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We construct noncommutative theories with the Moyal-Weyl product in the double field theory (DFT)
framework. We deform the infinitesimal generalized diffeomorphisms and the Leibniz rule in a consistent
way. The prescription requires a generalized star metric, which can be thought of as the fundamental double
metric, in order to construct the action. Finally we use the generalized scalar field dynamics and the
generalized scalar field-perfect fluid correspondence to construct the generalized energy-momentum tensor
of a perfect fluid in the noncommutative double geometry. The present formalism paves the way to the
study of string cosmologies scenarios including the Moyal-Weyl product in a T-duality invariant way.
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I. INTRODUCTION

T-duality is an exact symmetry of closed string theory [1]
which establishes that toroidal backgrounds 7¢ related
via the noncompact group O(d, d, Z) are physically equiv-
alent. When one compactifies the low-energy limit of
string theory considering Kaluza-Klein compactifications,
the continuous form of the duality group, O(d,d,R),
appears as a symmetry. Interestingly enough, the effect
of T-duality is producing a noncommutative [2—14] relation
in the commutator of the target coordinates and/or its dual
coordinates [15-16]. This effect can be thought of as a
central extension of the zero-mode operator algebra, an
effect set by the string length scale even in cases where the
backgrounds are trivial.

At the effective level (supergravity level) it is possible to
construct commutative theories where the T-duality group
appears as a symmetry before compactification by doubling
the geometry and (re)writing all the fundamental fields and
parameters via multiplets of the duality group. This frame-
work is known as double field theory (DFT) [17-24]. One
interesting aspect about DFT is the existence of a strong
constraint or section condition which can be performed in
order to get rid of the extra coordinates required by
O(D,D,R) invariance, where D =n+d and n is the
dimension of the external space. Applying the strong
constraint only on the external coordinates it is possible
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to arrive to a hybrid theory with an n-dimensional exterior
space-time and a d-dimensional double internal space [25].
While this is a promising formulation constructed on an
arbitrary double internal space, the formulation is purely
classical. While this setup can be used to effectively describe
theories and its duals, the relation between noncommuta-
tivity and gravity has been studied in the double geometry.
Another missing ingredient in this type of formulation is the
possibility that both the external and internal backgrounds
are partially/fully non-Riemannian [26-32].

If we focus on a model which could be reduced to the
Einstein-Hilbert action, one possibility is to define a
noncommutative geometry considering that the commuta-
tor of the coordinates is given by [33]

[x#, x*] = i0*, (1)

with 6 a generic antisymmetric tensor which is also used to
defined an algebra 4, through the following star product,

fHgx) =T (0 @ g)|yers  (2)

u=1,...,D—1. In this work we will focus on the 6 =
const. case (Moyal-Weyl product), where Lorentz invari-
ance is broken from the very beginning [34]. Since the
ordinary relation

Gu * 97 = 8+ O(0), (3)

receives O-corrections, one is forced to construct an inverse
metric compatible with the star product, g*#*, which satisfies

G * G = 6. (4)

While the natural expectation is to deform both sym-
metries and action using the star product, the natural
proposal

Published by the American Physical Society
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Ot =& % 00" — 0,8 x v¥ (5)
does not satisfy closure

[0, 0¢,] = 6¢,,.- (6)

In [35], the authors keep diffeomorphism transforma-
tions untouched (with a modification to the Leibniz rule)
and they define a consistent action as

S:/de\/—_g*R+cc:/de\/—_gR+O(92), (7)

where both the determinant of the metric and the Ricci
scalar contain @-contributions [33] and the c.c. (complex
conjugate) terms guarantee that the action is real. Therefore
the previous action is invariant under infinitesimal diffeo-
morphisms, paying the cost of deforming the Leibniz
rule [35]. In this work we deform the transformation rules
using a generic commutative and associative product, so the
Leibniz rule is consistently modified but the action remains
unchanged. Moreover, the closure of the transformations is
also fulfilled. For clarity’s sake, we present our main results
in the following part.

