.
In Sec. II, we briefly summarize the theoretical framework
for the extraction of transversity distribution functions and
Collins FFs from SIDIS and SIA data, leaving some
detailed formulas in the appendixes. In Sec. III, we present
the global analysis of world data, followed by an impact
study of the EicC projected pseudodata in Sec. IV. A
summary is provided in Sec. V.

II. THEORETICAL FORMALISM

In this section, the asymmetries originated from trans-
versity TMDs and Collins FFs in SIDIS and SIA processes
will be briefly reviewed, including the TMD evolution
formalism to be adopted in the analysis.

A. Collins asymmetry in SIDIS
The SIDIS process is

e(l) + N(P) - e(l') + h(P)) + X, (1)

where e denotes the incoming and outgoing lepton, N is the
nucleon, and % is the detected final-state hadron. The four-
momenta are given in the parentheses. Some commonly
used kinematic variables are defined as

Q? P.q

x:2P-q’ y:ﬁ’ “T

FIG. 1. The Trento convention for the definition of SIDIS
kinematic variables.
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where Q? = —q> = —(1-1')? is the transferred four-
momentum square and M is the nucleon mass. Taking
the one-photon exchange approximation, we adopt the
virtual photon-nucleon frame, as illustrated in Fig. 1, and
for convenience introduce the transverse metric

2 Hgt  PHPY
4 94
+ 2< 2 2) (3)
1+72\ 0 M

and the transverse antisymmetric tensor

a q"P” + PHg¥

=9 -q(1+7%)

P,q,

P q\/l—l-)/z’

with the convention € = 1. Then the transverse momen-
tum P, and /|, and azimuthal angles ¢, and the ¢ can be
expressed in Lorentz invariant forms as

€lil/ = HvPo

4)

0123

The differential cross section can be written as

do oy

dxdydzdg,dg,dPr,  xyQ*2(1 —¢)

Pur = \/~9 PP (5)
=/~ L1, (6)

) Phu.dw l theyy
cos¢hy, = — ’;lP,: , sing, = ’;J_Phj— . (7)
l Slvg‘f ) Slueliy
cos pg = — L , singpg = — - , 8
s IS, s IS (8)

where are known as the Trento conventions [47].

2
<1 + ;x> {FUU,T +eFyyr +/2e(1 +¢) cos(gbh)Fg’;ﬁh

+ €cosp) Fi ™ + Aen/26(1 =€) sin(y) Py + 8 | /26 (1 + ) sin(eh) F
+ esin(2¢;,) gmz(/’”} + Sjde [\/ 1—e*Fp ++/2e(1 —¢) COS(¢h)FEOIf(/)h:|

+ |8, [[sin(¢h — ) (Fm @) 4 F
2¢(1 + €) sin(¢p, ) FP: +

+esin(3, — ¢, Fnh—dd) |

Sl'jl}(’llzh—%)) + esm((ﬁh + ¢, ) Slﬂ ¢h+¢s)

2¢(1 + €) sin(2¢), — ¢5)F‘;}“T(2‘/”"‘/’f)]

1S LA V1= € cos(hy = ) F3 )+ \/2e(T = €] cos(h ) Fiy

2¢(1 — ) cos(2¢, — ¢S)FCL°;(2'/”’_‘/”")} } )

where a is the electromagnetic fine structure constant, 4, is
the lepton helicity, S (1) is the nucleon polarization, and the
structure functions F are corresponded to different azimu-
thal modulations indicated by the superscripts and polari-
zation configurations indicated by the subscripts. The third
subscript appearing in some terms represents the polariza-
tion of the virtual photon, and the ratio of the longitudinal
and the transverse photon flux is given by

1—y—1y2y?
T loy+ iy I

(10)

For an unpolarized lepton beam scattered from a trans-
versely polarized nucleon, the SSA can be measured by
flipping the transverse polarization of the nucleon as

A :Ld6(¢hv¢‘v)_d6(¢h’¢s +ﬂ) :@ (11)
TS do(gn, by) + do(br s+ 7)oy

where

oyr = Fyur +€Fyy +/2e(1 +¢) COS(¢h)F?;)lS]¢h
+e COS(2¢]1)F(L:;)Z'2¢/I , (12)

o5 = sin(hy — ) (F 7 ™" + eF ")
+ esin(gy + by Fp ")
+ esin(3gy, — ¢,) Fyp /%)
2¢(1 e)sin(d)S)F‘ij

+
+/2e(1 + €) sin(2¢;, — by ) Fin20=04) — (13)

056002-3



ZENG, DONG, LIU, SUN, and ZHAO

PHYS. REV. D 109, 056002 (2024)

After separating different azimuthal modulations, one can
extract the Collins asymmetry as

cAS i) _ 2 [dosdepy, sin(¢y, + ¢s)oyr
ur f d¢5d¢h5$7
€F;}1}§4)/1+¢\)

= (14)
Fyyr+eFyyr
In this work, we neglect the term Fy, ; and, thus,
FSin((/lh +¢s)
Ai}1¥¢h+¢ O _ lg" ) (15)
uu,T

To implement the TMD evolution, we perform the
transverse Fourier transform, and the P, | -dependent struc-
ture functions can be expressed in terms of distribution and
fragmentation functions in b space as

Fyyr =Cl[f1D1]
62 o
- xzz_q/ bJo(bPy1/2)f14en(x.b)
q “*Jo
X Dl,q—»h (Z, b)db, (16)

| i p
FSIH(¢h+¢s) —C T
vt M,

thli}

Myeg [=
= xZ? / B2J1(bPy1 /2 g (¥ b)

x HE . (z.b)db, (17)

l.g—=h
where f is the unpolarized distribution function, D, is the
unpolarized FF, &, is the transversity distribution, and Hy-
is the Collins FF, with g running over all active quark
flavors: u, d, s, i, d, and 5, and e, being the charge. The
transverse momentum convolution, denoted by C[-- -], is
defined as

ClwfD] = xzeé / dprdk 87 (pr + 2k, — Py
q
X W(pTka_)fqu(x’ kL)Dqﬁh(Z’ pT)' (18)

Here b is the Fourier conjugate variable to the transverse
momentum of parton, k, is the transverse momentum of
the quark inside the nucleon, pr is the transverse momen-
tum of the final-state hadron with respect to the parent
quark momentum, and h= P, /|P), | represents the trans-
verse direction of the final-state hadron. More details of
these expressions are given in Appendixes B and C.

FIG. 2. The reference frame for the SIA process.

B. Collins asymmetries in SIA
Considering the SIA process

e (L) + e (le-) = h(Pp) + ha(Pr2) + X, (19)

one can introduce the variables z; = 2P;; - ¢/Q (i =1, 2)
with ¢ =+ +[,- and Q* = ¢*. With one-photon exchange
approximation, the differential cross section can be

. . hyh

expressed in terms of the structure functions F,; > and
hyhy

F Collins as

o 3na® , S
dzydz,d®P, dcos0 207 223[(1 + cos® O) Ful,”

+sin? @ cos(2po)Filla 1. (20)

Collins

As illustrated in Fig. 2, 6 is the polar angle between the
hadron £, and the beam of e*e™, ¢ is the azimuthal angle
from the lepton plane to the hadron plane, and P, is the
transverse momentum of hadron #;.

