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A major challenge in causal set research is that theories need only to match general relativity and
quantum field theory in the appropriate limits. This means that there should be many different ways to
calculate a propagator in a causal set that match the known limits, but may give significantly different
results on the small scale. In this work, we explore under what conditions a path sum will correspond to a
propagator for a relativistic particle in such a way that it matches the known value in the continuum limit. A
family of solutions for the path sum is found and is verified numerically in a few specific cases.

DOI: 10.1103/PhysRevD.109.046008

I. INTRODUCTION

A. Background: Causal sets

Causal set theory (CST) is a candidate theory of quantum
gravity. Like many such theories, it focuses on describing
the Planck scale structure of spacetime in a way that is
mostly consistent with general relativity and quantum field
theory. As one might expect, there are many ways to
approximate these theories on the Planck scale, so to make
progress, we must decide which classical properties should
be fundamental aspects of the new theory and which should
be emergent on the large scale. CST is based on the idea that
spacetime is fundamentally discrete, and has a fundamental
causal structure, but Lorentzian geometry is emergent.
The central idea of CST, that causal structure and

discreteness are enough to recover Lorentzian geometry
on the large scale, has its foundation in a series of papers in
the 1970s. These papers showed that for all past and future
distinguishing spacetimes the causal structure is enough to
determine the conformal geometry [1,2]. This means that if
you know the causal structure of a spacetime and the
volume of every region, that is enough to recover the entire
geometry. As summarized by Rafael Sorkin in [3]:

Causal Structureþ Volume ¼ Geometry:

As we will see, discreteness, when treated in the ways we
will describe, can tell you about the spacetime volume of
any region, with the number of points in a region
corresponding to the volume. This correspondence depends
on a parameter called the density, ρ, of the causal set. Thus
we get:

Causalityþ Discreteness ≈ Geometry:

Therefore, a discrete set of events with a causal ordering
should be enough to recover the geometry of a Lorentzian
manifold. This idea was first laid out by Bombelli, Lee,
Meyer, and Sorkin in 1987 [4].

1. Definitions

What follows are some important definitions in CST. A
causal set is a set of events, C, paired with a parameter, ρ,
called the density, and an ordering relation (the causal
order), ≺, satisfying the following properties:

(i) Transitivity x ≺ y, y ≺ z ⇒ x ≺ z;
(ii) Antisymmetry x ≺ y ⇒ y≺x;
(iii) Local finiteness.

Local-finiteness requires that the interval

½x; y� ¼ fzkx ≺ z ≺ yg
is finite for all x; y∈C. Note that in the context of general
relativity, the interval is often referred to as a causal
diamond. To summarize what these requirements corre-
spond to physically, transitivity tells us that this relation
orders the causal set and can be interpreted as a casual
structure, antisymmetry tells us that there are no closed
causal loops x ≺ y ≺ x, and local finiteness tells us that
regions of a causal set that correspond to finite regions in a
manifold description should have finitely many elements.
This last requirement guarantees that our causal set is
discrete and that there can exist a number-volume corre-
spondence as mentioned above.
We must also consider a few types of trajectories in

causal sets. A trajectory is a sequence of events in C. Note
that no requirement is made here regarding causal structure.
A chain is a sequence of events ðxnÞ in C such that xi ≺
xiþ1 for all i. We say x is linked to y, denoted x ≺ �y, if
x ≺ y and the interval ½x; y� is empty. We can then define a
path as a sequence ðxnÞ in C such that xi ≺ �xiþ1 for all i.
To state this a different way, paths are chains that are as*shumans@oregonstate.edu
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close to continuous as possible. The length of a trajectory
fx0;…; xng is defined to be n. Finally, we will define a
jump between two events in a spacetime to be a trajectory
of length 1. In particular, this means the jump from x to y
for some x; y∈C is the sequence fx; yg with no inter-
mediate points.

