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One of the methods proposed in recent years for studying nonperturbative gauge theory physics is
quantum simulation, where lattice gauge theories are mapped onto quantum devices which can be built in
the laboratory, or quantum computers. While being very promising and already showing some
experimental results, these methods still face several challenges related to the interface between the
technological capabilities and the demands of the simulated models; in particular, one such challenge is
the need to simulate infinitely dimensional local Hilbert spaces, describing the gauge fields on the links in
the case of compact Lie gauge groups, requiring some truncations and approximations which are not
completely understood or controllable in the general case. This work proposes a way to obtain arbitrarily
large such local Hilbert spaces by using coarse graining of simple, low-dimensional qubit systems, made of
components available on most quantum simulation platforms, and thus opening the way to new types of

lattice gauge theory quantum simulations.

DOI: 10.1103/PhysRevD.109.054512

I. INTRODUCTION

Quantum simulation of lattice gauge theories (LGTS)
[I-11] is nowadays a lively and rapid field of research,
offering quantum technology and computation-based meth-
ods for dealing with challenging nonperturbative open
questions in gauge theories. Such models, which describe
the most fundamental interactions of nature (e.g., in the
standard model of particle physics [12]) involve running
and strong-interaction couplings, for example when one
wishes to study quark confinement in quantum chromo-
dynamics (QCD) and similar mechanisms in other models.
LGTs [13-16], combined with Monte Carlo computations,
have been a prominent way of overcoming the strength of
interactions, mostly for static properties (see e.g., [17]). But
when real-time dynamics and finitely dense fermions are
considered, due to the use of Euclidean spacetime, this
method becomes problematic; real-time dynamics are not
directly feasible, and the sign problem arises for several
finite density scenarios [18]. Thus, quantum simulation is a
great candidate for overcoming this obstacle.

While a lot of theoretical work has been made in terms of
mapping relativistic theories with local symmetries to the
nonrelativistic, globally invariant available simulating plat-
forms, much work is yet to be done. The experiments
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carried out so far [19-50], while showing remarkable
results, are mostly limited to small systems and low
dimensions. One particular challenge has to do with the
fact that the local gauge field Hilbert spaces of LGTs with
compact Lie gauge groups [such as U(l) for quantum
electrodynamics (QED) or SU(3) for QCD] are of infinite
dimensions, and available quantum hardware for quantum
simulation and computation tasks usually involve finitely
dimensional spaces. Thus, one is required to truncate these
Hilbert spaces, but in a way that will preserve some of the
important features of the model, and ideally will converge
in a meaningful limit to the physics of the nontruncated
case [7,51-54].

It is well-known that invariance under the full gauge
group does not require the use of the full, nontruncated
Hilbert space, as in quantum link models (QLMs) [55-58].
Such models are interesting candidates for quantum sim-
ulation on their own, showing very rich and interesting
nonperturbative gauge theory physics (see, e.g., the early
quantum simulation proposals [59-61] and other works
cited in the review papers mentioned above). In order to
obtain nontruncated Hilbert space physics with such
models, as that of the continuum gauge theories, one needs
to introduce an extra dimension as explained in [57]. The
type of Hilbert space truncation done in QLMs is called
representation (or irrep) basis truncation [7,51,52], because
it is based on using a finite subset of a basis spanned by
states labeled by irreducible representations of the gauge
group (another truncation method is in the dual, group
element basis [7,53,62]). Another option for obtaining the
full Hilbert space limit, besides integrating over an extra
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dimension, is including more and more representations and
raising the truncation cutoff [51,63]. Then, no extra
dimension is needed, but one does have to experimentally
implement larger Hilbert spaces.

This problem, however, is not new or unique to the world
of quantum simulation and the Hamiltonian formulation.
Similar issues were met by classical calculations when
dealing with errors and their scaling with the lattice
spacing, leading to the development of the improved
Symanzik actions [64]. These ideas have led to the recent
development of improved lattice Hamiltonians, aimed at
dealing with the truncation problem in lattice gauge theory
quantum simulations [45,65]. Another possible approach is
considering real-space renormalization, coarse graining or
blocking of local degrees of freedom residing on smaller
local Hilbert spaces. In the classical approach of actions
and path integrals, such ideas have been introduced and
studied in the past (see, e.g., works on perfect actions and
fixed-point actions [66—73], Migdal-Kadanoff and real-
space renormalization group [74—76], tensor renormaliza-
tion group [77-79], and more).