When the two hadrons are nearly back to back, where the
TMD factorization is appropriate, one can express the
structure functions Fl," and F. ’é‘oil’ﬁm in terms of TMD FFs as

hih
Ful]Az:

Zeq/JO (Phib/z1)

X Dl,qﬁh](zlvb)Dl,z}ﬁhz(ZZ’b)bdlL (21)

2(’; 'PlT)(i‘ “Por)

hyh —Dir " Por
FClollzins = C|: HllHlL:|

212oMp, M,
Mthhz Z /12 Py1b/zy)
x Hf- —h (Zl, b)H,L,q_,hz(zz, b)b*db, (22)
where the transverse momentum convolution C[---] is
defined as
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ClwDD] = Z /‘“’lT"PZT ><_&_I£+’ﬂ>

21 Vs) 21

XW(P1T7P2T) g—n (21> P17) Dy (225 Por)-
(23)

More details are provided in Appendix C.

In order to extract Collins effect corresponding to the
cos2¢, azimuthal dependence, one can rewritten the
differential cross section (20) as

&  3ma?ziz3
dz,dz,d* P, dcos@ 202

(1 + cos? Q)Fﬁ,‘,thhlhz,
(24)
where

5in2 60 F g
1 +cos?@ g~
(25)

R (z7,,25,0,P), ) = 1 + cos(2¢,)

The P, -integrated modulation can be accordingly
defined as

Rhlhz(zl’ 22, 9)
, h
sin?@ [ dPj, Py Flof
1+ cos? 6 fdPhJ_PhJ_Fuu

=1+ cos(2¢y) (26)

To reduce the systematic uncertainty caused by false
asymmetry, the ratio between the hadron pair production
with unlike sign, labeled by “U.” and that with like sign,
labeled by “L,” is usually measured in experiment.
Following the above formalism, it can be written as

(sin® 0)
RUL _ RU 1 + COS(2¢0)mP

—L s

R 1 —|—COS(2¢O) 1+cos()>49> Py
(sin® @)

— (P, —-P

<1+00829>( v r)

= 1+ cos(2¢)AJ", (27)

~ 14 cos(2¢y)

where

Fg Il

ollins

Py(z1,20, Ppy) = “pU
uu

F ~ Collins ( 29)

Pr (ZI’ZZvPhJ_) FL

J APy PhiFE ing
[apP,, P, FY,

P (Z1722)

P (Zl ZQ) fdPhJ-PhJ-FCOHlnb (31)
' fdPhJ_PhJ_Fuu ,
and
UL (sin’ )
Ag :m(PU_PL) (32)

is referred to as the Collins asymmetry in the SIA process.
For nz channels, one has

Fl, = Fi," +Fi" (33)
Fio = Fi™ + Fu (34)
o +
Fgollins = Féoﬁins + Fléoﬁms’ (35)
+ ot
Féollins - Féoﬁmq + FColhm; (36)

for KK channels, one has

Fi, = FE5 + FEX, (37)
Fh = FEX + FEX, (38)
Floting = Floitns T Flofinss (39)
F (L:ollim =F ggulf; + F Colhns’ (40)

and for Kz channels, one has
FU, = FoX + FoX + FE7 + FE7 0 (41)
Fh, = FoX + FLK + FE,7 + FE™, (42)

U _ K- nt
F Collins F Colhns + F Colhns + F Colhns + F Collins> (43)

L _ prtK* n K~ Ktnt K~ n~
FCollms FColhns + FCollins + FColhns + FCollins' (44)

C. TMD evolution formalism

The TMD evolution is implemented in the b space. There
are two types of energy dependence in TMDs, namely,
(u,£), where u is the renormalization scale related to the
corresponding collinear parton distribution functions
(PDFs) and FFs, and ¢ serves as a cutoff scale to regularize
the light-cone singularity in the operator definition of
TMDs. In order to minimize the uncertainty from the scale
dependence, the scales are usually set as u®> = ¢ = Q2.
Besides, for a fixed order perturbative expansion, one will
find terms containing [, In?(Qb)]" and [, In(Qb)]" at the
nth order in powers of the strong coupling constant a . To
ensure accurate predictions in perturbation theory, we have
to resum these large logarithms of all orders into an
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evolution factor R[b; (u;,¢;) — (Q, Q?)], which is deter-
mined by the equations

P dF(xc,lbz;u,C) _ 7’F(f2"£) Fx.b:p. ), (45)
o
dF(x,b; p,
c dE(x,bip.§) _ ~D(b.u)F(x.bip. ). (46)

dg

where yr(u,¢) and D(b,u) are, respectively, the TMD
anomalous dimension and the rapidity anomalous dimen-
sion, and F stands for some TMD function, i.e., f;(x, b;

f1(x,5;0,0%)Dy(2, b5 Q, %) = R*[b; (u;, &
hy(x,b; Q. Q*)Hiz(z.b; Q. Q%) = R2[b; (u;. ¢
Dy(z.b;0.0%)D,(z.b; 0, 0*) = R*[b; (. &;
1T(Z b; Q, Q2)H T(Z b; Q, Qz) :Rz[b, (/‘n

The evolution factor R is path independent if the
complete perturbative expansion is taken into account,
and then one can, in principle, arbitrarily choose the path
‘P in Eq. (47). However, this property is compromised when
the perturbative expansion is truncated, while it is evident
that the discrepancies from path to path diminish as more
terms are incorporated in the perturbative expansions. The
precision for the perturbative calculation of the factors in
powers of a, in evolution of this work is summarized in
Table I.

In the ¢ prescription [48], a special path P is suggested,
so that Eq. (47) has a simple form:

2 -D(Q.b)
RIb: (1. ) — (0.0)] = (C(QM) T )

where £,(Q, b) is determined by solving the equation

dIng,(u,b)
dlnp?

vr(p.C,(u. b))
~ 2D(u.b) (50)

with the boundary conditions
D(/"O’ b) = 07 YF(ﬂO’ Z:ﬂ(ﬂO’ b)) = 0’ (51)

where D(u, b) is expressed as

TABLE I. The precision of various factors in powers of a, for
the evolution.

Evolution Ceusp rv Diesum Eeﬂ goaet
NNLO @ a a aj aj

w, C)s hy(x, b3, 8), Di(z, b3, ¢), or Hiz(z, by, ) in this
work. By solving the equations above, the TMD evolution
can be expressed as a path integral from (y;, ;) to (Q, Q?) as

R[b: (1. 8i) = (0. 0%)]
= exp { /P (yF(Z’ §) gu - D(’Z’ b) dC)} . (47)

Then one can formally relate the TMD functions between

(0, Qz) and (y;, §;) via

= (0, O*)If1(x, by i, §1) D1 (2, bs i, £3).

= (Q, Oy (x, by i, §) Hiz (2, b i, C),

- (Q Qz)] I(Z b ﬂva)Dl(Z7b;/’ti’é’i)’

- (Q Qz)]H%T(Z b His é‘i)H{_T(Z’b;Miv Cl) (48)
D(M’ b) = Dresum(/’lv b*) + dNP(b)’ (52)

with dnp(b) = cobb*, and {,(u, b) is expressed as

Cu(u. b) = C" (. b)e™ /B
+E b (1— e Be). (53
The free parameters are set as Byp = 1.93 GeV~! and ¢, =
0.0391 GeV? as determined in [48] by fitting unpolarized

SIDIS and Drell-Yan data. More details on D(u, b) and
C,(u. b) can be found in Appendix A.

