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Higher-order NLO radiative corrections to polarized muon decay spectrum
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Higher-order QED radiative corrections to the muon decay spectrum are evaluated within the QED
structure function approach in the next-to-leading-order logarithmic approximation. New analytical results
are given in the O(a® In*(m2/m?)) order. Earlier results in the O(a? In' (m2/m2)) and O(a In®(m /m2))
orders are partially corrected. Numerical estimates of different contributions are presented.
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I. INTRODUCTION

Studies of muon decay
po— e +D,+y, (1)

are one of the cornerstones of modern particle physics.
This process is almost a pure weak-interaction process with
small QED, QCD, and possibly new physics additions.
High-precision and high-sensitivity experiments with muons
can test small deviations from the Standard Model (SM)
predictions, which would be the traces of new physics.
Differential distributions in muon decays allow for the study
of properties of weak interactions, including even the Dirac
or Majorana nature of neutrinos [1,2]. Such experiments as
TWIST [3,4], Mu2e [5], and Mu3e [6] require accurate
advanced theoretical predictions. The precision of the
predictions can be increased by the calculation of higher-
order radiative corrections.

QED corrections to the muon lifetime are known from the
works [7—13] up to the O(a?) order, and the O(a?) corrections
were also recently calculated [14]. The TWIST experiment
required corrections to the muon decay spectrum in at least
the O(a?) order. In Ref. [15], radiative corrections to the
unpolarized muon decay spectrum to the order O(a?>L) where
L = In(m2/m2) were found, and in Ref. [16], radiative cor-
rections to the polarized muon decay spectrum in the O(a’L?)
and O(a’L) orders were calculated analytically. Complete
two-loop QED corrections to the muon decay spectrum were
calculated numerically [17] in a restricted kinematics domain.
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Recently, the results for the pure-photonic part of the higher-
order QED corrections in the leading and next-to-leading
logarithmic approximations were presented in [18].

Our aim here is to calculate O(a?L?) order corrections to
the electron energy spectrum in decays of polarized and
unpolarized muons. The paper is organized as follows: In
the next section, we describe the application of the QED
structure function formalism for the calculation of correc-
tions to the muon decay spectrum. Section III contains
numerical results and a discussion about the factorization
scale choice. Lengthy formulas with analytic results are
shifted to the appendixes.

II. CORRECTIONS TO THE ELECTRON
ENERGY SPECTRUM

Analytic calculations of higher-order radiative correc-
tions to the muon decay spectrum, as well as to differential
distributions of other processes like Bhabha scattering and
electron-positron annihilation, are very difficult because of
the presence of several energy scales. Only a few complete
results for O(a?) QED radiative corrections to differential
distributions are known.

On the other hand, the bulk of QED radiative corrections
typically come from the terms enhanced by powers of the
large logarithms In Q%/m?, where Q7 is the square of the
characteristic energy scale and m is the mass of a light
charged lepton—e.g., L = In M2 /m> ~ 24 for the process
of e*e™ annihilation into Z bosons.

In the QED structure function approach [19], one can get
corrections enhanced by the large logarithms by performing
a convolution of a hard scattering cross section and the
corresponding parton distribution or fragmentation func-
tions, which are independent of the process. In general, the
large logarithm reads

2
L= ln'u—g, (2)
HR
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where pr is the factorization scale and puy is the renorm-
alization scale. If yp > up, the corrections proportional to
powers of L yield the most significant contributions. In the
case of muon decay, we can calculate the electron energy
spectrum in the following way [15]:

7 d2F
dcdx _jz / z dedz

where ¢ is the cosine of the angle 6 between the muon
polarization vector and the electron momentum. Above, z is
the energy fraction of the parton j produced in muon decay,
x is the energy fraction of the resulting massive electron,
dr ;/(dcdz) is the energy and angle distribution of the
massless parton j, D,; is the fragmentation function that
describes the probability density for the transformation of
the massless parton j into the physical electron in the final
state, and ur is the factorization scale. Here, the standard
modified minimal subtraction scheme is used. We can take
ur =m, and ur = m,, so the large logarithm is

X
zc,ﬂF,ﬂR)Dej<Z,ﬂp,MR>, 3)

L=1In

NEI\J | tsm

~ 10.66. (4)

The perturbative expansion of the kernel coefficient
function di’ ;/(dcdz) in powers of a reads

1 dfy o) a(ug) 4 ()
0‘(#%) ~(2)
+< o A7)+, (5)

where Iy = G3m3/(1922%), AV (z) = 22(3 - 22)5,,., and
a(u2) is the renormalized fine structure constant taken at
the factorization energy scale.

