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In this paper we establish a connection between segmented strings propagating in AdSdþ1 and CFTd

subsystems in Minkowski spacetime characterized by quantum information theoretic quantities calculated
for the vacuum state. We show that the area of the world sheet of a string segment on the AdS side can be
connected to fidelity susceptibility (the real part of the quantum geometric tensor) on the CFT side. This
quantity has another interpretation as the computational complexity for infinitesimally separated states
corresponding to causal diamonds that are displaced in a spacelike manner according to the metric of
kinematic space. These displaced causal diamonds encode information for a unique reconstruction of the
string world sheet segments in a holographic manner. Dually the bulk segments are representing causally
ordered sets of consecutive boundary events in boosted inertial frames or in noninertial ones proceeding
with constant acceleration. For the special case of AdS3 one can also see the segmented stringy area in units
of 4GL (G is Newton’s constant and L is the AdS length) as the conditional mutual information IðA;CjBÞ
calculated for a trapezoid configuration arising from boosted spacelike intervals A, B and C. In this special
case the variation of the discretized Nambu-Goto action leads to an equation for entanglement entropies in
the boundary theory of the form of a Toda equation. For arbitrary d the string world sheet patches are living
in the modular slices of the entanglement wedge. They seem to provide some sort of tomography of the
entanglement wedge where the patches are linked together by the interpolation ansatz, i.e., the discretized
version of the equations of motion for the Nambu-Goto action.
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I. INTRODUCTION

The AdS=CFT correspondence [1] makes it possible to
understand quantum theories of gravity in terms of dual
nongravitational theories. The interesting feature of this
correspondence is that in this framework spacetime and
gravitational physics emerge from ordinary nongravita-
tional quantum systems. The correspondence employs the
holographic principle [2,3]. This states that the quantum
gravitational theories are defined in terms of ordinary
nongravitational quantum theories (typically quantum
field theories) on a fixed lower-dimensional spacetime.
Recent elaborations on this correspondence have also
uncovered connections between quantum information
theory and quantum gravity. Such ideas culminated in
the discovery [4–6] that even classical spacetime geom-
etry is an emergent entity encoded into the entanglement

structure of the quantum states of the underlying non-
gravitational quantum mechanical degrees of freedom. An
especially nice manifestation of this idea is the Ryu-
Takayanagi formula [4] and its covariant generalizations
[7,8] which are telling us that spacetime could be a
geometrical representation of the entanglement structure
of certain CFT states.
The basic question underlying all of these considerations

is that precisely how a classical spacetime geometry M is
encoded into a particular CFT state? Of course in order to
study such a question one should restrict to states which
have sensible dual classical descriptions. Then according to
the covariant holographic entanglement entropy proposal
[7] in principle one should be able to recover the dual
spacetime geometry by calculating entanglement entropies
for many different regions and then searching for a
geometry with extremal surface areas matching with the
entropies. This appears to be a highly overconstrained
problem, due to the fact that entanglement entropies give us
some function on the space of causal diamonds [9]
associated to subsets. On the other hand the dual geom-
etries are specified by the much smaller space of a small
number of functions of a few coordinates [6].
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In order to remedy this situation in this paper we propose
that for a consistent recovery for an M one should take it
together with its propagating strings. As is well-known,
unlike pointlike objects, the quantization of extended ones
like strings puts nontrivial constraints on M. Moreover,
taking strings into account there are much more degrees of
freedom to be considered than in the point-particle limit.
These degrees of freedom are naively expected to be the
ones that should somehow be connected to subsystems and
their causal diamonds in a holographic manner. Finally we
note that entertaining this idea seems natural since after all
it was string theory as a consistent quantum gravity theory
which produced the first successful implementation for the
idea of holography. Then it is time to put strings back into
the mixture of ideas on quantum entanglement and emer-
gent spacetime.
Looking at the space of subsystems or more precisely on

the moduli space of causal diamonds for ball-shaped
regions [9] (or kinematic space) regarded as the space of
extremal surfaces [10], amounts to discretization of the
boundary into causal sets. If we would like to relate them to
stringy information on the bulk side, then one should
consider a discretized version of string theory. Luckily a
discretization of that kind already exists under the name as
the theory of segmented strings [11–14].
In this paper we are establishing a connection between

segmented strings of the bulk and causal diamonds of the
boundary by studying the simplest example of a quantum
state which has a classical holographic dual namely the
CFTd vacuum in d-dimensional Minkowski space Rd−1;1.
As is well-known this state is dual to pure AdSdþ1.
We consider the propagation of string segments in

AdSdþ1. The rectangular world sheet of such segments
is bounded by four lightlike vectors. This means that the
neighboring four vertices of the world sheet are lightlike
separated, or in other words the edges are labeled by the
lightlike vectors pi, i ¼ 1, 2, 3, 4 satisfying the conserva-
tion law p1 þ p2 ¼ p3 þ p4. This equation shows that
the dynamics of string segments can also be regarded as the
scattering problem of lightlike objects; kinks [11–13]. The
string segments defined in this manner have constant normal
vectors. Given a vertex V1 and two lightlike vectors p1 and
p4 starting from it the remaining vertices can be calculated
from the so called interpolation ansatz [13]. This ansatz
satisfies the discretized version of the equation of motion for
the string derived from theNambu-Goto action.One can then
argue that we can patch together the individual world sheets
of a segmented string consistently [11–13].
The aim of this paper is to relate data characterizing

segmented strings in the bulk to quantum information
theoretic data associated to causal diamonds in the boun-
dary patch Rd−1;1. For this purpose we establish a con-
nection between extremal surfaces of AdSdþ1 anchored to
boundary subregions and the vertices of the world sheets of
segmented strings in a holographic manner. Our main result

for d even is a formula explicitly relating the areas of
rectangular world sheets of bulk string segments and a
combination of entanglement entropies reminiscent of
conditional mutual information for boundary causal dia-
monds. For d ¼ 2 we indeed manage to show that the
segmented stringy area in units of 4GL (G is Newton’s
constant and L is the AdS length) is just the conditional
mutual information IðA;CjBÞ calculated for a trapezoid
configuration arising from suitable boosted spacelike inter-
vals A, B, and C. For d > 2 and even d we did not manage
to arrive at a similar interpretation. However, one can arrive
at another quantum information theoretic understanding of
this combination as fidelity susceptibility. More precisely
we prove that for d even the area of an infinitesimal string
world sheet segment multiplied by the volume of a (d − 2)-
dimensional Euclidean ball with radius L, is dual to the
fidelity susceptibility calculated from the real part of the
quantum geometric tensor [15]. For d odd this fidelity
susceptibility interpretation still holds, though the area of
the string world sheet in this case is not related to the area of
extremal surfaces. It turns out that one can arrive at yet
another interpretation for the world sheet area as the
computational complexity for infinitesimally separated
states corresponding to causal diamonds that are displaced
in a spacelike manner according to the metric of kinematic
space. This interpretation based on quantum complexity
holds for arbitrary d, however the one based on a special
combination of entanglement entropies is valid only for d
even. We then point out that this result is reminiscent in
form to the “complexity equals volume” proposal [16,17]
where unlike complexity entanglement is not enough to
account for all the properties of spacetime structures in a
holographic manner. This observation is deserving further
elaboration.
The organization of this paper is as follows. In order to

present our ideas in the simplest way the first half of the
paper is a detailed case study of the d ¼ 2 i.e., AdS3 case.
The second half is devoted to generalizations for AdSdþ1.
In Sec. II we recall basic information on AdS3 and its
extremal surfaces (geodesics). In Sec. III A we introduce
segmented strings in AdS3 and consider an illustrative
example. In Sec. III B we show how lightlike geodesics
emanating from the vertices of the world sheet of the string
segment give rise to a causally ordered set of boundary
points. Section III C. is devoted to a very detailed inves-
tigation on the issue of how string segments can be
reconstructed in a unique manner from causally ordered
sets of boundary points. The conclusion is that a string
world sheet segment is emerging as a holographic image
from an ordered set of boundary data provided by the
geometry of future and past tips of causal diamonds. The
boundary points are causally ordered in the sense that they
are representing consecutive events in boosted inertial
frames or in noninertial ones proceeding with constant
acceleration, i.e., exhibiting hyperbolic motion in R1;1. The
acceleration of such frames is related to the normal vector
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of the world sheet of the corresponding string segment. It
turns out that amusingly the reconstruction of the world
sheets in the bulk from boundary data is communicated,
precisely as in holography in optics, via the use of lightlike
geodesics i.e., light rays.
In Sec. III D we calculate the area of the world sheet of a

segment, and then in Sec. III E for a special arrangement we
prove that it is related in a holographic manner to the well-
known combination of entanglement entropies showing up
in strong subadditivity. It then turns out that the non-
negativity of area measured in units of 4GL is directly
related to the non-negativity of conditional mutual infor-
mation for suitable combinations of boundary regions. In
order to prove this claim we invoke the trapezoid configu-
ration of boosted boundary regions used in [18,19] for
checking the strong subadditivity for the covariant holo-
graphic entanglement entropy proposal [7]. In order to
generalize the results of the previous sections for the most
general segmented string arrangements in Secs. III. F. and
III. G. we use the helicity formalism. Here we make use of
the fact that by using this formalism and the SOð2; 2Þ
symmetry as decomposed into left mover and right mover
SLð2;RÞ parts our special case can be transformed to the
general one. This means that our main result of displaying
the connection between the area and the conditional mutual
information still holds.
In Sec. III H the physical meaning of the trapezoid

configurations is clarified. They are needed to make it
possible to relate the special entanglement entropy combi-
nations to conditional mutual informations. The key result
here is the observation that displaced causal diamonds by
timelike vectors and spacelike ones are dual ones both of
them can be related to areas of world sheets of string
segments. One of the situations is related to flow lines in
modular time, and the other (related to trapezoids) to flow
lines in varying acceleration. In Sec. III I it is shown that the
variation of the discretized Nambu-Goto action leads to an
equation for entanglement entropies in the boundary theory
in the form of a Toda equation.
In Sec. IV. we turn to the higher-dimensional cases and

show that a similar correspondence holds in the
AdSdþ1=CFTd scenario when d is even. In order to do
this in Secs. IVA and IV B we summarize some basics on
AdSdþ1, and its extremal surfaces. Using a convenient
parametrization in Sec. IV C we calculate the regularized
area of such surfaces. Here we derive for AdSdþ1 with d
even a formula connecting the area of the world sheet
of a string segment with a combination of entanglement
entropies. It turns out that this combination from the
boundary side, equals the area of a string world sheet
segment multiplied by the volume of a (d − 2)-dimensional
Euclidean ball with radius L, calculated in units 4Gðdþ1ÞL
on the bulk side. The boundary side of this formula
(just like in the AdS3 case) is again reminiscent of condi-
tional mutual information for suitable boundary regions.

Section IV D is devoted to a detailed study on the issue of
how to interpret this boundary combination in terms of
some quantity of quantum information theoretic meaning.
In the first half of this subsection we show that the analogue
of considering trapezoids as in the AdS3=CFT2 case is
giving some valuable new insight for regarding this com-
bination as conditional mutual information, but unfortu-
nately this interpretation runs out of steam due to a lack of
explicit results in the literature.
In the second half of this subsection however, armed

with this insight, we manage to show that there is yet
another striking possibility for understanding this combi-
nation. Indeed, for d ≥ 2 and d even we demonstrate that
the area of an infinitesimal string world sheet segment
multiplied by the volume of a (d − 2)-dimensional
Euclidean ball with radius L, is dual to the fidelity
susceptibility calculated from the real part of the quantum
geometric tensor. This quantity has another interpretation
as the computational complexity for infinitesimally sep-
arated states corresponding to causal diamonds that are
displaced in a spacelike manner according to the metric of
kinematic space. For d odd this fidelity susceptibility
interpretation of the area of world sheet segments for
strings still holds. However, in this case the area is not
related to extremal surfaces, hence to any simple universal
combination of entanglement entropies. However, for d
arbitrary we observe that the area of string world sheet
segments is naturally related to quantum complexity. This
result gives rise to a surprising connection with the
complexity equals volume proposal [16,17].
Concluding Sec. IV we point out that the string world

sheet patches are living in the modular slices of the
entanglement wedge. They seem to provide some sort of
tomography of the entanglement wedge where the patches
are linked together by the interpolation ansatz, i.e., the
discretized version of the equations of motion for the
Nambu-Goto action. This interpretation is valid for d
arbitrary. Hence, for the special case explored in this paper
segmented strings in the bulk seem to be holographically
related not to quantum entanglement but rather to quantum
complexity properties of boundary subsystems in a natural
manner. The conclusions and comments are left for Sec. V.
Some calculational details can be found in Appendixes A,
B, and C.

II. AdS3 AND ITS EXTREMAL SURFACES

A. The AdS3 space and its Poincaré patch

The three-dimensional anti–de Sitter space AdS3 is the
locus of points X∈R2;2 whose coordinates Xa; a ¼ −1, 0,
1, 2 satisfy the constraint

X · X ≔ ηabXaXb ≔ −ðX−1Þ2 − ðX0Þ2 þ ðX1Þ2 þ ðX2Þ2
¼ −XX̄ þ XþX− ¼ −L2; ð1Þ
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where

X� ¼ X1 � X−1 X ¼ X0 þ X2; X̄ ¼ X0 − X2 ð2Þ

and L is the AdS radius. The two-dimensional asymptotic
boundary of the AdS3 space is defined by the set

∂∞AdS3 ≔ PfU∈R2;2jU ·U ¼ 0g; ð3Þ

where P means projectivization.
Following the convention of [12] one can define the

Poincaré patch representation of the AdS3 space

X ¼
�
t2 − z2 − x2 −L2

2z
;L

t
z
;
t2 − z2 − x2 þL2

2z
;L

x
z

�
: ð4Þ

The line element in these coordinates xμ̂ ¼ ðx0; x1; x2Þ ¼
ðt; x; zÞ, xμ ¼ ðx0; x1Þ is

ds2 ¼ gμ̂ ν̂dxμ̂dxν̂ ¼ L2
dz2 − dt2 þ dx2

z2
: ð5Þ

The Poincaré patch coordinates x of an AdS3 point can be
expressed by the global coordinatesX in the following way:

x0 ≔ t ¼ L
X0

X− ; x1 ≔ x ¼ L
X2

X− ; x2 ≔ z ¼ L2

X− : ð6Þ

The boundary of the AdS space in the Poincaré patch
is obtained by taking the z → 0 limit. Notice that in this
limit the metric is conformally equivalent to the d ¼ 2-
dimensional Minkowki space. The R2;2 null vectors U
representing boundary points have coordinates,

xμu ¼ ðx0u; x1uÞ ≔ ðtu; xuÞ ¼
L
U− ðU0; U2Þ: ð7Þ

Since the conformal boundary is d ¼ 2-dimensional
Minkowski space it is useful to introduce the product of
two vectors x; y∈R1;1 with components xμ, yμ

x • y ¼ ημνxμyν ¼ −x0y0 þ x1y1: ð8Þ

In particular for two null vectors U and V representing
boundary points xu and xv we have

ðxu − xvÞ2 ≔ ðxu − xvÞ • ðxu − xvÞ
¼ −ðtu − tvÞ2 þ ðxu − xvÞ2: ð9Þ

Notice that since for an arbitrary vector K ∈R2;2 one has
K · K ¼ K • K þ KþK−, then for a special vector with the
property K− ¼ 0 one has K · K ¼ K • K. As an example
for a vector of that kind we take K ≡UV− − VU−, with U
and V null. Then one has

ðUV− − VU−Þ • ðUV− − VU−Þ
¼ ðUV− − VU−Þ · ðUV− − VU−Þ ¼ −2ðU · VÞðU−V−Þ

Dividing this equation by ðU−V−Þ2 and using (7) one
arrives at the important formula

ðxu − xvÞ • ðxu − xvÞ ¼ −2L2
U · V
U−V− ð10Þ

B. Extremal surfaces of AdS3

In section we wish to work with a special set of
codimension two spacelike extremal surfaces of the
AdS3 space. These surfaces (curves) will be chosen to
be homologous to boundary regions with end points
spacelike separated. The surfaces are extremal, meaning
that they give rise to stationary points of the area (length)
functional. The elements of this set will be surfaces
(geodesics) homologous to spacelike regions not neces-
sarily lying on the same time slices (hyperplanes). These
geodesics are on totally geodesic hyperplanes then accord-
ing to the covariant holographic entropy proposal [7] the
constructions based on the extremal surfaces and light
sheets yield the same result, and boils down to the usual
calculation of spacelike geodesics on boosted time slices.
A particular surface from this set is defined by null

vectors U and V with components ðU−1; U0; U1; U2Þ and
V ¼ ðV−1; V0; V1; V2Þ such that

U ·U ¼ V · V ¼ 0; ð11Þ

also satisfying the extra constraints

U · V < 0; U−V− < 0; ð12Þ

where U� ¼ U1 � U−1 and V� ¼ V1 � V−1. Then the
surface in question is the intersection of the following
two hypersurfaces

U · X ¼ 0; V · X ¼ 0; ð13Þ

where X∈AdS3 so that X · X ¼ −L2.
Such points X∈AdS3 can alternatively be represented in

the Poincaré patch coordinates given by Eq. (6). The null
vectors U and V then will represent boundary points, with
their corresponding coordinates given by

xμu ¼ ðx0u; x1uÞ ≔ ðtu; xuÞ ¼
L
U− ðU0; U2Þ;

xμv ¼ ðx0v; x1vÞ ≔ ðtv; xvÞ ¼
L
V− ðV0; V2Þ: ð14Þ

By virtue of the identity in (10) the constraintsU · V < 0
and U−V− < 0 show that xu and xv are timelike separated.
These two points will serve as the past and future tips of a

BERCEL BOLDIS and PÉTER LÉVAY PHYS. REV. D 109, 046002 (2024)

046002-4



causal diamond of a boundary subregion (linear segment)
R with end points spacelike separated. See Fig. 1.
In the Poincaré patch the equations of the cones

U · X ¼ 0 and V · X ¼ 0 can be written in the form

z2 − ðt − tuÞ2 þ ðx − xuÞ2 ¼ 0; ð15Þ

z2 − ðt − tvÞ2 þ ðx − xvÞ2 ¼ 0: ð16Þ

These cones are having centers ðz; t; xÞ ¼ ð0; tu; xuÞ and
ðz; t; xÞ ¼ ð0; tv; xvÞ. Moreover, after introducing the
notation