D. Unpolarized TMD PDFs and FFs

According to the phenomenological Ansdtze in Ref. [48],
the unpolarized TMDs and FFs can be written as

Idy
f1.f<—h(X7 b;ﬂi,Ci) = Z/ 7Cf<—f’(y, b,ﬂglgg)
f/ X

X f1pen <x /‘OPE)fNP(x b),

D]j—>h(z b /’ll’gl - / -y Cf—>f y’b ”OPE)

z
xdy gy <§,u5$E> D\p(2.b), (54)

where fyp(x, b) and Dyp(z, b) are nonperturbative func-
tions, fy y;(x, ) and d; yr_,;(z, u) are collinear PDFs and
FFs, and Cy_p(y,b.u) and C,_(y,b,u) are matching
coefficients calculated via the operator product expansion
methods [49].
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The C(C) functions are taken into account up to the one-
loop order, with explicit expressions given in Appendix D.
The evolution scales uPPE and pbhy within the ¢ prescrip-

tion can be written as [48]

2e7vE

HODE = 5 +2 GeV, (55)
2e77E7
Wi =24 12 Gev, (56)

and the 2 GeV is a large-b offset of yopr Which is a typical
reference scale for PDFs and FFs. The parametrized form
of the nonperturbative functions fyp(x,b) and Dyp(z, b)
can be adopted as [48]

(1 =x) 4+ ox + x(1 —x)4
fNP(x’b):eXp[_ 1 \/1—:/137)6]“4192 5b2:|’
(57)
[ omz+m( —Z)b_2] ( b_2>
DNP(Z’b)eXp{ 1+ n3(b/2)? 2 trmz)
(58)

sin(dy+s) _
AUT

Zq qfooo bzzfzhb'] (MPM>R2(b Q) gen, (x, b)H lq—>h7(z’ b)

TABLE II. The values of the parameters for nonperturbative
functions in Eqgs. (57) and (58). Their units are in GeV? except for
A4, which is dimensionless.

A A A n As
0.198 9.30 431 2.12 —4.44
m Uy M3 M4
0.260 0.476 0.478 0.483

where the parameters A and 7 are extracted from the fit of
unpolarized SIDIS and Drell-Yan data, specifically at low
transverse momentum. Their values are listed in Table II.

III. EXTRACTION OF TRANSVERSITY
DISTRIBUTIONS AND COLLINS FFs

In this section, we present the global analysis of the SIDIS
and STA data using the above theoretical formalism. The
transversity distribution functions and the Collins FFs are
parametrized at an initial energy scale. A y*> minimization is
then performed to simultaneously determine the parameters
for the transversity distributions and Collins FFs. For the
uncertainty estimation, we use the replica method.

According to Eq. (15) and the evolution equation (48),
the Collins asymmetry in SIDIS process can be written as

(59)

zqwmﬁfcﬁﬂmw@vmwuﬁwm%#ﬁ>

where y; and {; dependencies are suppressed for concise expressions. The same convention is used in the following

discussions. The world SIDIS Collins asymmetry data A;;

sm(cﬁz, +os)

in the analysis are summarized in Table III.

Similarly, according to Egs. (21), (22), (23), and (48), the Collins asymmetry in the SIA process is written as

UL _
Agh =

where

2 2

Pa(zl’ 225 PhJ_)

(sin? 0)
(1 + cos? 0)

eg Joo dbb> My, My, J5(Py 1 b/20)R* (b, Q)H -, (21, b)H ), (22, b)

(Py = Pr), (60)

2y quq J5° dbbJo(P), 1 b/z1)R*(b, Q)D 4, (21, b)Dy gopy (20.b)

(61)

where a = U(L) represents the final-state hadron /; and h, in unlike sign (like sign). The world SIA Collins asymmetry

data AJ" in the analysis are summarized in Table IV.

The transversity distribution functions and the Collins FFs in Egs. (59) and (61) can be expressed into a similar form to

the unpolarized ones in Eq. (54) as
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TABLE IIL

The world SIDIS data used in our analysis.

Dataset Target Beam

Data points Reaction Measurement

COMPASS [23] °LiD 160 GeV ut

COMPASS [24] NH; 160 GeV u*

HERMES [22] H, 27.6 GeV e*

JLab [25]

5.9 GeV e~

JLab [26] 5.9 GeV e™

92 utd - putntX
utd—ptnX
ptd - pt KX
utd - KX

92 urp—-utrtX
urp - ptaX
H'p = utKX
utp - uK"X

80 etp - etrtX
etp = et X
etp - e*KTX
etp - KX

8 en—enX
en—enX

5 eHe - e"KTX

eHe - e KX

sin(¢+ )
AUT ,

sin(¢y,+¢ps—7)
Ao

sin(dp+6h)
s

in(cy, +6,
eAi}nT )

in(¢y+¢b,
eAyr”" )

I dy
hl,q<—h<x’ b) = § / y quq’(y’b,ﬂo)
qr X

X
S hl,q’<—h <§ ) /40) hnp(x, b), (62)

1 Ldy
Hiys(e0) = 52 [V C
q 7*

< i)

Z
1L.g'—h <y’ﬂ0)HNP(Z’ b), (63)

where hyp(x, b) and Hyp(z, b) are nonperturbative func-
tions, Ay (X, o) and H ﬁ)/—»h@’ Uo) are collinear trans-

versity distribution functions and twist-3 FFs, and u is
chosen as 2 GeV. The coefficients C(C) are considered at
the leading order [50]:

C(C) ey = 8gq8(1 = y). (64)
Then we have
TABLE IV. The world SIA data used in our analysis.
Dataset Energy Dependence Data points  Reaction
BELLE [27] 10.58 GeV z 16 ete” - anX
BABAR [28] 10.6 GeV z 36 ete” = anX
P, 9 ete” - X
BABAR [29] 10.6 GeV z 48 ete” = X
z ete™ - 1KX
b4 ete” - KKX
BESIII [30] 3.68 GeV z 6 ete” - anX
P, 5 ete” = X

hl,q<—p<x’ b) = hl,q<—p(x7 ﬂO)hNP(x’ b)v (65)
1 .
Hi (@ 0) = S HYg (2o pio) Hyelz, D). (66)

where / ;. ,(x, b) are the transversity distributions of the

proton, while the transversity distributions of the neutron, the

deuteron, and the *He are approximated by h;,.,(x,b)

assuming the isospin symmetry and neglecting the nuclear

modification, with explicit relations provided in Appendix E.
. (3

Then we parametrize /1 4., (x, o) and Hy, (2. o) as

(1 = x)%xPu(1 + €,x)
n(ﬂu’ €M’ au)
X fl,m—p(x’/’lO)’

hl,m—p(x’ ﬂO) = Nu
(67)
(1 = x)%xPa(1 + e x)

n(Ba»€a» tq)

X fl,d(—p(xaﬂo),

hl,d<—p(x1 Ho) = Ny
(68)
(1 = x)%xPa (1 + ezx)

n(fa. €z, az)

X (fl,m—p(x’/lO) - fl,t'u—p(xqu))’

hl,ﬂ«—p(x’,u()) = NIZ

(69)

TABLE V. Free parameters for the transversity parametrizations.

