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The extension of the Standard Model lepton sector by three right-handed Majorana neutrinos [heavy
neutral leptons (HNLs)] with masses up to GeV scale is considered. While the lightest heavy neutral lepton
is the dark matter particle with mass of the order of 5 keV, the remaining two HNLs ensure standard (active)
neutrino mass generation by means of the seesaw type I mechanism. Two heavy sterile neutrinos with
quasidegenerate masses up to 5 GeV can induce the deviation of lepton universality violation parameter in
the decays of z+ and K™ mesons from the Standard Model value. Contours are obtained for the permissible
values of this parameter within the framework of two mixing scenarios, taking into account the lifetime
boundary for heavy neutral lepton from big bang nucleosynthesis in the Universe. When calculating the
HNL decay width in the framework of the model with six Majorana neutrinos, three active and three heavy,
both two-particle and three-particle lepton decays, essential for masses below the mass of the pion, were
taken into account. When calculating the decay widths, the limiting case known as the “Dirac limit” is not
used. The results based on the explicit form of mixing matrices for three HNL generations and the diagram
technique for Majorana neutrinos, which explicitly take into account the interference terms for diagrams
with identical mass states, can lead to some differences in lifetime from the results using the Dirac limit and
the displacement of the corresponding experimental exclusion contours of the “mass-mixing” type. For the
second mixing scenario, a mass region of 460 MeV < M < 485 MeV has been found that allows violation

of lepton universality in charged kaon decays at the level observed in the experiment.
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I. INTRODUCTION: THE MAIN FEATURES
OF THE MODEL

Extension of the Standard Model (SM) leptonic sector
by heavy neutral leptons of right helicity (HNL, also
referred to as sterile Majorana neutrinos) known for a long
time [1,2] has been analyzed multilaterally recently due to
the attractive general features of such an extension, within
the framework of which the symmetry between right and
left neutrinos is restored, new large energy scales are not
necessarily introduced, neutrino oscillations and their
masses generation by means of the seesaw mechanism
are successfully explained, and a number of important
cosmological applications of the model, such as baryon
asymmetry of the Universe generation, description of the
inflationary stage of the early Universe, and its accelerated
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expansion at the present time are successfully inter-
preted [3,4].

New useful features are realized in the construction of the
so-called minimal neutrino standard model vMSM [5,6]
which is a minimal extension of the SM. In vMSM
framework the HNL masses do not exceed the electroweak
scale and there are no other new particles up to the Planck
scale. Cosmological observations impose significant limi-
tations on the model parameter space, which lead to at least
three HNL and establish a strict upper limit on the mass of the
lightest active neutrino min(v, ,, ). The lightest heavy lepton
N, with mass of the order of 10 keV, the lifetime more than
TUniverse ~ 10'7 sec and mixing parameter of the order of
10~13-1077, plays a role of the dark matter (DM) particle in
such an extension [7,8]. The direct method of N; DM
detection is due to the possibility of observation of the
one-loop decay process of N; — yv in galactic media [9].
Two remaining heavy leptons ensure the mechanism of mass
generation of standard (or active) neutrinos; their masses can
vary in a wide range of values up to multi-GeV scale,
however, enough baryon asymmetry through oscillation-
induced leptogenesis can be generated even if they are of the
order of MeV and their mass splitting is rather small [10].
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Mixing of light enough HNL states with active neutrino
states could lead to observable HNL production in charged
meson decays such as 77 — ¢"N,3 and K+ — [T, N, 3,
[ = e, yu which could violate the lepton universality prin-
ciple demonstrating departures from the SM ratio R, x =
I'(z,K - ev)/T(n, K — pv) [11-15] which is a quantity
stable with respect to radiative corrections and hadroniza-
tion uncertainties.

In this paper we estimate the possible departure of the
lepton universality parameter

Ry

AI"M:W—

1 (1)

from zero value due to HNL contributions in the vMSM-
like model where an explicit form of mixing for the three
lepton generations is used. The Lagrangian of extension has
the form

_ ~ M., —
L= CSM + iljRaﬂ}’ﬂl/R - (FILI/RH + TMI/CRI/R + HC) s

(2)

where I; = (v, e; )T is the left lepton doublet, v are HNL
flavor states, (vg)¢ = CT% (C = iy2yo), Ug = vy, H is the
Higgs doublet (H = ir,H'), F is the Yukawa matrix and
M, is a Majorana mass matrix. After spontaneous sym-
metry breaking Mp = F(H) = Fv (v = 174 GeV) is the
matrix of Yukawa term. The full 6 x 6 mass matrix

1, — vy 1, — 0 MD)(I/Z>

— (D )M +H.c.==(7;1°

Z(VLVR) (I/R> ¢ 2<VLVR)<MIT) M, ”
+H.c., (3)

where the flavor states (v, ),, (vg); and the mass states v,
N;(a=-e,u,7,k, 1 =1,2,3) are connected by the unitary
transformation

vy v .
( )-m( ) U=W. diag(U,.U).  (4)
vy N

where P; is the left projector and U,,, Uy are unitary 3 x 3
matrices. The block-diagonal form of the mass matrix (3)
looks as

. U, 0 Uus 0
Ui MU — ( )Ww*( )
0o U% 0 Uy

_(UimyU; 0 )_(m o> 5)
0 UlMyUy 0 M)’

where i = diag(m,, my,m3), M = diag(M,, M,, M5),
W MW = diag(m,, My), and M is defined by Eq. (3).
In the following diagonalization procedure [16], the unitary

W matrix is represented as an exponent of an anti-

Hermitian matrix
W ( 0 9) (6)
=ex
P -0" 0

and decomposed
0+ 0(6)

_ (1=300"+0(¢")
W_< 1—%9T9+0<94))' )

-0" + 0(6°)

The flavor states are related to the mass states in the
following form:

1
vy~ (1 - 569*) U,P v+ 60UyP.N, (8)

" 1 .,
U%Q—Q'UDPLV—F (1 —EQTQ) U;FVPLN (9)

For the left neutrino the main contribution in the flavor basis
is given by the first term in (8) which corresponds
to the well-known phenomenological relation v;, =
> a(Upnns)q;Pr¥; [17], where Upys is the Pontecorvo—
Maki—Nakagawa—Sakata (PMNS) matrix. Deviation from
unitarity for the PMNS matrix in the approximations W ~
O(#) [and also W~ O(6)] is given by Upyns =
(1-360")U, and defined by the n = —1600"-matrix. The
Lagrangian terms for HNL currents interaction with W+, Z
bosons have the form

g _
LYe = Y }’”VLU;MNSUPMNSVLZ )
Cw
g 5 _
cc= __\/f lyy"Upmns¥ W, +Hec.,

LY = - L N, prutetouyN, zZ,
2CW
— -5, UiOULN, Z, + Hec. |,
2CW
LY = =L 0UsN, Wy + Hee, (10)

V2

In the following consideration we are keeping only the first
and the second order terms in 6, as it is customary to do in the
available literature. The HNL mixing parameter is defined in
the approximation W ~ O(6*) as ® = OU}. The standard
set of active neutrino masses is defined in the framework of
the O(6?) scenario as a solution of seesaw type I equation

my, ~—MpO" ~ —MpM;} MY (11)

with ambiguous definition of M, by means of the U, mass
matrix in the HNL sector [16,18]

My = +iUpyns VIQV MU3,, (12)

where Q is an arbitrary orthogonal matrix, QQ7 = 1.
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In conclusion of this section, simplifying for greater
clarity the model to one generation of neutrino v, we recall
the terminology used in the literature (see [4]) for the
limiting cases of the mass term parameters in the
Lagrangian, Eq. (2). Case M, =0 1is called the Dirac
limit, since the Weyl spinors v; and vy represent the left-
and right-chiral components of the Dirac neutrino with the
mass term M piv = Mp(Dyvg + Dgyy). The lepton number
is preserved. Case M,; << Mp is called the pseudo-Dirac
limit, since it is possible to divide the four components of
the Dirac neutrino into two Majorana neutrinos with left-
chiral components (v, + v%)/+v/2. Case My, > M/, corre-
sponds to the case of seesaw mechanism (M ,; > M, is the

“seesaw limit”), since we have two Majorana mass states,
one of which has a mass m; of the order of M% /M, the
other m, of the order of M,,, and the mixing parameter
of the two flavor states is of the order of M,/M,,. To
simplify calculations, the Dirac limit is used in the available
literature when Feynman rules for processes involving
active neutrinos and HNL are an analog of Standard
Model rules. In this paper, the Dirac limit is not used, the
corresponding diagram technique for processes involving
Majorana fermions was developed in [19,20] for calcula-
tions within supersymmetric models and can be directly
applied to HNL production and decays.

