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The free massless superparticle is reanalyzed, in particular by performing the Gupta-Bleuler quantiza-
tion, using the first- and second-class constraints of the model, and obtaining as a result, the Weyl equation
for the spinorial component of the chiral superfield. Then we construct a superconformal model of two
interacting massless superparticles from the free case by the introduction of an invariant interaction. The
interaction introduces an effective mass for each particle by modifying the structure of fermionic
constraints, all becoming second class. The quantization of the model produces a bilocal chiral superfield.
We also generalize the model by considering a system of superconformal interacting particles and its
continuum limit.
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I. INTRODUCTION

The application of conformal invariance to classical
interacting relativistic particles has recently been studied
[1,2]. The motivation was to generalize the nonrelativistic
one-dimensional case, as for example the Calogero-Moser
rationalmodel [3–5],which describesN interacting particles
via two-body interactions. This model is very important in
the context of integrable models. The other example, always
in one dimension, is the conformal quantum mechanics [6].
Since there are also supersymmetric extensions of these
models [7–9], we generalize the model contained in [1] to a
superconformal one.
In this paper we have reanalyzed the free massless

superparticle and its superconformal symmetries [10–13].
The superinversion is an important tool to study the
superconformal special transformations and to build the
invariants [14,15].
As is well-known, the massless Lagrangian implies a

mixture of first-class and second-class fermionic con-
straints [13,16]. By using the light cone variables it is

possible to disentangle the first- and second-class con-
straints in a noncovariant way and then perform the Gupta-
Bleuler quantization of the system; as a result we obtain the
Weyl equation for the spinorial component of the chiral
superfield.
Then we construct a superconformal model of two

interacting massless superparticles from the free case by
using the einbein formulation for the action. The con-
struction of the interaction term heavily uses the properties
of the variables under superinversion. The interaction term
is invariant under the diagonal superconformal group.
The interaction introduces an effective mass modifying

the structure of fermionic constraints, all fermionic con-
straints are second class. The quantization of the model
produces a bilocal chiral superfield.
We also generalize the model by considering a system of

superconformal particles with nearest neighbor interaction
and by studying its continuum limit.
The organization of the paper is as follows: In Sec. II we

first review the classical and quantum theory of the super-
conformal particle, in Sec. III we propose a superconformal
model for two interacting particles, in Sec. IV we generalize
it to a systemof particles on a one-dimensional lattice andwe
study its limit when the lattice spacing is sent to zero. In
Sec. V we give an outlook.

II. A SUPERCONFORMAL
RELATIVISTIC PARTICLE

In this section we study the Lagrangian and the
Hamiltonian formulation of a single superconformal
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relativistic particle [10–13] by analyzing the superconfor-
mal symmetries, the structure of the constraints and the
Gupta-Bleuler quantization of the model. In particular we
will show the appearance of the Weyl equation for the
spinorial component of the chiral superfield.
The superconformal invariant action for a massless

relativistic particle is given by

S ¼
Z

dτL ¼
Z

dτ
1

2e
ω̇μω̇μ; ð1Þ

where

ω̇μ ¼ dωμ

dτ
¼ ẋμ þ iθσμ ˙̄θ − iθ̇σμθ̄; ð2Þ

and e is a Lagrange multiplier. We suppose to be in aD ¼ 4
space-time with a flat metric gμν ¼ ð−;þ;þ;þÞ and
we follow the spinor notations of the book of Wess and
Bagger [17]. In particular ðσμÞαα̇ ¼ ð−1; σiÞ; ðσ̃μÞα̇α ¼
ϵα̇ β̇ϵαβσμ

ββ̇
¼ ð−1;−σiÞ; i ¼ 1, 2, 3.

