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This work presents a model for testing Lorentz and CPT symmetry through sidereal-variation studies
of the hyperfine-Zeeman deuterium ground-state transition frequencies. It represents an advancement
over previous models by using a well-established deuteron wave function parametrization to calculate
contributions from nucleon Lorentz-violating operators toward the Lorentz-violating frequency shift.
Furthermore, this work extends the analysis beyond the zeroth-boost order previously considered. This
study centers on deuterium’s potential for testing Lorentz-violating nonminimal terms. Specifically, it
compares the prospects of an ongoing deuterium experiment with the current best limits on nonminimal
coefficients. The conclusion drawn is that the deuterium experiment holds the potential to enhance and
establish first-time limits on nonminimal proton, neutron, and electron SME coefficients, marking it as a
valuable experiment in the current worldwide systematic search for Lorentz and CPT violation.
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I. INTRODUCTION

Lorentz symmetry, a global symmetry of the standard
model of particle physics and a local one of the theory of
general relativity, plays a pivotal role in the current physics
paradigm. Therefore, the pursuit of Lorentz violation as a
low-energy signal for theories beyond the standard model
and general relativity is unsurprising [1]. Another compel-
ling motivation for searching for Lorentz violation is its
close connection to CPT symmetry due to the well-known
result that CPT violation in a realistic field theory implies
Lorentz violation [2,3].

A framework for the systematic search for Lorentz
violation called the Standard-Model Extension (SME)
[3] was proposed and successfully motivated many exper-
imental studies in the last decades [4]. Its first iteration, the
minimal SME, was constrained to Lorentz-violating oper-
ators with mass dimensions d < 4. Since then, the SME
has been extended, on multiple occasions, to incorporate
operators with higher mass dimensions, called nonminimal
Lorentz-violating operators [5-8].

The constraints on Lorentz violation obtained from
these experiments are limits on the so-called coefficients
for Lorentz violation, also known as SME coefficients [4].
These coefficients are parameters that quantify the
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contribution of Lorentz-violating operators to the exper-
imental observables, with each coefficient associated with
a unique operator [3]. Hence, the discovery of a nonzero
coefficient implies evidence of a breaking in Lorentz
symmetry. The coefficients associated with the operators
with mass dimensions d <4 are called minimal coeffi-
cients, and the ones linked to operators with d > 4 are
nonminimal. The coefficients are assumed to be different
for operators corresponding to different types of particles,
leading to categories of coefficients like electron coeffi-
cients or photon coefficients.

Since the inception of the SME, there has been a
recognition that the high precision attainable in atomic
spectroscopy experiments made them favorable for detec-
ting Lorentz violation [9,10]. Consequently, several exper-
imental groups in this field designed experiments that
imposed constraints on minimal SME coefficients [11-21].

In recent years, there has been an effort to study the
prospects of using atomic spectroscopy experiments to
detect Lorentz-violating signals from nonminimal opera-
tors [22-24]. These studies reported limits on nonminimal
SME coefficients by reinterpreting the results from experi-
ments designed in the context of the minimal SME
framework. For instance and of relevance for the discus-
sion, a reassessment [23] of the results obtained by a
time-variation study with a hydrogen maser [11] derived
constraints on nonminimal SME electron and proton
coefficients that contributed to the Lorentz-violating sig-
nals constrained in the experiment.

These publications also delved into determining
systems better suited for imposing bounds on nonminimal
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coefficients than those proposed in the minimal SME
context. A difference between minimal Lorentz-violating
contributions to the atomic spectrum and the nonminimal
ones is that some nonminimal coefficients are proportional
to higher powers of the momentum of the fermions within
the atom than the minimal coefficients. This observation
led to the recognition that using atoms with higher
momentum constituents could enhance sensitivity to these
coefficients [22-24].

Consequently, hydrogen might not be the optimal choice
for limiting the size of some proton coefficients as every
nonexotic atom, except for hydrogen, possesses a multi-
nucleon nucleus that enhances the sensitivity to these
coefficients. The rationale behind this lies in the fact that
the internal nuclear motion of the proton adds to its overall
momentum, which, as previously mentioned, is a desirable
attribute. A simplified deuterium model and order-of-
magnitude calculations demonstrated that conducting a
similar experiment to the hydrogen-maser one with deu-
terium could substantially improve previously reported
coefficient limits [23].

The heightened sensitivity to the proton coefficients
applies to any atom with a multinucleon nucleus, not
solely deuterium, as highlighted in a subsequent publica-
tion [22] to the one that presented the deuterium model.
However, considering these heavier atoms presents a
challenge, compared to the hydrogen case, as understand-
ing the internal nuclear state becomes crucial to derive
Lorentz-violating corrections to their spectrum.

The commonly used nuclear model within the SME
framework [9,22] is the Schmidt model [25,26] due to its
comparative simplicity. The model assumes a shell struc-
ture for the nucleus, where pairs of nucleons of the same
type form states with zero total angular momentum. Never-
theless, this model’s drawback is that it suggests many
atomic systems are sensitive to either neutron or proton
coefficients but not both, contrary to expectations where
both types of coefficients are anticipated to contribute,
albeit with the contribution from one type being suppressed
compared to the other. For example, within the context
of the minimal SME, applying more advanced techniques
to obtain the energy shift unveiled contributions from
coefficients associated with both nucleons contrary to
the prediction from Schmidt model [17,27,28]. More-
over, while the model serves to approximate angular
momentum expectation values, it is indifferent to the
contributing nucleon’s momentum magnitude and requires
it to be estimated by other means. Despite its limitations,
the simplicity of the Schmidt model enabled the impo-
sition of stringent limits on numerous nonminimal SME
coefficients [22].

In this context, the Stefan Meyer Institute (SMI) in
Vienna has initiated a deuterium beam spectroscopy experi-
ment [29], currently underway at the Laboratoire Aimé
Cotton (LAC) in Paris [30]. This experiment is motivated

by the aforementioned deuterium model presented in [23].
However, as a model designed to demonstrate the potential
advantage of deuterium over hydrogen, it remained under-
developed to work as a functional model for imposing
bounds on SME coefficients.

This work aims to develop a model for the Lorentz-
violating shift to the hyperfine-Zeeman transition frequen-
cies of deuterium’s ground state, in the presence of a weak
magnetic field, with the expectation to be used by the
SMI/LAC experiment and potentially by future similar
experiments to establish bounds on nonminimal SME
coefficients. One of deuterium’s advantages lies in its
multiple well-established deuteron ground-state wave-
function parametrizations. For this study, we will employ
the parametrization based on the Paris nucleon-nucleon
potential [31,32]. This study marks the first application of a
nuclear model beyond the Schmidt model in the non-
minimal SME context. Moreover, deuterium’s sensitivity to
neutron and proton coefficients positions it as an excellent
candidate for establishing new and enhanced bounds on
nonminimal SME coefficients.

This paper contains three additional sections besides the
Introduction and Summary. The subsequent section, Sec. II,
outlines the derivation of the laboratory-frame Lorentz-
violating frequency shift for the Zeeman-hyperfine tran-
sitions within the ground state of deuterium. Following is
Sec. 111, which presents the transformation of the frequency
shift into the canonical Sun-centered frame, the main result
of this work. The discussion of the prospects for the SMI/
LAC experiment in establishing new or enhanced limits on
SME coefficients is the topic of Sec. I'V. Finally, throughout
this work, natural units with 2 = ¢ = 1 are employed.

II. LORENTZ-VIOLATING FREQUENCY SHIFT

This section, comprising four subsections, derives the
Lorentz-violating frequency shift for the Zeeman-hyperfine
transitions of the ground state of deuterium. The first two
subsections introduce the unperturbed deuterium states and
the Lorentz-violating perturbation considered in this work.
Following is a calculation of the relevant Lorentz-violating
correction to the deuterium’s spectrum in the presence of a
weak magnetic field. The section concludes by deriving an
expression for the Lorentz-violating frequency shift for the
pertinent transitions.