2. Sprinklings

The dynamics of CST have not been fully determined, so
we cannot yet solve for the causal order corresponding to
physical conditions from first principles. In this paper, we
will need to generate causal sets that correspond to a flat
spacetime. To do this wewill use amethod called sprinkling.
Sprinkling is a strategy to generate a causal set correspond-
ing to a given manifold by taking a random set of points in
that manifold as our events and using the causal structure of
the manifold to define the causal relation.
One might expect a regular lattice to be a more

appropriate sprinkling procedure than randomly selecting
events. However, a random sprinkling is necessary to
preserve Lorentz symmetry. To make sense of this, note
that a regular lattice in a spacetime defines a preferred
reference frame (see Fig. 1). We will see that a Poisson
process is a natural choice for this random distribution. We
will see that a Poisson process is a natural choice for this
random distribution (see Fig. 2).
A Poisson process in a four-dimensional spacetime is

defined analogously to a one-dimensional Poisson distribu-
tion. It is defined by a single parameter that tells you the
density at which events are selected. In general, a Poisson
process must satisfy two properties. One is that the prob-
ability of finding exactly n points in a region of volume V is

PfN ¼ ng ¼ ðρVÞn
n!

e−ρV: ð1Þ

Here, ρ is the average number density of points in the
spacetime. The other required property is that the number of
points in disjoint, bounded regions is independent.
This is what is called a homogeneous Poisson process,

meaning that the rate at which events occur, ρ, is constant

and does not depend on the location in spacetime.
Homogeneous Poisson processes are particularly easy to
simulate in finite regions. First, use the Poisson distribution
and the volume of the region to randomly determine the
number of points that will be sprinkled. Then each point is
placed in the region with a uniform random distribution. For
rectangular regions, this can be done by selecting each
coordinate from a one-dimensional uniform distribution [6].

3. Correspondences

If CST is correct, then the underlying structure of the
universe is a causal set and any manifold representation of
spacetime is just an approximation. That being said, the
manifold approximation for spacetime must be very good
when we “zoom out” from the discreteness scale.
This leads to the “fundamental conjecture of CST” or the

“Hauptvermutung” [5]. In short, if a causal set that is
generated by a Poisson sprinkling into a manifold M can
also be achieved as a Poisson sprinkling into a manifoldM0
at the same density, then the two manifoldsM andM0 must
have almost identical geometries. There have been some
suggestions, such as in [7], to make this statement more
rigorous but there is not yet a clear consensus. If this
conjecture was not true, then CST would need additional
structure to recover general relativity on the large scale.
One way this problem has been approached is to

establish correspondences between properties of a causal
set and properties of any manifold it can be faithfully
embedded in. A manifold faithfully embeds a causal set if
the causal set can be generated as a Poisson sprinkling on
that manifold. The idea is to say that any manifold that
faithfully embeds a particular causal set must approximate
certain geometric properties on the large scale. The most
basic example is the number-volume correspondence we
have already discussed. Since our points are sprinkled by a
Poisson process, the fractional variance in the number of
points in a region is

δn
n

¼
ffiffiffi
n

p
n

¼ 1ffiffiffi
n

p : ð2Þ
FIG. 1. From [5], a lattice spacetime in two dimensions. The
number-volume correspondence only holds in a specific frame
and fails to hold in a Lorentz-boosted frame.

FIG. 2. A Poisson sprinkling in a flat two-dimensional space-
time shown in both the original reference frame and one that is
Lorentz boosted. This was calculated with ρ ¼ 600 and a relative
velocity of v ¼ 0.6c. Unlike the lattice sprinkling shown in Fig. 1,
the Poisson random sprinkling has no preferred reference frame.
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Thus, regions of the causal set containing a large number of
events, n, can be known within a very small uncertainty to
have volume V ¼ n=ρ in any manifold that faithfully
embeds it.
Another correspondence is for the geodesic proper time

separating two causally connected events. In two dimen-
sions [8], this proper time can be estimated as

τ6 ¼ 1

8ρ3
ðJ1 − 2J2 þ J3Þ ð3Þ

with Jk defined by

Jk ¼ ð2kþ 2Þð2kþ 4Þð23ÞðkCkÞ3=k ð4Þ

and Ck defined as the number of chains of length k
connecting the events. These formulas vary slightly
depending on the dimension of the spacetime.
It should be noted that many such correspondences have

been investigated. There are correspondences to estimate
the curvature, dimension, volume, proper time, etc., of the
regions of any manifold that can be represented by that
causal set. See [5] for further discussion of these
correspondences.