The Lagrangian L is invariant under the following
supersymmetry (SUSY) transformations:

δθ ¼ ϵ; δθ̄ ¼ ϵ̄;

δxμ ¼ iθσμϵ̄ − iϵσμθ̄; δe ¼ 0; ð3Þ
where ϵ and ϵ̄ are the SUSY parameters.
As in the case of conformal invariance, where invariance

under Poincaré, dilatations and inversion is sufficient to
ensure invariance under all the conformal group, also in the
case of the superconformal invariance, Poincaré, dilata-
tions, chiral

x→ x; θ→ e−iΔ=2θ; θ̄→ eiΔ=2θ̄; ð4Þ

SUSY transformations and superinversion are enough to
guarantee the invariance under all the superconformal
group [14,15]. Therefore, in our case, we need only to
show that L is invariant under superinversion. The super-
inversion acts upon ω̇μ as follows:

ω̇μ → AðxÞμνω̇ν; ð5Þ

where [15]

AðxÞμν ¼
1

x2 þ θ2θ̄2

�
x2 − θ2θ̄2

x2 þ θ2θ̄2
gμν − 2

xμxν
x2 þ θ2θ̄2

þ 2ϵμνλρ
θσλθ̄xρ

x2

�
: ð6Þ

The matrix AðxÞ defining the superinversion satisfies the
relation

AðxÞTgAðxÞ ¼ Ω2ðxÞη: ð7Þ

By using this property we find

ω̇2 → Ω2ðxÞω̇2; ð8Þ

where

ΩðxÞ ¼ 1

x2 þ θ2θ̄2
; ð9Þ

(for details see [15]). The Lagrangian L, in Eq. (1), is
superconformal invariant, assuming the following trans-
formation of the einbein under superinversion

e → Ω2ðxÞe: ð10Þ

By evaluating the momenta from the Lagrangian we get

pμ ¼ ∂L
∂ẋμ

¼ 1

e
ω̇μ; Πe ¼

∂L
∂ė

¼ 0; ð11Þ

Πα¼
∂L

∂θ̇α
¼−ipμσμαα̇θ̄

α̇; Π̄α̇¼
∂L

∂
˙̄θα̇
¼−iθαpμσμαα̇: ð12Þ

We therefore obtain the constraints

Πe ¼ 0; ð13Þ

and

Dα ¼Παþ ipμðσμθ̄Þα ¼ 0; D̄α̇ ¼ Π̄α̇þ ipμðθσμÞα̇ ¼ 0:

ð14Þ

The canonical Hamiltonian is

Hc ¼ Πeėþ
1

2
ep2: ð15Þ

The canonical Poisson brackets for boson and fermion
variables are given by

fxμ;pνg¼ gμν; fΠα;θβg¼−δβα; fΠα̇;θβ̇g¼−δβ̇α̇; ð16Þ

The stability of the primary constraints gives the secondary
constraint

p2 ¼ 0; ð17Þ

which is the mass-shell condition for a massless particle.

A. Analysis of the constraints and quantization

Let us now analyze the structure of the fermionic
constraints, in particular their first and second class
character. The Poisson brackets of Dα and D̄α̇ are given by

fDα;Dβg¼0¼fD̄α̇;D̄β̇g; fDα;D̄α̇g¼−2ipμσμαα̇; ð18Þ
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with

pμσμαα̇ ¼
 ffiffiffi

2
p

pþ p12

ðp12Þ� ffiffiffi
2

p
p−

!
; ð19Þ

and where we have defined

p� ¼ 1ffiffiffi
2

p ðp0�p3Þ; p12¼p1− ip2; ð20Þ

and � indicates complex conjugation. The matrix (19) has
zero determinant and its rank is one on the surface of the
constraint p2 ¼ 0. Therefore, we have two first-class and
two second-class constraints. The first-class constraints are

D̂1 ¼−D1þ
p12ffiffiffi
2

p
p−

D2 ¼−Π1þ
p12ffiffiffi
2

p
p−

Π2;

ˆ̄D1̇ ¼−D̄1̇þ
ðp12Þ�ffiffiffi
2

p
p−

D̄2̇¼−Π̄1̇þ
ðp12Þ�ffiffiffi
2

p
p−

Π̄2̇; ð21Þ

and we have

fD̂1; D̂1g ¼ 0 ¼ f ˆ̄D1̇;
ˆ̄D1̇g; ð22Þ

fD̂1;
ˆ̄D1̇g ¼ −2

ffiffiffi
2

p
ipþ − i

ffiffiffi
2

p jp12j2
p−

þ i
ffiffiffi
2

p jp12j2
p− þ i

ffiffiffi
2

p jp12j2
p− ¼ 0; ð23Þ

where use has beenmade of the bosonic first-class constraint
2pþp−¼ jp12j2. The second-class constraints are

