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Based on our previous work, we study the harmonic coefficient of both inclusive and diffractive azimuthal
angle dependent lepton-jet correlations in the Hadron-Electron Ring Accelerator and the future electron-ion
collider. Numerical calculations for inclusive and diffractive harmonics, and the ratio of harmonics in
eþ Au and eþ p, indicate their strong discriminating power for nonsaturation models and saturation
models. Additionally, we demonstrate that the t-dependent diffractive harmonics can serve as novel
observables for the nuclear density profile.
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I. INTRODUCTION

In a recent paper [1], we have demonstrated how the
harmonics of lepton-jet correlation can serve as a new probe
for the saturation phenomenon in deeply inelastic scattering
(DIS). In this paper, we present a more detailed elaboration
on the harmonics of lepton-jet correlation and extend the
discussion to diffractive lepton-jet production.
Gluon saturation [2–7] is a phenomenon observed in the

proton/nucleus of high energy collisions. Large-x partons
radiate small-x gluons, leading to an increase in the density
of small-x gluons. These small-x gluons come into close
proximity, interact, and recombine. These two effects
compete until the small-x gluon density saturates. The
typical transverse momentum associated with saturated
gluons is referred to as the saturation scale Qs.
The color glass condensate (CGC) effective theory is the

theoretical framework used to describe saturated gluons. In
the CGC effective theory, large-x partons are treated as static
and localized color sources, while small-x partons are
modeled as classical and dynamical fields. The relationship
between the sources and fields is governed by the classical
Yang-Mills equation. When considering the interaction of
an energetic parton with the classical field, lightlike Wilson

lines emerge, which resum the multiple interactions
between the high energy parton and the classical field.
The two-point correlator of a quark wilson line and an
antiquark wilson line yields the dipole scattering matrix.
The Wilson lines and dipole scattering matrix are the
building blocks of small-x physics. More detailed descrip-
tions of the CGC framework can be found in the reviews
[8–13].
Two particle correlations, such as dijet [14–47], dihadron

[44,48–53], and jet plus color-neutral particle [17,54] have
been extensively employed to explore various aspects of
saturation in the future electron-ion collider (EIC) [55–59].
These correlations enable investigations into Weizsäcker-
Williams gluon distributions [16–28], including the linear
polarized one [19,20,22–26,31,32]. Measurement of the
unpolarized dipole gluon distribution [16,17] and its linear
polarized counterpart [31,32] are also possible. Further-
more, multigluon correlations within the nucleus target can
be probed [14,15,29,37], and the Wigner funtion can be
investigated within the small-x framework [41,43,48]. The
separation of Sudakov resummation and small-x resumma-
tion has been elucidated [18,25,27,28,60]. Besides EIC, the
two particle correlations have also been extensively dis-
cussed in the LHC and RHIC (see, e.g., [16–18,61–109]).
Typically, two-particle correlations exhibit a back-to-

back configuration in the transverse plane perpendicular
to the beam direction. This configuration, known as the
correlation limit, occurs when the imbalance momentum
jq⃗⊥j ¼ jk⃗1⊥ þ k⃗2⊥j is much softer than the relative momen-
tum jP⃗⊥j ¼ jðk⃗1⊥ − k⃗2⊥Þ=2j. In this limit, the soft imbal-
anced momentum can reach the saturation region
jq⃗⊥j ≲Qs. Thus, the two particle correlation in the corre-
lation limit serves as a robust probe for saturation.
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A recent addition to the repertoire of two-particle
correlation is the lepton-jet correlation in DIS [110,111].
Figure 1 illustrates the lepton-jet production in the trans-
verse plane, with the final jet radiating gluons and the final
lepton emitting photons. Lepton-jet correlation provides a
valuable avenue for studying the transverse momentum
dependent (TMD) quark distribution, as well as the TMD
quark Sivers function [110–117], and the Collins fragmen-
tation function [112–114]. Notably, in the small-x region,
the TMD quark distribution within the small-x framework
contains critical information about gluon saturation.
Consequently, lepton-jet correlation emerges as an oppor-
tunity to probe this intriguing phenomenon [1].
Following the theoretical papers on lepton-jet correla-

tion, an increasing number of experimental studies have
emerged. The first measurement of lepton-jet correlation at
the Hadron-Electron Ring Accelerator (HERA) [118] with
the H1 detector has been published [119]. Additionally,
event generation and detector-response simulations have
been conducted to investigate lepton-jet production at EIC
kinematics [112,114,120].
The azimuthal angle anisotropy or harmonics of the

lepton-jet correlation serves as observable in the search for
gluon saturation. Previous studies have indicated that the
azimuthal angle anisotropy is caused by soft gluon radi-
ation [121,122], as soft gluon radiation from the final jet
tends to align with the final jet. In the small-x formalism,
the initial TMD quark distribution can be seen as arising
from dipole-nucleus multiple scattering and small-x gluon
radiation in the schematic diagram of the dipole picture.
The transverse momentum of the initial quark, which is
determined by gluon saturation, does not exhibit a preferred
angle. Therefore, gluon saturation tends to suppress the
anisotropy.
We calculate the harmonics of the lepton-jet correlation

within both the saturation framework and the nonsaturation
framework. The saturation framework is based on small-x
factorization and resummation [16,17,123–125], while the
nonsaturation framework involves TMD factorization

[121,122,126,127] with collinear PDFs. As the saturation
scale is proportional to the nuclear size, Q2

s ∝ A1=3, with A
representing the nucleon number, the suppression of har-
monics is more pronounced in large nuclei compared to
protons. We observe this effect when comparing the
harmonics in protons and gold nuclei.
Motivated by recent papers [39,128], we further study

the harmonics of diffractive lepton-jet production in DIS. In
the small-x region, diffractive parton distributions [129] are
related to the color-dipole S matrix [39,128,130–135],
allowing us to probe gluon saturation through DPDFs.
For comprehensive overviews and recent progress in
diffraction within the dipole picture, refer to reviews
[8,136,137] and Refs. [33–45,128,138–165]. Similar to
the discussion on semi-inclusive diffractive deep inelastic
scattering (SIDDIS) at small-x [128], we expect that QCD
factorization also holds for diffractive lepton-jet produc-
tion. Although the diffractive lepton-jet process is defined
in the lepton-nucleon center-of-mass frame, the rapidity
gap is nearly the same as the rapidity gap in the photon-
nucleon center-of-mass frame YIP ∼ lnð1=xIPÞ. We calcu-
late the harmonics for the diffractive process and observe a
decrease in harmonics when transitioning from a proton
target to a gold target. The t-dependent harmonics are
found to be sensitive to different nuclear density profiles.
The rest of this paper is organized as follows. In Sec. II,

we discuss the inclusive lepton-jet correlation. In Sec. II A,
we derive the azimuthal angle dependent lepton-jet corre-
lation in the small-x framework. Then, in Sec. II B, we
obtain the harmonics and their analytical expression through
the saddle point approximation. The QED correction to the
harmonics is discussed in Sec. II C. Comprehensive numeri-
cal calculations of the inclusive lepton-jet harmonics are
presented in Sec. II D. In Sec. III, we explore the diffractive
lepton-jet correlation. In Sec. III A, we demonstrate that the
rapidity of the diffractive lepton-jet production is the same
as in the semi-inclusive diffractive DIS process. The
numerical calculations for the harmonics are presented in
Sec. II D.

