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Charged lepton flavor violation (CLFV) represents a clear new physics (NP) signal beyond the standard
model (SM). In this work, we investigate CLFV processes l−j → l−i γ utilizing mass insertion approximation
(MIA) in the minimal supersymmetric extension of the SM with local B − L gauge symmetry (B − L
SSM). The MIA method can provide a set of simple analytic formulas for the form factors and the
associated effective vertices, so that the movement of the CLFV decays l−j → l−i γ with the sensitive

parameters will be intuitively analyzed. Considering the SM-like Higgs boson mass and the muon
anomalous dipole moment (MDM) within 4σ, 3σ, and 2σ regions, we discuss the corresponding constraints
on the relevant parameter space of the model.
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I. INTRODUCTION

Although the Standard Model (SM) is considered as a
very mature theory, it holds that lepton number is conserved,
i.e., no charged lepton flavor violation (CLFV) occurs [1].
However, the CLFV processes can easily occur in new
physics (NP) beyond the SM. Therefore, if the CLFV
signals are observed in future experiments, it is obvious
evidence of NP beyond the SM. In Table I, we show the
latest experimental data for the CLFV processes l−j → l−i γ
[2–4], and these processes were discussed in various
theoretical frameworks [5–13]. In this work, we investigate
these CLFV processes in the minimal supersymmetric
extension of the SM with local B − L gauge symmetry
(B − L SSM) [14–18]. We hope to reveal some properties of
high-energy physics through detailed analyses of these
CLFV processes.
It is worth noting that we use a novel calculation method

called mass insertion approximation (MIA) [19–24] to study
CLFV processes l−j → l−i γ in the B − L SSM. The CLFV
decays l−j → l−i γ are produced via one-loop contributions,

which are influenced by the flavor mixing among the three
generations of the B − L SSM sleptons and/or sneutrinos.
The MIA works with the sleptons (sneutrinos) in the
electroweak interaction eigenstate instead of mass eigen-
state. That is to say, the MIA method operates mass
insertions inside the propagators of the electroweak inter-
action sleptons (sneutrinos) eigenstates, instead of perform-
ing the exact diagonalization of the mass basis involved in
the full one-loop computation. The MIA method has been
studied in other LFV works, including the h;H; A → τμ
decays induced from supersymmetric (SUSY) loops [20],
an effective LFV Hlilj vertex from right-handed neutrinos
[21], a one-loop effective LFV Zlklm vertex from heavy
neutrinos [22], LFV decays lj → liγ in the Uð1ÞX SSM
[24], and so on. These works provide references and
guidance for our research of CLFV processes l−j → l−i γ
in the B − L SSM.
On the base of the minimum supersymmetric Standard

Model (MSSM) [25–28], B − L SSM extends the
gauge symmetry group to SUð3ÞC ⊗ SUð2ÞL ⊗ Uð1ÞY ⊗
Uð1ÞB−L, where B represents the baryon number and L
stands for the lepton number. The B − L SSM adds two

TABLE I. The latest experiment limits for the CLFV processes
l−j → l−i γ.

CLFV process Present limit Confidence level (C.L.)

μ → eγ < 4.2 × 10−13 [2] 90%
τ → eγ < 3.3 × 10−8 [3] 90%
τ → μγ < 4.2 × 10−8 [4] 90%
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singlet Higgs superfields η̂ and ˆ̄η and three generations
of right-handed neutrinos superfields ν̂ci to the MSSM.
The invariance under Uð1ÞB−L gauge group imposes the
R-parity conservation, which is assumed in the MSSM, to
avoid proton decay [29]. Besides, through the additional
singlet Higgs states and right-handed (s)neutrinos, addi-
tional parameter space in the B − L SSM is released from
the LEP, Tevatron, and LHC constraints to alleviate the
hierarchy problem of the MSSM [30,31]. Furthermore, the
B − L SSM can provide much more dark matter (DM)
candidates than that in the MSSM [32–35].
Our research of CLFV processes l−j → l−i γ in the B − L

SSM possesses much differences comparing that of Uð1ÞX
SSM. Firstly, because the two models contain different
fields, and the corresponding quantum numbers are differ-
ent, the two works are discussed under different models. In
the Uð1ÞX SSM, three Higgs singlets and right-handed
neutrinos are added to MSSM. This model relieves the so-
called little hierarchy problem that appears in the MSSM. Ŝ
is the singlet Higgs superfield with a nonzero vacuum
expectation value (VEV) vs=

ffiffiffi
2

p
. The terms μĤuĤd and

λHŜĤuĤd can produce an effective μeff ¼ μþ λHvs=
ffiffiffi
2

p
,

which relieves the μ problem. Comparing this with the
condition inMSSM, the lightestCP-even Higgs mass at tree
level is improved. The second light neutral CP-even Higgs
can be at TeV order. Then it easily satisfies the constraints
for heavy Higgs from experiments. Secondly, the two
models contain different parameters, so there are big
differences in the analytical calculations, analyses at the
analytical level, and numerical discussions. In our work, we
further discuss the numerical results changing with sensitive
parameters within 4σ, 3σ, and 2σ specifically. We study the
two-dimensional distribution of sensitive parameters under
experimental constraints, and then the influences of some
sensitive parameters on Brðl−j → l−i γÞ are discussed by one-
dimensional graphs. There are some differences in numeri-
cal discussion methods and ideas comparing lj → liγ in the
Uð1ÞX SSM with LFV decays.

Depending on the mass eigenstates of the particle and
rotation matrices, the mass eigenstate method is often not
intuitive and clear enough to find the sensitive parameters,
which leads us to pay too much attention to many
unimportant parameters. However, the MIA method pro-
vides very simple analytic formulas for the form factors
involved, which can be written explicitly in terms of the
sensitive parameters after a proper expansion. We can
easily find the direct impacts of sensitive parameters on
CLFV at the analytic level. Therefore, using the MIA
method to study CLFV processes provides a new way to
study other CLFV processes in the future.
The paper is organized as follows. In Sec. II we

introduce the B − L SSM briefly including the super-
potential and the general soft breaking terms. In Sec. III
we give analytic expressions for muon MDM and the
CLFV ratios Brðl−j → l−i γÞ in the B − L SSM. The
numerical analyses are given in Sec. IV, and the con-
clusion is discussed in Sec. V. The tedious formulas are
collected in Appendix A. In Appendix B we discuss
chirality flips with two examples, and demonstrate that the
chirality flips occurring in the internal gaugino lines may
yield dominant contributions compared to the external
lepton lines. In Appendix C we emphasize that the
contributions from the incident lepton is dominant by
comparing the amplitudes of Figs. 2(a1) and 2(a2).

II. THE B−L SSM

A. The B−L SSM

The B − L SSM extends the superfields of the MSSM
by introducing Uð1ÞB−L gauge superfield. Therefore, the
local gauge group of the B − L SSM is defined as
SUð3ÞC ⊗ SUð2ÞL ⊗ Uð1ÞY ⊗ Uð1ÞB−L. Compared with
the MSSM, the B − L SSM adds two singlet Higgs
superfields, η̂ and ˆ̄η, and three generations of right-handed
neutrino superfields ν̂ci . In the Table II, we discuss the
quantum numbers of gauge symmetry group for the chiral

TABLE II. The chiral superfields and quantum numbers in the B − L SSM.

Superfield Spin 0 Spin 1
2

Generations Uð1ÞY ⊗ SUð2ÞL ⊗ SUð3ÞC ⊗ Uð1ÞB−L
Ĥd Hd H̃d 1 ð− 1

2
; 2; 1; 0Þ

Ĥu Hu H̃u 1 ð1
2
; 2; 1; 0Þ

Q̂i Q̃i Qi 3 ð1
6
; 2; 3; 1

6
Þ

L̂i L̃i Li 3 ð− 1
2
; 2; 1;− 1

2
Þ

D̂c
i D̃c

i Dc
i 3 ð1

3
; 1; 3̄;− 1

6
Þ

Ûc
i Ũc

i Uc
i 3 ð− 2

3
; 1; 3̄;− 1

6
Þ

Êc
i Ẽc

i Ec
i 3 ð1; 1; 1; 1

2
Þ

ν̂ci ν̃ci νci 3 ð0; 1; 1; 1
2
Þ

η̂ η η̃ 1 ð0; 1; 1;−1Þ
ˆ̄η η̄ ˜̄η 1 ð0; 1; 1; 1Þ
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fields in the B − L SSM. Then the B − L SSM super-
potential is deduced as

WB−L ¼Yu;ijQ̂iĤuÛ
c
j −Yd;ijQ̂iĤdD̂

c
j þYe;ijL̂iĤdÊ

c
j

þμHĤdĤuþYx;ijν̂
c
i η̂ν̂

c
j þYν;ijL̂iĤuν̂

c
j −μηη̂ ˆ̄η; ð1Þ

where i, j represent the generation indices so Yu;ij, Yd;ij,
Ye;ij, Yx;ij, and Yν;ij correspond to the Yukawa coupling
coefficients. μH and μη are both the parameters with mass
dimension. μH indicates the supersymmetric mass between
SUð2ÞL Higgs doublets Ĥd and Ĥu, and μη represents the
supersymmetric mass between Uð1ÞB−L Higgs singlets,
η̂ and ˆ̄η.