For further analysis of the lepton universality within the
framework of two characteristic mixing scenarios (Sec. III)
compatible with cosmoligical limitations (Sec. II), calcu-
lations are reproduced for two-particle semileptonic HNL
decays (Sec. IV) and calculations are made for three-
particle leptonic HNL decays (Sec. V) in the model with all
six Majorana neutrinos. They are used for the lifetime
restrictions on the mixing parameter space (Sec. VI).
Bounds on the characteristic lepton universality parameter,
Eq. (1), in the decays of K* and z* are considered in the
framework of characteristic mixing scenarios in Sec. VIIL.

II. THE LIGHTEST HNL AS A CANDIDATE
FOR THE ROLE OF A DARK MATTER PARTICLE

In the following it is assumed that heavy neutral leptons
Ny 3 are ordered by mass and N is the lightest one. For a
mass M; of the order of keV the main decay channel is
N; — vwv. The decay width corresponding to the four-
fermion effective Lagrangian defined by Eq. (10) has
the form

1 2
(N, — www) 96 . Z|®a,| (13)

where @ = e, u, 7. Details of calculation can be found in
Appendix A.

Heavy lepton N; must not decay at a time scale
of the order of the age of the Universe, which
means 7y, >4 x 10'7 sec. This limitation is significantly

strengthened when taking into account the one-loop
induced decay N — ¥, v, which can give a distinctive signal
with photon energy E, = M /2. The decay width

Yapn GEM?
Ll 'E:I(%I2 (14)

F(N1—>}/,)— 2564

Although the increase of the width is small T'y_,,,/
Unoyy = kd = 59.0— ~ 128, the limitation on the lifetime
can be increased by the 8 orders of magnitude due
to specifics of the gamma-astronomical observations,
see [21,22], providing 7y, > 10%° seconds. It is convenient
to introduce the effective mass parameter

(15)

(mD)aI =

2
Z Vi Ui &y
k

allowing to associate the masses of active neutrinos with
the mixing matrix ©. The connection of the effective mass
parameter with the phenomenological value of mixing U?

is given by
Z|®(11| (16)

Then the N, lifetime in seconds can be expressed as

My N\ a(mp)a !
Ty, =3 x 10% (1 keV) ( LoV sec, (17)

Z(mD)a, = M,U?, where U? =

a

and the gamma-astronomical constraint can be rewritten as

M -4
(Mp)yray = 3 x 107 (ﬁ) ev, (18)

where we used an estimate for the lifetime 7, = 10%
seconds. It is shown by the solid blue line in Fig. 1.

A known direct constraint from below on the HNL mass
is M; > 0.4 keV, since the distribution of HNL as fer-
mionic dark matter in the phase space of the galaxy is
limited by the distribution for a degenerate Fermi gas
(Tremaine-Gunn bound, see [24]).

The cosmological restriction for the density of N dark
matter in the Universe appears in the scenario where the
mixing of active and sterile neutrinos ® is quite small, and
the sterile neutrino has never been in thermal equilibrium.
The dominant mechanism of the formation of sterile
neutrinos (Dodelson-Widrow mechanism, see [25]) arises
from the active-sterile neutrino oscillations. The energy
fraction of sterile neutrinos in the Universe in the case of
nonresonant production [26,27] is given by

QNhZNOIZ > <|®“’| )(1]1‘(4—6’\1)2 (19)

=1 a=eyv,t

In particular, the density of the N particle expressed using
the effective mass parameter defined by Eq. (15) is
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FIG. 1. Bounds for the effective mass parameter X, (mp),,, see

(15), summed by the flavor index, as a function of dark matter
particle mass. See Eq. (24) for the fine-tuning of mixing. The
blue region is excluded at the level 7y > 10 seconds by
gamma-astronomical nonobservation of Ny — yv decay. Gray
areas are more detailed exclusions from HEAO-1, XMM, and
Chandra experiments which are recalculated for m using the
contours in [23]. The violet area is excluded by the Tremaine-
Gunn bound [24]. There is an overproduction of dark matter by
means of the Dodelson-Widrow mechanism [25] in the excluded
light-red area above the red line.

ovitx (505 (Tiew)- @

It leads to a restriction from above on mjp summed by
flavors

- M, \-1
=1075(-———) eV. 21
oo =107 (et ) e 21)

The excluded area where Qy > Qpy = 0.12 is shown in
Fig. 1 by a light-red color. Combining the obtained
constraints (18) and (21) for the effective mass parameter,
we get

> (mp)ar < 1 = min ((mp)pys, (mp)yry)- (22

a

III. ON THE CLASSIFICATION
OF MIXING SCENARIOS

In the following we consider three possibilities of €
matrix parametrization most appropriate to the constraint
given by Eq. (22),

(1) “Fine-tuning” of mixing for normal (NH) and

inverted (IH) hierarchies

1 00

Q
FT FT 2x2
.Q( ) _ 0 Q( ) _

H — ’
1 00

(23)

QZXZ

where €,,, is a 2 x 2 orthogonal matrix. In this
form of mixing the constraint is imposed directly on
the mass of the lightest active neutrino mj;ghe (1]
for NH, mj5 for IH):

Z(mD)al = Z|\/mkUa15kl(k3)|2 = Mmy(3). (24)
a.k

a

Here we used the unitarity condition for the PMNS
matrix assuming that U =~ Upyys up to O(6?). With
such form of mixing matrix there is a fine-tuning of
mixing that explicitly highlights the nonzero mass of
the lightest active neutrino, unlike the scenarios
considered in the following, where the small finite
numerical value of mass is not so significant. The
effective mass parameter (mp),, summed by the
flavor index a gives a counterpart of the parameter
U2 which is used in experimental reconstructions,
see Sec. VL

(i) Mixing expressed by the real orthogonal rota-
tion matrix QeSO(3,R) with the following

parametrization:
Ch —C38) §2C3
Q=1 c155 c1cc3— 5183 —C35 —C16283 |,

S182 €183+ CC038;  €1C3 — 28183

(25)

where cj =cosaq; and 5= sinaj, a; € R are Euler
angles. Note that the condition (22) for matrix (25)
restricts only a; and a, angles. Moreover, in this
scenario one can take Myjgpieq = 0.

(ili) Mixing expressed by the complex special orthogonal
matrix Q € SO(3, C) with the same parametrization
as given by Eq. (25) but replacement of a; — w; =
a; + ifj, p; # 0. The same as in the previous case,
here Myightest — 0.

Possible deviations of the Q matrix from the form of
fine-tuning above were analyzed in [28]. However, in the
following we focus mainly on the form of fine-tuning
which is consistent with the cosmological constraints in a
wide range of HNL dark matter masses, demonstrating also
flexibility of the mixing factor in the HNL decays (13) and
(14), which can vary due to changes both of M| and the
lightest neutrino mass.

Discussion of ambiguity of the choice of the type of
matrix € in the general case can be found in [18], the most
significant of them are related to the processes of lepton
flavor violation [29] in different sectors of the model. The
minimal parametric choice 2 = I corresponds to a special
case of fine-tuning with normal hierarchy, when redundant
parameters are not introduced. A similar form for the
inverse hierarchy occurs when Q is an antidiagonal matrix.
In these two cases
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. m; . /m,
er] M, erz M,

. /m
er3 ﬁz

1 00
O = | iU\ /o iU/ iUg /e |, with @3 =[0 1 0 (26)
— - 0 0 1
iU‘rl ]\n/;_]] iUTZ ]"'/[Lzz iUT3 A’Z_z
iUe3 %3] erZ /n;;_zz erl An;_; 0 0 1
O = | iU /2 iU [ iUy /o], with Q0 =[0 1 0], (27)
1 00
iU‘r3 ;Z_? iU‘rZ\ / A"}_zz iUrl ]\n;_L

where U,; are the elements of Upyys. In further consid-
eration this case of mixing, Eq. (26) or Eq. (27), is
designated as mixing scenario 1.

For parametric scenarios in the seesaw type I models
which are more interesting for collider phenomenology it is
needed to combine very small active neutrino masses of the
order of F2v? /M, with moderately heavy HNL, providing
observable signals within the LHC and next colliders
energy reach, and enhance at the same time small mixing

factors of the order of \/m, /My, providing observable
rates at the luminosity frontier. This is achieved either by
fine-tuning of the mixing matrices in a specific scenario
with additional symmetries [30], or in the framework of
Casas-Ibarra diagonalization with complex-valued param-
eters. The first sort of models gives quasi-Dirac neutrinos
processed by the standard calculation technique, which are
not fully consistent with the second sort of models beyond
the Dirac limit, where evaluations are performed with
Majorana fermions. In the latter case Q,,,, Eq. (23), is
chosen as an element of O(2,C):

CoOS w

Bofco) - N T

Esinw  Ecosw

In further consideration, this choice is designated as mixing
scenario 2.

