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Based on the method of solving the complete Salpeter equation, we study the semileptonic decays of a
0~ heavy meson to 1P, 2P, or 3P heavy-tensor mesons, B, — (¢q)(nP)¢"v, (¢ = u.d,s,c;n = 1,2,3).
The obtained branching ratio of B(B — D3 (2460)¢"v,) agrees with the experimental data. We predict
B(BY - D* (1P)¢*v,) = 3.76 x 1073 and B(B} — y.(1P)¢*v,) = 1.82 x 1073, The branching ratios
of decays to 2P and 3P final states are found to be very small. The ratios R(D3°) = 0.045, R(D%) =
0.048 and R(y.,) = 0.059 are also obtained. This study focuses on the contribution of relativistic
corrections. The wave function of the pseudoscalar includes nonrelativistic S-wave and relativistic P-wave.
While for a tensor, it contains nonrelativistic P-wave and relativistic P-, D-, and F-waves in its wave
function. We find the individual contributions of relativistic partial waves are significant in the decay
B — D} (2460)7* v, but the overall contribution of the relativistic effect is 24.4%, which is small due to
cancellation. Similarly, for the decay BY — D% (1P)¢*v,, the contribution of the relativistic effect is
28.8%. While for B — y.(1P)¢" vy, the individual contributions of relativistic partial waves and the

overall relativistic correction are both small, the later of which is 22.1%.

DOI: 10.1103/PhysRevD.109.053004

I. INTRODUCTION

In the past few years, the semileptonic decays of bottom
mesons induced by » — ¢ have attracted a lot of research
interest both in theory [1-5] and in experiment [6—11], since
such decays are important for the studies of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix element V., [12,13],
CP violation [14,15], probing new physics [16,17], etc. So
far, many processes have been extensively studied, such as
the semileptonic decays of B to D or D*. However our
knowledge on the final state being an orbitally excited state is
still insufficient. For example, there is the long-lived “1/2 vs
3/2” puzzle [18-22] in B semileptonic decays to orbitally
excited states.

Among the orbitally excited states, the 2" tensor meson
is a very complex one. There are significant differences
between theoretical results on B — D3 (2460)¢ v, a few
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results are in good agreement with experimental data,
see Table IV in this article for details. The relativistic
correction of an excited state is greater than that of the
ground state [23], so one possible reason for the incon-
sistency between theory and experiment is that the relativistic
correction was not well-considered. Therefore, in this article,
we will give a semirelativistic study of the semileptonic
decays, B, = (¢q)(nP)("v, (q=u.d, s, c;n=1,2,3),
where Bq is a pseudoscalar meson, and the final meson
(¢q) 1s a tensor meson. The processes with highly excited 2P
and 3P final states are also included, as we know almost
nothing about them.

In this paper, we will solve the instantaneous Bethe-
Salpeter (BS) equation [24], which is also called Salpeter
equation [25], to obtain the Salpeter wave functions for
pseudoscalar and tensor mesons. Compared with the non-
relativistic Schrodinger equation, the BS equation is a
relativistic dynamic equation for bound states. As it is very
complicated, we have to make approximation before
solving it. The Salpeter equation is its instantaneous
version, and the instantaneous approximation is suitable
for heavy mesons. Due to instantaneous approximation,
this method is no longer strictly relativistic, but a semi-
relativistic approach. We have solved the complete Salpeter
equation without further approximations [26,27]. Since the
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Salpeter equation itself does not provide the form of wave
functions, we give the general expression of the Salpeter
wave function for a meson according to its J© quantum
number, where the unknown radial wave functions are the
solution of Salpeter equation. The Salpeter equations
satisfied by mesons with different J” need to be solved
separately, see Ref. [28] for example.

It is known that some particles are not pure wave states,
such as w(3770) which is the S — D mixing state [29]. In
our method, a meson wave function contains different
partial waves, each of which has the same JP. Tt is found
that [30], in our semirelativistic method, or any complete-
relativistic method, similar conclusions applies to all
particles, that is, all particles are not composed of pure
waves, but contain other partial waves in addition to the
main one. The main wave provides the nonrelativistic
contribution, while others give relativistic corrections.
Taking B. meson as an example, the S-wave is its main
wave which is nonrelativistic, while P-wave is the relativ-
istic correction term [30].

Although we can calculate the ratios of different partial
waves, which reflect the relativistic effect [30], they do not
represent the size of the relativistic effect in the transition it
participates in. In a transition process, it is necessary to
calculate the overlapping integral of the initial and final-state
wave functions. In this case, the relativistic correction
becomes complex and requires careful study. The main
contribution may not necessarily come from the nonrela-
tivistic partial wave, but may come from the relativistic ones.
This phenomenon motivates us to study the role of various
partial waves in different decays. Previously, we have
studied the contribution of various partial waves in strong
[31] and electromagnetic transitions [32,33]. In this article,
we will study their performance in the weak transition.

In Sec. II, we introduce the Bethe-Salpeter equation and
its instantaneous version, that is, the Salpeter equation. In
Sec. III, the wave functions including different partial
waves of initial 0~ and final 2* mesons are given. We
also show the details to solve the Salpeter equation of 2"
state. In Sec. IV, taking the semileptonic decay B™ —
D5 (2460)°¢ v, as an example, we show with our method
how to calculate the transition matrix element. In Sec. V, we
present the ratios of different partial waves in the wave
functions of 0~ and 2% mesons, and the results of semi-
leptonic bottom meson decays. The contributions of differ-
ent partial wave and discussions are also given.