Δμ ¼ ðΔ0;Δ1Þ ¼ ðΔt;ΔxÞ ¼ ðtu − tv; xu − xvÞ; ð17Þ

xμ0 ¼
1

2
ðtu þ tv; xu þ xvÞ; ð18Þ

one observes that the intersection of the cones, which is our
extremal surface XR, is given by the two equations,

Δtðt − t0Þ ¼ Δxðx − x0Þ;−ðt − t0Þ2 þ ðx − x0Þ2 þ z2 ¼ r2;

ð19Þ

where

r2 ¼ 1

4
ðΔ2

t − Δ2
xÞ > 0 ð20Þ

due to Eq. (10). The first of Eq. (19) having the form Δ •
ðx − x0Þ ¼ 0 defines a spacelike hyperplane with timelike
normal vector having components ðΔt;Δx; 0Þ, and the
second is a hyperboloid. Their intersection gives rise to
half of an ellipse situated in the hyperplane.
Indeed, let us notice that the intersection of the cones

with the boundary gives rise to a causal diamond of the

region R. The past, future, right and left tips of this
diamond are having the light cone coordinates (x� ¼ x� t)
as follows:

xu ¼ ðxþu ; x−u Þ; xv ¼ ðxþv ; x−v Þ;
x2 ¼ ðxþv ; x−u Þ; x1 ¼ ðxþu ; x−v Þ: ð21Þ

Now writing

xμðsÞ ¼ 1

2
wμsþ xμ0; s∈ ½−1; 1�; ð22Þ

one can get xμð−1Þ ¼ xμ1 and xμð1Þ ¼ xμ2 for the left and
right tips. Then one can verify that the vector wμ is having
the explicit form wμ ¼ ðΔx;ΔtÞ hence it is Minkowski
orthogonal toΔμ and having the property w2 ¼ −Δ2 ¼ 4R2.
One then obtains from the second of (19) the constraint

4ξ2

kwk2 þ
4z2

w2
¼ 1; ð23Þ

where ξ ¼ kwks=2. Hence, our extremal surface is just half
of an ellipse lying in the hyperplane with coordinate axes
ðξ; zÞ and eccentricity

ϵ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

w2

kwk2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ðtu − tvÞ2 − ðxu − xvÞ2
ðtu − tvÞ2 þ ðxu − xvÞ2

s
ð24Þ

As an illustration let us consider the familiar t ¼ const
case. From the first of Eq. (19) one can see that for the
existence of such a surface the constraint xu ¼ xv is
required. Then we should have t ¼ t0, the eccentricity of
(24) is zero and the equation for the extremal surface is

z2 þ ðx − x0Þ2 ¼ r2; r ¼ 1

2
jtu − tvj: ð25Þ

Therefore, the bulk surface is a circular arc with origin x0
and radius r and the corresponding boundary region R is a
line segment. Due to the translational invariance in the
spatial direction as a further specification one can consider
x0 ¼ 0. Of course our extremal surface XR is now a
minimal one which is just a spacelike geodesic of AdS3.
This is illustrated in Fig. 1.
Let us reproduce the well known area formula (geodesic

length) of our special surface. One can parametrize our
surface by the parameter y ¼ z=r. Hence, the induced
metric on the surface is

h ¼ L2
∂yz∂yzþ ∂yx∂yx

z2
¼ L2

1

y2ð1 − y2Þ : ð26Þ

The area (length) of the surface XR can be calculated by
evaluating the following integral:

FIG. 1. The spacelike minimal surface XR, a spacelike geodesic
(red), defined by the intersection of the cones U · X ¼ 0; V · X ¼
0 in the Poincaré patch. In the figure the xu ¼ xv ¼ x0 ¼ 0, t ¼
t0 ¼ 1

2
ðtu þ tvÞ case is shown. On the boundary (the gray plane

with z ¼ 0) the cones give rise to a causal diamond (black) of the
blue regionR. Note that both the blue region and the red minimal
surface is on a t ¼ t0 ¼ const hypersurface (Cauchy slice) given
by first equation in (19).
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AðXRÞ ¼
Z

dS
ffiffiffi
h

p
¼ 2L

Z
1

δ=r
dy

ð1 − y2Þ−1=2
y

: ð27Þ

Due to the infinite area (length) a UV cutoff δ ≪ r was
introduced. This leads to the familiar result that the area
(length) of the AdS3 static minimal surface (geodesic) is
determined by the data provided by the null vectors U and
V in the following manner:

AðXRÞ ¼ 2L log
2r
δ
¼ 2L log

L
δ

���� U0

U− −
V0

V−

����
¼ 2L log

jtu − tvj
δ

: ð28Þ

Notice the slightly unusual parametrization of this well-
known formula. Indeed, for x0 ¼ 0 it is parametrized by
the time coordinates of the future and past tips of the
corresponding causal diamonds in the boundary. Explicitly
we have the corresponding past, future, right, and left tips
of this diamond as follows: xv ¼ ðtv; 0Þ; xu ¼ ðtu; 0Þ;
x2 ¼ 1

2
ðtv þ tu; tu − tvÞ; x1 ¼ 1

2
ðtv þ tu; tv − tuÞ. Since the

spacelike separated end points of the subregion (interval)R
are x2 and x1 the length of the geodesic XR homo-
logous to R is proportional to log ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 − x1Þ2

p
=δÞ ¼

log ðjtu − tvj=δÞ. This is of course the well-known result.
For the corresponding causal diamond of R see Fig. 2.

III. AdS3 STRING SEGMENTS

A. Definition of the string segments

Two-dimensional strings embedded into AdS3 are deter-
mined by the following equation of motion [20]:

∂þ∂−X −
1

L2
ð∂−X · ∂þXÞX ¼ 0 ð29Þ

which can be derived via the variation of the Nambu-Goto
action. We have parametrized the string by the parameters
σ− and σþ. The Virasoro constraints for the string are

∂−X · ∂−X ¼ ∂þX · ∂þX ¼ 0: ð30Þ

A normal vector of the string can be defined by

Na ¼
ϵabcdXb

∂−Xc
∂þXd

∂−X · ∂þX
: ð31Þ

The most basic solution for the equation of motion is a
one that has a constant normal vector. We call a string
segmented, if its world sheet is build up from segments with
constant normal vectors. In the following we examine such
segments.
Let us define the rectangular world sheet of a string

segment in AdS3 by the four vectors Vi with i ¼ 1, 2, 3, 4
with the property that its neighboring vertices are lightlike
separated. This means that we have

V2
i ¼ −L2; Vi · Vj ¼ −L2;

ðijÞ ¼ ð12Þ; ð23Þ; ð34Þ; ð14Þ: ð32Þ

The lightlike vectors of the edges of the world sheet are
labeled in the following way [12]:

p1 ¼ V2 − V1; p2 ¼ V3 − V2; ð33Þ

p3 ¼ V3 − V4; p4 ¼ V4 − V1; ð34Þ

where ðpiÞ2 ¼ 0 and p1 þ p2 ¼ p3 þ p4. See Fig. 3 for an
illustration.
Notice that the constraint Vi · Vj ¼ −L2 for neighboring

vertices can also be written to the form

p1 · V2 ¼ p1 · V1 ¼ 0; p2 · V3 ¼ p2 · V2 ¼ 0; ð35Þ

p3 · V3 ¼ p3 · V4 ¼ 0; p4 · V4 ¼ p4 · V1 ¼ 0: ð36Þ

FIG. 2. The static subregion R (blue) with its causal diamond.
For the extremal surface homologous to it see Fig. 1. FIG. 3. A static world sheet of a string segment (green

rectangle) in the x ¼ 0 plane of the Poincaré patch. The vertices
of the segment are defined by the Poincaré representatives V μ̂

i of
the vectors Vi ∈AdS3 ⊂ R2;2 represented by black dots with the
respective numbering. On the other hand the edges are labeled
by the null vectors p1, p2, p3, p4. The edges define light rays
(dashed lines) intersecting the boundary (for the static configu-
ration the t axis) in the points t1, t2, t3, t4.
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The string segments defined this way have got a constant
normal vector N which is given by

Na ¼
ϵabcdVb

1p
c
1p

d
4

p1 · p4

: ð37Þ

Defining string segments this way is insightful, however a
string segment can uniquely defined by the initial data: an
AdS3 vector V1 and two null vectors p1 and p4, and one
can prescribe the following initial condition

Xðσ−; 0Þ ¼ V1 þ σ−p1; ð38Þ
Xð0; σþÞ ¼ V1 þ σþp4; ð39Þ

where σ� ∈ ½0; 1�. In the following we also assume
that p1 · p4 < 0.
According to the interpolation ansatz [13] points on the

surface are given by the equation

Xðσ−; σþÞ ¼ L2 þ σ−σþ 1
2
p1 · p4

L2 − σ−σþ 1
2
p1 · p4

V1

þ L2
σ−p1 þ σþp4

L2 − σ−σþ 1
2
p1 · p4

: ð40Þ

This expression is satisfying the equation of motion (29)
and for the vertices V2, V3, V4 of the string we obtain

V2 ¼ Xð1; 0Þ ¼ V1 þ p1; ð41Þ
V4 ¼ Xð0; 1Þ ¼ V1 þ p4; ð42Þ

V3 ¼ Xð1; 1Þ ¼ L2 þ 1
2
p1 · p4

L2 − 1
2
p1 · p4

V1

þ L2

L2 − 1
2
p1 · p4

ðp1 þ p4Þ; ð43Þ

and for the null vectors p2, p3

p2 ¼ V3 − V2 ¼
1
2
p1 · p4

L2 − 1
2
p1 · p4

�
2V1 þ p1 þ

2L2

p1 · p4

p4

�
;

ð44Þ

p3 ¼ V3 − V4 ¼
1
2
p1 · p4

L2 − 1
2
p1 · p4

�
2V1 þ

2L2

p1 · p4

p1 þ p4

�
:

ð45Þ
Note that the “momentum conservation” formula

p1 þ p2 ¼ p3 þ p4 ð46Þ
holds. Moreover, having calculated V2 and V4 from the
initial triple ðV1; p1; p4Þ the expression for V3 is given by

V3 ¼ −V1 − 4L2
V2 þ V4

ðV2 þ V4Þ2
: ð47Þ

1. Example and causality conditions

We can start with the following initial data [14]:

V1 ¼ Lð−1; 0; 0; 0Þ;
p1 ¼ Lð0; c;−c; 0Þ;
p4 ¼ Lð0; c̃; c̃; 0Þ; ð48Þ

where

c∈ ð0; 1Þ; c̃∈Rþ: ð49Þ

All other string segments can be generated from this
situation by a global SOð2; 2Þ transformation. It can be
shown that the other two null vectors are the following:

p2 ¼ −L
cc̃

1þ cc̃

�
−2;−

1

c
þ c;−

1

c
− c; 0

�
; ð50Þ

p3 ¼ −L
cc̃

1þ cc̃

�
−2;−

1

c̃
þ c̃;

1

c̃
þ c̃; 0

�
: ð51Þ

Therefore, the four centers of the null cones pi · X ¼ 0 are

t1 ¼ −L; t2 ¼ L
1þ c
1 − c

; t3 ¼ L
c̃ − 1

c̃þ 1
; t4 ¼ L; ð52Þ

and xj ¼ 0; j ¼ 1, 2, 3, 4. Notice that t1 < t3 < t4 < t2.
Now the four time slices of the minimal surfaces

14,23,12,34 are given by tij ¼ 1
2
ðti þ tjÞ

t14 ¼ 0; t23 ¼ L
cþ c̃

ð1 − cÞð1þ c̃Þ
t12 ¼ L

c
1 − c

; t34 ¼ L
c̃

1þ c̃
ð53Þ

And similarly the radii of the minimal surfaces are given by
rij ¼ 1

2
jti − tjj. These are the following:

r14 ¼ L; r23 ¼ L
1þ c̃c

ð1 − cÞð1þ c̃Þ ;

r12 ¼ L
1

1 − c
; r34 ¼ L

1

1þ c̃
ð54Þ

Therefore all of the minimal surfaces and CFT subsystems
are determined by the initial data V1, p1, p4 and the
interpolation ansatz.
In Section III C we will conduct a detailed study to show

that the same argument holds for the other direction of the
duality as well. Namely we will prove that given the four
tips of the causal diamonds one can explicitly construct the
world sheet of the corresponding string segment.
For the time being let us summarize the causal constraints

needed for our family of string segments. The defining AdS
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vectors V1, V2, V3, V4 and the null vectors p1, p2, p3, p4

need to satisfy:
(1) V−

i > 0 for all i ¼ 1, 2, 3, 4;
(2) These vectors satisfy the previously assumed boun-

dary conditions and the interpolation ansatz;
(3) pi · pj < 0 and p−

i p
−
j < 0 for neighboring null

vectors;
(4) pi · pj > 0 and p−

i p
−
j > 0 for antipodal null vectors;

(5) And finally p0
1=p

−
1 < p0

3=p
−
3 < p0

4=p
−
4 < p0

2=p
−
2 .

The first assumption is necessary to be able to repre-
sent the vertices in the Poincaré patch. The motivation
behind the first two conditions are clear. The third condition
is a matter of choice, because the sign of p1 · p4 can be
arbitrary. We have choosen it to be negative to be consistent
with the literature. Condition three and four provides a set
of pairwise timelike separated boundary points xμi via (10).
The final condition gives an ordering of these boundary
points.
However some of these conditions are not independent

and we can rewrite them to a physically more motivated
form with the minimal number of assumptions. If we intro-
duce the boundary points xμ1; x

μ
2; x

μ
3; x

μ
4 which are expressed

from the original null vectors pi via (7), these conditions
are the following:
(1) V−

i > 0 for all i ¼ 1, 2, 3, 4;
(2) These vectors satisfy the previously assumed boun-

dary conditions and the interpolation ansatz;
(3) p1 · p4 < 0;
(4) ðxi − xjÞ • ðxi − xjÞ < 0 for all neighboring i,

j edges;
(5) t1 < t3 < t4 < t2.

These are equivalent with our previous assumptions. For
conditions one two and five the equivalence is obvious. For
the other two it is not so evident.
The third condition is motivated by the reason that in the

following we will connect the segment area and entangle-
ment entropies of spacelike boundary CFT subsystems.
These subsystems being spacelike they are surrounded by
the cones pi · X ¼ 0whose tips xμi are timelike separated. It
is not hard to see that taking into account conditions two to
four actually not only the boundary points of neighboring
edges are timelike separated from each other but all of them
pairwise. This can be seen by calculating the inner products
p1 · p2; p3 · p4; p2 · p3; p1 · p3 and p4 · p2 and assuming
that p1 · p4 < 0:

p1 · p2 ¼
p1 · p4

L2 − 1
2
p1 · p4

< 0; ð55Þ

p3 · p4 ¼
p1 · p4

L2 − 1
2
p1 · p4

< 0; ð56Þ

p2 · p3 ¼ p1 · p4 < 0; ð57Þ

p1 · p3 ¼
1
2
ðp1 · p4Þ2

L2 − 1
2
p1 · p4

> 0; ð58Þ

p2 · p4 ¼
1
2
ðp1 · p4Þ2

L2 − 1
2
p1 · p4

> 0: ð59Þ

Hence by supposing condition four it follows that the
coordinates p−

i and p−
j for adjacent edges should have

different signs. But then these coordinates of opposite
edges 1–3 and 2–4 have the same signs hence their
products are positive. As we have seen p1 · p3 > 0
and p2 · p4 > 0, therefore ðx1 − x3Þ • ðx1 − x3Þ < 0 and
ðx2 − x4Þ • ðx2 − x4Þ < 0. Hence, the new conditions three
and four give back the third and fourth assumptions of the
previous ones but more like in a sense of boundary points
and intervals. This also means that the only allowed
configuration motivated by the boundary field theory is
the one where the string segment is timelike.

B. Boundary points provided by light rays

According to Fig. 3 via connecting the neighboring
vertices Vi and Vj by lines, the four edges of the string
world sheet give rise to four points of intersection on the
boundary. Let us first show that these lines are null
geodesics (representatives of light rays) of the (5) metric
on the Poincaré patch, and then calculate the coordinates of
these points of intersection.
A calculation of the Christoffel symbols of our (5) metric

shows that the geodesic equation for the affinely para-
metrized geodesic curve with coordinates ðtðλÞ; xðλÞ; zðλÞÞ
boils down to the following set:

̈t ¼ 2ṫ ż
z

; ẍ ¼ 2ẋ ż
z

; ̈z ¼ ṫ2 − ẋ2 þ ż2

z
: ð60Þ

For null geodesics the tangent vectors to this curve are
lightlike hence we have −ṫ2 þ ẋ2 þ ż2 ¼ 0, then we get0B@ ̈t

ẍ

̈z

1CA ¼ 2ż
z

0B@ ṫ

ẋ

ż

1CA: ð61Þ

It is easy to check that the solutions give lines of the
following two types:0B@ tðλÞ
xðλÞ
zðλÞ

1CA¼

0B@at

ax

0

1CAþ1

λ

0B@nt

nx

nz

1CA; −ðntÞ2þðnxÞ2þðnzÞ2¼0;

ð62Þ0B@ tðλÞ
xðλÞ
zðλÞ

1CA ¼

0B@ bt

bx

bz

1CAþ λ

0B@ nt

nx

0

1CA; −ðntÞ2 þ ðnxÞ2 ¼ 0:

ð63Þ
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For our considerations we need the line of Eq. (62) which
intersects the boundary at the boundary point aμ̂; μ̂ ¼
ðt; x; zÞ and can be written in the form

xμ̂ðλÞ ¼ aμ̂ þ 1

λ
nμ̂; gμ̂ ν̂nμ̂nν̂ ¼ 0: ð64Þ

Let us then consider one of the edges of our string world
sheet, e.g., the 12 edge which is connecting the Poincaré
patch representatives of V1 and V2. See Fig. 3 for an
illustration. Let us call the Poincaré representatives of these
points by V μ̂

1 and V μ̂
2. Then we have

xμ̂ðλ1Þ ¼ V μ̂
1 ¼

L
V−
1

0B@V0
1

V2
1

L

1CA; xμ̂ðλ2Þ ¼ V μ̂
2 ¼

L
V−
2

0B@V0
2

V2
2

L

1CA:

ð65Þ

Now we can express the null tangent vector as

nμ̂ ¼ λ1λ2
λ1 − λ2

ðV μ̂
2 − V μ̂

1Þ ð66Þ

with

λ1λ2
λ1 − λ2

¼ nz

L2

�
V−
1V

−
2

V−
1 − V−

2

�
: ð67Þ

From here one can see that the first two components
of nμ̂ are

L
nt

nz
¼ V−

1V
0
2 − V−

2V
0
1

V−
1 − V−

2

; L
nx

nz
¼ V−

1V
2
2 − V−

2V
2
1

V−
1 − V−

2

; ð68Þ

and the third component nz can be chosen arbitrarily. Of
course we still have to ensure that −ðntÞ2 þ ðnxÞ2 þ
ðnzÞ2 ¼ nμ̂nμ̂ ¼ 0. But one can check that the fulfillment
of this condition is guaranteed by the constraints of Eq. (32)
needed for the very definition of the world sheet of our
string segments.
At last we calculate the point of intersection of our null

geodesic with the boundary. We calculate

aμ̂ ¼ 1

2

�
V μ̂
1 þ V μ̂

2 −
λ1 þ λ2
λ1λ2

nμ̂
�

ð69Þ

Since az ¼ 0 a calculation shows that this can be written as

at ¼ L
p1

0

p−
1

; ax ¼ L
p1

2

p−
1

: ð70Þ

Hence for all of our null vectors assigned to the edges of
the world sheet of our string segment we obtain for the
coordinates of the corresponding boundary points

ati ¼ L
p0
i

p−
i
; axi ¼ L

p2
i

p−
i
; ðati; axi Þ ¼ ðti; xiÞ; ð71Þ

with i ¼ 1, 2, 3, 4. In particular for our example of the
previous subsection, one can form the points of intersection
in the boundary (see Fig. 3).

t1 ¼ L
p0
1

p−
1

¼ −L; t2 ¼ L
p0
2

p−
2

¼ L
1þ c
1 − c

;

t3 ¼ L
p0
3

p−
3

¼ L
c̃ − 1

c̃þ 1
; t4 ¼ L

p0
4

p−
4

¼ L:

These coordinates satisfy the fourth constraint, namely
p0
1=p

−
1 < p0

3=p
−
3 < p0

4=p
−
4 < p0

2=p
−
2 , i.e., t1 < t3 < t4 < t2.

