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A number of arguments at the interplay of general relativity and quantum theory suggest an operational
limit to spatial resolution, conventionally modeled as a generalized uncertainty principle (GUP). Recently, it
has been demonstrated that the dynamics postulated as a part of these models are only loosely related to the
existence of the minimal-length scale. In this paper, we intend to make a more informed choice on the
Hamiltonian by demanding, among other properties, that the model be invariant under (possibly) deformed
Galilean transformations in one dimension. In this vein, we study a two-particle system with general
interaction potential under the condition that the addition of two wave numbers as well as the action of
Galilean boosts on wave numbers be nonlinearly deformed so as to comply with the cutoff. We find that the
customary GUP Hamiltonian does not allow for invariance under (any kind of) generalized Galilean
transformations. Those Hamiltonians which allow for a deformed relativity principle have to be related to the
ordinary Galilean ones by virtue of a momentum-space diffeomorphism, i.e., a canonical transformation. Far
from being trivial, the resulting dynamics is deformed, as we show at the example of the harmonic interaction.
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More than a hundred years after its conception [1], a
consistent formulation of a quantum theory of gravity
remains elusive (see [2] for a recent review). The main
reason for this slow progress lies in the scarcity of
experimental input. However, recent advances in precision
measurements [3] as well as control over quantum pheno-
mena [4,5] have raised hopes that this may change in the
near future, leading to the advent of quantum gravity
phenomenology [6-8].

One of the main lines of research in quantum gravity
phenomenology consists of minimal-length models. As a
matter of fact, arguments heuristically combining general
relativity and quantum theory suggest the appearance of
some kind of minimal-length scale [9-17]. For example,
this happens in scattering processes with high center-of-
mass energy at impact parameters small enough to create
black holes, making it impossible to resolve smaller
distances [9,14,17]. This intuition is corroborated by
circumstantial evidence from explicit approaches to
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quantum gravity such as string theory [18-22], loop
quantum gravity [23,24], asymptotic safety [25,26], causal
dynamical triangulations [27-29], and Horava-Lifshitz
gravity [30,31] (for an extensive review of those motiva-
tions, see Chap. 3 in [32]).

In the context of nonrelativistic single-particle quantum
mechanics, it is customary to introduce the minimal-
length scale by deforming the Heisenberg algebra leading
to a generalized uncertainty principle (GUP) [33-49]
(see [32,50] and Sec. IIT in [51] for recent reviews and [52]
for some critical reflections on the state of the field).
Consequently, the minimal-length scale enters these models
by virtue of the Robertson-Schrodinger relation [53,54],
i.e., as a fundamental limit to localization. In one dimen-
sion, a general parity-invariant modified canonical com-
mutator reads

%, p] = if (1p]). (1)

with the position X and the momentum p. Depending on the
function f(|p|), the Robertson-Schrodinger relation [53,54]

avs F0PD)

2Ap (2)

© 2024 American Physical Society


https://orcid.org/0000-0003-1048-0805
https://orcid.org/0000-0003-0673-8519
https://orcid.org/0000-0003-3851-1562
https://orcid.org/0000-0001-8178-9434
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.046016&domain=pdf&date_stamp=2024-02-26
https://doi.org/10.1103/PhysRevD.109.046016
https://doi.org/10.1103/PhysRevD.109.046016
https://doi.org/10.1103/PhysRevD.109.046016
https://doi.org/10.1103/PhysRevD.109.046016

BOSSO, FABIANO, FRATTULILLO, and WAGNER

PHYS. REV. D 109, 046016 (2024)

may imply a global minimum to the standard deviation of the
position operator. This is the case, for instance, for the
foundational model introduced by Kempf, Mangano, and
Mann [33]

f=1+2p" (3)

with the length scale £, expected to be of the order of the
Planck length. Equation (2) then implies

Ax> 7. (4)

In short, we choose a function f such that the underlying
model exhibits a minimal length. Here, rather than having
built a model constructively on the basis of the existence of a
minimal length, i.e., from the bottom up, we have started by
proposing a model and subsequently shown that it exhibits a
minimal length. Top-down approaches of this kind can be
instructive when there is an intuition on the choice of model.
Unfortunately, in minimal-length quantum mechanics, this
is not the case. This raises the questions: What is the essence
of the minimal length? Which role shall the function f play
from a physical point of view?

Recent developments have marked a step toward solving
this puzzle [55-57]. In particular, in [55], it was shown that,
if there is to be a minimal length, the kinematics of the
theory has to satisfy specific conditions: Given a position
operator X, we can define its wave-number conjugate k
such that'

&k =i. (5)

If the standard deviation of the position operator exhibits a

global minimum, the spectrum of the operator k is neces-
sarily bounded as

spec(k) = {k:ke[-n/2¢, n/2¢]}. (6)

The constant £ quantifies the minimal length in the sense
that the underlying model obeys Eq. (4).

In formulating this necessary and sufficient condition for
the existence of a minimal length, it has not been necessary
to refer to the momentum p. Thus, at first sight it appears
that the choice of physical momentum is arbitrary and,
most importantly, largely independent of the existence
of a minimal length. While this arbitrariness is irrelevant
at the kinematic level, it becomes problematic once a
Hamiltonian is defined as

"Throughout this paper, we will differentiate the terms “wave
number” and “momentum” standing for the generally distinct
operators k and p, respectively. Similarly, the terms “wave-
number representation” and “wave-number space” refer to the

basis carved out by the eigenstates of k.

~2

iy P N
H:%+ V(%), (7)

i.e., in terms of the momentum p, as is commonplace in the
literature [33-36,58—78]. This particular Hamiltonian is not
only not implied by the existence of the minimal length; on
the face of it, both are entirely unrelated. This observation
raises two questions [52,55]: If it is not required for the
existence of a minimal length, why should we introduce a

notion of momentum p distinct from the wave number k in
the first place? How could we make a more informed guess
on the minimal-length deformed Hamiltonian? As we will
show below, an answer to the second of these questions
entails an answer to the first.

In relativistic theories with an invariant length scale, the
choice of physical momentum and its underlying compo-
sition law has been addressed in multiple studies [79,80]. In
particular, nonlinearities in the addition law for physical
momenta has been the center of the much debated soccer-
ball problem [81-83], according to which small Planck-
scale modifications may give rise to drastic macroscopic
effects—in contrast with everyday observations. As dis-
cussed in [84], an unambiguous definition of total physical
momentum is viable only when interactions between
particles are involved.

In this paper, we derive a unique class of interacting
Hamiltonians for two-particle systems in one spatial
dimension based on a number of elementary axioms.
Most importantly, we demand that the space of wave
numbers be bounded as in Eq. (6) and that there not be
a preferred point nor a preferred frame. In other words, we
assume the system at hand to be invariant under generalized
Galilean transformations while implying a minimal length
of the kind provided in Eq. (4).

In order for wave-number space to be bounded, the
addition of wave numbers must cease to be linear.
Furthermore, the action of boosts on the wave number
(in the ordinary theory, a simple translation) has to saturate
when approaching the bound. Otherwise, this bound could
be overshot, for example, in scattering processes or by
considering the system from the point of view of a strongly
boosted observer. We find that generalized Galilean invari-
ance of the Hamiltonian, under rather mild assumptions,
tightly constrains this composition law, forcing it to be
commutative as well as associative. In other words, there
must be an operator p = p(k), which adds up linearly just
as momenta in the ordinary theory do, and is, therefore,
unbounded. It is this function which, as a matter of
convenience rather than necessity, provides a notion of
momentum akin to the one implicitly employed in conven-
tional GUP models. Consequently, the deformed commu-

tator in Eq. (1) becomes the inverse Jacobian f = dp/dk.