II. INTRODUCTION OF BETHE-SALPETER
EQUATION AND SALPETER EQUATION

The BS equation is Lorentz covariant within the frame-
work of quantum field theory, which describes the rela-
tivistic two-body bound state. The BS equation for a bound
state composed of quark 1 and antiquark 2 is generally
expressed as

(Br —m1)xp(q) (P2 + my)

— i/%V(ka’Q))(P(k% (1)

where p; represents the quark’s momentum, p, is the
antiquark’s momentum; m; and m, are the masses of the
quark and antiquark, respectively, yp(g) denotes the BS
wave function of the meson, V(P,k,q) represents the
integral kernel of the BS equation, P is the meson’s total
momentum, and ¢ is the relative momentum between the
quark and antiquark. We have the following relation:

ny
p1=uP+gq, o =—,
m1+m2

ny
Py =aP —gq, Q=—"—.
m1+m2

The BS equation is a four-dimensional integral equation,
which is very difficult to solve. So various approximations
have been developed to solve it. Among them, the
instantaneous approximation is the most frequently used
one, which was first proposed by Salpeter and is suitable
for heavy mesons. In the center-of-mass system, with the
condition of instantaneous approximation, the interaction
kernel is simplified as

V(P k.q) ~V(k,) = V(G- k), (2)

then the four-dimensional BS equation can be reduced to
the three-dimensional Salpeter equation. For simplicity,
two functions,

or@) =i [ Ll o)

1r(@) = / %v@, (D). (4)

are defined. Thus, the BS equation can be rewritten as

xp(@) = S1(p1)np(§)S2(=p2), (5)

where S, (p;) and S,(—p,) are the propagators of the quark
1 and antiquark 2, respectively.

For convenience, we write the formulas in covariant
form. Therefore, we divide the relative momentum ¢ into
two parts, g and g,

P-qg
Q=g b

M 41 =49 — 4

which are parallel and orthogonal to P, respectively, where
M is the mass of the relevant meson. Correspondingly, we
have two Lorentz-invariant variables,
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P.q

M ’

qr =1\/—4q1,

which are g, and |g| respectively in the center-of-mass
system. The propagator S; (i = 1, 2) can be decomposed as

qp

Ap(q.L)
J(i)gp + ;M + @; — i€’

(6)

_ A;’;’(‘]L)
J(i)gp + a;M — w; + ic

i

where J(i) = (=1)"!, w; = \/m} + ¢7. and

1 [P )
20, Mwiij(l)(mi‘f'dﬁ .

A?IZD(QJ_) =

The positive and negative energy projection operators A™
and A~ satisfy the following relations:

P
Aip(q1) + Aiplar) = 57
P
Aﬁ(QDMA??(‘M) = A#(Clﬁ,
P
A#(QL)MA;(qL) =0.

Introducing the notation,

P P
pp(qL) = AliP(QL)M(pP(QL) MAZiP(QL)’ (7)
and using the relation %% =1, we have
op(q) = @p (q) +op (q0) +op (q1)
+op (90)- (8)

Further integrating out g, on both sides of Eq. (5), we
obtain the Salpeter equation,

ATP(‘]L)”/P<qL)A2+P(qL)
M - (1)1 - (U2

Avp(q)np(q)A5p(qL)
- M+m+; ' ©)

(pP(QL) =

By using the projection operators, this expression can be
equivalently written as

(M i wz)GP?(‘ﬂ) = ATP(QL)”P(QL)A;P<QL>’
(M + o + )pp(q1) = =Aip(q)np(q)Aop(qL),
vp (q1) = ¢p"(q1) =0. (10)

The normalization condition for the Salpeter wave function
is given by

[ aisulor o per @) g,
- )y ()] =2M (1D

where, p = yop'y", “i” is the Hermitian conjugate trans-
formation. The relativistic BS equation is four-dimensional,
but the Salpeter equation obtained through instantaneous
approximation is three-dimensional. Therefore, strictly speak-
ing, the Salpeter equation and the wave function obtained
from it are semirelativistic, not completely relativistic.

In our previous works, the complete Salpeter equations
for the pseudoscalar [26] and tensor [27] mesons have been
solved. The Cornell potential is chosen as the interaction
kernel,

V(r)=2r+Vy—7 ® YOiL(r)’
3 r
where A is the string constant (for heavy-light mesons,
1 =0.25 GeV?), a,(r) is the running coupling constant,
and V| is a free constant. The interaction potential in
momentum space is given by

V@) =V.@ @@, (12)
V(@) = —<i+ v0>53(*) s (1)
Vo) =~ (19
where
0,(@) = —

27 7 ’
. (“* Aac.))
a=2.7183 and Agcp =0.27 GeV. In order to avoid

infrared divergence and incorporate the screening effect,
a small parameter @ = 0.06 GeV is added in the potential.

III. WAVE FUNCTIONS AND THEIR
PARTIAL WAVES

A. 0~ meson

Usually, people do not solve the complete Salpeter
equation, namely the four equations of Eq. (10), but only
solves the first one, which is about the positive energy
wave function. Due to the fact that (M + @, + w,) >
(M - @, —w,), we have ¢} (q.)> ¢p (1), and
@p~ (g ) is negligible. However, this approach also ignored
most of the relativistic corrections, because one equation
can only solve the case with only one unknown radial wave
function. For example, the wave function,
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ol = (1 )P 09

is for a pseudoscalar, where the radial wave function
f(q.) = f(—¢3) can be obtained numerically by solving
the first equation in Eq. (10). Due to the absence of
standalone ¢, terms, this solving ‘“the incomplete
Salpeter equation” method can only obtain nonrelativistic
wave function rather than a relativistic one. The correct and
safe way is to first solve the complete Salpeter equation and
obtain the positive and negative energy wave functions, and
then omit the contribution of the negative energy wave
function in specific applications.

