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We examine the internal structure of the Λð1670Þ through an analysis of lattice QCD simulations and
experimental data within Hamiltonian effective field theory. Two scenarios are presented. The first
describes the Λð1670Þ as a bare three-quark basis state, which mixes with the πΣ, K̄N, ηΛ and KΞ meson-
baryon channels. In the second scenario, the Λð1670Þ is dynamically generated from these isospin-0
coupled channels. The K−p scattering data and the pole structures of the Λð1405Þ and the Λð1670Þ can be
simultaneously described well in both scenarios. However, a comparison of the finite-volume spectra to
lattice QCD calculations reveals significant differences between these scenarios, with a clear preference for
the first case. Thus the lattice QCD results play a crucial role in allowing us to distinguish between these
two scenarios for the internal structure of the Λð1670Þ.
DOI: 10.1103/PhysRevD.109.054025

I. INTRODUCTION

Given that the strange quark is considerably heavier
than the light quarks, it is a remarkable feature of the
baryon spectrum that the lightest odd-parity baryon is not
an excited state of the nucleon but lies within the Λ family,
with nonzero strangeness. This resonance, the Λð1405Þ,
with IðJPÞ ¼ 0ð1=2−Þ, has been the subject of consid-
erable theoretical work and speculation. Before the dis-
covery of quarks, Dalitz and Tuan suggested that it might

be a K̄N molecule, since its mass is slightly below the K̄N
threshold [1]. However, there have been many other
options explored since then, including conventional
baryon states, dynamically generated states, three-quark
states mixing with multiquark components as well as other
explanations [2–33].
In the first study based upon SU(3) chiral symmetry

after the discovery of QCD, Veit et al. also concluded that
their result “strongly support[ed] the contention that the
Λð1405Þ is a K̄N bound state” [34]. This interpretation has
also been supported by studies within the chiral unitary
approach [3,4,35], as well as in an analysis of lattice QCD
data by the CSSM group [36–38] using Hamiltonian
effective field theory (HEFT) [39–44].
There has been considerable interest in the analytic

structure of the S-matrix for this system. In particular,
the two-pole structure of the Λð1405Þ, once SU(3) chiral
symmetry of QCD was treated seriously, was unveiled for
the first time in Ref. [4]. The two resonance poles in the
second Riemann sheet are related to the thresholds of
the K̄N and πΣ channels [37,45–49]. The evolution of the
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poles for the Λð1380Þ, Λð1405Þ and Λð1670Þ away from
the SU(3) limit was first studied in Ref. [3].
There have recently been many other examples of

systems which are suspected of being molecular in nature.
For example, this has been proposed [50,51] as an
explanation of the Ξð1620Þ recently observed by the
Belle collaboration [52]. When it comes to heavy quarks,
many multiquark states have been announced by
different experiments, including the Pcð4312Þ, Pcð4440Þ,
Pcð4457Þ [53,54], Tccð3875Þ [55,56], Pcsð4459Þ [57], and
the Pcsð4338Þ [58]. The occurrence of these exotic states
near thresholds and their exotic quark content has resulted
in the molecular picture being a popular interpretation of
these states.
As the Λð1405Þ is now commonly interpreted as a K̄N

bound state, it is natural to ask where one might find the
lightest P-wave uds baryon expected in the conventional
quark model. The analysis of Veit et al. suggested that the
JP ¼ 1=2− Λð1670Þ might be identified with this triquark
core [34]. In such a scenario the structure of the Λð1405Þ
and the Λð1670Þ would be very different. It is important
to investigate this interpretation very carefully, given the
suggestion that once one removes molecularlike states
from the baryon spectrum it appears as though the quark
model idea of oscillatorlike major shells might be
correct [59].
With this in mind, here we present a detailed study of

the S ¼ −1, JP ¼ 1
2
− system, covering both the Λð1670Þ

and the Λð1405Þ resonance region within HEFT. First we
extend our earlier analysis of the cross section data for K−p
scattering to include K− laboratory momenta up to
800 MeV=c, including the near threshold cross sections
measured in 2022 [60]. The pole structure of the Λð1670Þ
and the Λð1405Þ resonances are examined.
We analyze the lattice QCD data for the negative parityΛ

baryons [16,31,38,61], as well as the corresponding eigen-
vectors describing the structure of those eigenstates.
Given that just a few months ago, the BaSc collaboration
presented their coupled-channel simulations with both
single baryon and meson-baryon interpolating operators
at mπ ≈ 200 MeV, which is close to the physical pion mass
[62,63], we pay particular attention to their results [62,63].
On the experimental side, there has been considerable

progress in updating the K−p scattering information
associated with the negative-parity Λ baryons, which has
been included in our analysis. For example, J-PARC
provided the πΣ invariant mass spectra in K−p induced
reactions on the deuteron in 2022 [64]. The ALICE
collaboration extracted the K−p scattering length with a
measurement of momentum correlations in 2021 [65],
while measurements of the energy shift of the 1s-state
in kaonic-hydrogen by the SIDDHARTA collaboration
have yielded precise values for the K−p scattering lengths
[66,67]. Simultaneous K−p → Σ0π0;Λπ0 near-threshold
cross sections were measured at DAΦNE in 2022 [60].