Transversity r s € a N
u rbl /}M eM au NM
d rq Ba €q aq Ny
7} Tsea 0 0 0 N;
d Feea 0 0 0 Ny
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TABLE VI.  Free parameters for the parametrizations of Collins
FFs. The label “f” and “u” stand for favored and unfavored,
respectively.

Collins n 13 n s € a N
7 fav my o omyoomp P 0 ap NG
ﬂunf ']71[,4 'I%[u ’721[1,4 Z 0 a:t[ NZ
Kav mg 0 omy pf 0w N
K unf n {(u 0 ”Ifu /} MK O abll( N llt(
TABLE VII. The values of free parameters out of the fit to the

world SIDIS and SIA data. The central values are the averaged
result from 1000 replicas, and the uncertainties are the standard
deviation from 1000 replicas. The values of r and # are provided
in unit of GeV? and the others are unitless.

0.1t » H t
003ifiIii ;itlfii s 5852 &
—0.1¢
0.1t -
tepstdy | P Ess s
S 01r ' t K*
= okt pheghi | gatti o}
—0.1¢ L 3
0.1 I T L { P
R ST S IR 5 € R B S &
. 7Tf7£*£ ;E,;J.If + -f-= 1
BT 02 04 06 0;2 0406
x z Py (GeV)
FIG. 3. Comparison of HERMES Collins asymmetry data [22]

to theoretical calculations for z*, 7=, K™, and K~ productions
from a proton target. The green lines are the central value
calculated from the fit, and the bands represent the one standard

Transversity Value Collins  Value Collins  Value deviation of the calculated asymmetries by using 1000 replicas.
Ty 0125900 miy 0063007 fi 9.1853%
rq 0145wy 009%ed 13T (eoto) = N — x)axP1(1 + egx)
Fea 0.7053%  my 32755 dn 611EY LA (B, e, ag)
Bu L132395%  mh, 0035000 af 07078 X (f1.aep(x:to) = fraep(x.1o)), — (70)
Ba 343788 w5, 0047007 af 2821750 -
O M 000SER N 00074gR PR B Ukl Un IRTY
€ L1755 my 003k NI -383%40 - T By eqag)
a 028735 nk, L1554 NE O 0.061000
! 040 ;e 0% ! 004 where f,._,(x,po) are collinear unpolarized PDFs. We
ay 5.77+28.18 ’7{( 0.02+0.08 Nf _0‘02+04Ol . . q<=p . o
‘4(-)96'9 K” ‘2-2?) -005 did not impose the Soffer bound [51] while parametrizing
N, 03455%  m, 0715 the transversity functions, leaving space to test it by
Ny 137534 pF 2.82004 experimental data. The nonperturbative functions hAxp
N, —0.1270%  pr 023103 and Hyp for each flavor take the same form as fyp and
N; 0.101047 ﬂ}( ~0.387)3! Dyp in Egs. .(57). apd (58). However, since the existing
world data with limited amount are not precise enough to
determine so many parameters, we simplify the paramet-
rization form by setting 1, = #; for the each Collins FF,
TABLE VIII. The y? values for different datasets. N is the number of data points for each experimental dataset.
SIDIS Dependence N  4*/N SIA Channel  Dependence N  y*/N
COMPASS [23] X 36 1.2 BELLE [27] nr z 16 0.9
COMPASS [23] z 32 0.7 BABAR [28] nr z 36 0.7
COMPASS [23] P, 24 1.3 BABAR [28] P P, 9 1.8
COMPASS [24] X 36 1.3 BABAR [29] pi#/1 Z 16 0.7
COMPASS [24] z 32 0.9 BABAR [29] nK z 16 0.7
COMPASS [24] P, 24 0.7 BABAR [29] KK z 16 0.6
HERMES [22] b 28 0.8 BESIII [30] nn z 6 3.3
HERMES [22] z 28 1.0 BESII [30] pi#/1 P, 5 0.9
HERMES [22] P, 24 0.9
JLab [25,26] X 13 1.1
Total 277 0.99 120 0.95
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FIG. 4. Comparison of COMPASS Collins asymmetry data
[24] to theoretical calculations for z*, z~, K™, and K~ produc-
tions from a proton target. The markers and bands have the same
meaning as in Fig. 3.

0.2F N
™
0.0 I-- segby 2e 2 4| ® -
—0.2f
0.2F -
™
= 0.0 ixs -lxéé P3P T— Y - -t m
|
$ —02f ‘
& 0.2F
e K+
B N B S 3 e e
Ei [
—0.2f
0.2F ‘ ‘
I t "
0.0 b osss PO X S 1 PR S 4
ST B Ty oTre
o2 {
1072 10! 02 04 06 02 04 0.6
T z Py (GeV)
FIG. 5. Comparison of COMPASS Collins asymmetry data

[23] to theoretical calculations for z*, 7=, K+ and K~ produc-
tions from a deuteron target. The markers and bands have the
same meaning as in Fig. 3.

0.2} } oot .

0.0%% ,fll

_02,
© 0.4} Jf

sin(¢p+¢s)
eApr

01 02 03 04
T

01 02 03 04

0.2 ot [ T
02<2 <03 03<2z <05 0.5<2 <07 07<2 <10
~
Bo 0.1 » it i
= o
[
s i §
_ s & ;¢ ° s @ &
0.0
02 06 02 06 02 06 02 06
Z9 Z9 Z9 Z9

FIG. 7. Comparison of BELLE 7z channel Collins asymmetry
data [27] to theoretical calculations in the SIA process. The
markers and bands have the same meaning as in Fig. 3.

A =X =r and 13 =44 =415 =0 for the transversity
distribution of each flavor. Furthermore, we use the same
Fg = ' = I for it and d transversity distributions and set
the s and § transversity distributions to zero. The factor

MNa+1)2+a+p+e+ef)T(f+1)
rp+a+3)

is introduced to reduce the correlation between the param-
eters controlling the shape and the normalization.
Because of the limited number of independent observ-
ables, the Collins functions are assumed to be favored and
unfavored cases for pion and kaon, as follows:

n(p,e,a) =

(72)

Htu—»n* = Htgl—m* = th—m’ = Hﬁﬁ—m' = H;[‘av’
[—If_,d—m:+ = Htic—»n* = H%.u—»n:‘ = Ht&l—m’ = ts—m*
= HIL,E—M:’ = Hl%s—»ﬂ’ = Hllj—nr’ = Han’
HtueK* = Hf_.li—>K_ = FI%,‘—»KJr = Hts—»K' = H;(zw’
]—If_.d—>KJr = Ht;i—»K* = Hf_.d—ﬂf = Hiil—»[(' = Htﬁ—ﬂ(*
:Hll,u—>K‘ :I_Ill,s—dfr :Hll,fv—>K' Eanf‘ (73)

As listed in Tables V and VI, there are in total 35 free
parameters in this fit.