Therefore, for this example all of the four causality
conditions are satisfied.

C. String segments emerging from the data
of causal diamonds

1. Momentum conservation emerging

In the following we will consider quadruplets of points
xμj ∈R1;1, j ¼ 1, 2, 3, 4 representing causally ordered
events giving rise to causal diamonds. Such time-ordered
events will be either lying on a time axis of some inertial
system, or on a hyperbola describing some noninertial
system exhibiting motion with constant acceleration. For
an inertial system, an illustration of how such events are
related to string segments can be seen in Fig. 4. Instead
of the components of such events tj, xj we will often use
their light cone ones aj ¼ tj þ xj and āj ¼ tj − xj. Here
we would like to show, how the equation of momentum

FIG. 4. The correspondence between segmented strings, ex-
tremal (minimal) surfaces, and boundary subregions. The world
sheet of a string segment as parametrized in Fig. 3 is shown in
green. The edges of the world sheet are parametrized by null
vectors. The neighboring null vectors give rise to extremal
(minimal) surfaces (red). They in turn determine causal diamonds
of subregions (blue) in the boundary. In the figure the special case
where the boundary regions are parallel is shown. Here the tips of
the causal diamonds are having varying t coordinates but all have
x ¼ 0, hence they are lying on a time axis of an inertial system.
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conservation for string segments in the bulk can be derived
from the boundary data of diamonds.
We define our set of physical systems needed for this

reconstruction tobe the ones parametrized by ðNþ;N;N̄;N−Þ
i.e., a quadruplet of real numbers satisfying the constraint

NþN− − N̄N ¼ L2: ð72Þ

Later we will see that such quadruplets correspond to the (2)
components of the normal vectors in (37) for the world
sheets of string segments. Our aim in this subsection is to
construct such sheets of string segments from the boundary
data xμj ∈R1;1 in a holographic manner.
As a starting point we are fixing a quadrupletNa in order

to define a particular system with light cone coordinates
ða; āÞ, by demanding that for such coordinates the follow-
ing equation holds:

N−āa − NāL − N̄aLþ NþL2 ¼ 0: ð73Þ

This equation is satisfied by a continuum set of points with
coordinates ðt; xÞ with a ¼ tþ x and ā ¼ t − x. In par-
ticular one can consider quadruplets from this particular set
constrained as

N−ājaj − NājL − LN̄ajLþ NþL2 ¼ 0; ð74Þ

a1 < a3 < a4 < a2; ā1 < ā3 < ā4 < ā2: ð75Þ

Now we consider two cases. The first case is when
N− ¼ 0. In this case we have

Nāj þ N̄aj ¼ NþL ð76Þ

which is the equation of a line. Notice that due to (72) we
have −N̄N ¼ L2 which says that the two component vector
in R1;1 with light cone coordinates ðN; N̄Þ is spacelike.
Hence the vectors defined by point pairs with light cone
coordinates ðai − aj; āi − ājÞ are orthogonal to a spacelike
vector, then they are timelike. The result is that the lines
through such pairs of points constitute the time axis of
some inertial frame in R1;1.
The second case is when N− ≠ 0. In this case one has

Nþ ¼ L2 þ N̄N
N− ð77Þ

then

−ðāj − ā0Þðaj − a0Þ ¼ ϱ2 > 0 ð78Þ

with

a0 ≔ L
N
N− ; ā0 ¼ L

N̄
N− ; jϱj ¼ L2

jN−j : ð79Þ

Clearly Eq. (78) defines a hyperbola centered at ða0; ā0Þ
with radius squared ϱ2. Notice that the vectors with
light cone components ðaj − a0; āj − ā0Þ are spacelike.
Physically the four points are representing events lying on
the world line of a system proceeding with constant
acceleration

g ≔
jN−j
L2

ð80Þ

The somewhat unusually labeled points of Eq. (75) are
ordered according to the occurrence of the corresponding
events with respect to the proper time of the accelerating
system exhibiting hyperbolic motion.
Moreover, since xi − a0 þ xj − a0 is also spacelike and

by virtue of

ðxi − a0Þ • ðxi − a0Þ ¼ ðxj − a0Þ • ðxj − a0Þ ¼ ϱ2 ð81Þ

we have ðxi − a0Þ2 − ðxj − a0Þ2 ¼ 0, meaning that xi −
a0 þ xj − a0 is orthogonal to ðxi − xjÞ then we learn that
Δkj ¼ xj − xk is timelike. Hence, such point pairs lying on
a hyperbola can also be used to form causal diamonds with
future and past tips being xj and xi, respectively.
Now for quadruplets of points representing events on

noninertial frames exhibiting hyperbolic motion one can
consider cross ratios like the ones,

ða2 − a1Þða4 − a3Þ
ða4 − a1Þða2 − a3Þ

> 0;
ða2 − a1Þða4 − a3Þ
ða3 − a1Þða2 − a4Þ

> 0: ð82Þ

Since by virtue of (78) we have that

aj − ak ¼ ðaj − a0Þ − ðak − a0Þ

¼ ϱ2
�

āk − āj
ðaj − a0Þðak − a0Þ

�
: ð83Þ

Combining this with (75) means that

ða2 − a1Þða4 − a3Þ
ða4 − a1Þða2 − a3Þ

¼ ðā2 − ā1Þðā4 − ā3Þ
ðā4 − ā1Þðā2 − ā3Þ

> 0: ð84Þ

A similar relation hold for the other cross ratio

ða2 − a1Þða4 − a3Þ
ða3 − a1Þða2 − a4Þ

¼ ðā2 − ā1Þðā4 − ā3Þ
ðā3 − ā1Þðā2 − ā4Þ

> 0: ð85Þ

For inertial frames one has, using (76), the equation
Nðai − ajÞ ¼ −N̄ðāi − ājÞ which yields similar “reality
conditions” for the (82) cross ratios.
Now as a generalization of the second formula of

Eq. (25) we define
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rjk ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaj − akÞðāj − ākÞ

q
: ð86Þ

Then we have

r12r34
r14r23

¼ ða2 − a1Þða4 − a3Þ
ða4 − a1Þða2 − a3Þ

¼ ðā2 − ā1Þðā4 − ā3Þ
ðā4 − ā1Þðā2 − ā3Þ

> 0

ð87Þ
and

r12r34
r13r24

¼ ða2 − a1Þða4 − a3Þ
ða3 − a1Þða2 − a4Þ

¼ ðā2 − ā1Þðā4 − ā3Þ
ðā3 − ā1Þðā2 − ā4Þ

> 0:

ð88Þ
Now we divide the identity

ða1 − a2Þða3 − a4Þ − ða1 − a3Þða2 − a4Þ
þ ða1 − a4Þða2 − a3Þ ¼ 0 ð89Þ

by ða1 − a4Þða2 − a3Þ and use Eq. (87) to arrive at the
formula

r12r34 þ r13r24 ¼ r14r23: ð90Þ

There are alternative ways of writing this (Plücker relation),
for example,

r14
r13r34

¼ r24
r23r34

þ r12
r23r13

;
r23

r12r13
¼ r24

r12r14
þ r34
r13r14

:

ð91Þ

In the following we use the helicity formalism briefly
summarized in Appendix B. First we define a set of
lightlike vectors Za

j ∈R2;2 j ¼ 1, 2, 3, 4 in terms of the
2 × 2 matrices in the helicity formalism we have

Zj ≔ zTj ⊗ z̄j ¼
�ajāj Laj

Lāj L2

�
¼
�Zþ

j Zj

Z̄j Z−
j

�
;

zj ¼ ðaj; LÞ: ð92Þ

In Appendix B the following identities are proved:

Z1 − Z2

r212
r12r34 þ

Z1 − Z3

r213
r13r24 ¼

Z1 − Z4

r214
r14r23; ð93Þ

r13
r12r23

−
r24

r12r14
¼ r13

r14r34
−

r24
r23r34

: ð94Þ

Let us now multiply (93) by r13
r23r34

and then use in the
coefficient of Z1 the identity (94). Defining the quantities

Λij;k ≔
rij

rikrjk
ð95Þ

then we get the formula

−Λ24;1Z1 þ Λ13;2Z2 ¼ −Λ24;3Z3 þ Λ13;4Z4: ð96Þ

Defining

P1 ≔ −Λ24;1Z1; P2 ≔ Λ13;2Z2

P3 ≔ −Λ24;3Z3; P4 ≔ Λ13;4Z4; ð97Þ
this equation has the form

P1 þ P2 ¼ P3 þ P4 ð98Þ
or using instead of 2 × 2 matrices vectors pa

j the momen-
tum conservation formula (46) follows. Hence, we com-
pleted our task of reconstructing momentum conservation
for segmented strings from causal diamond data.

2. The explicit form of the emerging stringy data

Let us now define the vectors

V1 ¼ L2

�
p3 þ p4

p3 · p4

−
p1 þ p4

p1 · p4

�
; ð99Þ

V2 ¼ L2

�
p2 − p1

p1 · p2

−
p2 − p3

p2 · p3

�
; ð100Þ

V3 ¼ L2

�
p2 þ p3

p2 · p3

−
p1 þ p2

p1 · p2

�
; ð101Þ

V4 ¼ L2

�
p3 − p4

p3 · p4

−
p1 − p4

p1 · p4

�
: ð102Þ

One can then check that these vectors are comprising the
four vertices of the world sheet of a string segment. Indeed
these vectors taken together with the pa

j are satisfying
the (40) interpolation ansatz and the (47) scattering
equation. Moreover, since we have p1 þ p2 ¼ p3 þ p4

and as can be easily checked p1 · p2 ¼ p3 · p4 and p2 ·
p3 ¼ p1 · p4 these expressions for Vj can have alternative
appearances. Explicitly one has the identities

p1 · p2 ¼ p3 · p4 ¼ −2L2
r13r24
r14r23

;

p2 · p3 ¼ p1 · p4 ¼ −2L2
r13r24
r12r34

; ð103Þ

and one also has 2L2ðp2 · p4Þ ¼ 2L2ðp1 · p3Þ ¼
ðp1 · p2Þðp2 · p3Þ.
One can simplify further the expressions of Eqs. (99)–

(102) by using the identities

ðai − ajÞzk ¼ ðai − akÞzj þ ðak − ajÞzi;
ðāi − ājÞz̄k ¼ ðāi − ākÞz̄j þ ðāk − ājÞz̄i: ð104Þ

Then using this and the fact that according to Eq. (92) the zj
are row vectors, a straightforward calculation yields the
expressions
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V1 ¼
ða4 − a3Þðā3 − ā1ÞzT1 ⊗ z̄4 þ ða3 − a1Þðā4 − ā3ÞzT4 ⊗ z̄1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða4 − a1Þða3 − a1Þða4 − a3Þðā4 − ā1Þðā3 − ā1Þðā4 − ā3Þ
p ; ð105Þ

V2 ¼
ða2 − a3Þðā3 − ā1ÞzT1 ⊗ z̄2 þ ða3 − a1Þðā2 − ā3ÞzT2 ⊗ z̄1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða2 − a1Þða2 − a3Þða3 − a1Þðā2 − ā1Þðā2 − ā3Þðā3 − ā1Þ
p ; ð106Þ

V3 ¼
ða2 − a1Þðā3 − ā1ÞzT3 ⊗ z̄2 þ ða3 − a1Þðā2 − ā1ÞzT2 ⊗ z̄3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða2 − a1Þða2 − a3Þða3 − a1Þðā2 − ā1Þðā2 − ā3Þðā3 − ā1Þ
p ; ð107Þ

V4 ¼
ða4 − a1Þðā3 − ā1ÞzT3 ⊗ z̄4 þ ða3 − a1Þðā4 − ā1ÞzT4 ⊗ z̄3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða4 − a1Þða3 − a1Þða4 − a3Þðā4 − ā1Þðā3 − ā1Þðā4 − ā3Þ
p : ð108Þ

Next let us verify that the quadruplets of Eq. (72) are indeed comprising the normal vectors of possible string segment
world sheets. A straightforward calculation with some details given in the Appendix A gives for the components of the
vector of Eq. (37),

N ¼ −L
ā1a1ða4 − a3Þ þ ā3a3ða1 − a4Þ þ ā4a4ða3 − a1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða4 − a1Þða3 − a1Þða4 − a3Þðā4 − ā1Þðā3 − ā1Þðā4 − ā3Þ

p ; ð109Þ

N̄ ¼ L
ā1a1ðā4 − ā3Þ þ ā3a3ðā1 − ā4Þ þ ā4a4ðā3 − ā1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða4 − a1Þða3 − a1Þða4 − a3Þðā4 − ā1Þðā3 − ā1Þðā4 − ā3Þ

p ; ð110Þ

Nþ ¼ ā1a1ða3ā4 − a4ā3Þ þ ā3a3ða4ā1 − a1ā4Þ þ ā4a4ða1ā3 − a3ā1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða4 − a1Þða3 − a1Þða4 − a3Þðā4 − ā1Þðā3 − ā1Þðā4 − ā3Þ
p ; ð111Þ

N− ¼ −L2
ða3ā4 − a4ā3Þ þ ða4ā1 − a1ā4Þ þ ða1ā3 − a3ā1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða4 − a1Þða3 − a1Þða4 − a3Þðā4 − ā1Þðā3 − ā1Þðā4 − ā3Þ

p : ð112Þ

One can verify that this expression can be written in a very compact form as

N ¼ ða4 − a3Þðā3 − ā1ÞzT1 ⊗ z̄4 − ða3 − a1Þðā4 − ā3ÞzT4 ⊗ z̄1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða4 − a1Þða3 − a1Þða4 − a3Þðā4 − ā1Þðā3 − ā1Þðā4 − ā3Þ
p : ð113Þ

One can then realize that for example

V1 ¼ α314z
T
1 ⊗ z̄4 þ ᾱ314z

T
4 ⊗ z̄1; N ¼ α314z

T
1 ⊗ z̄4 − ᾱ314z

T
4 ⊗ z̄1; ð114Þ

where

α314 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ða4 − a3Þðā3 − ā1Þ
ða4 − a1Þðā4 − ā3Þða3 − a1Þðā4 − ā1Þ

s
: ð115Þ

Hence, by virtue of the fact that in the helicity basis the
metric is 1

2
ϵ ⊗ ϵ the well-known equations N · N ¼ −V1 ·

V1 ¼ L2 and N · V1 ¼ 0 immediately follow. Notice also
that due to the (84) “reality” condition there are alternative
ways of expressing these vectors. For example it is easy to
check that α314 ¼ α214 yielding another expression for V1

and N.