The transformation k — P can be turned into a canonical
transformation by also scaling the position with its Jacobian
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to obtain an operator X, conjugate to p. Therefore, the
Heisenberg equations of motion are left untouched.

Concerning the Hamiltonian, we find that the kinetic
term indeed provides a nonrelativistic modified dispersion
relation of the kind displayed in Eq. (7). Interaction
potentials, however, have to be modified, thus becoming
a function of the operator X instead of the position %.
As the phase-space coordinates (X, p) are canonical, the
Hamiltonian is thus canonically related to the ordinary
quantum mechanical one.

In short, the only minimal-length model invariant under
any deformed version of Galilean relativity is a diffeo-
morphism away from the undeformed theory. As a corol-
lary, conventional GUP models do not allow for a principle
of relativity. This implies that strong bounds on the
effective field theory description of spacetime symmetry
breaking apply [85-97].

That the deformed theory can be mapped into the
undeformed one reflects the fact that a one-dimensional
wave-number space cannot harbor curvature. Indeed, it
bears similarity to special relativity in 1 4+ 1 dimensions. In
contrast to the higher-dimensional case, the latter theory
does not possess a curved velocity space. Therefore, it can
be mapped into Galilean relativity [98].

Even though this implies that the spectrum of the
modified Hamiltonian is undeformed, the ensuing dynam-
ics is by no means trivial, just as special relativity in 1 4 1
dimensions is not. It is the position X that the physical
interpretation of the model hinges on because, as was
famously laid out in [99], all quantum mechanical mea-
surements come down to position measurements. As we
show, boosts, i.e., now nonlinear changes in the velocity,
change the positions of particles dependent on the boost
parameter and their momentum. In other words, we find an
effect akin to length contraction in special relativity, just
that it generally increases distances at large momentum and
for fast-moving observers. To highlight this fact, we
consider the Kempf-Mangano-Mann model [33] as an
explicit example, thus showing that distances increase
quadratically with the momentum. Furthermore, we explain
how the model recovers ordinary Galilean relativity for
coarse-grained measurements.

The paper is organized as follows. First, in Sec. I, we
introduce the notation, deriving the Hamiltonian governing
one-dimensional Galilean relativity. We turn to deformations
of Galilean relativity in Sec. II. The results are exemplified by
the Kempf-Mangano-Mann model in Sec. III. Finally, we
summarize our results and conclude in Sec. IV.

I. GALILEAN RELATIVITY

Before investigating deformed models, it is instructive to
see how the dynamical constraints play out in Galilean
relativity. Here, we intend to describe the dynamics of a
system of two interacting particles A and B which are
governed by an interacting Hamiltonian

= I:IO,AB +V, (8)

with the sum of the ordinary free-particle Hamiltonians
I:IO.AB as well as the potential V. While the kinetic term
I:IO,AB is fixed for arbitrary systems, the potential is left
open. Representing the kind of interaction that is to be
considered, it generally depends on a function of the
positions.

In one dimension, the Bargmann algebra is spanned
by the generators of boosts G; (here, the index I can take
the values A and B), translations lAcl, and free-particle time
translations 19{0, ; such that

[121,1210.1} =0, [lei(l] =iMj, [GI’I:IO,I] :ii‘h )
with the masses of the respective particles M;. The
masses commute with all operators, indicating that the
Bargmann algebra is the central extension of the Galilean
algebra [100]. The involved generators are to be repre-
sented in terms of phase-space variables (%, k). The first of
the commutators above implies that A, ; = I:Io,,(lAc,), while
the other two essentially imply that

. k?

Hy, = —. 1
0= (10)

The assumptions leading to Eq. (10) are just the require-
ment that the mass-shell relation

. k2
C:MIHO,I_E (11)

is invariant under the Bargmann symmetry. Of course, the
generalization of (10) for multiparticle systems is given by

ko, kg

Hyip=—>+-—2. 12
0.AB 2MA+2MB (12)

Furthermore, considering the fact that the position %; is the
conjugate variable to the wave number, we can make use of
the Jacobi identity involving X, IAc,, and G, to identify the
Galilean boost generator with the position as

G[:M].%]. (13)

Below, we will be interested in the time-evolved version of
the boost generator, which can be represented as

Gt,l = eiﬁotéle_”:lot = MI;C[ + ]%[t. (14)

Yet, there is more to the Bargmann algebra than this
representation.

To impose a relativity principle to the dynamical
structure spelled above, we require that the modification
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to the Hamiltonian by the transformations generated by
lAcAB = IAcA + IAcB and Gt,AB = GZ.A + (A}I,B be at most a total
derivative. As a remnant of the O(d) symmetry which
forms part of Galilean invariance, since O(1) ~Z,, we
further demand that the Hamiltonian not change under
parity transformations, i.e., X; - —%; and IAc, - —l},. Note
here that the translation and boost generators acting on two
particles at once are just linear combinations of the ones
acting on single particles. Therefore, the algebra in Eq. (9)
trivially extends to multiparticle states. The linearity is lost
when Galilean relativity is deformed, which will make this
extension far less obvious. The parity transformation, in
any case, acts simultaneously on all positions and wave
numbers and, being discrete, does not have a generator
which could form a part of a Lie algebra.

Given that the mass-shell relation (11) is invariant under
the Bargmann algebra (9), the form of the free-particle
Hamiltonian is the same in every translated and boosted
reference system. Moreover, Eq. (12) is parity invariant.

We consider potential functions depending on coordi-
nates 34,28 through a distance function d(%4,%?) and
present a simple argument required to constrain its form,
whose steps we will also employ in the deformed case. In

this vein, Galilean invariance requires that the operator d be
left unchanged under both boosts and translations, i.e.,
[d, kap) = [d, G, a5) = 0, which implies

A

d=d(k, —3p). (15)

Finally, parity invariance renders the sign of X, — Xp
meaningless, so that the dependence is actually on
|X4 — Xp|. Therefore, the full Hamiltonian reads

H & + Ky + V(x4 — 235]) (16)
=t X4 —Xp|).
2M, ' 2M, AT TB

In Galilean relativity, this derivation is, for the most part,
straightforward. In the subsequent section, we will see that
its deformed variant harbors some slight complications.

II. AXIOMATIC APPROACH TO DEFORMED
GALILEAN RELATIVITY

We aim to establish a coherent theory in one spatial
dimension that encompasses both single- and multiparticle
dynamics while incorporating a fundamental minimal
length. As mentioned in the introduction, this minimal
length implies a bound to the allowed eigenvalues of the
wave number &, conjugate to the position . Therefore, the
wave number necessarily satisfies a deformed composition
law of the form

ko @ kg = F(ky, kg). (17)

We make no further assumptions on the function F other
than that it recover the usual linear composition law in the
limit of vanishing minimal length, i.e., lim,_, F = k, + kp.

We start our argument by stating that the time evolution

of the particles in question is to be generated by a
Hamiltonian A which is given by the sum of a kinetic
term ﬁlo’ 4p and a potential V. For the resulting dynamics to
be consistent, we impose the following requirements.

(i) The model allows for a notion of (possibly) de-
formed Galilean relativity. The laws of physics
should be the same for every inertial observer
connected by symmetry transformations, i.e., trans-
lations, boosts, and parity transformations, which
reduce to their standard expression in the limit of
vanishing minimal length. In other words, we
introduce the translation and boost generators k; and
Gy, respectively, whose action changes the Hamil-
tonian at most by a total derivative. Also, we demand
that the generator of time evolution has to be
invariant under the standard parity transformation
which acts according to X; - —Xj, i([ — —1A<,, and
G, — -G,

(i) The model satisfies Newton’s first law; i.e., in the
absence of external fields and for vanishing poten-
tial, the time evolution of the generator of trans-
lations k; is trivial. This is the case if [k;, Hy,] = 0
or Hy; = Hy ;(k;). In other words, the wave number
is to be a conserved charge of free-particle motion.