In the B − L SSM, the Higgs doublets and Higgs singlets
obtain the nonzero VEVs, then the SUð2ÞL ⊗ Uð1ÞY ⊗
Uð1ÞB−L gauge group breaks to Uð1Þem,

H0
d ¼

1ffiffiffi
2

p ðϕdþvdþ iσdÞ; H0
u ¼

1ffiffiffi
2

p ðϕuþvuþ iσuÞ;

η¼ 1ffiffiffi
2

p ðϕηþ vηþ iσηÞ; η̄¼ 1ffiffiffi
2

p ðϕη̄þvη̄þ iση̄Þ: ð2Þ

Here, we define u2 ¼ v2η þ v2η̄, v
2 ¼ v2d þ v2u and tan β0 ¼

vη̄
vη
in analogy to the definition tan β ¼ vu

vd
in the MSSM.

Correspondingly, the soft breaking terms in the B − L
SSM are generally written as

Lsoft ¼ −m2
q̃;ijQ̃

�
i Q̃j −m2

ũ;ijŨ
�
i Ũj −m2

d̃;ij
ðD̃c

i Þ�D̃c
j −m2

L̃;ij
L̃�
i L̃j −m2

Ẽ;ij
ðẼc

i Þ�Ẽc
j

−m2
Hd
jHdj2 −m2

Hu
jHuj2 −m2

ηjηj2 −m2
η̄jη̄j2 −m2

ν̃;ijðν̃ci Þ�ν̃cj þ
h
−BμHdHu

− Bηηη̄þ Tij
u Q̃iŨc

jHu þ Tij
d Q̃iD̃c

jHd þ Tij
e L̃iẼc

jHu þ Tij
ν Huν̃

c
i L̃j þ Tij

x ην̃ci ν̃
c
j

− 1

2
ðM1λB̃λB̃ þM2λW̃λW̃ þM3λg̃λg̃ þ 2MBB0λB̃0λB̃ þMB0λB̃0λB̃0 Þ þ H:c:

i
; ð3Þ

where λB̃, λW̃ , λg̃ and λB̃0 are the gauginos of Uð1ÞY ,
SUð2ÞL, SUð3ÞC, and Uð1ÞB−L respectively. Besides, the
soft breaking terms of the B − L SSM include the mass
squared terms of squarks, sleptons, sneutrinos, and Higgs
bosons, the trilinear scalar coupling terms, and the
Majorana mass terms.
Compared with the MSSM or other SUSY models,

the two Abelian groups in the B − L SSM produce a
new effect called as the gauge kinetic mixing. Although
both approaches are equivalent, it is easier to work with
noncanonical covariant derivatives instead of off-diagonal
field-strength tensors in practice. Hence, the covariant
derivatives of the B − L SSM can be considered as

Dμ ¼ ∂μ − iðY; B − LÞ
�

gY; g0YB
g0BY; gB−L

� 
A0Y
μ

A0BL
μ

!
; ð4Þ

where Y and B − L correspond to the hypercharge and
B − L charge, and A0Y

μ and A0BL
μ denote the gauge fields of

Uð1ÞY and Uð1ÞB−L, respectively. With the condition of the
two Abelian gauge groups unbroken, choosing matrixR in a
proper form, one can write the coupling matrix as

�
gY; g0YB
g0BY; gB−L

�
RT ¼

�
g1; gYB
0; gB

�
; ð5Þ

where g1 corresponds to the measured hypercharge coupling
which is modified in B − L SSM as given along with gB and
gYB in Ref. [36]. Then, we can redefine the Uð1Þ gauge
fields as

R

 
A0Y
μ

A0BL
μ

!
¼
 

AY
μ

ABL
μ

!
: ð6Þ

The one-loop corrections for the CLFV processes are
related with the mass matrices, which can be obtained by
SARAH [37,38]. Besides, the CLFV processes in MIA
need to consider the trilinear couplings under the inter-
action eigenstate, so we show some couplings needed in
this work as follows. The lepton-charginos CP-even(odd)
sneutrinos are deduced as

Ll̄jχ− ν̃R ¼ iffiffiffi
2

p l̄jν̃RL½Yj
lPLH̃− þ g2PRW̃−�;

Ll̄jχ−ν̃I ¼
1ffiffiffi
2

p l̄jν̃IL½−Yj
lPLH̃− þ g2PRW̃−�: ð7Þ
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The lepton-neutralinos-sleptons are deduced as

Ll̄jχ0L̃ ¼ il̄j

�
−
�
1ffiffiffi
2

p ð2g1PLλB̃ þ ðgB þ 2gYBÞPLλB̃0 ÞL̃R þ Yj
lPLH̃0

dL̃
L

�

þ
�
1ffiffiffi
2

p ðg2PRW̃0 þ g1PRλB̃ þ ðgB þ gYBÞPRλB̃0 ÞL̃L − Yj
lPRH̃0

dL̃
R

��
: ð8Þ

B. Higgs mass in the B−L SSM

Due that the strict constraint from SM-like Higgs boson on the numerical results, we discuss the Higgs boson mass
matrix. ϕd, ϕu, ϕη, and ϕη̄ mix together at the tree level. In the basis (ϕd, ϕu, ϕη, ϕη̄), the tree-level mass squared matrix for
neutral CP-even Higgs boson is deduced as

M2
h ¼ u2 ×

0
BBBBBBB@

1
4

g2x2

1þtan β2 þ n2 tan β − 1
4
g2 x2 tan β

1þtan β2 − n2 1
2
gBgYB x

T − 1
2
gBgYB

x×tan β0
T

− 1
4
g2 x2 tan β

1þtan β2 − n2 1
4
g2x2 tan β2

1þtan β2 þ n2
tan β

1
2
gBgYB

x×tan β
T

1
2
gBgYB

x×tan β×tan β0
T

1
2
gBgYB

x
T

1
2
gBgYB

x×tan β
T

g2B
1þtan β02 þ tan β0N2 −g2B

tan β0

1þtan β02 − N2

− 1
2
gBgYB

x×tan β0
T

1
2
gBgYB

x×tan β×tan β0
T −g2B

tan β0

1þtan β02 − N2 g2B
tan β02

1þtan β02 þ N2

tan β0

1
CCCCCCCA
: ð9Þ

Here, g2 ¼ g21 þ g22 þ g2YB, T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan β2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan β02

p
, x ¼ v

u, n
2 ¼ ReðBμÞ

u2 and N2 ¼ ReðBηÞ
u2 . The mass of the SM-like

Higgs boson can be obtained after considering the leading-log radiative corrections from stop and top particles [39–41],

mh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm0

h1
Þ2 þ Δm2

h

q
; ð10Þ

where m0
h1

represents the lightest tree-level Higgs boson mass, and the leading-log radiative corrections Δm2
h can be

written as

Δm2
h ¼

3m4
t

4π2v2

��
t̃þ 1

2
X̃t

�
þ 1

16π2

�
3m2

t

2v2
− 32πα3

�
ðt̃2 þ X̃tt̃Þ

�
;

t̃ ¼ log
M2

S

m2
t
; X̃t ¼

2Ã2
t

M2
S

�
1 −

Ã2
t

12M2
S

�
: ð11Þ

Here, α3 is the strong coupling constant, MS ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffimt̃1mt̃2
p with mt̃1;2 are the stop masses, Ãt ¼ At − μH cot β, where

At ¼ Tu;33 denotes the trilinear Higgs-stops coupling.

III. THE ðg− 2Þμ AND l −j → l −i γ IN THE B−L SSM

In this section we study the muon MDM and the CLFV
processes l−j → l−i γ in the B − L SSM with the MIA
method, which shows the factor of the one-loop contribu-
tions more clearly. The concrete contents will be discussed
as follows.

A. The one-loop corrections to ðg− 2Þμ in the B−L SSM

The effective Lagrangian used here for the muon MDM
is given out as follows:

LMDM ¼ e
4mμ

aμl̄μσαβlμFαβ; ð12Þ

where σαβ ¼ i½γα; γβ�=2, lμ denotes the wave function of
muon, mμ represents the muon mass, Fαβ is the electro-
magnetic field strength, and aμ is the muon MDM.
To obtain the muon MDM, we adopt the effective

Lagrangian method [28,42,43], which relates with the
following dimension-6 operators:
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O∓
1 ¼ 1

ð4πÞ2 l̄ði=DÞ3PL;Rl; O∓
2 ¼ eQf

ð4πÞ2 ðiDμlÞγμF · σPL;Rl;

O∓
3 ¼ eQf

ð4πÞ2 l̄F · σγμPL;RðiDμlÞ; O∓
4 ¼ eQf

ð4πÞ2 l̄ð∂
μFμνÞγνPL;Rl;

O∓
5 ¼ ml

ð4πÞ2 l̄ði=DÞ2PL;Rl; O∓
6 ¼ eQfml

ð4πÞ2 l̄F · σPL;Rl; ð13Þ

with Dμ ¼ ∂μ þ ieAμ. The operators O∓
2;3;6 have relation with muon MDM when adopting the on shell condition for

external leptons. Therefore, we only study the Wilson coefficients C∓
2;3;6 of the operatorsO

∓
2;3;6 in the effective Lagrangian.