B. Background: Path integrals
and propagators

In general, a propagator describes how a quantum system
transitions from one state to another. A common special
case is a propagator that describes how a system changes
from one event in spacetime to another. This will be
proportional to the probability amplitude associated with
transitioning between these events. For events x, y in
spacetime, we will denote this propagator Kðx; yÞ. The
functional form of the propagator depends on the quantum
system being described. We will consider the propagator
for a free relativistic particle.
The path integral formulation developed by Richard

Feynman shows that some propagators can be calculated by
integrating over the possible histories of the quantum
system [9]. For a relativistic particle, these histories are
the trajectories the particle could have taken between the
two events. Different propagators can be found by includ-
ing different types of trajectories in this integral, but not all
propagators can be defined this way [10]. For a relativistic
particle, the path integral for the propagator is

Kðx; yÞ ¼
Z

y

x
δq eiS½q�: ð5Þ

The integral must be taken over paths, q, connecting x and
y. The probability amplitude associated with each path is
eiS½q� where S½q� is the action associated with that path.
Though the path sum approach to find a propagator is

motivated by considering a free, relativistic particle, the

result is the same as the propagator for a free scalar field.
This is because both are Green’s functions of the Klein-
Gordon equation [10].

C. Previous work

There has been past work considering propagators in
causal sets. For example, in [11,12] the author considered a
model that assigned an amplitude to each jump along a path
(called the hop amplitude a), and another to each inter-
mediate event along the path (called the stop amplitude b).
They were able to show that there are values of these
constants that recover the retarded propagator for a free,
scalar field when averaged over sprinklings and considered
in the appropriate continuum limit. The main idea is to
create a matrix representation of the propagator that
approximately matches the value of the propagator in the
continuum.
Now let us consider an illustrative example for how

the average values of such propagators were calculated.
In [11,12], when summing over paths and averaging over
sprinklings, the propagator becomes,

Kðx; yÞ ¼
X
n

anbn−1Pnðx; yÞ; ð6Þ

where Pnðx; yÞ is the average number of paths of length n
from x to y. This expression comes from the fact that every
path of length n has n hops and (n − 1) stops. The author
then set up an integral for Pnðx; yÞ and used that to get an
integral relationship for the propagator

Pnðx; yÞ ¼ ρn−1
Z

dz1

Z
dz2…

Z
dzn−1

× μðx; z1Þμðz1; z2Þ…μðzn−1; yÞ: ð7Þ

Here μðx; yÞ is the probability that events x and y are linked.
This leads to the integral relation,

Kðy − xÞ ¼ aμðy − xÞ þ ρab
Z

dzμðz − xÞKðy − zÞ: ð8Þ

Since the integral is a convolution, this equation can be
solved with a Fourier transform,

K̃ðpÞ ¼ aμ̃ðpÞ
1 − ρabμ̃ðpÞ : ð9Þ

Then one only has to Fourier transform back to get an
expression for the average over sprinklings of the scalar field
propagator associated with these hop and stop amplitudes.
While this work was able to suggest a method to

construct a propagator on a causal set, there is an important
consideration. Since the only restrictions are that the path
sum matches the continuum propagator on average and
does not vary too much over sprinklings, we should expect
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many different formulas for the propagator to match these
conditions. For that reason, it is useful to solve this problem
in a more general way, so that we might categorize a greater
variety of possible path sums that are consistent with the
continuum calculation.
A similar approach was taken in [13], but in that paper