A. Unperturbed quantum states

In this subsection, we present a simplified nonrelativistic
three-fermion system model for the deuterium atom in its
zero-momentum inertial frame. We use this simplified
model to obtain the unperturbed states that will be used
in the perturbative calculation.

The deuterium atom is a bound system composed of a
proton, a neutron, and an electron. The electron orbiting
motion around the nucleus is approximately nonrelativistic.
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Likewise, we can apply a similar nonrelativistic approxi-
mation to describe the proton and neutron motion inside the
deuteron. While this approximation may not provide the
same level of precision for describing the motion of
nucleons as it does for the electron, it remains a valid
approach as the three-momentum of the nucleons is smaller
than their masses in natural units.

The unperturbed Hamiltonian considered in this work
has the form,

2 2 2
HynPe  Pro Pooy oy (1)
2m, 2m, 2m,
where p,, represents the three-momentum of each particle,
with e for the electron, p for the proton, and n for the
neutron. The mass of the corresponding fermion is denoted
by m,, with w € {e, p,n}. The Hamiltonian includes two
interaction potentials. The potential V represents the
electromagnetic interaction between the proton and elec-
tron, and U is the nuclear interaction between the proton
and neutron.

Another approximation employed in this work is the
treatment of the deuteron as being nearly at rest in the zero-
momentum frame of the deuterium atom. This assumption
is reasonable because the deuteron is significantly more
massive than the electron. Under this premise, the momenta
of the proton and neutron are opposite, p, ~ —p,, in the
deuterium zero-momentum frame. To simplify the presen-
tation, we introduce a notation where p ~p,, which
implies p, ~ —p.

The potential V(r,,) in the Hamiltonian (1) is a function
of r,,, which represents the distance between the electron
and proton. Due to the large size of the deuterium radius
compared to the deuteron one, we can approximate
Tep = Toq, Where r,q is the distance between the electron
and the center of mass of the deuteron. The potential
U(r,,), on the other hand, depends on the position of the
proton relative to the neutron.

Building upon the earlier discussion, we can decompose
the Hamiltonian (1) into two parts as follows:

HDNH€+Hd. (2)

The Hamiltonian H, represents the single-particle
Hamiltonian governing the behavior of the electron in the
deuterium zero-momentum frame. It can be expressed as

2
~ Pe

H,
2m

+V(rea), (3)

e

where r,, is the distance between the electron and the center
of mass of the deuteron. Conversely, H,; encapsulates the
Hamiltonian describing the behavior of the deuteron in its
rest frame,

S+ U(rpn)' (4)

Here, yu, = m,m,/(m, + m,) is the reduced mass in the
proton-neutron two-body system.

We denote the single-particle states of the electron within
the deuterium atom as |nJLm), where the quantum
numbers (J, m) label the total electronic angular momen-
tum, L represents the orbital angular momentum, and n
signifies the principal quantum number. They are the
energy states of the Hamiltonian (3), and the ones used
in this work are the well-established nonrelativistic sol-
utions for an electron in the presence of a coulomb
potential.

The ground state of the Hamiltonian (4) is denoted as
|Symy), where (S;,my) are the quantum numbers associ-
ated with the spin of the deuteron. We can express the
quantum state for the deuterium atom with total atomic
angular momentum quantum numbers (F,my) as

InFILmg) = (JmSgmg|Fmp)nJLm)|Sgma).  (5)

m,my

where (j;m;j,m,|j3ms) represents the Clebsch-Gordan
coefficients.

Our primary focus in this study lies in the deuterium
le /o states. For this reason, it proves advantageous to

introduce a more concise notation by omitting certain
quantum numbers, specifically n=1, J=1/2, L =0,
and S,; = 1. Under this abbreviated notation, we represent
the deuterium state |1, F, 1/2,0, my) as |Fmp), the single-
electron state |1,1/2,0,m) as |m), and the deuteron state
|Img) as |mg). Consequently, |Fmy) takes the form,

[Fmp) = (1/2.m, Lmy|Fmp)|m)|mg).  (6)

m,my

It is important to note that the state |m,) = |lm,) does
not constitute an eigenstate of the total orbital angular
momentum of the nucleons within the deuteron due to the
noncentral nature of the potential U(r),,). The deuteron
ground state is a superposition of the 3, and 3D, internal
nuclear states. Hence, we can approximate the momentum
wave function of the deuteron ground state as follows:

<p|md> = uO(p)YOO(ﬁ))(md
+ur(p)> (1g2m1mg) Yo, (P)ry-  (7)

qm

In this equation, (j m,j,m,|jzms) denotes the Clebsch-
Gordan coefficients, the summation over ¢ and m encom-
passes all allowed values, u;(p) denotes functions that
depend solely on p = |p|, Y}, (p) denotes the spherical
harmonics evaluated in the direction of p, and y,,, with
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me{-1,0,1}, represents the spin-triplet state derived
from the proton and neutron spin states.

In this study, we will employ the parametrization of the
deuteron wave function based on the Paris nucleon-nucleon
potential in momentum space, as detailed in [31,32]. In
this parametrization, the functions ug(p) and u,(p) are

given by
\/7 Z p2 + m3

\[ 2. p (8)

The coefficients Cj, Dj, and m ; are provided in [32].

It is worth noting that our main goal in this study is to
estimate the magnitude of the coefficients for Lorentz
violation, rather than conducting precise calculations of
the energy shift. Thus, any of the commonly used analytical
parametrizations for the deuteron wave function could have
been suitable for this work. However, we have opted for
this specific parametrization due to its convenience for
performing some of the integrals needed for this study.

B. Lorentz-violating perturbation

In principle, the Lorentz-violating perturbation can
receive contributions from both the free propagation of
fermions within the atom and corrections to their inter-
actions. Previous studies [22,23] have established that the
dominant contribution to the Lorentz-violating energy shift
in deuterium results from the perturbation affecting the free
propagation of the fermions within the atom. Contributions
arising from corrections to the interactions will be treated as
higher-order corrections to the energy shift and, as such,
will not be considered in this work.

Therefore, in this work, we will treat the Lorentz-
violating perturbation to the deuterium atom as the sum
of three components,

Sh = ShYR + ShNR 4 GhNR, (9)

where Sh)\R represents the single-particle Lorentz-violating

perturbation for the particle with flavor w.

The derivation of a comprehensive Lorentz-violating
perturbation for a freely propagating nonrelativistic Dirac
fermion is provided in [7]. Certain Lorentz-violating
operators contributing to this perturbation, as demonstrated
in previous works [22-24], do not contribute to the
atomic energy shift at first order in perturbation theory.
Therefore, the effective single-particle Lorentz-violating
perturbation considered in this work, consistent with
previous works [22-24], can be expressed as follows:

A NR(0B
5hI\ZIIR - _lelkOY)m(p <Vijm fTijnl( )>
kjm
A NR(1B
+ ZG. (+1ij é_ <p) ) ijm )’
kjm
(10)

with 6 = (¢',6%,6°) standing for the Pauli vector com-

posed by the Pauli matrices o¢"'.

The summation index k takes on the values O, 2, and 4,
while the index j ranges from O to 5, and the index m is over
the range —j < m < j. The unit vectors in the equation are

defined as é, =p and €, = (9 + igh)/+/2. These defini-

tions are in terms of the unit vectors 8 and ¢ associated with
the polar angle € and azimuthal angle ¢ in momentum
space. These angles can be specified by the relation
p = (sin@cos ¢, sin O sin ¢, cos O).

The functions Y, (p) correspond to the spin-weighted
spherical harmonics with a spin weight of s. The conven-
tional spherical harmonics Y/, (6, ¢) can be understood as
spin-weighted harmonics with s = 0 and can be expressed
as Y, (0, ¢). Additional information about the definitions

and useful properties of spin-weighted spherical harmonics
can be found in Appendix A of [5].

