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The asymptotic symmetry algebra of N ¼ 1 supergravity was recently constructed using the well-
known two-dimensional celestial conformal field (CFT) theory technique [A. Fotopoulos et al., J. High
Energy Phys. 09 (2020) 198]. In this paper, we extend the construction to the maximally supersymmetric
four-dimensional N ¼ 8 supergravity theory in asymptotically flat spacetime and construct the extended
asymptotic symmetry algebra, which we callN ¼ 8 sbms4. We use the celestial CFT technique to find the
appropriate currents for extensions of N ¼ 8 super-Poincaré and SUð8ÞR R-symmetry current algebra on
the celestial sphere CS2. We generalize the definition of shadow transformations and show that there is no
infinite dimensional extension of the global SUð8ÞR algebra in the theory.
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I. INTRODUCTION

The physical observables of a theory are encoded in the
symmetries of that theory. This makes the study of sym-
metries very important. Furthermore, it has been observed
that in gauge and gravity theories, there is an enhancement of
symmetry at the boundaries. For asymptotic boundaries,
such enhanced symmetries are known as the asymptotic
symmetries. In four dimensions these asymptotic sym-
metries have been studied for both gauge and gravity
theories including the N ¼ 1 supergravity [1–7]. These
symmetries in the case of gravity and gauge theories are
popularly known as BMS (Bondi-Metzner-Sachs) and
large gauge symmetries, respectively [8–16]. More generic
asymptotic symmetries have been studied in Refs. [17,18].
These infinite dimensional asymptotic symmetries also have
experimental implications as in gauge and gravitational
memory effects which are classical observables [19–23].
Moreover, a deeper understanding of these symmetries
might help in understanding the black hole microscopics
[24–28]. This necessitates the computation and analysis of
asymptotic symmetries.
Another implication of the asymptotic symmetries is the

soft theorems. It has been shown that soft theorems are the
Ward identities of the asymptotic symmetries [12,15,29].
Let us discuss this relationship in a bit of detail. In general,

every symmetry leads to constraints on physical observ-
ables such as the scattering amplitudes. Such constraints
are known as Ward identities. For the Ward identities of
asymptotic symmetries, we need to consider the amplitude
in the soft limit. The soft limit of the amplitude is defined
by taking the momenta of one or more external particles to
zero. Quite generally, under the soft limit, the amplitude
factorizes into a universal (soft) factor which contains the
divergent part of the amplitude times the amplitude without
the soft particle(s) insertions. This factorization is known as
the soft theorem1. In other words, soft theorems are the
Ward identities of asymptotic symmetries. The BMS and
large gauge symmetries lead to a soft graviton and a soft
photon theorem, respectively [16].
Another important limit of amplitudes is the collinear

limit in which the momenta of two external particles are
taken to be collinear. Again the amplitude factorizes into a
collinear factor containing the divergence times the ampli-
tude with the collinear particles replaced by another particle
[35]. The collinear limit of amplitude turns into an operator
product expansion (OPE) of conformal operators of the
celestial conformal field theory (CCFT) [36–39] as iden-
tical momentum directions correspond to the same operator
insertion points on the celestial sphere2 (which we denote
by CS2). An interesting fact is that the soft and collinear
limits of scattering amplitudes can be used to read off the
asymptotic symmetries in the context of CCFT [36,40]. It
turns out that to calculate the asymptotic symmetries of a
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1Some progress on understanding of soft theorem in ads has
been made in Refs. [30–34].

2The celestial sphere is the Riemann sphere on the boundary of
the Minkowski space.
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theory, we need to probe the universal soft and collinear
sectors of the scattering amplitudes. This has been used to
reproduce the BMS algebra in [40,41] for pure gravity and
large gauge algebra for the Einstein Yang-Mills theory [42].
Recently, it has also been used to compute the N ¼ 1
supersymmetric extension of the BMS algebra [3].
In this paper, we calculate the asymptotic symmetries of

the four-dimensional maximally supersymmetric N ¼ 8
supergravity using the CCFT prescription. In celestial CFT
of supergravity, the stress tensor is generated by the shadow
transform of the soft graviton operator suitably modified to
obtain the correct OPE [41],3 while the supercurrent is
generated by the soft gravitino operator [3]. ForN > 1, the
global symmetry algebra contains an additional R-sym-
metry, and hence naïvely one would expect that the
asymptotic algebra would contain an infinite dimensional
extension of the global R-symmetry algebra as well. It was
shown in [43] that forN ¼ 2, even for the Uð1ÞN subgroup
of the R-symmetry group UðN Þ which only scales the
supercharges, such an infinite dimensional extension is
mathematically inconsistent. For the present paper, we
study the celestial amplitudes of N ¼ 8 supergravity and
use the soft and collinear limits calculated in a companion
paper [44] to compute the Ward identities and the OPE of
conformal operators in the corresponding CCFT. We then
construct the stress tensor and the supercurrents of the
theory using the shadow transforms of soft graviton and
soft gravitino operators. Since the scalars and graviphotinos
do not have soft divergences (see [44]), we are left with
only soft graviphoton operators. The R-symmetry current
(if any) can then only be constructed using the soft
graviphoton operators. We construct the most general such
operator present in the CCFT and show that the operator is
trivial by requiring that the modes of this operator extend
the SUð8ÞR R-symmetry algebra.
The paper is organized as follows: in Sec. II we set up our

notations and record some definitions and results about the
soft and collinear limits in the CCFTofN ¼ 8 supergravity
used later in the paper. In Sec. III we construct the symmetry
currents and compute their OPEs. We also construct the
possible R-symmetry currents and show that the require-
ments of the R-symmetry extension make the current trivial.
Finally, in Sec. IVwe list the fullN ¼ 8 sbms4 algebra.We
conclude inSec.Vby summarisingour results and emphasiz-
ing our future goals of the study. The appendixes contain the
OPEs of various conformal operators in the Mellin basis
computed from the results in [44] and a detailed calculation
of the OPE of the possible R-symmetry currents.

II. NOTATIONS AND PRELIMINARIES

In this section, we set up the notations for celestial
amplitudes and soft and collinear limits in supergravity.

A. Celestial amplitudes

Recall that helicity spinors are left- and right-handed
representations of the Lorentz group SOð1; 3Þ ∼ SLð2;CÞ.
We denote the left- and right-handed helicity spinors by λα
and λ̃α̇, respectively. A given null momentum pμ can be
written as a bispinor

pαα̇ ¼ σαα̇μ pμ ¼
�

p0 þ p3 p1 − ip2

p1 þ ip2 p0 − p3

�
¼ λαλ̃α̇; ð2:1Þ

where σαα̇μ ¼ ð1; σx; σy; σzÞ. For real physical momentum,
the two spinors are related by complex conjugation
ðλ̃α̇Þ� ¼ λα.
We now want to study scattering kinematics on the

celestial sphere. We use the Bondi coordinates ðu; r; z; z̄Þ
on the Minkowski space where ðz; z̄Þ parametrizes the
celestial sphere CS2 at null infinity. The Lorentz group
SLð2;CÞ acts on CS2 as follows:

ðz; z̄Þ ↦
�
azþ b
czþ d

;
āz̄þ b̄
c̄z̄þ d̄

�
;

�
a b

c d

�
∈SLð2;CÞ:

A general null momentum vector pμ can be parametrized as

pμ ¼ ωqμ; qμ ¼ 1

2
ð1þ jzj2; zþ z̄;−iðz− z̄Þ;1− jzj2Þ;

where qμ is a null vector, ω is identified with the light cone
energy, and all the particles momenta are taken to be
outgoing. Under the Lorentz group, the four-momentum
transforms as a Lorentz vector pμ ↦ Λμ

νpν. This induces
the following transformation of ω and qμ:

ω ↦ ðczþ dÞðc̄z̄þ d̄Þω;
qμ ↦ q0μ ¼ ðczþ dÞ−1ðc̄z̄þ d̄Þ−1Λμ

νqν:

In the bispinor notation, we can write the basic null
momentum vector qμ as

qαα̇ ¼ σαα̇μ qμ ¼
�
1 z̄

z zz̄

�
¼

�
1

z

�
ð 1 z̄ Þ; ð2:2Þ

where σμ ≡ ð1; σx; σy; σzÞ are two-dimensional identity and
Pauli matrices. Further introducing the angle and square
notations for the left- and right-handed momentum spinors,
we have

λα ≡ hpjα ¼ ffiffiffiffi
ω

p �
1

z

�
¼ ffiffiffiffi

ω
p hqjα;

λ̃α̇ ≡ jp�α̇ ¼ ffiffiffiffi
ω

p �
1

z̄

�
¼ ffiffiffiffi

ω
p jq�α̇; ð2:3Þ

where we write

hqjα ¼
�
1

z

�
; jq�α̇ ¼

�
1

z̄

�
: ð2:4Þ

3See Sec. III for more details.
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The inner product of momenta can then be written in terms
of the angle and square brackets of the corresponding
spinors which are now given by

hiji ¼ − ffiffiffiffiffiffiffiffiffiffi
ωiωj

p
zij; ½ij� ¼ ffiffiffiffiffiffiffiffiffiffi

ωiωj
p

z̄ij; ð2:5Þ

where zij ¼ zi − zj; z̄ij ¼ z̄i − z̄j.
We can now Mellin transform the fields in the bulk to

get conformal primaries on the celestial sphere. The
massless conformal primary of conformal dimension Δ
is given by

φ�
ΔðXμ; z; z̄Þ ¼

Z
∞

0

dωωΔ−1e�iωq·X−ϵω

¼ ð∓iÞΔΓðΔÞ
ð−q · X ∓ iϵÞΔ : ð2:6Þ

The conformal primaries for nontrivial spins are then given
by [3]

ψ�
Δ;l¼−1=2;αðX;z; z̄Þ¼ jqiαφ�

Δþ1
2

ðX;z; z̄Þ;
ψ�;α̇
Δ;l¼1=2ðX;z; z̄Þ¼ jq�α̇φ�

Δþ1
2

ðX;z; z̄Þ;
Vμ�
Δ;l¼�1ðX;z; z̄Þ¼ ϵμl¼�1ðq;rÞφ�

ΔðX;z; z̄Þ;
Hμν�

Δ;l¼�2ðX;z; z̄Þ¼ ϵμl¼�1ðq;rÞVν�
Δ;l¼�1ðX;z; z̄Þ;

ψμ�
Δ;l¼−3=2ðX;z; z̄Þ¼ ϵμl¼−1ðq;rÞψ�

Δ;l¼−1=2ðX;z; z̄Þ;
ψ̄μ�
Δ;l¼þ3=2ðX;z; z̄Þ¼ ϵμl¼þ1ðq;rÞψ̄�

Δ;l¼þ1=2ðX;z; z̄Þ; ð2:7Þ

where the polarizations are given by

ϵμl¼þ1ðq; rÞ ¼
hrjσμjq�ffiffiffi
2

p hrqi ; ϵμl¼−1ðq; rÞ ¼
½rjσ̄μjqiffiffiffi
2

p ½qr� ð2:8Þ

with r as a reference null vector and σ̄μ ≡
ð1;−σx;−σy;−σzÞ. One can further define the inner prod-
uct of these conformal wave packets [3]. These conformal
wave packets are normalizable only when the conformal
dimensionΔ belongs to the principle continuous series, that
is, Δ ¼ 1þ iλ with λ∈R. In a scattering process, we take
all momenta to be outgoing. We now define celestial
amplitude or celestial correlator on CS2 as the Mellin
transform of the amplitudes:

�YN
n¼1

OΔn;lnðzn;z̄nÞ
�
≡
�YN

n¼1

Z
dωnω

Δn−1
n

�
δð4Þ

�XN
n¼1

ωnqn

�

×Al1���lN ðωn;zn;z̄nÞ; ð2:9Þ

where Al1;…;ln is the bulk amplitude with external particles
with helicities l1;…;ln. The celestial correlators can be

shown to transform as a conformal correlator under
SLð2;CÞ:
�YN

n¼1

OΔn;ln

�
aznþb
cznþd

;
āz̄nþ b̄

c̄z̄nþ d̄

��

¼
YN
i¼1

ðcziþdÞΔiþliðc̄z̄iþ d̄ÞΔi−li

�YN
n¼1

OΔn;lnðzn; z̄nÞ
�
;

ð2:10Þ

where

�
a b

c d

�
∈SLð2;CÞ: ð2:11Þ

B. OPEs of celestial operators
in N = 8 supergravity

Let fηAg8A¼1 be the Grassmann coordinates on the
N ¼ 8 superspace. We can package the on-shell degrees
of freedom inN ¼ 8 supergravity in an on-shell superfield
defined as

Ψðp;ηÞ¼HþðpÞþηAψ
AþðpÞþηABGABþ ðpÞþηABCχ

ABCþ ðpÞ
þηABCDΦABCDðpÞþ η̃ABCχ−ABCðpÞþ η̃ABG−

ABðpÞ
þ η̃Aψ−

AðpÞþ η̃H−ðpÞ; ð2:12Þ

where we have introduced the notation

ηA1���An
≡ 1

n!
ηA1

…ηAn
;