This paper is organized as follows. In Sec. II, we outline
the HEFT framework as applied to the negative parity Λ
hyperons, while in Sec. IV the corresponding numerical
results and discussion are presented. A summary and
concluding remarks are provided in Sec. V.

II. HAMILTONIAN EFFECTIVE FIELD THEORY

In this section, we introduce the framework within which
we describe the K−p scattering processes. In order to
obtain the mass spectra of Λ baryons with JP ¼ 1=2−,
which can be compared with those observed in lattice
QCD, we also present the finite-volume Hamiltonian.

A. The Hamiltonian

In the rest frame, the Hamiltonian includes noninteract-
ing and interacting parts

HI ¼ HI
0 þHI

int; ð2:1Þ
where the kinetic energy piece of the Hamiltonian is
written as

HI
0 ¼

X
B0

jB0im0
BhB0j

þ
X
α

Z
d3kjαðkÞi½ωαMðkÞ þ ωαBðkÞ�hαðkÞj: ð2:2Þ

Here, B0 denotes a “bare baryon” with mass m0
B. This state

may be interpreted as representing a quark model baryon,
which is then dressed by its coupling to meson-baryon
channels [68]. Here α labels the meson-baryon channel and
αM (αB) is the meson (baryon) in channel α. The meson
(baryon) energy is simply

ωαMðBÞ ðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

αMðBÞ þ k2
q

: ð2:3Þ

For the interacting part of the Hamiltonian we include a
vertex interaction coupling the bare baryon to the meson-
baryon channel α

gI ¼
X
B0;α

Z
d3kfjB0iGI†

B0;α
ðkÞhαðkÞj þ H:c:g; ð2:4Þ

as well as the direct two-to-two particle interactions

vI ¼
X
α;β

Z
d3kd3k0jαðkÞiVI

α;βðk; k0Þhβðk0Þj: ð2:5Þ

The form factors associated with the coupling of the bare
baryon to meson-baryon channel α are

GI
B0;α

ðkÞ ¼
ffiffiffi
3

p
gIB0;α

2πf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωαMðkÞ

q
uðkÞ; ð2:6Þ
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and the form of the potentials motivated by the Weinberg-
Tomozawa interaction [34,69,70] are

VI
α;βðk; k0Þ ¼ gIα;β

½ωαMðkÞ þ ωβBðk0Þ�uðkÞuðk0Þ
8π2f2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωαMðkÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωβMðk0Þ

p : ð2:7Þ

Here, we use the dipole form factor uðkÞ ¼ ð1þ k2=Λ2Þ−2
with regulator parameterΛ ¼ 1 GeV. The gIB0;α

and gIα;β are
the couplings of the corresponding interaction terms in the
isospin I channel. As discussed in Sec. III.C of Ref. [71],
when working in a nonperturbative effective field theory,
couplings encounter significant renormalization such that
the perturbative couplings are best promoted to fit param-
eters. While this is a form of modeling, the Lüscher
formalism within HEFT protects the model-independent
relation between the scattering observables and the finite-
volume spectrum. As discussed in Sec. III, our task is to
ensure there are sufficient parameters to accurately describe
the scattering data.

B. Infinite-volume scattering amplitude

Here we introduce the formalism to describe the cross
sections of K−p scattering in infinite volume. The two
particle scattering T matrices can be obtained by the
three-dimensional reduction of the coupled-channel
Bethe-Salpeter equation

TI
α;βðk; k0;EÞ ¼ ṼI

α;βðk; k0;EÞ

þ
X
γ

Z
q2dq

ṼI
α;γðk; q;EÞTI

γ;βðq; k0;EÞ
E − ωγ1ðqÞ − ωγ2ðqÞ þ iϵ

;

ð2:8Þ

where the scattering potential can be expressed from the
interaction Hamiltonian above

ṼI
α;βðk; k0;EÞ ¼

X
B0

GI†
B0;α

ðkÞGI
B0;β

ðk0Þ
E −m0

B
þ VI

α;βðk; k0Þ: ð2:9Þ

Note that for K−p scattering the T matrices, tα;βðk; k0;EÞ,
appear as a linear combination of I ¼ 0 and I ¼ 1 channels,
i.e., Tα;βðk;k0;EÞ¼aTI¼0

α;β ðk;k0;EÞþbTI¼1
α;β ðk;k0;EÞ, where

a and b involve the corresponding Clebsch-Gordan coef-
ficients. The poles associated with the Λð1405Þ and
Λð1670Þ can be obtained by searching for those of the
TI¼0
α;β ðk; k0;EpoleÞ matrix on the unphysical Riemann sheet.
In addition, the cross section for the process β → α is

related to the T matrices by

σα;β ¼
4π3kαcmωαMcmωαBcmωβMcmωβBcm

E2
cmkβcm

× jTα;βðkαcm; kβcm;EcmÞj2; ð2:10Þ

where the subscript “cm” refers to the center-of-mass
momentum frame.