The Salpeter wave function for a 0~ state has the general
form [26],

vo-(q.) = |:§fl (1) + f2(q.) +%f3(4¢)
+%f4(ql)] r. (16)

We have four unknown radial wave functions f%s, which
are function of —g%. Compared with the nonrelativistic
wave function in Eq. (15), our Salpeter wave function has
two additional relativistic terms, namely f3 and f, terms,
and f; # f,. So it contains rich relativistic information.
Using the last two equations of Salpeter Eq. (10), we get

_ [aM(@; - o)
f3(q1) = m,
fulgy) = —DMlen L o)

myw; + myw,

By using the first two equations of the Salpeter Eq. (10), the
two unknown independent radial wave functions f| an f,
will be obtained. We do not give the detailed calculation for
the 0~ state here. Instead, we will provide the detailed
calculation for the more complex 27 state in the next
subsection. The normalization condition Eq. (11) for this
0~ wave function is [26]

/ dg SMo\orf\f> _ (17)

(27[)3 wimy + wHmg

We have pointed out that the wave function of the 0~
state not only contains S-wave, namely the terms with f
and f,, but also P-wave components, namely f3 and f,
terms [30]. If we only consider the contribution of S-wave,
the normalization formula Eq. (17) is

/ dg_2Mf\fa(@my + wymy) (18)

(271')3 w1a»

Based on Egs. (17) and (18), which are (S + P)? and S?, the
ratio of S-partial wave and P-wave can be calculated [30].

For the 0~ meson, its positive energy-wave function,
Eq. (7), can be expressed as

- (qL) = |:A1(QJ_) +£A2(QJ_)

+%A3(ﬁ)+%fl4(m) r, (19)

where A; and A, terms are S-waves, and A; and A, terms
are P-waves. Their detailed expressions are as follows:

M
g M(Dlere) )
m1+m2

A _M<f2(m1+m2)
N F A Y
2 CU]‘I’CUZ

_AlM(wl —w)
myw; +mw,
A M(my +my)

C mw, +miwy

+f1>7 A4:
B. 27 meson

The bound state with quantum number J” = 2 can be
described by the following Salpeter wave function [27]:

P
>+ (q1) = €uq' g%, [Cl (q1) +Méz(6u)

+ % 3(qL) + %Q(Clﬁ]
 Meurtat[65(0.) + prdelan) + o trta,)
+%Cs(fh)}a (20)

where ¢,, is the symmetric polarization tensor of the
meson; the unknown radial wave function ¢;(q,)
(i =1,2...8) is function of —qi, which will be obtained
by solving the Salpeter equation. Using the last two
equations of Eq. (10), it is found that only four radial
wave functions are independent. We choose (3(q.),
C4(q1), ¢s(qy), and Cg(q,) as the independent ones,
and others can be expressed as

GG (o) + o)) + 2 M w,

¢ilqL) = T e
¢7(qy) :% ..

a0
talqy) = Mot o)

mywy + myw,

From Eq. (7), we obtain the expressions of positive and
negative energy wave functions. For example, the positive
energy-wave function of 2™ meson is
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Py
M2

P
0y (q1) = €end' g’ |:Bl (1) +—Ba(qy) + @33(6ﬂ) +

i i B4(¢1¢)}

i Meurat | Ba.) + 3 Bolas) + 4 3r(a) + 7 Bl o)

where B;s are functions of four independent radial wave functions {3, {4, {5, and {s. Their specific expression are denoted as

1
B, = 2 2 2M2 —2M2 ’
1 2M(m]602 + mzwl) [((l)] + wZ)qJ_CB + (ml + mQ)qlC4 + (1)25:5 m2£6]
1
B, = _ 2 _ 2 2M2 _2M2 ’
2 2M(m1a)2 + m2w1) [(m1 mz)%_é} + (a)1 a)z)qj_é"t + wzé’s mzé’s]
1 my + my 2M? ] 1 [ @, + o, ]
B, —— + _ ’ .1 3 ’
) {Q W + w, 4 miw, + myw, Co 575 Cs my+m, 6
o +o, 2M? ] 1 [ my, + m, }
= < |/ + i — s B _ Y |- = + ,
4 2 |:m1 + nmy C3 §4 nmyw» =+ myq CS 6 2 0, 4 s CS 6:6
M_ o - M
B; =— B [ _a)1+a)2§6} BSZ_M{_%_'_@]-FCLU%}
2 Mm@y - myw, My 2 myw, + myw, my + my

Substituting the positive and negative wave functions into the first two equations of Eq. (10), and multiplying both sides
by the same variable (for example, P, 4, 4, P, etc.), we calculate the trace on both sides, and find there are four (not two)
independent eigenvalue equations. For convenience, we have replaced {3(q ), {4(q.1), s5(q 1), and {g(gq ), with Fi(g,),
Fy(q.), F5(q.), and F4(q ). Their relations are

441 [(@1 + @5)(EsM? + $3q7) = (my + my) (eM? = $4q7)]
3M(myw, + mim,)

Fi(q.) = ; (22)

_Agh [(my 4 my)(EeM? = Laqh) + (01 + @2)(EM? + E3q7)]
FZ(qL) - 3M(m2601 + m1w2) ’ (23)

Fy(gy) = 2L (Smi 4 ma)M? = 2(Cy(my —ma)gd +Liq? (01 = 2) + LM (S + )] (24)
3\dL) = 3M(l’l’l20)1 +m1w2) ’

~2¢1[Cs(5my + my)M? —2(84qh (@) — wa) — E3(my — my)q? ) + EeM? (S5w; + @s))]
Fy(q1) = M (ryw, £ 11,3) : (25)

The obtained four coupled eigenvalue equations are presented in the Appendix.
The normalization condition Eq. (11) for the 2 wave function is [27]

g 8Mw 0,3 2¢° g’
/ ( 9 ©1929 [—§5§6 + % (—C4C5 + 8386 + 8384 %)] =L (26)

271')3 15(0)17}’!2 + Cl)zml)