Three new parameters are introduced in (28), & = +1,
Re(w) and Im(w). The Dirac limit of scenario 2 has been
considered in detail in the literature. Significant enhance-
ments of the collider signals appear with the complex-
valued @ parameter which leads to the factors X,, = ¢!™(w)
in the mixing matrix ®. Detailed phenomenological analy-
ses of active and sterile neutrino mixing in [31] showed
that a phenomenologically consistent hierarchy of mixings
0., ©,, and O, with suppressed ©,; relative to other
matrix elements can be achieved in a wide interval of X,
independently on the values of HNL masses. Translating
the experimental upper bounds on ®,; from the shortest

possible lifetimes of N, 3 from z* and K* meson decays

into the upper bound on X, one obtains at the HNL mass
scale 10> MeV Im(w) = 4.5 for the lifetime of the order of
1 sec and Im(w) ~ 7 for the lifetime of the order of 0.01 sec.
Values of Im(w) > 6-7 lead to large mixing parameters of
the W=, Z-neutrino interactions not consistent with the
data. Complex-valued parametrization of Q was also used
for the study of HNL properties at the TeV scale [30,32],
see also [33].

Extensive literature is devoted to the study of the question
of the number of HNL generations. For the YIMSM model,
the case of only two HNL generations in comparison with
the case of three generations has been analyzed within the
cosmological framework in [5] for arbitrary € and diagonal
M, with the result that the number of HNL generations
equal to 3 is preferred. Neutrino phenomenology for the case
of two right-handed neutrinos has been analyzed in [34]
where the decoupling limit of the three right-handed
neutrino model has been constructed using a specific form
of Q matrix in the basis where the M, matrix and the mass
matrix of charged standard leptons are diagonal and real with
an underlying symmetry for the Yukawa couplings or the
elements of M, (texture zeros). Constraints on thermal
leptogenesis and lepton flavor violation (LFV) processes
have been found for such a case. In the presence of a
sufficiently large number of acceptable cosmological sce-
narios, we will adhere to the framework of the YMSM model
with dark matter production through active-sterile neutrino
mixing, where the mass difference of N, and N is small in
comparison with the known mass splittings of the light left-
handed neutrino mass states [35].

Significant recent reconsideration for the case of two
HNL generations in the region of the parameter space
corresponding to the mass less than the mass of K meson
and performed taking into account the available set of
modern data, see [36], is discussed in Sec. IV below in
connection with the comparison for the case of three HNL
generations considered in this paper. The analysis of lepton
universality within scenario 2 in the Dirac limit assuming
the YMSM framework with soft BBN constraints 7 < 1

055004-5
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TABLE 1.  Values for correction factor k), in Eq. (33) from [38].
Here sy, = sin @y is the sine of the Weinberg angle.

M P’ ® ¢ Iy
Ky 1 —2s2 %s%v %s%‘,—l 1—§s€‘,

second and without the contribution of mixing from dark
matter HNL was performed in [15].

Since in the following the decomposition of the
anti-Hermitian matrix W, Eq. (6), by powers of 8 to the
second order terms is used for the transition to the mass

Two-body decays of N, with charged mesons in final state, minimal mixing, NH

0.01— —

10+ [ NI

Br(Ny - I-,M*)

10° VIR
I B B DU bl
200 500 1000 2000 5000
Mz, MeV

Two-body decays of N, with charged mesons in final state, Q=Qy4(+1,0+7i), NH

I I il T I

Br(N = I",M*)

106 |
| . | ‘

200 500 1000 2000 5000
My, MeV

Two-body decays of N, with charged mesons in final state, Q=Q(+1,0+7i), IH

T T T T T T T T

0.01— —

Br(N = I",M*)
=)
A

-
o
&

200 500 1000 2000
Mz, MeV

I N S
5000

basis of leptons, the question naturally arises about the
scope of applicability of such a decomposition and taking
into account the O(6°) terms of the decomposition (and
higher). Within the framework of a nonminimal O(6?)
decomposition, it is necessary to take into account the terms
of the order of O(6Mp) when [37]

1 "
MN = (9_1 —39T>MD :MM‘I“G'MDy

whereas, within the framework of the standard minimal
approximation for the seesaw mechanism, it is assumed

Three-body leptonic decays of N, minimal mixing, NH

Br(N, - 3 leptons)

Br(N, - 3 leptons)

Br(N; - 3 leptons)
=)
L

5]
5

Ll
10

FIG. 2. Branching ratios for HNL decays. Upper plot—scenario 1 for both the normal and the inverted hierarchy. Middle plot—
scenario 2 with Q = Quyy (&, @), where £ = +1, Re(w) =0, and Im(w) = 7. This parameter set comes from the big bang
nucleosynthesis (BBN) limits, see Fig. 8. Bottom plot—the same as the middle plot but for the case of IH. Left panel: branching
ratios for semileptonic two-body decays of N, with charged pseudoscalar or vector mesons and charged lepton in the final state. Solid
lines correspond to e~ in the final state, long-dashed lines to i~ dotted lines to 7~. Blue lines show decay with z™, green K™, orange p™,
purple D, and red B™. Right panel: branching ratios for pure leptonic three-body decays of N,. Gray lines show vvw decay mode, green
lines ve~e™, purple lines vy~ ™, dashed purple lines ve~u™, dashed blue ve~ 7™, dashed orange v~ 7™, and red lines show vz~ 7" mode.
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that My = M,,;. For nonminimal decomposition of the W
matrix, the condition must be met,
1.

Q=0 + g1\4—1(9—1)*;51, (29)
which is a condition for the self-consistency of the
diagonalization procedure, taking into account the
O(OMp) terms. For scenario 2, the mixing matrix, in
addition to a small parameter of the order of /m/M,
contains a potentially large factor of the order of Q~!, the

limited contribution of which must be checked. This issue
is discussed in Sec. VI.

IV. SEMILEPTONIC HNL DECAYS

HNL decays with meson in the final state can be divided
into four groups [38]:
(i) pseudoscalar neutral meson MY =z 1,7, K°,
D, B in the final state with the decay width

G%M3

T(N; = vgh)s) = fM 18 (1=x3)%  (30)

(ii) pseudoscalar charged meson My, = 7, K*, D*,
D*, B* B B*

rW, — M) = ML, e
((1 - X ) Xy (14 x2))
x 23(1,x3,, x2), (31)
(iii) vector neutral meson M9 = p°, ¢, ®
(N, = v,h0) = G126MI 920 \2% POy *(1+2x3,)
x (1 —xﬁl)i, (32)

(iv) vector charged meson M; = p* in the final state

with the decay width

GiM; g
PNy = M) = 2 Ly [0,
MU
X ((1=x2)% +x3,(1 +x2) = 2x%,)
x A2(1,x3,.x2), (33)

where Gp is the Fermi constant, V,, is the Cabibbo-
Kobayashi-Maskawa matrix element, f,, and g, are
the corresponding meson decay constants [38], x; =
My MynL, Xq = Mg/ Myni, M, is the mass of charged
lepton /,,, 4 is the two-particle kinematic function, and k,, is
an additional dimensionless correction factor for hadronic
matrix element (0|J%|MY9) (see [38] for details). Values of
Ky are given in Table 1. These two-particle widths, see
Figs. 2 (left panel) and 3, introduce essential contributions
to the total N, width starting from the z° threshold.

Two-body decays of N, with neutral mesons in final state, minimal mixing, NH

12“ L — ]

0.100 —
3
N 0.010
1
o
Z 0.001
S
foa)
107
10-5L R L . g
200 500 1000 2000 5000
My, MeV
FIG. 3. Branching ratios for semileptonic two-body decays of

N, with neutral pseudoscalar or vector mesons and active
neutrino in the final state. Curves for NH and IH practically
coincide; they are evaluated for the same parametric scenarios as
in Fig. 1. Black lines show decay with z°, red K°, green , blue 7/,
orange DY, purple B, dashed black p°, dashed gray ¢, dashed red
o, and dashed blue J/w. There is a very weak sensitivity of
partial widths in relation to the choice of the mixing scenario and
active neutrino mass hierarchies.

V. LEPTONIC HNL DECAYS

In this section we calculate squared amplitudes and HNL
decay widths for the four-fermion effective interaction terms
when M, ,3 < My, M . Three different decay amplitudes
with respect to the mixing factors can be distinguished:
Ny —-v,vj,vj, Ng - V,,l l ,and N; — V,,l(,,l‘ Three-
particle decay widths are calculated symbolically (p = k; +
ky + k3, p? = M2, k? = m?, i = 1,2, 3) keeping all masses
of leptons nonzero by 1ntegrat1ng in invariant variables over
the Dalitz plot. The details of these calculations are given in
Appendix B. In the model under consideration, all six
neutrinos are Majorana fermions, which requires careful
determination of the signs of the interference terms. See in
this connection [19] for the fermion flow technique for
diagrams with Majorana fermions, or [20] for the case of
generic basis of y matrices. Three cases for amplitudes
take place:

Case 1. Three active neutrino mass states appear in the
final state: N,(p) — vi(k).v;(ky).v;(ks), i,j=1,2,3.
The Feynman diagram is shown in Fig. 4. Insofar as the
approximation O(6?) is used, the PMNS matrix can be
operated as a unitary one (U'U) = §;; and there are no
Zv vy vertices. Neglecting the active neutrino masses for
the sake of clarity, we get the squared amplitude of the
following structure:

M3, | = 64GE|(UTO) 1> [(pks) (ki k) + (pka)(kiks)].