Notice that the normal vector is defined by an arbitrary
triple from a quadruplet of points ðaj; ājÞ, j ¼ 1, 2, 3, 4.
The expressions above singled out the triple with labels
(1, 3, 4). It is also important to realize that (as can be
verified by an explicit calculation) an arbitrary triple
uniquely defines the (79) parameters ðϱ; a0; ā0Þ of the (78)
hyperbola. Notice also that the constraint of Eq. (74) can be
regarded as a version of the bulk equation N · pj ¼ 0

clearly valid for segmented strings.
As a special case one can consider a line through the

origin with the four points having aj ¼ āj i.e., xj ¼ 0. In
this case the points satisfy the equation ajðN þ N̄Þ ¼ 0.
This yields N ¼ −N̄ hence the only nonvanishing
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component of the normal vector is N2 ¼ −L. This is in accordance with Eq. (109). In this case we have a line with points
having only time components with t1 < t3 < t4 < t2 localized on the time axis. The four vertices of the string world sheet in
this case are

0BBB@
V−
1

V0
1

Vþ
1

V2
1

1CCCA ¼ 1

t4 − t1

0BBB@
2L2

Lðt1 þ t4Þ
2t1t4
0

1CCCA;

0BBB@
V−
2

V0
2

Vþ
2

V2
2

1CCCA ¼ 1

t2 − t1

0BBB@
2L2

Lðt1 þ t2Þ
2t1t2
0

1CCCA; ð116Þ

0BBB@
V−
3

V0
3

Vþ
3

V2
3

1CCCA ¼ 1

t2 − t3

0BBB@
2L2

Lðt2 þ t3Þ
2t2t3
0

1CCCA;

0BBB@
V−
4

V0
4

Vþ
4

V2
4

1CCCA ¼ 1

t4 − t3

0BBB@
2L2

Lðt4 þ t3Þ
2t4t3
0

1CCCA; ð117Þ

and the vectors pi0BBB@
p−
1

p0
1

pþ
1

p2
1

1CCCA ¼ −2
ðt2 − t4Þ

ðt2 − t1Þðt4 − t1Þ

0BBB@
L2

Lt1
t21
0

1CCCA;

0BBB@
p−
2

p0
2

pþ
2

p2
2

1CCCA ¼ 2
ðt3 − t1Þ

ðt2 − t1Þðt2 − t3Þ

0BBB@
L2

Lt2
t22
0

1CCCA; ð118Þ

0BBB@
p−
3

p0
3

pþ
3

p2
3

1CCCA ¼ −2
ðt2 − t4Þ

ðt2 − t3Þðt4 − t3Þ

0BBB@
L2

Lt3
t23
0

1CCCA;

0BBB@
p−
4

p0
4

pþ
4

p2
4

1CCCA ¼ 2
ðt3 − t1Þ

ðt4 − t1Þðt4 − t3Þ

0BBB@
L2

Lt4
t24
0

1CCCA: ð119Þ

One can also verify that the momentum conservation p1 þ
p2 ¼ p3 þ p4 holds. This parametrization can be checked
to boil down to the illustrative example of Eqs. (48)–(52).
This case is also illustrated on the left-hand side of Fig. 5.
The remaining cases (boosted inertial frame, and non-
inertial accelerated frame) are illustrated in the rest of
Fig. 5. These figures nicely display that the green a string
world sheet segment is emerging as a holographic image
from an ordered set of boundary data provided by the
geometry of the future and past tips of the corresponding
causal diamonds (see also Fig. 4). Amusingly precisely as
in optics the information from the bulk to boundary and
vice versa is propagated by lightlike geodesics, i.e., light
rays!
Notice also that the geometry of momentum conserva-

tion in the bulk p1 þ p2 ¼ p3 þ p4 is connected to the
“reality condition” for the cross ratios in the boundary. This
latter one is ensuring that the corresponding projected
points are representing an ordered set of events localized in
inertial or noninertial constantly accelerated frames with
acceleration determined by Eq. (80). Indeed from momen-
tum conservation one has

det

0BBBBB@
p−
1 p0

1 pþ
1 p2

1

p−
2 p0

2 pþ
2 p2

2

p−
3 p0

3 pþ
3 p2

3

p−
4 p0

4 pþ
4 p2

4

1CCCCCA ¼ 0: ð120Þ

Dividing each row by p−
i with the appropriate index i and

using the properties of the determinant one gets

det

0BBBBB@
1 t1

L
x1
L − x1•x1

L2

1 t2
L

x2
L − x2•x2

L2

1 t3
L

x3
L − x3•x3

L2

1 t4
L

x4
L − x4•x4

L2

1CCCCCA ¼ 0: ð121Þ

Which gives a constraint between the eight quantities ti and
xi leaving seven degrees of freedom in all. It coincides
with the number of parameters that were enough to specify
a segment via the vectors V1, p1, and p4. Therefore, seven
boundary coordinates—3 causal cones and one remaining
coordinate—are enough to define a bulk string segment that
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satisfies the Nambu equations of motion. It is important to
note that after introducing the null coordinates ai ¼ ti þ xi
and āi ¼ ti − xi the resulting equation gives precisely
reality constraints like (87) for the cross ratio of these
coordinates.

D. Area of the world sheet of string segments

As a first step in the direction of revealing the basic
features of our correspondence let us calculate the area of
the world sheet of a string segment. It is achieved by
determining first the induced metric gαβ ¼ ∂αX · ∂βX on the
surface, where α; β ¼ σ−; σþ. Using the interpolation
ansatz (40) the components of the metric tensor are

gαβ ¼ L2
p1 · p4

ðL2 − σ−σ− 1
2
p1 · p4Þ2

�
0 1

1 0

�
: ð122Þ

The area of the patch is then given by the formula

A⋄ ¼ L2

Z
1

0

dσ−
Z

1

0

dσþ
ffiffiffiffiffiffi
−g

p
; ð123Þ

where g ¼ det gab. With a short calculation one gets for the
area

A⋄ ¼ L2 log

�
L2 − 1

2
p1 · p4

L2

�
2

: ð124Þ

Now one can define the null vectors p2 ¼ V3 − ðV1 þ p1Þ
and p3 ¼ V3 − ðV1 þ p4Þ, where V3 ¼ Xð1; 1Þ. As we
have seen these vectors can be explicitly expressed as

p2 ¼
1
2
p1 · p4

L2 − 1
2
p1 · p4

�
2V1 þ p1 þ

2L2

p1 · p4

p4

�
; ð125Þ

p3 ¼
1
2
p1 · p4

L2 − 1
2
p1 · p4

�
2V1 þ

2L2

p1 · p4

p1 þ p4

�
: ð126Þ

It is easy to show that

p1 · p2 ¼ L2
p1 · p4

L2 − 1
2
p1 · p4

: ð127Þ

Since p1 · p1 ¼ p2 · p2 ¼ p4 · p4 ¼ 0 this formula can be
rewritten as

L2 − 1
2
p1 · p4

L2
¼ −

ðp1 − p4Þ2
ðp1 þ p2Þ2

: ð128Þ

Using momentum conservation the area of the patch can be
written in the form

FIG. 5. Causally ordered sets of boundary points representing consecutive events occurring in inertial, boosted inertial and noninertial
frames (frames with constant acceleration) exhibiting hyperbolic motion. According to Eq. (80) the acceleration, corresponding to the
situation represented by the rightmost figures, is connected to the normal vector of the world sheet (shown in green) of the string
segment. In the upper part of these figures the bulk perspective displaying the lightlike geodesics needed for the reconstruction of the
sheet in a holographic manner is also shown. For the corresponding causal diamonds of the leftmost figure see Fig. 4.
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A⋄ ¼ L2 log
ðp1 − p4Þ2ðp3 − p2Þ2
ðp1 þ p2Þ2ðp3 þ p4Þ2

¼ L2 log
ðp1 · p4Þðp2 · p3Þ
ðp1 · p2Þðp3 · p4Þ

: ð129Þ

Let us now use the (10) identity for the null vectors pi
and pj to arrive at

ðai − ajÞðāi − ājÞ ¼ 2L2
pi · pj

p−
i p

−
j
: ð130Þ

Now for the static case we have xi ¼ xj ¼ 0, hence we have
ðti − tjÞ2 for the left-hand side. Hence, we obtain the
alternative formula for the area of a single-string segment
in the Poincaré patch as [12]

A⋄ ¼ 2L2 log
ðt4 − t1Þðt3 − t2Þ
ðt4 − t3Þðt2 − t1Þ

; ð131Þ

where we have used the ordering in the causal constraints of
Sec. III B namely the one t1 < t3 < t4 < t2. Notice that by
(71) this expression is a combination of terms of type

AðijÞ ¼ 2L2 log

���� p0
i

p−
i
−
p0
j

p−
j

���� ð132Þ

of dimension area. Recall that the area of the world sheet of
the string segment of Eq. (129) is given in terms of bulk
data (pi; i ¼ 1, 2, 3, 4). On the other hand the dual
formula (131) displays this area in terms of boundary data
(ti ¼ Lp0

i =p
−
i ). The connection between the dual descrip-

tions is effected by the holographic projection to the
boundary as illustrated in Fig. 3 and realized by the lines
of the null geodesics of the form provided by Eq. (64).

E. Conditional mutual information as the area
of the world sheet

Our AdS3 spacetime is static meaning that it admits a
timelikeKilling field. Then this three-dimensional spacetime
has a canonical foliation with spacelike slices which in the
Poincaré patch is given by the t ¼ const hypersurfaces. This
foliation also naturally extends to the conformal boundary
where a subregionR is singled out. In Fig. 4 one can easily
identify such slices. They are the vertical hyperplanes
containing both the blue regions (Rij) of the boundary,
and the red extremal surfaces (XRij

) of the bulk. Due to the
Euclidean signature of the bulk spacelike slice an extremal
surface XR is a minimal one and it is guaranteed to exist.
We have seen that the area of a static, AdS3 minimal

surface XRij
defined by the null vectors pi and pj is

AðijÞ ≔ AðXRij
Þ ¼ 2L log

L
δ

���� p0
i

p−
i
−
p0
j

p−
j

����: ð133Þ

Now according to Ryu and Takayanagi [4] this purely
classical geometric calculation of the minimal surface
XRij

on a constant time slice in the bulk has a boundary
dual.1 Indeed, it is given by a calculation of the entanglement
entropy SðRijÞ for the CFT vacuum quantum state of a
subsystem Rij, homologous to XRij

. For a 2d CFT char-
acterized by the value of the central charge c we have [21]

SðijÞ ≔ SðRijÞ ¼
c
3
log

jx1i − x1j j
δ

¼ c
3
log

jti − tjj
δ

; ð134Þ

where similar to the situation shown in Fig. 2 here for the end
points of Rij we use the parametrization

ðx0i ; x1i Þ ¼
�
ti þ tj
2

;
ti − tj
2

�
;

ðx0j ; x1jÞ ¼
�
ti þ tj
2

;
tj − ti
2

�
: ð135Þ

We have ti ¼ Lp0
i =p

−
i yielding

SðijÞ ≔ SðRijÞ ¼
c
3
log

L
δ

���� p0
i

p−
i
−
p0
j

p−
j

����: ð136Þ

Combining Eqs. (133) and (136) and the Brown-
Henneaux formula [22],

c ¼ 3L
2G

; ð137Þ

where G is the three-dimensional Newton constant, yields

SðRijÞ ¼
AðXRij

Þ
4G

ð138Þ

which is of course the Ryu-Takayanagi formula [4] for the
static scenario.
Bearing in mind our considerations of segmented strings

the slightly unusual parametrization provided by Eq. (138)
of a well-known result yields some additional insight.
Indeed, let us also recall our (131) formula

A⋄ ¼ LðAð14Þ þAð23Þ −Að12Þ −Að34ÞÞ ð139Þ

for the area of the world sheet of a string segment where
AðijÞ is given by Eq. (132). Since according to Eq. (138)
we have SðijÞ ¼ AðijÞ=4G one obtains

A⋄
4GL

¼ Sð14Þ þ Sð23Þ − Sð12Þ − Sð34Þ: ð140Þ

1Do not confuse our quantity AðijÞ which is of dimension
length due to the fact that our minimal “surface” is a geodesic
“line”, with AðijÞ of (132) which is of dimension length squared.
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This result leads to a correspondence between the area
formula for the world sheet of a string segment and a
combination of entanglement entropies.
Now what is this combination of entanglement entropies

showing up at the right-hand side of (140)? The combination
featuring strong subadditivity (SSA) immediately jumps into
ones mind. SSA is the statement that Sð14Þ þ Sð23Þ −
Sð12Þ − Sð34Þ ≥ 0 for regions Rij with the restrictions
R12 ¼ R14 ∪ R23, R34 ¼ R14 ∩ R23 lying on the same
time slice. However, according to Fig. 6, now our regions
are not lying on the same time slice. In any case if some
version of this interpretationwere consistent then by virtue of
Eq. (140) the non-negativity of this quantity would be
connected to the non-negativity of the area measured in units
provided by 4GL.
In order to gain some insight into these issues and find

such an interpretation let us recall that

xi • xi ¼ −t2i þ x2i ¼ −aiāi: ð141Þ

Then for xi ¼ 0 one has

ðai; āiÞ ¼ ðti; tiÞ; i ¼ 1; 2; 3; 4: ð142Þ

Let us now consider the Minkowski lengths of the blue
spacelike regions of Figs. 7 and 8 with the special points
having coordinates as displayed in Eq. (142). Clearly the
horizontal regions Rij of Fig. 6 have length squares given
by ðti − tjÞ2. On the other hand using (141) both of the
spacelike diagonal regions Rd1 and Rd2 have length
squares ðt4 − t1Þðt2 − t3Þ > 0 due to the fourth causal

constraint of Sec. III B i.e., t1 < t3 < t4 < t2. Moreover,
the regularized areas for both of the minimal surfaces Xd1
and Xd2 (regularized lengths of geodesics) associated to
these diagonals are

AðdjÞ ≔ AðXdjÞ ¼ L log

�ðt4 − t1Þðt2 − t3Þ
δ2

�
; j ¼ 1; 2:

ð143Þ
Notice that both Rdj and Xdj are on the same “boosted”
spacelike hyperplanes Hj j ¼ 1, 2 which are totally
geodesic submanifolds of the Poincaré patch. For these
submanifolds the notions of extremal surfaces and minimal
surfaces showing up in the covariant version of the holo-
graphic entanglement entropy proposal coincide [7].
Now using Eq. (143) one can notice that just like in

Eq. (139) the combination

A⋄ ¼ LðAðd1Þ þAðd2Þ −Að12Þ −Að34ÞÞ ð144Þ
also gives the area of the world sheet of our string segment.
A comparison of the boundary causal diamonds of Figs. 7
and 8 [answering the two different representations for the
area A⋄ given by Eqs. (139) and (144)] reveals that both of
them has the same intersection and union followed by
causal completion.
However, the intersecting causal diamonds of Fig. 7

are also featuring a trapezoid showing up in [18] and in
Fig. 10 in Ref. [19] used for checking the strong sub-
additivity for the covariant holographic entanglement
entropy proposal [7]. In the general case this version of
the proposal was proved by Wall [8] under the assumption
of the null curvature condition which in our case is
satisfied. The advantage of the occurrence of the trapezoid
configuration is that in this case the three intervals A, B, C

FIG. 6. The boundary perspective of the string world sheet and
the boundary regions hidden by minimal surfaces (red line
segments) as seen from the bulk direction. The green line segment
is the projection of the string world sheet segment. The red lines
are the minimal surfaces homologous to the boundary regions;
R12, R34, R23, R14. The corresponding causal diamonds (black)
are also shown. For a 3D perspective see Fig. 4.

FIG. 7. The parametrization of the vertices of the causal
diamonds living on the boundary. It is the z ¼ 0 section of
Fig. 4. The coordinates are light cone ones.
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showing up in the SSA are adjacent, hence their unions AB,
BC, and ABC are also sensible. See Fig. 9. Since by [7]
the entropy of such an interval is given by the shortest
spacelike geodesic in the three-dimensional bulk connect-
ing its endpoints subject to the homology condition the
SSA interpretation of the combination on the right-hand
side of (140) is legitimate. Notice also that in the notation of
Fig. 8 the quantity of Eq. (140) is the conditional mutual
information

IðA;CjBÞ ¼ SðABÞ þ SðACÞ − SðABCÞ − SðBÞ: ð145Þ

Then we have our final result

IðA;CjBÞ ¼ A⋄
4GL

; ð146Þ

i.e., the area formula for the world sheet of a string segment
can indeed be holographically related to strong sub-
additivity for certain boundary subsystems showing up
as components of a trapezoid configuration of Fig. 8.

F. The area of the world sheet
of a general string segment

In the following we would like to generalize Eq. (146)
for general string segments. For this we have to consider
further the extremal surfaces (spacelike geodesics) homolo-
gous to boosted time slices. In order to do this we rewrite
Eq. (19), bearing in mind equation (20), in the following
form:

z2 þ 4r2

ðΔtÞ2
ðx − x0Þ2 ¼ r2; t ¼ Δx

Δt
ðx − x0Þ þ t0: ð147Þ

Hence the parametric equations of the extremal surfaces
(half ellipses) are

z ¼ r cosΘ
x ¼ 1

2
Δt sinΘþ x0

t ¼ 1
2
Δx sinΘþ t0

9>>=>>;: ð148Þ

By calculating the induced metric and integrating it with
respect to z between the cutoff δ and r the area of the
extremal surface (the regularized length of the geodesic) is
given by [see also Eq. (C15) for a more general calculation]

AðijÞ ¼ 2L log
2rij
δ

¼ L log
L2

δ2

��
p0
i

p−
i
−
p0
j

p−
j

�2

−
�
p2
i

p−
i
−
p2
j

p−
j

�2�
: ð149Þ

This gives back our previous (133) formula in the
x ¼ 0 case.
One can rewrite this result by using the spinor formalism

reviewed in Appendix A. Then instead of the four vector pμ

we have the 2 × 2 matrix

P ¼
�
p1 þ p−1 p0 þ p2

p0 − p2 p1 − p−1

�
¼
�
pþ p

p̄ p−

�
: ð150Þ

Since detðPÞ ¼ −p2 ¼ 0 we can write P in the following
form:

P ¼ LλT ⊗ λ̃ ¼ L

�
λ1λ̃1 λ1λ̃2

λ2λ̃1 λ2λ̃2

�
¼ λ2λ̃2

�
aλa=L a

a L

�
;

ð151Þ

where λ is the row vector ðλ1; λ2Þ. We call λa as a left-
moving, λ̃ȧ as a right-moving spinor. Then we have

FIG. 8. The arrangement of causal diamonds of the boundary
needed for establishing a relation between the area of the world
sheet of a string segment and conditional mutual information of
boundary subregions. The diamonds have the same intersection
and union followed by causal completion as the ones of Fig. 7.
The four blue lines in this case contain two diagonal ones
corresponding to the new regions Rd1 and Rd2 . They are
featuring the trapezoid configuration of Fig. 9 and Eq. (144).