. NR(¢B
The coefficients V,, ;% and T, jmq ), where ¢ can take

values of O or 1, represent nonrelativistic spherical coef-
ficients for Lorentz violation as defined in [7]. Each
nonrelativistic coefficient can be expressed as a linear
combination of the standard SME coefficients, the ones
in the SME Lagrange density, appropriately weighted by
powers of m,,. The explicit expressions for these combi-
nations can be found in Eqs. (111) and (112) of [7].
Table IV of the same reference provides information about
the permissible ranges of values for the indices k, j, m, and
the number of independent components for each coeffi-
cient. It’s worth noting that, in this work, we adhere to the
convention established in [23], employing the subscript
index k instead of n, which is the convention used in [7].
It is common practice to further decompose the compo-
nents of the perturbation Hamiltonian based on their CPT
handedness. Specifically, each nonrelativistic spherical
coefficient can be divided into two parts, each characterized
by the CPT handedness of the corresponding operator. This
decomposition can be expressed as follows:

— NR _ NR
Vijm Cijm aijm’
NR(¢gP) NR(gP) NR(¢P)
Tijm — IWkjm - Hwkjm ’ ( 1 1)

where a- and g-type coefficients are associated with CPT-
odd operators, while the c- and H-type coefficients are
related to CPT-even ones. This notation aligns with the
standard assignments in the minimal SME [3].

055001-4



PROSPECTS FOR TESTING CPT AND LORENTZ SYMMETRY ...

PHYS. REV. D 109, 055001 (2024)

C. General form of the Lorentz-violating energy
shift for states 1S, with F <3/2

As mentioned in the Introduction, this work focuses on
the Zeeman-hyperfine transitions within the ground state of
deuterium. We can obtain the relevant energy shifts from
the matrix elements of the Lorentz-violating perturbation
within the subspace spanned by the states |Fm) as given
in (6) with F' < 3/2. Furthermore, the assumed presence
of a weak magnetic field breaks the degeneracy associated
with the orientation of the total deuterium angular momen-
tum F allowing the use of the methods of nondegenerate
perturbation theory. Consequently, we can determine the
leading-order Lorentz-violating energy shift by evaluating
the expectation values of 6k, as defined in (9), for the
states |Fmpg).

It is convenient to decompose the expectation value of
the perturbation, the Lorentz-violating energy shift, as
follows:

de = (5h) = (6hDR) + (Shy), (12)
where 65, represents the perturbation to the deuteron, given
by 8hy = ShiR + ShyR.

The expectation value of the perturbation 64, for the
states |Fmy) takes the following form:

() — ZZ( VAR 4+ ( Yao®)p )V )

+2Z Z +1 10(P lp|k € >> wlljl%lB)

w=p.,n
A~ O
- ZZ Yoo e)T KB (13)
w=p.n

where the summation over k takes values of 0, 2, and 4.
Additionally, it should be noted that the coefficient V5%
does not exist, as per the properties of the nonrelativistic
coefficients discussed in [7]. Therefore, we can set it equal
to zero in the expression (13). Furthermore, any terms
in (10) that are absent from (13) have vanishing expectation
values for F < 3/2.
The expectation values in (13) have the form,

(p1%) = (uollp ) + {uzllp ).

(Y20 (@)lpl) = (mz’g—z)rm ot

WY o@)plio -2,) = ﬁm Yap
(Y B)lplo - &2) = MWWM, (14)

with F <3/2. The values of (u||p|*|u,,) are calcu-
lated from

TABLE I. Numerical values for the coefficients in (14).
Coefficient k=0 k=2 (GeV?) k=4 (GeV*)
(Ip|*) 1.0 1.8 x 1072 4.1 x 1073
(Ip1)or N/A 7.8 x 1073 —1.4x 1073
(Ip|*)os 1.7 2.8 % 1072 9.7 x 1073
(Ip|*) 1z -3.8 —12x 1072 3.9 x 1073

(o) = / " i (P)un(p)p*2dp, (1)
0

where the functions u,;(p) are described in (8).
The coefficients (|p|*)oz (Ip|*)op. and (|p[*),5 in (14)

are linear combinations of the expectation values
(u||p|¥|u,,), and they have the following form:
{IP1)or = {uallp|*|uz) — V8Re({uo|lp||u).
(Ip[)os = 2(uollp|“|uo) + (u2llp||uz)
+ V8Re(uo|[p[*|us)
(Ip*)15 = —4(uo|lp[|uo) + 4(us|lp||uz)
+ V8Re(ug|[p[*|us). (16)

where Re[x] denotes the real part of x.

Numerical values for these coefficients are outlined in
Table 1. The first column of the table indicates the corres-
ponding expectation values or coefficients. The subsequent
columns contain the numerical values for each instance
of k, specifically for 0, 2, and 4. Entries marked as N/A
indicate instances where the value was not calculated
because it is not needed.

The expectation value of the electron component of the
perturbation oA is

2(1 = F)m NR(0B) NR(1B)
= T;Z(II&W( o D 42T gy )

Vekoo- (17)

(6he™)

k

Once more, the summation over k is performed for values
of 0, 2, and 4. The expectation value of |p,|* is

(Ipel*) = 5(am,)*,
(18)

() =1.  (lpcl*) = (am,)*.

where a represents the fine-structure constant, while m, is
the reduced mass of the atom, approximately equal to the
mass of the electron m,. The expressions for the energy
shift in (17) are valid for F < 3/2.
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D. Lorentz-violating frequency shift for the transition
=3/2 —» F=1/2 in a weak magnetic field

Using the Lorentz-violating energy shift obtained in the
previous subsection, we are able to compute the Lorentz-
violating frequency shift for the Zeeman-transitions
(F=1/2,m}) - (F =3/2,mp). This frequency shift
takes the form,

2o = (5 4mF \/—WZPHZ P10 Vi
P2 S S T
w=p.n
2mF Z Z Ip| 1B wIljllE e
w=p.n
mp+mpz (P} ( ekNllEOB +2Te1:1%18)~

(19)

We remind the reader that the summation over £ is limited
to the values 0, 2, and 4. Additionally, the coefficient V, )%
should be regarded as zero, as this particular combination
of indices is not permitted, as explained in [7].

We can disregard the contribution from the electron co-
efficients to the frequency shift. This is due to the fact that
hydrogen-maser experiment exhibits significantly greater
sensitivity to these coefficients than what one would
reasonably anticipate from a deuterium experiment. The
rationale behind this observation was initially addressed
in [23], and we will elaborate on it further below.

Before delving into the discussion, let us reproduce the
result for the Lorentz-violating frequency shift obtained
in [23] for the hydrogen hyperfine-Zeeman transitions of
the ground state. The frequency shift is given by

Am
S 3 el (Tl + 27,050,

w=e,p

2mér =

(20)

where (|p,|¥) is given by (18), with the reduced mass m,
being the one for hydrogen, which can also be taken as the
mass of the electron. Here, Am represents the change in
the quantum number my during the transition.

Keep in mind that the sensitivity to the electron co-
efficients in (19) and (20) is proportional to the ratio
SVexp/ (IP.|¥) of the experimental constraint on the fre-
quency shift év,,, relative to the corresponding expectation
value (|p,|¥). The expectation values (|p,|*) are nearly
identical for hydrogen and deuterium. Therefore, the
experiment using either hydrogen or deuterium that im-
poses the most stringent constraint on the corresponding
frequency shift will achieve the highest sensitivity to the

electron coefficients. A previous study with a hydrogen
maser [11] constrained the Lorentz-violating frequency
shift to around 0.1 mHZ. Assuming that a deuterium
experiment could obtain constraints on the order of 1 Hz,
it follows that the sensitivity of the hydrogen experiment to
the electron coefficients surpasses that achievable by the
deuterium experiment by around four orders of magnitude.
As we will see in the next section, this argument only
permits us to disregard the electron coefficients at zeroth-
boost order because the hydrogen-maser experiment did
not consider linear-boost order effects, leaving the door
open to imposing bounds on electron coefficients using
deuterium’s experiments.