C. Finite-volume Hamiltonian model

The scattering processes need interactions in both the
I ¼ 0 and I ¼ 1 channels. Since the mass of Λð1670Þ is
only 130 MeV below the KΞ threshold, in this work we
include the KΞ as well as the πΣ, K̄N, and ηΛ channels for
I ¼ 0 and the πΣ, K̄N, πΛ, ηΣ, and KΞ channels for I ¼ 1.
In the finite volume, the HamiltonianH consists of free and
interacting terms, H ¼ H0 þHI . Such a Hamiltonian can
be expressed as a matrix, using the corresponding discrete
momentum basis.
In the cubic, finite volume of lattice QCD with length L,

the momentum of a particle is kn ¼ 2π
ffiffiffi
n

p
=L, with

n ¼ n2x þ n2y þ n2z , where n ¼ 0; 1; 2;…. The noninteract-
ing isospin-0 Hamiltonian is

H0
0 ¼ diagfm0

B;ωπΣðk0Þ;ωK̄Nðk0Þ;ωηΛðk0Þ;
ωKΞðk0Þ;…;ωπΣðk1Þ;…g ð2:11Þ

and the interacting Hamiltonian can be written as

H0
int¼

0
BBBBBBBBBBBBBBB@

0 G0
B0;πΣðk0Þ G0

B0;K̄N
ðk0Þ G0

B0;ηΛðk0Þ G0
B0;KΞðk0Þ G0

B0;πΣðk1Þ ���
G0
B0;πΣðk0Þ V0

πΣ;πΣðk0;k0Þ V0
πΣ;K̄Nðk0;k0Þ V0

πΣ;ηΛðk0;k0Þ V0
πΣ;KΞðk0;k0Þ V0

πΣ;πΣðk0;k1Þ ���
G0
B0;K̄N

ðk0Þ V0
K̄N;πΣðk0;k0Þ V0

K̄N;K̄Nðk0;k0Þ V0
K̄N;ηΛðk0;k0Þ V0

K̄N;KΞðk0;k0Þ V0
πΣ;πΣðk0;k1Þ ���

G0
B0;ηΛðk0Þ V0

ηΛ;πΣðk0;k0Þ V0
ηΛ;K̄Nðk0;k0Þ V0

ηΛ;ηΛðk0;k0Þ V0
ηΛ;KΞðk0;k0Þ V0

ηΛ;πΣðk0;k1Þ ���
G0
B0;KΞðk0Þ V0

KΞ;πΣðk0;k0Þ V0
KΞ;K̄Nðk0;k0Þ V0

KΞ;ηΛðk0;k0Þ V0
KΞ;KΞðk0;k0Þ V0

KΞ;πΣðk0;k1Þ ���
G0
B0;πΣðk1Þ V0

πΣ;πΣðk1;k0Þ V0
πΣ;K̄Nðk1;k0Þ V0

πΣ;ηΛðk1;k0Þ V0
πΣ;KΞðk1;k0Þ V0

πΣ;πΣðk1;k1Þ ���
..
. ..

. ..
. ..

. ..
. ..

. . .
.

1
CCCCCCCCCCCCCCCA

; ð2:12Þ
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where

G0
B0;α

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
C3ðnÞ
4π

r �
2π

L

�
3=2

G0
B0;α

ðknÞ; ð2:13Þ

V0
α;βðkn;kmÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C3ðnÞC3ðmÞp

4π

�
2π

L

�
3

V0
α;βðkn;kmÞ: ð2:14Þ

Here, C3ðnÞ denotes the number of ways one can sum the
squares of three integers to equal n.

III. MODEL (IN)DEPENDENCE IN HEFT

Understanding the model-dependent and model-
independent aspects of HEFT is important. HEFT incor-
porates the Lüscher formalism [39,42], and therefore there
are aspects of the calculation that share the same level of
model independence as the Lüscher formalism itself.

A. Model independence

The Lüscher formalism provides a rigorous relationship
between the finite-volume energy spectrum and the scatter-
ing amplitudes of infinite-volume experiment. In HEFT,
this relationship is mediated by a Hamiltonian. In the
traditional approach, the parameters of the Hamiltonian
are tuned to describe lattice QCD results. When the fit
provides a high-quality description of lattice QCD results,
the associated scattering-amplitude predictions are of high
quality. The key is to have a sufficient number of tunable
parameters within the Hamiltonian to accurately describe
the lattice QCD results.
However, in the baryon sector, high-quality lattice QCD

results are scarce and HEFT is usually fit to experimental
data first. The HEFT formalism then describes the finite-
volume dependence of the baryon spectrum, indicating
where high-precision lattice QCD results will reside. This is
the approach adopted herein. We will show high-quality fits
to the experimental scattering observables such that HEFT
provides rigorous predictions of the finite-volume lattice
QCD spectrum with model independence at the level of the
Lüscher formalism.
Of course, this model independence is restricted to the

case of matched quark masses in finite-volume and infinite-
volume. The Lüscher formalism provides no avenue for
changing the quark mass. In other words, direct contact
with lattice QCD results is only possible when the quark
masses used in the lattice QCD simulations are physical.
On the other hand, χPT is renowned for describing the

quark mass dependence of hadron properties in a model-
independent manner, provided one employs the truncated
expansion in the power-counting regime, where higher-
order terms not considered in the expansion are small by
definition. Given that finite-volume HEFT reproduces the
leading behavior of finite-volume χPT in the perturbative
limit by construction [42,71], it is reasonable to explore the

extent to which this model independence persists in the full
nonperturbative calculation of HEFT.
This has been explored in Ref. [71]. In the one-channel