Because of limited statistics and phase space coverage,
many experimental data were analyzed in one-dimensional
binning in variables of x, z, and/or P, , respectively.

0.9 } Kt | K

{
. 71— T
—02} i {

0.1 02 03 04 01 02 03 04
X

sin(¢p+ds)
eAyp
o
[en)

FIG. 6. Comparison of JLab Collins asymmetry data [25,26] to theoretical calculations for z*, z~, K* and K~ productions from a He
target. The asymmetries for # and z~ productions in the left panel have been extracted at the neutron level, while the kaon results are at
3He level due to limited statistics. The markers and bands have the same meaning as in Fig. 3.
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Comparison of BABAR zz channel Collins asymmetry data [28] to theoretical calculations in the SIA process as a function of z

(left) and P, (right). The markers and bands have the same meaning as in Fig. 3.

In order to maximally use the data information from
binning in different kinematic variables and meanwhile
to avoid a duplicate usage of the same dataset, we assign a
weight factor when calculating the y? from each dataset.
The COMPASS and HERMES datasets are given the
weight of 1/3, since the binnings in x, z, and P, are
provided, respectively, from the same collected events. The
BABAR [28] and BESIII data are given the weight of 1/2,
since the binnings in z and P, are provided, respectively,
from the same events.

To estimate the uncertainty, we randomly shift the central
values of the data points by Gaussian distributions with the
Gaussian widths given by the experimental uncertainties
and then perform a fit to the smeared data. By repeating this
procedure, we create 1000 replicas. The central values of
the parameters together with their uncertainties out of the fit

0.15 <2 <0.2 02<2 <03 0.3 <2 <05

0.041 r r [] st

5% 3 s =
0.00 il

0.081

UL

$0.04f

A

e
el
e
e

3 $ ¢

0.00/ £

S R B PN A
TR A R

02 06 02 06 02 06 02 06
F) F) 2y 2y

I KK

—.—i

FIG. 9. Comparison of BABAR nn, Kz, and KK channels
Collins asymmetry data [29] to theoretical calculations in the SIA
process. The markers and bands have the same meaning
as in Fig. 3.

are listed in Table VII. The total y>/N of the fit and its value
for various experimental datasets are listed in Table VIII.
Here, N denotes the number of experimental data points.
The comparisons between experimental data and the
theoretical calculations using the 1000 replicas are shown
in Figs. 3-10.

The first transverse moment of Collins FF H ll(l) (z) and
that of the transversity distribution h;(x) are defined,
respectively, as

2
L(1) 2 Pr 1
H z)= [ d H(z, , 74
(@)= [ o i, (4
hl(x) = /dzklhl(x, kJ_) (75)
ng' 0.4 04 <z 0.6 2 0.6 | |
s 0.2F H t {
=
0.1 s _
< ¢
0.0 T?? ‘ ‘i ‘ —
04 06 04 06 04 06
z z z1
0.15}
=_010f i
<
0.05} 4 - RS
[
000t . . .
0.2 0.4 0.6 0.8
Py1(Gev)

FIG. 10. Comparison of BESIII zz channel Collins asymmetry
data [30] to theoretical calculations in the SIA process as a
function of z (left) and P, (right). The markers and bands have
the same meaning as in Fig. 3.
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FIG. 11. Collins functions as defined in Eq. (74) with the p integral truncated at 1 GeV and Q = 2 GeV. The green bands represent
the uncertainties of the fit to the world SIDIS and SIA data, the red bands represent the EicC projections with only statistical
uncertainties, and the blue bands represent the EicC projections including systematic uncertainties as described in the text.

the i transversity distribution favors a negative value about
20 away from zero, while the d transversity distribution is
consistent with zero in the 1o band. The # and d trans-
versity distributions are consistent with previous global
analyses within the uncertainties.

Their results are shown in Figs. 11 and 12. Considering the
uncertainty band, the fitting results out of the world data do
cross the Soffer bound at large x. However, one cannot
make a conclusion with current uncertainties. It needs to be
tested with precise data in the future. One can observe that

03F ) 4 02F 0.02f
020 " Fitworld data 01}
ey EicC (stat.) A ~ -
= 0.1} \ = 0.0
= EicC (stat.+sysl.)/_\ =
< g0l — oS ol
S 00 S -01 ] ool
0.1 / ] -
02 u 0.3} d -0.02} ’ s
107 107 10" 10’ 107 107 10" 10’ 10° 107 10" 10’
X X X
0.02}
~
Ke)
S
=
0.02} .01}
-0.03f [ -0.02f ;o d -0.02f P
107 107 10" 10’ 10° 107 10" 10’ 10° 107 10" 10’

X

X

X

FIG. 12. Transversity functions as defined in Eq. (75) with the k, integral truncated at 1 GeV and Q =2 GeV. The green bands
represent the uncertainties of the fit to the world SIDIS and SIA data, the red bands represent the EicC projections with only statistical
uncertainties, and the blue bands represent the EicC projections including systematic uncertainties as described in the text. The Soffer
bound [51] which is calculated by using CTISNLO [53] unpolarized PDFs and D. de Florian, R. Sassot, M. Stratmann, and W.
Vogelsang (DSSV) [54] helicity PDFs is shown as black dashed curves.
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. [ Bhattacharya et al. (2016)
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FIG. 13. Tensor charge for u quark and d quark from our study
at 68% C.L. along with the results from Dyson-Schwinger
equation calculations [55-57], lattice QCD calculations [6—11],
and phenomenological extractions from data [33-35,37—
41,58,59].

The tensor charge can be evaluated from the integral of
the transversity distributions as

ou = [ ax(iy() = i) (76)

1
od = / dx(h{(x) = hd(x)), (77)
0
and the isovector combination is given by
gr = ou —dd. (78)

The extracted tensor charges from our analysis are com-
pared with the results from previous phenomenological

« Dyson—Schwinger equation «  Lattice QCD

o Phenomenology
8r
—t Wan;i’et al.(2018)
—— Pitschmann et al. (2015)
. Yamanaka et al. (2013)
- ROCD (2023)
= QCDSF/UKQCD/CSSM (2023)
NME (2022

-
[ xOCD (2020)
Alexandrou et al. (2020)
Hasan et al.(2019)
Gupta et al. (2018)
JAﬂI(ZOZS)
D Alesio et al. 52020)
Benel et al.(2020)
Radicietal. (2018
Lin et al.(2018)

Ye et al.(2017)

Kang et al.(2016)

Radicietal. (20158

Goldstein et al.(2014)
Anselmino et al. (2013)

this work
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o EicC pseudo — data (stat.)

-0.5 0.0 0.5 1.0 15 2.0

FIG. 14. Tensor charge gy from our study at 68% C.L. along
with the results from Dyson-Schwinger equation calculations
[55-57], lattice QCD calculations [5-9,60-63], and phenomeno-
logical extractions from data [33-35,37-41,58,59].