(iii) The model allows for free particles at all energy
scales; i.e., in multiparticle systems, I:IO.AB equals a
simple sum of the kinetic terms of the involved
single particles H,, ;. Corrections to the addition law
of the kinetic term would necessarily be of higher-
than-quadratic order in the wave numbers and,
therefore, amount to interactions. In other words,
highly energetic particles are necessarily interacting
nonlocally (recall that those interactions would
solely depend on wave numbers and not on posi-
tions), thereby, for instance, making it impossible to
consider closed systems.

In the following, we explore the implications of these
axioms on the dynamics of interacting two-particle systems
and the composition law provided in Eq. (17). First, we
introduce the deformed Bargmann algebra on the level of
single particles to subsequently consider interactions.

A. Single particle

In Galilean relativity, boosts translate in wave-number
space. However, if this very space is bounded, it is not
possible to translate indefinitely. In other words, the
existence of a bound in wave-number space is incompatible
with the action of the standard boost generator on lAcl.
Consequently, we are forced to consider a deformation of

the commutator between the boost generator G, and the
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wave number lAc,, which, as deformations in minimal-length
models scale with the wave number, assumes the form

); (18)

where ¢ is a dimensionless function, tending to 1 in the
limit of vanishing minimal length and saturating toward the
bound of wave-number space in order for it to not be
exceeded by highly boosted observers. It can depend on the
wave number only in terms of its absolute value by virtue of
parity invariance.

Next, we derive the commutator between the boost
operator and the kinetic term of the Hamiltonian. Taking
into account Newton’s first law, [k;, 01] = 0, we conclude
that the Hamiltonian is a function of the wave number, i.e.,

Ho; = Hy (k). As a result, we obtain

[Gh ’A‘I] = iM19<|]A<1

[617[90.1(121)] = iMIﬁf),I(]ACI)g(VACID- (19)

To complete the single-particle description, we again
employ the Jacobi identity involving %;, k;, and G, to
represent the boost generator with the position operator as

&= M {& g(ki)} _ {Gr. g(ki))}

I — = B
2 2

o {Gr.g7' Ik}

=T
M,

. (20)

The anticommutator {, } is required to preserve Hermiticity
with respect to the trivial measure in wave-number space.

Furthermore, we introduced the operator G,, the standard
Galilean boost, obtained from G, as -0, ie.,

G; = M,%,. The generator of time-dependent boosts, in
turn, can be represented as

- [{212 9}

G, =M, + Hg‘,gz} . (21)

In contrast to standard quantum mechanics, in our
deformed Galilean framework the relation between the
boost generator G, and the coordinate X; is modified
nonlinearly. This has remarkable consequences for the
construction of deformed relativistic dynamics for multi-
particle systems.

B. Interactions between particles

In Galilean relativity, the extension of kinematics from
one to many particles is immediate due to the linearity of
the algebra. Yet, this ceases to be the case for nonlinear
generalizations thereof as in Eq. (18). In the present
subsection, we study the extension of the deformed algebra
to multiparticle states, using a system of two particles A and
B as a proxy.

For this choice to be compatible with the composition of
two boosts, the commutator in (18) has to be reproduced in
the multiparticle case, namely,

Gy @ Gp.ky @ kp) = i(My @ Mp)g(lky @ kg

), (22)

where each @ symbol is relative to the deformed compo-
sition of its associated quantity. In general, the composition
of boosts is a function of boosts, wave numbers, and
masses. However, contributions to the addition law which
are nonlinear in G, by virtue of dimensional analysis, have
to be balanced by inverse powers of #M; (M; here can be
any linear combination of the two masses). As these
corrections have to disappear in the limit Z — 0, they
could contain only inverse powers of the operators G,
rendering them nonanalytic. Furthermore, these inverse
power would render it impossible to obtain a boost-
independent right-hand side in Eq. (22). We conclude that
the composition of boosts has to be linear in the boosts.
Therefore, the most general ansatz reads

GA @ GB = al(/AcA, I%B)GA + az(],%A, I%B)GB (23)

with two dimensionless functions a; and a,, which reduce
to 1 in the limit # — 0. Applying analogous dimensional
arguments, the most general ansatz for the deformed
composition of the masses reads

My @ My = b (k. kg)My + by(ka, kg)Mp,  (24)

with two dimensionless functions b, and b,, which reduce
to 1 in the limit # — 0. The functions a,, a,, b, and b, are
constrained by the fact that the single-particle commutator
(G, M;] = 0 continues to be valid in the multiparticle case,
namely,

[GA ® Gp. M, @ Mpg] = 0. (25)

Using Egs. (18), (23), and (24), it can be shown that
bi(ka,kp) = by (kp) and by(ky. kp) = by(ky).

In the following, we prove that the functions b, and b,
have to equal unity, i.e., that the mass composition is
necessarily linear. This argument is based on a perturbative
expansion in Z|k;| (the absolute value here assures that
parity is obeyed), but it applies to all orders. At first order,
we can express Eq. (25) as

[GA + Gy + C(ay ks|Gp + ar|kp|G ),
My + Mg+ £(by 1 [ka|Mp + by, [kg|M,)| =0, (26)

where we introduced the real series coefficients a, , and
b, (n = 1,2 and m € N). Exploiting the fact that the mass
is a central element of the algebra, this equation implies that
by, = by = 0. In other words, the mass composition is
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trivial at first order. Notice that the only relevant commu-
tator resulting from this computation is

(Ga + G . 6(byykalMp + by kg|My)], (27)

namely, the leading order of the boost composition with the
highest-order term of the mass composition. Now we
extend this result to higher orders by induction.
Assuming that at the order of n the mass composition is
trivial, let us prove that it also has to be so at the order of
n + 1. At the order of n + 1, the only relevant commutator
in Eq. (25) reads

[GA + G, My +Mp+ by kg My
+ " by [ka | M) =0, (28)

which immediately yields b, ;| = b, ,; = 0. This com-
pletes the proof that the mass composition is trivial at all
orders.

Requiring that (22) holds and using that masses add up
trivially, the boost composition is uniquely fixed, yielding

a a 1(1 .
G, @ G = 5{5 (My{24, (*F)7"}

T My (. (PF)Y). gk @ /%B|>}, (29)

with the derivatives in wave-number space d; = 9/dk;.
Equipped with the composition law for the relevant
symmetry generators of our deformed Galilean framework,
we are ready to lay down the foundations to construct
relativistic dynamics in the multiparticle case. Following
our axiomatic approach, specifically Newton’s first law,
relativistic invariance demands that its commutator with the
combined boost generator G, ® Gy at most produces a
total derivative.

Inspired by standard Galilean relativity, we propose that
a potential V, which commutes with the total boost and the
total wave number, be a function of a generalized notion of
distance d, which, in principle, is a function of all phase-
space variables,’ namely,

‘A/: V[EZ(;CA,]}A,SCB,I%B)]. (30)

We require that d is parity invariant and that in the limit of
vanishing minimal length it becomes

limd = |3, — &5]. 31
lim |X4 — Xp] (31)

’In contrast to the Galilean case, we cannot assume the
potential to be a function of the position only, because, on the
basis of this assumption, it could not be rendered invariant under
generalized Galilean transformations while at the same time
being compatible with the existence of a minimal length.