FIG. 9. The trapezoid configuration living inside of Fig. 8. The
top (B) and bottom segments (ABC) are the onesR34 andR12 of
Fig. 6. However, the remaining segments R23 and R14 from
Fig. 6 are replaced byRd1 andRd2 representing the diagonals AB
and BC of the trapezoid.
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a
L
¼ λ1

λ2
¼ p

p− ;
ā
L
¼
eλ1eλ2 ¼ p

p− : ð152Þ

Using the spinor notation the radius rij in terms of spinor
variables of the null vectors pi and pj is

r2ij ¼
L2

4

�
λ1i
λ2i

−
λ1j
λ2j

��
λ̃1i
λ̃2i

−
λ̃1j
λ̃2j

�
: ð153Þ

Therefore the area of the surface defined by the null vectors
pi and pj is

AðijÞ ¼ L log
L
δ

�
λ1i
λ2i

−
λ1j
λ2j

�
þ L log

L
δ

�
λ̃1i
λ̃2i

−
λ̃1j
λ̃2j

�
¼ L log

1

δ
jai − ajj þ L log

1

δ
jāi − ājj ð154Þ

which gives back our previous result for the case of
x ¼ const. Notice that the left- and right-moving parts
separate, namely one can write AðijÞ ¼ ALðijÞ þARðijÞ.
It is important to note that the SOð2; 2Þ symmetry of the

AdS3 space splits up to an SLð2ÞL × SLð2ÞR symmetry in
the spinor formalism where SLLð2Þ acts on λ and the other
acts on λ̃ respectively. An SLð2Þ transformation of that kind
can be written in the form�

λ01

λ02

�
¼
�
α β

γ δ

��
λ1

λ2

�
; αδ − βγ ¼ 1: ð155Þ

Hence, a transforms as

a0 ¼ L
α
L aþ β
γ
L aþ δ

ð156Þ

which is a Möbius transformation. The same holds for āi.
Therefore, the SOð2; 2Þ symmetries generate Möbius trans-
formations of the coordinates a and ā. In Sec. III C. we
have also seen that these coordinates are arising as the
projections of the edges of the world sheet of the string
segment via null geodesics, i.e., light rays. These obser-
vations make it possible to elucidate the holographic
meaning of A⋄ in the most general context, the task we
turn to in the next section.

G. General string segments and entropies

We have seen that the area of a string segment defined by
the null vectors p1, p2, p3, p4 in general is given by

A⋄ ¼ L2 log

�ðp1 −p4Þ2
ðp1 þp2Þ2

	
2

¼ L2 log
ðp1 −p4Þ2ðp2 −p3Þ2
ðp1 þp2Þ2ðp3 þp4Þ2

ð157Þ

which is SOð2; 2Þ invariant therefore it holds for any
arbitrary patch arrangement.
In order to gain some additional insight into the structure

of this formula one can rewrite it using the spinor formalism
of theprevious section. Let us consider again the (150)matrix
P associated to a null vectorpμ and its (151) decomposition.
Let us moreover define the following inner products:

hλ; χi ¼ λTϵχ; ½λ̃; χ̃� ¼ λ̃Tϵχ̃: ð158Þ

The patch area can then be written as

A⋄ ¼ L2 log

�hλ1; λ4i½λ̃1; λ̃4�
hλ1; λ2i½λ̃1; λ̃2�

�
2

: ð159Þ

Using the constraintp1 þ p2 ¼ p3 þ p4 and thatp2
i ¼ 0 the

patch area can be written in the form,

A⋄ ¼ L2 log

���� hλ1; λ4ihλ2; λ3ihλ1; λ2ihλ3; λ4i
����þ L2 log

���� ½λ̃1; λ̃4�½λ̃2; λ̃3�½λ̃1; λ̃2�½λ̃3; λ̃4�

����;
ð160Þ

where the lower index indicates the label of the given null
vector. Using the definition of the spinor inner products and
dividing the numerator and the denominator by λ21λ

2
2λ

2
3λ

2
4 and

λ̃11λ̃
1
2λ̃

1
3λ̃

1
4 in the first and the second term, respectively, the

patch area is

A⋄ ¼ L2 log

���� ða1 − a4Þða2 − a3Þ
ða1 − a2Þða3 − a4Þ

����
þ L2 log

���� ðã1 − ã4Þðã2 − ã3Þ
ðã1 − ã2Þðã3 − ã4Þ

����; ð161Þ

where as usual Eq. (152) holds. Notice that the left and right
terms again separate.
Now it is easy to see that in the general AdS3 case

the string patch area A⋄ is connected to the areas of the
extremal surfaces via

A⋄ ¼ LðAð14Þ þAð23Þ −Að34Þ −Að12ÞÞ: ð162Þ

As in the previously discussed special case this result can
be recast in a form elucidating the connection between
string segments and CFT entanglement

A⋄
4GL

¼ Sð14Þ þ Sð23Þ − Sð34Þ − Sð12Þ: ð163Þ

Therefore, the duality between the extremal surfaces, string
segments and boundary subsystems holds in general.
We also remark that due to the conditions

p1 · V2 ¼ p1 · V1 ¼ 0; p2 · V3 ¼ p2 · V2 ¼ 0; ð164Þ

p3 · V3 ¼ p3 · V4 ¼ 0; p4 · V4 ¼ p4 · V1 ¼ 0; ð165Þ
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the tips of the world sheet of the segment lie on the extremal
surfaces in the general case as well. Moreover, thanks to the
separation of left and right components our dualities hold
between the two pieces separately.
In order to obtain another justification for our formula

between areas of world sheets and combinations of
entanglement entropies for general configurations we can
also proceed as follows. Consider a spacelike CFT interval
which is giving rise to the causal diamond whose past and
future tips are ðti; xiÞ and ðtj; xjÞ. Define ðai; āiÞ ¼ ðti þ
xi; ti − xiÞ and ðaj; ājÞ ¼ ðtj þ tj; xj − xjÞ. The boundary
causal diamond is bordered by two null cones defined by
the equations pi · X ¼ pj · X ¼ 0. Therefore the coordi-

nates xi, ti, xj, tj can be expressed as ti ¼ p0
i

p−
i
; xi ¼ p2

i
p−
i
First,

if we assume that xi ¼ xj ¼ 0 then ai ¼ āi ¼ ti and aj ¼
āj ¼ tj and the entanglement entropy of the CFT sub-
system is

SðijÞ ¼ c
6
log

jai − ajj
δ

þ c
6
log

jāi − ājj
δ

¼ c
3
log

jai − ajj
δ

¼ c
3
log

jti − tjj
δ

: ð166Þ

This formula transforms [9] under the maps z → fðzÞ,
z̄ → f̄ðz̄Þ as

SðijÞ ¼ c
12

log
ðfðaiÞ − fðajÞÞ2
δ2f0ðaiÞf0ðajÞ

þ c
12

log
ðf̄ðaiÞ − fðajÞÞ2
δ2f0ðaiÞf0ðajÞ

ð167Þ
SOð2; 2Þ transformations of the AdS3 space generate global
conformal transformations of the form ai →

aaiþb
caiþd, ad −

bc ¼ 1 and ai →
a ai þb
c̄ ai þd

, ā d̄−b̄ c̄ ¼ 1 and similarly for

aj; āj in the asymptotic limit. It can be easily shown, that S
is invariant under these maps. Then any general causal
diamond can be transformed into a special case xi ¼ xj ¼ 0

by a pair of conformal transformations. Therefore, the
entanglement entropy of a generally aligned CFT subsys-
tem is given by

SðijÞ ¼ c
6
log

jai − ajj
δ

þ c
6
log

jāi − ājj
δ

; ð168Þ

where Eq. (152) holds and the null vectors pi and pj define
the usual null cones in the Poincaré patch and their
projections to the boundary. Hence, formula (163) between
the area of a string segment stretched by the null vectors p1,
p2, p3, p4 and the entanglement entropies of the corre-
sponding subsystems holds for any string segment with
arbitrary normal vector. This gives us the opportunity to
build up any string solution from small segments whose
geometry is captured by the entanglement of timelike
separated CFT subsystems.

H. The physical meaning of trapezoids related
to string world sheets

Clearly our general result displayed in Eq. (163) can also
be given a quantum information theoretic meaning. This can
be seen via repeating the argument we made in Sec. III E.
This time one has to use a generalized trapezoid configura-
tion with the corresponding set of points ðai; āiÞ lying on a
hyperboloid rather than on a line. See the rightmost part of
Fig. 5. The net result then will be of the same form as the one
of Eq. (146). Namely, wewill have in thismost general case a
nice correspondence between the area of the string world
sheet segment and the conditional mutual information
calculated for the subsystems featuring a distorted trapezoid
i.e., a distortion of the one of Fig. 9.
Providing the basic mathematical objects for relating

world sheets of the bulk to quantum information theoretic
quantities of the boundary, it is worth exploring the
physical meaning of these trapezoids as objects connected
to segmented strings. In order to shed some light on the
meaning of trapezoids we use the helicity formalism
briefly summarized in Appendix A. Since the points of
the trapezoids are lying on spacelike lines or hyperbolas
which are dual to the timelike ones related to systems
of inertial and noninertial observers, we first turn to a
Theorem encapsulating a generalization of the reality
conditions of Eqs. (84) and (85).

1. Spacelike duals of timelike lines and hyperbolas

Let us consider the following Theorem2

Theorem 1. For a set of distinct points ðai; āiÞ; i ¼ 1, 3, 4
and ða; āÞ in R1;1 satisfying the (75) conditions with
ða2; ā2Þ≡ ða; āÞ let us define

ζ ≔
ða3 − a1Þða − a4Þ
ða − a1Þða4 − a3Þ

> 0;

ζ̄ ≔
ðā3 − ā1Þðā − ā4Þ
ðā − ā1Þðā4 − ā3Þ

> 0; ð169Þ

then ζ ¼ ζ̄ if and only if

N · Z ¼ 0: ð170Þ

Here Z;N ∈R2;2 are null and spacelike vectors with their
components written in the helicity formalism as

Z ≔ zT ⊗ z̄ ¼
�
aā La

Lā L2

�
;

N ≔ ψT
1 ⊗ ψ̄4 − ψT

4 ⊗ ψ̄1 ¼
�
Nþ N

N̄ N−

�
: ð171Þ

2This result is a reformulation Proposition 3.4. of Ref. [23].
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Notice that here N is the matrix analogue of the normal
vector N of the string world sheet segment familiar from
Eq. (113). The explicit form for the components of ψ1 and
ψ4 can be written as

ψ1 ¼
1ffiffiffiffi
D

p ða4 − a3Þz1; ψ4 ¼
1ffiffiffiffi
D

p ða3 − a1Þz4; ð172Þ

ψ̄1 ¼
1ffiffiffiffi
D̄

p ðā4 − ā3Þz̄1; ψ̄4 ¼
1ffiffiffiffi
D̄

p ðā3 − ā1Þz̄4; ð173Þ

where we have the row vectors

zi ¼ ðai; LÞ; z̄i ¼ ðāi; LÞ; i ¼ 1; 4; ð174Þ

and

D ¼ ða4 − a1Þða3 − a1Þða4 − a3Þ > 0;

D̄ ¼ ðā4 − ā1Þðā3 − ā1Þðā4 − ā3Þ > 0: ð175Þ

The Theorem states that a sufficient and necessary
condition for the “reality” condition ζ ¼ ζ̄ for the R1;1

cross ratios to hold is the orthogonality conditionN · Z ¼ 0

for the null and spacelike vectors Z;N ∈R2;2. But our
condition N · Z ¼ 0 is precisely the familiar one of
Eqs. (73) and (78) which is defining our lines and hyper-
bolas in the boundary. The coordinates of the three points
[this time ðai; āiÞ with i ¼ 1, 3, 4] characterize a line or a
hyperbola. This data is encapsulated in the vector N in the
helicity representation. One can regard the fourth point
ða; āÞ as a one moving on the particular line or hyperbola
determined byN . The Theorem shows that a sufficient and
necessary condition of these four points to be related to
events on world lines of inertial observers or ones moving
with constant acceleration is the reality condition for
cross ratios. In Sec. III C. we have already given half of
the proof of this theorem. For a full short proof see
Appendix A. It is also important to realize that our reality
condition is related to momentum conservation for seg-
mented strings, see Eq. (120).
In order to obtain insight on trapezoids we have to

consider an important generalization to Theorem 1. Notice
that Theorem 1 can easily be generalized even for the case
when one is replacing the (75) causality constraint for a set
of four points ðbi; b̄iÞ satisfying

b1 < b3 < b4 < b2; b̄1 > b̄3 > b̄4 > b̄2; ð176Þ

i.e., when the left moving coordinates have a reversed
causal ordering. A particularly important realization of this
physical situation is given by the choice

ðb1; b̄1Þ ¼ ða1; ā2Þ; ðb2; b̄2Þ ¼ ða2; ā1Þ;
ðb3; b̄3Þ ¼ ða3; ā4Þ; ðb4; b̄4Þ ¼ ða4; ā3Þ; ð177Þ

corresponding to the four points of our trapezoid labeled
from left to to right (see Fig. 9).
Now it is easy to see that reality condition ζ ¼ ζ̄ is still

satisfied. Then from (109)–(112) one can see that under the
replacement ðai; āiÞ ↦ ðbi; b̄iÞ and N ↦ M (with the sign
under the square root changed) our Theorem still holds.
It is crucial now to realize that in this new case one
has M ·M < 0, i.e., now the M∈R2;2 vector is timelike.
Notably one can also choose M∈AdS3 i.e., M ·M¼−L2.
Then in this dual situation the spacelike lines and hyperbolas
are having spacelike tangent vectors. Hence, the events
represented by points of our trapezoids are characterized
by the geometric property of either being localized on
spacelike lines or spacelike hyperbolas. This dual situation
clearly describes the spacelike analog of the previous
timelike case.
To verify this claim with an explicit calculation let us

consider

ψ 0
1 ¼

1ffiffiffiffiffi
D0p ðb4 − b3Þz01; ψ 0

2 ¼
1ffiffiffiffiffi
D0p ðb3 − b1Þz04; ð178Þ

ψ̄ 0
1 ¼

1ffiffiffiffiffiffiffiffiffi
−D̄0p ðb̄4 − b̄3Þz̄01; ψ̄ 0

2 ¼
1ffiffiffiffiffiffiffiffiffi
−D̄0p ðb̄3 − b̄1Þz̄04;

ð179Þ

where

z0i ¼ ðbi; LÞ; z̄0i ¼ ðb̄i; LÞ; i ¼ 1; 4 ð180Þ

and

D0 ¼ ðb4 − b1Þðb3 − b1Þðb4 − b3Þ > 0;

D̄0 ¼ ðb̄4 − b̄1Þðb̄3 − b̄1Þðb̄4 − b̄3Þ < 0: ð181Þ

Clearly by virtue of Eq. (177) one can express these
in terms of the original coordinates, and then we have
ψ 0
1 ¼ ψ1 and ψ 0

2 ¼ ψ2, however

ψ̄ 0
1 ¼

1ffiffiffiffiffiffiffiffiffi
−D̄0p ðā3 − ā4Þz̄2; ψ̄ 0

2 ¼
1ffiffiffiffiffiffiffiffiffi
−D̄0p ðā4 − ā2Þz̄3:

ð182Þ

Now the image of the N ↦ M (N ↦ M) transformation
can be described as follows:

M ¼ ψT
1 ⊗ ψ̄ 0

2 − ψT
2 ⊗ ψ̄ 0

1: ð183Þ

We would like to express this quantity in terms of some
familiar quantities related to segmented strings. One can
show that

M ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ζ2

ζ2

s
1

2
ðV3 − V1Þ: ð184Þ
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Since the overall normalization is meaningless it is the bulk
vector V3 − V1 which determines the boundary hyperbola
on which the events corresponding to the points of our
trapezoid are located. As we already know these vectors are
the ones showing up in the (105)–(108) list of points
comprising the vertices of a world sheet in AdS3. The
vector defining the trapezoid configuration is the one
pointing from the initial point V1 to the opposite one V3

along the diagonal of the sheet. Notice that though the
normalized vectorM is a vector lying in AdS3, however it is
easy to see that it is not lying on the world sheet itself.
To put things into a physical context it is worth con-

sidering the simplest situation of illustrative value. It is
the case where the four points representing the future and
past tips of the causal diamonds are located on the t-axis
symmetrically to the x-axis. (See the left-hand side of Fig. 5
modified appropriately.)

t1 ¼ −t2; t3 ¼ −t4: ð185Þ

Then we have

M ¼ t2 − t4
t2 þ t4

�
0 −L
−L 0

�
: ð186Þ

This means that the AdS3 vectorMa determines a line in the
boundary, namely the one with equation aþ ā ¼ 0 i.e.,
t ¼ 0, that is the x-axis. Hence, the four points in this case
are localized on the x-axis.