η̃A1���An ≡ ϵA1���AnB1���B8−nηB1���B8−n ;

η̃≡ Y8
A¼1

ηA: ð2:13Þ

The fields H� represent positive and negative helicity
gravitons, GABþ and G−

AB represent positive and negative
helicity graviphotons, ψAþ and ψ−

A represent positive and
negative helicity gravitinos, χABCþ and χ−ABC represent
positive and negative helicity graviphotinos, and finally
ΦABCD represent the real scalars. The superamplitude is
then defined by

Mnðfp1; η1g; fpn; ηngÞ ¼ hΨ1ðp1; η1Þ � � �Ψnðpn; ηnÞi:
ð2:14Þ

This superfield can be Mellin transformed in the usual way
to obtain a celestial superfield on CS2, but it turns out that
the component fields will have the same conformal
dimension [46]. This is not appropriate to work with since
we want the component fields to have conformal
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dimensions according to their spin. Thus, we work with the
so-called quasi-on-shell superfield [46] defined as

ΨΔðz; z̄; ηÞ ¼ Hþ
Δðz; z̄Þ þ ηAψ

A
Δðz; z̄Þ þ ηABGAB

Δ ðz; z̄Þ
þ ηABCχ

ABC
Δ ðz; z̄Þ þ ηABCDΦABCD

Δ ðz; z̄Þ
þ η̃ABCχ̄ABCΔðz; z̄Þ þ η̃ABḠABΔðz; z̄Þ
þ η̃Aψ̄AΔðz; z̄Þ þ η̃H−

Δðz; z̄Þ; ð2:15Þ

where the components are the Mellin transforms of the
component fields of Ψðp; nÞ, all with scaling dimension Δ
as defined in (2.7). The celestial correlator for the compo-
nent fields can then be defined as in (2.9). Using the
collinear limit of the bulk amplitude, the OPEs of the
celestial operators can be computed. To do this computa-
tion, we use the collinear limits computed in [44]. As an
example, we calculate the OPE of two graviton operators.
The celestial correlator is given by

hOΔ1;þ2OΔ2;þ2 � � �OΔn;lni ¼
�Yn

j¼1

Z
∞

0

dωjω
Δj−1
j

�
δ4
�X

i

ωiqi

�
Mnð1þ2; 2þ2;…; nÞ

¼
�Yn

j¼3

Z
∞

0

dωjω
Δj−1
j

Z
∞

0

dω1

Z
∞

0

dω2ω
Δ1−1
1 ωΔ2−1

2

�

× δ4
�Xn

i¼3

ωiqi þ ωpqp

�
ω2
p

ω1ω2

z̄12
z12

Mn−1ðpþ2;…; nÞ; ð2:16Þ

where Mn is the bulk amplitude of component fields and we used the collinear limit

Mnð1þ2; 2þ2;…; nÞ ¼ ω2
p

ω1ω2

z̄12
z12

Mn−1ðpþ2;…; nÞ: ð2:17Þ

Here pi ¼ ωiqi; i ¼ 1, 2, the momenta along the collinear channel is p ¼ p1 þ p2 ¼ ωpqp with ωp ¼ ω1 þ ω2. Now we
use the following integral [46]:

Z
∞

0

dω2ω
Δ2−1
2

Z
∞

0

dω1ω
Δ1−1
1 ωα

1ω
β
2ω

γ
pfðωpÞ ¼ BðΔ1 þ α;Δ2 þ βÞ

Z
∞

0

dωpω
Δp−1
p fðωpÞ; ð2:18Þ

where ωp ¼ ω1 þ ω2, Δp ¼ Δ1 þ Δ2 þ αþ β þ γ, and

Bðx; yÞ ¼ ΓðxÞΓðyÞ
Γðxþ yÞ ð2:19Þ

is the Euler beta function. We get

hOΔ1;þ2OΔ2;þ2 � � �OΔn;lni ¼
z̄12
z12

BðΔ1 − 1;Δ2 − 1Þ
�Yn

j¼3

Z
∞

0

dωjω
Δj−1
j

Z
∞

0

dωpω
Δ1þΔ2−1
p

�

× δ4
�Xn

i¼3

ωiqi þ ωpqp

�
Mn−1ðpþ2; 3;…; nÞ

¼ z̄12
z12

BðΔ1 − 1;Δ2 − 1ÞhOΔ1þΔ2;þ2OΔ3;l3 � � �OΔn;ln
i: ð2:20Þ

This gives the OPE corresponding to the two positive
helicity graviton operators,

OΔ1;þ2ðz1; z̄1ÞOΔ2;þ2ðz2;z̄2Þ
∼
z̄12
z12

BðΔ1 − 1;Δ2 − 1ÞOΔ1þΔ2;þ2ðz2; z̄2Þ: ð2:21Þ

Similarly, for negative helicity gluon, we have the collinear
amplitude

Mnð1−2; 2−2;…Þ ¼ ω2
p

ω1ω2

z12
z̄12

Mn−1ðp−2;…; nÞ: ð2:22Þ

Hence, the OPE
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OΔ1;−2ðz1; z̄1ÞOΔ2;−2ðz2; z̄2Þ
∼
z12
z̄12

BðΔ1 − 1;Δ2 − 1ÞOΔ1þΔ2;þ2ðz2; z̄2Þ: ð2:23Þ

The collinear limit of two opposite helicity gravitons is

Mnð1þ2; 2−2; 3;…; nÞ ¼ ω3
1

ω2
pω2

z̄12
z12

Mn−1ðp−2; 3;…; nÞ

þ ω3
2

ω2
pω1

z12
z̄12

Mn−1ðpþ2; 3;…; nÞ;

ð2:24Þ

which gives us the OPE

OΔ1;þ2ðz1; z1ÞOΔ2;−2ðz2; z̄2Þ
¼ BðΔ1 þ 3;Δ2 − 1Þ z̄12

z12
OΔ1þΔ2;−2ðz2; z̄2Þ

þ BðΔ1 − 1;Δ2 þ 3Þ z12
z̄12

OΔ1þΔ2;þ2ðz2; z̄2Þ: ð2:25Þ

One can calculate the OPEs of all other component fields in
a similar way using the collinear limits. The results are
listed in Appendix A.

C. Soft operators in N = 8 supergravity

In the last section, we discussed the collinear limits of
amplitudes. In this section, we are looking at their soft
limits. As we know, soft momentum p → 0 can be written
as ωp → 0 on the celestial sphere, and hence an amplitude
written in the celestial coordinates can be analyzed in the
soft limit of any of the external momenta. The result is a
soft theorem that expresses an n-point amplitude with soft
external momentum p in terms of an (n − 1)-point ampli-
tude along with a soft factor given by powers of ω−1

p . The
various powers of ω−1

p then correspond to leading, sub-
leading, subsubleading soft theorems, and so on. Let us first
define the celestial superamplitude as the Mellin transform
of superamplitude:

�YN
n¼1

OΔn
ðzn; z̄n; ηnÞ

�

≡
�YN

n¼1

Z
dωnω

Δn−1
n

�
δð4Þ

�XN
n¼1

ωnqn

�

×MNðfω1; z1; z̄1; η1g;…; fωN; zN; z̄N; ηNgÞ; ð2:26Þ

where MNðfω1; z1; z̄1; η1g;…; fωN; zN; z̄N; ηNgÞ is the
superamplitude (2.14) written in the celestial basis. We
also denote it simply by MNð1; 2;…; NÞ. The above
expression is identical to that of (2.9), with the explicit
incorporation of the Grassmann factors in the scattering
amplitudes.

One can now expand both sides of (2.26) in the
Grassmann parameter ηi and compare the coefficients to
get the celestial amplitude of various component fields.
This has been used in Appendix B to calculate the celestial
correlator with a soft graviton and a soft gravitino. The
celestial correlator of the leading soft graviton operator is
given by

�
J1ðz; z̄Þ

YN
n¼1

OΔn;lnðzn; z̄nÞ
�

¼
XN
i¼1

ðz̄ − z̄iÞ
ðz − ziÞ

ðξ − ziÞ2
ðξ − zÞ2 hOΔ1;l1ðz1; z̄1Þ;…;

OΔiþ1;liðzi; z̄iÞ;…;OΔN;lN ðzN; z̄NÞi ð2:27Þ

and

�
J̄1ðz; z̄Þ

YN
n¼1

OΔn;lnðzn; z̄nÞ
�

¼
XN
i¼1

ðz − ziÞ
ðz̄ − z̄iÞ

ðξ̄ − z̄iÞ2
ðξ̄ − z̄Þ2 hOΔ1;l1ðz1; z̄1Þ;…;

OΔiþ1;liðzi; z̄iÞ;…;OΔN;lN ðzN; z̄NÞi; ð2:28Þ

where

J1ðz; z̄Þ ¼ lim
Δ→1

ðΔ − 1ÞOΔ;þ2ðz; z̄Þ;
J̄1ðz; z̄Þ ¼ lim

Δ→1
ðΔ − 1ÞOΔ;−2ðz; z̄Þ ð2:29Þ

are the Δ ¼ 1 soft graviton operators and ξ∈ CS2 is a
reference point. The celestial correlator of the subleading
soft graviton operator is

�
J0ðz; z̄Þ

YN
n¼1

OΔn;lnðzn; z̄nÞ
�

¼
XN
i¼1

ðz̄ − z̄iÞ
ðz − ziÞ

ðξ − ziÞ
ðξ − zÞ ððz̄ − z̄iÞ∂z̄i − 2h̄iÞ

× h� � �OΔi;liðzi; z̄iÞ � � �i; ð2:30Þ

and

�
J̄0ðz; z̄Þ

YN
n¼1

OΔn;lnðzn; z̄nÞ
�

¼
XN
i¼1

ðz − ziÞ
ðz̄ − z̄iÞ

ðξ̄ − z̄iÞ
ðξ̄ − z̄Þ ððz − ziÞ∂zi − 2hiÞ

× h� � �OΔi;liðzi; z̄iÞ � � �i; ð2:31Þ

where
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J0ðz; z̄Þ ¼ lim
Δ→0

ΔOΔ;þ2ðz; z̄Þ;
J̄0ðz; z̄Þ ¼ lim

Δ→0
ΔOΔ;−2ðz; z̄Þ ð2:32Þ

are the Δ ¼ 0 soft graviton operators and hi ¼ Δiþli
2

; h̄i ¼
Δi−li

2
are the conformal weights of the operator OΔi;liðz; z̄Þ.

The celestial correlator of the soft gravitino operator is
given by (cf. [3])

�
JA1=2ðz; z̄Þ

YN
n¼1

O�n
Δn;ln

ðzn; z̄nÞ
�

¼
XN
i¼1

fðA;li; �i; �0iÞð−1Þσi
ðz̄ − z̄iÞ
ðz − ziÞ

ðξ − ziÞ
ðξ − zÞ

× h� � �O�0i
Δiþ1

2
;lc

i
ðzi; z̄iÞ � � �i ð2:33Þ

and

�
J̄1=2Aðz; z̄Þ

YN
n¼1

O�n
Δn;lc

n
ðzn; z̄nÞ

�

¼
XN
i¼1

f̄ðA;lc
i ; �i; �0iÞð−1Þσi

ðz − ziÞ
ðz̄ − z̄iÞ

ðξ̄ − z̄iÞ
ðξ̄ − z̄Þ

× h� � �O�0i
Δiþ1

2
;li
ðzi; z̄iÞ � � �i; ð2:34Þ

where

JA1=2ðz; z̄Þ ¼ lim
Δ→1

2

�
Δ −

1

2

�
OA

Δ;þ3
2

ðz; z̄Þ;

J̄1=2Aðz; z̄Þ ¼ lim
Δ→1

2

�
Δ −

1

2

�
OΔ;−3

2
;Aðz; z̄Þ ð2:35Þ

are soft gravitino operators. Here the superscripts �i
indicate the R-symmetry index of the operator. We have
put the R-symmetry index �i as a superscript for brevity but
it can also be on subscript depending on the helicity of the
operator. Here the number of fermions preceding particle i,
σi ¼ 1 if li ∈Zþ 1

2
and 0 otherwise (see [3] for detailed

explanation).
As explained in Appendix B, the positive helicity

soft gravitino operator only acts on celestial operators
O�i

Δi;li
ðzi; z̄iÞ with

li ∈ f−3=2;−1;−1=2; 0;þ1=2;þ1;þ3=2;þ2g; ð2:36Þ
while the negative helicity soft gravitino operator acts on
celestial operators O�i

Δi;lci
ðzi; z̄iÞ with

lc
i ∈ f−2;−3=2;−1;−1=2; 0;þ1=2;þ1;þ3=2g: ð2:37Þ

The factors fðA;li;�i;�0iÞ;f̄ðA;lc
i ;�i;�0iÞ are the R-symmetry

factors that we can determine using the collinear limits given

above. From (2.33) and (2.34) it is clear that the first argument
of f is the R-symmetry index of the soft gravitino operator
itself, the second and third arguments are the helicityli andR-
symmetry index �i, respectively, of the operatorO�i

Δi;li
which

the soft gravitinowill act on. Last, the fourth argumentwill be
theR-symmetry index �0i of the resultant operator. Similarly, it
goes for f̄. As an example, we can see from the OPE in
Eq. (A1) that when li ¼ − 3

2
, fðA;−3=2; B; �0iÞ ¼ δAB. Since

the resultingparticlel ¼ −2 has noR-symmetry index, the �0i
entry is empty.
The soft graviphoton limit can be calculated using the

OPEs of the graviphoton operator with various conformal
operators. These OPEs are listed in Appendix A. Soft limits
correspond to the values of scaling dimension Δ of the
graviphoton operator for which the beta functions appear-
ing in the OPEs have poles. From Appendix Awe see that
the OPEs of the graviphoton operator with various other
operators involve4 BðΔ; �Þ. Since BðΔ; �Þ has poles at all
nonpositive integer values of Δ, the leading soft limit of the
graviphoton operator is Δ → 0 and all other negative
integral values are subleading. In Sec. III B, we will need
the leading soft graviphoton limit.
Finally, as noted in [44], graviphotino and scalars are

trivial in the soft limit and hence do not correspond to any
global symmetry [3]. So we do not consider them further.