the authors allowed for nonconstant hop amplitudes and did
not include stop amplitudes. While they solved for a matrix
relationship between these hop amplitudes and the propa-
gator in a way that is similar to what we will see in the next
section, they did not discuss how this relationship would
average over sprinklings.
Another approach to determine the propagator can be

found in [14–16]. In these papers, the authors use a causal
set estimate of the d’Alembertian operator to define the
Klein-Gordon operator. They then determine the propaga-
tor by requiring it to be a discrete equivalent of a Green’s
function of this operator. This approach is independent of
the path sum approach we use here, but the connections
between these formulations may be an avenue for future
research.

II. PATH SUMS FOR PROPAGATORS

In this section, we will develop a general method for
analyzing the relationship between a scalar field propagator
in a causal set and the jump amplitude matrix T (which
serves the same role as the matrix A in [13]). By looking at
this relationship after averaging over sprinklings into
Minkowski space, we will require that we recover the
same propagator as the continuum calculation. In [11],
there is discussion for how such a propagator could be used
to define a scalar field theory on a causal set.

A. Propagators and jump amplitudes
on causal sets

First, since the causal set is discrete we can label events
in the causal set by non-negative integer indices. Let us
assume the causal set is finite. Then define the matrix T, by

Tij ≡ The probability amplitude associated with

jumping from event i to event j:

We will also define

σij ≡ The total probability amplitude of all

trajectories from event i to event j:

The propagator will be proportional to the matrix σ, but we
must include a constant that incorporates the units of the
propagator in the same way that δq incorporates the units
of the propagator in Eq. (5). In particular, we will
define Kxy ¼ aσxy.

Since all trajectories can be broken down into a sequence
of jumps, we should expect a relationship between T and σ.
Consider organizing trajectories from x to y by the first
jump taken. Every trajectory from x to y is either a direct
jump to y, or a jump to some element z followed by a
trajectory from z to y. Therefore, we have

σxy ¼ Txy þ
X
z

Txzσzy: ð10Þ

Since Kxy ¼ aσxy, we get the composition relation

Kxy ¼ aTxy þ
X
z

TxzKzy: ð11Þ

Or, written in matrix form

K ¼ aT þ TK; ð12Þ

K ¼ aTðI − TÞ−1: ð13Þ

The relationship between K and T is demonstrated in
Fig. 3. This derivation allows us to define the propagator
whenever (I − T) is invertible. If (I − T) is not invertible,
then there is not a clear way to define a propagator in terms
of the jump amplitude matrix, T. Note that when the
allowed jumps are all causal, (I − T) is guaranteed to be
invertible and so the propagator is well-defined [11,12].

B. Averaging over sprinklings

The next step taken in previous attempts at deriving path
sums in causal sets is equivalent to postulating a model
T matrix (such as the hop and stop amplitudes considered
in [11,12]) and then carefully considering what integral
relations may hold for this model. In this work, we will take
a more general approach by defining an average value of
the matrix T and of the propagator.
First, let x and y be two elements in the background

manifold M. Consider the space of all possible causal sets
faithfully embedded in M that include x and y. If we label

FIG. 3. Every trajectory from x to y is either a direct jump to y,
or a jump to some event z followed by a trajectory from z to y.
This is reflected in the composition law K ¼ aT þ TK.
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these two events with the indices 0 and 1 in these causal
sets, then we will define,

Tðx; yÞ≡ average over sprinklings of T01; ð14Þ

Kðx; yÞ≡ average over sprinklings of K01: ð15Þ

We will assume these averages lead to functions that are
sufficiently smooth and continuous. This seems reasonable
since the K and T matrices will be defined in terms of the
causal structure of a sprinkling into a smooth manifold.
Importantly, since we are doing this calculation in
Minkowski spacetime, we will also assume translational
invariance:

Tðx; yÞ ¼ Tðy − xÞ;
Kðx; yÞ ¼ Kðy − xÞ:

Next we will consider how these average functions follow
the composition law in Eq. (11). For theK01 matrix element
we have

K01 ¼ aT01 þ
X
i

T0iKi1: ð16Þ

When we average over sprinklings, K01 becomes Kðy − xÞ
and T01 becomes Tðy − xÞ. The sum will include all points
in the causal set, so when averaged over all possible
sprinklings we will need to include every point in the
manifold. To make the next step more clear, consider the
discreteness scale volume V0 ¼ 1=ρ, which can be thought
of as the average volume associated with each event in a
sprinkling. We can write the sum as

X
i

T0iKi1 ¼ ρ
X
i

T0iKi1V0: ð17Þ

The sum now evaluates T0iKi1 at each event in the
spacetime and multiplies by a volume associated with that
event. Now we can see that this is a type of Riemann sum
that will become an integral when we average over all
sprinklings. Thus we get the average composition relation:

Kðy − xÞ ¼ aTðy − xÞ þ ρ

Z
dzTðz − xÞKðy − zÞ: ð18Þ

Since the integral is a convolution, this relationship can be
solved by Fourier transforming the equation,

K̃ðpÞ ¼ aT̃ðpÞ þ ρT̃ðpÞK̃ðpÞ; ð19Þ

K̃ðpÞ ¼ aT̃ðpÞ
1 − ρT̃ðpÞ : ð20Þ

Then all that remains is to Fourier transform back to find
the average propagator Kðy − xÞ.
While this is similar to what was done in [11,12], since

we have not specified the jump amplitude function, we can
solve for that instead,

T̃ðpÞ ¼ K̃ðpÞ
aþ ρK̃ðpÞ : ð21Þ

Then Fourier transforming back would tell us what jump
amplitudes would be needed on average to recreate a given
propagator as a path sum in a causal set.

C. Solving for jump amplitudes

The Feynman, retarded, and advanced propagators for
scalar fields all have Fourier transforms of the form

K̃ðpÞ ¼ 1

fðpÞ þm2
: ð22Þ

For example, for the Feynman propagator we would set
fðpÞ ¼ p2 − iε. Plugging this into Eq. (21) yields:

T̃ðpÞ ¼ 1

a
·

1

fðpÞ þm2 þ ρ=a
: ð23Þ

This has the same form as the Fourier transform of the
propagator but with the constant ðm2 þ ρ=aÞ taking the
place of m2. To simplify this expression, define the factor

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

m2a

q
. Then m2 ↦ ðm2 þ ρ=aÞ may instead be

written as m ↦ ð�βmÞ. This gives a final result for the
average value of the jump amplitudes for propagators of
this form:

Tðy − xÞ ¼ 1

a
Kðy − xÞ; m ↦ �βm: ð24Þ

D. Units of a

So far in this paper, we have used natural units with
ℏ ¼ c ¼ 1. In this section we will reintroduce ℏ in order to
better understand how a should depend on ρ and m. The
constant a that appears in these expressions is included so
that the propagator is not unitless. To determine what units
we should expect for a, note that a has the same units as the
propagator, K. Consider the Feynman propagator. This has
the Fourier transform:

K̃ ¼ 1

p2 þm2
: ð25Þ

This is a Green’s function for the Klein-Gordon equation,
which is a statement of the relativistic energy relation
E2 ¼ p2 þm2. Therefore we should expect K̃ to have the
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same units as 1=m2. Now consider the Fourier transform
for K,

K̃ ¼
Z

dxeipxK: ð26Þ

Since K̃ has units of 1=m2 and dx has units of spacetime
volume,K must have units of 1

Vm2. In order for these units to
come directly from the constants m and ρ, we must have a
normalization of the form a ¼ α ρ

m2, where α is a unitless
parameter. This yields a β factor of the form

β ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ 1

α

r
: ð27Þ

Since fundamental constants like ℏ and G may also
contribute to the units of a, we cannot rule out that α may
depend on ρ and m2. As we will discuss in Sec. III A 4, the
only clear restriction on α is that it is nonzero.