Actually, the Wilson coefficients satisfy the relations C∓
2 ¼ C∓�

3 and Cþ
6 ¼ C−�

6 . Then the muon MDM can be deduced as

aμ ¼
4Qfm2

μ

ð4πÞ2 ℜðCþ
2 þ C−�

2 þ Cþ
6 Þ: ð14Þ

The Feynman diagrams of muon MDM by MIA in the B − L SSM are shown in Fig. 1. Then, we obtain the concrete
forms of the one-loop muon MDM in the B − L SSM adopting the MIA method:

(1) The one-loop contributions from H̃− − W̃− − ν̃RLðν̃ILÞ,

aμðν̃RL; H̃−; W̃−Þ ¼ g22
2
xμ

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p
tanβ½2IðxμH ; xν̃RL ; x2Þ−J ðx2; xμH ; xν̃RLÞ þ 2Iðx2; xν̃RL ; xμHÞ−J ðxμH ; x2; xν̃RLÞ�;

aμðν̃IL; H̃−; W̃−Þ ¼ g22
2
xμ

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p
tanβ½2IðxμH ; xν̃IL ; x2Þ−J ðx2; xμH ; xν̃ILÞ þ 2Iðx2; xν̃IL ; xμHÞ−J ðxμH ; x2; xν̃ILÞ�; ð15Þ

with xμ ¼ m2
μ

Λ2 , xμH ¼ μ2H
Λ2, and Λ is the NP energy scale. The one-loop functions Iðx; y; zÞ, J ðx; y; zÞ and the following

fðx; y; z; tÞ, gðx; y; z; tÞ, kðx; y; z; tÞ are collected in the Appendix;

(2) The one-loop contributions from λB̃ðλB̃0 Þ − μ̃L − μ̃R,

aμðμ̃R; μ̃L; λB̃Þ ¼ g21xμ
ffiffiffiffiffiffiffiffiffiffiffi
x1xμH

p
tan β½J ðx1; xμ̃L ; xμ̃RÞ þ J ðx1; xμ̃R ; xμ̃LÞ�;

aμðμ̃R; μ̃L; λB̃0 Þ ¼ ðgB þ 2gYBÞðgB þ gYBÞ
2

xμ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB0xμH

p
tan β½J ðxB0 ; xμ̃L ; xμ̃RÞ þ J ðxB0 ; xμ̃R ; xμ̃LÞ�; ð16Þ

(a) (b) (c)

(d) (e) (f)

FIG. 1. The Feynman diagrams of muon MDM by MIA in the B − L SSM.
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(3) The one-loop contributions from λB̃ðλB̃0 Þ − H̃0 − μ̃R,

aμðμ̃R; λB̃; H̃0Þ ¼ −g21xμ
ffiffiffiffiffiffiffiffiffiffiffi
x1xμH

p
tan β½J ðx1; xμH ; xμ̃RÞ þ J ðxμH ; x1; xμ̃RÞ�;

aμðμ̃R; λB̃0 ; H̃0Þ ¼ −
ðgB þ 2gYBÞgYB

2
xμ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB0xμH

p
tan β½J ðxB0 ; xμH ; xμ̃RÞ þ J ðxμH ; xB0 ; xμ̃RÞ�; ð17Þ

(4) The one-loop contributions from λB̃ðW̃0; λB̃0 Þ − H̃0 − μ̃L,

aμðμ̃L; H̃0; λB̃Þ ¼
1

2
g21xμ

ffiffiffiffiffiffiffiffiffiffiffi
x1xμH

p
tan β½J ðx1; xμH ; xμ̃LÞ þ J ðxμH ; x1; xμ̃LÞ�;

aμðμ̃L; H̃0; W̃0Þ ¼ −
1

2
g22xμ

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p
tan β½J ðx2; xμH ; xμ̃LÞ þ J ðxμH ; x2; xμ̃LÞ�;

aμðμ̃L; H̃0; λB̃0 Þ ¼ gYBðgB þ gYBÞ
2

xμ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB0xμH

p
tan β½J ðxB0 ; xμH ; xμ̃LÞ þ J ðxμH ; xB0 ; xμ̃LÞ�; ð18Þ

(5) The one-loop contributions from λB̃ − λB̃0 − μ̃R − μ̃L,

aμðμ̃R; μ̃L; λB̃; λB̃0 Þ ¼ g1ð4gYB þ 3gBÞxμ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBB0xμH

p
tan β½ ffiffiffiffiffiffiffiffiffiffix1xB0

p
fðxB0 ; x1; xμ̃L ; xμ̃RÞ − gðxB0 ; x1; xμ̃L ; xμ̃RÞ�: ð19Þ

In Eqs. (15)–(19), one can easily find the factors xμ and
tan β, which possess the same characteristic as these in
MSSM [19]. In the B − L SSM, the new gaugino λB̃0

generates the new contributions to muon MDM, which are
deduced in Eqs. (16)–(19).
To obtain clearer images of the results, we suppose that

all the superparticle masses are almost degenerate. The
author [19] gives the one-loop results of the MSSM in the
extreme case where the masses for superparticles M1, M2,
μH, mμ̃L , mμ̃R are equal to Λ,

aMSSM
μ ≃

1

192π2
m2

μ

Λ2
tan βð5g22 þ g21Þ: ð20Þ

Here, we also use the similar case

M1 ¼ M2 ¼ μH ¼ mν̃RL
¼ mν̃IL

¼ mμ̃L ¼ mμ̃R

¼ jMB0 j ¼ jMBB0 j ¼ Λ: ð21Þ

Then, the functions Iðx; y; zÞ, J ðx; y; zÞ, fðx; y; z; tÞ, and
gðx; y; z; tÞ can be simplified as

Ið1;1;1Þ ¼ 1

96π2
; J ð1;1;1Þ ¼ 1

192π2
;

fð1;1;1;1Þ ¼ −
1

240π2
; gð1;1;1;1Þ ¼ −

1

960π2
: ð22Þ

In this condition, we obtain the simplified one-loop con-
tributions of muon MDM in the B − L SSM.

aB−Lμ ≃
1

960π2
m2

μ

Λ2
tan β½5ð5g22 þ g21Þ þ 5ðg2B þ 3gYBgB þ g2YBÞsign½MB0 �

þg1ð3gB þ 4gYBÞsign½MBB0 �ð1 − 4sign½MB0 �Þ�: ð23Þ

In addition to the one-loop MSSM contributions, the Eq. (23) adds considerable corrections to aμ from the new gaugino
λB̃0 . In the condition −0.7 < gYB < −0.05, 0.1 < gB < 0.85 and jgYBj < gB < 4

3
jgYBj and with the supposition

sign½MB0 � ¼ sign½MBB0 � ¼ −1, the corrections beyond MSSM can reach large values,

aB−Lμ →
1

192π2
m2

μ

Λ2
tan β½ð5g22 þ g21Þ − ðg1ð3gB þ 4gYBÞ þ ðg2B þ 3gYBgB þ g2YBÞÞ�: ð24Þ

Here, the order analysis shows,
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0 <
−g1ð3gB þ 4gYBÞ − ðg2B þ 3gYBgB þ g2YBÞ

5g22 þ g21
≲ 1: ð25Þ

Therefore, the B − L SSM contributions beyondMSSM are
considerable.

B. The one-loop corrections to l −j → l −i γ
in the B−L SSM

Generally, the effective amplitude of the CLFV proc-
esses l−j → l−i γ can be written as

M ¼ eϵμuiðpþ qÞ½q2γμðCL
1PL þ CR

1PRÞ
þmljiσμνq

νðCL
2PL þ CR

2PRÞ�ujðpÞ; ð26Þ

where p (q) represents the incident lepton (photon) momen-
tum, mlj is the jth generation lepton mass, ϵ is the photon
polarization vector, and ujðpÞ (ūiðpþ qÞ) is the incident
(outgoing) lepton wave function. In Fig. 2, we show the
relevant B − L SSM Feynman diagrams of l−j → l−i γ by
MIA. Here, we omit the chirality flips of external lepton in
our calculation. In Appendix B we discuss chirality flips
with two examples, and demonstrate that the chirality flips
occurring in the internal gaugino lines may yield dominant
contributions comparing in the external lepton lines. In
Appendix C we emphasize the contributions from the
incident lepton is dominant by comparing the amplitudes
of Figs. 2(a1) and 2(a2). The Wilson coefficients CiL

α , CiR
α

ðα ¼ 1; 2; i ¼ 1;…; 5Þ adopting the MIA method are
obtained from the sum of these diagrams’ amplitudes:

(1) The one-loop contributions from H̃− − W̃− − ν̃RLðν̃ILÞ,

C1L
2 ðν̃RLj

; ν̃RLi
; H̃−; W̃−Þ ¼ g22

2Λ4

mli

mlj

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p ΔLL
ij tan β

h
kðxμH ; x2; xν̃RLj ; xν̃RLi Þ

þ kðx2; xμH ; xν̃RLj ; xν̃RLi Þ − fðx2; xμH ; xν̃RLj ; xν̃RLi Þ
i
;