2. Flow lines for trapezoid points
and the modular flow

The upshot of these considerations is the following. We
have a CFT on R1;1 and we consider the vacuum state of
this CFT. Then we choose a causal diamond D with the

future and past tips of it given by the light cone coordinates
ða2; ā2Þ and ða1; ā1Þ. In a special case (which we can
always obtain by performing a conformal transformation)
for an R∈Rþ one can have ða2; ā2Þ ¼ ðR;RÞ and
ða1; ā1Þ ¼ ð−R;−RÞ i.e., in ðt; xÞ coordinates we have
xμ2 ¼ ðR; 0Þ for the future tip and xμ1 ¼ ð−R; 0Þ for the past
one. This is the Universe of an inertial observer with a finite
life time 2R. This lifetime can be regarded as the proper
time measured by the observer. D is the region of events
with which the observer can exchange signals in his/her
lifetime via sending signals and receiving response [24].
Then one can consider a Cauchy slice of D, e.g., one can

choose the following part of the x axis: R ¼ ½−R;R� ⊂ R.
If we integrate out the degrees of freedom in the comple-
ment R̄ we are left with the reduced density matrix ρ
describing the remaining degrees of freedom in R. The
entanglement entropy across the two end points of the
interval, which is an S0 ¼ Z2, is our von Neumann entropy
SðRÞ. The reduced density matrix can be expressed as
ρ ¼ e−H where H is the modular Hamiltonian known from
axiomatic quantum field theory [25]. The unitary operator
UðsÞ ¼ e−sH generates a symmetry (a flow called the
modular flow) of the Universe based on D. This means
that the symmetry transforms the algebra A of observables
of D into itself.
H is generically a nonlocal operator, but it is known that

for the diamond D it is a local one [26,27]. This can be
proved by starting from the Rindler wedge W where the
modular Hamiltonian is known to be a local operator which
is just a representation of the usual Lorentz boost [28].
Then one can employ the well-known map [26,27] from
W to D and obtain the local modular Hamiltonian for D.
What we need in the following is merely the explicit
form [27] of the modular flow on D starting from a point
ða; āÞ ¼ ðað0Þ; āð0ÞÞ. It is given by the formula

aðsÞ ¼ R
ðRþ aÞ − e−2πsðR − aÞ
ðRþ aÞ þ e−2πsðR − aÞ ; āðsÞ ¼ −R

ðR − āÞ − e2πsðRþ āÞ
ðR − āÞ þ e2πsðRþ āÞ : ð187Þ

Indeed, we have ðað−∞Þ; āð−∞ÞÞ ¼ ða1; ā1Þ and ðað∞Þ; āð∞ÞÞ ¼ ða2; ā2Þ. Alternatively one can write
(a ¼ tþ x; ā ¼ t − x)

tðsÞ ¼ R
ðR2 þ t2 − x2Þ sinhð2πsÞ þ 2Rt coshð2πsÞ

ðR2 − t2 þ x2Þ þ ðR2 þ t2 − x2Þ coshð2πsÞ þ 2Rt sinhð2πsÞ ; ð188Þ

xðsÞ ¼ R
2Rx

ðR2 − t2 þ x2Þ þ ðR2 þ t2 − x2Þ coshð2πsÞ þ 2Rt sinhð2πsÞ : ð189Þ

Now wewish to show that the flow lines of the modular flow give the accelerated and inertial frames of reference we used
in Sec. III C. There we demonstrated that a connection exist between the world lines of such observers and the world sheets
of string segments.
In order to do this we recall that the accelerated frames of reference fitting into the causal diamond D exhibiting

hyperbolic motion, in proper time parametrization, should have the form
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tðτÞ ¼ 1

g
sinhðgτÞ; xðτÞ ¼ 1

g
coshðgτÞ þ x0; ð190Þ

where g is the acceleration. g and τ have to be subjected to
some constraints to be specified below. In order to identify
these constraints we use the boundary conditions that at
τ ¼ 0 and s ¼ 0 the two different parametrizations, namely
(189) and (190) match [24]. This means that3

xð0Þ ¼ x ≔
1

g
þ x0; tð0Þ ¼ t ≔ t0 ¼ 0: ð191Þ

An accelerated observer in the diamond universe D is
having a finite lifetime 2τ0 i.e., −τ0 ≤ τ ≤ τ0. Since we
should have tðτ0Þ ¼ R and xðτ0Þ ¼ 0 we get using (190)

gR ¼ sinhðgτ0Þ; gx0 ¼ − coshðgτ0Þ: ð192Þ

Combining this with Eq. (191) one gets

ðgRÞ2 − ðgxÞ2 ¼ −2ðgxÞ; ðgRÞ2 þ ðgxÞ2 ¼ 2ðgx0ÞðgxÞ:
ð193Þ

Since we have t ¼ 0 in Eq. (189) we get using (193)

tðsÞ ¼ R
sinhð2πsÞ

coshð2πsÞ − gx0
; xðsÞ ¼ R

gR
gx0 − coshð2πsÞ :

ð194Þ

Hence, we see that

ðxðsÞ − x0Þ2 − tðsÞ2 ¼ 1

g2
: ð195Þ

This is of the (78) form hence now one can finally make
contact with the results of Sec. III C. as

ϱ2 ¼ 1

g2
; a0 ¼ −ā0 ¼ x0;

ða1; ā1Þ ¼ ð−R;−RÞ; ða2; ā2Þ ¼ ðR;RÞ: ð196Þ

These are quantities that can be expressed in terms of the
components of the normal vector of the string world sheet
as displayed in Eqs. (79) and (109)–(112). (In order to fit
our data to the diamond universe D it is worth rewriting the
components of the normal vectorN in terms of ðai; āiÞwith
i ¼ 1, 2, 4 rather than with the ones of Sec. III C, namely
i ¼ 1, 3, 4.) In this case we also have the formulas

x0 ¼
R2 − a4ā4
a4 − ā4

; g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ða4 − ā4Þ2
ðR2 − a24ÞðR2 − ā24Þ

s
: ð197Þ

Of course these expressions for x0 and g work for any point
on the world line of the accelerated observable.
In order to get back to trapezoids notice that one can

write (194) in the form

tðu; vÞ ¼ R
sinhðvÞ

coshðvÞ þ coshðuÞ ;

xðu; vÞ ¼ R
sinhðuÞ

coshðvÞ þ coshðuÞ ; ð198Þ

where v ¼ 2πs and u ¼ −gτ0. We see that the tips of
the causal diamonds in the boundary are on the modular
curve with u fixed. The parameter v changes along the
modular curve which is a timelike hyperbola representing
an accelerating observer in D. The four tips are related to
the four edges of the string world sheet segment in the bulk.
These four tips are parametrized as ðai; āiÞ with i ¼ 1, 2, 3,
4 in the boundary.
However, we also have another set of hyperbola. These

are parametrized according to Eq. (176) i.e., ðbi; b̄iÞ with
i ¼ 1, 2, 3, 4. These four points give rise to the trapezoid
configurations where the subsystems needed for establishing
a connection with conditional mutual informations live.
From Eq. (198) we also see that these dual hyperbolas
are the ones with v fixed. Since gR ¼ − sinhu the change in
the parameter u maps worldlines of observers with different
acceleration. Comparing Figs. 7 and 8 one can see that in
both of these dual two cases one has two intersecting causal
diamonds with intersections and causal completions being
the same. However, in the first case the diamonds are
timelike separated in the second they are spacelike separated.
In closing this section one can take this line of reasoning

one step further. For the diamond universe characterized by
R one can also write

ti � xi ¼ R
sinh vi � sinh u
cosh vi þ coshu

¼ R tanh

�
vi � u

2

�
;

i ¼ 1; 2; 3; 4 ð199Þ
with v1 ¼ −∞ and v2 ¼ ∞ corresponding to the (196) tips
of the diamond. Then it is instructive to introduce

vi ≔ τ̃i=R; i ¼ 1; 2; 3; 4: ð200Þ

On the other hand one can recall that since the four points
are on the same hyperbola and for this hyperbola we have

sinh u ¼ −gR; ð201Þ

where g is the constant acceleration characterizing the
relevant hyperbolic motion. Using now the reality condition
for cross ratios and Eq. (161) one gets

3The somewhat unusual convention of shifting x0 by 1=g was
introduced to be also in accord with our previous parametrization
of hyperbolas in Eq. (78) by a0 ¼ t0 þ x0 and ā0 ¼ t0 − x0.
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eA⋄=2L2 ¼ ða4 − a1Þða2 − a3Þ
ða2 − a1Þða4 − a3Þ

: ð202Þ

We have for example

a4 − a3 ¼ R

�
tanh

�
v4 þ u

2

�
− tanh

�
v3 þ u

2

�	
¼ R

sinhðv4−v3
2

Þ
coshðv4þu

2
Þ coshðv3þu

2
Þ : ð203Þ

Then a calculation shows that

eA⋄=2L2 − 1 ¼ 1

eðτ̃4−τ̃3Þ=R − 1
¼ 1

eðv4−v3Þ − 1
: ð204Þ

Hence, the area segment of the string world sheet is related
to the time elapsed according to the modular parameter si
where vi ¼ 2πsi ¼ τ̃i=R with i ¼ 3, 4 labeling the other
two points on the timelike hyperbola not corresponding to
the tips.4

However, according to the other (spacelike) hyperbola
where now v is constant and ui with (i ¼ 1, 2, 3, 4) is
changing and related to the four points of the trapezoid, an
alternative interpretation can also be given. It is encapsu-
lated in the dual expression

eA⋄=2L2 − 1 ¼ 1

eðu4−u3Þ − 1
; sinh ui ¼ −giR: ð205Þ

Hence, in this case the area can be expressed by the
accelerations g3 and g4 of the observers going through
the points with coordinates ða3; ā4Þ and ða4; ā3Þ. It can be
shown that these points are on a spacelike hyperbola
characterized by a new constant v with modular parameter
related to the old ones by s ¼ ðs3 þ s4Þ=2.
Comparing Eqs. (204) and (205) one can conclude that

going from timelike hyperbolas to spacelike ones (corre-
sponding to trapezoids) amounts to either relating the area
for string segments to a change in modular time τ̃ or to a
change in acceleration g.
How these considerations are related to the entanglement

structure of the CFT vacuum? In order to answer this
question just notice that according to Eq. (146) and the
(137) Brown-Henneaux relation one can also express
Eq. (204) via I ≡ IðA;CjBÞ as

e
3
cI − 1 ¼ 1

eðτ̃4−τ̃3Þ=R − 1
: ð206Þ

Since our considerations are valid only for the central
charge c of the CFT being large one can write

I ≃
c=3

eðτ̃4−τ̃3Þ=R − 1
¼ c=3

eðu4−u3Þ − 1
; ð207Þ

where according to Eqs. (204) and (205) we can also look at
this formula in a dual manner. It is also known that one can
associate a temperature with our causal diamond. This is
the temperature an inertial observer of the diamond uni-
verse with finite lifetime 2R observes. The result is [24]

T ¼ 1

πR
ð208Þ

calculated using the thermal time hypothesis. This temper-
ature is twice as big as the one showing up in Eq. (3.19) of
Ref. [27] after identifying a thermal density matrix as a
mixed state of the diamond.

I. Duality between strings and entanglement:
Toda equation

In this section we show how the duality between seg-
mented strings and subsystems for the CFT2 vacuum can be
applied to patch together different world sheet segments.
First let us observe that there is a gauge degree of

freedom in the definition of the extremal surfaces defined
by pi · X ¼ pj · X ¼ 0 arising from a rescaling degree of
freedom for the defining null vectors. Notice that the
rescaling p1 → Λ1p1 and p4 → Λ4p4 generates a rescaling
p1 · p4 → Λ1Λ4p1 · p4 hence different null vectors p2 and
p3 due to the interpolation ansatz. However, the normal
vector of the segment given by

Na ¼
ϵabcdVb

1p
c
1p

d
4

p1 · p4

ð209Þ

stays invariant. Notice in this respect that in Eq. (97) the
relationship between pi and Zi is featuring precisely such
local rescaling factors. Indeed, in Sec. III C a careful fixing
of this gauge degree of freedom was crucial for establishing
momentum conservation p1 þ p2 ¼ p3 þ p4 hence arriv-
ing at a unique reconstruction of the stringy data from the
boundary one.
It is also important to note that by defining the following

quantities [20] illustrated in Fig. 10

e2α ¼ 1

2
∂X · ∂X; π ¼ −

1

2
N · ∂2X; π̄ ¼ 1

2
N · ∂2X;

ð210Þ
the one α satisfies the generalized sinh-Gordon equation,

∂∂α − e2α þ ππ̄e−2α ¼ 0: ð211Þ

4Do not confuse the proper time −τ0 ≤ τ ≤ τ0 of Eq. (192)
associated with a particular accelerating observer with the
modular time −∞ ≤ τ̃ ≤ ∞ of Eq. (200). They are related to
each other by the formula

tanhðgτÞ ¼ gR sinhð τ̃RÞ
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2R2

p
coshð τ̃RÞ

:

As is well-known the interplay between τ and τ̃ is related to the
thermal time hypothesis see Ref. [24].

SEGMENTED STRINGS AND HOLOGRAPHY PHYS. REV. D 109, 046002 (2024)

046002-23



Comparing Eq. (31) with Eq. (37) for strings with constant
normal vectors π ¼ π̄ ≡ 0 which gives the Liouville
equation. For a string segment given by the initial data
p1 and p4 using Eq. (103) we get

e2α ¼ 1

2
p1 · p4 ¼ −L2

r13r24
r12r34

; ð212Þ

which connects the p1 → Λ1p1, p4 → Λ4p4 gauge
degree of freedom in the minimal surface theory to
the different values of the variable α in the discretized
Liouville equation. Notice that had we chosen instead of
the pair ðp1; p4Þ the much simpler pair of lightlike
vectors ðZ1; Z4Þ with helicity representatives ðZ1;Z2Þ
of Eq. (92) we would have obtained Z1 · Z4 ¼ 2L2r214
which is not featuring a cross ratio. Then Eq. (124)
would not have yielded the correct cross ratio for the area
of the world sheet segment. Hence, the gauge fixing
Z1 ↦ −Λ24;1Z1 ¼ p1 and Z4 ↦ Λ13;4Z4 ¼ p4 with the
(95) factors is crucial for obtaining a unique lift from
boundary data to bulk one reconstructing the world sheet
of a string segment.
After these observations let us address the problem of

patching together the pieces of information provided by
different string segments. Consider a lattice of string
segments illustrated in Fig. 11. The segments are deter-
mined by four null vectors pij, pi−1j, pi−1jþ1 and pijþ1.
The area of a given segment is

A ¼ L2 log

���� ðai−1j − ai−1jþ1Þðaij − aijþ1Þ
ðai−1j − aijÞðaijþ1 − ai−1jþ1Þ

����
þ L2 log

���� ðãi−1j − ãi−1jþ1Þðãij − ãijþ1Þ
ðãi−1j − ãijÞðãijþ1 − ãi−1jþ1Þ

����; ð213Þ

where aij ¼ L
p0
ijþp2

ij

p1
ij−p

−1
ij
and ãij ¼ L

p0
ij−p

2
ij

p1
ij−p

−1
ij
. The area can be

split into two parts; one with and one without a tilde on the
variables. From now on we only considering only the left-
moving part; however, the following argument holds for the
other one as well. The total area of the string can be written
in the form,

Atot ¼
X
i;j

log

����ai;j − ai;jþ1

ai;j − aiþ1;j

����þX
i;j

log

���� ãi;j − ãi;jþ1

ãi;j − ãiþ1;j

����: ð214Þ

The terms contain aij are

Atot ¼ … − 2 log jaij − aiþ1jj − 2 log jai−1j − aijj
þ 2 log jaij − aijþ1j þ 2 log jaij−1 − aijj þ…;

ð215Þ

which is the discretized version of the Nambu-Goto action.
The equation of motion is then given by the variation
δAtot=δaij ¼ 0. Hence, the discretized equation of motion
is [12]

FIG. 10. An illustration of the connection between the dis-
cretized variables of segmented strings to the ones showing up in
the continuous one [20]. In the notation of Sec. III A clearly we
have V1 ↔ X, and ∂−X ↔ p1, ∂þX ↔ p4. The equations in red
define the cones with future (y) and past (x) tips. Their
intersections give rise to the extremal surface (red line) which
is now a spacelike geodesic. This figure should be compared
to Fig. 1.

FIG. 11. Aworld sheet built up from string segments. Each side
of a given segment is labeled by its defining lightlike vector
pij; piþ1j; piþ1;j−1 or pij−1.
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1

aij − aijþ1

þ 1

aij − aij−1
¼ 1

aij − aiþ1j
þ 1

aij − ai−1j
:

ð216Þ
Now assume that the defining null vectors of each string

segment satisfy the condition 4. from Sec. III A 1. Then it
follows that aij < aijþ1; aij−1; ai−1j; aiþ1j for positively
oriented ij edge and aij > aijþ1; aij−1; ai−1j; aiþ1j for
negatively oriented ij edge (and similarly for ãij). This
simply means that for example in case of positively
oriented setting the future part of the null cone of pij

intersects the past part of the pijþ1; pij−1; piþ1j; pi−1j
cones. Therefore one can write,

1

jaij − aijþ1j
þ 1

jaij − aij−1j
¼ 1

jaij − aiþ1jj
þ 1

jaij − ai−1jj
:

ð217Þ
In the boundary theory the left component of the

entanglement entropy of a CFT interval determined by
two pij and pkl null vectors can be written in the form,

SLðij; klÞ ¼ c
6
log

jaij − aklj
δ

: ð218Þ

Using this expression one can rewrite (216) as

e−
c
6
SLðij;ijþ1Þ þ e−

c
6
SLðij;ij−1Þ ¼ e−

c
6
SLðij;iþ1jÞ þ e−

c
6
SLðij;i−1jÞ:

ð219Þ

Therefore the Toda equation generates a relation between
entanglement entropies. By varying Atot with respect to ãij
it can be shown that the same equation holds for the right
component SR.

IV. CORRESPONDENCE IN EVEN
DIMENSIONS

Now we turn to the higher-dimensional case. Our aim is
to show that correspondences similar to the ones discussed
in the previous sections hold even in the AdSdþ1=CFTd
scenario if d is even. We point out that after a careful
reconsideration of our results a nice quantum information
theoretic interpretation for the area of the string world sheet
segment emerges. These results can naturally be connected
to existing ones in the literature.

A. AdS space and the Poincaré patch

The d-dimensional anti–de Sitter space is the locus of
points in R2;d whose points satisfy the constraint

X · X ≔ −ðX−1Þ2 − ðX0Þ2 þ ðX1Þ2 þ � � � þ ðXdÞ2
¼ −ðX0Þ2 þ ðX2Þ2 þ � � � þ ðXdÞ2 þ XþX− ¼ −L2;

ð220Þ

where

X� ¼ X1 � X−1 ð221Þ

and L is the AdS radius. The d-dimensional asymptotic
boundary of the AdSdþ1 space is defined by the set,

∂∞AdSdþ1 ≔ PfU∈R2;djU ·U ¼ 0g; ð222Þ

where P means projectivization.
Following our previous conventions we define the

Poincaré patch representation of the AdSdþ1 in the follow-
ing way:

ðX−1; X0; X1; X2;…; XdÞ ¼
�
−z2 − x • x − L2

2z
; L

t
z
;
−z2 − x • xþ L2

2z
; L

x1

z
;…; L

xd−1

z

�
; ð223Þ

and z > 0. We defined the Minkowski vector as xμ ¼ ðt; x1;…; xd−1Þ, μ ¼ 0; 1;…; d − 1 and the Minkowski inner product
x • x ¼ −t2 þ ðx1Þ2 þ � � � þ ðxd−1Þ2. The line element in these coordinates is

ds2 ¼ L2
dz2 þ dx • dx

z2
: ð224Þ

The boundary of the AdS space in the Poincaré patch is obtained by taking the z → 0 limit. Notice that in this limit the
metric is conformally equivalent to the d-dimensional Minkowki space. The Poincaré patch coordinates x and z of an AdS
point can be expressed by the global coordinates X in the following way:

z ¼ L2

X− ; t ¼ x0 ¼ L
X0

X− ; x1 ¼ L
X2

X− ; …; xd−1 ¼ L
Xd

X− : ð225Þ
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Notice that in this patch those AdS points are represented
that satisfy the condition X− > 0. The coordinates of a null
vector U representing a boundary point are given by

xμu ¼ ðx0u; x1u;…; xd−1u Þ ¼ L
U− ðU0; U2;…; UdÞ: ð226Þ

Now by repeating the same steps as in Sec. II A. one can
prove that Eq. (10) holds in this general case hence we have

ðxu − xvÞ • ðxu − xvÞ ¼ −2L2
U · V
U−V− : ð227Þ

We notice that if U · V < 0 and U−V− < 0 or U · V > 0
and U−V− > 0 then xu and xv are timelike separated.