Details of the calculations can be found in Appendix A.
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FIG. 4. Diagram for case 1. HNL decay into three active
Majorana neutrinos.

The mixing factor |(U®),;|? is reduced taking the sum
over the active neutrino mass states,

Zl(UT@)i[P = Z Z UZu'@alUﬂi@Zl
i i af

= Z(U U T)aﬁ®al®}§’l = Z5aﬁ®al®7ﬂ
afp a,p

= Z|®a1 |2’
and the decay width

GiM; 2
r N[ - ZV,',V],VJ' - 967’[3 Z |®al| . (34)
L

a=e.ji,t

Case 2. Two leptons of different flavors and a neutrino
mass state appear in the final state: N,(p) — v;(k),

l;#f( p1):15(p2). The Feynman diagram is shown in
Fig. 5. Neglecting the interference term between diagrams
with intermediate W and W—,

[My|* = 128GE[|©4*|Ugi*(pp2) (p1k)
+ 104 2 |U il *(p 1) (p2K)].

A
M
la
W+
%
(a)
FIG. 5. Diagrams for case 2. HNL decay into Dirac charged

lepton and antilepton of different flavors associated with one
active Majorana neutrino.

After summing by the active neutrino mass states and using
UU" = I due to approximate unitarity of PMNS matrix, the
decay width takes the form

r(vi= 3 wiculy)

i=1,2,3
el
19273

(10u* + 104 *)G(ra- r5).  (35)

where
Glx,y) = (1 =Tx =7x*> + x> + 12xy = Ty = Ty> +y*
—7x%y = Txy*)R + 12(y* + x*y? — 2x?)

1 — R 1
x In <H7y+> +12x2(1 = y*)In <—>
x

2
1—x—y+R>

12y?(1 = x?)1
12 x)n(l—x—l—y—R

R:\/1—2x+x2—2y+y2—2xy.

In the limiting case m, <m,, m, <m, Eq. (35) is
reduced to

F<N1 - Z Vil:;éﬁlE) [~

i=1.23
= F<N[ d Z Vll;x:éﬁl/;> |mu_’0
i=1.23
2 15
_ GFMI

T 19273 (|®al|2 + |®ﬂ1|2)(1 —8r+8r* —rt—12r? ln(r)),

(36)

2 . .
where r = A”}—? m = max{m,, mg}. This result is the same

as the one obtained in [38].

le
My

la

W+
%

(b)
%
A
la
V/
b

(©

FIG. 6. Diagrams for case 3. HNL decay into Dirac charged
lepton and antilepton with the same flavor and one active
Majorana neutrino.
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Note that if one assumes that the active neutrinos are
Dirac fermions, then there is no interference between
diagrams with W* and W~ because they correspond to
different final states #/7/~ and vI"[~. Discussion of the
approaches to evaluations for Dirac and Majorana fer-
mions can be found in [39], where the Dirac limit is used
for the neutrinos. Beyond the Dirac limit, the interference

term between diagrams with Majorana neutrinos vanishes
if the active neutrino mass is taken to be zero. To
illustrate the suitability of approximations of this kind
it is useful to calculate the decay width with an
interference term using a simplified amplitude neglecting
the Mﬂ, power terms, and integrating over the triangle
Dalitz plot

GIM3
vl

( Z kfa ) 1927 1073

One can observe that the interference term, suppressed by the mass ratio, may be not small in the case of scenario 2 with

huge mixing factors of the order of ¢!™(w) and for HNL masses at the eV scale (see the discussion of such scales in [33]).
The sign of the interference term depends on the sign of Re(w).

Case 3. Two leptons of the same flavor and a neutrino mass state appear in the final state: N;(p) — v;(k). 15 (p1). l; (p2).

The Feynman diagram is shown in Fig. 6. The amplitude contains both charged and neutral currents and includes in this

case three interfering diagrams. The mixing factor appearing in the squared amplitude is reduced by summing over the states

43
(|@M|2 o= mkRe{GM@;,U;kUak}). (37)
k=1

of active neutrinos
Z®al U;i(UTG))?I = ZG{HU;‘ Upi®p =
i ip

Integration of the amplitude

Z(UUT>aﬂ®al®}§1 =
B

> 6:50u®; = 04 (38)
p

S [Muf? = 12862 [(C% LSO+ (1 - 2c1>®a,|2} (p22) (&) + (pp1)(Pk)]
i p

2
2 2 _ 2| M
+1286} [<4clc2>§ﬁ 10l = 410,42 "2 (1)

gives the decay width

G2M5
r(vi= Sowitits) = Snt (@4 @ I0uP + (1-20)10uP | 710) +4Cis l0uP - ClouP| 20 ).
p

i=123 p

2
where C; = s3, =3, Cy = s}, r = 15
1

1
Fi(r) =1 =14r =22 = 12°3)V1 —4r + 127(1 - rz)ln(

Fy(r) = (2r + 107 = 12°)V1 = 4r — (617 — 1277 + 12r%) ln<

In the charged lepton massless limit » =0, F(r) =1,
F>(r) =0 and the factor —2C; in front of the interfer-
ence term is positive. Comparison of the decay width
calculated using Eq. (39) and the decay width in the

"The squared amplitude is not summed up by neutrino mass
states v, 3; see details of the calculation in Appendix A.

(39)

—3r+(1—r)m>7

r(1—=+/1—4r)
1-3r+(1- r)m>
r(1=+/1—4r) ‘

|
Dirac limit is shown in Figs. 7(a) and 7(b). The differ-
ence in three-particle widths, caused by the opposite
signs of the interference terms in Eq. (39) compared with
the Dirac limit, can be several times; however, the main
contribution to the total HNL width made by two-particle
modes is significantly greater than the three-particle
modes.
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>

)
= 1.5x10°°
m

S 6
g 1.x10
)
™

T 5.x107

N
Z ; -
= ==

Of; ; i i i /]
0 1000 2000 3000 4000 5000
M, MeV
(a)

Majorana (N2-3 X)
Tbiraciim, (N2-3 )

1.0 h

10 50 100 500 1000 5000
M, MeV

(b)

FIG. 7. Comparison of the HNL leptonic decay widths calculating in the Dirac limit and in model with three Majorana active
neutrinos. (a) Partial widths of three-body leptonic HNL decays N — [,,[,,v evaluated in the Dirac limit (dashed line) and using
Eq. (39) (solid line). (b) Ratios of partial widths for three-body leptonic HNL decays N — [,, [, v evaluated in the Dirac limit and using
Eq. (39) for Im(w) = 0 (solid line) and Im(w) = 10 (dashed line).

Case of HNL in final state. Decay channels with HNL in
the final state N, 3 — N; + - - - are suppressed by the factor
of ~O(©?) in comparison with the channels described
above. They are insignificant for the following analysis.

VI. CONSTRAINTS ON THE MIXING
PARAMETERS FOR N, AND N;

In both scenarios defined in Sec. III the contribution of
N1, the DM patrticle, to the lepton universality parameter is
small and the degree of lepton universality violation (LUV)
depends on N, and N;.

A. Upper bounds from accelerator experiments

There are experimental restrictions for phenomenologi-
cal parameters defined as

3
U%t = Z |®al|2 (40)
=1
U= 18ul (41)
a=e,u,t
U2 =3 |04 =Tr(0'0). (42)
a 1

For the decay channels 7, K — e,y + E;, the missing
energy is reconstructed in the experiments TRIUMPH [40],
PIENU [41], NA62 [42], E949 [43], and KEK [44]. In the
experiments DELPHI [45], PS191 [46], CHARM [47], and
NuTeV [48] an identification of HNL decay displaced
vertices is carried out. A combination of bounds from
these two types of experiments taken from [36] is shown
in Fig. 8.

Taking into account the valuable remark in review [33]
regarding the use of the so-called “model-independent

approach” in the analysis of data from various experi-
ments,” we note the need for careful translation when
bringing the results to a common denominator. In the
general case when the mass and the mixing parameter are
not independent variables, the exclusion contours are
subject to dependence on the field-theoretic model of
the expansion of the lepton sector. The partial probabilities
of HNL decays in the model under consideration with six
Majorana neutrinos differ from the corresponding proba-
bilities in the model with active Dirac neutrinos and
Majorana sterile neutrinos. These deviations can be sig-
nificant and may lead to some quantitative displacement of
the exclusion contours, although a qualitative correspon-
dence will take place.

Significant development beyond the model-independent
approach has been performed in [36] where two HNL
generations with degenerate masses have been introduced
with the 3 x 2 Q matrix analogous to Eq. (28). In this case
m; = 0 in the active neutrino mass matrix for NH and
my = 0 for TH.