In this work we suggest another way to obtain the full
Hilbert space, from a truncated lattice model, or at least to
increase the truncation. For that, we use the fact that several
lattice models may give rise to the same continuum limit,
and thus introduce a model where the local Hilbert spaces
are finite and very small (two-level systems; spin-1/2s or
qubits, as desired for many quantum simulation implemen-
tations), but the interactions and couplings are tailored in a
proper way which allows to effectively block, or coarse
grain them, in a way which gives rise to arbitrarily large
local Hilbert spaces. This is based on the fact that, as we
shall briefly show, since the truncated quantity is the
electric field, or flux, and the integral Gauss law is flux
additive. We will focus here on the simplest compact Lie
group case, of compact QED (cQED) [15], where the gauge
group is U(1).

II. COMPACT QED

Let us briefly review the basics of Hamiltonian compact
QED [15]. We consider a spatial d-dimensional lattice,
whose sites are labeled by integer vectors x € Z¢. The
matter degrees of freedom reside on the sites; for simplicity,
we make them staggered [80], and therefore each site can
host at most one fermion created by w'(x). The gauge
fields reside on the links; each link of the lattice, labeled by
a pair of a site x and a direction i = 1...d, for the link’s
starting point and direction, respectively, hosts the Hilbert
space of a particle on a ring, where a phase (or an angle)
operator ¢(x,i) and its conjugate angular momentum
operator E(x,i) are defined. The spectrum of ¢ takes
the values [0,27), while E has an integer, nonbounded
spectrum, as a U(1) angular momentum operator. ¢ plays
the role of the (compact) vector potential and E is
the electric field. Since they are canonically conjugate,

[¢, E] = i, the unitary operator U = e’ serves as a raising
operator for the electric field on the link [E, U] = U; that is,
if we denote the electric field eigenstates by {|m)}__
such that E|m) = |m), we have U|m) = |m + 1). The
Hamiltonian of the model, H = H,, + Hg + Hg + Hyy
includes four parts. The mass part of the fermions
alone, takes in the staggered case the form H, =
m (=15 %y (x)y(x), where m is the mass.
The electric part which measures the electric energy on
the lattice’s links takes the form Hyg :§ZX,iE2(x,i),
where ¢ is the coupling constant. The magnetic part
which corresponds, in the classical continuum limit, to
the well-known magnetic energy of QED, involves four-
body interactions on plaquettes (plaquette terms), Hp=
— D i< COS(P(X.0) +P(x+&. /) —p(x+&;.0) = (x.))),

gZ X,i<j J
where €; is a unit (lattice) vector in direction i. Finally, the
matter and gauge fields are minimally coupled through the
interaction Hamiltonian, Hi, = >, ; (1:(X)y" (x)U(x, i)
w(x + €;) + H.c.), where the hopping amplitudes #;(x)
may be chosen in a way which reproduces a relativistic
continuum (Dirac) limit [80].

Gauge transformations are local unitary operations
generated by the Gauss law operators, G(x) =), (E(X,i)—
E(x—¢&;))—Q(x), which is the difference between the
lattice divergence of the electric fields at the site x and
the local fermionic charge Q(x). In the staggered case, for
example, Q(x) =y (x)y(x) — & (1 = (=1)++5) (80
These operators all commute with the Hamiltonian,
[H,G(x)] =0 for all x, and thus they generate a local
symmetry. Physical states are eigenstates of these, which
can be simultaneously diagonalized with the Hamiltonian.
The eigenvalues are usually called static charges; we will
focus here on the case where no static charges exist (merely
for simplicity, they can be introduced in a straightforward
fashion), and thus the physical states are those satisfying,

Gx)ly) =0. Vx. (1)

These constraint are the Gauss laws, and the states which
obey them are gauge invariant.