The situation is different for the proton coefficients
contributing to the hydrogen and deuterium frequency shifts
in (19) and (20), respectively. In the case of hydrogen, the
sensitivity remains proportional to the ratio dvey,/(|p.|").
where (|p.|*) ~ 107! GeV? and (|p.|*) ~ 1073 GeV*.
However, for deuterium, the sensitivity is represented by
either 8vexy/([P|*)op OF Svexp/([P|¥)15. Using the values in
Table I, we observe that the sensitivity to the proton co-

NR(0B) NR(1B) .
efficients 7, and 7,y ~ is enhanced due to the

difference in the proton’s momentum between the two
atoms. Despite the heightened sensitivity to the frequency
shift Sve, in the hydrogen experiment, a hypothetical
deuterium experiment exhibits significantly higher sensitiv-
ity to the proton coefficients.

Assuming the aforementioned values for the constraints
on the frequency shift, the deuterium experiment demon-
strates approximately S5 orders of magnitude greater
sensitivity to the proton coefficients with k=2 and
approximately 15 orders of magnitude greater for those
with k =4 than the hydrogen one. This highlights the
primary motivation for pursuing Lorentz-violation studies
with deuterium.

III. FREQUENCY SHIFT IN THE SUN-CENTERED
FRAME

This section presents the derivation of the expression for
the frequency shift in the Sun-centered frame. The meth-
odology used has been thoroughly discussed in previous
works [22,23]. The first subsection introduces the fre-
quency shift in the Sun-centered frame at zeroth-boost
order, while the subsequent subsection presents the result at
the first-boost order.

A. Frequency shift at zeroth-boost order

The SME coefficients are assumed to remain constant
and uniform across all inertial reference frames [3]. How-
ever, in noninertial frames, these coefficients can exhibit
time-dependent variations. Moreover, they are frame-
dependent as they transform as tensor components under
observer transformations. Consequently, all experiments
must report limits on SME coefficients within the same
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inertial reference frame to permit any comparison of results
across different experiments. The Sun-centered celestial-
equatorial frame is used in the literature as the standard
frame for this purpose [33]. Although the rest frame of the
Sun does not precisely qualify as an inertial reference
frame, any possible time variation of the coefficients in this
frame is insignificant compared to the time scale between
the different experiments.

In the Sun-centered frame, the origin is at the Sun’s
location during the 2000 vernal equinox, and the time
coordinate 7 is the Sun’s proper time. The spatial Cartesian
coordinates X/ = (X, Y, Z), in this frame, have the Z axis
aligned along the Earth’s rotation axis, the X axis pointing
from the Earth to the Sun at 7 =0, and the Y axis
completing a right-handed coordinate system.

The matrix for the observer Lorentz transformation from
the laboratory frame to the Sun-centered frame has the
form,

AL (0.8) = R*.(0)B7,(B), (21)

where R¥, (@) represents a rotation matrix, and B, (f) a
boost matrix. Here, the boost parameter f is the velocity of
the laboratory frame within the Sun-centered frame, and the
rotation parameter @ specifies the orientation between the
laboratory frame and the boosted one.

The magnitude of f is relatively small compared to the
speed of light, with a value of # ~ 10~ in natural units. We
can simplify the expression for A¥, by expanding it as a
power series of # and truncating it at a certain power of j.
Truncating the power series at the zeroth-boost order in j
simplifies the Lorentz transformation to a pure rotation,
where the boost matrix in (21) is replaced with the identity
matrix. In this subsection, we exclusively focus on the
expression for the frequency shift (19) in the Sun-centered
frame at zeroth-boost order. The contributions at linear-
boost order will be examined in the following subsection.

The coefficients in (19) are defined within a laboratory
frame with its z-axis aligned to the applied magnetic field.
Relating these coefficients to the ones within the Sun-
centered frame requires the rotation from the Earth-based
laboratory frame to the Sun-centered frame. The properties
of the nonrelativistic coefficients aid in this transformation
as they transform as components of dual spherical tensors
under observer rotations.

The reader should bear in mind that the nonrelativistic
coefficient indices relevant for the coefficient transforma-
tion are j and m, where the index j specifies the rank and m
the component of the spherical tensor associated with the
coefficient. The meaning of these indices explains why
only coefficients with m = 0 contribute to the frequency
shift (19) as they correspond to the components of a
spherical tensor projected along the direction of the applied
magnetic field within the laboratory frame.

The transformation rule for a generic laboratory frame
coefficient KC,,}5, with m = 0 as they appear in (19), in
terms of the corresponding coefficient in the Sun-centered

frame ICWI,:%;S““ is given by

Wkjm

K = D emoaledy, (<K (22)

Here, 9 denotes the angle between the applied magnetic
field and the Earth’s rotation axis, while the quantities

d! (—9) refer to the small Wigner matrices, as provided in
Eq. (136) of Ref. [5], evaluated at —9. Keep in mind that the
nonrelativistic coefficients with m # 0, which are compo-
nents of a spherical tensor, are complex numbers, and they
obey the condition,
(KR )" = (1" (23)
where * denotes complex conjugation.
The angle 9 can be determined based on the local

orientation of the magnetic field and the experiment’s
colatitude y. The corresponding expression is

cosd = cos @, cos y + sin @, sin y sin ¢, (24)

where ¢; represents the local cardinal direction of the
magnetic field measured from the local East in a counter-
clockwise orientation. For instance, ¢»; = O corresponds to
the local East, and ¢; = x/2 corresponds to the local North.
The angle 0, measures the orientation relative to the local
vertical direction, where 8; = 0 indicates that the magnetic
field points towards the zenith and 0, = z/2 implies that it
is horizontal.

The SMI/LAC experiment was located at the Laboratoire
Aimé Cotton, located at the University of Paris-Saclay, with
a colatitude of approximately y ~41.3° [30]. The applied
magnetic field was horizontal, with 6, ~ /2 and ¢, ~ 84°.
Using (24), the angle between the magnetic field and the
Earth’s rotation axis is approximately § ~ 49°

The transformation (22) reveals the time variation,
decomposed into harmonics of the Earth’s sidereal fre-
quency wg =~ 2x/(23 h 56 min), of the laboratory-frame
coefficients. The local sidereal time 7', serves as a practical
measure of the Earth’s local sidereal time, with 7, =0
chosen as the time when the magnetic field is perpendicular
to ¥ in the Sun-centered frame with a nonnegative X
component. This particular choice results in the relatively
straightforward expression (22). It is important to note that
T is an offset from the time 7 in the Sun-centered frame by
an amount that depends on the orientation of the magnetic
field. Since we will be introducing another local sidereal
time later in this work, we will designate 7; as the local
sidereal time adjusted to the orientation of the applied
magnetic field.
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Applying the transformation (22) to the coefficients contributing to the frequency shift (19), we find that

NR(0B) _ NR(0B),Sun
T 10 08 '9ka10

— V2sin 9Re[T, PS5 cos wg Ty + v/2 sin 9Im([T 3 5" sin wg T .

3 3 3
VrR = \/;sin 20Re[V, 1 %" cos wg T, + \/;sin 29Im([V, 5" sin wg T, + \ésinmRe[vwfz‘}S““] cos 20T,

3 1
- \/;Sinzlglm[vw?zl{z'sun] sin 207, + 5 (14 3cos29)V, TS (25)

where Twlljm( B) obeys the same equation than 7° Wl,leO(OB)

Here, Re[K, 5] is the real part of the coefficient and
Im[/C,, ;] its imaginary part.