III. APPLICATIONS

In this section, we will apply the formulas derived in
Sec. II to construct path sums for the retarded propagator
and the Feynman propagator. First, we will show that this
formulation is consistent with past work. Then we will use
numerical simulations to show that these results are
consistent with the continuum values for the retarded
propagator. In this section it will be useful to define:

νðy − xÞ≡ Θðy0 − x0ÞΘðτðy − xÞ2Þ: ð28Þ

Note that this is 1 if x ≺ y and 0 otherwise.

A. Results for the retarded propagator

1. Comparison to previous results

In order to compare the following results, which are in
terms of jump amplitudes, to the results in [11,12], we must
first consider how hop and stop amplitudes can be
expressed in terms of jump amplitudes. All but the last
jump along a trajectory consists of a hop and a stop (since
only intermediate events count as stops). This means that if
we multiply the hop and stop amplitudes from [11,12] we
should get something that matches the jump amplitudes in
the following calculations. Furthermore, since the last jump
includes only a hop we must divide the trajectory’s
probability amplitude by the stop amplitude to get its
contribution to the propagator. This means our unit constant
a should be the inverse of the stop amplitude. Note that the
unit constant a introduced in the previous section is not the
same as the hop amplitude a from [11,12].

2. Results in two dimensions

In two dimensions, the retarded propagator takes the
form:

Kðy − xÞ ¼ νðy − xÞ 1
2
J0
�
mτðy − xÞ�: ð29Þ

Using Eq. (24), in order for the path sum to match this on
average, the average jump amplitudes must be

Tðy − xÞ ¼ 1

a
νðy − xÞ 1

2
J0
��βmτðy − xÞ�: ð30Þ

The derivation discussed in [11] is equivalent to setting
a ¼ − ρ

m2. When this choice is made we get

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

m2a

r
¼ 0; ð31Þ

Tðy − xÞ ¼ −
m2

ρ

1

2
νðy − xÞ: ð32Þ

The Θ-functions ensure that jumps are only allowed from x
to y if x ≺ y. This result then says a jump to such a future-
connected event should have an amplitude of − m2

2ρ. This is

equivalent to the result of [11] where − m2

2ρ is the product of
the hop and stop amplitudes.

3. Results in four dimensions

In four dimensions, the retarded propagator takes the
form:

Kðy − xÞ ¼ νðy − xÞ
�
1

2π
δ
�
τðy − xÞ2�

−
m

4πτðy − xÞ J1
�
mτðy − xÞ��: ð33Þ

This means the jump amplitudes must be of the form:

Tðy − xÞ ¼ 1

a
νðy − xÞ

�
1

2π
δ
�
τðy − xÞ2�

−
�βm

4πτðy − xÞ J1
��βmτðy − xÞ��: ð34Þ

If we again set a ¼ − ρ
m2 and β ¼ 0 we get

Tðy − xÞ ¼ −
m2

ρ

1

2π
δ
�
τðy − xÞ2�νðy − xÞ: ð35Þ

As discussed in [11], we will need the result,

lim
ρ→∞

ffiffiffi
ρ

p
μðy − xÞ ¼

ffiffiffiffiffi
24

p

2
δðτðy − xÞ2Þνðy − xÞ: ð36Þ
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Here I have again used μðy − xÞ to represent the probability
that x is linked to y. Then in the high-density limit we have

Tðy − xÞ ≈ −
m2

ρ

ffiffiffi
ρ

pffiffiffiffiffi
24

p
π
μðy − xÞ: ð37Þ

This says that if we allow only jumps between linked events

and give them the amplitude− m2

ρ

ffiffi
ρ

pffiffiffiffi
24

p
π
then this will give the

correct propagator on average. This is the same as the
product of hop and stop amplitudes found in [11].