III. TRUNCATING THE ELECTRIC FIELD

A common problem in the design of quantum simulators
of various physical models is the need to approximate and
express infinitely dimensional local Hilbert spaces in terms
of finite ones. For example, if only qubit or qudit degrees of
freedom are available, or in rather more analog schemes if a
finite set of states is available, e.g., when atoms or ions are
used, only with a finite number of accessible internal levels
which can be addressed and manipulated by the exper-
imental device. In particular, since the Hilbert space on a
link of a lattice gauge theory with a compact Lie gauge
group has an infinite dimension, we run into this problem.
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As explained in the introduction, one of the ways out of it
has been the truncation of the electric field, such that E can
only take values between —¢ and #. Then, we can think
about the possible electric field state on a link as the SU(2)
multiplet {|#m)}’ __,, where £ is fixed (either integer or
half integer); the electric field is then well-represented by
the L. operator, satisfying L.|¢m) = m|¢m). Its raising
and lowering is done by the operators L, for which
[L.,L.] = £L.. Therefore, if one performs the replace-
ments £ — L, and U — L, in the Hamiltonian and Gauss
laws, we get a lattice gauge theory with the same, full U(1)
gauge invariance, but finite gauge field Hilbert spaces. In
such a truncation, the operator ¢ and its eigenstates,
forming the group element basis are lost and the
raising/lowering operators, now acting on a finite ladder
of electric fields, are no longer unitary, but one can preserve
these instead, when the truncation is made in the other
basis [7,53,62].

Electric field truncation is considered to be a good
enough approximation within a confining phase, where
the electric field is mostly bounded and concentrated, but
not in other phases. This can be seen as a weak point when
one wishes to study all various phases, or when the phase
transition point or the required minimal # is not well-
known. On the other hand it is clear that as £ grows towards
infinity, the original physics of the nontruncated model is
better approximated; for a fixed integer # truncation define

the operators V = L, //¢(¢ + 1). Note that for |m| < ¢,
we have

Viem) = /1 - ";EZ +11))|f,m 1)
‘m‘«f|f m+1), (2)

approximating the unitary action of U = e’ [63]. One can
therefore choose to replace the U operators in the original
nontruncated model by the V ones. This was shown to give
excellent results of the nontruncated with finite ¢ values
in [81]. But in many cases the simulating platform does not
allow for very high £ values, as was possible, for example,
in the case of [81] and the respective experiment [23] where
the gauge field Hilbert space is obtained by using the
Schwinger algebra of two bosonic species, with a fixed
total number, trapped on a link. Quite often, it is easier to
implement interactions with the smallest Hilbert space
dimension on the link, for example that of a single qubit.
There, the electric field is within the £ = % representation—
not even an integer one. While it gives rise to the right
symmetry and can be implemented (e.g., the first QLM
realization [59] and many following works), it is not
necessarily straightforward to construct from it a Hilbert
space with an arbitrarily large integer £. This is what we
shall now proceed to do.

IV. THE BUILDING BLOCKS:
LADDER PHYSICS

Consider an open chain of N = 27 spins, where £ is an
integer. We label them by n =1,...,N, and denote by
St = %o- their spin operators (o is the vector of Pauli
matrices). introduce the simple Hamiltonian,

= —mzs
— _,12

Since all the operators are (S + S("*1))2  the eigenstates
of hy are states where the state of every two neighboring
spins is of a fixed total spin (zero or one, from the addition
of two 1/2 spins). We focus on A > 0, and thus in a ground
state of Ay, every two neighboring links will be in a spin-
one state. Therefore, any ground state of h; will be
symmetric under the exchange of two neighboring spins,
and hence under the exchange of any two spins (by
composition of nearest neighbor exchanges (see the
Appendix for details). This complete exchange symmetry
implies that a ground state of i; will be in the highest
possible spin multiplet (in this case, £). Being of the highest
spin, this multiplet will have multiplicity 1, and we
conclude that A; has exactly 27 + 1 degenerate ground
states, {|¢m)}?__,. We denote the projector onto this
ground space by

n+1

)+ 8(+1)2 1 Const.

3)

‘

Pp=Y_ [tm)(¢m].

m=—¢

(4)

V. THE PRIMITIVE MODEL
AND ITS COARSE GRAINING

We now consider, for simplicity, a two-dimensional
square lattice, and label its sites by x € Z>. We think of
these sites as blocks of a more primitive, intrinsic lattice,
with N x N sites. Thus, between two neighboring blocks a
ladder of N = 27 links is stretched, and we place a single
spin 1/2 on each link (see Fig. 1). Our goal is to obtain a
blocked, coarse-grained lattice, where all the parallel links
in a ladder are grouped together to a single link with
truncation . On such an effective link, emanating from the
block x to its nearest neighbor x + €;, we introduce the
total spin operators, L(x,i) = Eﬁ’zl S() (x,i), where n
denotes the spin’s position along the ladder.