III. ASYMPTOTIC SYMMETRY GENERATORS
IN N = 8 SUGRA

Let us first consider the obvious global symmetries of
N ¼ 8 supergravity. The global symmetry algebra consists
of the Poincaré algebra and the N ¼ 8 supersymmetry
algebra, together called the N ¼ 8 super-Poincaré algebra
and SUð8ÞR R-symmetry algebra. At null infinity, we
expect to obtain infinite dimensional extensions of these
algebras. Following previous works [3,40,42], we can
easily construct the currents that extend the super-
Poincaré algebra, and we call this algebra the N ¼
8 sbms4 algebra. We start by constructing the currents
for the N ¼ 8 sbms4 algebra.

A. N = 8 sbms4 algebra currents

The bms4 part of theN ¼ 8 sbms4 algebra is known to
be generated [40] by the shadow transform of the Δ ¼ 0
graviton operator suitably modified as discussed below.
This is called the generator of superrotations, and the level
one descendant of the Δ ¼ 1 graviton operator is called the
generator of supertranslations on the celestial sphere. Let us
define the shadow transforms T0ðz; z̄Þ and T̄0ðz; z̄Þ as

4The OPE of two graviphoton operators with opposite helicity
involves another term; see Eq. (A2). One of the terms in the OPE
vanishes depending on which of the two helicities of the
graviphoton we take to be soft. See Appendix C for such
calculations.
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T0ðz; z̄Þ ¼ lim
Δ→0

3!Δ
2π

Z
d2z0

1

ðz − z0Þ4OΔ;−2ðz0; z̄0Þ;

T̄0ðz; z̄Þ ¼ lim
Δ→0

3!Δ
2π

Z
d2z0

1

ðz̄ − z̄0Þ4OΔ;þ2ðz0; z̄0Þ: ð3:1Þ

It has been argued in [41] that the above shadow transform
operator does not satisfy the usual OPE of a stress tensor. In
particular, the T0T0 OPE has an extra term that does not
vanish as shown in [41] unless we modify the stress tensor
appropriately. The origin of the problem is the observation
that T0ðzÞ is not holomorphic:

∂T0 ¼ −
1

2
∂
3J̄0ðz; z̄Þ; ð3:2Þ

where J0 is the Δ ¼ 0 soft graviton operator defined in
(2.32). Hence, the modified stress tensor can be defined as
follows:

Tmod ≔ T0 þ
1

2
∂
3ϵJ̄0 ; ð3:3Þ

where

ϵJ̄0 ≔
Z

z̄

z̄0

dw̄J̄0ðz; w̄Þ ð3:4Þ

with z0 as a reference point. Then it has been shown that the
modified stress tensor satisfies the correct TmodTmod OPE
[41]. From now on we omit the subscript “mod” and T; T̄
will denote the modified stress tensor. Using the soft limits
(2.27), (2.28), (2.30), and (2.31) and performing the same
calculations as in [40], we arrive at the OPE

TðzÞOΔ;lðw; w̄Þ ¼
h

ðz − wÞ2OΔ;lðw; w̄Þ

þ 1

z − w
∂wOΔ;lðw; w̄Þ þ regular;

T̄ðz̄ÞOΔ;lðw; w̄Þ ¼
h̄

ðz̄ − w̄Þ2OΔ;lðw; w̄Þ

þ 1

z̄ − w̄
∂w̄OΔ;lðw; w̄Þ þ regular: ð3:5Þ

The supertranslations generator PðzÞ, P̄ðzÞ are defined as

PðzÞ ¼ lim
Δ→1

ðΔ − 1Þ
4

∂z̄OΔ;þ2ðz; z̄Þ;

P̄ðz̄Þ ¼ lim
Δ→1

ðΔ − 1Þ
4

∂zOΔ;−2ðz; z̄Þ: ð3:6Þ

For PðzÞ we have

PðzÞOΔ;lðw; w̄Þ ¼
1

z − w
OΔþ1;lðw; w̄Þ þ regular; ð3:7Þ

and similar OPEs hold for P̄ðz̄Þ with conjugated poles.
These operators are related to the supertranslation generator
Pðz; z̄Þ, which is a primary field operator of conformal
weight ð3

2
; 3
2
Þ. By contour integrals [40]

PðzÞ ¼ 1

2πi

I
dz̄Pðz; z̄Þ;

P̄ðz̄Þ ¼ 1

2πi

I
dzPðz; z̄Þ: ð3:8Þ

The supertranslation satisfies the OPE

Pðz; z̄ÞOΔ;lðw; w̄Þ ¼
1

z − w
1

z̄ − w̄
OΔþ1;lðw; w̄Þ

þ regular: ð3:9Þ

The supercurrent for N ¼ 1 supersymmetry was con-
structed in [3]. We will see that the same construction
will give us the eight supercurrents for N ¼ 8 supersym-
metry. We thus define the supercurrents as the shadow
transform of the Δ ¼ 1

2
gravitino operator:

SAðzÞ ¼ lim
Δ→1

2

Δ − 1
2

π

Z
d2z0

1

ðz − z0Þ3OA;Δ;−3
2
ðz0; z̄0Þ;

S̄Aðz̄Þ ¼ lim
Δ→1

2

Δ − 1
2

π

Z
d2z0

1

ðz̄ − z̄0Þ3O
A
Δ;þ3

2

ðz0; z̄0Þ: ð3:10Þ

Note that the above operators are also not holomorphic
since

∂SAðz; z̄Þ ¼ lim
Δ→1=2

�
Δ −

1

2

�
∂
2
zOA;Δ;−3

2
ðz; z̄Þ

¼ ∂
2J̄1=2Aðz; z̄Þ ≠ 0; ð3:11Þ

where J̄1=2Aðz; z̄Þ is the leading soft gravitino operator
defined in (2.35). One can modify it in a similar way as in
Eq. (3.3). Put

ϵJ̄1=2Aðz; z̄Þ ≔
Z

z

z̄0

dw̄J̄1=2Aðw; w̄Þ; ð3:12Þ

where z0 is a reference point and define

SAmod ≔ SA − ∂
2ϵAJ̄1=2 : ð3:13Þ

We emphasize that this modification is not required at the
quantum level since the OPEs of SA are as expected for a
supercurrent. So we continue to use the shadow transform
of the leading soft gravitino operator as the supercurrent
without any modification.
Following the calculations of [3], it is straightforward to

see that
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TðzÞSAðwÞ ¼
3

2

SAðwÞ
ðz − wÞ2 þ

∂SAðwÞ
z − w

þ regular;

T̄ðz̄ÞS̄Aðw̄Þ ¼ 3

2

S̄Aðz̄Þ
ðz̄ − w̄Þ2 þ

∂S̄Aðw̄Þ
z̄ − w̄

þ regular: ð3:14Þ

and the OPEs TS̄A and T̄SA are regular. These OPEs
confirm the conformal weights of SA and S̄A as ð3

2
; 0Þ and

ð0; 3
2
Þ respectively. We now want to show that

∶fSBðzÞ; S̄Aðz̄Þg∶ ¼ ∶SBðzÞS̄Aðz̄Þ þ S̄Aðz̄ÞSBðzÞ∶
¼ δABPðz; z̄Þ: ð3:15Þ

Using the gravitino soft limit (2.33) and (2.34) and the
leading graviton limits (2.27) and (2.28) and following the
calculations in [3], we get5

�
SBðzÞS̄Aðw̄Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ δAB
XN
i¼3

�
1

ðw̄ − z̄Þ2
z̄ − z̄i
z − zi

þ 1

z̄ − w̄
1

z − zi
þ 1

w̄ − z̄i

1

z − zi

�
h� � �O�i

Δiþ1;li
ðzi; z̄iÞ � � �i

−
XN
i¼3

fðA;li; �i; �0iÞf̄ðB;li − 1=2; �0i; �i00Þ
1

z − zi

1

w̄ − z̄i
h� � �O�i 00

Δiþ1;li
ðzi; z̄iÞ � � �i

þ
XN
i;j¼3
i≠j

ð−1ÞσiþσjfðA;li; �i; �0iÞf̄ðB;lj; �j; �0jÞ
1

z − zi

1

w̄ − z̄j
h� � �O�0i

Δiþ1
2
;li−1

2

ðzi; z̄iÞ;…;

O
�0j
Δjþ1

2
;ljþ1

2

ðzj; z̄jÞ � � �i; ð3:16Þ

where the factors fðA;li; �i; �0iÞ; f̄ðB;lj; �j; �0jÞ are the R-
symmetry factors that appear on taking the soft or collinear
limit depending on the spins and helicities of the soft and
collinear particles. In this notation, the first argument of f is
the R-symmetry index of the positive helicity soft gravitino,
the second argument is the spin (and helicity) of one of the
hard6 particles, the third argument is the R-symmetry index

of that hard particle (left implicit for generality), and the
fourth argument is the resulting R-symmetry index of the
hard particle after the soft limit is taken (again left implicit
for generality). The notation for f̄ is similar. It is under-
stood that if the spins do not belong to the required range
specified in (B15) and (B16), then f; f̄ ¼ 0. Similarly

�
S̄Aðz̄ÞSBðwÞ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ δAB
XN
i¼3

�
1

ðw − zÞ2
z − zi
z̄ − z̄i

þ 1

z − w
1

z̄ − z̄i
þ 1

z̄ − z̄i

1

w − zi

�
h� � �O�i

Δiþ1;li
ðzi; z̄iÞ � � �i

−
XN
i¼3

f̄ðB;li; �i; �0iÞfðA;li þ 1=2; �0i; �i00Þ
1

w − zi

1

z̄ − z̄i
h� � �O�i 00

Δiþ1;li
ðzi; z̄iÞ � � �i

−
XN
i;j¼3
i≠j

ð−1Þσiþσj f̄ðB;li; �i; �0iÞfðA;lj; �j; �0jÞ
1

w − zi

1

z̄ − z̄j
h� � �O�0i

Δiþ1
2
;liþ1

2

ðzi; z̄iÞ;…;

O
�0j
Δjþ1

2
;lj−1

2

ðzj; z̄jÞ � � �i: ð3:17Þ

Thus, the anticommutator is

5Note that we do not separate the operators in the correlator according to their spins l;lc unlike [3] since there is an overlap in the
ranges of the two spins. So in the correlators in this calculation, the spins are assumed to be arbitrary.