D2 ¼ Π2 þ i½ðp12Þ�θ̄1̇ þ
ffiffiffi
2

p
p−θ̄2̇�;

D̄2̇ ¼ Π̄2̇ þ i½p12θ1 þ
ffiffiffi
2

p
p−θ2�; ð24Þ

since

fD2; D̄2̇g ¼ −2i
ffiffiffi
2

p
p−: ð25Þ

The extended Hamiltonian includes the first class con-

straints Πe, p2, D̂1 and
ˆ̄D1̇

HE ¼ Πeėþ
1

2
ep2 þ μ1D̂1 þ μ̄1̇

ˆ̄D1̇; ð26Þ

where μ1 and μ̄1̇ are arbitrary Grassmann multipliers.
Notice that there are two Grassmann constraints of first

class. This corresponds to the invariance of our action
under an additional local symmetry, the kappa symmetry
(see [18]). It is given by (k is an arbitrary time dependent
two-component anticommuting spinor)

δxμ ¼ i
2
θ̄σ̃μσ · pk̄ −

i
2
kσ · pσ̃μθ;

δθ ¼ 1

2
k̄ σ̃ ·p; δθ̄ ¼ 1

2
σ̃ · pk;

δe ¼ 2ikθ̇ − 2i ˙̄θ k̄; δpμ ¼ 0; ð27Þ

where pμ is given in Eq. (11).
The invariance of the model under the kappa symmetry

shows that only half of the Grassmann variables are
physical.
At this point one of the possibilities to develop the

quantum mechanics of the model is the standard procedure
that consists in computing the Dirac brackets and quantizing
with them. However, commutators of canonical operators
are in general modified by the presence of second-class
constraints by making cumbersome the quantization.
Instead of using Dirac brackets we can do the weak

quantization by using standard commutation relations
between canonical operators,

½xμ;pν� ¼ igμν; ½Πα;θβ� ¼−iδβα; ½Πα̇;θβ̇� ¼−iδβ̇α̇; ð28Þ

and by imposing the first class constraints as the operatorial
conditions

p2jΦ >¼ 0; ð29Þ

D̂1jΦ>¼ 0; ˆ̄D1̇jΦ>¼ 0: ð30Þ

For the second class constraints we use the Gupta-Bleuler
procedure in the following way:

D̄2̇jΦ>¼ 0; <ΦjD2¼ 0 ð31Þ

with pμ ¼ −i∂=∂xμ, Πα ¼ −i∂=∂θα and Π̄α̇ ¼ −i∂=∂θ̄α̇. By
using Eqs. (21) and (31), we have

ˆ̄D1̇jΦ >¼ 0 → D̄1̇jΦ >¼ 0: ð32Þ

So hθα; θ̄α̇; xjΦi is a chiral superfield Φ ¼ Φðθ; yÞ, where
yμ ¼ xμ þ iθσμθ̄:

Φðθ; yÞ ¼ ϕðyÞ þ
ffiffiffi
2

p
θψðyÞ þ θ2FðyÞ: ð33Þ

We still have to impose the first condition of Eqs. (30). Let
us first change the basis from θ; θ̄; x to θ; θ̄; y:

∂

∂θα
¼ ∂

∂θα
þ iðσμθ̄Þα

∂

∂yμ
;

∂

∂θ̄α̇
¼ ∂

∂θ̄α̇
− iðθσμÞα̇

∂

∂yμ
; ð34Þ

∂

∂xμ
¼ ∂

∂yμ
: ð35Þ

Therefore,
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∂

∂θ1
¼ ∂

∂θ1
− ið

ffiffiffi
2

p
pþθ̄1̇ þ p12θ̄2̇Þ;