According to the axioms laid out above, the operator d has
to be invariant under translations, i.e.,

Ul

N A ~ ~ ) ~ ~ ~ A
kA@,;B(a)d(xA» ki, X, kB)U/}Ae;/}B (a) =d(%a, ka, Xp. kp),

(32)

and under time-dependent boosts, i.e.,
(M) = d('%A7 I’%A,.;CB, ]23)9
(33)

1,7 AL A A .
UGAG}GB(M)d(xA’kA’xB’kB)UCAGBCB

with the time-evolved finite boost transformation

U%;AQBGB(M) - UI:IO,AB (t) UGAEBGB(L{)UI:IO_AB (t) (34)

For infinitesimal transformations, these conditions imply
[GA @GB,(,Z] :O, U%A 69123,21] :O,
[[GA @ GB,IA{O,AB], El] = 0, (35)

where the last equality is obtained by applying the Jacobi
identity involving the operators G, ® Gy, I:IO. B> and d.
What could the form of the function d be? As it

generalizes the distance function, we require it to have
two properties: It should be homogeneous and linear in the
coordinates X4, Xp, given that we are working in one spatial
dimension. Thus, up to a constant, the most general
translation-invariant ansatz reads

N | I D U R n

d= '2{2 ({24, (*F)7'}) halky © kB)}

— % {% ({&5. (0°F)7'}). hy(ky & l?s)}

. (36)

for two dimensionless functions %, and iz which reduce to
1 in the undeformed case. The particular parametrization
employed is useful in the calculations that follow. Indeed,

imposing that d is invariant under the deformed total
translation k, @ kg, we obtain hy(ks, kg) = hp(ky. kp) =
h(ky. k). Here, we introduce the shorthand notation

({&a, (*F)7"} = {5, (" F)7'}),  (37)

éA 2 63 = % (MA{?ACA» (*F)'} + Mp{%s. (3BF)_1})'
(38)

Then, the ansatz for d simplifies to

o= ‘%{a,h<zzA,1%B>}‘. (39)
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By virtue of Eq. (35), the operator d has to satisfy Gy ® Gg. Zi] = 0, which becomes equivalent to

A A A 1 1 2 a a 1 a 2 2
(G @ Gp.d] zi{i{d, [Gs & Gp. 1]} +§{h, (G eaGB,d]}},

= igZM1<;{c£l,

I1=A.B

=0,

where we have used the fact that d commutes with any

function of the total translation generator lAcA ® lAcB. This
condition can be simplified to read

APF

PFo'F

o'h
ZM’al_F_ (Ma + Mp)

I=A.B

(43)

As there is no independent mass scale in the theory, the
only dependence of the function % on the particle masses
can be of the product M,/Mpg. Then, the first term of
Eq. (43) can have the same mass-dependent prefactor as the
second one only if the function / depends on wave numbers
solely through their composition IACA ) lAcB. Furthermore, in
order for parity invariance to continue to hold, the distance
function has to depend on the absolute value of parity-
variable quantities. Therefore, 4 has to be an even function
of of the wave-number composition, and the operator d
finally becomes

d=|h(ky @ ky)d

, (44)

where we removed the symmetric ordering because every
function of the translation generator commutes with the
generalized coordinate difference. Furthermore, by Eq. (43)
the function £ satisfies the differential equation

NBF .
h(k,

h/(]%A @ I%B) = $ ]%B)

BFAF (45)
The implications of this condition are twofold. On the one
hand, it constrains the space of allowed wave-number
compositions F. On the other hand, given such a wave-
number composition F, it determines the function A.

First, apart from the factor HNoPF / A FOPF, all relevant
quantities in Eq. (45) depend on the wave-number compo-
sition. Thus, for the two terms appearing in Eq. (45) to
cancel out, the underlying function F has to satisfy the
constraint

ANoPF

HAFEFE F(ky @ kp) (46)

(0
o) =L+ ) @)
)

for some function F. As we demonstrate in the Appendix,
this condition forces the composition of wave numbers to
be both commutative and associative. As a result, the wave
numbers can be mapped to a set of momenta p; = p(l%,)
whose composition is linear, for some function p. In other
words, there are operators p; such that

(47)

Here, p~! stands for the inverse function which we denote
p~! = k(p). Using this definition of momentum, we then
obtain the deformed Heisenberg algebra

(48)

['%17 pl] =i

In short, enforcing the relativity principle suggests the use
of the momentum p which provides us with a GUP of the
form given in Eq. (1).

Second, in terms of the newly introduced momentum p,
the differential equation (45) can be solved explicitly to
yield

dk 1

h(k) = p (k) = Top(0) (49)

As by parity the function £ is even in its argument, so has to
be the function f, i.e., f(p;) = f(|p;|). For reasons of
notational simplicity, we will henceforth omit this absolute-
value sign. By virtue of Eq. (49), the function d assumes the
form

A

d

a:‘ﬁ. (50)
fop(ky @ kg)

We now turn to invariance under time-dependent boosts,
i.e., the last equality in Eq. (35), which constrains the
kinetic part of the Hamiltonian. For convenience, we here
recall the condition to be satisfied, i.e.,
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[CAL [GA ® Gy, HO,ABH =0. (51)

Given that the boost composition is linear in the coordi-
nates, the commutator between boost and kinetic part of the

Hamiltonian will be a function of the wave numbers IAcA and
kp. Yet, the only possible combination of wave numbers
that commutes with d is the wave-number composition
given by the function F(k,.kp), so that we obtain

A B2
< M’ H, 0°H,

[GAEBGBJEIO]_ _
O D780 (S0 My (.)BF> —F(F), (52)

9(|/A€A @763|) B

for some function F. To solve this equation, we again shift
to the momenta p;, yielding

MA‘;&JFMB"@’O
Pa opp —1 A A
e Ay =F oS o(Pat pp) (53)
(f=") o (Pa+ Pp) L

In other words, the kinetic term of the Hamiltonian satisfies

0H, 0H, -
My—+M =F(p D 54
A9p, + Mp TR (Pa+ Pg) (54)

for some function . From our postulates we recall that the
kinetic term for a system of two particles consists of the
sum of two independent kinetic terms, i.e.,

I:\IOA,AB = HoA,A + HO,B- (55)

Hence, the only possible solution to Eq. (54) is

A2 A2
A Pa P

Hy=-"A . 56
"7 oM, " 2My (56)

Finally, we can write down a two-particle Hamiltonian,
which is invariant under the deformed Galilean trans-
formations. In all generality, this Hamiltonian reads

).

where V can be any well-behaved function of the distance

d. As we have found the class of Hamiltonians which are
consistent with both the existence of a minimal length and a
relativity principle, we can now compare this result to the
ansatz toward minimal-length models which is customary
in the field.