In our expression, the 27 state D} (2460)°, is not a pure 0F.(q1) = eud' v (MCs + P)
P-wave, but contains both D- and F-partial waves [30]. In
Eq. (20), the terms including {5 and {4 are P-waves which + % ewd 7' <é _ ﬁ ¢ 4) . (27)
are nonrelativistic, {3 and ¢, terms are F — P mixing 5% M M

waves, and others are D-waves. Thus, we can conclude
that the wave function of the tensor D3 (2460)° contains P-,
D-, and F-partial waves.
If only the pure P-wave is considered, the wave function and the contribution of this P-partial wave to the overall
of the 2* meson becomes normalization condition Eq. (26) is
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/ dg 2G*(283G* — 5¢sM?)(284G% + 5E6M?) (w1my + wymy) (28)
(27[)3 75M3(l)1(l)2 )
While for a pure F-wave, the wave function is
e n Pq, 2 L. (¢ P
401; (QL) = €,wqpiql (M g3+ W&) - g%ﬂﬁ?’ (]i (M - WC4 s (29)

and its contribution to the normalization condition
Eq. (26) is

/ dq 4C3C4Z]'6(w1m2+a)2m1). (30)

(27[)3 25M3CU1602

Using Eqgs. (26), (28), and (30), we can calculate the ratios
between different partial waves.

IV. SEMILEPTONIC DECAY WIDTH FORMULA

For the B* — D3(2460)°¢*v, process as shown in
Fig. 1, the transition amplitude is written as

G _
= 2BV (1 =)o, (D5 (2460)°(P )1, 1B (P)).

(31)

where Gy is the Fermi constant, J, =V, —A, is the
charged current responsible for the decays, V., = 40.5 x
1073 (PDG [34]) is CKM matrix element, u, , 18 the spinor
of the neutrino v, v, is the spinor of the antilepton £+, P,
and P, are the momenta of the initial B* and the final
D3 (2460)°, respectively.

After summing the polarizations of the initial and
final mesons, the square of the above matrix elements is
written as

S 72 = GE v e (32)
2 cb Hvs

€+

Ve

P2 Pp2f

ma Yl =vs)  2f
BH(P, M) D3Py M)

P pif

my my

FIG. 1. Feynman diagram corresponding to the semileptonic
decay BT — D5 (2460)°¢ " v,.

where 2 =3 i, v (1 = y5)v,0,(1 +75)y",, is the lep-
tonic tensor, and h,, = > (BT(P)|J,/|D3(2460)°(P)) x
(D} (2460)°(P)|J,|BT(P)) is the hadron tensor.

By using Mandelstam’s formulism, the hadronic tran-
sition matrix element can be written as the overlapping
integral over the BS wave functions of the initial and final
mesons. Since we do not solve the BS equation, but the
Salpeter equation, the transition matrix element is further
simplified by instantaneous approximation. Then, for the
process Bt — D3 (2460)°¢* v, the hadronic matrix element
can be written as [35]

(D3 (2460)°(P)|J,|B*(P))

- / (57:1)3 Tr {% o (q)r,(1 - 75)(77?):(@)

_ o pP
= t1€,p + L€ppP, + t3ppPy, + ity e pp ., (33)

where g, = ﬁ—alfﬁf is used, which is obtained by
assuming the momentum of spectator quark remains
unchanged; €, is the polarization tensor of the final tensor
meson, 1, t,, t; and f, are the form factors, ¢} and
(ﬁ;f* = yo((p;ffﬁyo are the positive energy Salpeter
wave functions for the initial and final mesons, respec-
tively. We have used the abbreviations, for example
7P papu PP’ = e e,pp .

Based on the covariance analysis of the Lorenz index, the
general form of £, can be expressed as

hy = =gy, + (P + Py) (P + Py),
+p-(P+Pf) (P—Py),
+ B (P—Py) (P +Py),
+p—(P—Py), (P—Py),
+ i?’f;wpa(P + Pf)” (P— Pf)", (34)

where, the coefficients @, ., and y are functions of the
form factors ¢; (i = 1, 2, 3, 4). Thus, the differential decay
rate of this exclusive process can be written as
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mZ
ET_ . 2 O a(y—ﬁ?)
dxdy Y3243 M?

+20

M2 2 AM2 — m?
x [2x<1 _Mg+y) —4xr—y 4L <8x+§wzf—3y>]

2

+(ﬁ+_+ﬁ_+>%(2—4x+y—

M> m
—y{y(l—ﬁg—élx—i—y) +W

where x=E,/M,y = (P — P;)*/M?* M, and M, are the
masses of B* and D3 (2460)°, respectively, and m, and E,
are the mass and energy of the final charged lepton 7,
respectively.

V. RESULTS AND DISCUSSION

In the calculation, we used the constituent quark masses;
m, =038 GeV, m,;=0.385GeV, m,=0.55GeV,
m. = 1.62 GeV, and m;, = 4.96 GeV. Other model-de-
pendent parameters have been shown in the text. In our
calculation, for each J”, the ground-state mass is our input,
that is, its value is obtained by fitting experimental data to
determine the free parameter V. And the masses of excited
states are our predictions. Therefore, the masses of B, By,
and B, are the same as the experimental values and are not
reiterated here. The mass spectra for the tensor 2 states
are provided in Table L.

A. The wave functions and ratios of different
partial waves

The numerical values of the radial wave functions for 0~
pseudoscalars B and B, are shown in Fig. 2 (for B. meson,
see Ref. [30]). We can see the S-wave components, namely
the f| and f, terms in Eq. (16), are dominant, and the P-
wave ones, namely f5 and f, terms, are small. So, B, B,
BY, and B/} are all S-wave dominant states. To see this
clearly, we calculate the ratio between S- and P-waves
which are based on the normalization formulas Eqs. (17)
and (18), and the results are shown in Table II.