C1L
2 ðν̃ILj

; ν̃ILi
; H̃−; W̃−Þ ¼ g22

2Λ4

mli

mlj

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p ΔLL
ij tan β

h
kðxμH ; x2; xν̃ILj ; xν̃ILi Þ

þ kðx2; xμH ; xν̃ILj ; xν̃ILi Þ − fðx2; xμH ; xν̃ILj ; xν̃ILi Þ
i
; ð27Þ

(a1) (b1) (c1)

(d1) (e1) (f1)

(a2) (b2) (c2)

(d2) (e2) (f2)

FIG. 2. The Feynman diagrams of l−j → l−i γ by MIA in the B − L SSM.
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C1R
2 ðν̃RLj

; ν̃RLi
; H̃−; W̃−Þ ¼ g22

2Λ4

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p ΔLL
ij tan β

h
kðxμH ; x2; xν̃RLj ; xν̃RLi Þ þ kðx2; xμH ; xν̃RLj ; xν̃RLi Þ − fðx2; xμH ; xν̃RLj ; xν̃RLi Þ

i
;

C1R
2 ðν̃ILj

; ν̃ILi
; H̃−; W̃−Þ ¼ g22

2Λ4

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p ΔLL
ij tan β

h
kðxμH ; x2; xν̃ILj ; xν̃ILi Þ þ kðx2; xμH ; xν̃ILj ; xν̃ILi Þ − fðx2; xμH ; xν̃ILj ; xν̃ILi Þ

i
;

ð28Þ

(2) The one-loop contributions from λB̃ðλB̃0 Þ − L̃L
j − L̃R

i ,

C2L
2 ðL̃L

j ; L̃
R
i ; λB̃Þ ¼ −

g21
2Λ3mlj

ffiffiffiffiffi
x1

p
ΔLR

ij

h
J ðx1; xL̃L

j
; xL̃R

i
Þ þ J ðx1; xL̃R

i
; xL̃L

j
Þ
i
;

C2L
2 ðL̃L

j ; L̃
R
i ; λB̃0 Þ ¼ −

ðgB þ 2gYBÞðgB þ gYBÞ
4Λ3mlj

ffiffiffiffiffiffi
xB0

p
ΔLR

ij

h
J ðxB0 ; xL̃L

j
; xL̃R

i
Þ þ J ðxB0 ; xL̃R

i
; xL̃L

j
Þ
i
; ð29Þ

C2R
2 ðL̃R

j ; L̃
L
i ; λB̃Þ ¼ −

g21
2Λ3mlj

ffiffiffiffiffi
x1

p
ΔLR

ij

h
J ðx1; xL̃R

j
; xL̃L

i
Þ þ J ðx1; xL̃L

i
; xL̃R

j
Þ
i
;

C2R
2 ðL̃R

j ; L̃
L
i ; λB̃0 Þ ¼ −

ðgB þ 2gYBÞðgB þ gYBÞ
4Λ3mlj

ffiffiffiffiffiffi
xB0

p
ΔLR

ij

h
J ðxB0 ; xL̃R

j
; xL̃L

i
Þ þ J ðxB0 ; xL̃L

i
; xL̃R

j
Þ
i
; ð30Þ

(3) The one-loop contributions from λB̃ðλB̃0 Þ − H̃0 − L̃R
j − L̃R

i :

C3L
2 ðL̃R

j ; L̃
R
i ; λB̃; H̃

0Þ ¼ −
g21
Λ4

ΔRR
ij

h ffiffiffiffiffiffiffiffiffiffiffi
x1xμH

p
tan βfðx1; xμH ; xL̃R

j
; xL̃R

i
Þ − gðx1; xμH ; xL̃R

j
; xL̃R

i
Þ
i
;

C3L
2 ðL̃R

j ; L̃
R
i ; λB̃0 ; H̃0Þ ¼ −

ðgB þ 2gYBÞgYB
2Λ4

ΔRR
ij

h ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB0xμH

p
tan βfðxB0 ; xμH ; xL̃R

j
; xL̃R

i
Þ − gðxB0 ; xμH ; xL̃R

j
; xL̃R

i
Þ
i
; ð31Þ

C3R
2 ðL̃R

j ; L̃
R
i ; λB̃; H̃

0Þ ¼ −
g21
Λ4

mli

mlj

ΔRR
ij

h ffiffiffiffiffiffiffiffiffiffiffi
x1xμH

p
tanβfðx1; xμH ; xL̃R

j
; xL̃R

i
Þ− gðx1; xμH ; xL̃R

j
; xL̃R

i
Þ
i
;

C3R
2 ðL̃R

j ; L̃
R
i ; λB̃0 ; H̃0Þ ¼ −

ðgB þ 2gYBÞgYB
2Λ4

mli

mlj

ΔRR
ij

h ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB0xμH

p
tanβfðxB0 ; xμH ; xL̃R

j
; xL̃R

i
Þ− gðxB0 ; xμH ; xL̃R

j
; xL̃R

i
Þ
i
; ð32Þ

(4) The one-loop contributions from λB̃ðW̃0; λB̃0 Þ − H̃0 − L̃L
j − L̃L

i :

C4L
2 ðL̃L

j ; L̃
L
i ; H̃

0; λB̃Þ ¼
g21
2Λ4

mli

mlj

ΔLL
ij

h ffiffiffiffiffiffiffiffiffiffiffi
x1xμH

p
tan βfðx1; xμH ; xL̃L

j
; xL̃L

i
Þ − gðx1; xμH ; xL̃L

j
; xL̃L

i
Þ
i
;

C4L
2 ðL̃L

j ; L̃
L
i ; H̃

0; W̃0Þ ¼ −
g22
2Λ4

mli

mlj

ΔLL
ij

h ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p
tan βfðx2; xμH ; xL̃L

j
; xL̃L

i
Þ − gðx2; xμH ; xL̃L

j
; xL̃L

i
Þ
i
;

C4L
2 ðL̃L

j ; L̃
L
i ; H̃

0; λB̃0 Þ ¼ gYBðgB þ gYBÞ
2Λ4

mli

mlj

ΔLL
ij

h ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB0xμH

p
tan βfðxB0 ; xμH ; xL̃L

j
; xL̃L

i
Þ − gðxB0 ; xμH ; xL̃L

j
; xL̃L

i
Þ
i
; ð33Þ

C4R
2 ðL̃L

j ; L̃
L
i ; H̃

0; λB̃Þ ¼
g21
2Λ4

ΔLL
ij

h ffiffiffiffiffiffiffiffiffiffiffi
x1xμH

p
tan βfðx1; xμH ; xL̃L

j
; xL̃L

i
Þ − gðx1; xμH ; xL̃L

j
; xL̃L

i
Þ
i
;

C4R
2 ðL̃L

j ; L̃
L
i ; H̃

0; W̃0Þ ¼ −
g22
2Λ4

ΔLL
ij

h ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p
tan βfðx2; xμH ; xL̃L

j
; xL̃L

i
Þ − gðx2; xμH ; xL̃L

j
; xL̃L

i
Þ
i
;

C4R
2 ðL̃L

j ; L̃
L
i ; H̃

0; λB̃0 Þ ¼ gYBðgB þ gYBÞ
2Λ4

ΔLL
ij

h ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB0xμH

p
tan βfðxB0 ; xμH ; xL̃L

j
; xL̃L

i
Þ − gðxB0 ; xμH ; xL̃L

j
; xL̃L

i
Þ
i
: ð34Þ
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(5) The one-loop contributions from λB̃ − λB̃0 − L̃L
j − L̃R

i :

C5L
2 ðL̃L

j ; L̃
R
i ; λB̃; λB̃0 Þ ¼ −

g1ð4gYB þ 3gBÞ
2Λ3mlj

ffiffiffiffiffiffiffiffi
xBB0

p
ΔLR

ij

h ffiffiffiffiffiffiffiffiffiffi
x1xB0

p
fðxB0 ; x1; xL̃L

j
; xL̃R

i
Þ − gðxB0 ; x1; xL̃L

j
; xL̃R

i
Þ
i
; ð35Þ

C5R
2 ðL̃R

j ; L̃
L
i ; λB̃; λB̃0 Þ ¼ −

g1ð4gYB þ 3gBÞ
2Λ3mlj

ffiffiffiffiffiffiffiffi
xBB0

p
ΔLR

ij

h ffiffiffiffiffiffiffiffiffiffi
x1xB0

p
fðxB0 ; x1; xL̃R

j
; xL̃L

i
Þ − gðxB0 ; x1; xL̃R

j
; xL̃L

i
Þ
i
: ð36Þ

Then the decay width of l−j → l−i γ can be written as

Γðl−j → l−i γÞ ¼
e2

16π
m5

lj
ðjCL

2 j2 þ jCR
2 j2Þ; ð37Þ

with the final Wilson coefficient CL;R
2 ¼Pi¼1…5

i CiL;iR
2 , i ¼ 1;…; 5. And the branching ratio for l−j → l−i γ is

Brðl−j → l−i γÞ ¼ Γðl−j → l−i γÞ=Γlj : ð38Þ

From Eqs. (27)–(36), we find that CL;R
2 are almost affected by tan β and ΔAB

ij ðA;B ¼ L;RÞ. Here, ΔLL
ij ¼ m2

Lδ
LL
ij ,

ΔRR
ij ¼ m2

Eδ
RR
ij , and ΔLR

ij ¼ AevdδLRij , which are related with soft breaking slepton mass-squared matrices m2
L̃;Ẽ