II. LEPTON-JET CORRELATION

In deeply inelastic scattering, an energetic lepton scatters
off a proton or nucleus target,

lðkÞ þ AðpÞ → l0ðklÞ þ JetðkJÞ þ X: ð1Þ

In this process, we detect the scattered lepton and final jet,
measuring the azimuthal angle between them. The momen-
tum and rapidity of the outgoing lepton are denoted as kl
and yl, while the momentum and rapidity of the final jet are
kJ and yJ.
At leading order, the differential cross-section of lepton-

jet correlation in the correlation limit can be expressed as

FIG. 1. Lepton jet in the transverse plane, perpendicular to the
beam direction. The final jet radiates soft gluons, while the final
lepton emits soft photons.
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d5σð0Þ

dyld2P⊥d2q⊥
¼ σ0

Z
d2v⊥δð2Þðq⊥ − v⊥Þxfqðx; v⊥Þ; ð2Þ

where σ0 ¼ ðα2e=ŝQ2Þ½2ðŝ2 þ û2Þ=Q4� with ŝ, û as
Mandelstam variables of the partonic subprocess and Q2 ¼
−ðk − klÞ2 as the virtuality of the photon. The variable x
represents the longitudinal momentum fraction of the
incoming quark with respect to the target proton or nucleus.
At this order and considering the small initial quark trans-
verse momentum v⊥, the rapidities of the two final particles
are correlated due to the constraints 1 ¼ kl⊥ffiffiffiffiffi

seN
p ðeyl þ eyJÞ and

x ¼ kl⊥ffiffiffiffiffi
seN

p ðe−yl þ e−yJÞ, where ffiffiffiffiffiffiffi
seN

p
is the center-of-mass

energy of the incoming lepton and nucleon. Considering
the above constraints relating yl; yJ; kl⊥ðP⊥Þ; ffiffiffiffiffiffiffi

seN
p

, σ0
can be rewritten as σ0 ¼ 2α2ee2ylðP2⊥e2yl þ seNÞ=½P2⊥s2eN−
P3⊥s

3=2
eN eyl �. The fqðx; v⊥Þ is the unintegrated quark distri-

bution in the small-x framework, its expression in coordinate
space [123,166–169] after the Fourier transform reads

xfqðx;b⊥Þ ¼
NcS⊥
8π4

Z
dϵ2fd

2r⊥
ðb⃗⊥þ r⃗⊥Þ · r⃗⊥
jb⃗⊥þ r⃗⊥jjr⃗⊥j

× ϵ2fK1ðϵfjb⃗⊥þ r⃗⊥jÞK1ðϵfjr⃗⊥jÞ
× ½1þSxðb⊥Þ−Sxðb⊥þ r⊥Þ−Sxðr⊥Þ�: ð3Þ

In this expression, S⊥ represents the averaged transverse
area of the target hadron, while Sxðr⊥Þ denotes the dipole
scattering matrix with r⊥ as the transverse size of the dipole.
The ϵ2f ¼ zð1 − zÞQ2 involves the momentum fraction z for
quark/antiquark in the dipole. In the CGC effective theory,
the distribution of the initial quark transverse momentum v⃗⊥
is isotropic, resulting in the leading order lepton-jet corre-
lation Eq. (2) being independent of the azimuthal angle.

A. Azimuthal angle dependent lepton-jet correlation

1. One soft gluon radiation

Soft gluon radiations from the final jet introduce
azimuthal angle dependence. The azimuthal angle ϕ is
defined as the angle between the imbalanced momentum
q⃗⊥ and the relative momentum P⃗⊥. We start from one soft
gluon radiation.
At one-loop order, one additional soft gluon radiation

introduces the azimuthal angle dependence,

d5σð1Þ

dyld2P⊥d2q⊥
¼ σ0

Z
d2v⊥xfqðx;v⊥Þ

×
Z

d2kg⊥Sðkg⊥Þδð2Þðq⊥þkg⊥−v⊥Þ; ð4Þ

where Sðkg⊥Þ is the eikonal formula, representing the
probability of one gluon radiation from the initial quark
and the final jet,

Sðkg⊥Þ ¼ g2CF

Z
dyg

2ð2πÞ3
2kJ · kq

kJ · kgkq · kg
: ð5Þ

Here, kq and kJ refer to the momenta of the incoming quark
and final jet, respectively. In the calculation of the eikonal
formula, it is necessary to subtract the contribution from the
soft gluon inside the jet cone by imposing the constraint,

ΔkgkJ ¼ ðyg − yJÞ þ ðϕg − ϕJÞ2 > R2: ð6Þ

The variables yg, yJ and ϕg;ϕJ represent the rapidities and
azimuthal angles of the gluon and jet, respectively. The
relative angle between one soft gluon and the jet, denoted
as ϕg − ϕJ, is the azimuthal angle ϕ under the correlation
limit. Figure 2 demonstrates the subtraction of soft gluons
inside the jet cone. After the subtraction, the eikonal
formula Sðkg⊥Þ is given by

Sðkg⊥Þ ¼
g2CF

ð2πÞ3
1

k2g⊥

�
ln

Q4

k2g⊥k2J⊥
þ 2 cosϕ

sinϕ
ðπ − ϕÞ − 2yþ

−
2 cosϕ
sinϕ

�
tan−1

�
eyþ − cosϕ

sinϕ

�
− tan−1

�
ey− − cosϕ

sinϕ

���
; ð7Þ

where y� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − ϕ2

p
. By performing harmonic analy-

sis with respect to the azimuthal angle, the eikonal formula
can be expressed as Sðkg⊥Þ ¼ Sisoðkg⊥Þ þ Sanisoðkg⊥Þ. The
isotropic and anisotropic components are given by

Sisoðkg⊥Þ ¼
αsCF

2π2k2g⊥

�
ln

Q2

k2g⊥
þ ln

Q2

k2J⊥
þ c0ðRÞ

�
;

Sanisoðkg⊥Þ ¼
αsCF

2π2k2g⊥
2
X∞
n¼1

cnðRÞ cos nϕ: ð8Þ

(a)

(b)

FIG. 2. (a) Soft gluon radiation from the final jet before
subtraction. (b) Soft gluon radiation from the final jet after
subtracting contributions inside the jet cone.
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The harmonic coefficients of the final jet cone R can be
evaluated using the following formula:

cnðRÞ ¼
2

π

Z
R

0

dϕ

�
cosϕ
sinϕ

�
ðπ − ϕÞ − tan−1

�
eyþ − cosϕ

sinϕ

�
þ tan−1

�
ey− − cosϕ

sinϕ

��
− yþ

�
cos nϕ

þ 2

π

Z
π

R
dϕ

cosϕ
sinϕ

ðπ − ϕÞ cos nϕ: ð9Þ

The two integration regions come from the constraint
ϕ ≤ R for some terms of Eq. (7) containing y�. These
equations are general expressions for both large and small
R. For a small jet cone with R ≪ 1, the simplified
expressions of Sisoðkg⊥Þ and cnðRÞ can be found in the
paper by Hatta et al. [121].
In this one-loop oder calculation, we assume the validity

of small-x factorization for the back-to-back lepton-jet
production. A more rigorous demonstration of the small-
x factorization of the lepton-jet correlation would involve
subtracting the rapidity divergences and ensuring the
cancellation of infrared divergences, as demonstrated in
previous studies [25,26,29,170,171]. The subtracted rap-
idity divergence from real and virtual diagrams is then
renormalized into the small-x parton distribution [169–171],
following the procedures in Refs. [18,60]. The infrared
divergences cancel between real and virtual diagrams,
leaving finite term that include Sudakov type logarithms.
The delta function in Eq. (4) facilitates the Fourier

transform of the cross section to the b⊥ space,

d5σð1Þ

dyld2P⊥d2q⊥
¼ σ0

Z
d2b⊥
ð2πÞ2 e

iq⃗⊥·b⃗⊥xfqðx; b⊥Þ

× ½Sisoðb⊥Þ þ Sanisoðb⊥Þ�: ð10Þ

When fourier transforming to b⊥-space, the isotropic
part has the corresponding virtual diagram contribution
that cancels the infrared divergences. Afterwards, we still
encounter single and double logarithms in terms of Q2=μ2b,
as follows:

Sisoðb⊥Þ ¼ −
Z

Q

μb

dμ
μ

αsðμÞCF

π

�
ln
Q2

μ2
þ ln

Q2

P2⊥
þ c0ðRÞ

�
;

ð11Þ

where μb ¼ b0=b⊥ with b0 ≡ 2e−γE and γE as the Euler
constant.
The anisotropic part is convergent, as can be seen in b⊥

space via the Fourier transform. By utilizing the Jacobi-
Anger expansion formula,

eiz cosðϕÞ ¼ J0ðzÞ þ 2
X∞
n¼1

inJnðzÞ cosðnϕÞ; ð12Þ

and the integration formula for the Bessel function,Z
∞

0

dz
z
Jnðzjb⊥jÞ ¼

1

n
; ð13Þ

we obtain the expression for the anisotropic part in
b⊥ space,

Sanisoðb⊥Þ ¼
αsCF

π

X
n

incn
2 cos nϕb

n
; ð14Þ

where ϕb represents the angle between b⊥ and kJ⊥.

2. Multiple soft gluon resummation

When considering contributions from soft gluon emis-
sions to all orders, the isotropic part has been resummed
into the exponential factor,

d5σ
dyld2P⊥d2q⊥

≈ σ0

Z
d2b⊥
ð2πÞ2 e

iq⃗⊥·b⃗⊥xfqðx; b⊥Þ

× eSisoðb⊥Þ½1þ Sanisoðb⊥Þ�: ð15Þ

The isotropic part corresponds to the Sudakov
factor, denoted as Sisoðb⊥Þ ¼ −Sudðb⊥Þ. Techniques for
Sudakov resummation are developed in Refs. [18,60]
and [121,122,126,127]. Compared to the Sudakov factor
in the collinear factorization framework [121], there is a
difference of a single logarithmic term with the coefficient
−3=2. In the TMD framework, this term arises from the
collinear divergence. However, in the small-x framework
being considered here, this term is absent.
By using Eq. (12) and integrating over ϕb, we obtain the

azimuthal angle dependent lepton-jet correlation,

d5σðlP → l0JÞ
dyld2P⊥d2q⊥

¼ σ0

Z
b⊥db⊥
2π

xfqðx; b⊥Þe−Sudðb⊥Þ

×

�
J0ðq⊥b⊥Þ þ

X∞
n¼1

2 cosðnϕÞ

×
αsðμbÞCFcnðRÞ

nπ
Jnðq⊥b⊥Þ

�
: ð16Þ

In the calculation, it is important to note that the angle
between b⊥ and P⊥ is set to ðπ − ϕbÞ. Consequently, the
phase factor eiq⃗⊥·b⃗⊥ can be expressed as eiq⊥b⊥ cos½ϕ−ðπ−ϕbÞ�.

B. Harmonics and its analytical expression

To quantify the azimuthal anisotropy of the lepton-jet
correlation, we define the harmonics or Fourier coefficient
of the azimuthal angle dependent lepton-jet correlation as
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hcos nϕi ¼ σ0
R
b⊥db⊥Jnðq⊥b⊥ÞWðx; b⊥Þ αsðμbÞCFcnðRÞ

nπ

σ0
R
b⊥db⊥J0ðq⊥b⊥ÞWðx; b⊥Þ

:

ð17Þ

W function is defined as

Wðx; b⊥Þ ¼ xfqðx; b⊥Þe−Sudðb⊥Þ: ð18Þ

In the small q⊥ limit, we can expand the Bessel
function by

Jnðq⊥b⊥Þ ∼ ðq⊥b⊥=2Þn=Γðnþ 1Þ: ð19Þ

The nth harmonic is proportional to qn⊥, hcos nϕi ∼ Cnqn⊥.
We now elaborate on how to get an analytical expression
for the power-law coefficient Cn.
The Sudakov factor contains the large logarithm lnQ2

under the correlation limit Q ≥ P⊥ ≫ q⊥, which serves as
a large parameter for the saddle point approximation
[172–175]. We evaluate the two integrals in the numerator
and denominator using this formula,Z þ∞

−∞
dzFðzÞe−EðzÞ

≈
�

2π

E00ðzspÞ
�
1=2

FðzspÞe−EðzspÞ; ð20Þ

where z ¼ lnðΛQCDb⊥Þ. The saddle point can be deter-
mined by

dEðzÞ
dz

				
z¼zsp

¼ 0 with E00ðzÞ > 0: ð21Þ

The harmonics are

hcos nϕi ≈
�

q⊥b0
2ΛQCD

�
n αsðμspn ÞCFcnðRÞ

πnΓðnþ 1Þ
fqðx; bsp⊥nÞ
fqðx; bsp⊥0Þ

×

�
2β1 þ CF

ðnþ 2Þβ1 þ CF

�
1þCF

2β1
lne

c0ðRÞQ4

Λ2
QCD

P2⊥ ; ð22Þ

where β1 ¼ ð33 − 2nfÞ=12, μspn ¼ b0=b
sp
⊥n, b0 ≡ 2e−γE .

The saddle points bsp⊥n are

bsp⊥n ¼
b0

ΛQCD

�
ec0ðRÞQ4

Λ2
QCDP

2⊥

�
− CF
2ð2þnÞβ1þ2CF : ð23Þ

The saddle point approximation is a widely used technique
in high energy physics. In particular, the saddle point with
n ¼ 0 in this context is similar to the saddle point discussed
in Ref. [174]. The typical values of the saddle points for the
lepton-jet correlation are estimated to be around 1.5 GeV−1

for bsp⊥0 and roughly 2.5 GeV−1 for the cases, where n
equals 1, 2, or 3 for EIC kinematics.
From the analytical expression of the harmonics given in

Eq. (22), we know the information about the parton
saturation is encoded in the ratio of unintegrated quark
distribution fqðx; bsp⊥ Þ. It is observed that as Q ≥ P⊥ → ∞,
the saddle points bsp⊥n approach zero. Hence, we can employ
small-b⊥ approximation of fqðx; bsp⊥ Þ as follows:

fqðx; bsp⊥ Þ ∝ Q2
s ln

1

Qsb
sp
⊥
; ð24Þ

as explained in [168,169]. Thus, the harmonics have the
following asymptotic form:

hcos nϕi ∝ fqðx; bsp⊥nÞ
fqðx; bsp⊥0Þ

≈
lnðQsb

sp
⊥nÞ

lnðQsb
sp
⊥0Þ

: ð25Þ

The derivative of hcos nϕi with respect to Qs reads

∂hcos nϕi
∂Qs

¼ ln bsp⊥0=b
sp
⊥n

Qsln2ðQsb
sp
⊥0Þ

: ð26Þ

Since bsp⊥n > bsp⊥0 according to Eq. (23), the derivative is
negative. As the saturation momentum Qs increases, the
harmonics decrease. We can observe this feature in the
numerical calculations.