In a nonrelativistic limit, only the S-wave survives, and
f1 = f, for a 0~ meson. In our semirelativistic method,
first, radial wave function f is not exactly equal to f,, and

TABLE I. Mass spectra of the 27 tensors in unit of GeV.

mD;O mD;— mD:Z— n’l)(r2

1 3P, 2.461 (input) 2.465 (input) 2.569 (input) 3.556 (input)
23p, 2985 2.992 3.111 3.972
33p, 3342 3.352 3.474 4.270

RN

4M?>

AT
)P T

()

second, the 0~ wave function also includes the P-wave
components, f3 and f, terms, which contribute to the
relativistic correction. The ratios in Table II, indicate that
the relativistic correction in B+ (or B) is a little larger than
that of BY, and much larger than that of B/.

For the 27 tensors, in our semirelativistic method, their
wave functions contain 8 terms, of which four are inde-
pendent. The four independent radial wave functions for 2+
mesons D3°(nP) and D% (nP) (n = 1, 2, 3) are shown in
Figs. 3 and 4, respectively.

Among the eight terms of the wave function for a tensor,
{5 and {4 terms are P-waves, {3 and {, terms are mixture of
P and F waves, and others, {{, {5, {7, and {g are D-waves.
Figures 3 and 4 roughly show us that the 2" wave function
is dominated by P wave, which is consistent with the
description of a nonrelativistic method, where only a P-
wave exists with {5 = —{g. In order to show the proportion
of different waves, we use the normalization formulas,
Egs. (26), (28), and (30), to calculate the their ratios, and
the results are shown in Table III. We can see that, the P-
wave 1s dominant, the D-wave is also sizable, and the F-
wave is very small.

In the nonrelativistic limit, only P-wave exists, our results
confirm that the P-wave is dominant, so these states are
marked as 1P, 2P, and 3P states in Figs. 3 and 4, and in
Tables I and III, respectively. Compared with the nonrela-
tivistic P-waves from {5 and {4 terms, the D- and F-waves, as
well as the P-waves from {3 and {, terms in the 2" wave
function provide the relativistic correction. From Table III, it
can be seen that for the 1P, 2P, and 3 P states, the proportion
of F-wave is very small and can be ignored when precise
calculation is not required. Based on the proportions of D-
wave in Table III, we conclude that, the relativistic correction
in D7 is a little larger than that of D), and much larger than
that in y,,. It also shows that the relativistic correction of the
highly excited state is larger than that of the lowly excited one,
and the latter is larger than that of the ground state.

B. The branching ratios of the semileptonic decays

With the numerical values of wave functions and the
formula for the transition matrix element, Eq. (33), the
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20

20

FIG.2. The radial wave functions of the 0~ mesons B™ (left) and B? (right), where f; and f, terms are S-waves; f5 and f, terms are P-

waves, and ¢ = |g].

calculation of the semileptonic decay is straightforward.
We present our results for branching ratios and other
theoretical predictions in Table IV. It is observed that there
are few theoretical results in the literature regarding the
case of highly excited tensor particles as the final state.
Almost all existing results focus on studying the 1P final-
state process, with significant differences in predictions
from different models, especially for BY — D3°(1P)Zv,,
whose branching ratios vary from 1.01 to 38.0.

Currently, only the production of the ground state
D3 (1P) in the semileptonic decay of the B meson and
its cascade strong decay have been detected in experiments.
The decay chains are B — D3 (2460)¢v,, Dy (2460) — Dx.
The averaged experimental results are [34]

B(B* — DX0¢*v,)B(D® — D-=*)
— (153 £0.16) x 10-3,
B(B™ — D3°¢*v,)B(D3° -» D*~z")
— (1.01 4+ 0.24) x 1073, (36)

B(B® — Dx~¢*v,)B(D5~ — Dz™)
= (1.21 £ 0.33) x 1073,
B(B® — D5~¢*v,)B(D3~ — D*°z~)
= (0.68 £0.12) x 107. (37)
The mass of D} is above the thresholds of Dz and
D*m, so D3 has the OkuboZweiglizuka-allowed strong
decay channels D} — Dz and D} — D*z, which are

the dominant decay processes of DZ. Reference [52]
predicted B(D3° —» D=z") = B(D5~ — D°z~) = 44.5%

TABLE II. Ratios between the S wave and P wave in the 0~
wave function.

0~ meson B B BY Bf
S:P 1:0.339 1:0.333 1:0.227 1:0.0815

and B(D3°—D*~z*)=B(D3~—D*z~)=21.0%. Using
these, our theoretical predictions are

B(B* - D3°¢*v,)B(D3* > D 7n")=1.33x1073,
B(B* — D20¢*1,)B(D3° - D*~x+) =0.628 x 10, (38)

B(B® - D}~¢*v,)B(D3~— Dn~)=1.23x1073,
B(B® - D3~ ¢+v,)B(Ds~ - D*07~)=0.582x 1073, (39)

The first two are slightly smaller than the experimental
values, while the last two are in good agreement with the
experimental data.

Similarly, using B(DY — D°K~) =48.7% and
B(D¥% — D™K°) = 44.1% from Ref. [52], we obtain

B(BY - DY ¢*u,)B(DY — D°K~) =1.83x 1073,
B(BY - D% ¢*u,)B(DY5 — DK% =1.66x 1073, (40)

Compared to the ground 1P final-state case, our results
show that the branching ratio of the process with a highly
excited final state (2P or 3P) is very small. The small
branching ratio may be caused by the node structures (see
Figs. 3 and 4) in the wave functions of the excited 2P and
3P mesons. The contributions of the wave functions on
both sides of the node cancel each other, resulting in a very
small branching ratio.

In Table 1V, the ratios R(D3°), R(D3~), R(DY), and
R(x.») are also listed, where, for example,

B(B* - D3°(1P)tv,)
B(B" = DN(1P)fv,)

R(D3") = (41)

The ratio R may cancel some model-dependent factors,
which can be seen from the results of Refs. [37,39], and
ours. The branching ratios are much different, but the
R(D3") values is around 0.04, which is very close to each
other. We have similar conclusions for R(D},) and R (x.,).
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FIG. 4. The four independent radial wave functions for the 2% tensors D% (1P) (left), DY (2P) (middle) and the D} (3P) (right).

