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We develop a model aimed at understanding the three mass distributions of pairs of mesons in the
Cabibbo-suppressed Dþ

s → Kþπþπ− decay recently measured with high statistics by the BESIII
collaboration. The largest contributions to the process come from the Dþ

s → Kþρ0 and Dþ
s → K�0πþ

decay modes, but the Dþ
s → K�

0ð1430Þπþ and Dþ
s → Kþf0ð1370Þmodes also play a moderate role and all

of them are introduced empirically. Instead, the contribution of the f0ð500Þ, f0ð980Þ, and K�
0ð700Þ

resonances is introduced dynamically by looking at the decay modes at the quark level, hadronizing qq̄
pairs to give two mesons, and allowing these mesons to interact, for which we follow the chiral unitary
approach, to finally produce theKþπþπ− final state. While the general features of the mass distributions are
fairly obtained, we pay special attention to the specific effects created by the light scalar resonances, which
are visible in the low mass region of the πþπ−ðf0ð500ÞÞ and Kþπ−ðK�

0ð700ÞÞ mass distributions and a
narrow peak for πþπ− distribution corresponding to f0ð980Þ excitation. The contribution of these three
resonances is generated by only one parameter. We see the agreement found in these regions as further
support for the nature of the light scalar states as dynamically generated from the interaction of
pseudoscalar mesons.

DOI: 10.1103/PhysRevD.109.054008

I. INTRODUCTION

The hadronic weak decays of D;Ds mesons are an
excellent source of information on the interaction of
hadrons [1–14]. In particular, decays of D;Ds into three
mesons allow one to study the interaction of pairs of
particles at different invariant masses and observe hadronic
resonances. One case which has attracted much attention is
the decay with one kaon in the final state, in particular the
golden channel, D → Kππ has been thoroughly studied
[15–28]. The related D0 → K−πþη reaction has been
studied in Ref. [29]. Similar work to the one done here
onDs → KKπ is also addressed in [30–34] andD → KKK
is also addressed in [35–37]. In the present work we study
the singly Cabibbo-suppressed Ds → Kþπþπ− decay.
The reaction has been measured in [38] by the FOCUS

collaboration and more recently, with better statistics, by
the BESIII collaboration in [39]. In this reaction, in

addition to the dominant mode Dþ
s → Kþρ; ρ → πþπ−

and Dþ
s → K�ð892Þ0πþ; K�ð892Þ0 → Kþπ−, the experi-

ment finds traces of the f0ð500Þ, f0ð980Þ, and f0ð1370Þ
resonances. No theoretical work on this particular channel
is available to the best of our knowledge, and we wish to
address this problem here.
Our aim is to use the theoretical tools provided by the

chiral unitary approach [40] to relate the production of the
f0ð500Þ, f0ð980Þ, and K�

0ð700Þ scalar resonances. In this
framework the f0ð500Þ, f0ð980Þ resonances appear from
the interaction of the ππ, KK̄, ηη channels and the K�

0ð700Þ
resonance is produced by the interaction of the Kη and Kπ
channels. Hence, our reaction mechanism consists in first
producing these channels from the weak decay and later
implement the final state interaction of these channels
from where the resonances emerge. The procedure to
produce these mesons follows closely the work done in
Refs. [24,30–34]. One looks at the main production modes
at the quark level based on external and internal emission
[41], and then proceeds with the hadronization of the qq̄
pairs in order to produce the coupled channels needed to
generate these resonances. One keeps the terms where these
channels are produced and implements the final state
interaction such that the observed channels in the experi-
ment are generated. The nice thing is that we can correlate
the production of these resonances by means of only one
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parameter, measuring the relative strength of the internal to
external emission, which comes from a fit to the data but
should respect the 1=Nc reduction in the amplitude of
internal to external emission. This procedure is different
from the one normally adopted in experimental analyses
where the production of each of these resonances is
parametrized and fitted to the data. Hence, our approach
is very restrictive, and the eventual agreement with the data
comes to support the picture of these resonances as being
dynamically generated from the interaction of pseudoscalar
mesons, which is the aim of the present work. We find
indeed a fair agreement with the data in the region where
these resonances appear, the low energy region in the ππ
mass distribution for the f0ð500Þ, a narrow peak for the
f0ð980Þ in the ππ distribution, and the low energy region in
the Kπ distribution for the K�

0ð700Þ.