and the
trilinear coupling matrix Te, whose off-diagonal terms introduce the slepton flavor mixing,

m2
L̃
¼

0
BB@

1; δLL12 ; δLL13
δLL12 ; 1; δLL23
δLL13 ; δLL23 ; 1

1
CCAm2

L; m2
Ẽ
¼

0
BB@

1; δRR12 ; δRR13
δRR12 ; 1; δRR23
δRR13 ; δRR23 ; 1

1
CCAm2

E; Te ¼

0
BB@

1; δLR12 ; δLR13
δLR12 ; 1; δLR23
δLR13 ; δLR23 ; 1

1
CCAAe: ð39Þ

In the subsequent numerical analyses, we discuss the branching ratios for CLFV processes l−j → l−i γ in the B − L SSM
depending on the slepton mixing parameters.
In order to more intuitively analyze the factors that affect CLFV processes l−j → l−i γ, we also suppose that the

superparticles masses are almost degenerate. In other words, we give the one-loop results in the extreme case where the
super particle masses are equal to Λ,

jM1j ¼ jM2j ¼ jμHj ¼ mL ¼ mE ¼ jMB0 j ¼ jMBB0 j ¼ Λ: ð40Þ

Here, the function kðx; y; z; tÞ is much simplified as kð1; 1; 1; 1Þ ¼ − 1
192π2

, then the Wilson coefficients from the MSSM can
be deduced as

CL;MSSM
2 ≃

1

1920π2Λ4mlj

h
−10

ffiffiffi
2

p
g21ΛAevdsign½M1�δLRij þ 2g21ð4 tan βsign½M1μH� − 1Þmljm

2
Eδ

RR
ij

i
; ð41Þ

CR;MSSM
2 ≃

1

1920π2Λ4mlj

h
−10

ffiffiffi
2

p
g21ΛAevdsign½M1�δLRij − ðg22ð8 tan βsign½M2μH� þ 1Þ

þ g21ð4 tan βsign
h
M1μH

i
− 1ÞÞmljm

2
Lδ

LL
ij

i
: ð42Þ

With the supposition sign½M1� ¼ sign½μH� ¼ sign½M2� ¼ 1 and 4 tan β ≫ 1, the one-loop corrections to the Wilson
coefficient of MSSM can reach

CL;MSSM
2 →

1

1920π2Λ2mlj

�
−10

ffiffiffi
2

p
g21

Aevd
Λ

δLRij þ 8g21 tan βmljδ
RR
ij

�
; ð43Þ
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CR;MSSM
2 →

1

1920π2Λ2mlj

�
−10

ffiffiffi
2

p
g21

Aevd
Λ

δLRij − ð8g22 þ 4g21Þ tan βmljδ
LL
ij

�
: ð44Þ

In the same way, the Wilson coefficient from the B-LSSM can be written as

CL;B−L
2 ≃ −

1

3840π2Λ4mlj

h ffiffiffi
2

p
ð20g21sign½M1� þ 10ðgB þ gYBÞðgB þ 2gYBÞsign½MB0 �

− g1ð3gB þ 4gYBÞsign½MBB0 �ð4sign½M1MB0 � − 1ÞÞΛAevdδLRij − 2ðg21ð8 tan βsign½μHM1� − 2Þ
þ gYBðgB þ 2gYBÞð4 tan βsign½μHMB0 � − 1ÞÞmljm

2
Eδ

RR
ij

i
; ð45Þ

CR;B−L
2 ≃ −

1

3840π2Λ4mlj

h ffiffiffi
2

p
ð20g21sign½M1� þ 10ðgB þ gYBÞðgB þ 2gYBÞsign½MB0 �

− g1ð3gB þ 4gYBÞsign½MBB0 �ð4sign½M1MB0 � − 1ÞÞΛAevdδLRij

þ 2ðg22ð8 tan βsign½μHM2� þ 1Þ þ g21ð4 tan βsign½μHM1� − 1Þ
þ gYBðgB þ gYBÞð4 tan βsign½μHMB0 � − 1ÞÞmljm

2
Lδ

LL
ij

i
: ð46Þ

With the supposition sign½M1� ¼ sign½M2� ¼ sign½μH� ¼ 1, sign½MB0 � ¼ sign½MBB0 � ¼ −1 and 4 tan β ≫ 1, the Wilson
coefficient for the B − L SSM can be

CL;B−L
2 →

1

3840π2Λ2mlj

�
−20

ffiffiffi
2

p
g21

Aevd
Λ

δLRij þ 16g21 tan βmljδ
RR
ij þ

ffiffiffi
2

p
ð10ðgB þ gYBÞðgB þ 2gYBÞ

þ 5g1ð3gB þ 4gYBÞÞ
Aevd
Λ

δLRij − 8gYBðgB þ 2gYBÞ tan βmljδ
RR
ij

�
; ð47Þ

CR;B−L
2 →

1

3840π2Λ2mlj

�
−20

ffiffiffi
2

p
g21

Aevd
Λ

δLRij − 2ð8g22 þ 4g21Þ tan βmljδ
LL
ij þ

ffiffiffi
2

p
ð10ðgB þ gYBÞðgB þ 2gYBÞ

þ 5g1ð3gB þ 4gYBÞÞ
Aevd
Λ

δLRij þ 8gYBðgB þ gYBÞ tan βmljδ
LL
ij

�
: ð48Þ

In the condition −0.7 < gYB < −0.05, 0.1 < gB < 0.85, and jgYBj < gB < 4=3jgYBj, then
ffiffiffi
2

p ð10ðgB þ gYBÞðgB þ 2gYBÞþ
5g1ð3gB þ 4gYBÞÞ < 0, −8gYBðgB þ 2gYBÞ < 0, 8gYBðgB þ gYBÞ < 0. The order analysis shows

DL;B−L
2 ¼

� ffiffiffi
2

p
ð10ðgB þ gYBÞðgB þ 2gYBÞ þ 5g1ð3gB þ 4gYBÞÞ

Aevd
Λ

δLRij − 8gYBðgB þ 2gYBÞ tan βmljδ
RR
ij

�
< 0; ð49Þ

DR;B−L
2 ¼

� ffiffiffi
2

p
ð10ðgB þ gYBÞðgB þ 2gYBÞ þ 5g1ð3gB þ 4gYBÞÞ

Aevd
Λ

δLRij þ 8gYBðgB þ gYBÞ tan βmljδ
LL
ij

�
< 0: ð50Þ

As parameters g1 ≃ 0.3, g2 ≃ 0.6, gB ≃ 0.3, gYB ≃ −0.25, tan βmμ ≃
Aevd
Λ ≃ 1, δLL12 ≃ δRR12 ≃ δLR12 ≃ 10−5, DL;B−L

2 , and DR;B−L
2

are at the order around −10−5, which approximately take the same values as the MSSM contributions from
½−10 ffiffiffi

2
p

g21
Aevd
Λ δLRij þ 8g21 tan βmljδ

RR
ij � and ½−10 ffiffiffi

2
p

g21
Aevd
Λ δLRij − ð8g22 þ 4g21Þ tan βmljδ

LL
ij �. Therefore, the B − L SSM

contributions beyond MSSM are considerable.

IV. THE NUMERICAL RESULTS

In this section, we research the numerical results of the branching ratios for CLFV processes l−j → l−i γ. We consider some
experimental constraints: (1) The updated experimental data indicates that the Z0 boson mass satisfiesM0

Z ≥ 5.15 TeV with
95% C.L. [44]. Refs. [45,46] give us an upper bound on the ratio between the mass of Z0 boson and its gauge coupling at

99% C.L.: M0
Z

gB
≥ 6 TeV, so gB is restricted in the region of 0 < gB ≤ 0.85; (2) The large tan β has been excluded by the
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B → Xsγ experiment [47,48]. Besides, the Yukawa cou-
pling Yb is defined as Yb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðtan β2 þ 1Þ

p
mb=v. In

general, the value of Yb is smaller than 1, mb ≃
4.18 GeV and v ≃ 246 GeV, so the parameter tan β should
be approximatively smaller than 40; (3) The coupling
parameter gYB is taken around −0.45– − 0.05, which has
been discussed in the works [49,50].
The SM-like Higgs boson mass is mh ¼ 125.25�

0.17 GeV [51–54], which constrains the parameter space
strictly. Therefore, we take the suitable parameter space to
limit the SM-like Higgs boson mass of the B − L SSM
within experimental 4σ, 3σ, and 2σ regions. We also
consider the constraints on the NP contribution to the
muon MDM in the B − L SSM. The difference between the
experimental measurement and SM theoretical prediction
of aμ is Δaμ ¼ aexpμ − aSMμ ¼ ð251� 59Þ × 10−11 [51,55],
which possesses 4.2σ deviation. Therefore, we constrain
the NP contributionΔaNPμ with 4σ, 3σ, and 2σ experimental
errors. Then the numerical results of the CLFV process
l−j → l−i γ are discussed in detail in the following.