case where a single particle basis state (e.g. a quark-model
like Δ) couples to one two-particle channel (e.g. πN), the
independence of the results on the form of regularization
is reminiscent of that realized in χPT. Any change in the
regulator is absorbed by the low-energy coefficients such
that the renormalized coefficients are physical, independent
of the renormalization scheme.
However, in the more complicated two-channel case

with a πΔ channel added, the same was not observed. The
form of the Hamiltonian becomes constrained, describing
experimental data accurately for only a limited range of
parameters with specific regulator shapes. The Hamiltonian
becomes a model in this case, with regulator-function
scales and shapes governed by the experimental data.
The principles of chiral perturbation theory no longer
apply in this nonperturbative calculation. However, for fit
parameters that describe the data well, the model inde-
pendence of the Lüscher formalism remains intact. The
Hamiltonian is only a mediary.

B. Quark mass variation

The consideration of variation of the quark masses away
from the physical point provides further constraints on the
Hamiltonian. In particular, lattice QCD results away from
the physical point provide new constraints on the form of
the Hamiltonian. In the two-channel case, the Hamiltonian
becomes tightly constrained when considering experimen-
tal scattering data and lattice QCD results together [71].
With the Hamiltonian determined by one set of lattice

results, one can then make predictions of the finite-volume
spectrum considered by other lattice groups at different
volumes and different quark masses. This is a central aim of
the current investigation where we confront very recent
lattice QCD predictions for the odd-parity Λ spectrum at
an unphysical pion mass of 204 MeV [62,63]. The
Hamiltonian will be constrained by lattice QCD results
from Refs. [31,38] for the lowest-lying odd-parity excita-
tion, such that the confrontation with contemporary lattice
QCD results is predictive.
For the cases previously considered in the baryon

spectrum the predictions of HEFT are in agreement with
lattice QCD spectrum predictions. For example, in the
Δ-channel, HEFT successfully predicts the finite-volume
spectrum of the CLS consortium [71,72]. In the N1=2þ
channel, HEFT reproduces the lattice QCD results from
Lang et al. [59,73]. In the N1=2− channel, HEFT success-
fully predicts spectra from the CLS consortium [41,74], the
HSC [41,75,76] and Lang and Verducci [41,77]. Thus one
concludes that the systematic errors of the HEFT approach
to quark-mass variation are small on the scale of contem-
porary lattice QCD uncertainties. As the Hamiltonian
is constrained by model-independent scattering data and
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lattice QCD results, we expect this success to be realized in
the current investigation.
Variation in the quark mass is conducted in the same

spirit as for χPT. The couplings are held constant and the
hadron masses participating in the theory take values as
determined in lattice QCD. The single-particle bare basis
state acquires a quark mass dependence and this is done in
the usual fashion by drawing on terms analytic in the quark
mass. In most cases, lattice QCD results are only able to
constrain a term linear in m2

π , as is the case here.
The model independence associated with the movement

of quark masses away from the physical point is largely
governed by the distance one chooses to move from the
physical quark-mass point. The HEFT approach is system-
atically improvable, reliant on high-quality lattice QCD
results to constrain the higher-order terms that one can
introduce. For example, one could include an additional
analytic m4

π term or higher-order interaction terms from the
chiral Lagrangian. However, this increased level of pre-
cision is not yet demanded by current experimental
measurements nor contemporary lattice QCD results.

C. Model dependence

Now that the Hamiltonian has become a tightly con-
strained model, the eigenvectors describing the manner
in which the noninteracting basis states come together to
compose the eigenstates of the spectrum are model depen-
dent. At the same time, there is little freedom in the model
parameters of the Hamiltonian such that the predictions of
the Hamiltonian are well defined.
The information contained in the Hamiltonian eigenvec-

tors describing the basis-state composition of finite-volume
energy eigenstates is analogous to the information con-
tained within the eigenvectors of lattice QCD correlation
matrices describing the linear combination of interpolating
fields isolating energy eigenstates on the lattice. These too
are model dependent, governed by the nature of the
interpolating fields used to construct the correlation matrix.
What is remarkable is that with a suitable renormaliza-

tion scheme on the lattice (e.g. interpolators are normalized
to set diagonal correlators equal to 1 at one time slice after
the source), the composition of the states drawn from the
lattice correlation matrix is very similar to the description
provided by HEFT [41,59]. While both eigenvector sets are
model dependent, their similarity does indeed provide some
relevant insight into hadron structure. And because regu-
larization in the Hamiltonian is tightly constrained, one can
begin to separate out the contributions of bare versus two-
particle channels.

D. Error analysis

It may be of interest to compare the systematic uncer-
tainties of the HEFT formalism with the statistical uncer-
tainties of contemporary lattice QCD determinations of the

finite-volume hadron spectrum. To do so requires an
exploration of alternative Hamiltonians that continue to
describe both experimental data and lattice QCD results.
Variation of the regularization parameters provides an

opportunity to move in the Hamiltonian parameter space.
However, the constraints of experiment and lattice QCD
are quite effective in constraining the Hamiltonian,
allowing only a small range of variation in the regulariza-
tion parameters. Moving the parameters outside of the
range allowed by the data, spoils the fit to the data and thus
the associated finite-volume energy spectrum.
Recalling that the embedded Lüscher formalism governs

the relation between the scattering data and the finite-
volume spectrum and noting that the Hamiltonian plays
only a mediary role, one concludes that the systematic error
is governed by the quality of the experimental data and its
ability to uniquely constrain the multichannel Hamiltonian.
This issue is quantified in the following section.