∂

∂θ2
¼ ∂

∂θ2
− iððp12Þ�θ̄1̇ þ

ffiffiffi
2

p
p−θ̄2̇Þ: ð36Þ

The operator D̂1 can be written as

D̂1 ¼ −i
�
−

∂

∂θ1
þ p12ffiffiffi

2
p

p−

∂

∂θ2

�
: ð37Þ

We have therefore

0 ¼ D̂1Φðθ; yÞ ¼ −i
�
−

∂

∂θ1
þ p12ffiffiffi

2
p

p−

∂

∂θ2

�
Φðθ; yÞ; ð38Þ

which implies, for the superfield components, the equations
of motion

−ψ1ðyÞ þ
p12ffiffiffi
2

p
p−

ψ2ðyÞ ¼ 0; ð39Þ

FðyÞ ¼ 0: ð40Þ

Equation (39) can be rewritten as the Weyl equation,

pμσ̃μψðyÞ ¼ 0; ð41Þ

using

pμσ̃μ ¼
 ffiffiffi

2
p

p− −p12

−ðp12Þ� ffiffiffi
2

p
pþ

!
; ð42Þ

and in Eq. (41) pμ ¼ −i∂=∂xμ ¼ −i∂=∂yμ.

III. TWO MASSLESS INTERACTING
SUPERPARTICLES

In order to construct the model, let us first consider the
case of two free massless superparticles:

L2 ¼
1

2e1
ðω̇μ

1Þ2 þ
1

2e2
ðω̇μ

2Þ2 ð43Þ

with

ω̇μ
i ¼ ẋμi þ iθiσμ

˙̄θi − iθ̇iσμθ̄i; i ¼ 1; 2; ð44Þ

where xμi ; θi are the space-time coordinates and Grassmann
variables of the two particles.
This Lagrangian is invariant under the two supercon-

formal groups acting on the variables of each particle.

Let us write the SUSY transformations as

δθi¼ ϵi; δθ̄i¼ ϵ̄i

δxμi ¼ iθiσμϵ̄i− iϵiσμθ̄i; δei¼ 0; i¼ 1;2: ð45Þ
In order to introduce the superconformal interactions,

following the bosonic case [1], let us define a space-time
relative variable:

xμ12 ¼ xμ1 − xμ2 − iθ1σμθ̄2 þ iθ2σμθ̄1; ð46Þ
and the relative spinors

θ12¼ θ1−θ2; θ̄12¼ θ̄1− θ̄2: ð47Þ

It is easily verified that xμ12, θ12 and θ̄12 are invariant under
the SUSY transformations (45) with ϵ1 ¼ ϵ2 ¼ ϵ, i.e., the
diagonal supersymmetry. The transformation properties of
these variables under superinversion are complicated.
Instead the quantity

d212 ¼ x212 þ θ212θ̄
2
12 → Ωðx1ÞΩðx2Þd212; ð48Þ

is invariant up to a superconformal factor, or, using (9)

x212þθ212θ̄
2
12→

1

ðx21þθ21θ̄
2
1Þ
ðx212þθ212θ̄

2
12Þ

1

ðx22þθ22θ̄
2
2Þ
: ð49Þ

Equations (8) and (49) generalize the transformation
properties of ẋ2 and ðx1 − x2Þ2 of the nonsupersymmetric
case [1],

ẋ2 →
1

x4
ẋ2; ðx1−x2Þ2→

1

x21
ðx1−x2Þ2

1

x22
: ð50Þ

In other words, the conformal factor 1=x2 goes into the
superconformal factor ΩðxÞ (9).
We are now in the position to write down a two

superconformal particle interactions. A possible super-
conformal model for two interacting superparticles is given
by the action,

S2¼
Z

dτL2¼
Z

dτ

�
1

2e1
ω̇2
1þ

1

2e2
ω̇2
2þ

α2

4

ffiffiffiffiffiffiffiffiffi
e1e2

p
d212

�
; ð51Þ

where d212 is given in Eq. (48). The transformation proper-
ties of the variables under dilatations are given by

xμi → λxμi ; θi → λ1=2θi; ei→ λ2ei; i¼ 1;2: ð52Þ

The SUSY transformations are contained in (45). Instead
under superinversions, Eq. (5), we have