A. Main results

Our formulation consists of a systematic procedure to
construct @-deformed theories and we mainly focus on
the DFT framework. In this work we provide a simple way
to generalize this construction defining the notion of DFT'
on noncommutative double spaces.

We start by considering the noncommutative relation at
the level of double coordinates,

(XM XN] = igMN | (8)

where M =0, ...,2D — 1. We define the generalized star
metric through

Hip * HAPY = 6, (9)

since there is a notion of an inverse metric in DFT. The
generalized star metric can be expanded in powers of 0 as

2PN — (PN _ %HPRHQSaQHRTagHTN +0(6%). (10

Moreover, we consider this new metric as the fundamental
field of the theory, so the construction of the noncommu-
tative version of the DFT projectors is given by

ISee [36-38] for pedagogical reviews and [39—43] for related
works.

1 - 1
Phn = 5 (mun —Hygy) and PRy = 3 (v + Higw)-
(11)
which satisfy the following properties:
P;}Q * P*Cy = Py, (12)
Piig * P*Cy = Plyy.

Mimicking the procedure given in [44], we define a
connection I'y;yp and a covariant Riemann tensor as

Runkr = Runkr + Rxkeun +Toun * T9%. (14)
Rynkr = 20Nk + 2T w0 * rN]KQ- (15)

The action is given by
/d2DX e % P*MN 5 PXOR % Ryong +c.c. (16)

Finally, we have checked that the inclusion of matter
through a generalized and massless scalar field is also
consistent with our formalism

1
L aer [ H. @] = EﬁMCD * H*MN 5% 9y ® — V(®), (17)

which is compatible with the free scalar action to all orders
in @ after parametrization and imposing the strong con-
straint. We consider the generalized perfect fluid-scalar
field correspondence in order to construct the generalized
energy-momentum tensor,

TMN:4[PEW|K*PX,]L](\/§+[~7UM*\/E"’i)UN)
1 — —
_E},IMN e+pUp*H*PQ* €+pUQ, (18)

with U, a generalized velocity [45] and ¢é, p the gener-
alized energy density and pressure respectively. The pre-
vious tensor can be used in order to construct the
generalized Einstein equation for these geometries, which
pave the way to the study of noncommutativity string
cosmologies in a T-duality invariant way.

II. NONCOMMUTATIVE GEOMETRY
WITH MOYAL-WEYL PRODUCT

A. Symmetry transformations

The algebra A4, is based on the relation,

[x#, x¥] = i6*, (19)
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with 6#¥ constant and real. This algebra can be realized on
the linear space F of complex functions f(x) of commuting
variables: The elements of the algebra .4, are represented
by functions of the commuting variables f(x), their product
by the Moyal-Weyl star product, i.e.,

1o 0 & 0
fHog(x) = "7 f(x) @ g(y)l,ore  (20)
The x-derivative, dj f := d,f, satisfies
0. = 5 @)

and the usual product rule with respect to the x-product
(from now on we use the standard notation for the star
derivative),

0u(f % g9) = (0.f) * g+ f * (9,9). (22)
Finally let us construct the Leibniz rule. It is possible to

define the infinitesimal diffeomorphisms in the following
form for scalars fields:

bep = X} > ¢b. (23)

and for vector fields,

OV =XZ > VI +X@p?) > VP, (24)
The operators X7 and Xz*a o are given by
.

0 1 l n

n=0
* 0 ...0% OF,

0 1 i\ n i i
Xz(dﬂé‘) = Zom <_§) 9/’1 1,..0pn "(apl"'apnau§/1>

n=

* 05 .05 .
The deformed Leibniz rule takes the following form:

XE o (fxg) = p{e®7%®% (X @ 1
FLO XIS 1 (0 ). (25)

So far we have reviewed the basis of noncommutativity
in flat space. It proves illustrative to focus first on the
physics of a free massless scalar field in noncommutative
geometry. The action in this case is given by

1

/ dPxd,¢ * 3¢, (26)

where the indices are contracted with a flat inverse
metric #*.