10°
proton data (5<0.3)
neutron data (5<0.3)
5>0.3 data o ! 1.0
S 10't . ‘ e - - -
5 : 5
Q < 0.5) - - - -
10 N N ob— N N N N
107 107" 10° 0 0.3 0.4 0.5 0.6 0.7
X Z
FIG. 15. Kinematic distributions of the EicC pseudodata in x —

Q? (left) and z — P}, (right) planes. Each bin is plotted as a point
at the bin center kinematic values. The blue points are the proton
data with § < 0.3, the red points are the neutron data with
0 < 0.3, and the gray points are the data with § > 0.3.

studies, lattice calculations, and Dyson-Schwinger equa-
tions are shown in Figs. 13 and 14. It is not a surprise that
the uncertainties of our result are larger than those from
previous phenomenological studies of SIDIS and SIA data,
because we include more flavors, i and d, and, thus, the
functions are less constrained. We note that the negative u
transversity distribution shift ou as well as g7 to a greater
value, though with large uncertainties. The tension between
lattice QCD calculations and TMD phenomenological
extractions disappears when the antiquark transversity
distributions are taken into account. In previous works,
such tension was found to be resolved by imposing the
lattice data in the fit [35,40,42].

IV. EicC PROJECTIONS ON TRANSVERSITY
DISTRIBUTIONS AND COLLINS FFs

The EicC SIDIS pseudodata are produced by the
Monte Carlo event generator SIDIS-RC EvGen [52], in which
the unpolarized SIDIS differential cross section used in the
generator is derived from a global fit to the multiplicity data
from HERMES and COMPASS experiments. Based on the
EicC conceptual design, the electron beam energy is
3.5 GeV, the proton beam energy is 20 GeV, and the
He beam energy is 40 GeV. Physical cuts Q%> > 1 GeV?,
03<z<07, W>5GeV, and W > 2 GeV are adopted
to select events in the deep inelastic region. We estimate the
statistics by assuming 50 fb~! for ep collisions and 50 fb~!
for e’He collisions. Based on the designed instantaneous

TABLE IX. Free parameters for the transversity parametriza-
tion for the fit to EicC pseudodata.

Transversity r s € a N
u ru ﬂu elt au Nu
d ra Ba €4 ay Ny
7 Tsea 0 0 0 N;
d T'sea 0 0 0 Ny
s Tsea 0 0 0 N,
s Tsea 0 0 0 N;
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FIG. 16. The transverse momentum distribution of the Collins functions at different z values and Q = 2 GeV. The green bands
represent the uncertainties of the fit to the world SIDIS and SIA data, the red bands represent the EicC projections with only statistical
uncertainties, and the blue bands represent the EicC projections including systematic uncertainties as described in the text.

luminosity of 2 x 103 cm™2s7!, it is estimated that

50 fb~! of accumulated luminosity can be attained in
approximately one year of operation. Keeping the statistical
uncertainty at 1073 level, we obtain 4627 data points in
four-dimensional bins in x, QZ, z, and Pj ;. The EicC
pseudodata provide significantly more data points with
higher precision, enabling us to impose more rigorous
kinematic cuts for a more precise selection of data in the
TMD region. In this study, only small transverse momen-
tum data with § = |P;,, |/(zQ) < 0.3 are selected. After
applying this data selection cut, there are 1347 EicC
pseudodata points left. The distributions of all 4627 EicC
pseudodata points are shown in Fig. 15, where the colored
points are selected in the fit while the gray ones are not.
The Collins asymmetry values of the EicC pseudodata are
calculated using the central value of the 1000 replicas
from the fit to the world data. For systematic uncertainties,
we assign 3% relative uncertainty for the proton data
mainly due to the precision from beam polarimetry and
5% relative uncertainty for the neutron data mainly due to
the precision from beam polarimetry and nuclear effects.
Total uncertainties are evaluated via the quadrature
combination of statistical uncertainties and systematic
uncertainties.

The precise EicC data with wide kinematics coverage
allow us to adopt a more flexible parametrization of the
transversity functions. Therefore, we open the channels of s
and § transversity functions in the fit with the following
parametrizations:

(1= x)%xP (1 + €,x)
n(ﬁwes’as)
X (fl,u«—p(x’ /"0) _fl.L_H—I)(X’ MO))?

hl,sep(x’ b) = Nj exp(_rseabz)

(79)

(1= x)%xP (1 + e5x)
n(ﬁi’eS"aS‘)
X (fl,m—p(x’ Ho) _fl,m—p(x7ﬂ0))'

hl,i«—p(x’ b) = NE exp(_rseabz)

(80)

Then, we have 37 free parameters for the EicC pseudodata
fit, as listed in Tables IX and VI. To estimate the impact of
the EicC on the extraction of the transversity distribution
functions and Collins FFs, we perform a simultaneous fit to
the world data and the EicC pseudodata as described above.
Following the same procedure, 300 replicas are created by
randomly shifting the values according to the simulated
statistical uncertainty and total uncertainty, respectively.

The EicC projections for Hllm(z), hi(x), and tensor
charges are shown in Figs. 11-14, respectively. The trans-
verse momentum distribution of the Collins and trans-
versity functions are shown in Figs. 16 and 17 via slices at
various x and z values. While considering the dominant
systematic sources, the statistical uncertainty still domi-
nates the results, so the blue band (obtained including
systematic uncertainty) and red band (obtained with only
statistical uncertainty) almost coincide. The mean value of
transversity functions for u and d quark with different Q is
shown in Fig. 18, where one can observe that the
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FIG. 17. The transverse momentum distribution of the transversity functions at different x values and Q = 2 GeV. The green bands
represent the uncertainties of the fit to the world SIDIS and SIA data, the red bands represent the EicC projections with only statistical
uncertainties, and the blue bands represent the EicC projections including systematic uncertainties as described in the text.
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FIG. 18. The mean value of transversity functions for u and d
quark as defined in Eq. (75) with different Q2.

transversity functions are expected to have stronger signals
in the kinematics region covered by the EicC.

V. SUMMARY

In this paper, we present a global analysis of transversity
distribution functions and Collins FFs by simultaneously
fitting to SIDIS and SIA data within the TMD factorization.
Nonzero @ and d transversity distributions are taken into
account. The result favors a negative # transversity dis-
tribution with a significance of 2 standard deviations, while
no hint is found for nonvanishing d transversity distribution
with the current accuracy. The results of u and d trans-
versity distributions and the results of Collins FFs are
consistent with previous phenomenological analyses by
other groups. The tensor charges evaluated from the
moment of transversity distributions out of the global data
fit are consistent with lattice QCD calculations as well as
other global fits within the uncertainties, and, thus, no
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tension exists between lattice calculation and TMD extrac-
tions once antiquark contributions are taken into account.
We note that these findings are based on the exploratory
measurements worldwide. To make decisive conclusions,
data with high precision in a wide phase space coverage are
desired, which can be achieved at the future JLab programs
and the EICs.

Based on the fit of existing world data, we investigated
the impact of the proposed EicC on the extraction of
transversity TMDs and the Collins FFs. With the EicC
pseudodata, one can extract the transversity functions at
high precision for various quark flavors and, thus, deter-
mine the proton tensor charge with precision comparable to
the lattice calculations.