ω̇2
i →

ω̇2
i

ðx2 þ θ2i θ̄
2
i Þ2

≡Ω2ðxiÞω̇2
i ; i ¼ 1; 2; ð53Þ
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and for the einbeins:

ei →Ω2ðxiÞei; i¼ 1;2: ð54Þ

The action S2 is superconformal invariant.
In order to obtain the action in terms of the super-

configuration variables xμi; θi we compute the equation of
motion of the einbein variables ei

∂L2

∂e1
¼ −

ω̇2
1

2e21
þ α2

8

ffiffiffiffiffi
e2
e1

r
1

d212
¼ 0;

∂L2

∂e2
¼ −

ω̇2
2

2e22
þ α2

8

ffiffiffiffiffi
e1
e2

r
1

d212
¼ 0: ð55Þ

Solving these equations in e1 and e2 (the choice of the
minus signs is for later convenience)

1

e1
¼−

α

2ω̇2
1

�
ω2
1ω

2
2

d412

�
1=4

;
1

e2
¼−

α

2ω̇2
2

�
ω2
1ω

2
2

d412

�
1=4

; ð56Þ

and substituting into Eq. (51) we obtain the action in the
superconfiguration space

S2 ¼ −α
Z

dτ

�
ω̇2
1ω̇

2
2

d412

�
1=4

: ð57Þ

Notice that this action can be obtained from the bosonic
configuration action of [1]

S2 ¼ −α
Z

dτ

�
ẋ21ẋ

2
2

ðx1 − x2Þ4
�

1=4

; ð58Þ

by the supersymmetric substitution

ẋμi → ω̇μ
i ; ðẋ1− ẋ2Þ2 → d212: ð59Þ

A. Constraint analysis

In order to do the constraint analysis here we consider the
superconfiguration Lagrangian (57). The conjugated
momenta to ẋi are given by

pμ
1 ¼

∂L
∂ẋ1μ

¼ 1

2

�
ω̇2
2

d412

�
1=4 ω̇μ

1

ðω̇2
1Þ3=4

;

pμ
2 ¼

∂L
∂ẋ2μ

¼ 1

2

�
ω̇2
1

d412

�
1=4 ω̇μ

2

ðω̇2
2Þ3=4

; ð60Þ

from which we obtain the primary constraint

ϕ ¼ p2
1p

2
2 −

α4

16d412
¼ 0: ð61Þ

The fermionic momenta are given by

Πi ¼
∂L2

∂θ̇i
¼ −ipiμσ

μθ̄i;

Π̄i ¼
∂L2

∂
˙̄θi

¼ −iθipiμσ
μ; i ¼ 1; 2; ð62Þ

which imply four primary fermionic constraints

Di ¼ Πi þ ipiμσ
μθ̄i ¼ 0;

D̄i ¼ Π̄i þ iθipiμσ
μ ¼ 0; i ¼ 1; 2: ð63Þ

The Poisson brackets of the constraints (63) are

fDi;Djg ¼ fD̄i; D̄jg ¼ 0; i; j ¼ 1; 2; ð64Þ
and

fDi; D̄jg ¼ −2iδijpi · σ; i; j ¼ 1; 2: ð65Þ
Furthermore we have

detjfDi;D̄jgj¼ 16p2
1p

2
2¼

α4

x212þθ212θ̄
2
12

; i;j¼ 1;2: ð66Þ

The determinant of the matrix of the fermionic constraint
Poisson brackets given in Eq. (66) is different from zero,
unless one considers r12 → ∞, and therefore the set of
constraints Di; D̄j is second class.
Notice that the presence of the interaction term modifies

the structure of the constraint algebra with respect to the
case of the free superconformal particle, giving a sort of
effective mass to the two superconformal particles; all
fermionic constraints Di; D̄j becomes second class as for
the massive superparticle [11].
The Dirac Hamiltonian is given by