6That is, not soft.
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�
ðS̄Aðz̄ÞSBðwÞ þ SBðzÞS̄Aðw̄ÞÞ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ δAB
XN
i¼3

�
1

ðw − zÞ2
z − zi
z̄ − z̄i

þ 1

z − w
1

z̄ − z̄i
þ 1

z̄ − z̄i

1

w − zi

�
h� � �O�i

Δiþ1;li
ðzi; z̄iÞ � � �i

þ δAB
XN
i¼3

�
1

ðw̄ − z̄Þ2
z̄ − z̄i
z − zi

þ 1

z̄ − w̄
1

z − zi
þ 1

w̄ − z̄i

1

z − zi

�
h� � �O�i

Δiþ1;li
ðzi; z̄iÞ � � �i

−
XN
i¼3

fðA;li; �i; �0iÞf̄ðB;li − 1=2; �0i; �i00Þ
1

z − zi

1

w̄ − z̄i
h� � �O�i 00

Δiþ1;li
ðzi; z̄iÞ � � �i

−
XN
i¼3

f̄ðB;li; �i; �0iÞfðA;li þ 1=2; �0i; �i00Þ
1

w − zi

1

z̄ − z̄i
h� � �O�i 00

Δiþ1;li
ðzi; z̄iÞ � � �i: ð3:18Þ

Here in the last terms in Eqs. (3.16) and (3.17) we have relative signs; hence, both terms cancel. One can notice that the
relative sign is due to the action of S and S̄ on different clusters for i < j and i > j in both terms. Then we see that the
normal ordered current ∶fSBðzÞ; S̄Aðz̄Þg∶ satisfies

�
∶fSBðzÞ; S̄Aðz̄Þg∶

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ 2δAB
XN
i¼3

1

z̄ − z̄i

1

z − zi
h� � �O�i

Δiþ1;li
ðzi; z̄iÞ � � �i

−
XN
i¼3

fðA;li; �i; �0iÞf̄ðB;li − 1=2; �0i; �i00Þ
1

z − zi

1

z̄ − z̄i
h� � �O�i 00

Δiþ1;li
ðzi; z̄iÞ � � �i

−
XN
i¼3

f̄ðB;li; �i; �0iÞfðA;li þ 1=2; �0i; �i00Þ
1

z − zi

1

z̄ − z̄i
h� � �O�i 00

Δiþ1;li
ðzi; z̄iÞ � � �i:

ð3:19Þ

We now show that for any li, R-symmetry factors in the
last two sums reduce to δAB. Let us start with li ¼ þ2 in
which case �i; �i00 is empty. Moreover, in this case
f̄ðB;þ2; �i; �0iÞ ¼ 0 so that we only have one term to
analyze. From the OPEs in Appendix A, we see that �0i ¼ A
and

fðA;þ2;−;�0iÞf̄ðB;þ3=2; �0i;−ÞOΔiþ1;þ2ðzi; z̄iÞ
¼ δABOΔiþ1;þ2ðzi; z̄iÞ: ð3:20Þ

The case li ¼ þ 3
2
is more interesting. Suppose �i ¼ C;

then from the OPEs, we can easily see that �0i ¼ AC for the
second term and �0i is empty for the last term. We then have

fðA;þ3=2; C; �0iÞf̄ðB;þ1; �0i; �i00ÞO�i 00
Δiþ1;þ3=2ðzi; z̄iÞ

¼ 2!δ½AB O
C�
Δiþ1;þ3=2ðzi; z̄iÞ ð3:21Þ

and similarly

f̄ðB;þ3=2; C;−ÞfðA;þ2;−; �i00ÞO�i 00
Δiþ1;þ3=2ðzi; z̄iÞ

¼ δCBO
A
Δiþ1;þ3=2ðzi; z̄iÞ: ð3:22Þ

We can clearly see that the sum of the last two terms is
simply δABO

C
Δiþ1;þ3=2ðzi; z̄iÞ. The case li ¼ − 3

2
is similar.

Let us now analyze the case li ¼ þ1 in which case
�i ¼ CD. We get

fðA;þ1; CD; �0iÞf̄ðB;þ1=2; �0i; �i00ÞO�i 00
Δiþ1;þ2ðzi; z̄iÞ

¼ f̄ðB;þ1=2; �0i; ACDÞOACD
Δiþ1

2
;þ1=2

ðzi; z̄iÞ

¼ 3δ½AB O
CD�
Δiþ1;þ1ðzi; z̄iÞ: ð3:23Þ

Similarly,

f̄ðB;þ1; CD; �0iÞfðA;þ3=2; �0i; �i00ÞO�i 00
Δiþ1;þ3=2ðzi; z̄iÞ

¼ −2!δ½CB OD�A
Δiþ1;þ1ðzi; z̄iÞ; ð3:24Þ

which finally implies
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3δ½AB O
CD� − 2!δ½CB OD�A ¼ 1

2
½ðδABOCD − δABO

DCÞ
þ ðδCBODA − δCBO

ADÞ
þ ðδDBOAC − δDBO

CAÞ�
− δCBO

DA þ δDBO
CA

¼ δABO
CD: ð3:25Þ

The case li ¼ −1 is similar. The same calculation as in
li ¼ 1 recurs for the cases li ¼ 1=2, 0.
These calculations simplify the OPE (3.19). We get

�
∶fSBðzÞ; S̄Aðz̄Þg∶

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ δAB
XN
i¼3

1

z̄ − z̄i

1

z − zi
h� � �O�i

Δiþ1;li
ðzi; z̄iÞ � � �i: ð3:26Þ

In particular,

∶fSBðzÞ; S̄Aðz̄Þg∶OΔ;lðw;w̄Þ¼ δAB
1

z−w
1

z̄− w̄
OΔþ1;lðw;w̄Þ

þ regular: ð3:27Þ

Comparing this OPE with (3.9) readily implies the desired
result

∶fSBðzÞ; S̄Aðz̄Þg ≔ δABPðz; z̄Þ: ð3:28Þ

B. Possible R-symmetry current

Recall that R-symmetry acts on supercharges QA
α and

Q̄α̇A;A¼1;…;8, by multiplying a unitary matrixU∈Uð8Þ.
This means that the supercharges transform in the funda-
mental representation of the R-symmetry group. At the
level of Lie algebra, we can identify the R-symmetry group
as simply suð8Þ ⊕ uð1Þ since Uð8Þ≅ðSUð8Þ×Uð1ÞÞ=Z8.
Thus, we can label the generators of R-symmetry to be TA

B
and R, where TA

B are generators of the fundamental
representation of SU(8) satisfying the suð8Þ algebra:

½TA
B; T

C
D� ¼ δADT

C
B − δCBT

A
D; ð3:29Þ

and R is the generator of the scaling U(1). A suitable matrix
representation for the generators is [47]

ðTA
BÞCD ¼ δADδ

C
B −

1

8
δABδ

C
D: ð3:30Þ

TA
B acts on the supercharges as

½TA
B;Q

C
α � ¼ ðTA

BÞCDQD
α ;

½TA
B; Q̄α̇C� ¼ −ðTA

BÞDCQ̄α̇D: ð3:31Þ

We now want to construct a current G̃A
Bðz; z̄Þ whose modes

will extend the generators TA
B. As will be shown in Sec. IV,

the modes of the supercurrents SA; S̄A will extend the
supercharges. Since the OPE of currents directly translates
to the commutator of their modes within radial quantiza-
tion, our currents must satisfy the OPE:

G̃A
Bðz; z̄ÞSCðwÞ ∼ ððz − wÞ singularityÞ ðTA

BÞDCSDðwÞ;
G̃A
Bðz; z̄ÞS̄CðwÞ ∼ −ððz̄ − w̄Þ singularityÞ ðTA

BÞCDS̄DðwÞ:
ð3:32Þ

Note that SA and S̄A are holomorphic and antiholomorphic
currents, respectively; this imposes the condition that the
singularities in (3.32) be holomorphic and antiholomor-
phic, respectively. As will be shown in Sec. IV, non-
holomorphic [holomorphic] singularity in the OPE of
GA
Bðz; z̄Þ with SCðwÞ [S̄CðwÞ] results in nonsensical algebra.

This requirement will be crucial.
The only conformal operator we are left with is the

graviphoton operator. Moreover, the leading soft gravipho-
ton operator corresponds to Δ ¼ 0 as can be inferred from
the poles of the beta function in the OPEs of graviphoton
operators with other operators that are summarized in
Appendix A. It is clear that we must consider the order
independent graviphoton double soft limit with opposite
helicity, which is their normal ordered commutator (since
they are bosonic). Since it contains the factor δABCD, as can be
seen from the collinear limits, this can be manipulated
properly to obtain the SU(8) generators. Here we consider
the most general integral transform corresponding to
negative and positive helicity soft graviphotons, respec-
tively, as

GABðz; z̄Þ¼ lim
Δ→0

Δ
π

Z
d2z0

1

ðz−z0Þa
1

ðz̄− z̄0ÞbOAB;Δ;−1ðz0; z̄0Þ;

ḠCDðz; z̄Þ¼ lim
Δ→0

Δ
π

Z
d2z0

1

ðz̄− z̄0Þa0
1

ðz− z0Þb0 O
CD
Δ;þ1ðz0; z̄0Þ:

ð3:33Þ

One can easily see that we can recover the usual shadow
transformation [48] by taking specific values of a and b.
The operators OAB;0;−1 and OCD

0;þ1 have conformal weights
ð− 1

2
; 1
2
Þ and ð1

2
;− 1

2
Þ, respectively. Hence, the scaling trans-

formation reveals the conformal weights of the currents
GAB and ḠCD to be ða − 3

2
; b − 1

2
Þ and ðb0 − 1

2
; a0 − 3

2
Þ,

respectively. Let us start with the OPE of our new currents
GAB and ḠCD with any conformal primary operators,
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�
GABðz; z̄Þ

YN
n¼2

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ lim
Δ1→0

Δ1

π

Z
d2z1

1

ðz − z1Þa
1

ðz̄ − z̄1Þb
�
OABΔ1;−1ðz1; z̄1Þ

YN
n¼2

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ 1

π

Z
d2z1

1

ðz − z1Þa
1

ðz̄ − z̄1Þb
�XN
n¼2

fðA;B;li; �n; �0nÞ
z1 − zn
z̄1 − z̄n

h� � �O�0n
Δn;lnþ1ðzn; z̄nÞi

�
; ð3:34Þ

where fðA;B;li; �n; �0nÞ contains the R-symmetry index of the operators in the correlation function that appears on taking
the collinear limit. We used the fact that limΔ→0 ΔBðΔ; �Þ ¼ 1. Now we use two basic integrals (see [49] for proof):

Z
d2z1

1

ðz − z1ÞA
1

ðz̄ − z̄1ÞB
ðz̄1 − z̄jÞs
z1 − zj

¼ CsðA; BÞ
1

ðzj − zÞAðz̄j − z̄ÞB−s−1 ;Z
d2z1

1

ðz̄ − z̄1ÞA
1

ðz1 − z1ÞB
ðz1 − zjÞs
z̄1 − z̄j

¼ CsðA; BÞ
1

ðz̄j − z̄ÞA
1

ðzj − zÞB−s−1 ; ð3:35Þ

where

CsðA;BÞ ¼
ð−1ÞsþAþBð−πÞs!

ð−Bþ 1Þð−Bþ 2Þ � � � ð−Bþ sþ 1Þ : ð3:36Þ

Now performing the shadow integral for n ≠ 1 and s ¼ 1,

Z
d2z1

1

ðz − z1Þa
1

ðz̄ − z̄1Þb
z1 − zn
z̄1 − z̄n

¼ C1ðb; aÞ
1

ðz̄n − z̄Þb
1

ðzn − zÞa−2 : ð3:37Þ

We have

�
GABðz; z̄Þ

YN
n¼2

O�n
Δn;ln

ðzn; z̄nÞ
�

¼
XN
i¼2

fðA;B;li; �i; �0iÞC1ðb; aÞ
1

ðz̄i − z̄Þb
1

ðzi − zÞa−2 h� � �O
�0i
Δi;liþ1ðzi; z̄iÞi: ð3:38Þ

Here the helicities of the conformal operators inside the correlator are restricted to ln ∈ f−2;− 3
2
;−1;− 1

2
;

0;þ 1
2
;þ1g. This can be verified from the beta function singularities in the OPEs in Appendix A. Similarly, we can

have the OPE for antiholomorphic current ḠCD which act on the conformal primaries with helicities restricted in the range
l0
n ∈ f−1;− 1

2
; 0;þ 1

2
;þ1;þ 3

2
;þ2g,

�
ḠCDðz; z̄Þ

YN
n¼2

O�n
Δn;l0n

ðzn; z̄nÞ
�

¼
XN
n¼2

f̄ðC;D;l0
i; �n; �0nÞCðb0; a0Þ

1

ðz̄n − z̄Þb0
1

ðzn − zÞa0−2 h� � �O
�0n
Δn;l0n−1

ðzn; z̄nÞi: ð3:39Þ

Here we can pair l0 with l ¼ l0 þ 1. Hence, we can write the OPEs as

GABðzÞO�
Δ;lðw; w̄Þ ∼ fðA;B;l; �; �0ÞC1ðb; aÞ

1

ðw̄ − z̄Þb
1

ðw − zÞa−2O
�0
Δ;l0 ðz; w̄Þ;

ḠCDðzÞO�
Δ;l0 ðw; w̄Þ ∼ f̄ðC;D;l0; �; �0ÞC1ðb0; a0Þ

1

ðw̄ − z̄Þb0
1

ðz − zÞa0−2O
�0
Δ;lðw; w̄Þ: ð3:40Þ

1. The composite current

To construct a suitable current for R-symmetry, we need to use double soft limits of the graviphoton operators. As is well
known, the double soft limit of opposite helicity operators depends on the order of the soft limit. For this reason, as in [42]
we consider the following operator:

GCD
AB ðz; z̄;w; w̄Þ ≔ GABðzÞḠCDðw̄Þ − ḠCDðw̄ÞGABðzÞ≡ ½GABðzÞ; ḠCDðw̄Þ�: ð3:41Þ
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To construct a local operator, one needs to consider the normal order of this operator evaluated at z ¼ w; z̄ ¼ z̄. We thus
define