4. Numerical results

While the previous calculations show that the causal set
propagator should match the continuum propagator for any
value of a on average, it is conceivable that the variation
may still be too large for the model to be acceptable. To test
this, we will use numerical simulations.
To start, events in the causal set are chosen using a

Poisson sprinkling with density ρ ¼ 4500 into a causal
diamond in a flat 2D spacetime. Then the causal order of
the set is determined by assuming a Minkowski metric. The
proper time separating each pair of events is estimated from
the causal structure using Eqs. (3) and (4). Wewill use these
proper times to calculate a jump amplitude matrix, but first
we must determine how to define a suitable T matrix using
our constraints on the function Tðy − xÞ.

Recall that Tðy − xÞ was defined to be the average over
sprinklings of Txy. Therefore, in order for the causal set
propagator to match the continuum propagator on average,
we must require that the average over sprinklings of Txy

matches Eq. (30). Here we define:

Txy ¼ Cxy
m2

2ρα
J0

 ffiffiffiffiffiffiffiffiffiffiffi
1þ 1

α

r
mτxy

!
; ð38Þ

where Cxy ¼ 1 if x ≺ y and 0 otherwise. Note that this
formula has the same form as the average jump amplitude
from Eq. (30), but with τðy − xÞ replaced with the causal set
estimate τxy. In particular, this formula assumes a is of the
form a ¼ α ρ

m2.
There is a slight issue with this formula for the jump

amplitudes. Even though the average over sprinklings of
τxy should be the manifold proper time τðy − xÞ, the
average over sprinklings of Eq. (38) will not always match
Eq. (30). This is because the average of a function is not
generally the same as the function of the average. However,
we should expect this effect to go away as ρ → ∞ since the
variation over sprinklings in τxy goes to zero in the limit [8].
In Fig. 4, we see that this form of causal set propagator

appears to agree with the continuum propagator at various
values of α. The variation also seems to decrease at
larger proper times, though higher-density simulations

FIG. 4. Numerical results for the causal set retarded propagator (gray) and the continuum retarded propagator (black) from a single
sprinkling with ρ ¼ 4500, m ¼ 3, and various values of α. The propagators are plotted as a function of the proper time measured in the
manifold. The jump amplitudes in this calculation are from Eq. (38) with the proper time estimated from the causal structure using
Eqs. (3) and (4).
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over larger causal diamonds may be necessary to state this
conclusively.
While the variation does seem to be larger for positive

values of α, there is good reason to believe this variation
can be attributed to how we have estimated the proper times
used in the jump amplitudes. Figure 5 shows the same
graph for the propagator with α ¼ 1, but in this case the
jump amplitudes were calculated with the manifold proper
time instead of the causal set estimate. As we can clearly
see, the variation is significantly smaller. Note that in
Eq. (38), positive values of α will make the jump ampli-
tudes more sensitive to the proper time, so this variation is
more noticeable.
Though we have only discussed integer values of α so

far, the only limitation from the math is that α ≠ 0. Some
conceptual problems do arise from allowing α ≪ 1. If α
was sufficiently small that could cause jTijj > 1 for some i,
j. While, in theory, the path sum should still average to the
correct propagator, this situation would contradict the
probability amplitude interpretation of T.
We must also consider complex values of α:α should be

allowed to be complex because both the jump amplitudes T
and the propagator K can be complex. Figure 6 shows the
results for the 2D retarded propagator using Eq. (38) with
α ¼ 1þ i. As we can see, the causal set propagator is still a
close match for the continuum value.