HD ¼ λϕþ
X
i¼1;2

μiDi þ
X
i¼1;2

μ̄iD̄i; ð67Þ

and the stability of the primary constraints gives

0 ¼ fϕ; HDg ¼
X
i¼1;2

μifϕ; Dig þ
X
i¼1;2

μ̄ifϕ; D̄ig; ð68Þ

0¼fDi;HDg¼ λfDi;ϕg− μ̄ifDi;D̄ig; i¼ 1;2; ð69Þ
0¼fD̄i;HDg¼ λfD̄i;ϕg−μifD̄i;Dig; i¼ 1;2: ð70Þ

By solving Eqs. (69) and (70) for μi and μ̄i and substituting
in Eq. (68) we obtain the first-class Dirac Hamiltonian

HD ¼ λ

�
ϕþ

X
i¼1;2

fD̄i;ϕgfDi; D̄ig−1Di

þ
X
i¼1;2

fDi;ϕgfDi; D̄ig−1D̄i

�
: ð71Þ
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In conclusion we have a first-class constraint

ϕ̃ ¼ ϕþ
X
i¼1;2

fD̄i;ϕgfDi; D̄ig−1Di

þ
X
i¼1;2

fDi;ϕgfDi; D̄ig−1D̄i ð72Þ

and four second-class constraints

Diα; D̄iα̇; i;j¼ 1;2: ð73Þ
Since in this case there is only one primary constraint that
generates worldline diffeomorphism, there is no kappa
symmetry.

B. Quantization

Quantization can be performed à la Gupta-Bleuler by
requiring the following operatorial conditions on the “ket”
vectors

ϕ̃jΦ>¼ 0; D̄iα̇jΦ>¼ 0 ð74Þ
and the following ones on the “bra”:

< ΦjDiα ¼ 0: ð75Þ
Note that the solution to the second one of Eqs. (74) implies
that the bilocal fieldΦðxi; θi; θ̄iÞ ¼ hxi; θi; θ̄ijΦi is a bilocal
chiral superfield

Φðxi; θi; θ̄iÞ ¼ Φðθi; yiÞ; ð76Þ
where

yμi ¼ xμi þ iθiσμθ̄i; i ¼ 1; 2: ð77Þ

By using Eq. (74) we have

ϕ̃jΦ >¼
�
ϕþ

X
i¼1;2

fD̄i;ΦgfDi; D̄ig−1Di

�
jΦ >¼ 0: ð78Þ

Note that ϕ̃jΦ > is also a chiral superfield. Indeed

½D̄iα; ϕ̃� ¼ 0 ð79Þ

implies

D̄iαϕ̃jΦ >¼ 0: ð80Þ

Chiral bilocal superfield can be expanded as

Φðθi; yiÞ ¼ ϕðyiÞ þ θαi ψ
i
αðyiÞ þ θαi θ

β
j

h
ϵijFμνðyiÞσμναβ

þ ϵαβCijðyiÞ
i
þ θ22θ

α
1χ1αðyiÞ þ θ21θ

α
2χ2αðyiÞ

þ θ21θ
2
2FðyiÞ; ð81Þ

and contains five scalars; ϕ; Cij; F, a 3-component anti-
symmetric tensor Fμν and eight fermionic fields ψ i

α; χαi .
Wave equations for the component fields can be evalu-

ated by expanding Eq. (78) in series of Grassmann
variables θi. For the scalar field ϕ one recovers the field
equation of the purely bosonic case [1], while for the
fermionic and the other bosonic fields additional terms are
present. This analysis is beyond the aim of the present
paper and deserves further studies.