Moreover, the precise and wide kinematics coverage of
the EicC pseudodata allows us to use much more flexible
parametrizations, which can minimize the bias on the
transversity function, and have a cleaner selection of data
for TMDs study by applying a more strict requirement on
6= |P,.|/(zQ) to restrict data in the low transverse
momentum region, suitable for the application of TMD
factorization. The proposed EicC SIDIS program will fill
the kinematics gap between the coverage by the JLab 12-
GeV program and by the EIC at BNL. Combining all these
measurements, we will be able to have a complete physical
picture of the three-dimensional structures of the nucleon.
On the other hand, in the x — Q? region covered by the
EicC, the transverse single spin asymmetries caused by
transversity distributions are expected to have significant
signals based on our current knowledge. This would be an
advantage for the study of nucleon structures at a collider
with a moderate center-of-mass energy [64].
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APPENDIX A: EVOLUTION AND
RESUMMATION

Through the integrability condition (also known as the
Collins-Soper equation [65])

d d
é’—}fp(ﬂ, 6) = —M—D(/J, b) = _Fcusp(iu)v

e i (A1)

the anomalous dimension y(u,{) can be written as

2

71 (12 0) = (1) In ("—

z (A2)

) —rv(w).

where I'¢q, (1) is the cusp anomalous dimension and yy (u)
is the finite part of the renormalization of the vector form
factor. These factors can be expanded using a series
expansion in terms of the strong coupling constant «;:

Fcusp(/") = Z allerans (A3)
n=0

rv(u) = alya, (Ad)
n=1

where a; = a,/(4x). When p > Agcp, the coefficients T,
and y, can be calculated via perturbative QCD order by
order, and up to two-loop order, they are

T, = 4Cy, (A5)
I, = 4Cy {(69—7 - ”;) Cy— ? TRNf} . (A6)
71 = —6CF, (A7)
72 = Cp(=3 +4x° — 48(3)
+Cﬂuﬁ%§—%f+ﬂa)
+ CpTpN; (g + ?) : (A8)

where Cr =4/3, C4 = 3, and T = 1/2 are color factors
of the SU(3) and {3 ~ 1.202 is the Apéry constant. The
number of active quark flavors is set as Ny = 4 in this work
ignoring heavy quark contributions.
Meanwhile, the integrability condition Eq. (Al) is
satisfied with the renormalization group equation
2 dD(ﬂz’ b) _ Fcusp(:u) ’ (A9)
du 2

U

and consequently the rapidity anomalous dimension
D(u,b) can be calculated at small b perturbatively with
a similar expression in power of ay:

Dper (. b) =Y _ ald, (L), (A10)
n=0
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where

25,2
ub
L, = ln(4e_2y5>, (A11)

with the Euler-Mascheroni constant yz. The function
d,(L,) can be expressed up to two-loop order as

Iy

r
dy(L,)) = oL+ Ly +dr(0). (Al4)
where
404 112

dy(L,) =0, (A12) To improve the convergence properties of Dy (i, b), we
employ the resummed expression. The resummed expres-
Iy sion D,,m can be obtained by adopting the approach
d,(L,)=—L, Al3 ~ “resum
1(Lw) 2 H (AL3) outlined in [66]:
|
l—‘0 Ay ﬁlFO :|
Dresum(#, b) = ——-In(1 — X) + ‘ [— In(1-X)+X)+I'X
a;  [Topi AT
= 2% 21— X) - X?) + 2 (X2 —2X = 2In(1 = X
LBy, I 404 112
— X = —X(X=2)+ CpCy| —=—-14 ——TiN:Cp|, Al6
+ Py 45, ( )+ CrCy 77 {3 o7 TrNsCr (Al6)
where X = fpa,L, and the QCD f function can be D(u, b) = Diequm (1, b*) + dnp(D). (A21)

expressed as

o a n
= 2a. =, Al7
ﬂ(as) O ;ﬁn 1 <47‘L’> ( )
11 4
Po :?CA —gTRNf,
34 20
ﬂl - ?Ci - ?CATRNf - 4CFTRNf’
2857 205 1415
44 158
+ <3 Cr +7CA) T3N3 (A18)

Diesum 18 valid only in the small-b region. Therefore, a
nonperturbative function is required to model the large-b
contribution, which is adopted as dyp with the form of a
linear function according to Refs. [67-71]:

de(b) = Cobb*, (A19)
where
b
by = ————. (A20)
V' 1+ b*/Bip

For arbitrary large b, one has b* < Byp and b* = b for
small b. Finally, D(u, b) can be expanded as

According to the { prescription [48], the TMD evolution
can be written as the following simple form:

0? -D(Q.b) 22
g(Q,b)) - (AR)

RIb: (1. 2) — (0. 0%)] = (

where {,(Q, b) is obtained by solving the equation

ding,(u.b) _vr(u. Culu. b))

A2
dlnp? 2D(u,b) (A23)

with using Eq. (A21) as an input and the boundary
conditions

D(ﬂm b) =0,

7 (#o- & (10, b)) = 0. (A24)

In order to utilize the perturbative solution in the small-b
region for £, (u, b), we apply the formulas as in Ref. [72]:

Culu o) = Ei (n b)e /B

5, b)(1 - e /Be). (A25)

The perturbative solution of Eq. (A23) can be written as

2ue E
B . b) = F— e, (A26)
which is consistent with the pQCD result by construction
[73]. Up to two-loop order, v(u, b) can be written as
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Bo,r  12+dr(0) yIy
b — L+ - . A27
vlp.b) = r(fL T, r2 (A27)
And, according to the approach in Ref. [72], Z_,’f,"a“(ﬂ, b) can be written as
g;xact(ﬂ, b) = ﬂze—g(u,b)/D(ﬂ,b)_ (A28)
Up to two-loop order, g(u, b) can be written as
1 Ty _ hi _ P2 ry, _ Pori
b)) = ——2% P _1 | _2 P_1 For1
9. b) szﬂ%{ e [ﬂo(e P73 1ﬂo( ot lﬂop
Al ﬂz) ﬂo}’z ﬁo}’lr
— ——](coshp —1 —1—( sinhp — p) + e —1 , A29
K ) ) Bol'o  Bo ( ) r, 12 ( ) (429)
|
where
1 )
28yD(u, b Di(z,z /e"b'l’iD z,b)d’b
FO 1 +o00
= Jo(bp1)Di(z,b)bdb,  (BS)
2r 0
APPENDIX B: FOURIER TRANSFORMS
FOR PDFs AND FFs
_ ib 2
The Fourier transforms for PDFs and FFs are Dy(z.b) = / e”P.Dy(z.2p1)dp,
+o0
= 2”/0 JO(pr_)Dl<x’ ZPL)PLdPL, (36)

filx k) = 12/ ek f| (x, b)d*b
A

1
T o Jo(bk1)f1(x,b)bdb, (BI)
T Jo
Py 1 —ibp.
MhHl(Z 2PL) =77 /e bpLibM, H (2, b)db,
fi(x,b) :/e_ib'hf] (x.ky)d%k, M? [
Hi(z.zp1) =5 / Ji(bpL)b*Hi (z,b)db, (BT)
+o0 P1LJo
= 2n [T bkOf (ks sd (B2)
1 . . ”
hy(x,ky) :4—2/e’b'kih1(x,b)dzb iMbH (2, b) —/elbmz—lHﬂZyZl’L)dzpb
T h
1 2 o
=_— Jo(bk )hy(x.b)bdb, (B3) Hi(z.b) = —— / Ji(bp )Pt Hi (2, zp1)dpo,
2 0 Mhb 0

hl(x, b) :/e_ib'kth(x, kl)dzkl

(B8)

where hadron % and flavor ¢ dependencies in TMDs are

=2 /ﬂo Jo(bk )y (x,k )k dk,,  (B4) omitted for convenience in Appendix B and p, is the
0

transverse momentum of the final-state quark.
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APPENDIX C: EXPRESSION OF STRUCTURE FUNCTIONS
For the SIDIS process, we have