C. QED radiation contribution to the harmonics

Soft gluon radiations can occur in the QCD sector of
lepton-jet scattering, while soft photon radiations can occur
in the QED sector [121,176,177]. Moreover, soft photon
emissions from the final state lepton also contribute to the
azimuthal anisotropy [1,121], as depicted in Fig. 1.
Soft photons tend to align with the final lepton, which is

the away side of final jet direction. This alignment may
reduce the odd harmonics and increase the even harmonics,
since cos nϕ with even n exhibits a symmetric shape, while
cos nϕ with odd n shows an asymmetric shape between 0
and π in the azimuthal angle.
By calculating the similar eikonal formula,

Sγðkg⊥Þ ¼ e2
Z

dyγ
2ð2πÞ3

2kJ · kq
kJ · kγkq · kγ

; ð27Þ

we obtain the isotropic and anisotropic part of the eikonal
formula for one photon radiation,

Sγisoðb⊥Þ ¼ −
Z

Q

μb

dμ
μ

αe
π

�
ln
Q2

μ2
þ ln

Q2

P2⊥
−
3

2
þ cγ0

�
;

Sγanisoðb⊥Þ ¼
αe
π

X
n

incγn
2 cos nϕb

n
; ð28Þ

with
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cγn ¼ ð−1Þn
�
ln
P2⊥
m2

e
þ 2

π

Z
π

0

dϕðπ − ϕÞ cosϕ
sinϕ

ðcosnϕ− 1Þ
�
;

ð29Þ

where me denotes the electron mass, and αe represents the
QED coupling. When considering multiple soft photon
radiations, the isotropic part can be resummed into the QED
Sudakov factor Sudγðb⊥Þ ¼ −Sγisoðb⊥Þ. Although there are
large logarithms of P2⊥=m2

e present in the anisotropic part,
we only retain the leading order contribution from the
anisotropic part, as the small QED coupling constant αe ≈
1=137 compensates for the large logarithms. The harmon-
ics with QED correction reads

hcos nϕiQED

¼ σ0
R
b⊥db⊥Jnðq⊥b⊥ÞWQEDðx; b⊥Þ ½αsðμbÞCFcnðRÞþαec

γ
n�

nπ

σ0
R
b⊥db⊥J0ðq⊥b⊥ÞWQEDðx; b⊥Þ

;

ð30Þ

with

WQEDðx; b⊥Þ ¼ xfqðx; b⊥Þe−Sudðb⊥Þ−Sudγðb⊥Þ: ð31Þ

The QED Sudakov factor is negligible compared to the
QCD Sudakov factor, due to the smallness of the QED
coupling constant αe. However, the QED correction to the
coefficient αsCFcn þ αec

γ
n is sizable. The numerical calcu-

lations in the next section will illustrate these two features.

D. Numerical calculation of the harmonics

The first calculation involves computing the harmonics
for both nonsaturation and saturation models, considering
both proton and nucleus target.
The harmonics of the nonsaturation model can be

calculated using the same formula as Eq. (17), but with
a different W̃ function,

W̃ ¼
X
q

e2qxfqðx; μbÞe−fSudðb⊥Þ: ð32Þ

The fqðx; μbÞ represents the collinear quark distribution,
encompassing both valence and sea quarks. For the proton,
we utilize the NLO PDF sets of CT18A [178], while for the
gold nucleus, we adopt the EPPS21 [179] PDF sets.
Compared with the Sudakov factor of the saturation model
in Eq. (11), the Sudakov factor,

gSudðb⊥Þ ¼ Z
Q

μb

dμ
μ

αsðμÞCF

π

�
ln
Q2

μ2
þ ln

Q2

P2⊥
−
3

2
þ c0ðRÞ

�
;

ð33Þ

has an extra −3=2 term, corresponding to the collinear
divergence [121]. In the numerical calculation, we intro-
duce the nonperturbative Sudakov factor [180,181],

gSudðb⊥Þ → gSudðb�Þ þ gSudqNPðb⊥Þ; ð34Þ

with b�-prescription b�⊥ ¼ b⊥=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2⊥=b2max

p
, and bmax ¼

1.5 GeV−1. Here, we only include the nonperturbative
Sudakov factor associated with the initial quarkgSudqNPðb⊥Þ, ignoring that of the final jet gSudjetNPðb⊥Þ
[121]. This choice allows for a direct comparison with
the saturation model.
For the saturation model, we consider two parametriza-

tions for the dipole scattering matrix Sxðr⊥Þ in the unin-
tegrated quark distribution fqðx; v⊥Þ as given in Eq. (3).
The first one is the GBW model [182],

Sxðr⊥Þ ¼ e−
r2⊥Q2

s ðxÞ
4 ; ð35Þ

where the saturation momentum squared for proton is
Q2

s;pðxÞ ¼ ðx0=xÞ0.28 GeV2 with x0 ¼ 3 × 10−4. The satu-
ration momentum squared of the gold nucleus is approx-
imately Q2

s;A ≈ 5Q2
s;p. The other parametrization for the

dipole scattering matrix is the solution of the running-
coupling Balitsky-Kovchegov (rcBK) equation [183–193],
with the modified McLerran-Venugopalan (MV) [187,194]
model as the initial condition,

Sx0ðr⊥Þ ¼ e−
ðr2⊥Q2

s0
Þ

4

γ

lnð 1
Λr⊥þeÞ; ð36Þ

with γ ¼ 1.118, Λ ¼ 0.241 GeV, and Q2
s0;p ¼ 0.16 GeV2

at x0 ¼ 0.01. For eþ Au rcBK calculation, we solve the
rcBK equation with Q2

s;A ≈ 5Q2
s;p. More realistic initial

conditions for a dipole-nucleus amplitude [195] can be
chosen.
Since the nonperturbative region is usually dominated by

the small-x dipole distribution, we do not need to introduce
the nonperturbative Sudakov factor for the saturation
model. Thus, we simply write

Sudðb⊥Þ → Sudðb�Þ; ð37Þ

which limits the perturbative Sudakov factor in the small
b⊥ region.
The kinematics bins for the future EIC that we use to

calculate the q⊥ distribution of hcos nϕi are
ffiffiffiffiffiffiffi
seN

p ¼
89 GeV, yl ¼ 2.41, 0.008 ≤ x ≤ 0.01, 4 GeV ≤ P⊥ ≤
4.4 GeV, 5.6 GeV ≤ Q ≤ 5.9 GeV. The choice of the
kinematic region aligns with the simulation study [120]
of the EIC. The lower cut for x is determined by given
seN; P⊥, specifically xmin ≈ 4P2⊥=seN. The limited collision
energy seN makes it difficult to probe lower x value
(x ≤ 1 × 10−3) in the lepton-jet correlation.
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Figure 3 presents the q⊥ distribution of hcos nϕi for
different models, considering both proton and nucleus
targets with a jet cone size R ¼ 0.4. The results exhibit
a common trend: all lines sharply rise from zero in the
small-q⊥ region and gradually approach a plateau in the
large-q⊥ region. Notably, our results appear to be more flat
in the large-q⊥ region compared to the lines shown in Fig. 4
of [121]. The discrepancy arises because our calculation is
performed within the 4 GeV ≤ P⊥ ≤ 4.4 GeV bin, while
their calculation is specific to a single P⊥ value. Besides the
common trend, we also observe a hierarchy of harmonics
with the harmonic number n. Furthermore, the harmonics
of the saturation model show a significant decrease from
the proton to the gold nucleus target. First, Eq. (26)

shows ∂hcos nϕi=∂Qs < 0, indicating that the harmonics
decreases with an increase in Qs. Additionally, the satu-
ration scale squared Q2

s;A ∝ A1=3Q2
s;p is larger in the gold

nucleus than in the proton. Therefore, we can explain the
observed decrease in harmonics from proton to Au in
Fig. 3. The results in Fig. 3 include the QED correction,
different from similar plots in our previous paper [1].
In Fig. 4, the analytical expression of harmonics for

small-q⊥ given by Eq. (22) from Sec. II B is plotted and
compared it with harmonics obtained for the rcBK model
with a gold nucleus target. The harmonics are calculated for
the specific value of x ¼ 0.008. The comparison validates
the analytical expression of harmonics at small q⊥.
To further quantify the suppression of the anisotropy in

eþ Au collisions compared to eþ p collisions, we define
the nuclear modification factor as follows:

RðnÞ
eA ¼ hcos nϕieA

hcos nϕiep
: ð38Þ

In Fig. 5, we plot the nuclear modification factor for the
nonsaturation model and the saturation model. The non-
saturation model utilizes the EPPS21 gold nucleus PDFs
and the CT18A proton PDFs, with the error band at
90% confidence level. We neglect the uncertainties from
the baseline proton PDFs, as they are small. On the other
hand, the saturation model employs the rcBK solution,
where the gold saturation scale squared Q2

s;A varies from
3Q2

s;p (upper bound in each band) to 5Q2
s;p (lower bound).

The RðnÞ
eA predicted from EPPS21 PDFs (nonsaturation

model) and the rcBK solution (saturation model) show
distinct behaviors in the small-q⊥ region and converge to
unity in the large-q⊥ region. This difference justifies the

(a) (b)

FIG. 3. (a) First three harmonics of inclusive lepton-jet production in eþ p collisions using inputs from the rcBK solution, GBW
model, and CT18A PDFs. (b) First three harmonics of inclusive lepton-jet production predicted for eþ Au collisions using inputs: the
rcBK solution, GBW model, and EPPS21 PDFs. The calculation is for EIC kinematics:

ffiffiffiffiffiffiffi
seN

p ¼ 89 GeV, 0.008 < x < 0.01, yl ¼ 2.41
with a jet cone size R ¼ 0.4. The QED corrections are included.

FIG. 4. Comparison of the exact results of harmonics and their
small-q⊥ asymptotic behaviors. Solid lines stand for the exact
results, while dash-dotted lines depict the small-q⊥ asymptotic
expansions given by Eq. (22). The EIC kinematics for calculation
are

ffiffiffiffiffiffiffi
seN

p ¼ 89 GeV, x ¼ 0.008, yl ¼ 2.41 with a jet cone size
R ¼ 0.4. The QED corrections are not included.
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nuclear modification factor as a tool to distinguish between
the saturation and nonsaturation frameworks.
In Fig. 5, the hierarchy observed in the nuclear modi-

fication factor of the saturation models is explained by the
asymptotic expression of the harmonics, Eq. (25). By
substituting the Q2

s;A ≈ 5Q2
s;p in Eq. (25), we find

RðnÞ
eA ∝

lnð5Q2
s;pb

sp
⊥nÞ

lnðQ2
s;pb

sp
⊥nÞ

lnðQ2
s;pb

sp
⊥0Þ

lnð5Q2
s;pb

sp
⊥0Þ

: ð39Þ

Given that bsp⊥n increases with n, this expression explains
the observed decrease in the nuclear modification factor

RðnÞ
eA with an increase in n in the numerical results.
Figure 6 shows the harmonics and nuclear modification

factor with and without QED correction, using the rcBK
solution as the input. The QED corrections for the
harmonics are pronounced, leading to a reduction in odd
harmonics and an increase in even harmonics. This
correction is attributed to the sizable correction in the
coefficient αsCFcn þ αec

γ
n in Eq. (30). However, the QED

correction to the nuclear modification factor is found to be
negligible, as the coefficient αsCFcn þ αec

γ
n cancels

between hcos nϕieA and hcos nϕiep. In order to compare
with experimental data, all subsequent calculations incor-
porate QED correction.
Our calculation can be compared with a recent exper-

imental study [196] at HERA, where electron and proton
collide at energy of 27.6 GeV and 920 GeV, respectively.
The kinematics bin are 0.2 < y < 0.7, −1 < ηlab < 2.5,
kJ⊥ > 10 GeV, Q2 > 150 GeV2. Here, y ¼ P · q=P · k
represents the energy fraction taken by the photon from
the lepton in lab frame, and ηlab is the rapidity range that the
detector can cover. The jet cone size is R ¼ 1.0. In our
calculation, we compute the harmonics in this HERA

(a) (b) (c)

FIG. 5. Nuclear modification factors of the inclusive lepton-jet harmonics for the cases where n ¼ 1, 2, and 3. The upper bands

represent RðnÞ
eA based on the inputs of the EPPS21 gold nuclear PDFs with uncertainties. The lower bands yield RðnÞ

eA calculated with the
rcBK solution, where the gold saturation scale Q2

s;A varies from 3Q2
s;p (upper bound in each band) to 5Q2

s;p (lower bound). The EIC
kinematics for the calculation are

ffiffiffiffiffiffiffi
seN

p ¼ 89 GeV, 0.008 < x < 0.01, yl ¼ 2.41 with a jet cone size R ¼ 0.4.

(a)

(b)

FIG. 6. QED modification to the first three harmonics of the
inclusive lepton-jet correlation and nuclear modification factors
for eþ Au collisions with the input from the rcBK solution. Solid
and dashed lines represent the harmonics or nuclear modification
factor without and with QED modifications, respectively. The
calculation is performed in the following EIC kinematics:ffiffiffiffiffiffiffi
seN

p ¼ 89 GeV, 0.008 < x < 0.01,yl ¼ 2.41 with a jet cone
size R ¼ 0.4.
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kinematics and present the results in Fig. 7. In the
calculation, the kinematic restrictions constrain the rapidity
yJ (or yl), kJ⊥, initial quark momentum fraction x and their
combination, since Q2; y; ηlab are expressed in terms of
yJ; kJ⊥; x. We compute both saturation framework with the
GBW model, and nonsaturation framework with CT18A
proton PDFs. For the saturation framework, we apply the
extra cut x < 0.01, while for the nonsaturation framework,
we have two different cuts x < 0.01 and x < 1. In our
calculation, we also include the QED correction.
In Fig. 7, we observe that the harmonics cosϕ are

sizable, while hcos 2ϕi and hcos 3ϕi are almost zero. This
behavior can be attributed to the decrease in the Fourier
coefficient cnðRÞ with increasing R, as evident from Fig. 3
in Ref. [121]. The negative values of hcos 2ϕi and hcos 3ϕi
also originate from the Fourier coefficient cnðRÞ with
R ¼ 1.0. The observed trend of these harmonics is con-
sistent with the previous results obtained for the EIC
kinematics, as shown in Fig. 3.