B. Lower bound for BBN

Cosmological considerations imposing restrictions on the
lifetime of N, and N5 on the level of 7n,, < 0.1-1 sec [50]
were recently improved in [51] giving the minimal level of
0.02 sec. These bounds are model dependent and obtained in
the framework of a rather specific scenario of the big bang
nucleosynthesis. A simplified estimate for BBN lifetime
limit is used in the following evaluations:

Assumption of the independence of the mixing parameter
from the HNL mass seems to be quite strong even within the
framework of consideration with one generation of leptons, see
for example [49]. Neutrino oscillations can be described with at
least two generations of HNL'’s, two generations are involved in
the low-scale leptogenesis.
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Normal hierarchy of neutrino masses Inverted hierarchy of neutrino masses
] : — : — ] : — . —
105 - 1 i ‘ R 10-5 g energy + disp vertices R
energy + vertices
10-7| BBN | 7 B 107
N N
O [0}
> min mix_my /Mgy = 108 >
100 — = 10°°
seesaw
101 — 101
seesaw :
| A D e T ] R I L
50 100 500 1000 5000 50 100 500 1000 5000
M, MeV M, MeV
Normal hierarchy of neutrino masses Inverted hierarchy of neutrino masses
a : — ] : — ———
10°— energy + displaced vertices | T 10-5— energy + di 1 vertices 7 |
-7 | 1
10 107 | = s _
N N 4
3 3
_9 N . min mix ms [ Mgy = 108
10 min mix my [ Mgy = 108 1079=
[ seesaw r seesaw
miy i N
101 N Mix m, <o 10-1L i mix m, . o N
| . P N . P i . P . P
50 100 500 1000 5000 50 100 500 1000 5000
M, MeV M, MeV

FIG. 8. Constraints on U2 and Uﬁ for various HNL masses. Green lines are the lower bounds derived from the BBN lifetime limit, left
panels—NH, right panels—IH; thin green lines are for the simplified model with two HNL’s, thick green lines—for the full model with
three HNLs and the lightest active neutrino mass n1, /Mpy or m3/ Mpy, of the order of 1078, Excluded domains in gray color correspond
to the upper limits from two types of accelerator experiments: experiments with the missing energy reconstruction [TRIUMPH [40],
PIENU [41] (z decay), NA62 [42], E949 [43], and KEK [44] (K decay)] and experiments with the displaced vertices (DELPHI [45],
PS-191 [46], CHARM [47], and NuTeV [48]), the division of the gray region into subdomains corresponding to different accelerator
experiments can be found in [36]. Seesaw bound contours of U2 and Uﬁ in the simplified case of two HNLs and/or the case of three

HNLs with m;(3) = 0 are shown by red and dark red lines.

0.02 sec, Myn, > 140 MeV
FHNL = TBBN {0 lsee, Mg < 140 Mev. )
‘ ’ HNL ' WO ey T
In the scenario 1 framework, the minimal mixing i \\ 51 sec ]
matrix (26) does not contain redundant parameters, so the 1 N\
lifetime dependence on the HNL mass is unambiguous, 3 ¥ ““\;‘\
1 o BBN bound R 7>0.1sec
see Fig. 9. g 0.100¢
For scenario 2, it is necessary to take into account 5 Fl b b N N pEtiPHes
the constraint for  matrix elements following from the - 0010 T NE
self-consistency condition of the model with Casas-Ibarra £ F Ns (NH/IH) ’
diagonalization extended to the cubic terms in the decom- 0.001: E
position of the VW matrix, see Eq. (7). The exponential ]
factor e?™(@) may give a huge increase of the mixing 104 1‘0 : 5'0' = 1‘(|)0 5(‘)0 S '0‘00 '50‘00
parameters |©,,|%> and |0,/ M, MeV
NH) |2 e?m(@) . FIG. 9. The lifetimes of N, (green lines) and N5 (dark red lines
|®£t2(3)) | |Im(ﬂ))>1 = 4 M2(3) \\/m_z Up+i& \/m_3 Ua |2 as a function of their masses ?\/}f = M5 in zhe case3o(f normal (solici
lines) and inverted (dashed lines) hierarchies, scenario 1. Red line
\/ Am%,m correspond to BBN constraints (43), which is taken from [51]. N,
+0 (Tﬁ)) ’ (44) contour for the case of normal active neutrino hierarchy practically

coincides with N5 contours for both hierarchies.
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Q=Qn(+1,w), Re(w)=0

Im(w)

excluded by BBN 1
0.5F —

N N3
0.1H F— [ —— PR R | -
10 50 100 500 1000
M, MeV
(a) NH

Q=0nn(é=+1, w), Re(w)=0
—e="1T T TR

201

model bound

Im(w)

excluded by BBN
0.5¢

0.1h | L [ 1
10 50 100 500 1000
M, MeV
(b) IH

FIG. 10. The BBN constraints for HNL lifetime (green line for N, and dark red line for NV3) as a function of its mass in scenario 2 with
following parametrization of mixing Q = Quy (€ = +1, w) for NH (a) and Q = Qp (£ = +1, w) for IH (b) with Re(w) = 0. Blue lines
correspond to the restriction from above on the Im(w) parameter (47) with ¢ = 1 (solid line) and ¢ = 1073 (dotted line). The allowed
parameter domains for corresponding HNL are above the lines marked by N, (green line) and N5 (dark red line) and below the blue

solid line.

|®(IH) |2|1 = e |Ey/maU g — i/myUpg |
a2(3)! tm(w)> 4M2<3) a a

(45)

Using the constraint of Eq. (29) for the orthogonal matrix
€, one arrives to

1 —1\* 5 M3 Im(w
§M I(Q 1) mlIm(w)>1 ~0, SO M_2,3€I @ =¢ < 1,
(46)
and for m, 3 ~ 0(0.1 eV) the inequality must hold:
M
Im(w) <16.1 +1n [e( . 1\2&)] (47)

In this scenario first the allowed lifetime domain on
the Im(w) — M plane is found, see Fig. 10, which is then
translated to the allowed domain for the lepton uni-
versality parameter Ar,,. In the phenomenological analysis,

|

in the following we use the commonly accepted denomi-
nation for the model parameter space,

NH NH
Uz—i@ |z—{333 Un+105" P+ (04" P. NH
a — al| —
= ;;—31|Ua3|2+|@§§H>|2+|®§,’3H>|2, H,
(48)

where m() is the mass of lightest active neutrino for
normal (inverted) hierarchy. The case of a simplified model
with two HNL generations, see [36], can be reproduced in
the limiting case of the model under consideration when
my 3y — 0 is taken, which is valid for the range of HNL
masses where the lower bound of U2 > |©,,|? at fixed
Nonzero m,; or ms.

C. Lower bound for seesaw

In the limiting case of Im(w) — 0 which is the transition
to the real-valued Q matrix, it is necessary to take into
account all terms, since they become comparable in the
order of magnitude,

ﬂU VU cos p+E\/m3U3sing  &,/m3U 3 cos p—\/my U, singp
M~ el VM, VM
. (NH) _ my VmaU,p cos p+&/m3U 3 sing &\ /m3U 3 cos p—/my U,y sinp
inta0” U s s ’ )
ﬂU Uy cosp+E/m3Uzsing  &/m3U 5 cos p—\/mrU, sin g
M, 7l M, VM,

055004-12



LEPTON UNIVERSALITY IN A MODEL WITH THREE ...

PHYS. REV. D 109, 055004 (2024)

&/myU,, cos p—/m U, sin ¢

miry VmiU,  cos p+&,/myU,» singp
M, €3

VM, VM3
. (IH) _ my iUy cos p+&/myU,psing &\ /myU,, cosp—/m Uy, sing
mioe” | Ve s s | 0)
mygy  MUncosdtéymUnsing  &y/mUn cos¢=y/miUs sing
M, 773 VM, VM

where ¢ = Re(w). If zero mass of the lightest active
neutrino is taken, m; = 0 (NH) or m; = 0 (IH), then the
values of mixing matrix elements form the “seesaw bound”
as it is called in the existing literature; see for example [36].
Note that in the case of nearly degenerate M, and M,
inherent to YMSM-like model to which we adhere, there is
no ¢ dependence of the mixing parameter U2 in the case of
Im(w) = 0 when the ® matrix has the form (49) or (50)
(due to sin® ¢ + cos? ¢ = 1). Seesaw bound is introduced
to mark a minimal possible value of phenomenological
parameters,” in particular for U2 we can write

amm Z | min aJ| (51)

It is appropriate to call this parameter at m; = 0 or mz =0
as the “absolute seesaw bound” for NH or IH, and if we
choose a nonzero mass of the lightest active neutrino, then
to call (51) as just a seesaw bound. These two bounds
coincide when ’"‘ < ’"2 '"3 For the vMSM-like model

with  mjign ~ 10 eV, Ml ~1-10 keV and M, ~M; ~
1-10* MeV such inequatity is not respected, since

Myight

~1078-10 and 7~10 5.10713  (52)

1

so the mixing component of dark matter HNL N; becomes
the dominant term of U2, or at least the same order of
magnitude term as the other terms for M; ~ 1 keV. The
difference in bounds is illustrated in Fig. 8.