A. The CLFV process μ → eγ

We all know that the CLFV process μ → eγ possesses the
strict experimental constraint, so we first discuss this
process with δAB13 ¼ δAB23 ¼ 0ðA;B ¼ L;RÞ, δLL12 ¼ δRR12 ¼
δLR12 ¼ 10−5. Parameters tan β, M1, M2, μH, MBB0 , MB0 ,
Ãe, m̃L ¼ mE, gYB, and gB are assumed as random variables
in the suitable regions. As the SM-like Higgs boson mass
and muon MDM are both in 4σ, 3σ, and 2σ regions, and the
branching ratio of μ → eγ satisfies the current experiment
constraint, the reasonable parameter space is selected to

scatter points which are shown in Fig. 3. Firstly, we discuss
the distribution of gB versus gYB in Fig. 3(a). Under the
experimental constraint of 4σ region, the numerical results
are mainly concentrated in the upper-right half interval of
function gB ¼ −2gYB. In the 3σ interval constraint, the
numerical results are mostly located in the region above
the function gB ¼ −2gYB and below the function gB ¼
−2gYB þ 0.35. In the 2σ constraint, the numerical results
are evenly distributed in the lower-left half interval of the
function gB ¼ −2gYB þ 0.3, and we find that the region of
gB increases with the decreased gYB, even gB can be
anywhere from 0.2 to 0.85 as gYB ≤ −0.25 with 2σ limit.
So gYB takes −0.25 in the following discussion. Besides, in
Fig. 3(b), the parameters M1 and mE are approximately
equal to each other as MB0

mE
∈ ð0.9; 1.1Þ, and the parameters

MB0 and mE are approximately equal to each other when
M1

mE
∈ ð0.9; 1.1Þ. As the experimental constraint changes

from 4σ to 2σ, the values of MB0
mE

and M1

mE
are both closer

to 1. Therefore, in the numerical analyses below, we take
M1 ≃ 0.947 TeV, mE ≃ 0.948 TeV, and MB0 ≃ 0.93 TeV,
which are approximately equal to each other. Besides, we
appropriately fix M2 ¼ 0.6 TeV, μH ¼ 0.5 TeV, and Ae ¼
0.4 TeV to simplify discussion.
The CLFV process μ → eγ is flavor dependent, which

can be influenced by the slepton mixing parameters
δAB12 ðA;B ¼ L;RÞ. In order to study the characters of
δAB12 ðA;B ¼ L;RÞ to Brðμ → eγÞ, we assume gYB ¼
−0.25, gB ¼ 0.8, MBB0 ¼ 0.8 TeV, and tan β ¼ 25; then
the corresponding analyses are shown in Fig. 4. It is
obvious that the CLFV rates increase with the enlarged
δAB12 ðA;B ¼ L;RÞ and possess the same changes within 4σ,

FIG. 3. Under the premise of the limit on the CLFV process μ → eγ, reasonable parameter space is selected to scatter points. Here, the
black, blue, and green scatter points correspond to the SM-like Higgs boson mass and muon MDM within 4σ, 3σ, and 2σ regions,
respectively.
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3σ, and 2σ constraints. Besides, the present experimental
upper bound of Brðμ → eγÞ constrains δLL12 ≤ 1.4 × 10−4,
δRR12 ≤ 5.1 × 10−4, and δLR12 ≤ 1.1 × 10−5.
Then, we study the CLFV rates for μ → eγ versus gB,

gYB, MBB0 , and tan β respectively in Fig. 5. In general, the
numerical results of Brðμ → eγÞ enlarge with the increase
of gB, gYB, MBB0 , and decrease with the increase of tan β.
The red line has been excluded due to exceeding 4σ
experimental constraint of SM-like Higgs mass or muon
MDM. And the parameter spaces of gB, gYB, MBB0 , and
tan β all narrow with the increase of muon MDM and
SM-like Higgs mass constraints. Obviously, Figs. 5(a)
and 5(b) indicate that the larger gB or gYB is, the more
appropriate CLFV rates for μ → eγ we can obtain. Under
the constraint of 2σ, gB takes a value in the space of
0.78–0.85 when gYB ¼ −0.25 and gYB takes a value in the
space of −0.29– − 0.25 when gB ¼ 0.8. In Fig. 5(c), when

the value of tan β is small, the parameter MBB0 can obtain a
large region, and the upper and lower limits of MBB0 also
increase. Furthermore, in the 3σ or 4σ limit, tan β can
obtain a larger region—MBB0 ¼ 1.3 TeV—than that of
MBB0 ¼ 0.8 TeV or MBB0 ¼ 1.8 TeV. However, in the
2σ region, the space of tan β decreases with the reduced
MBB0 , and even tan β is confined to a much small interval of
22–28 when MBB0 ¼ 0.8 TeV.
In Refs. [56,57], the authors show that the MIA results

can be obtained if one expands the starting expressions
in the mass basis properly. The concrete contents
include: 1. The loop particles are much heavier than the
external states; 2. The convergent of any one-loop ampli-
tude requires that the moduli of every eigenvalue of the
dimensionless mass insertion matrix has to be smaller than
one, and our discussion satisfies the basic approximation
assumption studied in Refs. [56,57]. Besides, we further

FIG. 5. The Brðμ → eγÞ versus gB, gYB,MBB0 , and tan β respectively, where the dot dashed line denotes the present experimental limit.
Here, the black, blue, and green lines correspond to 4σ, 3σ, and 2σ regions, respectively.

FIG. 4. The CLFV rates for μ → eγ versus δAB12 ðA; B ¼ L;RÞ, where the dot dashed line denotes the present experimental limit. Here,
the black, blue, and green lines correspond to 4σ, 3σ, and 2σ regions, respectively.
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study the numerical results of Brðμ → eγÞ versus μHðM2Þ
in the interaction eigenstate and mass eigenstate, respec-
tively, in Fig. 6. When parameters are valued in a
reasonable space, such as δLL12 ¼ 5 × 10−5, δRR12 ¼
5 × 10−4, δLR12 ¼ 9.5 × 10−6, gYB ¼ −0.25, gB ¼ 0.8, and
tan β ¼ 15, we find that the Brðμ → eγÞ with the running
of μHðM2Þ in the interaction eigenstate have the slight
deviation comparing with that in mass eigenstate. Even
when μH or M2 takes a certain value, the branch ratios in
interaction eigenstate and mass eigenstate are exactly the
same. In this work, the numerical discussion of the MIA
scheme in the interaction eigenstates is based on satisfying
the numerical results of mass eigenstates. Therefore, the
compatibility between SARAH and the MIA scheme is
guaranteed in this work.

B. The CLFV processes τ → eγ and τ → μγ

Because the experimental upper bounds for Brðτ → eγÞ
and Brðτ → μγÞ do not possess obvious differences, we
research both these processes in this section. In Fig. 7, we

picture Brðτ → eγÞ [Brðτ → μγÞ] versus the slepton flavor
mixing parameters δAB13 ðA; B ¼ L; RÞ [δAB23 ðA;B ¼ L;RÞ].
Obviously, the CLFV rates of τ → eγ possess the same
trends for 4σ, 3σ, and 2σ limits, as well as Brðτ → μγÞ. We
can clearly see that all slepton flavor mixing parameters
make positive influences on the CLFV rates, even the
Brðτ → eγÞ and Brðτ → μγÞ are respectively proportional
to δAB13 and δAB23 ðA;B ¼ L;RÞ. Besides, we find that
δLL13 ≤ 0.09, δRR13 ≤ 0.35, and δLR13 ≤ 0.13 with the exper-
imental constraint of Brðτ → eγÞ. Through the present limit
of Brðτ → μγÞ, δLL23 , δRR23 , and δLR23 are restricted below 0.11,
0.39, and 0.14, respectively.
In order to discuss the effects from other basic param-

eters on the numerical results, we set δLL13 ¼ δRR13 ¼ δLR13 ¼
0.03 and δAB23 ðA;B ¼ L;RÞ ¼ 0 for process τ → eγ, as well
as δLL23 ¼ δRR23 ¼ δLR23 ¼ 0.03 and δAB13 ðA;B ¼ L;RÞ ¼ 0 for
process τ → μγ. Then, we study the influences on Brðτ →
eγÞ and Brðτ → μγÞ from parameters gB, gYB, MBB0 , and
tan β. Overall, the variations of Brðτ → eγÞwith parameters
gB, gYB, MBB0 , and tan β are all slightly steeper than that of

FIG. 7. The CLFV rates for τ → eγðτ → μγÞ versus δAB13 ðδAB23 ðA; B ¼ L; RÞÞ, where the dot dashed lines denote the present
experimental limits. Here, the black, blue, and green lines correspond to 4σ, 3σ, and 2σ regions, respectively.