2(7 2(7
p*(ka) _ p*(kp)
1%
o, +

0=
2M,

('fop(I%A @ kg)

C. Shortcomings of the conventional approach

In this subsection, we specialize Eq. (57) to a single-
particle scenario subject to a potential. This potential
approximates an interaction with a classical probe, i.e.,
an object with excessively large mass compared with the

dynamical single particle such that backreaction effects can
be neglected. In this kind of situation, the external source
provides a preferred frame, where it is at rest situated in the
origin. Specifically, let M — oo, while kg, %5 — 0. In this
limit, since particle B is considered to be fixed, Eq. (57)
reduces to

A]’%Q
p()+v

A= Vedr g |
2M 2

where we removed the subscript A because there is only
one particle left. An example for this kind of procedure is
the treatment of the hydrogen atom, where the dynamics of
the proton are neglected. The resulting dynamics is clearly
different from (7), which is the conventional Hamiltonian
employed in the context of the GUP [34-36,58-78].
Indeed, the (generally sparse) applications of the GUP to
multiparticle dynamics in the literature [101,102] adhere to
interaction potentials dependent on linear coordinate
differences. Thus, the underlying Hamiltonian comes
down to the apparently straightforward generalization of
Eq. (7), i.e.,

PZ(IQB)
2Mp

PZ(IQA)
2M 4

H= + + V(|&4 — %5])- (59)

Comparison with Eq. (57) demonstrates that the conven-
tional GUP-deformed Hamiltonian does not comply with
any relativity principle deriving from the algebra given
in Eq. (18).

Note, though, that here we consider only potentials that
originate in particle interactions. External potentials, i.e.,
solutions to originally (deformed) Galilean invariant field
equations, can generally break symmetries. For instance,
every curved geometry derived from Einstein’s field
equations breaks global Lorentz invariance. In the context
of elementary quantum mechanical systems, we find this
behavior, for example, when considering the Landau levels
of a charged particle subject to a constant magnetic field,
thus breaking the O(d) sector, i.e., in this case parity
symmetry. At present, a consistent description of field
dynamics in the presence of a minimal length is lacking.
Therefore, the single-particle potentials induced by external
fields cannot be clearly determined at this stage.

In [103], authored by one of the present authors, it has
been demonstrated that one-dimensional minimal-length
theories are incompatible with Galilean invariance. Here,
we have generalized this statement: One-dimensional
minimal-length theories of the customary type [where
the potential V(%) is employed to approximately describe
particle interactions] do not allow for any kind of relativity
principle, be it ordinary or deformed. We stress that the
entire argument behind this reasoning applies on the level
of operators and, thus, does not resort to any classical
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notions which could possibly become problematic in the
context of the GUP (for more information, see [104]; for a
different view, see [52]).

In a nutshell, deformed models that adhere to a relativity
principle introduce a departure from the conventional
approach. How, then, do they relate to ordinary quantum
theory? This question forms the basis of the subsequent
subsection.

D. Map to undeformed quantum mechanics

The momenta p; are defined in such a way that their
composition for multiparticle systems is linear. Furthermore,
the kinetic term expressed in terms of those momenta appears
undeformed. This raises the question: What happens to the
model when expressed in terms of the conjugate variables to
the momenta p;? In that vein, we introduce the operators X,
such that

[5(1» ﬁJ] = i6yy. (60)

As both pairs (%;, k;) and (X, p;) are canonical, going from
one to the other amounts to a canonical transformation.

Plus, Eq. (60) has the solution X, = {f~'(p;).%;}. In
order to understand the implications of this fact, let us for
the moment consider classical differential geometry with
the slight twist that we use wave-number space as the base
manifold of the cotangent bundle. Then, positions x; are
one-forms x;dk; (Einstein’s sum convention is not applied
here). Therefore, a diffeomorphism in momentum space
has to be of the form

dk

@(kl)xp (61)

k= p; = P(k1)7 xp— X =

The transformation

~

/A<1—>131=P(k1)1

1

N 1 (dk
SUtentid.an =3

&> X, = @

() ()

is just the Weyl-symmetric quantization of Eq. (61). In other
words, the descriptions in terms of the pairs (&, k;) and
(5( 1» Dr) are related by a momentum-space diffeomorphism.

That the sets of operators (&, k;) and (X;, p;) are related
by a canonical transformation is well known in the field of
GUPs. Both correspond to different representations of the
underlying deformed algebra [78]. It remains to be shown
how this transformation changes the model Hamiltonian
provided in Eq. (57).

Reexpressing the distance function d in terms of the
conjugate pair (p;,X;), we find

~ 1 | . L e ¢
dzi‘{m,xA}—{m,xB} :|XA_XB|' (63)

Consequently, the Hamiltonian can be written as

g P P
M, ' 2M,

+ V(X4 — Xp]). (64)

which by Eq. (60) is equivalent to the Hamiltonian of
ordinary Galilean quantum theory with the twist that the
operators X; do not stand for positions. Thus, in one
dimension, the minimal length forces us to reinterpret the
dynamical variables, while the underlying algebra stays the
same, 1.€.,

[pr.Hoy) =0, (G pi] = iMg(P)f (D).
[Gbﬁloﬂ = ii’19<i’)f(f’)- (65)

In other words, the only minimal-length deformed dynam-
ics in one spatial dimension, which is compatible with a
relativity principle, parity invariance, and a trivial compo-
sition of kinetic terms, has to be related to the ordinary
formalism by a diffeomorphism in momentum space, i.e., a
canonical transformation.

This is not to say that the theory is trivial. As we
demonstrate in Sec. III with the example of coupled
harmonic oscillators, while the spectrum of the Hamiltonian
is equal to ordinary quantum mechanics, the modification to
the interpretation of the theory is dramatic. As we will make
use of boost transformations to relate position measurements
of different inertial observers in our example, we first study
the properties of deformed boosts.

It is worth mentioning that the fact that the standard
interaction Hamiltonian is just a diffeomorphism away
from the deformed one does not necessarily imply that the
theory is trivial. We do not advocate nor have any reason to
believe that the physics must be invariant under such
diffeomorphisms. In this paper, we analyze the conse-
quences of understanding %; as the physical position,
indicating a minimal length. Ultimately, it is up to experi-
ment to decide which variable should be understood as
such. Also, ordinary classical mechanics enjoys invariance
under canonical transformations, but the physical meaning
of position variables is to be revised when switching from
one coordinate set to another.

E. Deformed boosts

In the previous subsections, we have formulated a
consistent dynamical framework for models involving a
minimal length. Each model depends on the choice of two
functions, F(k,,kg) and g(|k|). Before moving on to an
example involving actual dynamics for a system of two
particles, we briefly pause to study the consequences of
deformed symmetries on the kinematics of single- and two-
particle systems. From now on, we will focus on a specific
subclass of models, for which, upon choosing the deformed
sum of wave numbers (namely, the function F), we
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constructively derive the function g, guided by the fact that
the commutator between boost and momenta should
saturate when the eigenvalues of the wave number k
approach the cutoff.

The main idea consists in regarding the sum of a finite
wave number IAcA and an infinitesimal wave number IAcB as an
infinitesimal boost transformation with parameter kp/M ,
acting on the wave number lAcA, ie.,

~

PN o k . o
F(kA, kB) ~ kA + <_B‘> MAOBF(kA,O)
My

~

- l(}@i) G Rl (66)

A

From the above, we extract the commutator between boost
and wave number:

(Ga.ky] = iM 40P F(ky,0) (67)
iM,
~ f(pa) (0%

Since the function F asymptotes to the maximal wave
number /27, its first derivatives go to zero at the
boundary. This guarantees that the right-hand side of
Eq. (67) vanishes in that limit, furthermore constraining
lim;_,., f(p) — oo. As all prevailing minimal-length mod-
els imply a monotonically increasing function f, this
demand is rather weak.