Consider the Hamiltonian,

HO =H, + HY + HY. (5)
where H; =Y, ; h; (X, i) is a sum of the ladder operators
introduced above on all the ladders,
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. X+& | °
1 L
X — € : X : X + €
: X — € :
FIG. 1. The primitive system, to be coarsed grained. The gray

squares are the blocks, corresponding to single sites. Between
them, to each direction, ladders of N parallel links stretch, labeled
from 1 to N from left to right and from bottom to top. A single
spin, or qubit, occupies each of them. They are marked by blue

and red; the red ones form the primitive plaquette interactions of
H ](30) and the blue ones only participate in the ladder terms,
Hy +HY

on the boundary of the blocks. H

. When matter is added, primitive modes y are placed

0) . L.
é) involves modes within a

block, that is, around its boundary. Hi(r?t) couples primitive
fermionic modes on two neighboring blocks, across a ladder,

including the ladder’s links.

—ngZZs x.i)SU T (x, ) (6)

X, n=

is a sum of zz nearest-neighbor spin interactions within the
ladders, and

o_ 1 £ \? () (1)
HB __3'292(f<|»1> ;(S+ (X I)S (X+e],2)
x SW(x + &,,1)SW)(x,2) + H.c.) (7)

is a plaquette interaction of the first/last links of the ladders,
closing squares at the corners of the blocks (see Fig. 1).
All these interactions are quite simple and straightfor-
ward to implement with a variety of quantum hardware,
e.g., atomic systems, nanophotonical devices, supercon-
ducting qubits and more, in analog or digital manners. We
do not specify here the prescriptions for implementing such
terms experimentally, in order to emphasize the generality
of the scheme and not imply that it must be narrowed
down to a particular hardware or simulation approach.
Nevertheless, we stress that the above qubit interaction

terms required for the quantum simulation of the pure
gauge part of our Hamiltonian are fairly simple.

Note that the Hamiltonian H() is invariant under
gauge transformations generated by G(x) = L_(x,1) +
L,(x,2)—L(x—¢&,1)—L,(x—¢,,2) which are pure
gauge transformations generated by the blocked electric
fields. We will now proceed to obtain an effective
Hamiltonian which is written in terms of the blocked or
coarse-grained Hilbert spaces, where the ladders become
the links but since the primitive Hamiltonian before block-
ing is already gauge invariant under the blocked generators,
it implies that the symmetry will be exact.

To obtain the coarse-grained Hamiltonian, we choose 4
such that 1> ¢?¢ as well as /1>>g%(%)2. Being the

largest energy scale of the problem, it is reasonable to
develop an effective Hamiltonian with respect to the ground
sector of Hy [82,83]. We will do this to the lowest order in
perturbation theory, simply by projecting all the terms
of H® onto the relevant subspace, with the projector

= [Ixi Ps(x,i). The effective Hamiltonian will take
the form H = PfH Pf

Projecting H; which gives us the constraint will give rise
to a constant, which we will ignore. H](EO) 1S a sum of
decoupled ladder terms, which we can treat separately.
Note that since the states with total spin £ are symmetric,

we have that P,S" s p, = P,s")s¥)p,. for any n # k,

n’ ;é k. Therefore PfH](EO)Pf =Gl xivonoi Pex
<x DSP(x.iyP, = EN(N = 1) X, PeS (x,1) x

(x Z)Pf On the other hand, note that since L2(x, i) =
2Zn L S( (x, i)S(",>(x i) + Const, we get that

PoLA(x,i)Py= N My-Dp gl ( )ng)(x,i)Pf—l-Const, or
simply,

2
PfH](E())Pf = %ZLE(X i) + Const = Hg + Const  (8)

i.e., the desired, postblocking electric Hamiltonian, where
we used the fact that L, and its powers do not mix sectors of
H; . Note that since this part of the Hamiltonian commutes
with the constraints, this is the full expansion in this term.

Finally, let us consider the magnetic part. Note that for
any n, n', P,S"P,=P,S")P, thanks to the full
exchange symmetry. Therefore, pP,LP,=LP,SP, and

we get P,S (i")P,f = %P;Lin, and we get that the plaquette
terms become,

P,HYP, =

ZZ V(x, 1)V

x VT(X, 2) + H.c.) = Hyg, 9)

(x +é1,2)VT(X +é,.1)

i.e., the desired, postblocking magnetic Hamiltonian.
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VI. INCLUSION OF MATTER

To add matter, we introduce primitive fermionic modes at
the beginning and end of each primitive ladder link, that is, on
the sites which are on the block’s boundary (see Fig. 1). We
create these fermions using operators of the form y*, one on
each primitive boundary site, altogether 4(N — 1) modes per
block. We label them by a = 1,...,4(N — 1) where they
represent some periodic coordinate around the block’s
boundary, starting, for example, from the lowest-right corner.
The fermionic modes are described by the additional