Here, we use process-independent fragmentation func-
tions, calculated by solving the QED evolution equation

dt l
D,,a< >—5l—x5hu+2/ 2‘;)

i=e.ey

2
XDia<y’//%>Pbi<§7t)' (6)

For the initial conditions and other details, see Ref. [20].
Note that here and in what follows, we apply the natural
choice of the QED renormalization constant up = m,.

In the wunpolarized case, the relevant coefficient
functions are

AV =10, A =r"0@. O
AV =0, AP (2 =" (8)

In the polarized case, the corrections include the parts
which are dependent on the polarization degree P, and the
cosine of the angle between the muon spin and electron’s
momentum ¢ = cos 6:

AY) = 1) + ePg (). (9)
A (@) = () + Pl (2), (10)

AQ)(z) =0, (11)
AY)(2) = £7(2) + cPg (2). (12)

The expression for the differential distribution of elec-
trons (averaged over electron spin states) in a polarized
muon decay reads [16]

d’r 2m,E
—  —T.(F(z)+ cP.G , _ T~ HTe ,
dede ~ oF@ ERGR). =T
2m,m
<z<1, =_# < 13
7p<z< S g (13)
where “+4” and “—" correspond to e™ and e~, respectively;

G is the Fermi coupling constant; and E, and z = 2E,/m,
are the energy and the energy fraction of the electron (or
positron), respectively.

The complete expression for the spectrum functions
(H=F, G) up to the O(a’L?) order reads

a
H(z) = b (@) +5
a\2 [, 00 0N, 05] L
+(2ﬂ> {[h + i g | 2

[ B ) A
3 113
+ (ﬁ) {[hgo,y) 4+ o) 4 o8 L
int)] L2
[ B ) —}
)

=h(z) + ZaiLjHij(z), (14)

where the indices y, NS, § and int correspond to the pure
photonic contribution, the nonsinglet fermion pair one, the
singlet fermion pair one, and the interference of the singlet
and nonsinglet pair corrections. Here and in what follows,
we omit the arguments of the functions /; for convenience
with h=forh=g

To get the contribution of the order O(a*L?), we have to
make convolutions of the fragmentation functions with
functions A (z) and hj(z):
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(hgo) (Z) + %hg“(Z)) ® [Dee]T

. (h£°><z> +ih£”<z>) ® D).  (15)

2n
and we take only the terms proportional to a®L? from the
result.

Expressions for the polarized part can be received from
Eq. (15) by the substitution f 5’ m gl(.‘] ") The index T in the
above equation marks (timelike) fragmentation functions.

We recalculate the O(a’L) corrections and find that the

term dyg( ) ® Pey [see Eq. (A8)] has been missed in
the electron fragmentation function used in Ref. [15]. The
difference is

46z3+15112 9 8 281

F3(2) = F3i'(2) = =5 g 32 54
64 4 387
=+ =184+ —-]1
<9 +3Z+ z+ 3 > nzg
5 2
- §+4Z In“z. (16)

A similar change with respect to the result given in
Ref. [16] is found for the function G, (z), and the corrected
expression for it is shown in Appendix A.

In our previous work [20], we also corrected a mistake in
the result for the O(a’L?) singlet contribution to structure
and fragmentation functions obtained in Ref. [21]. As a
result, the singlet part of the NLO electron fragmentation
function should read

WS+ dl) (x) @ PY)

a2
D)= (=) L(PY
[ ee]T (2”) (
+ (27[) L22 " e P

a3 1 0 0 0 2 0 0
—) (PR e PR @PL+ZPY @ Py
() v (g ert et il oy

+O(’L?). (17)
The functions fgi) and gE,i) read [9]

9% = 2(3-22), (18)

V(z) = 222(22 = 3)(4¢(2) — 4Liy(2) + 21n 22
—3InzIn(l —z) —In(1 — z)?)