From the previous Lagrangian, it is simple to observe
that the terms created for the -expansion are even and real.
Moreover, in this case the squared contribution is a total
derivative due to the constant and antisymmetric nature of
6. The most interesting point here is that the ¢-field is no
longer a scalar field when the star transformations are
expanded. Therefore, we can analyze covariance with
respect to the star product or with respect to the ordinary
product. While ¢ is a scalar for the former, for the latter its
transformation is noncovariant. However, it is straightfor-
ward to prove that the action (26) is invariant. In these
geometries, Lorentz invariance is broken from the very
beginning. For instance, taking a four-dimensional mani-
fold, if the only nonvanishing component of 6 is the
0'>-component then Lorentz boosts in the 3-direction and
rotations in the 1-2 plane are still preserved as are trans-
lations in any direction.

In the next section we will review the basic steps to
generalize these concepts to the gravitational case.

B. Noncommutative gravity

For more general scenarios we need the notion of a
covariant derivative. The introduction of this operator
follows as in the commutative case, in the sense that we
introduce a connection I, in order to define the covariant
derivative as

V,V,=09,V, - I, * V,. (27)

The metric of a noncommutative g,, is defined as a
symmetric tensor under infinitesimal diffeomorphisms, and
its inverse ¢g*** is constructed such that

G * G = 8. (28)
Therefore g*#* is not symmetric and the noncovariant

contributions compensate the noncovariant terms arising
from the star product,

i
g = g — zg/“fﬁp"dpgfgd,,ge” +0(0%). (29)

Using the previous metrics it is possible to determine the
torsionless star Levi-Civita connection, defined as

c 1 *yo 1 *yo
Fyﬂ = Erybﬁ *x g = 5 (augﬂy + aﬁgvy - aygvﬂ) * g7,
(30)
while the Riemann tensor is given by
R, = 26[,41—‘{;]6 + ZFQ)[” * Fi]a. (31)

From the previous expression we can extract the Ricci
scalar for the noncommutative geometries as
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R = g*" x R,;,°. (32)
which transforms as a scalar. Finally, the action can be
defined as

S = /de\/—g * R+ c.c., (33)

where the determinant of the metric also includes star
contributions [35].

III. DOUBLE FIELD THEORY:
THE COMMUTATIVE CASE

The geometry of DFT is based on a double space
equipped with #,,y, an invariant metric of O(D, D) and
a dynamical metric, the generalized metric H,;y. The
indices M, N, ... are in the fundamental representation of
the duality group and are raised and lowered with " and
nun» respectively. The generalized metric H,;y encodes
the bosonic tensors of the universal NS-NS sector of
string theory, namely, a metric tensor g,, and a b-field
b, . This metric is a tensor under O(D, D) transformations.
Infinitesimal O(D, D)-transformations acting on an arbi-
trary double vector read,

5, VM = VNp M, (34)
where he€ O(D,D) is an arbitrary parameter. Another
symmetry of the theory is given by generalized diffeo-
morphisms, generated infinitesimally by & through the
generalized Lie derivative, defined by

LeVy = ENoyVy + (04" = Véy)Vy, (35)
where V, is an arbitrary generalized vector. The closure of
the gauge transformations

[551 ’ 552] = 6521 ’ (36)

is given by the C-bracket

P&__é:P
1axP

0Sp

M X) =
() o

The DFT Jacobiator is not trivial (but it is given by a
trivial parameter) and therefore the algebraic structure
of DFT is given by an L -algebra with a nontrivial /5
product [46—49], which measures the failure of the Jacobi
identity in the double geometry.