We have pointed out that the relativistic corrections of
excited states are greater than those of ground states
[23,30]. And there are still significant differences in
semileptonic decays between theoretical results, especially
for the B decays. The differences may be caused by the
relativistic corrections. So for these processes, which
contains excited states, we need a more careful study,
especially the relativistic corrections. In the following, we
will study the detailed contributions of different partial
waves.

between wave functions, not the individual wave functions
themselves. Therefore, using some transition processes as
examples, we present the detailed contributions of par-
tial waves.

1. B* - D°(1P)¢*v,

Table IT shows that the wave function of B" is dominated
by S-waves (A; and A, terms) but mixed with P-waves
(A3 and A4 terms), their ratio is S: P = 1:0.339. For D3°,
P-wave is dominant and mixed with D- and F-waves,
P:D:F =1:0.393:0.0729.

To see the detail of the transition B™ — D3°(1P),
we will carefully study the overlapping integral of
(S+P)x (P +D +F'), where to distinguish between
the initial and final states, we use “prime” to represent the
final state. We show some of the detailed contributions of
different partial waves to the branching ratio of BT —
D3°(1P)¢*v, in Table V. Where “whole” means the
complete wave function, while “S-wave” in the column or
“P'-wave” in the row means the corresponding result is
obtained only using the S- or P’-wave and ignoring
others, etc.

From Table V, we can see that the dominant S-partial
wave in the B state and P’-wave in D3°(1P) provide the
dominant contribution. The P-wave in B™ and D’-wave in
D3°(1P) give the main relativistic corrections, while the
F'-partial wave in D3°(1P) has a tiny contribution, which
can be safely ignored.

C. Contributions of different partial waves

We provide the proportions of different partial waves in
the wave function, allowing us to roughly estimate the
magnitude of the relativistic correction. However, this does
not represent the true relativistic correction of particles in
interaction, as different partial waves behave differently in
interactions. What we need is the overlapping integration

TABLE III. Ratios between the partial waves in the 2% wave
function.

2 1P 2P 3P

D3° P:D:F 1:0.393:0.0729 1:0.461:0.0787 1:0.560:0.0640
D3~ P:D:F 1:0.389:0.0732 1:0.456:0.0793 1:0.550:0.0657
D} P:D:F 1:0.298:0.0743 1:0.349:0.0843 1:0.404:0.0813
XYoo P:D:F 1:0.140:0.0551 1:0.160:0.0673 1:0.177:0.0726
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TABLE IV. Branching ratios (107%) of semileptonic decays and ratios R(D3), R(DY), and R(y.,).

Process Ours
B+ — D2*0(l )z,”yf 4.5~8.0 [36] 38.0 [37] 1.01 [38] 12.3 [39]a 6.3 [39]b 2.99
D*O(l )i2% 1.5 [37] 0.16 [38] 0.49 [39]a 0.22 [39]b 0.135
B(B**D*O(IP)T 2) 0.041 [37] 0.16 [38] 0.040 [39]a 0.035 [39]b 0.045
B(B*—>D3°(1P)¢v,)
Bt - D3°(2P)¢v, 0.075
Bt — DZ*O(SP)KW 0.0024
BY - D3~ (1P)¢v, 3.1(3.8) [40] 5 [41] 5.9 [42] 5.86 [43] 2.77
B® —» D3~ (1P)zv, 0.125
B(B"~D}~ (1P)w,) 0.045
B(B°~D3~(1P)tv,)
B’ - D3~ (2P)¢v, 0.070
BY — D*‘(3P)fz/f 0.0022
BY — DY (1P)¢v, 3.5 [41] 4.32 [44] 2.2 [45] 6.7 [46] 3.76 [47] 3.76
BY — DY (1P)tv, 0.31 [44] 0.926 [45] 0.29 [406] 0.182
B(B{—D}; (1P)tv) 0.071 [44] 0.42 [45] 0.043 [46] 0.048
B(By~D (1P)fv,)
B —» DX (2P)¢v, 0.124
BY - D¥ (3P)¢v, 0.0047
BY =y (1P)fv, 1.0 [41] 1.6 [48] 1.7 [49] 1.3 [50] 2.12 [51] 1.82
Bl = yo(1P)tv, 0.093 [48] 0.082 [49] 0.093 [50] 0.33 [51] 0.108
B(B —xa(1P)tv;) 0.058 [48] 0.048 [49] 0.072 [50] 0.15 [51] 0.059
B(Bi =y (1P)¢v,)
Bf = xa(2P)tv, 0.033 [48] 0.187
Bf = xa(3P)Cv, 0.0271

For the B™ meson, its nonrelativistic wave function only
contains S-wave, so its P-wave provides the relativistic
correction. For the D3°(1P), the situation is relatively
complex. In the nonrelativistic case, its wave function only
contains P’-waves, but only P’-waves from {5 and {; terms,
without the ones from {3 and { terms, see the formula in
Eq. (33). Therefore, in the nonrelativistic scenario, the
branching ratio of S x P’ changes from 35.6 x 10~
Table V to 37.2 x 10™*. Our complete branching ratio is
By = 29.9 x 107#, so the relativistic effect can be calcu-
lated as

B non-rel Bre

1
= 24.4%, 42
Brel ( )

which is significant but not as large as expected. This might
be due to two possible reasons. First, there could be a

cancellation between relativistic corrections; for example,
the contribution of ovarlapping P x P’ is 4.45 x 1074,
P x D' is 10.1 x 10~, while their sum contribution P x
(P'+ D')is 1.48 x 107*. Second, from Table V, we can see
that the main relativistic correction is from the interaction
P x D', not from S x D' or P x P'.