5 34
+ <§ -2z 137 +?z3) In(1-7z2)

5 5 23
+(2447-222-63 | Inz+>2-=2
(3 Z Z Z)IIZ 6 3Z
3 2 7 3
2y ls 19
2¢ T3¢ (19)

1) =o. (20)

10 2
) = lnz<—3+z+4z>

5 1 2
“FIH(I—Z)<—§+E+22—222+§Z3>

+%—1+%z—22 izi (21)
a(z) = 2(1 - 22), (22)
9! (2) = 222(1 = 22)(In(1 — 2)> = 4Liy (1 — 2)
—1In(z)In(1-2z) —2In(z)?)

11 4 17 ,, 34
T -l In(1 —
+<3 % 6z R )n( 2)

1 7 7
+ <—§—6z2 - 6z3> In(z) —— 43z +-2% +32°,

6 6
(23)
3 (z) = (24)
(1) 1
—(-——_Z (1-
gr ' (2) <3 ) 2)
EEEAT 2+2+ 2.1
3732 373, " 12° 39759
(25)

The relevant fragmentation functions are shown in
Appendix B; see Ref. [20] for details of notation and
explicit expressions for these functions.

Convolutions were calculated using our own program in
FORM [22] and cross-checked with the help of the HPL [23]
and MT [24] Wolfram Mathematica packages. The results
are presented in Appendix B. A part of the results for the
unpolarized case were presented in [25]; here we reproduce
them for the sake of completeness.

We have calculated separately the parts of F5;, Fy,, Fu3,
Fy4y and Gy, Gy, G4z, Gyy With pure-photonic contribu-
tions in order to compare them with the results of Ref. [18].
Our results completely agreed with the ones from this work
in the orders O(a’L?), O(a*L*), and O(a*L?).

III. FACTORIZATION SCALE CHOICE
AND NUMERICAL RESULTS

The factorization scale choice allows some arbitrariness.
Above and in earlier papers [15,16], the muon mass was
taken as the factorization scale. This choice is certainly
good for the leading logarithmic approximation, but it can
be optimized if one goes beyond it. We suggest choosing
the factorization scale as
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0.03

FIG. 1.
the old and new factorization scales.

-0.10

FIG. 2. Contributions in the O(a?L?) and O(a*L) orders for
the old and new factorization scales.

2

i = myz(1—z). (26)

So, we expand on the powers of the new large logarithm:

L=L+AL, AL=1Inz+In(1-2z). (27)
With this choice, NLO contributions are shifted by an
additional term

A

F,=F,—2ALF,,., b=a—-1,  (28)

and the same for the G part. Here, the indices a and b are

powers of a and L, respectively; F,, is the NLO con-
tribution for the new factorization scale choice, and F, is
for the old one. The LO contributions do not change:

3

L2Ey % 10°

— G

0.0

-0015!

FIG. 3. Contributions in the O(a*L3) and O(a’L?) orders for
the old and new factorization scales.

Contributions in the O(a'L?) and O(a'L") orders for

_ (%)“ P2 100

_____ (2‘_'_{)5 [3Fyy % 10

3.

.......... (L‘_) L2Fy ¢ 100

FIG.

4. F part of the
O(PL?, L3, a*L*) for the new factorization scale.

corrections of the orders

FIG. 5. G part of the corrections of the orders
O(a,aL,a’L,a*L?) for the new factorization scale.
F aa — F aa- (29)

The new factorization scale choice increases the difference
between the NLO and LO contributions, thus improving the
convergence of the expansion in the powers of the large
logs. The results for the two factorization scale choices
are shown on the plots for O(a') (Fig. 1), O(a?) (Fig. 2),
and O(o?) (Fig. 3).

We present our results for the new factorization scale for
F (Fig. 4) and G (Figs. 5, 6) functions. We take corrections
of the orders O(a) and O(aL) from [9], and contributions
of the order O(a) are recalculated with the new factoriza-
tion scale.