II. FORMALISM

The formalism includes different steps that we will
summarize below. In the first one we look at the different
topologies that can contribute to this Cabibbo-suppressed
process at the quark level. In Figs. 1 and 3 we look into
external and internal emission producing a pseudoscalar and
a vector. In Fig. 1 we produce a πþ and K�0 with external
emission, and the latter can decay intoKþπ− which is one of
the importantmodes observed in theBESIII experiment [39].
In Fig. 3, by means of internal emission we produce a ρ0

meson and a Kþ, and the ρ0 can decay to πþπ−, again one
important mode observed in the BESIII experiment [39].
Next we look at the production of three pseudoscalar

mesons. This is accomplished by hadronizing a qq̄ com-
ponent into two pseudoscalar mesons. In Fig. 2 a Kþ is
produced in external emission and the ss̄ component is
hadronized into two pseudoscalars. In Fig. 5, again with
external emission, a πþ is produced and the ds̄ component
is hadronized into two pseudoscalars. In Fig. 4 the
mechanism proceeds via internal emission, a Kþ is pro-
duced and the ss̄ component is hadronized into two
pseudoscalars. In Fig. 6, again with internal emission a
Kþ is produced and the dd̄ component is hadronized into
two pseudoscalars.

The fact that we have a Cabibbo-suppressed decay
increases the number of diagrams with respect to a
Cabibbo-favored process like in [24]. Indeed, in Fig. 2
the Cabibbo-suppressed vertex appears in the upper part of
theWþ exchange,Ws̄u vertex, while in Fig. 5 the Cabibbo-
suppressed vertex appears in the lower part of the W
exchange, Wcd̄ vertex. Both vertices imply the same
reduction factor, sin θc. We have a similar situation with
diagrams 4 and 6. We consider all these mechanisms and
we give a weight to the different diagrams according to the
following scheme:
(1) weight α for K�0 production,
(2) weight αh, the h factor accounting for the mecha-

nism of hadronization,
(3) weight γ for ρ0 production,
(4) weight γh since it involves an extra hadronization as

in the case of (2),

FIG. 1. Mechanism for production of πþK�0 in Dþ
s decay with

external emission.

FIG. 3. Mechanism for Dþ
s → ρKþ with internal emission.

FIG. 4. Dþ
s → Kþss̄ with internal emission followed by ss̄

hadronization.

FIG. 2. Dþ
s → Kþss̄ with external emission and ss̄

hadronization.
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(5) weight αh since it has the same topology as the case
of (2), and

(6) weight γh since it involves an extra hadronization
with respect to case of (3).

Next we proceed to look in detail into the different
hadronization processes. In Figs. 2 and 4 we have the
hadronization of the ss̄ component and we add a q̄q pair
with the quantum numbers of the vacuum. By writing the
qiq̄j matrix of SU(3) in terms of the pseudoscalar mesons
we have

qq̄ → P ¼

0
BB@

π0ffiffi
2

p þ ηffiffi
3

p πþ Kþ

π− − π0ffiffi
2

p þ ηffiffi
3

p K0

K− K̄0 − ηffiffi
3

p

1
CCA; ð1Þ

where we have taken the standard η and η0 mixing of
Ref. [42] and neglected the η0 which does not play a role
in the generation of the resonances that we shall discuss.
Then

ss̄ →
X
i

sq̄iqis̄ ¼
X
i

P3iPi3 ¼ ðP2Þ33

¼ K−Kþ þ K̄0K0 þ 1

3
ηη ð2Þ

In Fig. 5 we have the hadronization of ds̄ as

ds̄ →
X
i

dq̄iqis̄ ¼
X
i

P2iPi3 ¼ ðP2Þ23

¼ π−Kþ −
1ffiffiffi
2

p π0K0: ð3Þ

In Fig. 6 we have the hadronization of dd̄ as

dd̄ →
X
i

dq̄iqid̄ ¼ ðP2Þ22

¼ π−πþ þ π0π0ffiffiffi
2

p þ ηη

3
−

2ffiffiffi
6

p π0η

þ K0K:0 ð4Þ

The (4) and (6) cases correspond to the same topology
and have the same weight and can be summed into