2. Bt —>E;0(2P)t’+ytz

Table VI shows the details of the decay Bt —
D3°(2P)¢*v,. Compared with the case of D3°(1P) final
state, the contributions of all the partial waves are much
smaller. The main reason is that there are nodes in all the
partial-wave functions of the 2P state, and the contributions
of the wave functions before and after the nodes cancel
each other, resulting in a very small branching ratio. In
addition, the mass of D3°(2P) is heavier than that of

TABLE V. Contributions of partial waves to the branching ratio TABLE VI. Contributions of partial waves to the branching
of BY = D3°(1P)¢* v, (in 107%). ratio of B — D3°(2P)¢* v, (in 107%).
2% 2
D'-wave D'-wave
0~ Whole P'-wave (B;,B,,B;, Bg) F'-wave 0~ Whole P'-wave (By,B,,B;,Bg) F'-wave
Whole 29.9 15.1 3.06 0.063 Whole 0.752  0.0087 0.573 0.0033
S-wave (A;,A4,) 18.9 35.6 391 0.0026 S-wave (A;,A;) 0.015  0.0357 0.006 0.0001
P-wave (A3, A;) 1.48 4.45 10.1 0.048 P-wave (A3,A4) 0557  0.0106 0.691 0.0026
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D3°(1P), and the phase space of the decay Bt —
D3°(2P)¢ v, is smaller than that of BY — D3°(1P)¢ v,

It can be seen from Table VI that the largest contribution
does not come from the nonrelativistic term S x P’, nor
from the relativistic corrections S x D' and P x P’, but
from the relativistic correction P x D’. The results show
that the node structure has a more severe inhibitory effect
on S x P’ than on P x D', leading to the latter providing the
maximum contribution and a large relativistic effect in this
process.

3. B! > D5 (1P)¢*v,

Table VII shows that, similar to the process of
BT — D3(1P)¢ vy, the overlap of S x P’ provides the
dominant contribution to B — D% (1P)¢*v,, which is
mainly nonrelativistic. All other contributions are relativ-
istic corrections, with P x D’ being the largest, followed by
S x D' and P x P', while the contribution of F’-waves can
be safely ignored. In the nonrelativistic limit, the branching
ratio of S x P’ should be changed from 48.0 x 107* in
Table VII to 48.4 x 107%, so the relativistic effect is

B -B
Tnonrel T Frel _ 98 8%, (43)
Brel

which is also not as large as we expected, but a little larger
than those of BY — D3°(1P). However, we cannot simply
conclude that the relativistic effect of the former is greater
than that of the latter. When we look at the details of
relativistic corrections, compared with the nonrelativistic
contribution, the contributions of P x D', S x D’, and
Px P in the process B? — D% (1P)¢"v, are much
smaller than those in B — D3°(1P)¢*v,, respectively.
However, when summing them up, the overall result of the
latter is smaller, due to cancellation.

4. B! > D5 (2P)¢*v,

Table VIII illustrates the scenario of BY— D% (2P)¢ vy,
which bears resemblance to the case of Bt —
D50 (2P)¢*v,. Notably, significant relativistic effects
are observed. The primary contributions to the branching
ratio arise from relativistic corrections, particularly the
P x D’ term, rather than nonrelativistic contributions.

TABLE VII. Contributions of partial waves to the branching
ratio of BY - D*% (1P)¢*v, (in 107).

TABLE VIII. Contributions of partial waves to the branching
ratio of BY — D* (2P)¢*v, (in 107).
o+
D'-wave
0~ Whole P'-wave (By,B,,B;,Bg) F'-wave
Whole 1.24 0.137 0.546 0.00411
S-wave (A},A,) 0.154  0.327 0.0241 0.00105
P-wave (A3,A;) 0.528 0.0414 0.789 0.00545

5. B = xe2(1P)¢ v,
In contrast to the value 21.9 x 10~* of S x P’ shown in

Table IX, in the nonrelativistic limit, the branching ratio for
S x P'is 22.2 x 107, so we obtain

Buonset =Bt _ 55 140 (44)
Brel

for Bf — y.,(1P)¢tv,. This value seems not much
different from that of B — D3°(1P)¢*v, or BY —
DY (1P)¢"v,. However, from Tables V, VII, and IX,
we can see that, although the complete branching ratios
and nonrelativistic results do not differ significantly, each
relativistic correction in Bl —y.,(1P)¢*v, is much
smaller than that in BT — D3°(1P)¢*v, or in B? —
D35 (1P)¢"v,, respectively. We also note that the largest
relativistic correction comes from S x D', not P x D'.

6. BY - x,2P)¢*v,
From Table X, we can see that, unlike the cases of BT —
D3°(2P)¢*v, and BY — D (2P)¢* v, the nonrelativistic

TABLE IX. Contributions of partial waves to the branching
ratio of Bf — y.,(1P)¢* v, (in 1074).

9+
D'-wave

0~ Whole P'-wave (B, B,,B;,Bg) F'-wave

Whole 18.2 19.1 0.110 0.00246

S-wave (A},A,) 18.3 21.9 0.255 0.00012

P-wave (A3,A;) 0.0211  0.108 0.0761 0.00181

TABLE X. Contributions of partial waves to the branching ratio
of Bf = yw(2P)¢ v, (in 1074).

2F 2F
D'-wave D'-wave
0~ Whole P’-wave (B;,B,,B;,Bg) F'-wave 0~ Whole P’-wave (Bj,B,,B;,Bg) F'-wave
Whole 37.6 29.7 1.23 0.0359 Whole 1.87 1.50 0.0245 0.00101
S-wave (A},A;) 29.0 48.0 2.90 0.0168 S-wave (A},A,) 1.54 1.79 0.0241 0.00002
P-wave (A3,A;) 0.620 2.29 4.80 0.0309 P-wave (A3,A;) 0.0169 0.0126 0.0523 0.00085
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Sx P in Bf = yo(2P)¢"v, still contributes the most,
much larger than the relativistic corrections, indicating that
the node structure has different effects on the processes
Bf =y (2P)¢*v, and BT - D3°(2P)¢* v, (or BY —
DY (2P)¢ vp).