E. Summary

In summary, there is a direct model-independent link
between the scattering observables of experiment and the
finite-volume spectrum calculated in HEFT at physical
quark masses. This model independence is founded on the
Lüscher formalism embedded with HEFT. Similarly, varia-
tion of the quark masses away from the physical quark
mass has systematic uncertainties that are small relative to
contemporary lattice QCD spectral uncertainties. Finally,
the Hamiltonian eigenvectors describing the basis-state
composition of finite-volume energy eigenstates are model
dependent. They are analogous to the interpolator depen-
dent eigenvectors of lattice QCD correlation matrices
describing the linear combination of interpolating fields
isolating energy eigenstates on the lattice. The similarity
displayed by these two different sets of eigenvectors
suggests that they do indeed provide insight into hadron
structure.

IV. NUMERICAL RESULTS

In this section, we first study the K−p cross section,
adjusting the parameters of the interaction Hamiltonian to
reproduce the experimental data. Then we use these fitted
parameters to discuss the finite-volume results.

A. Cross section

As the internal structure of the Λð1670Þ is still not very
clear, we examine two possible scenarios. In the first,
we postulate that the Λð1670Þ is a resonance which is
dynamically generated through rescattering in the isospin-
0πΣ, K̄N, ηΛ and KΞ coupled channels. In the second, the
Λð1670Þ is treated as a quark-model-like baryon, which
mixes with the meson-baryon channels. We fit the exper-
imental data for the K−p → K−p, K−p → K̄0n, K−p →
π0Λ0, K−p → π−Σþ, K−p → π0Σ0, K−p → πþΣ−, and

STRUCTURE OF THE Λð1670Þ RESONANCE PHYS. REV. D 109, 054025 (2024)

054025-5



K−p → ηΛ cross sections over the laboratory momentum
range 0–800 MeV, which covers both resonances. We will
explore which scenario can give a better description to the
experimental cross section data.
We present a comparison of the experimental cross

sections with our fitted results in Fig. 1. The fitted
parameters are given in Table I. The peak of Λð1670Þ
can be clearly seen in the K−p → ηΛ channel shown in the
last subfigure of Fig. 1. It is clear that we can describe this
resonance well, both with and without the bare quark-
model-like baryon.
From Fig. 1, we see that the calculated cross section and

the experimental cross section data have clear discrepancies
at laboratory momenta p⃗lab ¼ 350–450 MeV in the
K−p → K̄0n, π−Σþ, and π0Σ0 processes. Here, we need
to emphasize that we only introduce the S-wave inter-
actions relevant to spin-1=2 odd-parity Λ baryons. It is well

known (e.g., Refs. [91,92]) that such discrepancies can be
well understood by introducing the effects from P and D
waves, while the S-wave interactions play essentially no
role in forming those peaks. Specifically, Refs. [92–94]
presented detailed analyses showing that the peaks at
plab ¼ 350–450 MeV in K−p → π0Σ0 and π�Σ∓ arise
mainly from contributions involving the D-wave
Λð1520Þ state. The contribution from the Λð1520Þ is also
responsible for the peak in the energy range p⃗lab ¼
350–450 MeV in the K−p → K̄0n process [93]. Because
they have different quantum numbers, these contributions

TABLE I. The fit parameters obtained from K−p cross sections
within the following two scenarios. One describes the Λð1670Þ as
a bare quark-model-like single-particle state mixed with meson-
baryon interactions from the πΣ, K̄N, ηΛ, and KΞ channels. The
other describes the Λð1670Þ as pure dynamically-generated
resonance from isoscalar coupled channels. Error estimates for
the bare baryon case are obtained through the consideration of
allowed variation in the regularization parameter, Λ, as described
in Sec IV C.