GCD
AB ðz; z̄Þ≕GCD

AB ðz; z̄; z; z̄Þ ≔ ∶GABðzÞḠCDðz̄Þ − ḠCDðz̄ÞGABðzÞ∶≡ ∶½GABðzÞ; ḠCDðz̄Þ�∶: ð3:42Þ

We show in Appendix C that subject to the requirement of the R-symmetry current explained above (3.32), the current
GCD
AB ðz; z̄Þ satisfies the following OPE:

�
GCD
AB ðz; z̄Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�
¼ð−1Þaþbþa0þb0C1ðb;aÞC1ðb0;a0Þ

�
fðA;B;lj;�j;�0jÞf̄ðC;D;ljþ1;�0j;�j00Þ

×
1

ðz− zjÞaþb0−2
1

ðz̄− z̄jÞa0þb−2 hO
�3
Δ3;l3

ðz3; z̄3Þ� � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

− f̄ðC;D;lj;�j;�0jÞfðA;B;lj−1;�0j;�j00Þ

×
1

ðz− zjÞa0þb−2
1

ðz̄− z̄jÞaþb0−2 hO
�3
Δ3;l3

ðz3; z̄3Þ� � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi
�
: ð3:43Þ

In particular,

GCD
AB ðz; z̄ÞOEΔ;−3

2
ðw; w̄Þ ∼ −δCDAB

ð−1Þaþbþa0þb0C1ðb; aÞC1ðb0; a0Þ
ðz − wÞaþb0−2ðz̄ − w̄Þa0þb−2 OEΔ;−3

2
ðw; w̄Þ;

GCD
AB ðz; z̄ÞOE

Δ;þ3
2

ðw; w̄Þ ∼ δCDAB
ð−1Þaþbþa0þb0C1ðb; aÞC1ðb0; a0Þ

ðz − wÞa0þb−2ðz̄ − w̄Þaþb0−2 OE
Δ;þ3

2

ðw; w̄Þ; ð3:44Þ

where we used the fact that for the gravitino operator, the R-symmetry factor in the double soft limit is −δCDAB . Indeed,

lim
Δ1→0

Δ1OAB;Δ1;−1ðz; z̄ÞOE;Δ;−3
2
ðz1; z̄1Þ ¼

z − z1
z̄ − z̄1

OABE;Δ;−1
2
ðz1; z̄1Þ:

If E ¼ r, A ¼ a, B ¼ b, C ¼ c, D ¼ d, then

lim
Δ2→0

Δ2Ocd
Δ2;þ1

ðw; w̄ÞOabr;Δ;−1
2
ðz1; z̄1Þ ¼ −δcdab

w̄ − z̄1
w − z1

Or;Δ;−3
2
ðz1; z̄1Þ:

In all other cases, one can check from the collinear limit in Appendix A that the R-symmetry factor is−δCDAB . Let us construct
a new current as a linear combination of our previous currents as follows:

ðG̃A
BÞCDðz; z̄Þ ≔ −

�
1

7
δAD

X8
E¼1

GEC
BEðz; z̄Þ þ

1

56
δAB

X8
E¼1

GEC
EDðz; z̄Þ

�
: ð3:45Þ

Using the definition of generalized Kronecker delta

δa1…an
b1…bn

¼
X
σ ∈ Sn

signðσÞδa1bσð1Þ � � � δ
an
bσðnÞ ; ð3:46Þ

we see that

X8
E¼1

δECBE ¼ −7δCB;
X8
E¼1

δECED ¼ 7δCD: ð3:47Þ

This gives us the OPE
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ðG̃C
AÞDB ðz; z̄ÞODΔ;−3

2
ðw; w̄Þ ∼ ð−1Þaþbþa0þb0C1ðb; aÞC1ðb0; a0Þ

ðz − wÞaþb0−2ðz̄ − w̄Þa0þb−2 ðTC
AÞDBODΔ;−3

2
ðw; w̄Þ;

ðG̃C
AÞDB ðz; z̄ÞOB

Δ;þ3
2

ðw; w̄Þ ∼ −
ð−1Þaþbþa0þb0C1ðb; aÞC1ðb0; a0Þ

ðz − wÞa0þb−2ðz̄ − w̄Þaþb0−2 ðTC
AÞDBOB

Δ;þ3
2

ðw; w̄Þ: ð3:48Þ

Hence, G̃C
A is a candidate which can extend the R-symmetry algebra. But we see an immediate problem. The OPE of G̃C

A with
supercurrents SDðwÞ; S̄Bðw̄Þ is given by

ðG̃C
AÞDB ðz; z̄ÞSDðwÞ ∼ ðTC

AÞDB lim
Δ→1

2

Δ − 1
2

π
ð−1Þaþbþa0þb0C1ðb; aÞC1ðb0; a0Þ

×
Z

d2z1
1

ðw − z1Þ3
1

ðz − z1Þaþb0−2
1

ðz̄ − z̄1Þa0þb−2OD;Δ;−3
2
ðz1; z̄1Þ ð3:49Þ

and

ðG̃C
AÞDB ðz; z̄ÞS̄Bðw̄Þ ∼ −ðTC

AÞDB lim
Δ→1

2

Δ − 1
2

π
ð−1Þaþbþa0þb0C1ðb; aÞC1ðb0; a0Þ

×
Z

d2z1
1

ðw̄ − z̄1Þ3
1

ðz − z1Þa0þb−2
1

ðz̄ − z̄1Þaþb0−2O
B
Δ;þ3

2

ðz1; z̄1Þ: ð3:50Þ

The requirement (3.32) forces a0 þ b − 2 ¼ 0 in (3.49) and
(3.50). But then in view of (C11) we get

aþ b0 − 2 ¼ 0 and a0 þ b − 2 ¼ 0 ð3:51Þ

and conclude that the OPE is trivial:

ðG̃C
AÞDB ðz; z̄ÞSDðwÞ ∼ regular;

ðG̃C
AÞDB ðz; z̄ÞS̄Bðw̄Þ ∼ regular: ð3:52Þ

IV. THE N = 8 sbms4 ALGEBRA

Let us now find the asymptotic symmetries of the theory.
The usual symmetry currents in the theory are the stress
tensors TðzÞ and T̄ðz̄Þ, which are the superrotation gen-
erators, andPðz; z̄Þ, which is the supertranslation generator.
The modes of these currents generate the bms4 algebra as
described in [40]. As usual the generators of bms4 are the
modes of TðzÞ; T̄ðz̄Þ, and Pðz; z̄Þ. Let us expand these
currents in modes:

TðzÞ ¼
X
n∈Z

Lnz−n−2; T̄ðz̄Þ ¼
X
n∈Z

L̄nz̄−n−2; ð4:1Þ

Pðz; z̄Þ≡ X
n;m∈Z

Pn−1
2
;m−1

2
z−n−1z̄−m−1: ð4:2Þ

As discussed in [40], the modes Pn−1
2
;m−1

2
can be obtained

from the modes of the current PðzÞ or P̄ðz̄Þ. If we write

PðzÞ¼
X
n∈Z

Pn−1
2
z−n−1; P̄ðz̄Þ¼

X
m∈Z

P̄m−1
2
z−m−1; ð4:3Þ

then

Pn−1
2
;−1

2
¼ Pn−1

2
; P−1

2
;m−1

2
¼ P̄m−1

2
; ð4:4Þ

and

Pn−1
2
;m−1

2
¼ 1

iπðmþ 1Þ
I

dw̄w̄mþ1½T̄ðw̄Þ; Pn−1
2
;−1

2
�

¼ 1

iπðmþ 1Þ
I

dwwnþ1½TðwÞ; P̄−1
2
;m−1

2
�: ð4:5Þ

These modes satisfy the usual bms4 algebra:

½Lm;Ln� ¼ ðm−nÞLmþn; ½L̄m; L̄n� ¼ ðm−nÞL̄mþn;

½Ln;Pkl� ¼
�
1

2
n−k

�
Pnþk;l; ½L̄n;Pkl� ¼

�
1

2
n− l

�
Pk;nþl;

ð4:6Þ

where m; n∈Z and k; l∈Zþ 1
2
. In addition, an infinite

dimensional extension of the N ¼ 1 supersymmetry alge-
bra was constructed in [3]. The supercurrent was shown to
be the shadow transform of the gravitino operator. In our
theory, we have eight supercurrents SAðzÞ and their anti-
holomorphic counterpart S̄Aðz̄Þ. The OPEs (3.14) show that
SAðzÞ and S̄Aðz̄Þ are conformal primaries of dimensions
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ð3
2
; 0Þ and ð0; 3

2
Þ, respectively. Consequently, if we expand

the supercurrents as

SAðzÞ¼
X

k∈Zþ1
2

ðSAÞk
zkþ3

2

; with ðSAÞk¼
1

2πi

I
dzzkþ1

2SAðzÞ;

S̄Aðz̄Þ¼
X

l∈Zþ1
2

S̄Al
zlþ3

2

; with S̄Al ¼
1

2πi

I
dz̄z̄lþ1

2S̄Aðz̄Þ; ð4:7Þ

then we can write the commutator of these modes with the
Virasoro generators as

½Ln; ðSAÞm� ¼
�
n
2
−m

�
ðSAÞmþn; ½L̄n; ðSAÞm� ¼ 0;

½Ln; S̄Am� ¼ 0; ½L̄n; S̄Am� ¼
�
n
2
−m

�
S̄Amþn: ð4:8Þ

The operator relation (3.15) gives the anticommutator

fðSBÞm; S̄Ang ¼ δABPmn; m; n∈Zþ 1

2
: ð4:9Þ

Let us now discuss the requirement of (anti)holomorphicity
of the singularity in (3.32). Suppose ðG̃A

BÞCDðz; z̄Þ has
conformal weights7 ðh; h̄Þ. Then we can expand the
current as

ðG̃A
BÞCDðz; z̄Þ ¼

X
n;m∈Z

fðG̃A
BÞCDgmnz

−m−hz̄−n−h̄; ð4:10Þ

with

fðG̃A
BÞCDgmn ¼

1

ð2πiÞ2
I

dz
I

dz̄zmþh−1z̄nþh̄þ1ðG̃A
BÞCDðz; z̄Þ:

ð4:11Þ

Suppose we had an OPE of the form8

ðG̃A
BÞCDðz; z̄ÞSCðwÞ ∼

1

z − w
1

z̄ − w̄
ðTA

BÞCDSCðwÞ: ð4:12Þ

One can readily check that this would give us the
commutator

½ðG̃A
BÞCDgmn; ðSCÞk� ¼ w̄nðTA

BÞCDfSCgmþk: ð4:13Þ

This is nonsensical since we do not have any w̄ dependence
on the left-hand side. Similarly, one can justify the second
part of (3.32). So we conclude that the N ¼ 8 sbms4

algebra does not contain the extension of global
R-symmetry algebra. The final algebra is then given by

½Lm;Ln� ¼ ðm− nÞLmþn; ½L̄m; L̄n� ¼ ðm− nÞL̄mþn;

½Ln;Pkl� ¼
�
1

2
n− k

�
Pnþk;l;

½L̄n;Pkl� ¼
�
1

2
n− l

�
Pk;nþl;

½Ln; ðSAÞm� ¼
�
n
2
−m

�
ðSAÞmþn; ½L̄n; ðSAÞm� ¼ 0;

½Ln; S̄Am� ¼ 0; ½L̄n; S̄Am� ¼
�
n
2
−m

�
S̄Amþn;

fðSBÞm; S̄Ang ¼ δABPmn: ð4:14Þ

V. CONCLUSION

In this paper, we have used the CCFT technique to
compute the asymptotic symmetry algebra of N ¼ 8
supergravity in asymptotically flat spacetime. The crucial
part of our result is the nonextension of the global SUð8ÞR
R-symmetry algebra. The purely mathematical consider-
ations [43] for N ¼ 2 theory suggests that the infinite-
dimensional extension of R-symmetry is fraught with
mathematical inconsistencies. Here, performing a direct
asymptotic symmetry analysis of the supergravity theory
using the CCFT prescription, we have confirmed that
indeed supergravity does not result in such an extension.
The rest of the symmetry algebra is as expected and is
presented in (4.14).
It is instructive to note that our results are consistent with

the usual expectation of symmetry enhancement at the
boundary for gauge symmetries. In the case of ordinary
gravity and minimal supergravity theories, the correspond-
ing symmetries are local in nature, and hence, they have a
natural infinite extension at the boundary. For extended
supergravity, the R-symmetry is primarily a global sym-
metry, and in our study, we find that the symmetry group is
not extended at the asymptotic boundary. In the CCFT
language, this result comes from the regularity of the OPEs
between the R-symmetry charges and the supersymmetry,
which signifies the absence of collinear divergences. It
would be nice to check the fate of R-symmetry in the
context of gauged supergravity theories (where the
R-symmetries are also local) by performing a direct
asymptotic symmetry analysis of those theories. On the
other hand, global noncompact symmetries, such as trans-
lation, also have a local counterpart in the theory of
dynamical gravity, and hence, it does get an infinite
extension at the asymptotic null boundary.
Let us end the paper with relevant open problems. In the

seminal work of Hawking et al. [51] the importance of the
infinite number of soft hairs in the context of black hole
microscopics was discussed. The study was further taken

7The scaling dimensions of ðG̃A
BÞCDðz; z̄Þ can be calculated from

those of GAB; ḠCD. It is ðaþ b0 − 2; a0 þ b − 2Þ.
8Exactly the same argument works if we have higher power

singularities.
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forward in [50–54] and beautifully reviewed in [16]. They
emphasized the importance of symmetry enhancements at
the future horizon Hþ of the black holes and how both the
hypersurfaces9 Hþ and Iþ carry information of conserved
charges that are in turn important for understanding black
hole microscopics. The study of the present paper indicates
that the asymptotic soft hairs of the supergravity theories
will not have distinct infinite R-charges; rather, they will
only carry the global fixed number of R-charges. An
interesting question that remains to be studied is the effect,
if any, of these R-charges at the horizon and finally their
importance in the black hole microscopics. We hope to
return to this question in the future.
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APPENDIX A: OPEs OF COMPONENT FIELDS

Using (2.18), we can extract the rest of the OPEs from
the collinear singularities of the amplitudes calculated in
[44]. In the following, the zero, one, two, three, and four
index operators are, respectively, graviton, gravitino, grav-
iphoton, graviphotino, and scalar operators.