We also can look (see Figs. 7-9) at the relative values of
the contributions of different orders,

_ (__r):’ L2Gyy +10*

L o (5r) w10t

.......... (2‘_‘_)' PGy % 10°

-0.10

FIG. 6. G part of the corrections of the
O(PL?, L3, a*L*) for the new factorization scale.

orders
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S
g\
4\

0.2

A

0.0

\

FIG. 7. The full relative correction (31) for the unpolarized
case.

FIG. 8. F-part contributions relative to f in the first two orders.
a\i. F..(z

<_) s, (30)
27 fo(2)

and the relative value of the full correction F (in the
unpolarized case),

1 a iAjA
Sp =70 Z(zﬂ) LiF;(2). (31)

i

Here and in what follows, we denote f, = f 20) and gy =

g(eo) for convenience. We cannot show the same picture for
the G part because of the zero of the function gy(z) at
z = 0.5, but the effect would be of the same order.

One can estimate the theoretical uncertainties related to
the arbitrariness in the factorization scale choice in the
following way: Let us consider our new factorization
scale (26), the conventional factorization scale up = m,,
and two variations of the latter, jip = 2m,, and jip = m, /2.
The numerical effect of the scale choice can be seen in
Fig. 10, where L =1In(4m?/m?2) and L = In[m2/(4m?)],
Fyy =Fy —2In(4)F,, and Fy = Fy —2In(1/4)Fy,
[see Eq. (28)]. Note that the uncertainty in question
provides a specific way to estimate unknown higher-order
terms. In the given case, those are of the order O(a?L").
One can see that the standard QCD-like variation of the
factorization scale by the factors 1/4 and 4 actually
captures the magnitude of the relative O(a’L) contribu-
tion (~—5 x 107>) known from the numerical estimates

) (L + L2Fy) 10/ £y

SN (LB + L2F2) x10Y/ fo

=) (L + L2 F) + 10/ fy

~) (L + L2F) <10/

FIG. 10. Relative corrections for different factorization scales.

presented in [17] (for the most relevant range of z values).
Moreover, one can see that the factorization scale proposed
above provides the proper sign of the shift—i.e., it leads to
absorption of a considerable part of the NNLO corrections
into the NLO ones.

In accord with the Kinoshita-Lee-Nauenberg theorem
[26,27], the terms enhanced by logarithms of the electron
mass, (i.e., mass singularities) cancel out in the total decay
width (except the ones related to vacuum polarization). The
same cancellation happens in the total forward-backward
asymmetry of the electron momentum with respect to the
muon spin. Note that in both cases, one should take care
on events with more than one electron in the final state to
avoid double-counting—see a detailed discussion in [16].
So, the presented results are relevant just for differential
distributions.

IV. CONCLUSIONS

In this way, we computed radiative corrections to the
polarized and nonpolarized muon decay spectrum in the
O(a*L?) and O(a*L*) orders. A new factorization scale is
chosen to improve the convergence of the expansion in the
powers of the large logarithm, and thus suppress unknown
NNLO effects. With this factorization scale, we have the
large logarithm [ = ln#’%im,
fraction of the electron in the final state.

Two mistakes in earlier results in the O(a?L) and
O(a*L?) orders are corrected. Our results are relevant
for high-precision experiments on muon decays. The
results can be easily adapted for leptonic modes of tau
lepton decays.

where z is the energy
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APPENDIX A: SPLITTING AND
FRAGMENTATION FUNCTIONS

The next-to-leading-order electron splitting function can
be divided into four parts:

4
P —2xInx+1n x In(1 —x) (—2 + 7 - 2x>
- X

5 4 5 4
+ln2x<—— —|——x>—|—2—1_

Li,(1 —
2 1-x 2 (1=

+ 2Liy (1 —x) = 3x + 2xLiy (1 — x), (A1)
(1.NS) 2 4 2 4 4
P =1 —— x| —z+zx, (A2
nx<3 30-n t3%) T3t (A2
8 20
PLY —n x(—S —9x — §x2> +1n°x(1 +x) — 8 — ox
56
+4x+3x2, (A3)
in 3 4 .
PL™ =1nx( -5+ —5x ) =7 +——Lip(1 —x)
I-x I—x
—2Liy (1 — x) 4+ 8x — 2xLiy (1 — x). (A4)
Note that we have removed the term %Pg}) from the

expressions for functions PS}’NS) given in Refs. [15,16]

D2l = (55) LpeS

1

PHYS. REV. D 109, 053001 (2024)

because it naturally comes from the running coupling
constant and can be kept there, as discussed in [20].