Fyyr = C[f D]

= xZeé / d*prd®k | 8% (pr + 2k — Py ) f1gen, (% k1 )Dy gony (2. PT)
q
612] 20 DL P2hib-(p—k
_ ib-(p, —k, 1Py,
= X;Al_ﬂz/dpid k, d*bett Pkt /z)fl,zp—h,(x’ ki )Dy 4p,(z.2p1)

e2 [oo
= qu:ﬁl bJo(bPy1/2)f1 gen (X.D)Dy 4o, (2, b)db, (C1)

A

sin(¢ 3 h
FUT(/7/,+¢A) _ C|: M, h HJ_:|

h-p
= xZef] / JZPszkL‘S(z)(I’T +zk, — PhJ_) thl,qehl (X’ kl)HlL,q—mz (Z’ PT)

) A
e . 'y ib- h P
= _xE r;/dzbdzplaaky”’“e ibk, ,ib-Py [z i hlm_hl(x, kJ_)th_,hz(Z,ZpJ_)

h

% |7 S P25 g, (5 Dy (2. D), ()
where one uses the following equation:
-PL =pr/%, Py, =pr+zk,. (C3)
For the SIA process, we have

Fil> =clp,

=24
q
1
4—

D]
*pir dp pir _por P
/ 17 2T5()<_1T_ 2T+“)D1 g—h (21, P17)D1 gty (220 Par)
Zz <1 22 <]

/szud Pueib'(p‘ﬁp“whl/zl)Dl,q—ml (21, ZlPu)DLq—mz(Zza 2op21)d*b

1
= ﬂzeg / JO(PhJ_b/ZI)Dl,q—ml (Zl, b)Dl,Z]—>h2 (ZQ, b)bdb, (C4)
q

2 -prr)(h -por) —prr -
Fl C[( pir)(h -por) —pir pZTHllHll

Collins —
leththz

hih, hihy
- 2Fcoll - FcolZ

M
h] Z /Jz Py b/z))Hy, 1.g—h (z1,b)H7, G—hy (22, )b db, (C5)

where
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dp dp p p P
phh Z hl
Fhls — / i &Por o 2)( it Por

21 27 21

h- ‘Pir
2iMy,

Por 1
H1 q=h (Zl’plT) oM Hl,q-»hz(Zva2T)

hy

P h -p p
- Zeé / d’py d’py 5@ (Pu +tPo + hl) = Hi, ), (ZhZ]Pu) i = Hi, (22, 22021)
hy

2
M

71 Ve)

P,
_Ze / P1Ldpy 5 )<Pu tP2 + )

M

M
— ”1 h2z /dbb3J0 bPy, [20)HY . (21, D) Hiy ), (22, D),

thhz Z / db b*(Jo(bPyy/z1) = J 1 (bPyy/21)/ (bPy/21))Hi: L.g—h, (Zlvb)Hl q—mz(Zzsb)’

f d
hh Pir p2T Pir  DPor
wlZz E / )<___|_

hy

(Co)
Pir "Par 45 L
— w2 ,pir)Hi, ,
)leththz 1’q_’h'(zl Pir) 1vq—>h2(12 Par)
P11 P21
o Hi : H ,
Mthhz La=h (Zl lell) lq*hz(ZZ Z2p2L)
(C7)

where J,,(X) is Bessel functions and we use the following relation:

J1(X)
X

2 = J2(X) + Jo(X), (C8)

and similar to Eq. (C3) one can have the following equation:

—P21 = DPar/ 2,

=pir/z21 +P2r/22-

P11 =DPir/a,
P, /z (C9)

APPENDIX D: EXPRESSION OF MATCHING
FUNCTIONS

For TMD PDFs, the coefficient function C up to NLO
is [48]

Cf<—f/ (.X, b,ﬂ) = 5(1 — .X)Sffl

+a,(u)(-L,P\) , + %), (D)
where
(1.0) z
Cq;q,(x)_CF[2(1—x)—5(1—x)€}6qq,, (D2)
Co)(x) = 2x(1 - x), (D3)
W B 2 3

Pq&q,(x) = 2CF [m— 1 —x+§5(1 —x)]ﬁqqu
(D4)
P (x) = 1 - 2x + 222, (D5)

For TMD FFs, the matching coefficient C up to NLO
follows the same pattern as in Eq. (D1) with the

replacement of the PDF Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) kernels P} ,(x) by the FF
DGLAP kernels [74]:

(1) o 2CF 1+ Z2
Pq—n;’(z) T2 < 11—z +5qq” (D6)
1 2Cr 1+ (1 —2)?
XU
and the replacement of C (x) by [48]
C 4(1+2%)Inz
c () ==L [2 l-g) 4 — 2=
q—q (Z) Z2 ( Z) 1 -z
72
5(1—2)€:| qq' > (DS)
1,0 2C Inz
C)(z) =S { 201+ (1-2) = (D)

The “+” prescription is defined as

/ L dxlg(x)], f(x) = / ! dxg(0) [ (1)0(x = x0) = (1),

X0

(D10)

where ©(x — x) is the Heaviside step function.
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APPENDIX E: TRANSVERSITY FUNCTION
WITH DIFFERENT TARGET

The isospin symmetry is also assumed to relate the
transversity function of the neutron and the transversity
function of the proton as (u; and ¢; dependencies in TMDs
are omitted for convenience)

Py wen (X, D) = hygep(x. D),
hygen(x,b) = hl,z_h—p(x’b)’
hygen(x,b) = hl,m—p(x’ b),
hl,z_h—n(x’ b) = hl,m—p(x’ b),
hsen (¥, D) = hy s p(x. D),
1 sen(x. D) = hy 5 p(x, D). (E1)

Since a free neutron target is not available for SIDIS
experiments, the polarized deuteron and polarized *He are
commonly used to obtain parton distributions in the
neutron. As an approximation, the transversity functions

of the deuteron and the 3He are set via the weighted
combination of the proton transversity function and the
neutron transversity function. For a deuteron, the trans-
versity function is expressed as

Pghl’w_n(x, b) + PZhl’q(_p(X, b)
2 b

h],q<—d(xv b) = (Ez)

where P’ = P} = 0.925 are effective polarizations of the
neutron and the proton in a polarized deuteron [75].
Similarly, the transversity function of a *He is

Py gen(x,0) +2P3 Ry 4y (x,b)
3 9

h ,q<He (x’ b) = (ES)

where P}, = 0.86 and P}, = —0.028 are effective polar-
izations of the neutron and the proton in a polarized
3He [76].

This parametrization setup is applied for both the fit to
world SIDIS data and the fit to EicC pseudodata.
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