VII. RESTRICTIONS ON THE LEPTON
UNIVERSALITY PARAMETER IN THE DECAYS
OF 7= AND K* MESONS

Limitations on the lepton universality (LUV) parameter
are imposed by the restrictions on the N, and N lifetime
from the big bang scenario and experimental restrictions
from meson decays.

In the effective four-fermion approximation the width of
the scalar meson M = z+, K+

The more accurate calculation of min(U2) shows that the real
minimal value occurs when Im(w) # 0 and differs for different a.
However, this boundary shift is insignificant for our consider-
ation. For example, the seesaw bound decreases by less than one
half for U2 when Im(w) ~ 40.5 for & = £1.

+ + 7G%f%/1 2,4 71/2
F(M _)la’N])_ 4 |®al| n/lM/1 (lﬂrlsrtl)
T

X [rp 4 re = (r1 = 14)’], (53)

where G is Fermi constant and f,, is meson form factor,
a = e, u, 7 (only channels allowed by energy-momentum
conservation are admitted), / = 1,2,3 number of HNL
generation, j = 1,2,3 active neutrino mass states; r, =

mk/mi,, r; = MZ/mM In the case of only one active
neutrino in the final state the mass corrections are neglected
and

T(M* = I}v,) = FfM

|U |2mﬁ/1ra(1 _ra)z' (54)

A convenient variable to analyze deviations from the
Standard Model lepton universality is the ratio [11]

R — ZIF(M+ - €+Vl'> -+ Z]F(M+ - €+Nj)
YUNTMT = uty) + S T(MT = N

(55)

or its derivative demonstrating the deviation of the ratio from
Zero,

Lepton universality, minimal mixing

] — i
1073 excluded by BBN LTI
1074 Ary (IH) _ _

T |2
2 |3
-\ 1
10—11\\||\‘ L | |\|\7\v\\ |
100 500 1000 5000
M, MeV
FIG. 11. Lepton universality parameters Ar,, red lines, and

Arg, blue lines, as a function of the HNL mass in the case of
quasidegenerate M, ~ M5 = M for scenario 1. First generation
HNL N, with the mass M| ~ 5 keV is the dark matter particle.
Vertical green lines are the lower bounds from BBN lifetime
constraints for IH (left line) and NH (right line). Horizontal
dashed lines correspond to experimental values of LUV param-
eters: Ar, =5 x 107* and Arg = 1073, see [52].
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R_M_ 1 = Zi|U€i|2 + Zl|®el|2G% _
RJS\/IM Zi|Uﬂi|2 + Z[|®ﬂ[|2G%

where masses of active neutrinos are neglected and only
decays which are allowed kinematically M; < m,; — m, are
accounted for. If M; > my; — m, then G% = 0. The SM
parameter and the BSM parameter are

Ary = 1. (56)

RSM _ r(1=r,)°
M re<1_re)2’
M :/11/2(17r1’ra>[r1+ra_(ra_rl)z]
o ra(l_ra)2 .

Using the unitarity condition for the full 6 x 6 mixing
matrix

3 3

S UL+ 1042 =1, (57)

i=1 I=1
one can rewrite (56) in the form

L3 104G = 1)

AI’M =
L+ 30110 (G = 1)

—1. (58)

The values of parameter (58) for a fixed type of mixing
(scenario 1, minimal mixing) is shown in Fig. 11.

A. Numerical analysis

Taking into account the combined restrictions (see Fig. 8),
the allowed values of the mass are M > 430 MeV (NH) or
M > 350 MeV (IH) for U2 boundsand M > 290 MeV (NH)
orM > 300 MeV (IH) for U,% bounds. We will be interested in
the mass range M > 430 MeV where the experimental upper
bound is high enough to allow LUV at the observational level.
The upper bound for the mass range 350430 MeV (allowed
for IH) contains strong experimental errors (see Fig. 8), which
makes it difficult to estimate the LUV without knowing the
specifics of data processing. Consequently, in the case of z
decay, the lepton universality is violated due to the nonun-
itarity of the PMNS matrix and

_ 1+ <Gferl - 1>|®el‘2 - (U% - |®el|2)
1+ (Gh = D)I®u 1 = (Uz = 10,]%)

Ar, —1. (59)

For K-meson decay the function GX; is nonzero in an allowed
range M < 493 MeV. Moreover, if M, and M5 are quaside-

generate, then GX, = GX; and
+(Ge1 = DIO|* + (G5 = (UL = [0.1]°)
14 (G = D10l + (G = (U =10, )
(60)

- 1.

ArK:

For the dark matter fermion N, we take M; = 5 keV. The
values for the contribution of terms with m, = 107 eV are
given in Table II. Components of the mixing matrix are

TABLE II.  Values of kinematic function Gi"’l —1forM ==K
meson and @ = e, u. Mass of HNL DM fermion is M| = 5 keV,
mass of the lightest neutrino is 107 eV.

o e e U u
Meson T K T K
Greson—1 96x107° 9.6x107° 48x107'0 25x107°
5 1.35x 102 for NH
|®el| = —11
4 x 10 for IH
) 22 x 10719 for NH
|®/ll| = -9
1.08 x 10 for IH

so terms (GY = 1)|®,;|> ~ 10714-1072! can be neglected in
comparison with other terms.
As demonstrated by Fig. 12, the kinematic factor G/’fz

does not exceed 5, so the value of (GX, — 1)(U; = ©,,]*) ~

Uﬁ < 1. Using this approximation, the parameter of lepton
universality violation (LUV) can be written in a simple
form

Arﬂ: = Arnonunitary = (U/zt - |®ﬂ1‘2) - (U% - |®e1|2>7 (61)
ArK = Arnonunitary =+ sz(U% - |®el|2) - sz(U;% - |®;41 |2)
(62)

In the following the upper and lower bounds are denoted by
it and u for U2 and by ¥ and v for U;. Then the maximum
and minimum values of the LUV parameter for the pion are

(Arﬂ)min = (2 - ﬁ) + 5dm’ (Arﬂ)max = (E - ﬂ) + 5dm

(63)

and for the kaon (M > 430 MeV)

T T T T

105_[...|

T R
200

M, MeV

i I
300

400

FIG. 12. Dependence of the kinematic functions sz, a=-e,u
for K™ decay on the HNL mass. Note that if M, = M5 = M, then
the functions G%, and GX, coincide.
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FIG. 13. Lepton universality violation (LUV) parameters Ar, and Arg as a function of the HNL masses in the case of quasidegenerate
M, ~ M5 = M. The BBN bound is respected for the depicted mass interval according to the allowed domains in Fig. 8. The choice of
M and the active neutrino masses for both normal and inverted hierarchies are the same as in Fig. 11. (a) Lepton universality violation
(LUV) parameter in K+ decays with the mixing matrix corresponds to Eq. (28), scenario 2. The orange line corresponds to the minimum
value of LUV (rgmin < 0) with reversed sign (to illustrate on a log scale) for both hierarchies in the case of three HNL generations,
myzy ~ 1073 eV, the blue line shows the maximum value of the LUV parameter, see Eq. (66) for details. The horizontal dotted black line
is the experimental value of Arg ~ 1073; see [52]. The vertical green line is a kinematic threshold M = Mg — m, for kaon decay
K* — e*, Nys). (b) Lepton universality violation parameter in 7 and K* decays when the mass of HNL is greater than all kinematic
thresholds for considered decay channels. In such a case, LUV occurs due to PMNS nonunitarity: °; [Uyi|> = 1 =32, [04|> # 1. The
maximum value of Arpgnunicary 18 estimated from the upper experimental bound on U?; see Eq. (63) for details.