The fragmentation function [D,,], can also be divided
into four parts:

[Deelr = [Dieelr + [D2e]r + [DeSlr + (D] + O(a),

(AS)

2
Dlely=8(1—x) +dw (x) + - LPY + =) L(PL
T

2r 2r 2r

(1) a\? 5000 o p0)

~ L Pee Pee

)+ (5) v @ Pl
)

® dee
32
+ (%) L (gPé‘J +Pl @ Pl

1 1
P edl Pl erl @)

+P

) L3 ee ®Pee ®Peey (A6)
T

2 6
(04 2 (1),NS 10 a 2 2 1 (0)
A L Pee’ __Pee " _ L_Pee
271') < 9 * 2r 3
a\3 (2 (ns) (1.NS)
~ L2 P + Pee ® Pee
2 3

13 10
_apee _3Pee ®Pee>

a3 1 4
~_ L3 ee Pee Pge) A7
#(5) v (g et o

3
(5

il = (
.\

a2 0 0
+dy (x) ® PY)) + (2”) 122 P @ P

a3 1 1 1 1
+ <§> L’ (5 Py @ Pyl + 3P @ P 3 d) @ P 2 di) @ P @ P

1 10 2 1 1
TP @ Py~ P @ P + 3P o did @ P @ P v 5 d) @ P @ P P @ PEL’”)
a\3 (1 0 0 , 2,0 0
+ <§> L <6 P @ P @ P+ 5P @ Péﬁ), (A8)
‘ 2 A 3./
Dty = () 1P 4 (52) 2 (G 4 P2 @ ) (49)
The [D,,|; fragmentation function reads
Dyly =Ll + L)+ (Z)L(PVT_10p0 L p0 g 4l
[ ey]T_zﬂ, €7+2ﬂ_ (‘37)+ 277,' ey 9 ‘37+ L’L’® e;’
a\2 , /(1 1 1
+ <ﬂ> L2 <§ Py + 5Py ® Py + 5P ® Pi?) +0(a). (A10)
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APPENDIX B: ANALYTIC RESULTS

Here, we present the analytic formulas for the computed higher-order contributions which appear in Eq. (14). These
expressions contain harmonic polylograrithms which are defined in Appendix C below

4405 26,77
216 3

Fyi(z) = -

3273 97
-95,72% + <8§213 - 128,72 - TZ — 1922 - 13z - E) In(z) + 125z

1623

+ (82% = 122%)(~Lis(z) + Liy(z) In(z) + %ln(l —2)In*(2) + &) + <_T + 622 — 6z> Lir(1-7z)

+ (2472 = 162°)Lis(1 — z) + (162 — 247%)Liy (1 — z) In(1 — z) + (82° — 122%)Liy(1 — z) In(z)

16773 n <l6z3 4972

4
- 127345 - = — = 121)1n2(1 —7) + 182243 + + (127% — 82%)In’(z)

3
327° 2 ST 3 2 2 2 3102
S 11z =3z -2 In?(z) + (242° = 36z%) In(1 — 2)In?(z) + (12z% — 82%)In*(1 — z) In(z2)

1195z 3

823 3
- — B1
36 7’ (B1)

472 2 8 8z 20
-~ 4+ _16 ~Z ) 1In(1 - = _ 1472 +22 In(l1 =21 -
( 9 3 ¢ 3z 3) n(l -2) ( 3 ¢ ¢ 3) a1 =2)In(z)

3 4473 56z 26z 49

2z 8 .
Ga(z) = <T+ 127 +3.- 8 — 1122) O+ (85223 — 44,7 i —T—T‘FE) In(z) + (82° —42%)(~Lis(z2)

, 1 1623 8 13\ . .
+Lig(2) In(z) + 5 In(1 = 2)In?(z) + &) + (—Tz+6z2 - 62 —3—Z+§)le(1 —2) + (822 — 162°) (Liz(1 - 2)