III. DIFFRACTIVE LEPTON-JET CORRELATION

In high energy ep and eA collisions, the diffractive
lepton-jet process occurs when we observe a large rapidity
gap YIP between the hard interaction part and the remnant
proton/nucleus, while also measuring the scattered lepton
and one jet, as illustrated in Fig. 8.
The diffractive process can be understood as the proton/

nucleus exchanging colorless multiple gluons with the hard
interaction part. The momentum transfer in diffraction is
denoted as t ¼ ðp0 − pÞ2 ¼ Δ2 ≈ −Δ⃗2⊥, while the momen-
tum fraction carried by these colorless gluons from the
incoming nucleon is xIP ¼ n · ðp − p0Þ=n · p, where
n ¼ ð0; 1; 0⊥Þ. In Fig. 8, the hard interaction production
is denoted as X, and its mass is defined as M. From the
definition of the mass ðxIPpþ qÞ2 ¼ M2, we obtain

xIP ¼
M2 þQ2

W2 þQ2
; ð40Þ

whereW2 ¼ ðpþ qÞ2 represents the center-of-mass energy
squared of the photon-nucleon system.
The semi-inclusive diffractive DIS process [128] has

been shown to be factorized in terms of the TMD diffractive
parton distribution function (DPDF). We assume that
diffractive lepton-jet production can also be factorized in
terms of the quark TMD DPDF, where the longitudinal
momentum fraction carried by quark from colorless
multiple gluons is β ¼ x=xIP. In the small-x framework,
the quark TMD DPDF [129,197] is related to the
dipole S matrix and encodes information about gluon
saturation [128].
The expression of the quark TMD DPDF in k⊥ space is

taken from Ref. [128],

FIG. 7. First three harmonics in eþ p collisions with inputs from the GBW model and CT18A PDFs in the HERA kinematics, with
additional cut on the initial quark momentum fraction x. The HERA kinematics are 0.2 < y < 0.7, −1 < ηlab < 2.5, kJ⊥ > 10 GeV,
Q2 > 150 GeV2 with jet cone R ¼ 1.0.

FIG. 8. Diffractive lepton-jet production process in DIS. The
final state lepton, along with one final jet, can be measured. The
incoming nucleon exchanges multiple gluons in a color singlet
state with the virtual photon, having the exchanged longitudinal
momentum fraction xIP. A large rapidity gap exists between the
nucleon remnant p0 and the hard interaction production X.
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dfDq ðβ;k⊥; t;xIPÞ
dYIPdt

¼Ncβ

2π

Z
d2k1⊥d2k2⊥F xIPðk1⊥;Δ⊥Þ

×F xIPðk2⊥;Δ⊥ÞT qðk⊥;k1⊥;k2⊥Þ; ð41Þ

with T q defined as sum of four terms T q≡
Tqðk⊥;k1⊥;k2⊥Þ−Tqðk⊥;0;k2⊥Þ−Tqðk⊥;k1⊥;0ÞþTqðk⊥;
0;0Þ, where

Tqðk⊥; k1⊥;k2⊥Þ

¼ ðk⊥ − k1⊥Þ · ðk⊥− k2⊥Þk2⊥
½βk2⊥þð1− βÞðk⊥ − k1⊥Þ2�½βk2⊥þð1− βÞðk⊥− k2⊥Þ2�

;

ð42Þ

and F xIPðk1⊥;Δ⊥Þ represents the Fourier transform of the
dipole S matrix in the fundamental representation,

F xIPðk1⊥;Δ⊥Þ ¼
Z

d2b⊥d2r⊥
ð2πÞ4 eik⃗1⊥·r⃗⊥þiΔ⃗⊥·b⃗⊥Sxðr⊥; b⊥Þ;

ð43Þ

where r⊥ is the dipole separation, and b⊥ is the impact
parameter.
The azimuthal angle dependent cross-section and har-

monics of diffractive process have similar definitions as
Eq. (16) and Eq. (17). By replacing the small-x uninte-
grated quark distribution fqðx; b⊥Þ with small-x quark
TMD DPDF, we get the angle dependent diffractive
lepton-jet cross section,

d5σðlP → l0JÞ
dyld2P⊥d2q⊥dYIPdt

¼ σ0

Z
b⊥db⊥
2π

Wdiff

×

�
J0ðq⊥b⊥Þ þ

X∞
n¼1

2 cosðnϕÞ

×
αsðμbÞCFcnðRÞ

nπ
Jnðq⊥b⊥Þ

�
;

ð44Þ

and diffractive harmonics,

hcos nϕidiff ¼
σ0

R
b⊥db⊥Jnðq⊥b⊥ÞWdiff

αsðμbÞCFcnðRÞ
nπ

σ0
R
b⊥db⊥J0ðq⊥b⊥ÞWdiff

;

ð45Þ

where Wdiff function is defined as

Wdiffðx; β; b⊥; xIPÞ

¼ e−Sudðb⊥Þ
Z

d2k⊥eik⃗⊥·b⃗⊥x
dfDq ðβ; k⊥; t; xIPÞ

dYIPdt
: ð46Þ

When deriving the diffractive harmonics Eq. (45), we
expect that typical events of soft gluon emissions do not
contaminate the rapidity gap imposed by the LO diffractive
process, e.g., γ� þ A → JetðqfÞ þ Zðq̄fÞ þ A0. This is
because the soft gluon radiations and the resulting har-
monics favor the near-jet cone radiations from the hard
subprocess γ� þ qi → JetðqfÞ without constrains from the
rapidity gap. Here, qi denotes the initial quark parton struck
by the virtual photon γ�. As long as the jet cone R is small
enough, these soft radiations are expected to be separated
from the other subprocess: A → qi þ Zðq̄fÞ þ A0, which
determines the rapidity gap and is described by the
diffractive TMD quark PDF.

A. The rapidity gap in diffractive lepton-jet production

The rapidity gap for semi-inclusive diffractive DIS
(SIDDIS) follows the traditional rapidity gap for diffractive
process YIP ∼ ln 1=xIP [198]. SIDDIS is defined in the Breit
frame, which is the photon-nucleon center-of-mass frame
(frame C), while the diffractive lepton-jet process is
measured in the lepton-nucleon center-of-mass frame
(frame A). The rapidity gap of the diffractive lepton jet
is different from that of SIDDIS due to the Lorentz
transformation between the two frames, which involves a
Lorentz rotation.
The frame transformation from the lepton-nucleon

center-of-mass frame (frame A) to the photon-nucleon
center-of-mass frame (frame C) can be understood in three
steps: (1) The Lorentz boost from frame A to the nucleon
rest frame with the lepton moving in the −z direction
(frame B); (2) The rotation from frame B to the nucleon rest
frame with the photon moving in the −z0 direction (frame
B0); (3) The Lorentz boost from frame B0 to frame C.
The demonstration of the Lorentz rotation [199] can be

seen in Fig. 9, with the rotation angle denoted as θ. The
rotation angle can be determined from the four-momentum
of the virtual photon in these two frame,

FIG. 9. The rotation from the nucleon rest frame with the lepton
moving in the −z direction (frame B) to the nucleon rest frame
with the photon in the −z0 direction (frame B0), is depicted in the
lepton plane defined by the incoming lepton with momentum k
and the outgoing lepton with momentum kl.
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tan θ ¼ −
q1B
q3B

; ð47Þ

where qB ¼ ðq0B; q1B; 0; q3BÞ is the photon four-momentum
in frame B. By choosing the kinematics

ffiffiffiffiffiffiffi
seN

p ¼ 89 GeV,
yl ¼ yJ ¼ 2.41, x ¼ 0.008, P⊥ ¼ 4 GeV, Q ¼ 5.6 GeV,
and β ¼ 0.94, we find that θ ¼ 0.00187 for the Lorentz
rotation. The Lorentz rotation matrix is nearly an identity
matrix, indicating that the rapidity is barely changed by the
Lorentz rotation. Since the rapidity gap is invariant under
Lorentz boost, the rapidity gap in the photon-nucleon
center-of-mass frame (frame A) is almost the same value
as the rapidity gap in the lepton-nucleon center-of-mass
frame (frame C). Therefore, we can use YIP ∼ ln 1=xIP
to represent the rapidity gap for diffractive lepton-jet
production.