The general form of the frequency shift in the Sun-
centered frame at zeroth-boost order is obtained by replac-
ing the coefficients in the laboratory frame with the
coefficients in the Sun-centered frame using the relations
in (25). The final result has the form,

27250 = AL + AL cos (wgT,) + A sin (wgT})

+ Ag) cos 2wgTyr) + Aﬁg) sin 2wgTr). (26)

Here, the superscript (0) is used to indicate that this
expression solely includes the zeroth-boost order contri-
bution to the frequency shift. The amplitudes in the

|

2 un
A(O) = —sin 8MZ {p|*) OBRe[TWI,lel(OB)‘S

3V6r

sin 29
5 4m

3v/6x

sin 29
5 4m

and the amplitudes for the second harmonic of the sidereal
frequency are

0) —sin%9 /3 Sun
A£‘2 5 4m IOEZ Ipl OERe VWEQ% }7
0 S]n 19 Sun
A2 = 5 ) \/10”2 (ploptm(V,i55°". (29)

Note that the contribution from the electron coefficients
was disregarded for the reasons discussed in the previous
section. Only the proton and neutron coefficients were
considered; thus the summation over the index w in the

/ NR,S
10”2 p|*)oeRe[Vypp "

2 un
ALY — sm&wz {p|*) BIm[TWI,j]R](Om’S

V 1071_2 Ip| EIm VWEzRI’Slm

I

expression are linear combinations of the nonrelativistic
coefficients in the Sun-centered frame. The amplitude for
the constant term is

NR(0B),Sun

0
AE) ) = co OBTWkIO

2mly —mp
sy —F—— Vr Z|p|

2mh, —m
F F NR(1B),Sun
—cos§ L =L E |P| lBkaIO

6V 3rx .y

_ (1 4+3co0s29) 28 a
(5 4 Z Ip | OEVwE;})’su . (27)
w,k

The amplitudes for the first harmonic of the sidereal
frequency are given by

. 2mh,—m NR(1B).Sun
]+sm19F7Fz<|P|k>1BRe[ka11( ) ]
w,k

REVAY/4

!/
2my —mp

—sind ———— Z<|p|k>lBIm[Tw1:]Rl(lB),Sun]

3\/5 w,k

(28)

|

expressions for the amplitudes can only take the values
w = p or w = n. Similarly, the summation over k is limited
to the values 0, 2, and 4.

In these expressions, the coefficient V50" must be
taken as zero for any value of m for the reasons explained
earlier. The angle § represents the angle between the
applied magnetic field and the rotation axis of the Earth.
The quantum number m/. corresponds to the F = 1/2 state
involved in the transition, and m g represents the quantum
number for the F = 3/2 state. The numerical values for the
relevant coefficients (|p|*)og, (Ip|*)og. and (|p|¥),p are
provided in Table 1.
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The expression (26) for the frequency shift implies that
a signal for Lorentz violation is a sidereal variation of the
resonant frequency, arising from the Earth’s rotation
relative to a fixed inertial reference frame. This sidereal
variation may include contributions up to the second
harmonic of the sidereal frequency. Additionally, another
signal for Lorentz violation is a dependency of the resonant
frequency with the orientation of the applied magnetic field
in relation to the Earth’s rotation axis.

B. Frequency shift at linear-boost order

In this subsection, we derive the frequency shift in the
Sun-centered frame at the linear-boost order. We begin by
truncating the expansion of the observer Lorentz trans-
formation matrix A*,, (6,f), in the small parameter
p =~ 107, up to linear order instead of zeroth order. The
resulting transformation matrix is

AOT = 17 AOJ = _ﬁjﬂ AJT = _leﬂjv
Ajj - Rjj, (30)

where the lowercase and uppercase indices represent spatial
Cartesian coordinates in the laboratory frame and in the
Sun-centered frame, respectively.

The Earth-based laboratory-frame boost velocity f
within the Sun-centered frame is approximately given by

B=~pe+PL. (31)

where fig, is the velocity of the Earth relative to the Sun and
B is the velocity of the laboratory relative to Earth’s center
of mass.

Assuming the Earth’s orbit is circular, we find that the
expression for fg in the Sun-centered frame is

o = Po sin Qg TX — fig cos Qg T (cos n¥ + sinyZ). (32)

Here, Earth’s orbital speed is denoted by fg =~ 10~ and its
orbital angular frequency by Qg ~27/(365.26d). The
angle 17 ~23.4° is the one between the XY plane and the
Earth’s orbital plane. The time 7T is the time coordinate in
the Sun-centered frame.

The expression for ff; obtained by taking the Earth as a
sphere is

B = rgog siny(—sinwgTeX + coswgTg), (33)

where y and wg represent, once again, the colatitude of
the experiment and the sidereal frequency, respectively.
The magnitude of f; can be estimated by using that

re®e ~ 107°, where rg is Earth’s radius. This implies
that ; is 2 orders of magnitude smaller than fg,.

The time Tgq represents another offset of the time
coordinate 7', serving as a measurement of the local sidereal
time. This definition of the sidereal time simplifies the
expression (33) by absorbing any possible phase. The zero
value of Tg can be defined as any time when the boost
velocity f; is parallel to the Y-axis in the Sun-centered
frame. Equivalently, it is the time when the local East
direction, the direction of f;, is parallel to Y. This
definition differs from that of 7;, which is zero when
the magnetic field is perpendicular to the Y-axis with a
nonnegative X component. The relation between both local
sidereal times is determined by the equations,

sin y cos @; — cos y sin @, sin ¢;

bl

cos [(Tg — Ty )we] = Sin 9
. Sin 91
sin [(Tea - TL)CU@] == sin 9

cos ¢;. (34)

Here, y is the colatitude of the experiment, and J represents
the angle of the magnetic field with Earth’s rotation axis.
The angles 0; and ¢; denote the magnetic field’s orientation
relative to the local zenith and local East, respectively.
Using that for the SMI/LAC experiment 8 ~49°, 0, ~ z/2,
x = 41.3° and ¢, = 84°, we obtain that

For the sake of completeness, the relationship between the
local sidereal time T and the time coordinate 7" can be
expressed as [34],

(66.25° — 1)

To~T—
@ 360°

23.934 hr, (36)

where 4 is the longitude of the laboratory in degrees.

Applying the transformation (30) to the coefficients in
the expression for the frequency shift (19) is not straight-
forward. The nonrelativistic spherical coefficients are
specifically designed to have straightforward transforma-
tion rules under rotations, as discussed in the preceding
subsection. However, their transformations under a boost
are notably intricate. Transforming the coefficients neces-
sitates a departure from presenting them as components of
spherical tensors to portraying them as components of
Cartesian spacetime tensors. This process was thoroughly
explained in the Appendixes A and B of [22].

The expression for the frequency shift in the Sun-entered
frame at linear-boost order takes the form,
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2ro0) = Aél) +AY cos a)@TL +AM

sinwg T + A(Cl) cos Qg T + Ag) sin Qg T

+ cos weaTL( cC cos Qg T + AES) sin Qg T) + sinwg T (Aslc) cos Qg T + AUS) sinQgT)

+cos2wg Ty (A(cz)c cos QT + A<c2)s sinQgT) + sin 2wg T, (Agz)c cos QT + Agz)s sinQqT)

+ AE_; cos2wg T + AE,Z sin2wg T + A£_3) cos3wg T + AS3) sin3wg T . (37)

The coefficients A [Wlth the superscript (1)] differ

from the coefficients A [w1th the superscript (0)] pre-

sented in the previous subsectlon. The latter represents the
amplitudes for the frequency shift 52(%) at the zeroth-boost
order, while the former represents the amplitudes for the
frequency shift sv(!) at the linear-boost order.

As previously demonstrated [23], the constraints on the
Lorentz-violating frequency shift at zeroth-boost order will
restrict a different set of SME coefficients than the ones at
linear order if the unperturbed states are parity states, as is
the case for deuterium. Consequently, the primary moti-
vation for extending the analysis beyond the zeroth-boost
order approximation is to gain access to more SME
coefficients.