(a) (b)

FIG. 6. The CLFV rates for μ → eγ versus μHðM2Þ, where the black and red lines correspond to the interaction eigenstate and mass
eigenstate, respectively.
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Brðτ → μγÞ, and the value spaces of gB, gYB, MBB0 , and
tan β become small as the constraints of SM-like Higgs
mass and muon MDM change from 4σ to 2σ. Figures 8(a1)
and 8(a2) both indicate that the ranges of gB increase as gYB
expands, and when gYB ¼ −0.25, gB can fetch all values
from 0.78 to 0.85 under the 2σ constraint. gYB in Figs. 8(b1)
and 8(b2) can both obtain smallest regions when gB ¼ 0.7
with the limits of 4σ. However, within 3σ limit, the larger
gB is, the larger space for reasonable values gYB is. Under
the 2σ constraint, gYB runs in a −0.29– − 0.25 cell only
when gB ¼ 0.8.

In Figs. 8(c1) and 8(c2), we can see that the large regions
of MBB0 have been eliminated by the experimental upper
limits of Brðτ → eγÞ and Brðτ → μγÞ both within the 4σ
or 3σ limit, but MBB0 can still obtain large region as
tan β ¼ 20. Besides, the experimental limit of Brðτ → eγÞ
is stronger than that of Brðτ → μγÞ. Under the constraint of
2σ, the value range ofMBB0 changes from 0.7 TeV to 2 TeV
as tan β ¼ 25, which is more narrow than that of tan β ¼ 20
(here 0.9 TeV ≤ MBB0 ≤ 2.5 TeV). In addition, consider-
ing 4σ or 3σ constraint on the Figs. 8(d1) and
8(d2), we find that the larger MBB0 is, the more obvious

FIG. 8. The CLFV rates change with gB, gYB, MBB0 , and tan β, where the black, blue, and green lines correspond to 4σ, 3σ, and 2σ
regions, and the dot dashed line denotes the experimental limit.
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experimental constraints of Brðτ → eγÞ and Brðτ → μγÞ on
tan β are, and the smaller value space of tan β is. That is to
say the suitable parameter space of tan β narrows obviously
asMBB0 enlarges. WhenMBB0 ¼ 1.8 TeV, tan β can be any
value between 14 and 28 within the 2σ region, which
indicates parameter tan β is more constrained by the
experimental limit of Brðτ → eγÞ than Brðτ → μγÞ.

V. DISCUSSION AND CONCLUSION

In this work, under the premise that the compatibility
between SARAH and the MIA scheme is guaranteed, we
focus on CLFV processes l−j → l−i γ in the B − L SSM using
the MIA method. Assuming that all superparticle masses are
almost degenerate, we find that the B − L SSM contribu-
tions for both muon MDM and CLFV processes beyond
MSSM are considerable at the analytical level. In the
numerical discussion, we constrain the SM-like Higgs mass
and muon MDM both within the 4σ, 3σ, and 2σ regions,
which possess strict limits on the CLFV decays. Firstly, the
distribution of gB versus gYB presents different sensitive
parameter regions under the different bounds within 2σ, 3σ,
and 4σ. Besides, the parameters M1 and mE are approx-
imately equal to each other as MB0

mE
∈ ð0.9; 1.1Þ, as well as the

parameters MB0 and mE being approximately equal to each
other when M1

mE
∈ ð0.9; 1.1Þ. As the experimental constraint

changes from 4σ to 2σ, the values of MB0
mE

and M1

mE
are both

closer to 1. The branching ratios of l−j → l−i γ depend on the
slepton flavor mixing parameters δAB12 , δ

AB
13 , and δAB23 ðA;B ¼

L;RÞ obviously, and Brðl−j → l−i γÞ increases with the

enlarged δAB12 , δAB13 , and δAB23 . Considering the latest

experimental limits of Brðl−j → l−i γÞ, the slepton flavor
mixing parameters are restricted as δLL12 ≤ 1.4 × 10−4, δRR12 ≤
5.1 × 10−4, δLR12 ≤ 1.1 × 10−5, δLL13 ≤ 0.09, δRR13 ≤ 0.35,
δLR13 ≤ 0.13, δLL23 ≤ 0.11, and δRR23 ≤ 0.39 and δLR23 ≤ 0.14.
The parameter ranges of gB, gYB, MBB0 , and tan β all

narrow obviously as the constraints of SM-like Higgs mass
and muon MDM change from 4σ to 2σ. Compared with the
MSSM, gB, gYB, and MBB0 are the new parameters in the
B − L SSM, which have an uplift effects on the numerical
results. At 3σ or 2σ limit, gB has a large region with the
increased gYB, similarly, the reasonable parameter space
of gYB also widens as the value of gB enlarges. When
gYB ¼ −0.25ðgB ¼ 0.8Þ, gBðgYBÞ is constrained in the
range of 0.78–0.85ð−0.29– − 0.25Þ, which corresponds
to the maximum spaces of these parameters under the
2σ constraint. Under the 2σ constraint, the parameter MBB0

can obtain a large reasonable space 0.9–2.5 TeV when
tan β ¼ 20. The large parameter space of tan β is excluded
by the latest experiment limit of Brðτ → eγÞ, which
possesses the strongest constraint. Therefore, under the
2σ and Brðτ → eγÞ constraints, tan β can run in a much
large region of 14–28 when MBB0 ¼ 1.8 TeV.
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APPENDIX A: ONE-LOOP FUNCTIONS

The one-loop functions Iðx; y; zÞ, J ðx; y; zÞ, fðx; y; z; tÞ, gðx; y; z; tÞ, and kðx; y; z; tÞ can be written as

Iðx; y; zÞ ¼ 1

16π2

�
1

ðx − zÞðz − yÞ þ
ðz2 − xyÞ log z
ðx − zÞ2ðy − zÞ2 −

x log x
ðx − yÞðx − zÞ2 þ

y log y
ðx − yÞðy − zÞ2

�
;

J ðx; y; zÞ ¼ 1

16π2

�
xðx2 þ xz − 2yzÞ log x

ðx − yÞ2ðx − zÞ3 −
y2 log y

ðx − yÞ2ðy − zÞ2 þ
z½xðz − 2yÞ þ z2� log z

ðz − xÞ3ðy − zÞ2 −
xðy − 2zÞ þ yz

ðx − yÞðx − zÞ2ðy − zÞ
�
;

fðx; y; z; tÞ ¼ 1

16π2

�
t½t3 − 3txyþ xyðxþ yÞ� log t

ðt − xÞ3ðt − yÞ3ðt − zÞ −
x½x3 − 3txzþ tzðtþ zÞ� log x

ðt − xÞ3ðx − yÞðx − zÞ3

þ y½y3 − 3tyzþ tzðtþ zÞ� log y
ðt − yÞ3ðx − yÞðy − zÞ3 −

z½z3 − 3xyzþ xyðxþ yÞ� log z
ðt − zÞðz − xÞ3ðz − yÞ3 þ 1

2ðx − yÞ

×

�
t

ðt − xÞ2ðz − xÞ −
2y

ðt − yÞðy − zÞ2 þ
xð2t − 3xþ zÞ
ðt − xÞ2ðx − zÞ2 þ

tþ y
ðt − yÞ2ðy − zÞ

��
;
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gðx; y; z; tÞ ¼ 1

16π2

�
−
t½t3ðxþ yÞ − 3t2xyþ x2y2� log t

ðt − xÞ3ðt − yÞ3ðt − zÞ þ z½x2y2 þ xz2ðz − 3yÞ þ yz3� log z
ðt − zÞðz − xÞ3ðz − yÞ3

þ x2½x3 − 3txzþ tzðtþ zÞ� log x
ðt − xÞ3ðx − yÞðx − zÞ3 −

y2½y3 − 3tyzþ tzðtþ zÞ� log y
ðt − yÞ3ðx − yÞðy − zÞ3 −

x2ð2t − 3xþ zÞ
2ðt − xÞ2ðx − yÞðx − zÞ2

þ tx
2ðt − xÞ2ðx − yÞðx − zÞ −

y½tðyþ zÞ þ yðz − 3yÞ�
2ðt − yÞ2ðy − xÞðy − zÞ2

�
;

kðx; y; z; tÞ ¼ 1

16π2

�
−
½zðx2 − tyÞ þ x2ðt − 2xþ yÞ� log x

ðt − xÞ2ðx − yÞ2ðx − zÞ2 −
t log t

ðt − xÞ2ðt − yÞðt − zÞ

þ y log y
ðt − yÞðx − yÞ2ðy − zÞ þ

1

ðt − xÞðx − yÞðx − zÞ þ
z log z

ðt − zÞðz − yÞðx − zÞ2
�
: ðA1Þ

APPENDIX B: THE CHIRALITY FLIPS

The chirality flips occurring in the internal gaugino and the external lepton lines were described in detail in the
Refs. [58–60]. Since the gaugino mass is much bigger than the lepton mass, these diagrams whose chirality flips occur in
the internal gaugino lines may yield dominant contributions.
Then, we take two Feynman pictures shown in Fig. 9 as the examples, and discuss the chirality flips occurring in the