B. Numerical calculation of diffractive harmonics

In the numerical calculation, we first neglect the impact
parameter b⊥ dependence of the dipole S matrix and utilize
two models for Sxðr⊥Þ: the GBW model Eq. (35) and the
solution of the rcBK equation with the modified MVmodel
as the initial condition, shown in Eq. (36).
We calculate the q⊥ distribution of the harmonics

hcos nϕidiff . The kinematics bin for diffractive lepton-jet
production at the future EIC is defined as follows:

ffiffiffiffiffiffiffi
seN

p ¼
89 GeV, yl ¼ 2.41, 0.008 ≤ x ≤ 0.0094, β ¼ 0.94,
xIP ¼ x=β, 4 GeV ≤ P⊥ ≤ 4.32 GeV, 5.6 GeV ≤ Q ≤
5.89 GeV. The value of β can vary, but it should be
chosen such that xIP falls within the range of [0.008, 0.01].
In Fig. 10, we plot the harmonics of diffractive lepton-

jet production for saturation models, considering both
proton and gold nucleus target, with a jet cone size
R ¼ 0.4. The decrease in harmonics from proton to gold
nucleus target is also observed in Fig. 10. Notably, the
harmonics of the diffractive process are nearly twice

the value of the harmonics of the inclusive lepton-jet
process. This behavior can be explained by the asymptotic
form of the harmonics, as given in Eq. (25). For the same
choice of Q;P⊥ for inclusive and diffractive lepton-jet
processes, the saddle point bsp⊥n values are the same. For
example, if x ¼ 0.008, P⊥ ¼ 4 GeV, Q ¼ 5.6 GeV, the
saddle points are bsp⊥0 ¼ 1.68 GeV−1, bsp⊥1 ¼ 2.22 GeV−1,
bsp⊥2 ¼ 2.59 GeV−1, and bsp⊥3 ¼ 2.87 GeV−1. We plot the
quark TMD DPDF and PDF for b⊥ ∈ ½0; 3� GeV−1 in
Fig. 11. It is evident that in the small b⊥ region, the flat
DPDF gives

dfDq ðβ; bsp⊥n; xIPÞ
dYIPdt

=
dfDq ðβ; bsp⊥0; xIPÞ

dYIPdt
≈ 1; ð48Þ

while the steeply declining PDF results in

(a) (b)

FIG. 10. First three harmonics of diffractive lepton-jet production in (a) eþ p collisions and (b) eþ Au collisions with the inputs from
the rcBK solution and the GBW model. The EIC kinematics for the calculation are

ffiffiffiffiffiffiffi
seN

p ¼ 89 GeV, β ¼ 0.94, 0.008 < x < 0.0094,
yl ¼ 2.41 with a jet cone size R ¼ 0.4.

FIG. 11. The comparison between the quark diffractive TMD

distribution x dfDq ðβ;b⊥;xIPÞ
dY IPdt

and the quark TMD distribution

xfðx; b⊥Þ in coordinate space for b⊥ ∈ ½0; 3� GeV−1.
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fðx; bsp⊥nÞ
fðx; bsp⊥0Þ

≪ 1: ð49Þ

This difference causes hcos nϕidiff a couple times of
hcos nϕi. If we substitute bsp⊥0 ¼ 1.68 GeV−1, bsp⊥1 ¼
2.22 GeV−1 into the ratio of DPDF and PDF, we obtain

dfDq ðβ; bsp⊥1; xIPÞ
dYIPdt

=
dfDq ðβ; bsp⊥0; xIPÞ

dYIPdt
¼ 0.84

fðx; bsp⊥nÞ
fðx; bsp⊥0Þ

¼ 0.48: ð50Þ

This explains hcos nϕidiff ≈ 2hcos nϕi.
We also plot the nuclear modification factor for diffrac-

tive harmonics in Fig. 12, using both the GBW model and
rcBK solution as inputs. Surprisingly, the nuclear modifi-
cation factor of diffractive lepton-jet harmonics is nearly
identical to that of inclusive lepton-jet harmonics in Fig. 5.
The larger harmonics and nearly identical nuclear modi-
fication factor, compared to inclusive lepton-jet production,
make them even better observables for studying saturation
phenomenon.
To study the t dependence of the harmonics and explore

the sensitivity to nuclear density profiles, we restore the
impact factor b⊥ dependence of the quark diffractive PDF.
For this analysis, we choose two distinct density profiles for
the proton and nucleus: one being a uniform cylinder, the
other a uniform sphere.
By considering the proton(nucleus) as a uniform cylinder

with radius rpðrAÞ, we employ the GBW model for the
dipole S matrix. The Fourier transform of the dipole S
matrix reads

F xIPðk1⊥;Δ⊥Þ¼
Z

d2b⊥d2r⊥
ð2πÞ4 eik⃗1⊥·r⃗⊥þiΔ⃗⊥·b⃗⊥e−

r2⊥Q2
s;pðxÞ
4

¼rpJ1ðrpΔ⊥Þ
2πΔ⊥

Z
d2r⊥
ð2πÞ2e

ik⃗1⊥·r⃗⊥e−
r2⊥Q2

s;pðxÞ
4 : ð51Þ

In this case, the tðΔ⊥Þ dependence factorizes, leading to its
cancellation between the numerator and denominator of the
diffractive harmonics in Eq. (45). Consequently, the har-
monics of the “cylinderlike” proton do not exhibit t
dependence.
For a uniform sphere proton(nucleus), we employ the

modified GBW model,

Sxðr⊥; b⊥Þ ¼ e−
r2⊥Q2

s;pðx;b⊥Þ
4 ; ð52Þ

where

Q2
s;pðx; b⊥Þ ¼ cs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2⊥
r2p

s
: ð53Þ

The radius of the proton is rp ¼ 4.2 GeV−1 (for the gold
nucleus rA ¼ 32.5 GeV−1). To compare with the above
cylinder profile, we require that the impact parameter
dependent saturation scale squared Q2

s;pðx; b⊥Þ satisfies
the normalization condition,Z

d2b⊥Q2
s;pðx; b⊥Þ ¼ πr2pQ2

s;pðxÞ: ð54Þ

The right-hand side saturation scale squared of the tradi-
tional GBW model is given by Q2

s;pðxÞ ¼ ðx0=xÞ0.28 GeV2

with x0 ¼ 3 × 10−4. For the gold nucleus, we choose
Q2

s;AðxÞ ¼ 5Q2
s;pðxÞ. As the conjugate variable of b⊥ in

the Fourier transform, the tðΔ⊥Þ dependence of diffractive
harmonics opens a new dimension to distinguish different
nuclear density profiles.
We plot the diffractive harmonics for the cylinder and

sphere proton(nucleus) in both HERA and EIC kinemat-
ics. Figure 13 displays the results for eþ p collisions in
the HERA kinematics. For the EIC kinematics, we present
predictions for both eþ p and eþ Au collisions in
Figs. 14 and 15, respectively. For the proton, we compute
with −t ¼ 0.5 GeV2 and −t ¼ 1.5 GeV2. Regarding the
gold nucleus, we select −t ¼ 0.5 GeV2, −t ¼ 1.5 GeV2

and −t ¼ 5 GeV2. The sizable difference between the
cylinder and sphere proton(nucleus) suggests diffractive
harmonics as new probes for the density profile of the
target. Various density profiles can be tested in diffractive
harmonics in future study, such as Gaussian [43] or a more
flexible parametrization [156]. The notable sharp peaks of
diffractive harmonics for the sphere shape gold nucleus at
−t ¼ 0.5 GeV2 in Fig. 15 originate from the diffractive