1. Same spin OPEs

OA
Δ1;þ3

2

ðz1; z̄1ÞOB
Δ2;þ3

2

ðz2;z̄2Þ ∼
z̄12
z12

B

�
Δ1 −

1

2
;Δ2 −

1

2

�
OAB

Δ1þΔ2;þ1ðz2; z̄2
�
;

OA
Δ1;þ3

2

ðz1; z̄1ÞOBΔ2;−3
2
ðz2;z̄2Þ ∼

z̄12
z12

δABB

�
Δ1 −

1

2
;Δ2 þ

5

2

�
OΔ1þΔ2;−2ðz2; z̄2

�

þ z12
z̄12

δABB

�
Δ1 þ

5

2
;Δ2 −

1

2

�
OΔ1þΔ2;þ2ðz2; z̄2

�
; ðA1Þ

OAB
Δ1;þ1ðz1; z̄1ÞOCD

Δ2;þ1ðz2;z̄2Þ ∼
z̄12
z12

BðΔ1;Δ2ÞOABCD
Δ1þΔ2;0

ðz2; z̄2Þ;

OAB
Δ1;þ1ðz1; z̄1ÞOCD;Δ2;−1ðz2;z̄2Þ ∼ −δABCD

�
z̄12
z12

BðΔ1;Δ2 þ 2ÞOΔ1þΔ2;−2ðz2; z̄2Þ

þ z12
z̄12

BðΔ1 þ 2;Δ2ÞOΔ1þΔ2;þ2ðz2; z̄2Þ
�
: ðA2Þ

In the following, the notation is a; b; c;…∈ f1; 2; 3; 4g and r; s; t;…∈ f5; 6; 7; 8g. See [44] for details.

Oars
Δ1;þ1

2

ðz1; z̄1ÞObtu
Δ2;þ1

2

ðz2;z̄2Þ ∼ ϵrstuϵabcd
z12
z̄12

B

�
Δ1 þ

1

2
;Δ2 þ

1

2

�
Ocd;Δ1þΔ2;−1ðz2; z̄2

�
;

Oars
Δ1;þ1

2

ðz1; z̄1ÞObct
Δ2;þ1

2

ðz2;z̄2Þ ∼ ϵrstuϵabcd
z12
z̄12

B

�
Δ1 þ

1

2
;Δ2 þ

1

2

�
Oud;Δ1þΔ2;−1ðz2; z̄2

�
;

Orst
Δ1;þ1

2

ðz1; z̄1ÞOabc
Δ2;þ1

2

ðz2;z̄2Þ ∼ ϵrstuϵabcd
z12
z̄12

B

�
Δ1 þ

1

2
;Δ2 þ

1

2

�
Oud;Δ1þΔ2;−1ðz2; z̄2

�
;

Oars
Δ1;þ1

2

ðz1; z̄1ÞObtu;Δ2;−1
2
ðz2;z̄2Þ ∼ ϵtuvwϵ

rsvwδab

�
z12
z̄12

B

�
Δ1 þ

3

2
;Δ2 þ

1

2

�
OΔ1þΔ2;þ2ðz2; z̄2

�

þ z̄12
z12

B
�
Δ1 þ

1

2
;Δ2 þ

3

2

�
OΔ1þΔ2;−2ðz2; z̄2

��
; ðA3Þ

9Iþ denotes the future null horizon.
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Oabrs
Δ1;0

ðz1; z̄1ÞOcdtu
Δ2;0

ðz2;z̄2Þ ∼ ϵabcdϵrstuBðΔ1 þ 1;Δ2 þ 1Þ
�
z12
z̄12

OΔ1þΔ2;þ2ðz2; z̄2Þ þ
z̄12
z12

OΔ1þΔ2;−2ðz2; z̄2Þ
�
: ðA4Þ

2. Different spins

OΔ1;þ2ðz1; z̄1ÞOA
Δ2;þ3

2

ðz2;z̄2Þ ∼
z̄12
z12

B

�
Δ1 − 1;Δ2 −

1

2

�
OA

Δ1þΔ2;þ3
2

ðz2; z̄2Þ;

OΔ1;þ2ðz1; z̄1ÞOA;Δ2;−3
2
ðz2;z̄2Þ ∼

z̄12
z12

B

�
Δ1 − 1;Δ2 þ

5

2

�
OA;Δ1þΔ2;−3

2
ðz2; z̄2Þ; ðA5Þ

OΔ1;þ2ðz1; z̄1ÞOAB
Δ2;þ1ðz2;z̄2Þ ∼

z̄12
z12

BðΔ1 − 1;Δ2ÞOAB
Δ1þΔ2;þ1ðz2; z̄2Þ;

OΔ1;þ2ðz1; z̄1ÞOAB;Δ2;−1ðz2;z̄2Þ ∼
z̄12
z12

BðΔ1 − 1;Δ2 þ 2ÞOAB;Δ1þΔ2;−1ðz2; z̄2Þ; ðA6Þ

OΔ1;þ2ðz1; z̄1ÞOabr
Δ2;þ1

2

ðz2;z̄2Þ ∼
z̄12
z12

B

�
Δ1 − 1;Δ2 þ

1

2

�
Oabr

Δ1þΔ2;þ1
2

ðz2; z̄2Þ;

OΔ1;þ2ðz1; z̄1ÞOabc
Δ2;þ1

2

ðz2;z̄2Þ ∼
z̄12
z12

B

�
Δ1 − 1;Δ2 þ

1

2

�
Oabc

Δ1þΔ2;þ1
2

ðz2; z̄2Þ;

OΔ1;þ2ðz1; z̄1ÞOabc;Δ2;−1
2
ðz2;z̄2Þ ∼ −

z̄12
z12

B

�
Δ1 − 1;Δ2 þ

3

2

�
Oabc;Δ1þΔ2;−1

2
ðz2; z̄2Þ; ðA7Þ

OΔ1;þ2ðz1; z̄1ÞOABCD
Δ2;0

ðz2;z̄2Þ ∼
z̄12
z12

BðΔ1 − 1;Δ2 þ 1ÞOABCD
Δ1þΔ2;0

ðz2; z̄2Þ; ðA8Þ

OA
Δ1;þ3

2

ðz1; z̄1ÞOBC
Δ2;þ1ðz2;z̄2Þ ∼

z̄12
z12

B

�
Δ1 −

1

2
;Δ2

�
OABC

Δ1þΔ2;þ1
2

ðz2; z̄2Þ;

OA
Δ1;þ3

2

ðz1; z̄1ÞOBC;Δ2;−1ðz2;z̄2Þ ∼ 2!δA½B
z̄12
z12

B

�
Δ1 −

1

2
;Δ2

�
OC�;Δ1þΔ2;−3

2
ðz2; z̄2Þ; ðA9Þ

OA
Δ1;þ3

2

ðz1; z̄1ÞOBCD
Δ2;þ1

2

ðz2;z̄2Þ ∼
z̄12
z12

B

�
Δ1 −

1

2
;Δ2 þ

1

2

�
OABCD

Δ1þΔ2;0
ðz2; z̄2Þ;

OA
Δ1;þ3

2

ðz1; z̄1ÞOBCDΔ2;−1
2
ðz2;z̄2Þ ∼ 3

z̄12
z12

B

�
Δ1 −

1

2
;Δ2 þ

3

2

�
δA½BOCD�;Δ1þΔ2;−1ðz2; z̄2Þ; ðA10Þ

OA
Δ1;þ3

2

ðz1; z̄1ÞOBCDE
Δ2;0

ðz2; z̄2Þ ∼ −
1

6
ϵABCDEFGH z̄12

z12
B

�
Δ1 −

1

2
;Δ2 þ 1

�
OFGH;Δ1þΔ2;−1

2
ðz2; z̄2Þ;

OA
Δ1;þ3

2

ðz1; z̄1ÞOBCDEΔ2;0ðz2; z̄2Þ ∼ 3!δA½B
z̄12
z12

B

�
Δ1 −

1

2
;Δ2 þ 1

�
OCDE�;Δ1þΔ2;−1

2
ðz2; z̄2Þ; ðA11Þ

Oab
Δ1;þ1ðz1; z̄1ÞOcdr

Δ2;þ1
2

ðz2;z̄2Þ ∼
1

3!
ϵrstuϵabcd

z̄12
z12

B

�
Δ1;Δ2 þ

1

2

�
Ostu;Δ1þΔ2;−1

2
ðz2; z̄2Þ;

OAB
Δ1;þ1ðz1; z̄1ÞOCDE;Δ2;−1

2
ðz2;z̄2Þ ∼ −δABCD

z̄12
z12

B

�
Δ1;Δ2 þ

3

2

�
OE;Δ1þΔ2;−3

2
ðz2; z̄2Þ; ðA12Þ

Oab
Δ1;þ1ðz1; z̄1ÞOcdrs

Δ2;0
ðz2;z̄2Þ ∼ ϵrstuϵabcd

z̄12
z12

BðΔ1;Δ2 þ 1ÞOtu;Δ1þΔ2;−1ðz2; z̄2Þ;

Oab
Δ1;þ1ðz1; z̄1ÞOcdef

Δ2;0
ðz2;z̄2Þ ∼ −ϵcdefϵabgh

z̄12
z12

BðΔ1;Δ2 þ 1ÞOgh;Δ1þΔ2;−1ðz2; z̄2Þ; ðA13Þ
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Oabr
Δ1;þ1

2

ðz1; z̄1ÞOcdst
Δ2;0

ðz2;z̄2Þ ∼ ϵrstuϵabcd
z̄12
z12

B

�
Δ1 þ

1

2
;Δ2 þ 1

�
Ou;Δ1þΔ2;−3

2
ðz2; z̄2Þ;

Oabr
Δ1;þ1

2

ðz1; z̄1ÞOcstu
Δ2;0

ðz2;z̄2Þ ∼ −ϵrstuϵabcd
z̄12
z12

B

�
Δ1 þ

1

2
;Δ2 þ 1

�
Od;Δ1þΔ2;−3

2
ðz2; z̄2Þ: ðA14Þ

Similarly, all other OPEs can be extracted from the amplitudes given in [44].