Finally, the frequency shift in the Sun-centered frame, up
to the linear-boost order, is given by

ov = o0 + s, (38)

where 609 is provided in (26) and v in (37). From these
equations, we can observe that the signals for Lorentz
violation include a sidereal variation up to the third
harmonic of the sidereal frequency, an annual variation
with the first harmonic of the annual frequency, and a
mixed variation that is the product of harmonics of the
annual and sidereal frequencies.

In this study, we will narrow our scope to corrections
solely related to the pure sidereal variation by disregarding
all the terms that contain an annual variation in the expres-
sion (37). Upon omitting these terms, the frequency shift is
Aél) + Agl) coswg Ty + Aﬁl)

2z = sinwg T

+AY cos20g T, + AY sin20g T,
+ AW cos 3w T), + AlY sin3wg T, . (39)

The main consequence of excluding terms with annual
variation is to limit the number of SME coefficients that can
be constrained through a sidereal-variation study based on
the model presented in this work. Ideally, a time-variation
study of the transition frequency should consider these
annual-variation-dependent terms. However, in practice, it
is more feasible to conduct a sidereal-variation study than to
obtain a dataset for the more intricate time-variation signal
described by (37).

[

The amplitudes in the frequency shift (39) are more
involved than those presented in the previous subsection.
To enhance clarity, the expressions for the amplitudes are
presented in three layers. We can start by noting that the
amplitudes take the form,

==> > mi* gmﬂl’\ >0EG.fM)/k

w=pn k,d

_ZZ d—k%

w=pn k,d

+ZZ d—k3

w=p.,n k,d

my +m d)0B
+2) mih F9 PG
k.d

mh. +m d)1B
A g L g G (ag)
k.d

TR (p |ty s GLF

()Gl

Here, the values for the momentum-dependent terms are
provided in Table I and (18). The angular momentum
quantum numbers correspond to those introduced in (19).
The mass of the nucleon is denoted as m,,, and m, for the
electron. The summation over k is restricted to the values 0,
2, and 4. The index ¢ identifies the corresponding ampli-
tude in (37), while the index d represents the mass-
dimension of the Lorentz-violating operator contributing
to the frequency shift.

Following the convention from previous publications
[22,23], we will only consider the contribution at linear-
boost order from Lorentz-violating operators with mass
dimensions 3 < d < 8. This limitation does not alter the
general form of the frequency shift given by (19); it only
restricts the coefficients for Lorentz violation that our
model can constrain.

The coefficients Gé ») . and Gé »)v « » Where g is either O or

1, depends on the particle type w, the momentum power k
and mass-dimension d. The expressions for these coeffi-

(1)

cients corresponding to the amplitude A, specified by &

are provided in Table II. The first column of the table
displays the coefficients, while the second column contains
their expressions. For simplicity, the sine and cosine
functions in the table are abbreviated as s, = sinx
and ¢, = cosx.
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TABLE IL.  Expressions for the coefficients Gy, Gyop» and Gyt in Eq. (40).

Coefficient Expression

Gouk L g, S, {C(/) (vag)xyz v, Vw(k?m) 2, (ngx(xz) _ ng)mz)ﬂ

Gavk rowas,cy|Vaid 2t +1 (Vi +4v, @ 4 v, )2 + v, 9
TreWes,Sy {VM ,({g)xzch +i (3Vsz XXX _ ng)YYX)sﬁ + ng)x}

s ey [Vl (VLT Vv ) 2 4y, 0
—TgWgS,Sy {V‘V](z)yzzcz 'HT <3VW,§)YYY - ng)xxy)s% + VW,(:;)Y}

Gl Lrame sy | (Vild 7 = Vil ey +2(Vigd O 4 v, 10707,

o gty [2 (V5 4, 70 (1, 0770y )

G(Ccé)SEk _‘]_1 r®weas;3( [(Vw;cz)xxy n VW( )YYY) cp- (VW](Q)XXX i VWI(Q)YYX) S(/f}

Gg)gi %’"GB’UGBS;S( {(Vw;c;XXX +V §<2>YYX) cp t (ngc;XXY + Vv»/iz)YYY) Sz&}

Gédv)tqlf ’ DSy [ZTW qB).(k)iY)cfﬁ + (Tw(ﬁ'f))lif - Twé‘gﬁ) Sf/)}

Gg)v.qlf %re)w@szl (Tw(([dB)ﬁ Cop T+ Tw 'gB.k1 S¢)

Ggf%f 3 TeWeSy, (TWE;Q,}I;ZC¢ - nga);lzscb)

Gg?fﬁ re®Wes, [TW%),[kYIX] cpti (TWqB a T Tw(ngg) Sd)}

thzi)ffi re®gSy B (Twi,‘g)zif + TWE;B).kl )64, + TWq(IZ‘}[kXIY]S!/?}

In the expressions within the table, y, wg, and rg
represent the colatitude of the experiment, the sidereal
frequency, and Earth’s radius, respectively. The angle ¢ is
the phase shift between our two definitions of local sidereal
time, 7, and Tg. It is defined as

¢ =wg(Teg—TL), (41)
and given by (34). The angle takes the values ¢ ~ —172° for

the case of the SMI/LAC experiment.

The quantities VW,(:QJ, Vw,g)“ 1/ TWéB)ﬁ', nd TW(1 B){(Jl',

appearing in Table II, represent specific linear combina-
tions of effective Cartesian coefficients defined in
Appendix B of [22]. Here, the indices J, J;, and J,
correspond to spatial components X, Y, and Z within the
Sun-centered frame.

To simplify the expressions in the table, we used that
components enclosed by brackets indicate antisymmetriza-
tion, as in

1

ZIXY] _ ~ (TZXY _
g _2!<T

TZYX)’ (42)

while those enclosed by parentheses imply symmetrization,
as in

TZ(XY) — % (TZXY + TZYX). (43)

All the relevant linear combinations of effective SME
coefficients for this work can be found in the aforemen-
tioned Appendix and are replicated in Tables III-V for
convenience. The only relevant coefficients missing from

the tables are the nglg,él coefficients that are equal to the

TW(()‘%I in the Table IV. The effective SME coefficients,
marked with a subscript eff, differ from the conventional
Cartesian SME coefficients. They are the smallest linear
combination of SME coefficients that effectively can be
observed in experiments involving the propagation of free
fermions in the presence of Lorentz violation, and they are
thoroughly explained in [7]. As the usual SME Cartesian
coefficients, they transform as Lorentz tensors under
observer transformations. Another relevant property of
these coefficients is that the c-type and a-type coefficients
are entirely symmetric tensors. Meanwhile, the A and §
coefficients exhibit antisymmetry in the first two indices
and symmetry upon exchange between the others.

In the expressions for the linear combinations in the
tables, the symbol 6“X denotes the Kronecker delta, which
equals 1 when K = L and 0 otherwise. Any repeated Latin
index, such as K or L, implies a summation over the spatial
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TABLE III. Expressions for ng)J and V,, (d)” " in terms of
the effective SME coefficients with 5 < d S 8
V;:?JK' M Combination

(5)7 (5)TTJ (5)KKJ
Vw22 2 weff + aweff

(6)J (6)TTTJ (6)TKKJ
VW22 —4c Weff —4c Weff

(7)J NTTTTJ] TTTKKJ
szz % (2awf=,f3 - 3aw(£,ff> )

(8)J (8)TTTTTJ 8)TTTKKJ
Vi =100,y = 20c Weft

(N7 7)LLKKJ 7)TTKKJ
Vi % (awféfg + “'avv'éff> )

(8)7 8)TLLKKJ 8)TTTKKJ
VW42 - 670 (Cwiff) + 2CW<<:ff) )
ngsz)u.h _3a Weffu 2 _ 65/ g (5)TTJ2
ng)uljz 12¢ we“)TJJ A 1126 WE“)TTsz
ngz)uljz _3OaweffTTJJ,JZ — 208" awgf)TTTTJZ
ng)uljz 6ché§f)rwulh 1308 CW((:;ETTTTTJZ

(1)4J,J NTTII ], 7)TTLLJ,
Viey " _% (awgff) T+ 5”'aw£ff) )

_ % aw(7)LL11112

(8)JJ,J 8)TTTJI,J 8)TKKJJ,J

Vigy @( wfeff) T+ CWiff) 1 2)

180 sJJ, . (8)TTTKKJ,
+ 5567 Couegy

components X, Y, and Z. Lastly, components enclosed by
parentheses imply that they are symmetrized, as previously
mentioned.