FIG. 12. Nuclear modification factor of the first three harmon-
ics for diffractive lepton-jet production, with the rcBK solution
and GBW model as inputs. The EIC kinematics for calculation isffiffiffiffiffiffiffi
seN

p ¼ 89 GeV, β ¼ 0.94, 0.008 < x < 0.0094, yl ¼ 2.41 with
a jet cone size R ¼ 0.4.
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(a) (b)

FIG. 14. The comparison of diffractive harmonics of lepton-jet production in eþ p collisions in the EIC kinematics, for cylinder and
sphere proton shape. The variable t takes two values (a) −t ¼ 0.5 GeV2 and (b) −t ¼ 1.5 GeV2. The t dependent model assume a sphere
shape of the proton. The EIC kinematics are

ffiffiffi
s

p
eN ¼ 89 GeV, x ¼ 0.008, yl ¼ 2.41 with β ¼ 0.94, xIP < 0.01, R ¼ 0.4.

(a) (b) (c)

FIG. 15. The comparison of diffractive harmonics of lepton-jet production in eþ Au collisions in the EIC kinematics, for cylinder and
sphere gold nucleus shapes. The variable t takes three values (a) −t ¼ 0.5 GeV2, (b) −t ¼ 1.5 GeV2, and (c) −t ¼ 5 GeV2. The t
dependent model assumes a sphere shape of the gold nucleus. The EIC kinematics are

ffiffiffi
s

p
eN ¼ 89 GeV, x ¼ 0.008, yl ¼ 2.41 with

β ¼ 0.94, xIP < 0.01, R ¼ 0.4.

(a) (b)

FIG. 13. The comparison of diffractive harmonics in lepton-jet production for eþ p collisions in HERA kinematics, considering both
cylinder and sphere proton shape. The t has two value (a) −t ¼ 0.5 GeV2 and (b) −t ¼ 1.5 GeV2. The HERA kinematics includeffiffiffi
s

p
eN ¼ 319 GeV, 0.2 < y < 0.7, −1 < ηlab < 2.5, kJ⊥ > 10 GeV, Q2 > 150 GeV2 with β ¼ 0.94, xIP < 0.01, R ¼ 1.0.
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nature of this process. We will explain this behavior in the
following discussion.
The t distribution of diffractive scattering cross sections

in nuclear and hadronic physics always exhibits a pulse
shape [11,198,200], resembling the diffraction pattern in
optics. We present the t distribution of diffractive harmon-
ics for eþ p collisions with a spherical proton in Fig. 16,
with q⊥ ¼ 0.5 GeV and q⊥ ¼ 1.5 GeV. Since the sphere-
shaped proton is circular in the transverse plane, the Fourier
transform of a circle is the Bessel function of the first
kind J1ðrpΔ⊥Þ. The positions of the minima can be
determined by zeros of the Bessel function J1ðrpΔ⊥Þ at

rpΔ⊥ ¼ 3.8; 7.0; 10.2;… The first minina of Fig. 16 can be
calculated as −t ¼ ½3.8=rp�2 ≈ 0.9 GeV2. Furthermore, we
calculate the t distribution of diffractive harmonics for
eþ Au collisions with a spherical gold nucleus in Fig. 17,
considering q⊥ ¼ 0.5 GeV and q⊥ ¼ 1.5 GeV. The posi-
tions of minima are the same as those of the t distribution
for J=ψ photoproduction [200], with the first minima
as −t ¼ ½3.8=rA�2 ≈ 0.014 GeV2. In Fig. 15, the sharp
peaks of the q⊥ distribution of eþ Au diffractive harmon-
ics with −t ¼ 0.5 GeV2 arise from the divergent behavior
at −t ¼ 0.5 GeV2, coinciding with one of the minima. In
contrast, if the density profile were cylinderlike, the
harmonics in Figs. 16 and 17 would be constant as
t varies.
The above calculation provides quantitative predictions

to the future experimental studies on diffractive lepton-jet
production at HERA and EIC.

IV. CONCLUSION

In this paper, we propose novel observables for studying
gluon saturation: harmonics and its nuclear modification
factors of inclusive and diffractive lepton-jet correlation.
Using the small-x framework, we derive the dominant

contribution of the azimuthal-angle dependent lepton-jet
correlation in the back-to-back limit by soft-gluon resum-
mation. We obtain analytical expressions for the harmon-
ics, which predicts the suppression of the harmonics with
increasing of saturation scale Qs. This behavior is con-
firmed by numerical calculation. Furthermore, we find
that the QED radiation corrections to the harmonics is
sizable, while negligible for the nuclear modification
factor. These can be seen from expressions and numerical
calculations. The striking difference in the nuclear modi-
fication factor between nonsaturation and saturation
frameworks makes it a robust observable for distinguish-
ing these two frameworks.
In addition, the parallel study on the diffractive lepton-jet

production is carried out. Numerical calculations demon-
strate that the diffractive harmonics are twice the value of
the inclusive harmonics, while the nuclear modification
factors are almost the same. These findings suggest that
diffractive harmonics and their nuclear modification factors
serve as sensitive observables for probing the gluon
saturation phenomenon. In particular, t-dependent diffrac-
tive harmonics can distinguish different nuclear density
profiles. Meanwhile, the q⊥ dependence in this observable
introduces an added kinematic dimension in addition to the
t-dependence. Future measurements of the lepton-jet har-
monics will complement previous studies in processes such
as exclusive vector meson production [162–165] and
deeply virtual Compton scattering [201–204] in terms of
probing the proton and nucleus profiles.
For future studies, it would be intriguing to explore the

lepton-jet corrections beyond the back-to-back limit in both

FIG. 16. The t distribution of harmonics for diffractive lepton-
jet production in eþ p collisions in the EIC kinematics, with the
spherical density profile. Two different imbalanced momentum
q⊥ ¼ 0.5 GeV and q⊥ ¼ 1.5 GeV have been chosen. The EIC
kinematics are

ffiffiffi
s

p
eN ¼ 89 GeV, x ¼ 0.008, yl ¼ 2.41 with

β ¼ 0.94, xIP < 0.01, R ¼ 0.4.

FIG. 17. The t distribution of harmonics for diffractive lepton-
jet production in eþ Au collisions in the EIC kinematics, with
the spherical density profile. Two different imbalanced momen-
tum q⊥ ¼ 0.5 GeV and q⊥ ¼ 1.5 GeV have been chosen. The
EIC kinematics are

ffiffiffi
s

p
eN ¼ 89 GeV, x ¼ 0.008, yl ¼ 2.41 with

β ¼ 0.94, xIP < 0.01, R ¼ 0.4.
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inclusive and diffractive DIS at small x through the
complete next-to-leading order calculation.
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