Hamiltonian H(FO) = Hy O+ 1Y where ngo) describes the

nt >
modes within a block and Hfm) the interaction with the

neighboring blocks through the intermediate ladders. More

specifically,  H{"' = 3 (m(=1y 3, b (x)y.(x) +
A, (7h(X)yas: (x) + Hec.)), where a = 4L —3 corre-
0) __ 8r-4

int \/f—HZX 1( )

(X, Dyan-i—a(x+ &) +—2=2

5:1)(Z<X>Sa mth2(X) X

S ) S (X 2) 74y sa(x+ ;) +He.  Here
again we see tenns that are easy to implement in a variety
of simulating systems, including simple link interactions
whose preparation was suggested in a variety of quantum
simulation proposals for quantum link models, which can be
found, for example, in most of the review articles cited in the
Introduction.

sponds periodically to a=1 and H,

. 8¢-4 864
Assuming that A > m, J2en and that 2> m, £(e+1)

we can carry on the effective analysis, and project onto the
ground state of the A-dependent term. We further assume
that each block may contain up to a single fermion. A
Fourier transform in the quasimomentum conjugate to a
will leave us effectively only with the zero-momentum
mode, which we denote as the one created by y'. The mass
term commutes with the constraints. In the interaction
terms, the projection of each y™ or y will give rise to
i 1//, each S\

\/4(1L—1) v \/4 iy
before to NN 4, and each of the N link interactions of each
ladder will be projected to the same thing Therefore, the
overall factor will be of Altogether we get

will be projected as

m Sf 4
that the effective Hamiltonian involving the fermions is

HF:Hm+Hint (10)
as desired for the postblocked system, where H,,; contains
V instead of U.

To conclude the matter inclusion part, let us briefly
discuss whether the choice of staggered fermions, made
here for simplicity, could be generalized to other prescrip-
tions of lattice fermions. Staggered fermions form a
convenient choice here, for the simple reason that they
are described by a single-spin component per site. Clearly,

adding spin indices, i.e., more spin components per site, as
in the cases of naive and Wilson fermions, does not change
the procedure; one needs to add more y modes, one per spin

component, and introduce identical copies of H ) Which do

not mix them. Proper spin-component mixing in H l(m) will

give rise to the right effective Hamiltonian. These are the
types of lattice fermions mostly discussed in the context of
quantum simulation (see, e.g. [84]), mostly thanks to
the fact that they do not include further theoretical require-
ments which are hard to implement on experimental
hardware. Further cases, such as Ginsparg-Wilson or
overlap fermions, to which a Hamiltonian formulation
was recently introduced [85], will require further study,
and the generalization to them is not straightforward or
guaranteed.

VII. HIGHER DIMENSIONS

The generalization to higher-space dimensions is
straightforward. For example, in three space dimensions,
the blocks are cubic instead of square, fermionic modes will
be attached to their boundaries again, and the ladders are
now two-dimensional grids of parallel links. All of the
above can be generalized in a direct fashion.

VIII. SUMMARY

To conclude, we see that the quantum simulation of a
U(1) lattice gauge theory, with a fairly general electric field
truncation, can be obtained by properly choosing the
energy scales and strength of interaction in a fairly simple
Hamiltonian, containing standard couplings and inter-
actions between qubits (in the pure gauge case) and
fermions (if matter is introduced). One needs to prepare
the states on the ladders initially in the right multiplet, but
this can be done by first setting all the spins to point up or
down, giving us for sure the states ). From them it is
possible to obtain any other element of the right multiplet
without leaving it, by acting with the ladder operators. As
for measurements, one should note that matrix elements
and expectation values of the blocked operators correspond,
in our sector, to such of the qubit operators, and thus simple
operations can be used here too. High-dimension general-
izations are straightforward, and hence one could think of
designing particular experiments tailored to specific sys-
tems implementing the proposed approach.

Nontrivial future extension which will require serious
considerations, and are not even guaranteed to be possible,
involve generalizations of the method to non-Abelian
groups, as well as the discussion of the continuum limits.
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APPENDIX: ADDITION OF AN EVEN
NUMBER OF SPINS

In this appendix we review some basic properties used
throughout this work on the addition of many spin-1/2
particles. These results are not new and may either be found
in quantum mechanics textbooks, or be easily proven based
on them, yet we include them here for completeness and
clarity.