(Arg) max = (0 — u) + Sy + sz(ﬁ - 10, |2) These boundaries are shown in Fig. 13(a). Maximum value
—GK(p—1O of LUV parameter for HNL mass greater than the kinematic
ﬂz(ﬂ | ”1‘ ): threshold (M > 493 MeV) is shown in Fig. 13(b). Note
(A7K)min = (Ark)max Withreplacement u <> i, o <> v, that taking into account the finite value of DM mixing |©?, |
(64) leads to the fact that the second (positive) term of (Arg )i
in (66) becomes negligible small despite the large kin-
h ematic factor GX,. This in turn leads to (Arg ), < O due to
where the negative first term in (66).
Bam = |Oer* = €, * = { LI2xA0 or N s III. SUMMARY
dm el T 21,04 % 1070 for TH, VHIL SU

The most general case of extending the lepton sector of
If the mass of the lightest active neutrino 3, = 0 (or, the SM by three sterile Majorana neutrinos in order to
generate the masses of standard neutrinos using the seesaw
mechanism allows one to build a structured hierarchy of
mixing parameters within a well-defined basis for mass
states. Cosmological limitations on the lifetime and energy
fraction of the lightest mass state of neutral heavy leptons,
considered as a dark matter particle, restrict the mass to
vary in an interval of 0.4-40 keV within the sensitivity of
modern experiments, which allows the use of preferred
forms of active and heavy neutrino mixing matrices for the
analysis of data from experiments with extracted beams and

equivalently, if there are only two generations of HNL)
then 64,, = 0. In the considered mass range M > 410 MeV,
one can assume that i,? > 107, so &> v,8,, and
v > u,9d,,. Therefore, when the HNL mass is greater
than the kinematic threshold Mg — m,, it follows that
(A}" nonunitary)max ~7 and (AF nonunitary)min ~—u. The case
430 MeV < M £493 MeV is separately considered
since LUV occurs due to the decay channel Kt —
e, N, with a kinematic factor up to 10° (see Fig. 12)
and in such case

colliders.
Limitations of the possible form of the mixing matrix in
(Arg)max ~ T+ Gh (i = [©,1]7) the seesaw type I models, which are of undoubted interest,
(Arg) iy ~ — (7 + G/Ifz@) +GK(u—10,?) can be obtained by combining constraints on the matrix
elements imposed from above by the absence of signals on
for 430 MeV < M < 493 MeV. (66)  colliders and beam dump experiments, while constraints on

055004-15



M. N. DUBININ and D. M. KAZARKIN

PHYS. REV. D 109, 055004 (2024)

the mixing from below are provided by baryogenesis
scenarios within the framework of the big bang concept,
as well as restrictions on flavor oscillations. However, the
numerical values for the boundaries strongly depend on the
mixing scenario within a particular model which, from a
technical point of view, is ambiguously implemented by a
certain choice of the Q matrix in the M — Upyns — Uy
connection, Eq. (12). The lepton universality violation
parameter in K* and 7 decays is sensitive to the neutral
heavy leptons due to their additional contributions to
meson decay widths, dependent on the mixing matrix.

Two mixing scenarios analyzed above are rather

different; in the fine-tuned scenario 1 the mixing matrix
depends on the mass ratio (m;/M;)'/? of active neutrino
and HNL, which suppresses any HNL production or
decay channel and imposes rather strict restrictions on N
from the cosmological lifetime and DM energy fraction
requirements, not affecting N, and N; masses. In
scenario 2 with three additional parameters for the N,
and N; mixing, intensively discussed in the literature, a
sort of tuning is needed to generate small masses of
active neutrinos by means of seesaw type I and the
baryon asymmetry of the Universe by means of N, — N;
flavor oscillation mechanism. HNL production is
enhanced by the mixing parameter ™ and stronger
restrictions on the N, and N3 masses (N, ~ N3) from
below are imposed not affecting to large extent N which
has a negligible mixing. Strong hierarchy of ©,; and ©,,
©,; clements of the mixing matrix naturally appears in
scenario 1 and can be easily configured for the NH case
in scenario 2. The cosmological upper bound on the HNL
lifetime is critical for determining the bound on the
masses of N, and N3, so their lifetime was carefully
evaluated taking into account the three-particle leptonic
decay channels which are dominant below the thresholds
of the two-particle channels. Our main results can be
summarized as follows:

(1) In the range of HNL masses 120 MeV < M <
140 MeV (close to the mass of # meson) a small
window for the U2 consistent with the data on the
missing energy reconstruction and search for
displaced vertices was found in the case of a normal
hierarchy (NH): 3 x 1078 < U2 <2 x 1077,

(i) There is a possible range of parameters consistent
with the experimental upper bound for UZ, U and
the limitations of big bang nucleosynthesis (BBN)
with the following dependencies on the mass

hierarchy:
M > 430 MeV  for U2 with NH,
M > 350 MeV for U2 withIH;
M > 290 MeV  for UZ with NH,
M > 300 MeV  for U2 withIH.

Combining these constraints, we can conclude that
M > 430 MeV for NH and M > 350 MeV for IH
in addition to the allowed window of HNL mass
mentioned above.

(iii) In the model with three generations of sterile
Majorana neutrinos where the lightest active neu-
trino mass is m; ~ 107 eV and Mpy ~ 1 keV, the
lower limit for HNL mass coming from the U2 BBN
bound M > 430 MeV (NH) is raised in comparison
with the simplified model with two generations of
HNL where m; =0 and M > 170 MeV.

(iv) The lepton universality violation parameter Ar,,,
M = z*, K* does not exceed O(107*) at M, and
M5 masses of the order of 10> MeV in scenario 1,
demonstrating very high sensitivity to the BBN
lifetime restrictions (M > 480 MeV for IH and
M > 830 MeV for NH). In the allowed BBN
region the LUV parameter does not exceed
O(1071%) for NH and O(1077) for IH. The
situation is more involved in the three-parametric
scenario 2 where the lifetime bound is given by an
exclusion contours on the mixing—mass, Im(w) —
M plane.

Using the theoretical SM value for R, and Ry
from [53,54] and the experimental value from
Particle Data Group [52], the lepton universality
violation parameter for z* is found to be Ar, =
(—=4+3)x10™ and Arg = (4+4)x107% for
K*. A maximal value of the lepton universality
violation parameter Arg is comparable or exceeds
the experimental value in the HNL mass range
between 460—485 MeV. It follows that the cur-
rently achieved level of experimental accuracy is
quite moderate, as a result of which future experi-
ments of high precision have a great potential for
the discovery of BSM physics lepton mixing
scenarios.

Some differences between the BBN exclusion contours
obtained in the literature and in evaluations above can
take place due to approximations for the explicit form
of mixing matrices for three HNL generations in the
scenarios under consideration, and calculations of the
widths of three-particle HNL decays beyond the Dirac
limit. The HNL lifetime bound is essential for manip-
ulations with displaced vertices. If a lifetime bound is
denoted by 7, and a decay width is factorized in the
form of a mixing factor times matrix element squared,
Iy = |U,|*M?, then a bound for the mixing factor is
|U4|* > 1/(zoM?). This qualitative estimate gives a shift
of the |U,|* contour upwards (downwards) when either
the lifetime bound or the matrix element squared
decreases (increases). For HNL masses less than the
threshold of around 0.14 GeV, see [51], the BBN
contour in Fig. 8 can be shifted upwards, which is
explained by a steplike approximation of the upper limit
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for the lifetime 7, increase to approximately 0.1 sec. At
masses exceeding the threshold of 0.14 GeV the contour
in Fig. 8 can be shifted downwards, which is explained
by different ways of taking into account the permissible
areas for Imw and M, see Fig. 10. When generating a
contour in this paper, the lower permissible boundary on
the Imw — M plane exactly corresponds to a displace-
ment along the curve in Fig. 10, whereas for the case of
two HNL generations either asymptotic behavior is
used, see Eq. (44), or the limiting case of the so-called
“dominant mixing” is taken, when the ratios
\U|*:|U,|*:|U,|* have the form of a ratio of some
numerical constants, which is equivalent to a step-
function approximation [55]. Departures in the case
of inverse neutrino mass hierarchy are a consequence
of completely different structure of mixing matrices for
NH and IH in our case. Some displacement of the
contours appears also due to contributions to the width
by the interference terms or different signs of these
terms in the three-particle decays beyond the Dirac
limit; however, against the background of two-particle
contributions above the thresholds, this displacement is
not very significant. As a result of evaluations, in our
case the open windows for HNL masses are slightly
smaller and for larger values of Mpyy, the lower
permissible limit is changed. Significant changes occur
with the three-generation seesaw bound curves com-
pared to the two-generation absolute seesaw bound
curves due to an additional term in the parameters
UZ and U; which includes nonzero active neutrino
masses. The above-mentioned changes do not affect
the mass range, which is most interesting for observing
the violation of lepton universality.
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APPENDIX A: AMPLITUDES FOR THE
THREE-PARTICLE LEPTONIC DECAYS

Models with Majorana fermions have a number of
diagram technique features, see [19,20]. The diagram
technique for Majorana fermions proposed in [20], where
the charge conjugation matrix was explicitly included in
the Feynman rules, has been modified in [19] where
standard propagators are used; vertices do not include
the charge conjugation matrix and a specific fermion
flow defined for fermion lines is introduced. Feynman
rules are shown in Fig. 14. This appendix provides the
specifics of calculations in the cases under consideration.

M
Z
C —ig Ay [(UT©); P — (UT0);1Pg]
i
i
Z
4%/\/\/\< —lig=" (P — Pr)
i
b
W+
< _i%(aalﬂ/upll
M
la
W-
C +i-2- 0% 4" P,
V2 al R
M
la
Z
WM\< ~ine V" (253 — 1) Pr + 257, Pr)
le

FIG. 14. Feynman rules for Majorana fermions used in calcu-
lations of pure leptonic decay amplitudes. The direction of the
fermion flow is chosen from the bottom up, as indicated by an
arrow near the vertex, Pr; = (1 +75)/2, sy = sinfy. Non-
standard pseudovector structure of vvZ vertex, for example,
follows from the equality of vector current to zero for the
Majorana fermion.