Thus, following the outlined procedure to obtain the
generator of boosts G,, in general, we find

Gl :MIXIQQ(VAQD = (69)

L
fop(lkil)

With this specific choice for g, the deformed boost sum in
(29) is entirely specified by F, yielding

1 IS 1 A
o) MAXA} + {f(ﬁu) M BxB}

:MA)A(A+MB}A(B' (70)

GAM:B—{

As boosts add up linearly and by Eq. (69), the operator
X,(&;, p;) is invariant under boosts, i.e.,

)A(](’ACIIJA?/I) = )?1(3?17131)7 (71)

where the primes indicate the boosted quantities. In other
words, at equal time a Galilean boost changes the position
of any of the two particles as

l{f(fh*’Mﬂ’) 561}-

% = UG, 06,(0)%1Uc,e6,(v) = 2 f(pr)
(72)

Recall that by virtue of parity invariance the function f can
depend on the momentum only in terms of its absolute
value. Thus, in the boosted frame we can write it as

Fpr+ M) = £(\2Mify, ). (73)

where I:I()., denotes the kinetic-energy operator in the
boosted frame. In the classical regime,” we thus obtain

oy SUlpr+ M) 2
W) =R a0 oW
+ O(n), (74)

with the classical kinetic energy E;,. If, for example, the
original description was in the rest frame of particle /, i.e.,
(p1) = 0, the boosted position of the particle will be at

(&) = f(Mv)(%;) + O(h). (75)

In other words, similarly to special relativity, the distance of
a particle to the origin changes as a function of the boost
parameter v. The difference lies in the fact that the change
additionally depends on the original position of the
described particle. Thus, for every observer, the origin is
a preferred point (inasmuch as every object in motion
recedes from it). In other words, this property transforms
covariantly under translations. Therefore, every observer
sees local events unmodified, while distant events change
depending on the relative distance and momentum.

Ordinarily, we understand boosts as translations in the
space of velocities. In the deformed case, the velocity of a
free particle (an observer) reads

N A p P
Xy = —i[k;, Hyap] = f(pl)ﬁl~ (76)
I

Therefore, an equal-time boost by v acts on the velocity of a
particle as

¥ = f(p;+ M) <%+y>. (77)

Throughout this paper, we understand the classical limit as
h — 0, while £/ stays constant, a viewpoint which is inherent to
the literature on relative locality [105] and has recently been
advertised for in the context of the GUP by two of the present
authors [52]. Otherwise, the classical limit of the GUP is either ill
defined or trivial [104].
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As the function f for conventional minimal-length models
is monotonically increasing, this amounts to an additional,
possibly nonlinear push if the unboosted momentum
is large. In contrast to ordinary Galilean relativity, this
push modifies the velocity of distinct particles in different
ways which can be inferred from the appearance of their
masses and momenta. The relativity principle, however, is
unchanged—observers at different speeds experience the
same physics.

F. Deformed translations and relative locality

We move on to study the effect of total translations on a
two-particle system. Let us recall that, according to the
axioms laid out in Sec. II, those total translations are
generated by the operator lAcA ® lAcB. As usual, let X; denote
the position operator of the two particles. By acting with a
finite translation on the position operators, we obtain

%1 = Ut o1, (11U, (@) = 21 + a0y F (ks @ k)
f(P1)

R T wi 78)

with the translation parameter a. On the classical level, this
implies that

Fow) + han “ 7O 9

Consider now these two particles undergoing an elastic
collision such that the Heisenberg equations satisfy p/ () o
5(|X, — Xp|), simulating a classical scattering process. If
their expected positions are coincident with the observer’s,
ie., (X,4) = (&) = 0, at least barring quantum corrections,
we find that

@)
K0 =Fom

Thus, if both particles are local to the observer, at lowest
order in # the scattering process is indeed taking place
locally.

However, if the particles’ momenta differ, their positions
are not coincident for the translated observer, who expects

+O(h) = O(h). (80)

—wa—k(’)(fl). (81)

In other words, to the translated observer, the particles
appear to interact nonlocally if their momenta differ in
absolute value. Whether the interaction is local, therefore,
depends on the observer. This is an instance of relative
locality [105,106]. Note, however, that quantum correc-
tions can generally change this conclusion.

We, thus, conclude our investigation on the conse-
quences of general deformations of the Bargmann algebra.
To further highlight the implications of this modification, it
is instructive to study a specific example, which we do in
the subsequent section.

III. CASE STUDY:
KEMPF-MANGANO-MANN MODEL

The classic minimal-length model which continues to
be in customary use goes back to Kempf, Mangano, and
Mann [33]. As provided in Eq. (3), it purports a second-
order correction between the position and the momentum
operators, i.e.,

(&, pi] = i(1 4+ 22p7). (82)

where ¢ again plays the role of minimal length. The wave-
number conjugate to the position X introduced here is
related to the momentum as

tan(Zk;)
R

pr= (83)
Assuming that the momenta of the particles in question are
composed linearly, the wave numbers have to obey the
deformed addition law

PN N ~ 1 A N
F(ka,kp) = ky @ kg = arctan (tan(Zky) + tan(Ckpg)).
(34)

Following the argument in Sec. IIE, the commutator
between boost and wave number reads

[G],]%[} = lMI C052<lxﬁ]21). (85)

As required, the action of boosts on wave numbers saturates
at the boundary of wave-number space such that it cannot
be overshot.

The conjugate variables to the momentum operator from
which the operator d is constructed by Eq. (63) read

o 1 1 1 iy an G
$i=3{ g} =3 (eolleL iy =L (50

Consequently, a boost by a velocity » acts on the semi-
classical position of a particle at rest as

(&) = [1+ (¢M)?] (%) + O(h). (87)

In other words, the distance from the origin increases with
large boosts. Having all required operators in place, we can
study the modification to the ordinary Galilean theory in
evaluating the expectation value of d in typical states of
interest.
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A. Generalized Gaussian states

In general minimal-length models, there is no physical
position representation, because the eigenstates of the
position operator, which are infinitely peaked, are not
contained in the physical Hilbert space; the latter requires
a minimal position uncertainty [i.e., Eq. (4)]. Instead, it is
possible to construct a quasiposition representation [33]
from so-called minimal-uncertainty states. These constitute
a generalization of Gaussian states, defined such that they
saturate the Robertson-Schrodinger relation [53,54] of %;
and py, i.e., the GUP [33]. Such a minimal-uncertainty state
at the average positions (%;) and with vanishing expected
momenta reads [42]

f F(l +al) .
o, (ki) = 57— \[ =~ cos(Zk ar =ik (x1)
W( >l< 1) 2\/7_[1:HA.B F(%_i_al) ( 1)

1+ 2Ap;

with ar = W’

(88)
where we introduced the Euler Gamma function I'(x). The
quasiposition representation, made up of states of largest
possible localization [i.e., saturating Eq. (4)], is then
obtained for Ap = 771

Given such a state, the expectation value of the operator
X, becomes

- 1 +262Ap7 .
<X1> 1t 352Ap% (x,). (89)
In other words, while the expectation values of X; and X,
coincide in the limit ZAp; — 0, with increasing momen-
tum uncertainty (X;) decreases to finally equal 2(%;)/3 in
the limit ZAp; — oo. For states comprising the quasipo-
sition representation, we obtain

(Xp) =), (90)

which is independent of the minimal length. In other words,
strongly localized states imply macroscopic differences to
observables. This was to be expected, because this amount
of localization requires momenta at the level of the minimal
length, i.e., exactly Ap, = 7.

Most importantly, the expectation value of the operator
d?, the argument of the potential in Eq. (64), becomes
approximately

@) = () = 50) + g2+ 1o

=202 ((xa) = (xp)) (Ap; (xa) — Apg(xp)) +O(£*).
(91)

Consequently, the expectation value of the argument of the
potential fulfils the expectation of the expected distance

between two Gaussian states in the limit of vanishing
minimal length. For the constituent states of the quasi-
position representation, however, we obtain exactly

@)=+ 5((&a)” + <5€B>82) — 9(%4)(X5) (92)

which, independently of the value of £ yields macroscopic
changes to the value of the generalized distance. Thus, for
all intents and purposes, no particle has ever been detected
in a quasiposition eigenstate.