We consider an even number, N = 27, of spins, where £
is an integer. Each of them is described by a vector of spin

= (S§'1>,S§,” ) ,Sg”)), related to the Pauli

matrices through st — gn) /2. When we add them, we
define the total spin operators

operators, S

(A1)

In such an addition of spins, we get multiplets of any integer
spin from O to #. The spins O, ...,# — 1 come with multi-
plicities larger than 1, which may be computed, but the
highest-spin multiplet, Z, has no multiplicity and appears
once. We are interested in this highest multiplet—states of
the form |#m) withm = —¢, ..., /—and would like to prove
a few statements of them which are used throughout
this work.

Statement 1. All the states {|¢m)}? __, of the highest
spin multiplet are completely symmetric under the
exchange of any two spins, and vice versa, if a state is
symmetric under the exchange of any two spins, the total
spin is 7.

We begin with the first direction. Let X,,,, be an operator
which exchanges spins n and n’. Obviously, it is unitary and
hermitian (since it squares to itself). Consider the state
|£¢). For any choice of two spins n # n’, we can decom-
pose it, using Clebsch-Gordan coefficients, to the combined
spin of these two and the rest,

|Z/ﬂl/ﬂ> = Z <JM’ J/Mllff>|JM>nn’ ® |J/M/>rest' (Az)

JM.J M

Since |JM),; is obtained from the addition of two spins,
J =0, 1. Since [J'M’),, is obtained from the addition of
2(¢—=1) spins, J'=0,....,£—1. However, since the
Clebsch-Gordan coefficients satisfy
(JM,J'M'|£€) & Sppppr . (A3)
we get that J = 1; otherwise, for J = 0, since the maximal
value of M’ is Z — 1, the Clebsch-Gordan coefficients are
all zero. The states |1M),,, are completely symmetric under
the exchange of n, n’, that is,
Xnn’|1M>nn’ = |1M>

Vn#n' (A4)

nn'»

Since we can decompose |£¢) that way for any n # n’ pair,
we conclude that it is symmetric under the exchange of any
two spins,
X, |€€) =|66), Vn#n'. (AS)
It is easy to see that X,,, commutes with the total spin
generators, that is,

[L,X,s]=0, Vn#n, (A6)
and hence, also
Ly, X,w]=0, Vn#n. (A7)
We know that for any m = -2, ..., 7,
|£m) o« LE7™|£¢), (A8)
and thus we conclude that
X,pltm) =|m), Vi#jm=-¢,....¢, (A9)

which proves the first direction.
To prove the other direction, let |y) be a state such that

Xowlw) =lw)., VYn#n' (A10)

We would like to prove that L2|y) = £(£ + 1)|y).
To see that, we write

270 . 2
L2 — ( S(n >
2 2w 2
= 824 2% " N S8 (All)
n=1

n=1 n'=n+1

Since all the initial spins are 1/2, we have S(")? = % for
all n. Furthermore, note that

28 . §() — (8 1 §(n))2 _ §(m2 _ ()2

(st sy 3

5 (A12)

Since |y) is symmetric under the exchange of any two
spins, any pair of spins add to a total spin of 1 and thus,

(™) +8y) = L1+ Dly) =2ly). Va#n'. (Al3)

Since the number of spins is 2¢ and the number of pairs is
£(2¢ — 1), we get eventually that
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L2|y) = <2fx§+f(2f— 1) x (2—%>>|1,/>

= 4+ D). (A14)

as desired, which completes the proof of statement 1.
Statement 2. In the same physical system of 2¢ spins, we
order the spins. If we have full symmetry under the
exchange of spins n and n + 1, we have full symmetry
under the exchange of any two spins. This statement is very
easy to prove. Suppose we wish to exchange the spins n and
n+ R, where R > 1. We can compose this out of several
exchanges of nearest neighbors; first exchange n, n + 1
with X, ;. Then, n + 1 and n + 2 with X, ., ,,, and so
on, until X, ,r_;,.g. Then we go backwards, exchange

n—+ R — 1 withn + R — 2, all the way back to n, n + 1. We
get that
X’lJ‘l+R = Xn,n+1 o 'Xn+R—l,n+R o 'Xn.n+1 : (AIS)
Thus, if our state |y) is invariant under all the exchanges
of nearest neighboring spins, it is invariant under any
exchange of any two spins.
From this we can conclude the statement used through-
out this work i.e., if forany i = 1,...,2Z — 1 we have
(S +SUD)2|y), (Al6)
we immediately get that L2|y) = £(¢ + 1)|y), that is, we
are in the highest-spin multiplet.
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