B. AdSd + 1 minimal surfaces

The codimension two minimal surfaces XR of the
AdSdþ1 space homologous to a boundary region R, with
∂R ≃ Sd−2, can be defined by null vectors of the embed-
ding space R2;d. Let U and V with U ·U ¼ V · V ¼ 0 be
two null vectors such that

U · V < 0 and U−V− < 0: ð228Þ
Then the minimal surface is the intersection of the
following two submanifolds [9]:

U · X ¼ 0; V · X ¼ 0; ð229Þ
where X∈AdSdþ1. Using the Poincaré coordinates of
Eq. (223) these equations define null cones of the form

z2 þ ðx − xuÞ • ðx − xuÞ ¼ 0; ð230Þ
z2 þ ðx − xvÞ • ðx − xvÞ ¼ 0; ð231Þ

where

xμu ¼ L
U− ðU0; U2;…; UdÞ; xμv ¼ L

V− ðV0; V2;…; VdÞ:
ð232Þ

These null cones are residing in the Poincaré patch. The
minimal surface in question is the surface given by their
intersection.
Subtracting the two equations it turns out that the surface

lies in the subspace

2x • ðxv − xuÞ þ xu • xu − xv • xv ¼ 0: ð233Þ
Introducing the quantities

Δ ¼ xu − xv; x0 ¼
1

2
ðxu þ xvÞ ð234Þ

this subspace can alternatively be described as

Δ • ðx − x0Þ ¼ 0: ð235Þ

From the equations of the cones one infers that

ðx − xuÞ • ðx − xuÞ < 0; ðx − xvÞ • ðx − xvÞ < 0: ð236Þ

Hence, the points of the minimal surface projected to the
boundary are timelike separated from the centers of the
cones. These points are comprising a spherical region [9]
for which the entanglement entropy of the reduced density
matrix of the boundary CFT state is calculated. Moreover
from Eq. (227) it is clear that by virtue of the (228)
conditions xu and xv are timelike separated too, hence
we haveΔ • Δ < 0. One can check that, as explained in [9],
the two cones define a causal diamond in the boundary. The
centers of the cones define the upper and lower tips of this
diamond.5

Let us now write

x − xu ¼ x − x0 −
Δ
2
; x − xv ¼ x − x0 þ

Δ
2
: ð237Þ

Then both Eqs. (230) and (231) give

z2 þ ðx − x0Þ • ðx − x0Þ ¼ −
Δ • Δ
4

≡ r2; ð238Þ

where we have used the fact that xu and xv are timelike
separated for defining the positive quantity r2. The detailed
form of Eq. (238) is

z2 − ðt − t0Þ2 þ kx − x0k2 ¼ r2; 4r2 ¼ −kΔk2 þ ðΔ0Þ2:
ð239Þ

This equation is to be used together with the following
version of Eq. (235)

Δ0ðt − t0Þ ¼ Δðx − x0Þ; ð240Þ

where on the right-hand side we have an ordinary scalar
product of two vectors in Rd−1. Expressing t − t0 from this
equation and using it in Eq. (239) gives

z2 þ kx − x0k2 −
�
Δðx − x0Þ

Δ0

�
2

¼ r2 ð241Þ

Notice that there is a gauge degree of freedom given by
rescalings of the form

U ↦ ΛuU; V ↦ ΛvV; ΛuΛv > 0: ð242Þ

These new null vectors define the same null conesU · X ¼ 0
and V · X ¼ 0; hence, the same minimal surface.

5This derivation can similarly be done for null vectors that
satisfying U · V > 0. However, then their patch vectors are
timelike separated if and only if U−V− > 0.
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Similarly to the d ¼ 3 case one can determine the
area of a spherical AdSdþ1 minimal surface determined
by Eqs. (230) and (231). The result is well-known from
the literature [27,29]; however, for the convenience of
the reader a calculation is presented in Appendix B. To
summarize the derivation, after some algebraic manipula-
tion and reparametrization of the minimal surface the area
can be determined via evaluating the following integral:

AðXRÞ ¼ Ld−1Ωd−2

Z
1

δ=r
dy

ð1 − y2Þd−32
yd−1

; ð243Þ

where we have introduced again a z > δ, δ ≫ r cutoff and
as before

r2 ¼ −
1

4
ðxu − xvÞ • ðxu − xvÞ ð244Þ

and we also referred to the well-known formula

Ωd−2 ¼ 2
πðd−1Þ=2

Γðd−1
2
Þ : ð245Þ

During the calculations it turns out that the final result
is significantly different when d ¼ even and d ¼ odd. In
the following we restrict our examinations to the case
when d ¼ even. In this case the area can be written in the
following form:

AðXRÞ ¼ Ld−1Ωd−2
1

d − 2

rd−2

δd−2

þ Ld−1Ωd−2
ð−1Þðd−2Þ=2

2

ðd − 3Þ!!
ðd − 2Þ!! log

�
r2

δ2

�
þ Ld−1Ωd−2Fdð1Þ

þ Ld−1Ωd−2

X∞
k¼1

k≠ðd−2Þ=2

ð−1Þkþ1

2kk!
1

ð2k − dþ 2Þ

×
ðd − 3Þ!!

ðd − ð2kþ 3ÞÞ!!
�
r
δ

�
d−ð2kþ2Þ

: ð246Þ

The first term of the expression is prortional to the area of
∂A that is with rd−2Ωd−2. The second term is logarithmic
similar to the d ¼ 2 case. The third term is a constant that
comes from the evaluation of the integrand in (243) at the
upper limit. The explicit form of this term is

Fdð1Þ ¼
X∞
k¼0

k≠ðd−2Þ=2

ð−1Þkþ1

2kk!
1

ð2k − dþ 2Þ
ðd − 3Þ!!

ðd − ð2kþ 3ÞÞ!! :

ð247Þ

Finally, the last term includes different powers of r=δ.
These are divergent and vanishing terms in the limit δ → 0.

The main point is that in the AdSdþ1 scenario, when
d ¼ even there is a logarithmic term in the expression for
the area of a minimal surfaces. Via the higher-dimensional
generalization of the Ryu-Takayanagi conjecture these
terms are connected to the entanglement entropies of
boundary regions. In the following we show that this
establishes a connection between string segments and
entanglement similarly to the d ¼ 2 case.

C. String segments and the area/entropy relation
in even dimensions

In general two-dimensional strings embedded into
AdSdþ1 space are determined by the following equation
of motion:

∂þ∂−X − ð∂−X · ∂þXÞX ¼ 0 ð248Þ

which can be derived via the variation of the Nambu-Goto
action. We have parametrized the string by the parameters
σ− and σþ. The Virasoro constraints for string are

∂−X · ∂−X ¼ ∂þX · ∂þX ¼ 0: ð249Þ
Let us now again define an AdSdþ1 string segment by the
vectors of its vertices Vi and the lightlike vectors of its
edges

p1 ¼ V2 − V1; p2 ¼ V3 − V2; ð250Þ

p3 ¼ V3 − V4; p4 ¼ V4 − V1: ð251Þ

The initial data set as usual is ðV1; p1; p4Þ and

Xðσ−; 0Þ ¼ V1 þ σ−p1; ð252Þ

Xð0; σþÞ ¼ V1 þ σþp4: ð253Þ

The remaining vertex and null vectors can be calculated by
the interpolation ansatz

Xðσ−; σþÞ ¼ L2 þ σ−σþ 1
2
p1 · p4

L2 − σ−σþ 1
2
p1 · p4

V1

þ L2
σ−p1 þ σþp4

L2 − σ−σþ 1
2
p1 · p4

ð254Þ

satisfying the equation of motion (248). Assume further
that the causality conditions mentioned in Sec. III B still
holds for the vectors Vi and pi.
The area of the string segment can be calculated just like

in the AdS3 case. The final result is again

A⋄ ¼ L2 log

�ðp1 −p4Þ2
ðp1 þp2Þ2

	
2

¼ L2 log
ðp1 −p4Þ2ðp3 −p2Þ2
ðp1 þp2Þ2ðp3 þp4Þ2

:

ð255Þ
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Therefore, by defining the usual quantity

r2ij ¼ −
1

4
ðxi − xjÞ • ðxi − xjÞ ð256Þ

by virtue of Eq. (227) the area of the string segment can be
written in the form

A⋄ ¼ L2 log
r214r

2
23

r234r
2
12

: ð257Þ

Now consider the AdSdþ1=CFTd scenario for d ¼ even.
Choose an entangling surface ∂R in the boundary field
theory. The general form of the Ryu-Takayanagi conjecture
in the AdSdþ1=CFTd regime reads as

S ¼ AðXRÞ
4Gðdþ1Þ ; ð258Þ

where S is the entanglement entropy inside ∂R, AðXRÞ is
the area of XR the AdSdþ1 minimal surface homologous to
∂R and Gðdþ1Þ is the (dþ 1)-dimensional Newton’s con-
stant. According to [29] the entanglement entropy inside
∂R can be written in the form

S ¼ γ1
2
·
Areað∂RÞ

δ2
þ γ2 log

l
δ
þ Sothers; ð259Þ

where Areað∂RÞ is the area of ∂R and Sothers depends on
the detailed shape of ∂R. The constant γ2 is universal in the
sense, that it does not depend on the cutoff δ. From now on
we denote the universal logarithmic term as Suni.
From the calculation of the previous subsection, using

Eq. (246) and Eq. (C31) and the Ryu-Takayanagi formula
the universal term of the entanglement for a (d − 2)-
dimensional spherical-entangling surface is

SuniðijÞ ¼ ð−2πÞðd−2Þ=2Ld−1

4Gðdþ1Þðd − 2Þ!! log
�
r2ij
δ2

�
; ð260Þ

where the homologous minimal surface is determined
by the R2;d null vectors pi and pj via the equations
pi · X ¼ pj · X ¼ 0. Therefore, r2ij is

r2ij ¼ −
1

4
ðxi − xjÞ • ðxi − xjÞ; ð261Þ

where

xμi ¼
L
p−
i
ðp0

i ; p
2
i ;…; pd

i Þ: ð262Þ

We remark that an alternative formula for this universal part
of the entropy in even dimensions is given by the formula
coming from the CFT side [27]

SuniðijÞ ¼ 4ð−1Þðd−2Þ=2a�d log
�
rij
δ

�
; ð263Þ

where a�d is the coefficient of the A-type trace anomaly in
the boundary CFT. For d ¼ 2 in accordance with the
Brown-Henneaux formula we have a�d ¼ c=12.
Let us now choose two R2;d null vectors p1, p4 and an

AdSdþ1 vector V1. They determined a string segment in the
AdSdþ1 space. The other two edge null vectors p2 and p3 of
the segment are given by the interpolation ansatz. The area
of the segment is

A⋄ ¼ L2 log
r214r

2
23

r212r
2
34

: ð264Þ

The tips of the string segment are lying on the cones
defined by the equations pi · X ¼ 0. The intersections of
these cones define minimal surfaces XR hence boundary
entangling surfaces as well. Inside these entangling surfa-
ces the entanglement entropy is given by (260). Now one
can see that between the area of the string segment and the
universal terms of the entanglement entropies the following
relation holds:

Sunið14Þ þ Sunið23Þ − Sunið12Þ − Sunið34Þ

¼
�ð−2πÞðd−2Þ=2

ðd − 2Þ!! Ld−2
	�

A⋄
4Gðdþ1ÞL

	
: ð265Þ

One can also notice that the first term on the right-hand side
is the volume VðBd−2

L Þ of the d − 2-dimensional Euclidean
ball with radius L multiplied by a sign factor. Then the
general form of our formula for even d that connects the
geometry of segmented strings and the entanglement of
the boundary CFT is

Sunið14Þ þ Sunið23Þ − Sunið12Þ − Sunið34Þ

¼
�ð−1Þðd−2Þ=2VðBd−2

L ÞA⋄
4Gðdþ1ÞL

	
: ð266Þ

Notice that for the special case of d ¼ 2 the first term
on the right-hand side is one and then we are back
to Eq. (163).
Since pi · Vj ¼ 0 for the segment tip and null vectors

the correspondence geometrically is interpreted in the
following way. If we choose a spacelike, spherical
domain in the boundary CFT theory, its causal develop-
ment is dual to cones in the bulk geometry. Their
intersection defines an AdS minimal surface. Taking
multiple subsystems they will define timelike AdS string
segments whose tips will lie on these surfaces. Their area
will be proportional to the combination of entanglement
entropies of the CFT subsystems seen on the left-hand
side of our formula.
Now from Sec. III G we also know that the left-hand side

of (266) has the nice quantum information theoretic
interpretation of Eq. (146) in terms of conditional mutual
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information. Then the question arises, how can we reinter-
pret the left-hand side of our formula of Eq. (266) in terms
of similar quantities for d > 2 with d even?

D. Reinterpretating the area formula for d arbitrary

1. Trapezoids for d > 2 d even

Our result of Eq. (266) shows that for even dimen-
sions the area of the string world sheet segment can be
expressed in terms of a combination of the universal terms
of entanglement entropies calculated for four different
spheres. These spheres are determined by the tips of causal
diamonds arising from the intersection of four light cones.
In the d ¼ 2 case via Eq. (146) we managed to obtain a nice
quantum information theoretic interpretation of this area
as conditional mutual information based on dual regions
comprising trapezoids. In the higher-dimensional case, due
to lack of explicit results for entanglement entropies for
unions and intersections of spherical regions, we did not
manage to find such an interpretation. However, in the next
subsection we will point out that there is a very interesting
alternative interpretation.
But first in this subsection we would like to offer some

general considerations to be used later. First of all for
simplicity let us rename the (dþ 2)-component momentum
null vectors pi; i ¼ 1, 2, 3, 4 labeling the edges of our string
world sheet segment as A, B, C, D. We use the para-
metrization similar to the one used in the rows of the matrix
of Eq. (121)

A ¼ λ1

0BBB@
1

−R=L
0

R2=L2

1CCCA; B ¼ λ2

0BBB@
1

R=L

0

R2=L2

1CCCA;

C ¼ λ3

0BBB@
1

γ=L

c=L

−c • c=L2

1CCCA; D ¼ λ4

0BBB@
1

δ=L

d=L

−d • d=L2

1CCCA:

Here λi ¼ p−
i [see also Eq. (120)], and due to the causality

conditions found at the end of Sec. III A one must have
λiλj < 0 for neighboring null vectors and λiλj > 0 for
antipodal ones.
We also introduce the notation,

c • c ¼ −ðc0Þ2 þ kck2 ¼ −γ2 þ kck2;
d • d ¼ −ðd0Þ2 þ kdk2 ¼ −δ2 þ kdk2: ð267Þ

Clearly A;B;C;D∈Rd;2 and a; b; c; d∈Rd−1;1 with the
latter labeling the tips of our causal diamonds. With
the special parametrization for A and B (giving rise to
the past and future tips of our basic causal diamond) we

transformed our diamond to the arrangement familiar from
the end of Sec. III H. Namely, we have

a ¼
�
α

a

�
¼
�−R

0

�
; b ¼

�
β

b

�
¼
�
R

0

�
: ð268Þ

In terms of these new quantities the causality conditions of
Sec. III A to be satisfied are

γ < δ < R: ð269Þ

The remaining set of causality conditions are stating that
the Minkowski vectors: a − b; b − c; c − d; a − d are all
timelike.
Now in this notation stringy momentum conservation

Aþ B ¼ CþD in the bulk AdSdþ1 boils down to the
following set of constraints for the four points a, b, c, d in
the boundary Rd−1;1

λ1 þ λ2 ¼ λ3 þ λ4; R2ðλ1 þ λ2Þ ¼ −c • cλ3 − d • dλ4;

ð270Þ

λ3cþ λ4d ¼ 0; Rðλ2 − λ1Þ ¼ γλ3 þ δλ4: ð271Þ

From the first three of these equations one gets

c
R2 þ c • c

¼ d
R2 þ d • d

: ð272Þ

This shows that the Rd−1 vectors c and d are parallel.
Let us now define a vector x0 ∈Rd−1 as the space

component of the vector x0 ¼ ð0;x0ÞT ∈R1;d−1 as the one
satisfying

2cx0

R2 þ c • c
¼ 2dx0

R2 þ d • d
¼ 1: ð273Þ

Clearly this vector is defined up to adding an arbitrary
vector orthogonal to c. Hence, in this way we have defined
a class of vectors having both orthogonal x0

⊥ and parallel
x0

k components to both c and d (that are collinear). Then
we have

−γ2 þ kc − x0k2 ¼ −δ2 þ kd − x0k2 ¼ ϱ2;

ϱ2 ¼ R2
0 − R2; R2

0 ¼ kx0k2: ð274Þ

Hence, for ϱ2 > 0 the four points a, b, c, d are on a class of
single sheeted hyperboloids with centers parametrized by
the vectors x0 and the radius is ϱ. Via a T∈ SOðd − 1Þ
transformation one can achieve that x0 ¼ R0e1 where
e1 ¼ ð1; 0; 0;…; 0ÞT . Under this transformation we have
c̃ ¼ Tc. In this basis we have

−γ2 þ ðc̃1 − R0Þ2 þ c̃22 þ � � � þ c̃2d−1 ¼ ϱ2; ð275Þ
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−δ2 þ ðd̃1 − R0Þ2 þ d̃22 þ � � � þ d̃2d−1 ¼ ϱ2: ð276Þ

Clearly for d ¼ 2 according to Eqs. (196) and (197) one has
a4 ¼ d ¼ δþ d1 and ā4 ¼ d̄ ¼ δ − d1. Hence,

x0 ¼
R2 þ d • d

2d1
ð277Þ

which is the first of Eq. (197).
Choosing ðc̃2;…; c̃d−1Þ ¼ ðd̃2;…; d̃d−1Þ ¼ ð0;…; 0Þ

one can achieve that the points c and d are again on a
hyperbola with the usual interpretation as events for
observers executing hyperbolic motion. For a causal
diamond placed at the origin one can then introduce
coordinates of Jacobson and Visser [27,30,31] such that
the observers of hyperbolic motion are moving along the
orbits of conformal Killing vectors as follows.
We fix the diamond D as the intersection of the future

light cone of a and the past light cone of b of Eq. (268).
Then the edge of the diamond is the boundary of
a (d − 1)-dimensional ball-shaped region Σ which is a
sphere Sd−2 of radius R. The line element of D is in polar
coordinates

ds2 ¼ −dt2 þ dr2 þ r2dΩ2
d−2 ¼ −dadāþ 1

4
ða− āÞ2dΩ2

d−2

ð278Þ

with a ¼ tþ r and ā ¼ t − r. Then the Jacobson-Viesser
coordinates are just 0 ≤ u < ∞ and −∞ < τ̃ < ∞ related
to t and r as

t ¼ R
sinhð τ̃RÞ

cosh uþ coshð τ̃RÞ
; r ¼ R

sinh u
cosh uþ coshð τ̃RÞ

;