Finally, the reason for including electron coefficients at
linear-boost order, after being disregarded at zeroth-boost
order, is because the model tested in the hydrogen-maser
experiment [11] was limited to zeroth-boost order and
predicted a sidereal variation with the first harmonic of the
sidereal frequency—the signal investigated in the experi-
ment. As discussed in [23], signals that emerged at linear-
boost order in hydrogen’s experiments, such as sidereal
variation with the second harmonic of the sidereal fre-
quency, remain unexplored. Even if hydrogen is potentially
more sensitive to the electron coefficients that contribute to

Géd) « 1n (40), they remain unconstrained, and we cannot
disregard them as we did at zeroth-boost order.

IV. PROSPECTS FOR THE SMI/LAC
EXPERIMENT

This section investigates the potential of using deuterium
ground-state  transitions F =1/2 - F=3/2, with
Amp =0, to detect signals for Lorentz violation. To
differentiate between the two transition frequencies, we
designate the one with my = 1/2 as v, and the other with
mp = —1/2 as v,,. From the results of the preceding

TABLE IV. Expressions for Twé‘gﬁl in terms of the effective SME coefficients with 3 < d < 8.

Tw(()‘g,ﬁ' Combination

T e

i 23,

r U

T, (()63).{)11 1 43, 2“)11 (JTTT)

T, (();){)Jl | _5 Hwettjl (JTTTT)

T, (()?.{)11 1 63, iff)Jl (JTTTTT)

Ty L3RGV 4, G 20, T, )

Twé?éll. (3~witt) (J,KK)T +45 OT(LI)TT n 3§W$3T(JIKK)J n zgwggrkrrkéul)

Tw&)é? g(3ﬁwgf)J(JlKK)TT I GHng)T(JlKK)TJ _~_4ngf) ITTT | zgwgf)TKTTTK5JJI)
TW((;%JII 9 <3~W$f) (WKK)TTT 9§w$f)T(11KK)TTJ n 4§w§fﬁf)T(l TTTT | 2gwgf)TKTTTTKéHl)
Tw(()g,ﬁ] % (16Hw£f2 (J1JKK)T +51:1wgf)J(J]KKLL) +4I:Iwgf)TKKLLT5”I)

Tw((;gzll. _% (16§Wé§f)T(J]JKK)TT n Sgwéif%f)J(J]KKLL)T n 5~w£§2T(JIKKLL)J n 4~w$f)TKKLLTT5H )
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JJ
TABLE V. Expressions for ng B) o

in terms of the effective SME coefficients with 5 < d < 8.

TWE‘I%J]‘ Combination

TWE%Jl' —é (lsilwgf)J,(JTT) n zgwgf)m T i 6Hweff J1(JKK) 2Hwi5f)K(J K I 6HweffTKTK51J1)

ng,jzjll Tlo (60§w$f)JIUTTT) 4 12§W£§f) (3 +48NW£H ((TJKK) 18~ng (J1JT)K +21§W$f)TKTTK51J1)

TWYB).JZJII 2 (ZSHWgE (TTTTY) | 61:1ng)T(J11)TTT i 30HW£ffJ1(TTJKK lzlzlwgf)K(TTJJ])K I SHng)TKTTTK(SHI)

Tw%).Jlel % (30§W€(:§f)11(JTTTTT) I &FJWSQT(J‘J)TTTT I 48§wé§31'(TTTJKK) 203, é?f)l((] WJTTT)K + 97, é?fTKTTTTK 5”])

ngg,{tjll (70ngt) \(JTTKK) 4Hw£ﬁ> (JJI)KLL ISHWeﬂ Ji(JLLKK) + SHwiﬁ)T(JJILL + 16ngt TKKLLT6JJ )

ngfgilll % (lggwgf)J](JTKKLL) _ zgwgf)K(JJ \T)KLL i 8~Me§f)T(KKJ,J)TT T 42§w£§f)11(1LLTTT T 9~We§f)TKKLLTT5]J )
section applied to the case of my = 1/2 and my = —1/2

with m}. = my, we can derive the respective frequency
shifts, 51/,,] and 51/,,2, in the Sun-centered frame.

Within the context of the perturbation (10), the V-type
nonrelativistic coefficients are referred to as the spin-
independent coefficients, while the 7 -type coefficients
are regarded as the spin-dependent ones. This distinction
arises from associating the latter with terms containing the
Pauli matrices in (10). From (19) with m, = mp, we can
observe that the contributions of the spin-independent
coefficients to the frequency shift are even functions of
myp, while the spin-dependent ones are odd functions.
Given that the only distinction between the transition
frequencies v, and v,, is the sign of m, the difference,

1 12

= l/(rl Vo, (44)

01—0,
is solely sensitive to the spin-dependent coefficients, while

ValJro'z :l/()'l +l/(72 (45)
is sensitive to the spin-independent ones.

At zeroth-boost order, the expected signal for Lorentz
violation manifests as a first-harmonic sidereal variation of
the frequency difference v, _,,. Meanwhile, the variation in
Vs, 10, CONtains contributions up to the second harmonic of
the sidereal frequency. The reason why v, _,, contains only
contributions from the first harmonic of wg is that the
amplitudes associated with the second harmonic of wg
depend solely on the spin-independent coefficients, as
depicted in (29).

We will assess the potential of the SMI/LAC experiment
for testing Lorentz and CPT symmetry by assuming that
the experiment reaches a feasible sensitivity of 10 Hz on
any of the amplitudes for the sidereal variation of the fre-
quencies v, _, and v, ., [30]. For now, we will limit our
focus to the zeroth-boost order terms with Table VI con-
taining our estimates for the SMI/LAC-experiment sensi-
tivity to the nonrelativistic coefficients. The coefficients
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TABLE VI. Potential sensitivity of the SMI/LAC experiment
on the nonrelativistic coefficients.

Coefficient Constraint on |Re/C|, [Im/C|

H NR(0B).Sun NR(0B).Sun <4 x 10—22 GeV
wol1 > Jwoll
NR(1B),Sun NR(1B),Sun —22
Hyo1 s Gwoll <2 x 107 GeV
H NR(0B),Sun NR(0B),Sun <3 % 10720 Gev-!
w211 » Jwall
H NR(1B),Sun NR(1B),Sun <6 x 10720 Gev-!
w211 »Jwall
H NR(0B).Sun NR(0B),Sun <7 x 10720 GeV—3
wall » Gwart
H NR(1B),Sun NR(1B),Sun <2 x 10719 GeV—3
wall > Gwani
NR,Sun NR,Sun —20 -1
Comt T ooy <4 x 107" GeV
. NR,Sun NR,Sun —20 -1
Crory s oy <6 x 107 GeV
NR,Sun NR,Sun —19 -3
Coari s Gy <2x 107" GeV
NR,Sun NR,Sun —19 -3
Cuway s iy <4 x 107" GeV

listed represent proton and neutron coefficients, as our
model does not distinguish between the contributions from
both. Additionally, the limits are on the coefficients
associated with CPT-odd or CPT-even operators as intro-
duced in the decomposition presented in (11).