ð4Þ þ ð6Þ → ðP2Þ33 þ ðP2Þ22
¼ πþπ− þ π0π0ffiffiffi

2
p þ 2

3
ηηþ KþK− þ 2K0K̄0

−
ffiffiffi
2

3

r
π0η: ð5Þ

We can see that in Fig. 6 we already obtain Kþπ−πþ at
the tree level, but we also get other intermediate states that
upon rescattering lead to the same state, as depicted
in Fig. 7.
Given Eqs. (2)–(5), we can write the production matrix

for each mechanism of Figs. 1–6.

tð2Þ ¼
X
i

αhWiGiðMinv; ππÞti;πþπ−ðMinv; ππÞ; ð6Þ

where Gi are the meson-meson loop functions and ti;πþπ−
the scattering matrices for transitions of the state i in the
loop to the πþπ− final state. The possible i intermediate
states are i ¼ KþK−; K0K̄0; ηη, and the weights Wi are
given by means of Eq. (2) as

WKþK− ¼ 1; WK0K̄0 ¼ 1; Wηη ¼
2

3

1ffiffiffi
2

p :

In the case of the two identical particles ηη we have
considered the factor 2 for the two particles and 1ffiffi

2
p because

we work with the unitary normalization where the state is
normalized as 1ffiffi

2
p ηη to avoid double counting in the G loop

FIG. 6. Dþ
s →Kþdd̄with internal emission anddd̄ hadronization.

FIG. 7. Direct Kþπ−πþ production (tree level) and production
through intermediate states, i ¼ πþπ−, π0π0, ηη, π0η, KþK−,
K0K̄0 in general.

FIG. 5. Dþ
s →πþds̄with external emission andds̄ hadronization.

DYNAMICAL GENERATION OF THE SCALAR f0ð500Þ, … PHYS. REV. D 109, 054008 (2024)

054008-3



function. The ti;j transition scattering matrices are calcu-
lated with the six pseudoscalar pairs, πþπ−; π0π0; KþK−;
K0K̄0; ηη; π0η obtained in a coupled channel formalism as

t ¼ ½1 − VG�−1V ð7Þ

with the transition potentials Vij obtained from [43]. For
the π−Kþ and π0K0 interaction we use Eq. (7) with the
coupled channels π−Kþ; π0K0; ηK0 with the transition
potentials of Ref. [24,29].
TheG function in Eq. (7) is the diagonal matrix diagðGiÞ

with Gi calculated with cutoff regularization as

GðsÞ ¼
Z
jqj<qmax

d3q
ð2πÞ3

ω1 þ ω2

2ω1ω2

1

s − ðω1 þ ω2Þ2 þ iϵ
; ð8Þ

where ωj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

j

q
(j ¼ 1, 2) calculated for each

channel i. We use qmax ¼ 600 MeV as in [43].
Similarly, we obtain

tð4þ6Þ ¼ γh

�
1þ

X
i

W0
iGiðMinv;ππÞti;πþπ−ðMinv;ππÞ

�
ð9Þ

with i ¼ πþπ−; π0π0; KþK−; K0K̄0; ηη; π0η and

W0
πþπ− ¼ 1; W0

π0π0
¼ 2

1

2

1ffiffiffi
2

p ; W0
KþK− ¼ 1

W0
K0K̄0 ¼ 2; W0

ηη ¼
2

3

1ffiffiffi
2

p 2; W0
π0η

¼ −
ffiffiffi
2

3

r
ð10Þ

tð5Þ ¼ αh

�
1þ

X
i

W̃iGiðMinv;π−KþÞti;π−KþðMinv;π−KþÞ
�

ð11Þ

with i ¼ π−Kþ; π0K0 and

W̃π−Kþ ¼ 1; W̃π0K0 ¼ −
1ffiffiffi
2

p : ð12Þ

Note that in Eqs. (9) and (11) we have the term 1 in the
amplitude, which corresponds to the tree level Kþπþπ−
production. This term is absent in Eq. (6) since the primary
production does not contain Kþπþπ−.
It should be noted that we only consider the interaction