B. Results for Feynman propagator

The same process carried out to model the retarded
propagator in the previous subsection can also be applied to
create a path sum for the Feynman propagator. While past
work such as [17] considered how one could obtain the
Feynman propagator for a free scalar field from the retarded
and advanced propagators, that work did not express the
Feynman propagator as a path sum. This is useful to
consider since, in a continuum calculation, the Feynman

propagator can be directly calculated as a path integral but
the retarded propagator can not [10].
In two dimensions [18], the Feynman propagator is

Kðy − xÞ ¼ Θðτ2xyÞ
�
−
i
4
Hð2Þ

0 ðmτxyÞ
�

þ Θð−τ2xyÞ
�
1

2π
K0ðmsxyÞ

�
; ð39Þ

where sxy ¼
ffiffiffiffiffiffiffiffiffi
−τ2xy

q
. Then, using Eq. (24), we must have

the jump amplitude function

Tðy − xÞ ¼ Θðτ2xyÞ
�
−

i
4a

Hð2Þ
0 ð�βmτxyÞ

�

þ Θð−τ2xyÞ
�

1

2πa
K0ð�βmsxyÞ

�
: ð40Þ

Here, H is a Hankel function and K is a modified Bessel
function. Note that since K0 decays for large arguments,
spacelike jumps far from the light cone are very unlikely.

By contrast, Hð2Þ
0 is oscillatory, so timelike jumps far from

the light cone should still be expected.

FIG. 5. Numerical results for the causal set retarded propagator
(gray) and the continuum retarded propagator (black) from a
single sprinkling with ρ ¼ 4500, m ¼ 3, and α ¼ 1. The propa-
gators are plotted as a function of the proper time measured in the
manifold. The jump amplitudes in this calculation are from
Eq. (38) with the proper time calculated from the manifold.

FIG. 6. Numerical results for the causal set retarded propagator
(gray) and the continuum retarded propagator (black) from a
single sprinkling with ρ ¼ 4500, m ¼ 3, and α ¼ 1þ i. The
propagators are plotted as a function of the proper time measured
in the manifold. The jump amplitudes in this calculation are from
Eq. (38) with the proper time estimated from the causal structure
using Eqs. (3) and (4). Plot (a) shows the real part of the
propagator and plot (b) shows the imaginary part.
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In four dimensions [18], the Feynman propagator is

Kðy − xÞ ¼ Θðτ2xyÞ
�

m
8πτxy

Hð1Þ
1 ðmτxyÞ

�

þ Θð−τ2xyÞ
�
−

im
4π2sxy

K1ðmsxyÞ
�
: ð41Þ

This yields the corresponding jump amplitude function,

Tðy − xÞ ¼ Θðτ2xyÞ
� �βm
8πaτxy

Hð1Þ
1 ð�βmτxyÞ

�

þ Θð−τ2xyÞ
�
−

�iβm
4π2asxy

K1ð�βmsxyÞ
�
: ð42Þ

If we follow the same reasoning as with the retarded
propagator, we can attempt to simplify the jump amplitudes
in four dimensions by setting a ¼ −ρ=m2 which sets
β ¼ 0. While this does not fully remove the τ-dependence,
it does greatly simplify the expression for Tðy − xÞ. After
taking the limit as β → 0, we find

Tðy − xÞ ¼ im2

4π2ρjτ2xyj
: ð43Þ

One challenge is that this path sum would be nonlocal,
which makes it difficult to verify these results numerically.
A possible avenue for future work would be to simulate this
numerically over large finite region of a flat spacetime to
see if the results approach the continuum value for the
propagator. Then additional work may be necessary to

show that trajectories far from the light cone do not
contribute much. Alternatively, it may be necessary to
include boundary terms that account for the paths far from
the light cone that cannot be modeled in a finite region.

IV. CONCLUSION

Constructing a propagator is a key step in establishing a
field theory on a causal set. While past work has shown
examples of path sums for propagators that match the
continuum in the appropriate limits, these constructions
were not unique solutions. In this paper, we have derived a
general equation for how to relate the average value of a
relativistic particle propagator to the possible average jump
amplitudes. This enabled us to solve for the jump ampli-
tudes necessary to recreate the correct continuum propa-
gator on average. These were tested numerically in the case
of the two-dimensional retarded propagator and shown to
match the continuum value. Even though these various
constructions of the propagators should agree for large
proper times, at small proper times they may differ greatly.
This could make understanding possible values for jump
amplitudes important for the small scale dynamics of a
quantum field theory on a causal set.
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