. . 837° 102522
~Lip(1 = 2)In(1 = 2)) + (82> = 422)Lip(1 = 2) In(2) = 122°C3 — — =~ + 62%C3 + —cp— + (4% = 82°)In*(2)

18 54
3273 437 1>

1623 8
+ <3Z+ 822 — 12z —?Z—l- 8>ln2(1 —-2)+ <—3+3+4 In%(z) + (242> = 122?) In(1 — z)In?(z)

473 9872 28z 10
7+T+ 3 9z
137z 29 415
T T

+ (422 = 82%)In’(1 — ) In(z) + <

827 867 16
oL % 6= ) In(1=2)In(z) —
+<3 3 + 62 3> n(1-2z)In(z)

53623 1 12015% 213122 497 . \ 027 412 7z 35\,
2= 1296+108z+ T _T+(8Z —4z7 = 129)I°(1 = 2) + ( —————— — o |In°(2)

9 3 3 36
{14213 N 15272 161z

562 125
5 3 T (42> = 62%)In*(1 — z) + £,(60z* — 40z°) + (—TZ + 58z + 44z + ?> In(1 —z)

37 ) 139
+ ?] In?(z) + (42 = 622)Li,(1 —2)> + ¢, (—622 + 16z + E) + (22% = 322){-20¢, — 1843 + 52(H(3,0, z)
+H(2,0,0,z) +H(2,1,0,z)) +40(H(1,2,0,z) + H(1,1,1,0,z)) + 32H(0,0,0,0, z) 4+ 28H(1,0,0.,0, 2)

13623 18572 247z 160 6
- 6072 — 40z3) — — — = | Li,(1 —
5 3 3 + £,(60z ) 3 Z) (1 -2z)

+48H(1,1,0,0,z)}+<

6223 372 62 121 1
+In2(1 - 2) (-TZ+TZ—TZ+ £5(4023 — 6022) + (1623 — 2422)Liy(1 — 2) _W+E>

10 . . 6473 1401 . . .
+ <3213 —40z% + 47— ?) Lis(1 —z) + <TZ + 7222 + 97z + T) Lis(z) + (7222 — 482%)Liy(1 — 2)

28373 79972 N 539z

2 _ @303 (] —
77 D 36 + (12z° = 82%)In’ (1 — )

+ (120z% — 180z%)Liy(z) + (12022 — 80z°)S,5(z) + In(2) {
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1623 10023 160 8z 185
+ <—TZ_ 8Z2 + 36Z + 10)1n2(1 - Z) +Z:2 (- 3Z - 3222 - 1252 —T> + <%+ 22Z2 +74Z +?>

. 473 , 2 3 s ; . 57 8
Xle(l—Z)—f—ln(l—Z) —?—112 _§+CZ<16Z —24Z >+<8Z —12Z >L12(1_Z)_I+3_Z

15573 222172 677z 2073
- + - + &

2 a2
27 36 36 3 Z+362

1261
+ (4822 —327%) ¢85 + W] +1In(1 = 2) [

10
+ <—32z3 + 40z% — 4z + ?> Liy(1 — z) 4 (48z% — 3273)Lis(1 — z) + (1442> — 962°)Li5(z)

6281 32 873 125
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APPENDIX C: HARMONIC POLYLOGARITHMS

The functions H(ay, ..., a;; z) are harmonic polylogarithms [23,28]. The dimension of the vector a = (ay, ..., a;) is
called the weight of the harmonic polylogarithm (HPL). They are defined through the functions
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fi(z) = 1= (C1)
fold) =+, ()
@ =1 (©3)

We can get the HPLs recursively through the integration of
the functions (C1)-(C3):

H(m)—/f1<y>dy——1n<1—z>, (C4)
0

H(0;z) =In z, (C5)

H(-1:2) = [ fG)dy==n(1+2).  (CO

0
H("0;z) = %ln" 2 (C7)
H(a,ay,...,a;;z) = /fa(y)H(ah o agsy)dy, (C8)

0

where
0 =0,...,0. (C9)
——
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