Coupling Without bare baryon With bare baryon

Λ (GeV) 1.0 1.0þ0.1
−0.1

g0K̄N;K̄N
−2.108 −2.180þ0.280

−0.135

g0K̄N;πΣ
0.837 0.620−0.076þ0.080

g0K̄N;ηΛ −0.461 −0.472þ0.471
−0.864

g0πΣ;πΣ −1.728 −1.200−0.078−0.116

g0πΣ;KΞ −0.001 −1.800þ0.452
−0.200

g0ηΛ;KΞ 0.835 1.993−0.668−0.047

g0KΞ;KΞ −3.393 −1.000−0.001−2.314

g1K̄N;K̄N
−0.028 −0.001þ0.000

þ0.000

g1K̄N;πΣ 0.829 0.985−0.152þ0.268

g1K̄N;πΛ 0.001 0.990−0.108þ0.154

g1K̄N;ηΣ 1.557 1.500−0.212þ0.215

g1πΣ;πΣ −1.351 −0.001−0.001þ0.000

g1πΣ;KΞ −1.017 −1.341þ0.197
−0.439

g1πΛ;KΞ 2.904 0.011−0.010−0.010

g1ηΣ;KΞ 4.690 0.001þ0.000
þ0.000

g1KΞ;KΞ −0.447 −3.700þ0.660
−0.840

g0B0;K̄N
� � � 0.091−0.014þ0.032

g0B0;πΣ
� � � 0.049þ0.002

þ0.001

g0B0;ηΛ
� � � −0.164−0.010þ0.014

g0B0;KΞ � � � −0.226−0.005þ0.079

m0
B (MeV) � � � 1750þ39

−29

Pole 1 (MeV) 1336 − 87i 1324−4−4 − 67þ8
þ10i

Pole 2 (MeV) 1430 − 26i 1428þ4
þ2 − 24þ4

þ0i

Pole 3 (MeV) 1676 − 17i 1674þ2
−4 − 11−4þ3i

FIG. 1. Experimental data [60,78–90] for the cross sections of
K−p → K−p, K̄0n, π0Λ0, π−Σþ, π0Σ0, πþΣ−, and ηΛ scattering
processes. The blue solid lines denote the fit including a bare
quark-model-like basis state, while the red dashed lines denote
the fit without including a bare-baryon component. The peaks
around 400 MeV are associated with the D-wave Λð1520Þ state
which is not considered in this work as described in the text.
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cannot influence the Λð1670Þ, and we do not consider
them further.
In the channels of K−p → K−p, K−p → K̄0n, K−p →

π0Λ0, and K−p → π0Σ0, the cross sections for p⃗lab >
500 MeV are much smaller than those at LOW momenta.
The Λð1670Þ resonance is not obvious in these channels
either. Since we do not consider further channels, such as
K̄�N and πΣ�, which are close to this energy region,
our results deviate from the experimental data for p⃗lab >
500 MeV in some channels.
Except for these minor discrepancies, our calculations in

both scenarios give a very good description of the exper-
imental data. The recently measured threshold cross sec-
tions in Ref. [60] for K−p → π0Λ0, and K−p → π0Σ0

provide more accurate constraints and can be described
well, as can be seen in the third row of Fig. 1. The line
shapes of the fits with and without the inclusion of a bare-
baryon contribution are very similar.
Using these fits, we can obtain the Λð1670Þ pole in

both scenarios. As shown in Table I, in the first scenario
the pole position is located at 1676 − 17iMeV. This is
not far from that in the second scenario, namely
1674 − 11iMeV. Our results are consistent with those of
other groups [5,22–24,26,95–97]. The well-known two-
pole structure of the Λð1405Þ is also reproduced.
The close agreement between the two scenarios for

the fitted cross sections, as well as the pole positions,
indicate that the present experimental data are not able
to distinguish between these two very different physical
pictures for the structure of the Λð1670Þ. Therefore,
we bring these results to the finite volume of lattice
QCD and confront their predictions with lattice QCD
simulation results.

B. Finite volume spectrum and structure

As discussed in the previous subsection, the scenarios
with or without a bare basis state give very similar fits to
contemporary experimental cross section data. That is,
the present experimental data are not able to distinguish
the internal structure. We shall see that the lattice QCD
simulation results provide more information about this
question.
By studying the finite-volume Hamiltonian with the

fitted parameters given in Table I, we can obtain the
corresponding lattice energy eigenvalues and eigenvectors.
The lattice QCD results are provided at different pion
masses, and thus we need the hadron mass dependence
on the pion mass as input. For the masses of mKðm2

πÞ,
mNðm2

πÞ, mΛðm2
πÞ, mΣðm2

πÞ, and mΞðm2
πÞ, we use a smooth

interpolation of the corresponding lattice QCD results. The
mass of the η meson is [98]

mηðm2
πÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

ηjphy þ
1

3
ðm2

π −m2
πjphyÞ

r
: ð4:1Þ

We plot the pion mass dependence of the eigenstates in the
finite volume Hamiltonian in Fig. 2(a) for the case where
the Λð1670Þ is a state without a bare baryon component.
The lattice results in∼3 fm box, shown as red dots with error
bar, are taken from the CSSM group [31,38] in 2þ 1 flavor
QCD [99]. From Fig. 2(a), we find that the results are

FIG. 2. The pion mass dependence of the eigenstates obtained
using the finite-volume Hamiltonian. In the upper plot, the
broken lines denote noninteracting meson-baryon energies, while
the solid lines denote the eigenenergies obtained from the finite-
volume Hamiltonian matrix. In the lower plot, energy eigenstates
based on the inclusion of a bare quark-model-like basis state are
illustrated. The thick (red), dot-dashed (blue), and dotted (green)
lines label the states composed with a significant contribution
from the bare quark-model-like basis state, with red illustrating
the largest bare state component. The negligible component of the
bare basis state in the first state of the spectrum at light quark
masses explains its absence in the lattice QCD spectrum excited
with local three-quark operators. The lattice results are taken from
the CSSM group [31,38] in 2þ 1 flavor QCD [99].
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consistent with the lattice QCD data at small pion masses,
but display significant differences for the two heaviest quark
masses considered.
We show the corresponding eigenvectors in Fig. 3(a) for