On the other hand, the generalized metric is an element
of O(D, D) and therefore satisfies

-(1<2). (37

HMPHPN = 5% (38)

Using both DFT metrics one can construct the DFT
projectors in the following way:

(v + Huw). (39)

M| —

1 -
PMNZE(ﬂMN_HMN)v Pyn =
The previous projectors satisfy

PyoP?y = Pyy. PyoP?y = Py,

One of the purposes of DFT is to define a theory manifestly
invariant under O(D, D), which is a symmetry of string
theory. Because of that, all the DFT fields and parameters
are O(D, D) multiplets or group-invariant objects. Since the
dimension of the fundamental representation of O(D, D) is
2D, the coordinates of DFT are X = (x*, %,). The coor-
dinates ¥, are known as the dual coordinates and are taken
away imposing the strong constraint,

0y (MV) = (9),V)(aMW) = 0, (41)
where V and W can be products of arbitrary generalized
fields or parameters. Solving the previous constraint
with * = 0, the components of the fields of DFT depend
only on x*. The parametrization of the invariant metric is

given by
0 & (42)
TN = & 0 )

while the parametrization of the generalized metric is given by

@ —geb,
o = ( )

bued™ buedb (43)
;wg” 9w — Buc9d " Opu

where b, is the Kalb-Ramond field. It is straightforward to
check that the previous parametrization satisfies (38).

The action of DFT is constructed from the following
Lagrangian:

1 1
ﬁ - gHMNaMHKLaNHKL - EHMNaNHKLaLHMK

+ AHMN 9,0y d + 40, HMN oy d
— AHMN 9, ddyd — 0y, 05 HMY, (44)

where d is known as the generalized dilaton and it is
parametrized as d,d = d,¢p — % 9°"0,9,,- The full action is
given by S = [e™2/Ld?PX and after parametrization and
using the strong constraint, the resulting action coincides
with the low energy limit of the universal NS-NS sector of
string theory up to total derivatives,

Ly
S = / ddXe—2¢f<R+4a P~ Hyu

where H,,, =30,b,, is the curvature of the Kalb-

Ramond field.

H”””) . (45)
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IV. NONCOMMUTATIVE DOUBLE
FIELD THEORY

A. Vacuum fields and action

The fundamental noncommutative relation between
double coordinates is defined as

(XM, XN] = igMN (46)

with 0N an O(D, D) real multiplet. This algebra can be
realized on the linear space F of complex functions F(x) of
commuting variables: The elements of the algebra A, are
represented by functions of the commuting variables F(X),
their product by the Moyal-Weyl star product, i.e.,

i

F % G(X) = " F50F(X) @ G(Y)|y_y. (47)

where 6°€ is constant.
The previous product reproduces the ordinary star
product if

0 0 0 0
e I
X M y_y OXF 0y

y—=x

and therefore the relevant component of "V is given by
M =/ and N =" due to the strong constraint.
On the other hand, the x-derivatives satisfies

ouXt =68, (49)
and the usual product rule with respect to the *-product,
Oy(F % G) = (0yF) *x G+ F % (0yG).  (50)

We impose a deformed Leibniz rule considering that the
generalized transformations can be defined as

5:® = X! 1> @, (51)
for a generalizied scalar field and

> VP —Xx*

ey >V (52)

S UM _ yx M *
55‘/ —X§ >V +X(6P§M)
for a generalized vector field.

The generalized metric for noncommutative DFT is
given by

g —9bgy
Hyn = (b y b @b >, (53)
/wgg g/,w - ;mg pv
and we define the generalized star metric through
HEp % H*PN = 8, (54)

which reduces to the condition (38) for 8 = 0. The H*PN
metric now contains its own noncovariant #-expansion as

H*PN — PN _ %HPRGQSOQHRTaSHTN +0(6%). (55

The covariant derivative acting on a generic double
vector is defined as

VuVy = 0uVy =Tun® * Vp, (56)

where we have introduced a generalized affine connection
I'yn” whose transformation properties must compensate
the failure of the partial derivative of a tensor to transform
covariantly under generalized diffeomorphisms.