VI. CONCLUSION

We present a semirelativistic study on the semileptonic
decays of heavy pseudoscalars B+, B®, B, and B} to 1P,
2P, and 3P 2% tensors caused by the transition of b — ¢
by wusing the instantaneous Bethe-Salpeter method.
We obtain B(B™ — D3°(1P)¢*v,) =2.99 x 10~ and
B(B® — Dx=(1P)¢*v,) = 2.77 x 1073, which are in good
agreement with the experimental data. For the undetected
channels, our results are B(BY — D¥% (1P)¢ v,) = 3.76 x
10~% and B(B = y(1P)¢*v,) = 1.82 x 1073 For the
decays to the 2P and 3P states, all branching ratios are very
small and cannot be detected in current experiments.

In this paper, we focus on studying the different partial
waves in the Salpeter wave functions and their contribu-
tions in semileptonic decays.

(1) In the wave function for the 0~ states, B*, B®, B, or
B/, the S-wave is dominant and provides the non-
relativistic contribution; the P-wave is sizable and
gives the relativistic correction. While for the 2
states, D3°, D3~, DX, or y., the P-wave is
dominant, combined with sizable D-wave, and tiny
F-wave, where P-wave from {5 and (¢ terms gives
the nonrelativistic contribution, others contribute to
the relativistic corrections.

(2) We note that, considering only the wave functions,
the relativistic corrections for B, By, DX, and D},
mesons are large, while the relativistic corrections
for y., and B, are small. However, when calculating
the transition process, the overlapping integration
of wave functions plays a major role. Thus, we
obtain similar relativistic effects, for example,
24.4% for B* — D3°(1P)¢*v,, 28.8% for BY —
D5 (1P)¢ v, and 22.1% for Bf — y.,(1P)¢ v,

(3) When we look at the details, there are significant
differences. For example, in the transition of
B — D3 (1P), the individual contributions of rela-
tivistic partial waves are significant, while in the
overall result, they are in a canceling relationship,
resulting in a small overall relativistic effect. While
in Bf - y.(1P), the individual contributions of
relativistic waves are small, directly leading to a
small overall relativistic effect.

(4) When the process contains a radially excited state,
the node structure in the wave function of the
radially excited state plays an overwhelming role,
resulting in a very small branching ratio.
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APPENDIX: SALPETER EQUATIONS
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+2(my +my)(F3(ky) + Fa(ky))) + @y ((5my + my)(Fy(ky) + Fa(ky))
3(k- )’ _qﬁ-&)}.

K K

T 2ey + ea)(Fs(ky) - wum(
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b N (S

X (Fy(ky)+ Fy(ky)) +ﬁ(173(k¢) - F4(k¢))) (mywy — my,)

(k- )
k%

- (% (Fi(ky) = Fo(kp)) + (Fs(ky) + F4(kj_))> (¢ + mimy — 0,0,)
|+ my

(exmy + eymy)

—8(Vg—=Vy) (e, + e)(my + my) [my((ey — ex)(Fi(ky) = Fa(ky)) + (my +my)(F3(ky) + Fa(kyp)))
27 .=

—wy((my —my)(Fy(ky) + Fy(ky)) + (e1 + ex)(F3(ky) — Fa(kp)))] quki 1

+10(Vs = Vy)(eam; + eym,) [:ll ;Z (Fi(ky) = Fy(ky)) + %(F3(ki) + Fyu(ky))

_ont o (’” = By (k) + Fa(k)) + (F (k) — n(m»ﬂ qik-q

my + my (2] + () k‘i
581 + 62 m1 + m2

=2(Vs = Vy)(eam; + eymy) (Fi(ky) = Fy(ky)) +2————(F3(ky) + Fu(kL))
€1 + ey (4] + ()

-

(Fi(ky)+ Fy(ky)) +2(F3(ky) — F4(kj_))>:| g k-q

_601 +602 (51’)’11 —|—m2

my+my \ e+ e K
e —e
+3(Vg+Vy) [—(F1 (ky) + Fa(ky))(mywy — myw;) ———=(F, (k) = Fy(k,))
my + my
2 7 .=\2
5 g7 3(k-q) 1 e — e
- - L _ VetV - -
X (=q1 +mym, a)lwz)] <kzl K + (Vs + V)m1+m2 e +62((’”'11 my)

X (Fy(ky)+ Fa(ky)) + (e) +ex)(Fs(ky) — Fa(ky)))(mawy — myw,) + ((e) — e3)
X (Fi(ky) = Fa(ky)) + (my + my)(Fa(ky) + Fa(ky))) (g7 + mymy — 601602)]

2 7 .=\2
% <3QJ_ (k-q)

n e my + e niy
k2
1

7 > +2(Vg—=Vy) (e + e2)(my + my) [my((Sey + ex)(Fy (ki) — Fay(ky))

+2(my +my)(Fs(ky) + Fy(ky))) — wo((5my + my)(Fy(ky) + Fy(ky))

#2(er+ stk - P ) (LD - T) (A9)

Here, e; = /m? + k2, Vg = V(g — l?) and Vy = Vy (g — ié) When solving the Salpeter equations (A1)—(A4), since the
radial wave function {;(g*) or F;(g*) decreases with the increase of |g| (see Fig. 3 for example), we truncate the relative
momentum |g| (and |k|) to a certain maximum value |G| . ([&lmax = |4]max)»> @nd discretize this momentum into n parts (n is a
large number). Thus, the four coupled eigenvalue equations were transformed into a 4n x 4n matrix formula, and then the
numerical solutions were implemented.
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