Case 1. Here we choose the direction of the fermion flow
(see [19]) as shown in Fig. 15, then

Ms, = _i\/EGF(T)NVM[(UTG)?IPL - (UTG)UPR]”l)
X (it3y" (P, — Pg)vy).

Denoting the terms of the full decay amplitude as

(A1)

My, = _i\/EGF(UT@)TI(@N}/ﬂPLUl)(ﬁi%yﬂPLUZ)
Mg = _i\/EGF(UTG)TI({]NVﬂPLUI)(a3yMPL'U2)
Mg = _i\/EGF(UTG)TI(@N}/ﬂPLvl)(ﬁ3yMPLv2)
Mgr = —i\/EGF(UTG)TI(l_’N?’yPLUI)(L_‘3YMPLU2)7

one can observe that there is no interference in the
approximation of zero masses of active neutrinos in the
final state,
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Vi(k;)

M (P)/

J; (k)

Vj (k;)

FIG. 15. Diagram for case 1 with an explicitly specified choice
of fermion flow direction indicated by arrows.

Tr[(p — M)y, Priryki7, Py =
TTUA%}’”PL(R)]AQV”PR(L)] =

9’

For the amplitude terms we get

|]WLL|2 - 2G%|(UT®)11|2TI[(1’5 _MI>J/;1PLI%I7/L/PL]
x Trlksy" P kyy* P]
= 32G12V|(UT®)i1|2(Pk3)(k1k2),
|]MRL|2 - 2G%|(UT®)11|2TT[(1’5 - MI)J/;JPRIQI}/DPR]
x Trlksy" P kyy" P]
= 32G12V|(UT®)i1|2(Pk2)(k1k3),
|]MLR|2 - 2G%|(UT®)11|2TT[(1’5 _MI)J/;IPLI%lyIJPL]
x Trlksy" Prkyy* Pg]
= 32G12V|(UT®)i1|2(Pk2)(k1k3),
|MRR|2 - 2G%|(UT®)11|2TT[(1’5 - Ml)yuPRlzl}/uPR]
x Trlksy Prkyy* Pg]
= 32G12V|(UT®)i1|2(Pk3)(k1k2),

and finally for the full squared amplitude
M3, [ = 64GE|(U70),,|*[(pks) (ki1 ka) + (phy) (Kyks)].

Identical particles in the final state give an additional factor%
for decay width. Note that for Dirac active neutrino terms LR
and RR do not arise and the factor in front of the right-hand
side will be 32. It is also necessary to take into account the
charge conjugate mode by multiplying by 2. There is no
charge conjugated mode for Majorana neutrinos. In the
Dirac limit, see [38], Eq. (3.5) for (N — vvi), summation
over flavor indices and multiplication by a factor of 2 for
charge conjugated final states gives the same result as
Eq. (34) above.

Case 2. Acting by the same rules in combination with
Fiertz transformations, see Table III, the amplitudes M, and

TABLE III. Formulas for all nonzero traces (combination of
traces) of gamma matrices arising during the calculation in cases
1, 2, and 3.

Result of
Trace/combination of traces calculation
Tr[AyrzPL(R)BVﬁPL(R)C}/(IPL(R)D}//}PL(R)] —16(AC)(BD)
Tr[Ay, P (g BysPrr) - Tr[Cr*Prr Dy’ Prr)]  16(AC)(BD)
Tr[Ay, P, By P, Tr[Cy*PrDyP Py] 16(AD)(BC)
Tr[AVaPR(L)EPL(R) éyaPL(R)bPR(L)] 8(AD)(BC)
Tr[AVaPL(R)BYﬂPL(R)]Tr[yaPL(R)7ﬁPR(L)] —8(AB)
Tr[Ay Prir)BysP L) ) Tr[r" Priyr” Pri)) —8(AB)
TY[AJ/aPL(R)}’ﬁPR(L)J/aPL(R)b?/ﬂPL(R)] 8(AD)

M, for the diagram with intermediate W and the diagram
with intermediate W~ can be written as

M, = i2V/2G O}, Ui (ny,PL) ) (i7" Prvs),
M, = i2V2G Oy Uy (On7, Prvs) (W, Proy ),

the squared terms are

M, [ = 128G710;,[*|Upi*(pp2) (p1k).
|Ma|* = 128GE(Op *|U i |* (pp1) (P2k),
MM} ~Te[(p = M)y, Pr(py = m)r* Prky P
X (pa —my)y,Pr] =0,

and the squared amplitude | M |> = |M, + M,|* for case 2
has the form

|My|* = 128G3[|04*|Usil*(pp2) (1K)
+ 104 U > (p 1) (p2K)].

The decay width for all lepton masses nonzero is given
by Eq. (35).

Case 3. For the three diagrams in this case, the notation
M3xw XY =LL,LR,RL,RR is used for the neutral

current diagram and the notation M,;, M, is used for

le(p) Ly (P2

M (p)/

w-

le (p.) l (0)

Iy (k)
(@) (b)

W (k)

FIG. 16. Diagrams for case 2 with an explicitly specified choice
of fermion flow direction indicated by arrows.
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W+ and .W‘ exchange diagrams, respect@vely. Then the Mi2nterf = ZZRC[MI (M5} Y)T] + ZZRe[M’Z (M5!, Y)+]‘
full amplitude |My| contains 21 terms: six terms for the XY XY

squared diagrams and % =15 terms for the interfer-

ences. Moreover, we need to change the fermion flow  Symbols /7 and “//” mark those diagrams in which it
depending on each specific interference term to build a ~ Wwas necessary to change the fermion flow for calculation,
trace of gamma matrices. For instance, we need to

change the fermion flow for Zvl vertex in the diagram Mz |? = |Mz)* + IMy|>_; + M2, s
with W™ in order to calculate M lngy (see Fig. 16). The

full interference term looks as where

M, = 128G}(C} + C3)I(U®), Pl(pp2) (pik) + (pp1) (p2k)] + 128GH(4C, o) (U7©), 22 (pk).

2
My [y = 128GE 104 |Usl - [(PP2) (P1K) + (PP1)(P2K)],

~Mi o = 128GEC, - 2[(U70),0;,Ui(pp2)(pik) + (U'0);,0, Ui (pp1) (p2k)]

2
my
+ 128G%CZ ’ 2[(UT®)il®ZzIUui + (UTG));FIG)(IIU:;i] : 7 (pk)7

and we use notation (sy, = sin 6y, where 6y, is the Weinberg angle)

1
Cl = (S%V—E>, szsﬁv.

The square of the full amplitude is simplified after summing by the neutrino mass states, Eq. (25),

Sl = 12863 (€ + Yo+ (1= 26)[uP | (pp) (pik) + (01720
i p

2
m(l
#1286 (40,C:) 210 - 410,12 | 5 (). (42)
p

the decay width for lepton nonzero masses is given by Eq. (39). Note that for Dirac neutrinos, opposite signs of interference
terms above appear.

APPENDIX B: KINEMATICS OF 1 — 3 DECAY WITH MASS TERMS

This appendix contains the details of integration by the Dalitz plot in the general case of nonzero masses using invariant
variables. For the process N;(p) — a(p;).b(p,).c(p3) invariant kinematic variables are defined as S; = (p — p3)* =
(1 +p2)% S =(p—p1)* = (p2+p3)> S3=(p—p2)* = (p3+ p1)* which are then redefined to dimensionless

2
. . m: . .
variables for convenience, s; = S5, r; = =, where m} = p?, i =1,2,3 and the width
1

Vl‘?7
F(NI - a, b, C) = m/dSldS2|M(S1’Sz)|2®[_G(S1,Sz,M%,m%,m%’m%)}
M; )
= 5563 | d1d52M(51,5)PO[=G(s1, 50, 1, 72,71, 13)],

where ©O[x] is the step function and G is the Gram determinant

G(x,y,z,a,b,c) =x*y +xy* —xy(z+a+b+c)—bc(x+y+z+a)—zalx+y+b+c)
+ xzc + xab + yzc + yac + 72a + za® + b*c + bc?.

The equations for the boundaries of the physical region in terms of invariants are obtained requiring
G(sy,82,1, 15,171, 73) =0, so for s, they are
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1
st =1+4r; _2_<(1 — 1 +5) (85— ra+13) F A2 (52,1, 7)2 2 (55,12, 73))

$2

and for s, they are given by

(my+my 2 <8 < (Mj=my 2 or (Vi + i) S5 < (1= )

so the width

(1
M3

F(Nl - a,b, C) = 2567[3

-vr) st
/ dsz/dS1|M(517S2)|2-

(Vr+ys)? St
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