To gain an intuition on the consequences of the mod-
ifications analyzed in the present section, it is instructive to
consider an explicit example. Therefore, in the following,
we analyze the coupled harmonic oscillator.

B. Coupled harmonic oscillator

We have seen that, in one dimension, the dynamics of
every system obeying a deformed version of Galilean
relativity can be mapped into ordinary quantum mechanics
by virtue of a canonical transformation. In other words,
we may implement a minimal length by describing the
kinematics in terms of the canonical pair (%, IAc), where the
spectrum of k is bounded. This representation is momentum-
diffeomorphically related to the canonically conjugate
operators (X, p) satisfying ordinary Galilean relativistic
dynamics. Nevertheless, the resulting model is by no means
trivial. In this section, we explore some of the consequences
of this construction with the help of a simple yet illustrative
example—the coupled harmonic oscillator.

As we have demonstrated in Sec. II C, the single-particle
Hamiltonian obeying a deformed version of Galilean
relativity is given by Eq. (58). Expressed in terms of the
pair (p,X), it thus reads
132
2M

A=-—+V(X). (93)
Hence, the energy eigenspectrum is generally undeformed.
However, the dynamics is nontrivial just because the
equations of motion for the position X are nontrivial.

As a specific system, consider two particles of equal mass
M connected by a spring. The resulting Hamiltonian reads

82 4 a2 2

A Pa + Pp Mo~ . & \2

H="——=4+—(X,—-X3p)", 94
e T FE ML CY)

with the oscillation frequency . The dynamical equations

can be decoupled by dividing the motion in X space into a

center-of-mass contribution and a relative part such that

By analogy with Lorentzian-relativistic quantum mechanics,
this can be understood as an argument in favor of using positive
operator-valued measures [107] to model measurements instead
of simple projections on eigenstates.
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. X, +X . o
Xeom = ) £ s Pcom = Pa T Ps>
. X,-X . o
Xl = %, Prel = PA — PB> (95)

which is a canonical transformation.
Hamiltonian becomes

As a result, the

N )
o PeomtPay 1
H = %ﬂ)trel + 2Mtotw2Xrel’

(96)
with the total mass M, = 2M. Thus, the dynamics comes
down to a simple harmonic oscillator in X space. Thus, p..m
and consequently lAccom = k(Peom) are constants of motion as
required by Newton’s first law.

We are working in the Heisenberg picture such that states
stay constant while operators evolve in time according to the
Heisenberg equation. For the pairs (X;, jy;), we thus obtain

A

p m < f)r 0 :
£ = R (©) + 2224 £ 0)costor) 22D i)
i’comt Y
_oPen! g () 97
onl 3,0 97)

(a) €Apa = (Apg = 1075, *Mw = 1075

(¢) LApa = (Apg =1, *Mw = 107°

FIG. 1.

—_—

[i)com - Mtotwj(rel(o) sin (Cbt) - i)rel(o) COS(G)I)]

- ps(1), (98)

pat) =

> NI

= Pcom

with the operator-valued relative-position operator at the
beginning of the evolution }A(rel(O), initial center-of-mass

position X o (0), and initial relative momentum p; (0). The
evolution of the position operators can then be inferred as

&i(1) =X, (1) +5 {f2 107, X,(1)}- (99)
Thus, we can express the time evolution of the position
operators in terms of the operators X,¢;(0), Xcom(0), Pre1(0),
and p.,m,. Furthermore, we can apply a deformed Galilean
boost (with boost parameter v) to the system by shifting

A

Xrel - erelv i)com - i)com + Mtotv‘ (100)

In order to study the evolution of the expected position a
typical system exhibits, we consider the generalized
Gaussian states defined in Eq. (88). In the limit of

Ap;Z — 0, these are coherent states, thus closely mimicking

(b) ¢Aps = (Apg = 1075, *Mw =5

1x 101“

-
I

—1x10"

(d) tApsy =(lApg =1, *Mw =5

(#:(8)
10

wt

-10

Time evolution of (%;()) in units of the coordinate distance between the two particles at r = 0 with increasing momentum

uncertainty from left to right as well as increasing oscillator momentum scale M® from top to bottom. The green and violet lines stand

for (%4(2)) and (%p
symbolize the end of a period.

(1)), respectively. Additional parameter values are (%4(0)) =

—(%5(0)) = ¢/2 =1/2 and v = 0. The black dots
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classical evolution. As given in Eq. (88), the generalized
Gaussian states have vanishing expected momentum for
both particles. Thus, initially, the center-of-mass momentum
of the system vanishes in the unboosted frame v = 0.

There are four dimensionless parameters that can indi-
cate strongly deformed evolution when being at least of the
order of one, namely, Mw?¢?* (Mw constitutes the relevant
momentum scale of the oscillator), Ap,(0)¢, Apg(0)¢
(precision to which momentum or position is known
initially), and Mv?¢ (strength of the boost).

The ensuing evolution of the expected position is
displayed for combinations of the first three parameters
in the unboosted stage in Fig. 1. In this vein, Fig. 1(a)
demonstrates that the evolution is basically undeformed if
the relevant parameters are small. An increase in the
system-characteristic momentum scale VMo induces
higher modes of oscillation, overtones of fractional period
with respect to @, which leads to the two particles some-
times scattering off each other while other times simply
passing by, clearly very unusual behavior [see Figs. 1(b)
and 1(d)]. Strong positional localization, in turn, shifts the
phase and frequency of the oscillator while at the same time
leading to a constant increase in the separation of the

(a) €Apa = {Apg = 1077, My = (*Mu = 1078

1 1 1 Lot

% 2 4rn 6 8n

(¢) LAps = (Apg =1, (Mv = (?Mw = 1078

(@(1)
80r

60
40F
20

1 1 1 Lot

2 4n 6 8

particles [see Figs. 1(c) and 1(d)]. Note that, while those
latter plots appear to indicate an instability, the energy
along the evolution is constant as expected.

As seen from a boosted observer, the evolution is depicted
in Fig. 2. In this case, the boost is chosen to be of the order of
vt ~ (%;)(0) such that the boost evolution does not over-
power the harmonic dynamics. As time measured in periods
in the plots, i.e., @t, is of the order of 1, this comes down to
the relation Mv/Ma ~ ¢ ~ (%;)(0). Thus, generally we
have ZMv ~ ¢*M@® as can be seen in the plots. If, then,
the boost and system momentum scale as well as the
localization in position space are small, we recover the
ordinary boosted harmonic oscillator [cf. Fig. 2(a)]. In
contrast, at large boosts and system momentum scales, a
situation displayed in Fig. 2, both particles start oscillating in
phase at much larger distance from the origin, i.e., generally
(&) (1) > (%,)(0). As demonstrated in Fig. 2(c), strong
localization in and of itself does not imply significant
changes in the boosted with respect to the unboosted case
[cf. Fig. 1(c)]. Itis the combination of strong localization and
large masses [Fig. 2(d)] which is of special interest, because
it essentially recovers the classical dynamics. The interest-
ing point here lies in the fact that those oscillatory peaks

(b) €Apa = (Apg = 107°, (Mv = *Mw = 2
(@1(8))

2 ¥ 6

(d) ¢Aps = (Apg =1, (Mv = (M = 2
(1(t))

FIG. 2. Time evolution of (%;(7)) in units of the coordinate distance between the two particles at r = 0 with increasing momentum
uncertainty from left to right as well as increasing oscillator momentum scale M® from top to bottom. The green and violet lines stand
for (%4 (2)) and (5(7)), respectively. Additional parameter values are (X, (0)) = —(23(0)) = #/2 = 1/2 and #Mv = 1. The black dots

symbolize the end of a period.
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pointing toward the observer (the origin) are softened while
those directed away from the observer are sharpened. This
property demonstrates experience by a moving observer.
According to Eq. (72), objects in relative motion to the
observer in the origin appear more distant depending on their
kinetic energy. This effect is stronger for objects which are
farther away.