APPENDIX B: SOFT GRAVITON AND SOFT GRAVITINO OPERATORS

We will use the soft limit of the superamplitude and then perform an expansion in the Grassmann odd coordinate of the
superspace to obtain the soft graviton and gravitino limits in an amplitude.
The leading and subleading soft factors in a superamplitude corresponding to ω−1

p and ω0
p were calculated in [44] using

double copy relations. Here we only present relevant results and refer the readers to [44] for further details. In the celestial
basis, the leading soft factor is given by

MNð…; j − 1; j; jþ 1;…Þ ⟶ωj→0 1

ωj

XN
i¼1
i≠j

ωizjiz̄ji

�
z2j−1;i

z2j−1;jz
2
j;i
þ z̄2j−1;i
z̄2j−1z̄

2
j;i
δ4ðηjÞ

�
MN−1ð…; j − 1; jþ 1;…Þ: ðB1Þ

One can now get the soft limit in terms of the celestial superamplitude in a straightforward way. We have

�YN
n¼1

lim
Δj→1

ðΔj−1ÞOΔn
ðzn; z̄n;ηnÞ

�
¼
�YN

n¼1
n≠j

Z
dωnω

Δn−1
n

�
lim
Δj→1

Z
∞

0

dωjðΔj−1ÞωΔj−1
j δð4Þ

�XN
k¼1
k≠j

ωkqk

�
MNð1;…;n;…;NÞ

¼
�YN

n¼1
n≠j

Z
dωnω

Δn−1
n

�Z
∞

0

dωj
d

dωj

	
lim
Δj→1

ω
Δj−1
j



δð4Þ

�XN
k¼1
k≠j

ωkqk

�
ωjMNð1;…;n;…;NÞ:

ðB2Þ

Using the fact that

d
dωj

	
lim
Δj→1

ω
Δj−1
j



¼ d

dωj
θðωjÞ ¼ δðωjÞ; ðB3Þ

where θðωÞ is the Heaviside step function, we see that the integral on ωj on the right-hand side gives us

�YN
n¼1

lim
Δj→1

ðΔj − 1ÞOΔn
ðzn; z̄n; ηnÞ

�
¼

�YN
n¼1
n≠j

Z
dωnω

Δn−1
n

�
δð4Þ

�XN
k¼1
k≠j

ωkqk

�
lim
ωj→0

ωjMNð1;…; n;…; NÞ: ðB4Þ

Using the soft limit (B1) we get

�YN
n¼1

lim
Δj→1

ðΔj − 1ÞOΔn
ðzn; z̄n; ηnÞ

�

¼
XN
i¼1
i≠j

ωi

�
z2j−1;iz̄ji
z2j−1;jzji

þ z̄2j−1;izji
z̄2j−1;jz̄ji

δ4ðηjÞ
��YN

n¼1
n≠j

Z
∞

0

dωkω
Δk−1
k

�
δð4Þ

�XN
k¼1
k≠j

ωkqk

�
MN−1ð1;…; i;…; NÞ

¼
Xn
i¼1
i≠j

�
z2j−1;iz̄ji
z2j−1;jzji

þ z̄2j−1;izji
z̄2j−1;jz̄ji

δ8ðηj
���YN

n¼1
n≠i

Z
∞

0

dωkω
Δk−1
k

Z
∞

0

dωiω
Δi
i δð4Þ

�XN
k¼1
k≠j

ωkqk

�
MN−1ð1;…; i;…; NÞ

�

¼
Xn
i¼1
i≠j

�
z2j−1;iz̄ji
z2j−1;jzji

þ z̄2j−1;izji
z̄2j−1;jz̄ji

δ8ðηjÞ
�
hOΔ1

ðz1; z̄1; η1Þ;…;OΔiþ1ðzi; z̄i; ηiÞ;…i:
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The super-Ward identity that we get from the conformally supersoft theorem is

hJ1ðz; z̄; ηÞOΔ1
ðz1; z̄1; η1Þ � � �OΔN

ðzN; z̄N; ηNÞi ¼
XN
i¼1

�ðz̄ − z̄iÞ
ðz − ziÞ

ðzN − ziÞ2
ðzN − zÞ2 þ ðz − ziÞ

ðz̄ − ziÞ
ðz̄N − z̄iÞ2
ðz̄N − z̄Þ2 δ

8ðηÞ
�

× hOΔ1
ðz1; z̄1; η1Þ;…;OΔiþ1ðzi; z̄i; ηiÞ;…;OΔN

ðzN; z̄N; ηNÞi; ðB5Þ

where

J1ðz; z̄; ηÞ ¼ lim
Δ→1

ðΔ − 1ÞOΔðz; z̄; ηÞ

is theΔ → 1 soft operator. In the above soft factor, we chose the reference vector for polarization of the soft particle to be the
momentum vector of the nth particle. We leave this reference vector arbitrary, which corresponds to a point ξ∈ CS2. The
super-Ward identity then takes the form

hJ1ðz; z̄; ηÞOΔ1
ðz1; z̄1; η1Þ � � �OΔN

ðzN; z̄N; ηNÞi ¼
XN
i¼1

�ðz̄ − z̄iÞ
ðz − ziÞ

ðξ − ziÞ2
ðξ − zÞ2 þ ðz − ziÞ

ðz̄ − z̄iÞ
ðξ̄ − z̄iÞ2
ðξ̄ − z̄Þ2 δ

8ðηÞ
�

× hOΔ1
ðz1; z̄1; η1Þ;…;OΔiþ1ðzi; z̄i; ηiÞ;…;OΔN

ðzN; z̄N; ηNÞi: ðB6Þ

When we expand both sides in the Grassmann variables ηi and compare coefficients, we get the Ward identity for the soft
graviton operator:

�
J1ðz; z̄Þ

YN
n¼1

OΔn;lnðzn; z̄nÞ
�

¼
XN
i¼1

ðz̄ − z̄iÞ
ðz − ziÞ

ðξ − ziÞ2
ðξ − zÞ2 hOΔ1;l1ðz1; z̄1Þ;…;OΔiþ1;liðzi; z̄iÞ;…;OΔN;lN ðzN; z̄NÞi ðB7Þ

and

�
J̄1ðz; z̄Þ

YN
n¼1

OΔn;lnðzn; z̄nÞ
�

¼
XN
i¼1

ðz − ziÞ
ðz̄ − z̄iÞ

ðξ̄ − z̄iÞ2
ðξ̄ − z̄Þ2 hOΔ1;l1ðz1; z̄1Þ;…;OΔiþ1;liðzi; z̄iÞ;…;OΔN;lN ðzN; z̄NÞi; ðB8Þ

where

J1ðz; z̄Þ ¼ lim
Δ→1

ðΔ − 1ÞOΔ;þ2ðz; z̄Þ; J̄1ðz; z̄Þ ¼ lim
Δ→1

ðΔ − 1ÞOΔ;−2ðz; z̄Þ ðB9Þ

are theΔ ¼ 1 soft graviton operators. The subleading soft factor was also calculated in [44]. It turns out that it is the same as
the subleading soft factor for positive and negative helicity gravitons in pure gravity [45]. We then write the super-Ward
identity following the calculations in [55]:

hJ0ðz; z̄; ηÞOΔ1
ðz; z̄; η1Þ � � �OΔN

ðzN; z̄N; ηNÞi

¼
XN
i¼1

�ðz̄ − z̄iÞ
ðz − ziÞ

ðξ − ziÞ
ðξ − zÞ ððz̄ − z̄iÞ∂z̄i − 2h̄iÞ þ

ðz − ziÞ
ðz̄ − z̄iÞ

ðξ̄ − z̄iÞ
ðξ̄ − z̄Þ δ

8ðηÞððz − ziÞ∂zi − 2hiÞ
�

× hOΔ1
ðz1; z̄1; η1Þ;…;OΔi

ðzi; z̄i; ηiÞ;…;OΔN
ðzN; z̄N; ηNÞi; ðB10Þ

where

J0ðz; z̄; ηÞ ¼ lim
Δ→0

Δ½OΔ;þ2ðz; z̄Þ þ δ8ðηÞOΔ;−2ðz; z̄Þ�
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only contains the Δ ¼ 0 soft graviton operators. This immediately gives us the subleading soft graviton limit:

�
J0ðz; z̄Þ

YN
n¼1

OΔn;lnðzn; z̄nÞ
�

¼
XN
i¼1

ðz̄ − z̄iÞ
ðz − ziÞ

ðξ − ziÞ
ðξ − zÞ ððz̄ − z̄iÞ∂z̄i − 2h̄iÞh� � �OΔi;liðzi; z̄iÞ � � �i ðB11Þ

and

�
J̄0ðz; z̄Þ

YN
n¼1

OΔn;lnðzn; z̄nÞ
�

¼
XN
i¼1

ðz − ziÞ
ðz̄ − z̄iÞ

ðξ̄ − z̄iÞ
ðξ̄ − z̄Þ ððz − ziÞ∂zi − 2hiÞh� � �OΔi;liðzi; z̄iÞ � � �i; ðB12Þ

where

J0ðz; z̄Þ ¼ lim
Δ→0

ΔOΔ;þ2ðz; z̄Þ; J̄0ðz; z̄Þ ¼ lim
Δ→0

ΔOΔ;−2ðz; z̄Þ ðB13Þ

are the Δ ¼ 0 soft graviton operators and hi ¼ Δiþli
2

and h̄i ¼ Δi−li
2

are the conformal weights of the operator OΔi;liðz; z̄Þ.
Next, we move on to the soft gravitino operator. The leading soft gravitino limit for superamplitudes is given by

MNþ1ðψA
sþ; fp1; η1g;…; fpN; ηNgÞ ¼

XN
i¼1

½si�hrii
hsiihrsi

∂

∂ηiA
MNðfp1; η1g;…; fpN; ηNgÞ; ðB14Þ

where r is the reference vector corresponding to point ξ∈ CS2. The negative helicity soft gravitino limit can be obtained by
conjugating the soft factor. We can expand both sides in ηi and get the soft theorem in terms of component fields. Note that
because of ∂=∂ηiA , the soft gravitino operator changes the spin of the particle li → lc

i ≡ li − 1
2
. Thus, we can only have

li ∈ f−3=2;−1;−1=2; 0;þ1=2;þ1;þ3=2;þ2g: ðB15Þ

For negative helicity gravitino lc
i → li and clearly

lc
i ∈ f−2;−3=2;−1;−1=2; 0;þ1=2;þ1;þ3=2g: ðB16Þ

The explicit soft theorem in terms of celestial amplitudes is given by

�
JA1=2ðz; z̄Þ

YN
n¼1

O�n
Δn;ln

ðzn; z̄nÞ
�

¼
XN
i¼1

fðA;li; �i; �0iÞð−1Þσi
ðz̄ − z̄iÞ
ðz − ziÞ

ðξ − ziÞ
ðξ − zÞ h� � �O

�0i
Δiþ1

2
;lci
ðzi; z̄iÞ � � �i ðB17Þ

and

�
J̄1=2Aðz; z̄Þ

YN
n¼1

O�n
Δn;lcn

ðzn; z̄nÞ
�

¼
XN
i¼1

f̄ðA;lc
i ; �i; �0iÞð−1Þσi

ðz − ziÞ
ðz̄ − z̄iÞ

ðξ̄ − z̄iÞ
ðξ̄ − z̄Þ h� � �O

�0i
Δiþ1

2
;li
ðzi; z̄iÞ � � �i; ðB18Þ

where

JA1=2ðz; z̄Þ ¼ lim
Δ→1

2

�
Δ −

1

2

�
OA

Δ;þ3
2

ðz; z̄Þ; J̄1=2Aðz; z̄Þ ¼ lim
Δ→1

2

�
Δ −

1

2

�
OΔ;−3

2
;Aðz; z̄Þ ðB19Þ

are the soft gravitino operators.
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APPENDIX C: OPE OF THE COMPOSITE CURRENT GCD
ABðz;z̄Þ

We begin by calculating the OPEs GḠ. We have10

�
GABðz; z̄ÞḠCDðw; w̄Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ lim
Δ1→0
Δ2→0

Δ1Δ2

π2

Z
d2z1

1

ðz − z1Þa
1

ðz̄ − z̄1Þb
1

ðw̄ − z̄2Þa0
1

ðw − z2Þb0

×

�
OABΔ1;−1ðz1; z̄1ÞOCD

Δ2;þ1ðz2; z̄2Þ
YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�
: ðC1Þ

By taking the soft limit of the first operator Δ1 → 0,

�
GABðzÞḠCDðw̄Þ

YN
n¼3

O�n
Δn;ln

ðzn;z̄nÞ
�
¼ lim

Δ2→0

Δ2

π2

Z
d2z1

Z
d2z2

1

ðz−z1Þa
1

ðz̄− z̄1Þb
1

ðw̄− z̄2Þa0
1

ðw−z2Þb0

×

�
−δCDAB

z1−z2
z̄1− z̄2

�
OΔ2;þ2ðz2;z̄2Þ

YN
n¼3

O�n
Δn;ln

ðzn;z̄nÞ
�

þ
XN
j¼3

fðA;B;lj;�j;�0jÞ
z1−zj
z̄1− z̄j

�
OCD

Δ2;þ1ðz2;z̄2Þ���O
�0j
Δj;ljþ1ðzj;z̄jÞ���O�N

ΔN;lN
ðzN;z̄NÞ

��
:

ðC2Þ
Now doing the first integral using (3.35), we get

�
GABðzÞḠCDðw̄Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ lim
Δ2→0

Δ2

π

Z
d2z2

1

ðw̄ − z̄2Þa0
1

ðw − z2Þb0

×

�
−δCDABC1ðb; aÞ

1

ðz2 − zÞa−2ðz̄2 − z̄Þb
�
OΔ2;þ2ðz2; z̄2Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

þ
XN
j¼3

fðA;B;lj; �j; �0jÞC1ðb; aÞ
1

ðzj − zÞa−2
1

ðz̄j − z̄Þb

×

�
OCD

Δ2;þ1ðz2; z̄2Þ � � �O
�0j
Δj;ljþ1ðzj; z̄jÞ � � �O�N

ΔN;lN
ðzN; z̄NÞ

��
: ðC3Þ

We now use the collinear limits of the graviton operator with other fields in the first term and take the conformally soft limit
Δ2 → 0 in the second term. The first term becomes

lim
Δ2→0

Δ2

π

Z
d2z2

1

ðw̄ − z̄2Þa0
1

ðw − z2Þb0
�
−δCDABC1ðb; aÞ

1

ðz2 − zÞa−2ðz̄2 − z̄Þb
�
OΔ2;þ2ðz2; z̄2Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
��

¼ −δCDABC1ðb; aÞ limΔ2→0

Δ2

π

Z
d2z2

1

ðw̄ − z̄2Þa0
1

ðw − z2Þb0
1

ðz2 − zÞa−2ðz̄2 − z̄Þb

×
XN
i¼3

BðΔ2 − 1; fðΔiÞÞ
z̄2 − z̄i
z2 − zi

hO�3
Δ3;l3

ðz3; z̄3Þ � � �O�i
Δi;li

ðzi; z̄iÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

¼ −δCDABC1ðb; aÞ
1

π

Z
d2z2

1

ðw̄ − z̄2Þa0
1

ðw − z2Þb0
1

ðz2 − zÞa−2ðz̄2 − z̄Þb

×
XN
i¼3

ð1 − fðΔiÞÞ
z̄2 − z̄i
z2 − zi

hO�3
Δ3;l3

ðz3; z̄3Þ � � �O�i
Δi;li

ðzi; z̄iÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi; ðC4Þ

10Since there is also overlap as there is in the case of soft gravitino currents in Sec. III A, we do not separate the operators in the
correlator according to their spins l;l0 and keep the spins to be arbitrary here as well.
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where we used

lim
Δ2→0

Δ2BðΔ2 − 1; fðΔiÞÞ ¼ 1 − fðΔiÞ:

In the second term in (C3) now we can take the Δ2 → 0 limit,

lim
Δ2→0

Δ2

π

XN
j¼3

fðA; B;lj; �j; �0jÞ
1

ðzj − zÞa−2
1

ðz̄j − z̄Þb
Z

d2z2
1

ðw̄ − z̄2Þa0
1

ðw − z2Þb0

× hOCD
Δ2;þ1ðz2; z̄2Þ � � �O

�0j
Δj;ljþ1ðzj; z̄jÞ � � �O�N

ΔN;lN
ðzN; z̄NÞi

¼ 1

π

XN
j¼3

fðA;B;lj; �j; �0jÞf̄ðC;D;lj þ 1; �0j; �00j ÞC1ðb; aÞ
1

ðzj − zÞa−2
1

ðz̄j − z̄Þb

×
Z

d2z2
1

ðw̄ − z̄2Þa0
1

ðw − z2Þb0
z̄2 − z̄j
z2 − zj

hO�3
Δ3;l3

ðz3; z̄3Þ � � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

þ 1

π

XN
i;j¼3
i≠j

fðA;B;lj; �j; �0jÞf̄ðC;D;li; �i; �0iÞC1ðb; aÞ
1

ðzj − zÞa−2
1

ðz̄j − z̄Þb

×
Z

d2z2
1

ðw̄ − z̄2Þa0
1

ðw − z2Þb0
z̄2 − z̄i
z2 − zi

h� � �O�0j
Δj;ljþ1ðzj; z̄jÞ � � �O

�0i
Δi;li−1ðzi; z̄iÞ � � �O

�N
ΔN;lN

ðzN; z̄NÞi

¼
XN
j¼3

fðA;B;lj; �j; �0jÞf̄ðC;D;lj þ 1; �0j; �00j ÞC1ðb0; a0Þ
1

ðzj − zÞa−2
1

ðz̄j − z̄Þb

×
1

ðzj − wÞb0
1

ðz̄j − w̄Þa0−2 hO
�3
Δ3;l3

ðz3; z̄3Þ � � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

þ
XN
i;j¼3
i≠j

fðA; B;lj; �j; �0jÞf̄ðC;D;li; �i; �0iÞC1ðb; aÞC1ðb0; a0Þ
1

ðzj − zÞa−2
1

ðz̄j − z̄Þb

×
1

ðzi − wÞb0
1

ðz̄i − w̄Þa0−2 h� � �O
�0j
Δj;ljþ1ðzj; z̄jÞ � � �O

�0i
Δi;li−1ðzi; z̄iÞ � � �O

�N
ΔN;lN

ðzN; z̄NÞi: ðC5Þ

Combining the two integrals we get

�
GABðz; z̄ÞḠCDðw;w̄Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�
¼−δCDABC1ðb;aÞ

1

π

Z
d2z2

1

ðw̄− z̄2Þa0
1

ðw−z2Þb0
1

ðz2−zÞa−2ðz̄2− z̄Þb

×
XN
i¼3

ð1−fðΔiÞÞ
z̄2− z̄i
z2−zi

× hO�3
Δ3;l3

ðz3; z̄3Þ� � �O�i
Δi;li

ðzi; z̄iÞ� � �O�N
ΔN;lN

ðzN; z̄NÞi

þ
XN
j¼3

fðA;B;lj;�j;�0jÞf̄ðC;D;ljþ1;�0j;�00j ÞC1ðb0;a0Þ
1

ðzj−zÞa−2
1

ðz̄j− z̄Þb

×
1

ðzj−wÞb0
1

ðz̄j− w̄Þa0−2 hO
�3
Δ3;l3

ðz3; z̄3Þ� � �O
�00j
Δj;lj

ðzj; z̄jÞ� � �O�N
ΔN;lN

ðzN; z̄NÞi

þ
XN
i;j¼3
i≠j

fðA;B;lj;�j;�0jÞf̄ðC;D;li;�i;�0iÞC1ðb;aÞC1ðb0;a0Þ
1

ðzj−zÞa−2
1

ðz̄j− z̄Þb

×
1

ðzi−wÞb0
1

ðz̄i− w̄Þa0−2 h� � �O
�0j
Δj;ljþ1ðzj; z̄jÞ� � �O

�0i
Δi;li−1ðzi; z̄iÞ� � �O

�N
ΔN;lN

ðzN; z̄NÞi:

ðC6Þ
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Here when we take the normal order of this composite current, we only need to care about the nonsingular terms in the
above OPE. The nonsingular term in the integral above can be obtained by taking z → w limit in the integral. The integral
can then be evaluated as

Z
d2z2

1

ðw̄− z̄2Þa0
1

ðw− z2Þb0
1

ðz2 − zÞa−2
1

ðz̄2 − z̄Þb
z̄2 − z̄i
z2 − zi

⟶
z¼w ¼ ð−1Þaþb−2

Z
d2z2

1

ðz̄− z̄2Þa0þb

1

ðz− z2Þb0þa−2
z̄2 − z̄i
z2 − zi

¼ ð−1ÞaþbC1ðaþ b0 − 2; a0 þ bÞ 1

ðzi − zÞa0þb−2
1

ðz̄i − z̄Þaþb0−2 :

Hence,

�
∶GABðz; z̄ÞḠCDðz; z̄Þ∶

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ ð−1Þaþbþ1

π
δCDABC1ðb; aÞCðaþ b0 − 2; a0 þ bÞ

XN
i¼3

ð1 − fðΔiÞÞ

×
1

ðzi − zÞa0þb−2
1

ðz̄i − z̄Þaþb0−2 hO
�3
Δ3;l3

ðz3; z̄3Þ � � �O�i
Δi;li

ðzi; z̄iÞ � � �O�N
ΔN;l0N

ðzN; z̄NÞi

þ
XN
j¼3

fðA;B;lj; �j; �0jÞf̄ðC;D;lj þ 1; �0j; �00j ÞC1ðb; aÞC1ðb0; a0Þð−1Þaþbþa0þb0

×
1

ðz − zjÞaþb0−2
1

ðz̄ − z̄jÞa0þb−2 hO
�3
Δ3;l3

ðz3; z̄3Þ � � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

þ
XN
i;j¼3
i≠j

fðA;B;lj; �j; �0jÞf̄ðC;D;li; �i; �0iÞC1ðb; aÞC1ðb0; a0Þð−1Þaþbþa0þb0 1

ðz − zjÞa−2
1

ðz̄ − z̄jÞb

×
1

ðz − ziÞb0
1

ðz̄ − z̄iÞa0−2
h� � �O�0j

Δj;ljþ1ðzj; z̄jÞ � � �O
�0i
Δi;li−1ðzi; z̄iÞ � � �O

�N
ΔN;lN

ðzN; z̄NÞi: ðC7Þ

Similarly, we have

�
∶ḠCDðz; z̄ÞGABðz; z̄Þ∶

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�

¼ ð−1Þa0þb0þ1

π
δCDABC1ðb0; a0ÞCða0 þ b − 2; aþ b0Þ

XN
i¼3

ð1 − fðΔiÞÞ

×
1

ðzi − zÞaþb0−2
1

ðz̄i − z̄Þa0þb−2 hO
�3
Δ3;l3

ðz3; z̄3Þ � � �O�i
Δi;li

ðzi; z̄iÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

þ
XN
j¼3

f̄ðC;D;lj; �j; �0jÞfðA; B;lj − 1; �0j; �00j ÞC1ðb0; a0ÞC1ðb; aÞð−1Þaþbþa0þb0

×
1

ðz − zjÞa0þb−2
1

ðz̄ − z̄jÞaþb0−2 hO
�3
Δ3;l3

ðz3; z̄3Þ � � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

þ
XN
i;j¼3
i≠j

f̄ðC;D;lj; �j; �0jÞfðA; B;li; �i; �0iÞC1ðb; aÞC1ðb0; a0Þð−1Þaþbþa0þb0 1

ðz̄ − z̄jÞa0−2
1

ðz − zjÞb0

×
1

ðz̄ − z̄iÞb
1

ðz − ziÞa−2
h� � �O�0j

Δj;lj−1ðzj; z̄jÞ � � �O
�0i
Δi;liþ1ðzi; z̄iÞ � � �O�N

ΔN;lN
ðzN; z̄NÞi: ðC8Þ

We have the correlator of the normalized current with any conformal primary as
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�
GCD
AB ðz; z̄Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�
¼−δCDAB

XN
i¼3

ð1−fðΔiÞÞ
�ð−1Þaþb

π
C1ðb;aÞCðaþb0−2;a0 þbÞ 1

ðzi−zÞa0þb−2
1

ðz̄i− z̄Þaþb0−2

× hO�3
Δ3;l3

ðz3; z̄3Þ� � �O�i
Δi;li

ðzi; z̄iÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

−
ð−1Þa0þb0

π
C1ðb0;a0ÞC1ða0 þb−2;aþb0Þ 1

ðzi− zÞaþb0−2
1

ðz̄i− z̄Þa0þb−2

× hO�3
Δ3;l3

ðz3; z̄3Þ� � �O�i
Δi;li

ðzi; z̄iÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi
�

þð−1Þaþbþa0þb0C1ðb;aÞC1ðb0;a0Þ
�
fðA;B;lj;�j;�0jÞf̄ðC;D;ljþ1;�0j;�00j Þ

×
1

ðz− zjÞaþb0−2
1

ðz̄− z̄jÞa0þb−2 hO
�3
Δ3;l3

ðz3; z̄3Þ� � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

− f̄ðC;D;lj;�j;�0jÞfðA;B;lj−1;�0j;�00j Þ

×
1

ðz− zjÞa0þb−2
1

ðz̄− z̄jÞaþb0−2 hO
�3
Δ3;l3

ðz3; z̄3Þ� � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi
�
: ðC9Þ

The last term in both (C7) and (C8) cancels when we take the commutator. Now in the above OPE, we can see that the first
term which has the graviton soft limits does not satisfy our requirement explained in (3.32). Hence, we require that the two
terms in the first expression be the same so that they cancel once we take the commutator. This is equivalent to the
requirement

C1ðb0; a0ÞC1ða0 þ b − 2; aþ b0Þð−1Þaþb ¼ C1ðb; aÞC1ðaþ b0 − 2; a0 þ bÞð−1Þa0þb0 ðC10Þ

and

a0 þ b − 2 ¼ aþ b0 − 2: ðC11Þ

Now in (C10) by substituting the explicit expression from (3.36) we have

ð−a0 − bþ 1Þð−a0 − bþ 2Þð−aþ 1Þð−aþ 2Þ ¼ ð−a0 þ 1Þð−a0 þ 2Þð−a − b0 þ 1Þð−a − b0 þ 2Þ:

which after using (C11) gives

ð−aþ 1Þð−aþ 2Þ ¼ ð−a0 þ 1Þð−a0 þ 2Þ; ðC12Þ

which clearly has solutions. Hence, the correlator corresponding to this normal order current is

�
GCD
AB ðz; z̄Þ

YN
n¼3

O�n
Δn;ln

ðzn; z̄nÞ
�
¼ð−1Þaþbþa0þb0C1ðb;aÞC1ðb0;a0Þ

�
fðA;B;lj;�j;�0jÞf̄ðC;D;ljþ1;�0j;�00j Þ

×
1

ðz− zjÞaþb0−2
1

ðz̄− z̄jÞa0þb−2 hO
�3
Δ3;l3

ðz3; z̄3Þ� � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi

− f̄ðC;D;lj;�j;�0jÞfðA;B;lj−1;�0j;�00j Þ

×
1

ðz− zjÞa0þb−2
1

ðz̄− z̄jÞaþb0−2 hO
�3
Δ3;l3

ðz3; z̄3Þ� � �O
�00j
Δj;lj

ðzj; z̄jÞ � � �O�N
ΔN;lN

ðzN; z̄NÞi
�
: ðC13Þ
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