this first scenario. Near the physical pion mass, the first and
second eigenstates are mainly πΣ and K̄N states, respec-
tively. The second and third eigenstates are predominantly
mixtures of these two channels with K̄N continuing to
dominate the third state. The fifth and sixth states are
dominated by the KΞ and ηΛ mixture. The fifth and sixth
eigenenergies in the ∼3 fm box are close to the position
of the Λð1670Þ at the physical pion mass, as we see in
Fig. 2(a). With the fourth, fifth and sixth states residing in
the region of the Λð1670Þ resonance, all four of the two-
particle channels considered can play an important role in
governing the structure of this resonance.
However, at large pion masses, these results without

a bare baryon are inconsistent with the lattice QCD data.
This was also reported in our earlier work, which focused
on the Λð1405Þ [37]. From Fig. 2(a), the lattice simulation
at the largest pion mass is considerably lower than the first
Hamiltonian eigenstate. This greatly reduces the proba-
bility that the odd-parity Λ spectrum can be described by a
model without the bare baryon.
To study the case with a bare quark-model-like baryon,

we need to know the variation of the bare mass, m0
B, as the

pion mass increases. Within the quark model its mass is

expected to increase linearly with the light quark mass as
m2

π increases and hence we take

m0
Bðm2

πÞ ¼ m0
Bjphy þ α0Bðm2

π −m2
πjphyÞ: ð4:2Þ

For the N�ð1535Þ, α0N ¼ 0.944 GeV−1 was obtained in
Ref. [41]. For the Λ, where the strange quark mass is
held fixed, it is natural to take 2=3 of this, such that
α0B ¼ 0.629 GeV−1.
In Fig. 2(b) we present the Λ spectrum with a bare

baryon basis state. Our results clearly reproduce the lattice
QCD simulations well at all pion masses. The content of the
corresponding eigenstates is shown in Fig. 3(b). Some of
this information has been brought to Fig. 2(b), where color
and texture have been added to the solid lines indicating the
eigenstate energies. This additional information illustrates
the energy eigenstates where the bare baryon state makes a
substantial contribution to the composition of the state in
HEFT. The largest bare basis-state contribution is illus-
trated in solid red, the second largest in dot-dash blue and
the third largest contribution in dotted green.
In the first eigenstate, the main component is πΣ at small

pion masses, while the contributions of πΣ and K̄N
channels become comparable and then the bare baryon
dominates as the pion mass becomes larger. The second
eigenstate is mainly composed of K̄N, while the third and

FIG. 3. The pion mass dependence of the Hamiltonian matrix eigenvector components for the first six states, under the assumption of
no bare-baryon (left two columns) and including a bare-baryon basis (right two columns). The five circles in each diagram represent the
five quark masses considered by the CSSM group [31,38] in 2þ 1 flavor QCD [99].

JIONG-JIONG LIU et al. PHYS. REV. D 109, 054025 (2024)

054025-8



fourth are dominated by the K̄N and πΣ channels at small
pion masses with K̄N continuing to dominate for both
states. At the physical pion mass, the fifth state is
dominated by ηΛ with a significant bare baryon compo-
nent. The sixth state is dominated by the quark-model-like
basis state. Remarkably, all four of the two-particle
channels provide the balance of basis-state contributions
at the physical point.
With the bare basis state contributing in the Λð1670Þ

region, it is now clear the CSSM collaboration was able to
excite the K̄N state with a local three-quark operator due to
its localized structure. While the strange magnetic form
factor shows the contribution of a vacuum quark-antiquark
pair to create a 5-quark K̄N state [38], the electric form
factors describe a localized state. Figure 3 of Ref. [100]
shows the strange quark distribution is largely unchanged
between the ground-state positive-parity Λ and its first
excitation in the Λð1405Þ region. Similarly, the light-quark
distribution grows only slightly from the ground state to the
K̄N state in the Λð1405Þ resonance regime.
In summary, the lattice QCD results favor the scenario

in which the Λð1670Þ contains a bare-baryon component.
As the fifth and sixth states in this description contain
very significant quark-model-like basis state contributions
and because the fourth, fifth and sixth states sit in the
Λð1670Þ resonance regime, as illustrated in Fig. 2(b), one
can conclude that the Λð1670Þ has a quark-model-like
core dressed by all four of the meson-baryon channels
considered.

C. Uncertainty analysis

To obtain an error estimate on the link between experi-
ment and the finite-volume spectra driven by the embedded
Lüscher relation, we draw on the regularization parameter,
Λ, to move in the Hamiltonian parameter space and explore
alternative mediations between experiment and theory.
As noted in the previous section, the constraints of

experiment and lattice QCD are effective in constraining
the Hamiltonian parameters, allowing only a small range of
variation in Λ. If one forces Λ outside of the range allowed
by the experimental data, the fit to the data is spoiled and
thus the associated finite-volume energy spectrum becomes
incorrect. In a similar manner, the correct description of
lattice QCD results places constraints on the variation of
parameters.
We commence by changing Λ by 50 MeV from our

initial value of 1.0 GeV and refitting the parameters to
describe experiment. This small variation is repeated,
monitoring the χ2 per degree of freedom to ensure the
experimental data continues to be described in an accu-
rate manner. The finite volume spectrum is then calcu-
lated. We compare the results with the CSSM lattice QCD
results to ensure a valid description of the lattice QCD
constraint.