In summary, while there are no corrections to the
spectrum of the Hamiltonian, the deformation induced by
a canonical transformation applied to the ordinary Galilean-
invariant Hamiltonian does lead to physical changes,
because it is the position that we associate the physical
interpretation with. If the physical position is given by X;
instead of X 1, 1.e., in the presence of a minimal length, the
ensuing modifications to the theory are nontrivial.

IV. CONCLUSION

A quantum mechanical model with a minimal length
requires a cutoff in the eigenspectrum of the wave-number
conjugate to the position operator. This implies, on the one
hand, that wave numbers cannot add up linearly and, on the
other hand, that boosts have to act nontrivially on wave
numbers. In other words, Galilean relativity has to be either
explicitly broken or, at least, deformed in some way.

In this work, we have explicitly demonstrated that the
only dynamics invariant under deformed Galilean trans-
formations in one dimension is canonically related to
ordinary Galilean evolution. In other words, given the
position X and its conjugate k, we can find another
canonical pair (X, p) in terms of which the Hamiltonian
does not appear deformed. The transition from the set (%, lAc)
to the set (p, X ) is a diffeomorphism in momentum space

defined such that the momenta p(k) compose linearly. In
other words, expressed in terms of p, the law of con-
servation of momentum is undeformed.

Customary minimal-length models, subsumed under the
term GUP, purport the existence of a preferred notion of
momentum in terms of which the kinetic part of the
Hamiltonian is quadratic. Here, introducing the momentum
p = p(k), we have corroborated this assertion, turning the
existence of a linearly adding momentum p into a neces-
sary condition for the existence of a relativity principle.
Indeed, the resulting free-particle Hamiltonian is quadratic
in p. However, contrary to conventional models, deformed
Galilean relativity requires the interaction potential
between two particles to depend on a generalization of
the respective distance, i.e., to be deformed. Therefore, the
prevailing GUP models cannot accommodate for a rela-
tivity principle.

Semiclassically speaking, the deformation of the boost
operator implies that the position of a particle in motion
with respect to the observer is modified as a function of its
kinetic energy in the observer’s frame. For conventional

types of models, this change amounts to an increase in
distances and apparently elongates extended objects in
motion in a way reminiscent of the Lorenz contraction.
However, here it is not the relative velocity that is compared
to the speed of light but the mass and the kinetic energy that
are compared to the minimal-length scale.

That the resulting deformed Galilean-invariant dynamics
is canonically related to the ordinary Galilean-relativistic
one does not imply that the model is trivial. Indeed, an
analogous statement could be made about special relativity
in 1 + 1 dimensions, and similar results have been found in
some doubly special relativity models [108]. While the
spectrum of the Hamiltonian is unmodified with respect to
the ordinary one, the dynamics of the position operator is
clearly deformed. For instance, the study of elastic colli-
sions suggests a revision of the principle of absolute
locality in favor of relative locality (for more information,
see, e.g., [105,106]). We have further demonstrated the
nontriviality of the dynamics at the instructive example of
two particles interacting through a harmonic potential. In
particular, a boosted observer does indeed find relative-
locality-like effects as displayed in Fig. 2(d).

The apparent triviality of the model is rooted in the fact
that a one-dimensional wave-number space cannot be
curved. Similarly and in contrast to its higher-dimensional
counterparts, the space of velocities in 1 + 1-dimensional
special relativity is flat. By analogy with special and doubly
special relativity, we expect this to change in higher
dimensions when coordinates cease to commute. Indeed,
it has been shown that the curvature of momentum space is
proportional to the noncommutativity of the coordinates
[46,105,109,110]. Furthermore, the finding that the exist-
ence of a minimal length requires a cutoff in wave-number
space generalizes to noncommutative geometries [55].
Therefore, it would be interesting to extend the present
results to that case. We hope to report back on this matter in
the future.
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APPENDIX: PROOF OF ASSOCIATIVE AND
COMMUTATIVE COMPOSITION LAW

Equation (46) constrains the composition laws compat-
ible with any version of deformed Galilean invariance. This
appendix is dedicated to analyzing this constraint. First, we
rewrite Eq. (46) in terms of F as

Jasy

Faogon — L)

(A1)
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where the superscripts correspond to the number of
derivatives with respect to the first and second entries of
the function F(k,.kp), respectively. This equation is
generally satisfied by a composition law of the kind

F(ka, k) = p~ (p(ks) + p(ks)) (A2)
for some function p(k). Composition laws of this kind are
trivially associative and commutative.

However, for Eq. (Al) to imply a commutative and
associative composition law, it is necessary that Eq. (A2)
constitutes its unique solution. Here, we demonstrate this
by a perturbative analysis to infinite order in 7, i.e., under
the assumption that the functions F, F, and p are analytic.
In this case the functions F and p, being dependent on one
variable, have one free coefficient at every order in £. The
composition law F, in turn, is a general function of two
momenta, thus requiring n different coefficients at the order
of n. Both Egs. (A1) and (A2) provide n constraints at the
order of n. Thus, both introduce one additional coefficient
while providing the same number of constraints on the
composition law. As a result, the composition law in both
cases has one unconstrained coefficient at every order in £.
In a nutshell, we have found a solution of Eq. (A2) which
does not further constrain the composition law. Thus, we
have determined its general solution.

To illustrate how this comes about, we find the said
constraints to fourth order in #. The wave-number compo-
sition can be expanded as

|

Flhykp) =ky+kg+ D Fuul"1RGkG. (A3)

nm=1

Furthermore, bearing in mind that it has to have dimensions
of length, we may express the function F(k) as

Flky=r i F,(¢k)". (A4)
n=0

As a result, we can expand Eq. (Al) in powers of # and
compare the coefficients of powers of |k,| and |kp| to
obtain constraints on a given composition law and deter-
mine the corresponding F,. As the present appendix is
centered around the composition law, we display only the
former. To fourth order in £, they read

3F3,

Fi,=Fy,, Fi3=F3;, Fy= +Fy1Fy, (AS)

1
Fi4=F41, Fy3=F3; :E(zF%.l +3F 1 F31)+2Fy;.
(A6)
Indeed, there is one free coefficient at every order (i.e., Fy j,

Fy1, F54, and Fg4 ). Thus, at that order the composition
law becomes

~ ~ ~ ~ A A ~ 1. 4 ~ o~ ~ ~ PR
F =ky + kg + Fy1kakpt + Fa kakp(ky + kp)e* + EkAkB [F31(3kakp + 2k; + 2kg) + 2F | 1 Fa kakg)t?

1~ ~ 4 ~ ~ A ~ A ~ A ~ ~
+ EkAkB(kA + kp) [2F3 (kakg + 3F ) | F3 kakp + 2Fy  (kakg + I3 + k3)] 2.

(A7)

This function is clearly invariant under the exchange A <> B; i.e., the composition law is commutative. Furthermore, it
can be explicitly shown that F(k,, F(kg. kc)) = F(F(ks, kg), kc), which amounts to associativity. Indeed, both Egs. (A1)
and (A2) imply the same composition law in the same parametrization.
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