internal gaugino and the external lepton lines as follows. Firstly, we discuss the concrete amplitude of Fig. 9(a),

iM1 ¼ ūiðpþ qÞμ4−D
Z

dDk
ð2πÞD

�
eALPLð=kþM1ÞBLPLð2pþ q − 2kÞμC

½k2 −M2
1�½ðk − pÞ2 −m2

L̃L
j
�½ðk − ðpþ qÞÞ2 −m2

L̃L
j
�½ðk − ðpþ qÞÞ2 −m2

L̃R
i
�

þ eALPLð=kþM1ÞBLPLð2pþ q − 2kÞμC
½k2 −M2

1�½ðk − pÞ2 −m2
L̃L
j
�½ðk − pÞ2 −m2

L̃R
i
�½ðk − ðpþ qÞÞ2 −m2

L̃R
i
�
�
ujðpÞϵμðqÞ: ðB1Þ

We assume that the internal masses of particles such as gaugino and left(right)-handed slepton are much bigger than

the external lepton mass, the function 1
ðk−pÞ2−m2 ≃ 1

k2−m2 þ 2k·p−p2

ðk2−m2Þ2 þ
4ðk·pÞ2

ðk2−m2Þ3. Then the amplitude can be approximately

reduced as

iM1 ≃ ūiðpþ qÞeM1CALBLPLμ
4−D

Z
dDk
ð2πÞD

ð2pþ qÞμ
½k2 −M2

1�½k2 −m2
L̃L
j
�½k2 −m2

L̃R
i
�
�

1

k2 −m2
L̃L
j

þ 1

k2 −m2
L̃R
i

−
k2

ðk2 −m2
L̃L
j
Þ2 −

k2

ðk2 −m2
L̃R
i
Þ2 −

k2

ðk2 −m2
L̃L
j
Þðk2 −m2

L̃R
i
Þ
�
ujðpÞϵμðqÞ

¼ −ūiðpþ qÞeM1CALBLPLiσμνqν
i

2Λ4
½J ðx1; xL̃L

j
; xL̃R

i
Þ þ J ðx1; xL̃R

i
; xL̃L

j
Þ�ujðpÞϵμðqÞ: ðB2Þ

With AL ¼ −
ffiffiffi
2

p
g1, BL ¼ g1ffiffi

2
p and C ¼ −△LR

ij ¼ −AevdδLRij , the Wilson coefficient of Fig. 9(a) can be written as

(b)(a)

FIG. 9. The Feynman diagrams of l−j → l−i γ by MIA in the B-LSSM, the chirality flips occur in the internal gaugino and external
lepton lines, respectively.
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C2ðL̃L
j ; L̃

R
i ; λB̃Þ ¼ −

g21
2Λ4mlj

M1AevdδLRij PL½J ðx1; xL̃L
j
; xL̃R

i
Þ þ J ðx1; xL̃R

i
; xL̃L

j
Þ�: ðB3Þ

Here, the chirality flip occurs in the internal gaugino line.
Secondly, we take Fig. 9(b) as an example, and discuss the chirality flip occurs in the external lepton line. The concrete

amplitude is written as

iM2 ¼ ūiðpþ qÞμ4−D
Z

dDk
ð2πÞD

�
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With AL ¼ BR ¼ −
ffiffiffi
2

p
g1, C0 ¼ −△RR

ij ¼ −m2
Eδ

RR
ij , and mlj ≫ mli , the Wilson coefficient of Fig. 9(b) can be written as
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If jM1j ¼ mL ¼ mE ¼ Ae ¼ Λ, then C2ðL̃L
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mljm

2
Eδ

RR
ij PL. If δRRij and δLRij in the same order, M1Aevd ≫ mljm

2
E, then the absolute value of C2ðL̃L

j ; L̃
R
i ; λB̃Þ

is much bigger than C0
2ðL̃R

j ; L̃
R
i ; λB̃Þ. Therefore, we omit the chirality flip of incident lepton in our calculation.

APPENDIX C: THE COMPARISONS FROM FIGS. 2(a1) AND (a2)

We now discuss the one-loop contributions from H̃− − W̃− − ν̃RL in detail, which is derived from Fig. 2(a1). The concrete
amplitude is

iMa1 ¼ ūiðpþ qÞ
Z

d4k
ð2πÞD

�
eALPLð=kþ=pþ=qþ μHÞðBLPL þ BRPRÞð=kþ=pþ=qþM2Þγμð=kþ=pþM2ÞCLPLD

½ðkþ pþ qÞ2 − μ2H�½ðkþ pþ qÞ2 −M2
2�½ðkþ pÞ2 −M2

2�½k2 −m2
ν̃RLj
�½k2 −m2

ν̃RLi
�

þ eALPLð=kþ=pþ=qþ μHÞγμð=kþ=pþ μHÞðBLPL þ BRPRÞð=kþ=pþM2ÞCLPLD
½ðkþ pþ qÞ2 − μ2H�½ðkþ pÞ2 − μ2H�½ðkþ pÞ2 −M2

2�½k2 −m2
ν̃RLj

�½k2 −m2
ν̃RLi
�
�
ujðpÞϵμðqÞ: ðC1Þ

We assume that the internal masses of particles are much bigger than the external lepton mass, the function
1

ðkþpÞ2−m2 ≃ 1
k2−m2 − 2k·pþp2

ðk2−m2Þ2 þ
4ðk·pÞ2

ðk2−m2Þ3. With AL ¼ Yliffiffi
2

p , BL ¼ − g2ffiffi
2

p vd tan β, BR ¼ − g2ffiffi
2

p vd (here BL ≫ BR), CL ¼ g2ffiffi
2

p and

D ¼ −△LL
ij , then the amplitude can be approximately reduced as
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iMa1 ≃ −ūiðpþ qÞ
Z

d4k
ð2πÞD

eμHM2ALBLCLDPLð2pþ qÞμ
½k2 − μ2H�½k2 −M2

2�½k2 −m2
ν̃RLj
�½k2 −m2

ν̃RLi
�

×

�
k2

ðk2 − μ2HÞ2
þ k2

ðk2 −M2
2Þ2

þ k2

ðk2 − μ2HÞðk2 −M2
2Þ
�
ujðpÞϵμðqÞ

¼ iūiðpþ qÞemljiσ
μνqν

g22
2Λ4

mli

mlj

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p ΔLL
ij tan β½kðxμH ; x2; xν̃RLj ; xν̃RLi Þ

þ kðx2; xμH ; xν̃RLj ; xν̃RLi Þ − fðx2; xμH ; xν̃RLj ; xν̃RLi Þ�PLujðpÞϵμðqÞ: ðC2Þ

Using the same method with Fig. 2(a1), the concrete amplitude of Fig. 2(a2) can be written as

iMa2 ¼ ūiðpþ qÞ
Z

d4k
ð2πÞD

�
eA0

RPRð=kþ=pþ=qþM2ÞðB0
LPL þ B0

RPRÞð=kþ=pþ=qþ μHÞγμð=kþ=pþ μHÞC0
RPRD

½ðkþ pþ qÞ2 −M2
2�½ðkþ pþ qÞ2 − μ2H�½ðkþ pÞ2 − μ2H�½k2 −m2

ν̃RLj
�½k2 −m2

ν̃RLi
�

þ eA0
RPRð=kþ=pþ=qþM2Þγμð=kþ=pþM2ÞðB0

LPL þ B0
RPRÞð=kþ=pþ μHÞC0

RPRD
½ðkþ pþ qÞ2 −M2

2�½ðkþ pÞ2 −M2
2�½ðkþ pÞ2 − μ2H�½k2 −m2

ν̃RLj
�½k2 −m2

ν̃RLi
�
�
ujðpÞϵμðqÞ: ðC3Þ

With A0
R ¼ g2ffiffi

2
p , B0

L ¼ − g2ffiffi
2

p vd, B0
R ¼ − g2ffiffi

2
p vd tan β (here B0

L ≪ B0
R), C

0
R ¼ Yljffiffi

2
p , and D ¼ −△LL

ij , then the amplitude can be

approximately reduced as

iMa2 ≃ −ūiðpþ qÞ
Z

d4k
ð2πÞD

eμHM2A0
RB

0
RC

0
RDPRð2pþ qÞμ

½k2 − μ2H�½k2 −M2
2�½k2 −m2

ν̃RLj
�½k2 −m2

ν̃RLi
�

×

�
k2

ðk2 − μ2HÞ2
þ k2

ðk2 −M2
2Þ2

þ k2

ðk2 − μ2HÞðk2 −M2
2Þ
�
ujðpÞϵμðqÞ

¼ iūiðpþ qÞemljiσ
μνqν

g22
2Λ4

ffiffiffiffiffiffiffiffiffiffiffi
x2xμH

p ΔLL
ij tan β½kðxμH ; x2; xν̃RLj ; xν̃RLi Þ

þ kðx2; xμH ; xν̃RLj ; xν̃RLi Þ − fðx2; xμH ; xν̃RLj ; xν̃RLi Þ�PRujðpÞϵμðqÞ: ðC4Þ

Therefore, in the one-loop contribution from H̃− − W̃− − ν̃RL, the term including the incident lepton is dominant.
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