The most stringent constraints on nonrelativistic nucleon
coefficients stem from four experiments. These include
time-variation studies conducted using a '*Xe-*He comag-
netometer [12—15], a >'Ne-Rb-K comagnetometer [18], an
optical hydrogen transition [19], and the aforementioned
hydrogen maser [11]. The limits derived from the first two
systems are in [22], while the rest are in [23].

Among these experiments, both the hydrogen maser and

e 1Xe->He comagnetometer experiments are sensitive
only to the spin-dependent coefficients. According to the
Schmidt model, the Xe-He experiment can exclusively
access neutron coefficients. Independently of any model,
the hydrogen experiment can solely detect proton ones,
besides the electron coefficients, as hydrogen does not
contain neutrons.
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The limits derived from the Xe-He experiment on the
neutron spin-dependent coefficients are contained in
Table VI of [22]. They are in the order of 10733 GeV for
k=0,1073" GeV~! fork = 2,and 1072 GeV~3 for k = 4.
Therefore, they exceed our estimates for the deuterium
experiment by around 10 orders of magnitude.

Table IIT of [23] contains the hydrogen-maser limits
on the spin-dependent proton coefficients; they are in the
order of 10727 GeV for k = 0, 10~!0 GeV~! for k = 2, and
107° GeV~3 for k = 4. For the k = 0 coefficients, the
prospects for the deuterium experiment are unfavorable
as the current limits from the hydrogen-maser experiment
remain approximately 7 orders of magnitude superior to our
estimates. The situation is different for the ones with k = 2
and k = 4. The deuterium experiment could improve the
limits on the coefficients k = 2 by 4 orders of magnitude
and to the ones with k = 4 by 14 orders of magnitude.

The reported constraints from the remaining two experi-
ments exclusively pertain to the spin-independent coeffi-
cients. However, the discussion concerning the annual
variation study of the 1S-2S transition in hydrogen [19]
will be postponed until we move to the prospects for the
deuterium experiment at linear-boost order.

The ?'Ne-Rb-K experiment has access limited to neutron
nonrelativistic spin-independent coefficients according
to the Schmidt model [22]. Constraints on these non-
relativistic coefficients, obtained from this experiment, are
in Table X of [22]. These limits are in the order of
1072° GeV~! for k=2 and 102" GeV™> for k =4.
Therefore, they exceed our estimates for the SMI/LAC
experiment by at least 7 orders of magnitude. The proton
spin-independent coefficients in Table VI are uncon-
strained. Consequently, the SMI/LAC experiment holds
the potential to establish first bounds on these coefficients.

Moving on to the prospects at linear-boost order, the
observable signals for Lorentz violation regarding the
frequency difference v, _,, at this order include a sidereal
variation with contributions up to the second harmonic of
the sidereal frequency. For v, ,,,, the observable signals
comprise variations extending from the first to the third
harmonic of wg. The type of SME coefficients that can be
constrained by studying these signals are the effective
Cartesian coefficients mentioned in the previous section.
Existing constraints on these coefficients are from the
Xe-He experiment and an annual variation study of the
1S-2S transition with hydrogen.

For the sake of the discussion, we can estimate the

sensitivity of the SMI/LAC experiment to the effective

Cartesian coefficient lCi‘fif)” M2 o be in the order of

10~'% GeV#~ or less. Comparing this value to the limits
on the neutron g- and H-type effective coefficients obtained
from the Xe-He experiment, in Table IX of [22], we
conclude they are superior to our estimates for the SMI/
LAC experiment by more than 10 orders of magnitude.

The prospects for the proton a- and c-type coefficients
are promising. The constraints on the proton coefficients
obtained from the hydrogen experiment, see Table of [23],
could be improved from 6 to 16 orders of magnitude by
the SMI/LAC experiment. Finally, all the neutron spin-
independent and the proton spin-dependent effective coef-
ficients accessible by the deuterium experiment remain
unconstrained, presenting the SMI/LAC experiment with
an opportunity to establish first bounds on these co-
efficients.

As previously mentioned, the electron coefficients con-
tributing at linear-boost order are unconstrained, presenting
an opportunity for the SMI/LAC experiment to establish
first bounds on these coefficients. It is important to note that
these electron coefficients exclusively contribute to the
frequency combination v, _,,, given that only electron
spin-dependent coefficients contribute to the Lorentz-
violating frequency shifts.

It is worth noting that the transitions from F' = 1/2 to
F =3/2 with Amy = 0, considered in this section, may
not necessarily exhibit the highest sensitivity to the SME
coefficients. For instance, transitions such as my = —m/}, =
1/2 are thrice as sensitive to the spin-dependent nucleon
coefficients as the case where m} = mpg. Similarly, tran-
sitions such as myp = 3m), = 3/2 are twice as sensitive to
the electron spin-dependent terms. We must be careful
about these statements as they follow the strong assumption
that the experimental constraint on the Lorentz-violating
frequency shifts for all transitions are the same.

Before concluding this section, it is worthwhile to
compare our estimates for the SMI/LAC experiment with
a proposed, in [22], reanalysis of the data used in a 33Cs-
fountain-clock experiment [16,17]. This reanalysis of the
Cs experiment could impose constraints that might surpass
our estimated SMI/LAC limits on the spin-independent
proton coefficients by at least 3 orders of magnitude based
on the potential sensitivities reported in Table V of [22].

Based on the discussion in this section, it is evident that
the prospects for the SMI/LAC experiment are promising,
as they hold the potential to enhance current limits on
nonminimal SME coefficients and establish initial limits on
many of them.

V. SUMMARY

This study improves a previous model for testing Lorentz
and CPT symmetry using time-variation studies of the
hyperfine-Zeeman transition within the ground state of
deuterium. It begins by obtaining the Lorentz-violating
correction to deuterium’s spectrum under the influence of a
weak magnetic field by using a well-established para-
metrization of the deuteron ground-state wave function. It
is worth noting that this is the first time, within the
nonminimal SME context, that a nuclear model beyond
the Schmidt model was used to obtain the nucleon con-
tribution to the Lorentz-violating energy shift.
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We determined the Lorentz-violating frequency shift
for the transitions within the ground state of deuterium
in terms of the laboratory frame SME coefficients.
Subsequently, we described the transformation from the
laboratory to the Sun-centered frame. The Lorentz trans-
formation matrix was expanded as a power series of the
laboratory-frame boost velocity within the Sun-centered
frame and truncated to linear order. Applying the approxi-
mated transformation matrix, we obtained a general expres-
sion for the frequency shift at zeroth- and linear-boost
orders.

From the expression for the frequency shift in terms of
the Sun-centered frame coefficients, this study identified
the signals for Lorentz violation revealed as time-variations
of the transition frequency induced by the motion of the
Earth-based experiment within the Sun-centered frame.
When the frequency shift is limited to zeroth-boost order,
the signal is a sidereal variation entailing contributions up
to the second harmonic of the sidereal frequency, and if we
include the linear-boost order term, the third harmonic of
the sidereal frequency contributes. This work also identi-
fied annual variation and more complex types of variation
as signals for Lorentz violation accessible via deuterium

ground-state spectroscopy. However, this study provides
explicit expressions solely for the sidereal-variation
amplitudes.

Using the model developed in this work, we estimated
the sensitivity of the ongoing SMI/LAC deuterium experi-
ment to the relevant SME coefficients to compare them to
all current best limits on Lorentz violation. We concluded
that the SMI/LAC experiment holds considerable potential
to establish more stringent bounds than the existing ones on
most proton nonrelativistic spin-dependent coefficients and
first-time limits on all proton spin-independent ones. It can
impose first-time limits on a- and c-type neutron coeffi-
cients and on a g- and H-type electron ones.

In summary, the SMI/LAC deuterium experiment can
impose first-time or improved limits on many proton,
neutron, and electron SME coefficients.
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