IV. NEAREST-NEIGHBOR INTERACTIONS
AND CONTINUUM LIMIT

In this section we generalize the model by considering a
system of superconformal particles in which each particle
interacts with its nearest neighbors. In other words we
consider the N þ 1 particles as an ordered set labeled by an
index i running from 1 to N þ 1 on a one-dimensional
lattice with a lattice spacing denoted by a.
We assume the following action, containing only two-

body interactions of the type that we have already proposed
in Sec. III,

S ¼
Z

dτ

"XNþ1

i¼1

ω̇2
i

2ei
þ α2

4

XN
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
eieiþ1

p
d2i;iþ1

#
; ð82Þ

with

d2i;iþ1 ¼ x2i;iþ1 þ θ2i;iþ1θ̄
2
i;iþ1 ð83Þ

and

xμi;iþ1¼ xμi −xμiþ1− iθiσμθ̄iþ1þ iθiþ1σ
μθ̄i;

θi;iþ1¼ θi−θiþ1; θ̄i;iþ1¼ θ̄i− θ̄iþ1: ð84Þ
Instead of considering a linear lattice one could identify

the two ends x1 ¼ xNþ1, and close the lattice to a circle. Let
us notice that the physical dimensions of the various
quantities appearing in this Lagrangian are ½x� ¼ ½τ� ¼
½e� ¼ l; ½θ� ¼ ½θ̄� ¼ l1=2; ½α� ¼ l0.
Here, we will not discuss this action but rather its

continuum limit. To this end, let us define a variable σ
to identify the lattice points,

σi ¼ ia; i ¼ 1;…; N þ 1: ð85Þ
In the continuum limit we have

1

a
xμi;iþ1 → −

�
∂xμ

∂σ
þ iθσμ

∂θ̄

∂σ
− i

∂θ

∂σ
σμθ̄

�
≡ −ωμ0;

1

a
θi;iþ1 → −

∂θ

∂σ
≡ −θ0 ð86Þ

and analogously for θ̄i;iþ1. Notice that ω0 transforms under
superconformal inversion exactly as ω̇, that is
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ω02 →
ω02

ðx2 þ θ2θ̄2Þ2 ≡Ω2ðxÞω02: ð87Þ

Furthermore, the sum must be transformed as follows:

X
i

→
1

a

Z
dσ: ð88Þ

The expression (82) becomes [assuming a ¼ π=ðN þ 1Þ or
σ to vary in the range ð0; πÞ]

S → −
Z

dτ
Z

π

0

dσ

�
1

a
ω̇2ðσ; τÞ
2eðσ; τÞ þ

1

a3
α2

4

eðσ; τÞ
ω02ðσ; τÞ

�
: ð89Þ

In order to eliminate the divergence we redefine the einbein
field eðσ; τÞ and the coupling α as

ẽ ¼ ae;
α̃2

2
¼ 1

a4
α2

4
; ð90Þ

where the factor 1=2 has been chosen for later convenience.
Then, by denominating e and α as before, we obtain the
action in the continuum limit:

S ¼
Z

dτ
Z

π

0

dσ

�
1

2

ω̇2ðσ; τÞ
eðσ; τÞ þ α2

2

eðσ; τÞ
ω02ðσ; τÞ

�
: ð91Þ

By varying the action with respect to eðσ; τÞ we get

1

2

ω̇2

e2
¼ α2

2

1

ω02 ð92Þ

or

e ¼ 1

α

ffiffiffiffiffiffiffiffiffiffiffiffi
ω̇2ω02

p
: ð93Þ

By substituting the expression of the einbein inside Eq. (91)
we get

S ¼ −α
Z

dτ
Z

π

0

dσ

ffiffiffiffiffiffiffi
ω̇2

ω02

s
: ð94Þ

Notice that the action is trivially conformal invariant, since
ω̇2 and ω02 transform in the same way under inversion. It is
also invariant under diffeomorphism in τ but not in σ. In
this paper we do not perform the constraint analysis and
their physical consequences.

V. OUTLOOK

For future investigations it would be interesting to
analyze several aspects that we did not consider in this
paper, starting, for example by a study of the equations of
motion for the components of the bilocal chiral superfield
and their solutions. It would also be interesting to compare
the results of the predictions of the weak and the reduced
space quantization. As already noted in the paper, another
subject which deserves further work is the analysis of the
constraints and their physical consequences in the con-
tinuum limit of the model. The study of the Killing equation
would be interesting to find if, by any chance, the model
contains some accidental symmetry. Finally, future inves-
tigations will be devoted to the Carroll and nonrelativistic
limits of the model.
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