We can now demand some properties on the connection,
namely:

(1) Compatibility with nyy:

Vunyp =0, (57)

and then the generalized affine connection is anti-
symmetric in its last two indices, i.e.,

Uyne = —Tupn- (58)
(ii) Compatibility with Hj,y:
VyuHyp =0. (59)

In order to discuss this item, it iS convenient to
define the star projectors,

Py = 5 (muy — Hjgy)s

el A

Py = 3 (mw + Hign ) (60)
which satisfy the following properties:
Pyig x P*Cy =Py,

Plyo % P*Oy = Ply. (61)

P;{}Q*P*QN:P;&Q*P*QN:O,
Phiy + Py = tun- (62)

The projections I'7;z5 and I'yyp remain undeter-
mined after imposing V,,P%, = 0 and Vy, P%, =0
as in the noncommutative case.

(iii) Vanishing torsion:

1

Uiyve) = gTMNP =0. (63)

Let us observe that the generalized torsion T';yp is
antisymmetric in all its indices and transforms as a
tensor (unlike I'jpyy)p).
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The noncommutative version of the DFT Lagrangian is
given by the following scalar,

R - P*MNP*QR * RMQNR’ (64)
where
Runkr = Runkr + Rxkrmn +Tomn * 9, (65)

Rynkr = 20Nk + 20 mjor * FN]KQ’ (66)
|

while the full action can be written as

S = /dzDXe‘z" * R +c.c., (67)

where ¢72? = 72/, /g. On the other hand the components
of the generalized star metric can be easily computed order
by order. For example, the first order contributions are
given by

i i
H*PY = v — Z eﬂnaﬂgﬁao_gwgpﬂ _ Z aﬂﬁaﬂbdaﬂb&sgwgpfgﬂﬁ + 0(92), (68)

H*py = _g/)abm/ - ieﬂﬂaﬂgdaﬂgrgbué’gpﬂ - iglmaybm'aﬂg‘m

i i
- Zeﬂﬂa/tbdaagvigm’glé - Zeﬂnaﬂbfiaabéébuagp‘rglégéa + 0(92)7 (69)

i i
H;(v =9 — bpagaﬂbﬂy - Z ﬂaaﬂgr/laagrébvfbp)(gb( + Zgﬂaayburao'gﬁébp)(gﬂgéx

i i a i c T
+Z€M aybrﬂa{rgufb/);(g fg}% - Zeﬂ aﬂbﬂaﬂbf){byﬁbpag 5gﬂégj( - Zeﬂ aﬂb‘r/)aﬂg gbyaf

+ ia}maubwaabipgd + ieyaaﬂguracgdgpl + 29”6014 bf/laag‘[fbu)(gpéjg/u/ + 0(62) (70)

So far we have presented the construction of the vacuum
Lagrangian in terms of the fundamental degrees of free-
dom, namely, the generalized dilaton and the generalized
star metric. In the next part we will briefly discuss the
inclusion of matter using a generalized scalar field.

B. Inclusion of matter

Now we focus on an O(D, D) invariant free scalar field
@ coupled to the background content of a noncommutative
DFT. For simplicity we consider the massless case, the
parametrization of which is given by the ordinary scalar
field ¢. The matter Lagrangian is given by

1
[/matter[H’ (D] = Ean) * H*MN * aN(D - V(q)) (71)

To first order in @, the generalized star metric H*** contains a
b-field contribution. However, it is easy to see that the term
depending on the b-field vanishes because of the symmetric
contraction given by the derivatives of the scalar field. This
effect happens order by order and we recover Eq. (26)
exactly. The inclusion of scalar field dynamics in double
noncommutative geometry is very promising because of the
correspondence between these dynamics and the dynamics
of a perfect fluid (see for example [50-51]), the latter also
studied in noncommutative scenarios [52—54]. Imposing the
generalized version of the correspondence given by

)

UM: )
\/|apq> * H*PC % 0,

1
= _Eapd) * H*PC % 0,®@ — V(D), (73)

N

+ P = |0p® * H*FC % 0,®

, (74)

in the energy-momentum tensor of the generalized scalar
field,

_ 5C, oL,
TMN:'IMNLm"“‘P@K*P;/]L( )’