of pairs and disregard terms of three body interaction.
This is a common procedure in this kind of calculations
[24,30–34]. The rational behind it is that once a resonance
has been produced in the first interaction of a pair, the phase
space drastically reduces the chances that another reso-
nance is formed in the rescattering of another pair. For
instance, take the second diagram of Fig. 7 where the
f0ð500Þ is formed when producing the πþπ−. It is easy to

see that the Kþπ− invariant mass peaks around 1360 MeV,
which is very far away from the peak of the K�

0ð700Þ
resonance.

A. Vector resonance production

We look now to the mechanisms of Figs. 1 and 3 for K�0

and ρ0 production respectively. We show these processes in
Figs. 8 and 9 respectively, including the K�0 and ρ0 decays.
By means of the decay of the vectors we have Kþπþπ− in
the final state in both cases.
In order to obtain the K�0 → Kþπ− and ρ0 → πþπ−

vertices we use the standard Lagrangian [44–47].

L ¼ −igh½P; ∂μP�Vμi;

g ¼ MV

2f
ðMV ¼ 800 MeV; f ¼ 93 MeVÞ ð13Þ

with hi indicating the SU(3) trace, P from Eq. (1) and Vμ

given by

Vμ ¼

0
BBB@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ

ρ− − ρ0ffiffi
2

p þ ωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CCCA: ð14Þ

The vertices Dþ
s → Kþρ0 and Dþ

s → πþK�0 have the
same structure and we take

VDþ
s →Kþρ0 ≡ ϵνðPDþ

s
þ PKþÞν;

VDþ
s →πþK�0 ≡ ϵνðPDþ

s
þ PπþÞν ð15Þ

up to a normalization which is included in the coefficients
α, γ. Following the lines detailed in Ref. [29] we can write
the amplitude in terms of the invariant masses s12, s13, s23
for the particles in the order π−ð1Þ; πþð2Þ; Kþð3Þ as (see
Sec. 2.1 of Ref. [29] for the derivation)

FIG. 8. Mechanism for Dþ
s → πþK�0; K�0 → Kþπ−.

FIG. 9. Mechanism for Dþ
s → Kþρ0; ρ0 → πþπ−.
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tð1Þ ¼ αg
1

s13 −m2
K� þ imK�ΓK�

×

�
−s23 þ s12 þ

ðm2
Kþ −m2

π−Þðm2
Ds

−m2
πþÞ

m2
K�

�
; ð16Þ

where s13 ¼ ðPπ− þ PKþÞ2, s12 ¼ ðPπ− þ PπþÞ2, s23 ¼
ðPπþ þ PKþÞ2, and similarly

tð3Þ ¼ γg
ffiffiffi
2

p 1

s12 −m2
ρ þ imρΓρ

f−s13 þ s23g ð17Þ

and we use the relationship

s12 þ s23 þ s13 ¼ m2
Ds

þm2
Kþ þm2

πþ þm2
π− : ð18Þ

The masses and widths of the ρ and K� are taken from the
PDG [48].

B. Higher mass scalar resonances

Following the analysis of the experimental work [39], we
also allow the contribution of two scalar resonances, the
f0ð1370Þ and K�

0ð1430Þ. These resonances do not come
from pseudoscalar-pseudoscalar interaction but, instead,
they are obtained from vector-vector interaction in the
chiral unitary approach, together with many other states
with J ¼ 0, 1, 2 [49,50]. Even if the main building blocks
are a pair of vector mesons, they also couple to two
pseudoscalars. This is taken into account in [49,50] by
means of box diagrams (see Fig. 10 of [49] and Fig. 2 of
[50]), and it is seen that these diagrams have a negligible
influence in the mass of the states, but they contribute to the
decay of the generated states into two pseudoscalars. Yet,
these are the two resonances which are obtained with less
precision in [49,50], with 150–200 MeV difference in the
mass with respect to the experiment. Hence, here we do not
try to obtain them in the way we have dealt with the light
scalar resonances and introduce them empirically with
weights as free parameters.
The mechanisms for the production of these resonances

are depicted in Figs. 10 and 11, and their amplitudes can be
parameterized by means of

tð7Þ ¼ β
m2

Ds

s13 −m2
K�

0
ð1430Þ þ imK�

0
ð1430ÞΓK�

0
ð1430Þ

ð19Þ

for K�
0ð1430Þ production and

tð8Þ ¼ δ
m2

Ds

s12 −m2
f0ð1370Þ þ imf0ð1370ÞΓf0ð1370Þ

ð20Þ

for f0ð1370Þ production, where the factor m2
Ds

is intro-
duced to have β, δ dimensionless. We take the masses
and widths from the PDG [48], M ¼ 1425 MeV, Γ ¼
270 MeV for K�

0ð1430Þ meson, and M ¼ 1370 MeV, Γ ¼
350 MeV for f0ð1370Þ meson.
The sum of all contributions is given by

t ¼ tð1Þ þ tð3Þ þ tð2Þ þ tð4þ6Þ þ tð5Þ þ tð7Þ þ tð8Þ ð21Þ

and to get the mass distribution we use the PDG
formula [48]

d2Γ
dm2

12dm
2
23

¼ 1

ð2πÞ3
1

32M3
Ds

jtj2; ð22Þ

where m2
12 ¼ s12, m2

23 ¼ s23 for πþπ−, πþKþ respectively.
We integrate Eq. (22) over s23 with the limits of the PDG
[48] and obtain dΓ=dm2

12. By cyclical permutation of the
indices we easily obtain dΓ=dm2

13 and dΓ=dm2
23.

III. RESULTS

We conduct a best fit with MINUIT to the three invariant
mass distributions of Ref. [39] and we get the values for the
parameters

α ¼ 14.67� 1.28; h ¼ 6.86� 2.57;

γ ¼ 10.75� 2.31; β ¼ −33.23� 24.85;

δ ¼ −58.84� 31.27 ð23Þ

The errors in the parameters from the MINUIT output are not
small in some cases, but this is not surprising since when
having many parameters there are also correlations between
these parameters, and this is what the MINUIT errors reflect.
The important output are the values of the observables, in
this case the mass distributions.
The results for themass distributions are shown in Fig. 12.

The agreement with the data is relatively fair and theK�0, ρ0

peaks are prominent in the reaction. The χ2=d.o.f. that we
FIG. 10. Mechanism for Dþ

s → πþK�
0ð1430Þ, K�

0ð1430Þ →
Kþπ−.

FIG. 11. Mechanism for Dþ
s → Kþf0ð1370Þ, f0ð1370Þ →

πþπ−.
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obtain is 3.68, indicating the discrepancies in some regions.
The errors in the β and γ parameters are larger, indicating a
minor role of the K�

0ð1430Þ and f0ð1370Þ resonances. Yet,
we are not so much concerned about punctual discrepancies
with the data, where other mechanisms could contribute,
since our aim is to see the effect of the f0ð500Þ, f0ð980Þ, and
K�

0ð700Þ scalar resonances.
The K�

0ð1430Þ contribution is observed as a soft peak
in the Kþπ− mass spectrum of Fig. 12 around 1400 MeV
and the f0ð1370Þ, which has a very large width, shows up in
the πþπ− spectrum in the region around 1200–1400 MeV,

where otherwise there would be strength missing. On the
other hand, the f0ð500Þ, f0ð980Þ, K�

0ð700Þ have been
introduced dynamically here, through the interaction of
pseudoscalar pairs, and one can see their contribution in the
low energy part of the Minvðπþπ−Þ spectrum of Fig. 12
ðf0ð500ÞÞ, the sharp peak around 980 MeV ðf0ð980ÞÞ in
the same spectrum and the low energy part of the Kþπ−
mass spectrum ðK�

0ð700ÞÞ in the same figure, respectively.
Technically, from the amplitude tð2Þ, since the KK̄, ηη

come from the ss̄ hadronization that has I ¼ 0, we can

FIG. 12. Invariant mass distributions. FIG. 13. Invariant mass distributions obtained with the K�0
term alone.
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expect to obtain a contribution from the f0ð980Þ, which
couples strongly to KK̄ but weakly to ππ, and to a minor
extend a contribution from the f0ð500Þwhich couples to ηη
but not strongly. On the other hand, from tð4þ6Þ we get
contribution both from f0ð980Þ and f0ð500Þ since now we
have ππ intermediate states which couple strongly to
f0ð500Þ. Furthermore, from tð5Þ we get a contribution from
the scalar K�

0ð700Þ resonance which couples to Kπ.
We should note that all these three resonance contribu-

tions have been included by means of a unique parameter,

h, up to a global normalization, and the fair reproduction of
the spectra obtained in the relevant regions supports that
these contributions are indeed correlated and our mecha-
nism for production of these resonances produces a
fair reproduction of their relative weight in these mass
distributions.
In order to see the relevance of the scalar resonances in

these spectra, it is interesting to see what distributions we
obtain if we keep only the K�0 or the ρ0 terms. This is
shown in Figs. 13 and 14. We conduct two tests. In one case
we keep only the K� contribution. This means taking only
the tð1Þ amplitude in Eq. (21). We observe in Fig. 13 that
much of the strength in the Kþπ− mass distribution outside
the K�0 peak is not accounted for. On the other hand, it
produces a two peak structure in the Kþπþ distribution and
also in the πþπ− one. These peaks are well known as
reflections in some channels of resonances in another
channel and should not be confused with signals of a
new resonance. In Fig. 14 we repeat the exercise putting
only the contribution of the ρ. This is done by taking only
the tð3Þ amplitude in Eq. (21). Once again, we show that
much strength outside the ρ region is not accounted for and,
similarly to the case of the K� resonance alone, the ρ peak
generates reflections with two peaks, both in the Kþπþ and
Kþπ− mass distributions.

IV. CONCLUSIONS

We have performed a fit to the three mass distributions of
the Dþ

s → Kþπþπ− reaction in which we have introduced
empirically the contributions of the main decay channels,
Dþ

s → Kþρ0 and Dþ
s → K�0π0. In addition, we also intro-

duce empirically two other contributions from channels of
smaller relevance, the Dþ

s → πþK�
0ð1430Þ and Dþ

s →
Kþf0ð1370Þ. As to the f0ð500Þ, f0ð980Þ, and K�

0ð700Þ
resonances, they are not introduced as explicit amplitudes,
but they are generated from the interaction of pseudoscalar
mesons. For this purpose we look at the decay channels at
the quark level and perform a hadronization of qq̄ pairs to
two mesons in order to produce three pseudoscalar mesons
in the final state, and allow these mesons to interact by pairs
to produce the desired final state. In this way the three light
scalar mesons are introduced dynamically and their con-
tributions are correlated by means of just one free param-
eter. We obtain a fair reproduction of the πþπ−, Kþπ− mass
distributions in the regions where these resonances appear,
and the relative weight of the contribution of the light scalar
mesons also agrees with the measured spectra. While in
other reactions [29–34] some of these resonances are
produced in the same way, in each of them one sees one
or two of the resonances discussed here. In the present case
we see the three of them in the same reaction. Reproducing
their effect by means of just one parameter adds extra
support for the dynamically generated origin of these
resonances, stemming from the interaction of pseudoscalar

FIG. 14. Invariant mass distributions obtained with the ρ0 term
alone.
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mesons. Given the accumulated support from different
reactions for the dynamical origin of the light scalar
resonances, we can only encourage to use the present
approach in future experimental analyses, which can reduce
the number of parameters used, and help to get further
insight on the dynamics of the reactions.
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