The variation of the χ2=dof for the cross section fits is
subtle over the range 0.90 ≤ Λ ≤ 1.10 GeV but jumps
significantly for the values Λ ¼ 0.85 and 1.15 GeV.
On this basis alone, the fits for Λ < 0.85 GeV and Λ >
1.15 GeV are excluded. However, considering the lattice
QCD constraint further excludes Λ > 1.15 GeV. Over the
rage 0.90 ≤ Λ ≤ 1.10 GeV the three pole positions do not
change by more than 10 MeV.
The best description of the lattice QCD results is

provided by Λ ¼ 1.00 GeV and we refer to this for our
central values. To produce uncertainties in the finite-
volume results, we refer to the predictions for Λ ¼ 0.90
and 1.10 GeV and use these results to shade error bars in
Figs. 4 and 5. Uncertainties in the fit parameters of Table I
also follow from this range of allowed Λ variation.

D. Comparison with the latest lattice QCD simulation

One can clearly see that some eigenstates predicted by
the HEFT are absent in the lattice QCD simulations of the
CSSM group from Fig. 2. More than ten years have passed
since that odd-parity Λ spectrum was obtained [31] and
lattice QCD techniques have improved. With the param-
eters of the Hamiltonian constrained by experimental data
and the results from one lattice QCD collaboration, we can
now proceed to make predictions for the finite-volume
spectra observed in other lattice QCD calculations, both
at different volumes and at different quark masses. Very
recently, the BaSc collaboration presented their coupled-
channel simulations with both single baryon and meson-
baryon interpolating operators in a larger box at mπ ≈
200 MeV [62,63]. We now compare our HEFT predictions
with this latest lattice QCD simulation.

FIG. 4. Error estimation for the spectrum of odd-parity strange
spin-1=2 baryons in HEFT for the CSSM lattice volume. The
black solid lines represent the values with the optimal Hamil-
tonian parameters while the blue shaded regions illustrate the
uncertainty in the HEFT results obtained through the allowed
variation of Hamiltonian parameters as described in Sec. IV C.
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Weuse the corresponding hadronmasses atmπ∼200MeV
as reported in the lattice QCD simulations [62,63] and
give our HEFT results, including the bare baryon, in
Fig. 5. One can see that the HEFT results describe the
BaSc simulations very well. The lowest data point has a very
small error bar but sits exactly on our lowest-lying odd-parity
state. All of the HEFT energy eigenstates are far from the
noninteracting meson-baryon thresholds but still coincide
with the lattice results.We stress that no parameters have been
adjusted in making the finite volume predictions for the BaSc
lattice results.
In our approach, at mπ ¼ 204 MeV, the first and second

states observed in this ∼4 fm box are mainly πΣ and K̄N
states, respectively. The third and fourth ones are the
πΣ − K̄N mixtures. The fifth eigenstate contains K̄N and
πΣ with some bare baryon. The sixth eigenstate is domi-
nated by ηΛ mixed with a small component of the bare
baryon. Noting that the fifth and sixth energy eigenstates
are in the Λð1670Þ resonance regime, one can once again
conclude that the Λð1670Þ is composed of a single-particle
quark-model-like core dressed by the isoscalar meson-
baryon channels considered.

V. SUMMARY

In this work we have studied two different scenarios for
the internal structure of the Λð1670Þ. One scenario assumes
that the Λð1670Þ is dynamically generated through rescat-
tering between the K̄N, πΣ, ηΛ and KΞ channels with
I ¼ 0. The other assumes that the Λð1670Þ is a bare quark-
model-like basis state mixing with these I ¼ 0 interacting
channels. We fit the experimental cross section data for the
K−p → K−p, K−p → K̄0n, K−p → π0Λ0, K−p → π−Σþ,
K−p → π0Σ0, K−p → πþΣ−, and K−p → ηΛ0 reactions,
with the laboratory momentum of the anti-kaon in the range
0–800 MeV=c, including the recently measured threshold
cross sections which have small error bars [60]. Our fits
are consistent with the cross section data if we neglect the
effect of the D-wave Λð1520Þ resonance. In addition, we
have checked the two-pole structure of the Λð1405Þ and
obtained the pole position of the Λð1670Þ. All of these
results are consistent with those of other groups.
It is clear from the quality of the fits to the cross section

data under both scenarios that one cannot distinguish
between them using scattering data alone. This serves as
motivation to introduce HEFT to further explore the
structure of the Λð1670Þ in the finite volume of lattice
QCD. The scenario without a bare baryon is inconsistent
with the lattice QCD data at large pion masses. Without
adjusting any other parameter, the scenario including a
bare-baryon basis state yields an excellent description of
the lattice QCD results over the full range of light quark
mass. Our HEFT results also agree very well with the latest
BaSc lattice QCD simulation results at mπ ¼ 204 MeV.
Not only are the predicted energy levels very close to those
reported by BaSc, but all five of the lowest eigenstates
predicted in HEFTwere observed in the lattice calculations.
Based on the present HEFT analysis, the lattice QCD

calculations provide invaluable information about the
structure of the Λð1670Þ. It definitely contains a consid-
erable single-particle quark-model-like basis state com-
ponent, which mixes with the meson-baryon channels.
While our calculations could be extended by considering
the Λð1800Þ resonance as well as K̄�N and πΣ� channels,
the main conclusion in this work is not expected to be
sensitive to extensions well beyond the Λð1670Þ reso-
nance regime.
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