6P%,  oP%,
we find that the generalized energy-momentum tensor for a

perfect fluid coupled to the noncommutative double geom-
etry is given by

Tun = 4P}y * Py (Ve + pUy * \/é+ pUy)
1 —— ——
=5 Mn e+ pUp x HC x /2 + pUg. (75)

The previous generalized energy-momentum tensor
describes statistical matter (perfect fluid dynamics) in the
double geometry, and contains a tower of higher-derivative
terms related to the @ contributions. This object can be used
in the RHS of the generalized Einstein equation, which in
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turn corresponds with the EOM of Hj;,. We leave this
issue for future work.

V. DISCUSSION AND OUTLOOK

In this work we have extended the DFT construction in
order to include noncommutative effects through a Moyal-
Weyl product. We have deformed generalized diffeomor-
phism transformations in a consistent way; expanding
explicitly the #-contributions gives the transformation rules
of the fundamental fields. We expect 0 « #, and therefore
the symmetries are preserved at the classical level. We
catalog here the main differences between our construction
and the standard (or classical) construction of DFT:

(i) The fundamental fields of the theory are given by the
generalized star metric and the generalized dilaton.
While both fields might have their own #-expansion,
the former has to include contributions in order to
guarantee Eq. (54).

(i) The projectors P* and P* are no longer symmetric
due to the -expansion of the generalized star metric.
This is similar to the antisymmetric deformation of the
inverse metric in the noncommutative GR context.

(iii) Both the duality transformations and the generalized
diffeomorphisms are deformed, and as such they
introduce noncovariant terms in the action from the
point of view of ordinary DFT. Since the b-field is
part of the components of the generalized star-
metric, the Abelian gauge transformations are not
preserved when 6 # 0.

(iv) The construction of (53) can be done considering the
generalized frame formalism of DFT [55-56]. In that
case, the form of (53) remains the same, but g** =
el ke’ tev ket and g, =e,, ke e, ke, .
This means that 7, might contain its own
6-expansion.

We finish this section discussing some future directions:

(i) Covariant deformations: While the present analysis
is based on a deformation of the generalized sym-
metries from the point of view of the commutative
DFT, one can try to preserve the covariance of the
star product using the covariant derivative as [34]

F % G(X) = ¥98% F(X) @ G(Y)|y_y. (76)
The main difficulty of these kinds of deformations is

that on the one hand the resulting product is not
associative anymore and, on the other hand, one

has the problem of the undetermined connection
I'ynp. However it would be interesting to study if
these undetermined projections vanish from the
resulting action.

(ii) L, structure and Hopf algebras: The L, structure of
DFT is well-known [44] in the commutative case.
Extending these studies to include the noncommu-
tative case might be adequate to find straightforward
generalizations to braided symmetries [57] from the
L, algebra [58-61]. Furthermore, from the rewrit-
ing of the diffeomorphisms in the double geometry
given in (52) it is possible to study generalizations of
the standard Hopf algebra from a T-duality invariant
perspective [33].

(iii) o'-corrections: The terms produced by the o- and
*-product expansion are higher-derivative correc-
tions. In case of covariant deformations, these
terms could be related to the structure of higher-
derivative corrections of DFT (see [62] for a review)
as in [63-65]. Exploring the interplay between
noncommutativity and covariant higher correc-
tions might be an alternative way of avoiding some
present obstructions of the double geometry as
noticed in [66].

(iv) Non-Riemannian geometries: One possibility is to
extend our formalism in order to describe non-
Riemannian geometries such as stringy Newton-
Cartan geometry [67-68]. This means that the
generalized metric now is parametrized considering
an (n,7n) decomposition as in [26-27]. Since
T-duality along the longitudinal direction of this
theory describes a relativistic string theory on a
Lorentzian geometry with a compact light-like
isometry [69—70], it is to be expected to find within
a DFT a universal encoding of both Riemannian and
non-Riemannian geometries.
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