ð279Þ

with the corresponding line element

ds2 ¼ C2ðu; τ̃Þð−dτ̃2 þ R2ðdu2 þ sinh2udΩ2
d−2ÞÞ;

C−1ðu; τ̃Þ ¼ cosh

�
τ̃

R

�
þ cosh u: ð280Þ

Notice that the (279) formula gives a conformal mapping
from D to H ≃ R × Hd−1 where Hd−1 is a (d − 1)-
dimensional hyperbolic space [27].
The use of these coordinates is in accord with the result

that the orbits of the conformal Killing field

ξ ¼ 1

2R
ððR2 − a2Þ∂a þ ðR2 − ā2Þ∂āÞ ¼ R∂τ̃: ð281Þ

(i.e., the field generating evolution in modular time and
preserving D) have uniform acceleration inside the dia-
mond [30]. The flow lines of this Killing field coincide at

the past and future tip of the diamond, but never cross
inside the diamond. It can be also shown (see Appendix F
of [30]) that the proper acceleration depends only on u,
which is constant and has the value

gðuÞ ¼ 1

R
sinh u ð282Þ

on the conformal Killing orbits. This is to be compared
with (201) of the d ¼ 2 case. The central orbit at u ¼ 0
corresponding to an inertial observer is unaccelerated, and
at the edge where u → ∞ the acceleration diverges. These
results boils down to our findings for the d ¼ 2 case where
the edge of the diamond is a S0 ≃ Z2 andH ≃R ×Rþ i.e.,
the upper-half plane. Notice that in this special case an extra
Z2 symmetry u ↦ −u is relating the right-half and the left-
half of the causal diamond.
One is particularly interested in constant τ̃ slices of our

causal diamond. From the d ¼ 2 case we know that these
slices correspond to dual spacelike hyperbolas giving rise
to trapezoids. We are expecting that the dual regions
forming some analog to these trapezoids should live on
such slices. The slices in question are foliating our diamond
with Hd−1 spaces hence the leaves of this foliation are
having the induced metric hμ̂ ν̂ ¼ R2C2σμ̂ ν̂ with σμ̂ ν̂ being
the metric on Hd−1. Then a calculation [30] shows that K,
the trace of the extrinsic curvature of these slices, is given
by the formula

Kðτ̃Þ ¼ 1 − d
R

sinh

�
τ̃

R

�
: ð283Þ

Hence, it is independent of u and vanishing on the τ̃ ¼ 0

slice. Notice that for d ¼ 2 the formula RKi ¼ − sinhðτ̃iRÞ ¼
− sinhðviÞ taken together with Rgi ¼ − sinhðuiÞ for i ¼ 3,
4 gives an alternative interpretation of the world sheet area
Eqs. (204) and (205) of the string segment. According to
this interpretation the change in modular time τ̃i is related
to the change in the constant extrinsic curvatures Ki of the
corresponding leaves.
For the higher-dimensional case since we have ckd

and in this case like in Eq. (86) one still has 4r2jk ¼
ðaj − akÞðāj − ākÞ a calculation using Eq. (264) shows that
this interpretation survives even for d > 2. Then expres-
sions (204) and (205) are also valid for the d > 2 case.
However, in the case of (204) modular time is related to the
trace of the extrinsic curvature by formula (283), moreover
in the case of (205) in order to relate the coordinate u to
acceleration Eq. (282) is to be used.
Now we can again arrange the tips of the respective

causal diamonds to form dual situations as depicted in
Figs. 7 and 8. In order to see this notice that for d > 2 the
“left and right tips” of causal diamonds can be defined by
the constraint ðc̃2;…; c̃d−1Þ ¼ ðd̃2;…; d̃d−1Þ ¼ ð0;…; 0Þ
coming from momentum conservation for segmented
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strings. Hence, we still have dual situations where the
future and past, or the left and right tips of causal diamonds
are arranged on timelike or spacelike hyperbolas corre-
sponding to the coordinate lines of Jacobson-Visser coor-
dinates. This time however, unlike in the d ¼ 2 case, we
have spherical subregions not merely intervals. Recall also
here, that clearly in two dimensions, a causal diamond can
be defined either in terms of a pair of timelike separated
points or a pair of spacelike separated points. Hence, in the
d ¼ 2 the moduli space of causal diamonds [9] can
equivalently be defined as the space of timelike separated
pairs of points or as the space of spacelike separated
pairs of points. Due to a rather conterintuitive result (see
Appendix A. 3 of [9]) the equivalence of these moduli
spaces survives even for d > 2. The upshot of these
considerations is that the set of left and right tips can
again be arranged to lie on a hyperbola forming a
trapezoid. They are coming from intersecting light cones
of other spacelike separated points. For a graphical
illustration of intersecting light cones of two spacelike
sparated points giving rise to a spacelike hyperbola lying
on a codimension one hyperplane see Fig. 11 of Ref. [9].
Unfortunately this argumentation runs out of steam, since
the unions and intersections of the associated spherical
regions are not spherical regions anymore. For such
configurations we were unable to find results in the
existing literature that are checking strong subadditivity
or calculating the corresponding conditional mutual
informations.6 Hence, arriving at a quantum information
theoretic interpretation of (266) of the (146) form (along
this line of reasoning) for d > 2 d remains a future
challenge.

2. Fidelity susceptibility: d even

There is however, yet another interesting possibility for
finding a quantum information theoretic meaning for
expressions like Eq. (266). In order to see this just recall
that the natural metric on the moduli space of causal
diamonds [9] can be connected to a quantity known as
fidelity susceptibility or quantum information metric in
quantum information [33,34]. For a parameter dependent
quntum state this latter quantity is defined via considering
an infinitesimal change of some parameter for a parameter
dependent state ψðλÞ. Then, the quantity

jhψðλÞjψðλþ dλÞij ¼ 1 −GλλðδλÞ2 þ… ð284Þ

is called the fidelity, and Gλλ is called fidelity susceptibility
or quantum information metric.
In order to reveal the relevance ofG to our considerations

first recall that the 2d-dimensional moduli space of causal

diamonds K, also called the kinematic space, can be
represented as the coset space

K ¼ SOðd; 2Þ=SOðd − 1; 1Þ × SOð1; 1Þ: ð285Þ

This space can be endowed with the following metric [9]:

ds2K ¼ 4l2

ðx − yÞ2
�
−ημν þ

2ðxμ − yμÞðxν − yνÞ
ðx − yÞ2

	
× dxμdyν ≔ hμνdxμdyν; ð286Þ

where l is an arbitrary length scale and the timelike
separated points x and y label the past and future tips of a
causal diamond D. ds2 then corresponds to the distance
betweenD and its cousinwhere the new tips ðxþ dx; yþ dyÞ
are slightly displaced ones.
It is then proved [9] thatK has d spacelike and d timelike

directions. In particular if we move the center of D with
coordinates ðxμ þ yμÞ=2 by an infinitesimal amount in any
of the d directions (μ ¼ 0; 1;…d − 1) one has ds2 > 0, i.e.,
for such deformations we are moving in a spacelike
direction in K. Notice in particular that moving the center
of a causal diamond in the timelike direction in R1;d−1

produces a spacelike displacement in K. On the other hand
a constant spacelike shift of the center in R1;d−1 also yields
a spacelike displacement7 in K.
Now based on the intuition of Figs. 7 and 8 let us

imagine specially displaced pairs of causal diamonds D1

and D2 in R1;d−1. These displaced ones are of two dual
kinds. They are displaced either along timelike or spacelike
hyperbolas or lines. For example for two infinitesimally
displaced diamonds one can choose D ↔ ðxμ1; xμ4Þ ≔
ðxμ; yμÞ and Dþ δD ↔ ðxμ3; xμ2Þ ≔ ðxμ þ dxμ; yμ þ dyμÞ
such that the points should lie on hyperbolas of either
kind. Then due to the causality conditions like (75) and

(176) one can show that 0< r2
12
r2
34

r2
14
r2
23

< 1. Hence, for δA⋄ ≪ L2

according to (264) we get

e−δA⋄=L2 ¼ 1 −
δA⋄
L2

þ… ¼ r212r
2
34

r214r
2
23

≔ rðD;Dþ δDÞ

¼ 1 −
1

2l2
ds2K þ…: ð287Þ

Here we used Eq. (2.25) of Ref. [9] and for the definition
of rij see (86). This formula connects the infinitesimal area
element of the string world sheet segment and the (286) line
element on kinematic space. For these diamonds we have
an associated string world sheet segment of infinitesimal
area; δA⋄. Since δA⋄ > 0 then we are in accord with the
fact that both of these configurations give spacelike

6See however, Ref. [32] for recent results with calculations
for mutual information for arbitrary spherical regions with large
separation.

7Timelike displacements in kinematic space correspond to
deformations of diamonds keeping their center invariant [9].
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separation in kinematic space hence one should have
ds2 > 0. These are the cases when the tips of the diamonds
are localized on timelike hyperbolas or dually when we
have spacelike hyperbolas on codimension one hyper-
planes featuring trapezoids.
Now generally for D1 and D2 there are reduced density

matrices ρ1 and ρ2 calculated for the corresponding ball-
shaped regions. They are obtained after tracing out the
relevant parts of the vacuum state of the CFT. We then have
the modular flows insideD1 andD2 with the corresponding
modular Hamiltonians H1 ¼ − log ρ1 and H2 ¼ − log ρ2 at
our disposal. We can then calculate the Bures distance [35]
between the corresponding density operators, or taking
instead of ρ1 and ρ2 the infinitesimally separated ones ρ and
ρþ dρ; for the calculation of the Bures metric. It is known
that in this case the fidelity susceptibility can be extracted
from the overlap jhψ1jψ2ij between certain normalized
states ψ1 and ψ2 that form parallel purifications [36,37] of
our density matrices.8 Then we expect that9

jhψ1jψ2ij ¼ Trð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ1

p
ρ2

ffiffiffiffiffi
ρ1

pq
Þ ≃ rðD1;D2Þ ¼ e−A⋄=L2

:

ð288Þ
where the ≃ symbol is referring to a correspondence whose
precise form is yet to be established. According to
Eq. (287) the infinitesimal version of the (288) correspon-
dence using Eq. (284) shows that the area δA⋄ of an
infinitesimal string world sheet segment should be dual to
fidelity susceptibility. Of course in order to make this
correspondence sound the explicit form of the purifications
should be found and their meaning should be clarified.
Note in this respect that though the density matrices ρ1 and
ρ2 are acting on different Hilbert spaces, but according to
Ref. [37], appropriate maps can be found from each of
these Hilbert spaces to a common one. So this construction
in principle can be done.
Luckily however, one can use an alternative and more

explicit method for arriving at such a fidelity susceptibility
interpretation. It can be achieved by considering the
variation of the modular flow via regarding the coordinates
of the future and past tips of the causal diamonds as
parameters [34]. In this approach kinematic space is play-
ing the role of a parameter space in a usual Berry’s phase
scenario [38]. One can then calculate the so-called quantum
geometric tensor [15,39] whose symmetric part gives rise to
the Provost-Valée metric [15]) on kinematic space. There
is a map provided by the spectral projector (associated to
the vacuum) coming from the spectral resolution of the
modular Hamiltonian. Then the Provost-Valée metric is the
pullback of the Fubini-Study metric [40] (which is now

living on the space of rays of the Hilbert space associated
with the causal diamond) with respect to this map to
kinematic space.
In order to elaborate on these concepts note that a useful

generalization of Eq. (284) is to consider a family of
Hamiltonians HðλÞ with set of parameters λI with I ¼
1; 2;… forming a manifold M. Then the family of spectral
projectors PnðλÞ with HðλÞPnðλÞ ¼ EnðλÞPnðλÞ gives rise
to a mapping fðnÞ∶ M → P where P is the space of rays of
the Hilbert space H on which H acts. It can be shown
that the pullback of the Fubini-Study metric on P to M by
fðnÞ is of the Provost-Valée form [15]

ds2n ¼
X
m≠n

Reh∂InðλÞjmðλÞihmðλÞj∂JnðλÞidλIdλJ

¼ GðnÞ
IJ ðλÞdλIdλJ; ð289Þ

where Pn ¼ jnðλÞihnðλÞj. In our case we have M ¼ K and
I; J ¼ 1; 2;…2d and parameter dependent Hamiltonian is
the modular Hamiltonian. The corresponding calculations
have been carried out in Ref. [34]. There it was also argued
that the vacuum state is also an eigenstate of the modular
Hamiltonian for the spherical regions. Therefore, we can
directly use the vacuum state in our calculations meaning
that in Eq. (289) one can use n ¼ 0 corresponding to the
vacuum. Then from the analogue of Eq. (284) the result
from Ref. [34]) for d even is

ds20 ≃ ð−1Þðd−2Þ=2a�d
�
dsK
2πl

�
2

logðε̃Þ; ð290Þ

i.e., the Provost-Valée metric for the vacuum state is related
to the metric on kinematic space.10

We remark that this is the result one should be expecting
based on the general considerations of Refs. [41,42] for
parameter spaces having a coset space structure G=H
like K. Indeed, the Maurer-Cartan form part on G=H is
representation independent and fixing the form of the line
element ds2K. On the other hand there are terms related to
representations of G on the Hilbert space of the theory11

fixing the prefactors in this case to a�d.
Let us now recall Eq. (263) and use our result of

Eq. (266) to obtain

a�d

�
dsK
l

�
2

¼ VðBd−2
L ÞδA⋄

4Gðdþ1ÞL
: ð291Þ

Taken together, from Eqs. (290) and (291) we see that the
Provost-Valée quantum information metric (fidelity sus-
ceptibility) is indeed related to the combination of entan-
glement entropies which is found on the left-hand side of8Two purifications are are parallel when the transition prob-

ability jhψ1jψ2ij is maximized.
9The first equality of the next equation is Uhlmann’s theorem.

For the holographic context see Ref. [37].

10The logðε̃Þ term comes from a regularization factor [34].
11See for example Eq. (5.5a) of Ref. [42].
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Eq. (266). Moreover, thanks to (291) the fidelity suscep-
tibility is in turn related to the area of the infinitesimal
segmented string world sheet.

3. Fidelity susceptibility: d odd

Surprisingly our fidelity susceptibility interpretation for
the area of the stringy world sheet survives even for the d
odd case. In order to see this recall that it is possible to
extend the relation between central charges and entangle-
ment entropy to higher dimensions as far as the spacetime
dimension is even. When we consider the odd-dimensional
spacetime, we do not have any clear definition of central
charges due to the absence of the Weyl anomaly [29].
Hence the meaning of an analogous term a�d showing up in
a formula similar to (291) for d odd at first sight is not clear.
Luckily, using the ideas of Refs. [43,44] one can still
generalize a�d to d odd. According to these results for even
dimensions a�d is the usual coefficient of the d-dimensional
Euler density in the conformal anomaly, and in odd dimen-
sions a�d ≃ logZSd with ZSd being the partition function of
the CFT on the sphere.
With this generalization for a�d at hand one can still ask the

question whether there is a corresponding relation between
the metric on kinematic space and the Provost-Valée metric.
The answer is yes [34] and for odd d it is of the form

ds20 ≃ ð−1Þðdþ1Þ=2πa�d

�
dsK
2πl

�
2

: ð292Þ

Now since according to Eq. (287) we have δA⋄=L2 ¼
ðdsK=lÞ2=2 valid for d arbitrary then combining this with
(292) we see that ds20 still corresponds to δA⋄; hence, the
fidelity susceptibility interpretation of the area holds.
Notice however, that according to Eqs. (C32) and (C33)

the universal term of the area of the extremal surface XR is
of the form AuniðXRÞ ¼ Ld−1VðHd−1Þ where VðHd−1Þ is
the regularized volume of the (d − 1)-dimensional hyper-
bolic space with metric ds2

Hd−1 ¼ du2 þ sinh2 udΩ2
d−2 cal-

culated inAppendixC. NowVðHd−1Þ for d odd is containing
a constant termandnot a logarithmic one. Ford evenwewere
able to directly relate the universal logarithmic term to the
world sheet area of the string segment which was also
logarithmic. But although for d arbitrary the world sheet
segments are connected to XR in a direct geometric manner,
their areas are related to the areas of suchXRs only ford even.
Hence, for d odd theworld sheet area cannot be reinterpreted
in holographic entanglement entropy terms. Regardless of
this here we were able to confirm that the world sheet area/
fidelity susceptibility duality is still valid for arbitrary d.

4. Complexity

Looking at the right hand side of Eq. (291) valid for d
even one can see that (for not necessarily infinitesimal
world sheets) it is of the form

Volð♢ × Bd−2
L Þ

4Gðdþ1ÞL
; ð293Þ

where Vd ¼ Volð♢ × Bd−2
L Þ is the volume of our string

world sheet segment ♢ times a (d − 2)-dimensional ball
with radius equals the AdS length. Moreover, relating the
relevant a�d generalization [43,44] valid also for d odd to
similar terms we expect a similar relation to hold for
general d. Now the volume Vd is a codimension one object
in AdSdþ1. According to the complexity equals volume
conjecture [17] (see also the related complexity equals
action conjecture [45]) one should interpret this quantity as
computational complexity Cðψ1;ψ2Þ in quantum informa-
tion i.e.,

Cðψ1;ψ2Þ ¼
Volð♢ × Bd−2

L Þ
4Gðdþ1ÞL

: ð294Þ

It is well-known that there is no consensus in the holo-
graphic community on how to define computational com-
plexity in quantum field theory. There is Nielsen’s geometric
method [46–48], Fubini-Study method [49] and the path
integral complexity proposal [50]. In our context the proposal
put forward in Ref. [49] is of relevance. According to this
proposal the circuit complexity Cðψ1;ψ2Þ calculated for a
pure reference state ψ1 and a pure target state ψ2 is just the
length of a geodesic connecting these states. If the geodesics
are not unique, then one should choose the one minimizing
the distance between the reference state and the target state.
The length of the geodesic is calculated with respect to the
metric of Eq. (289) and is given by12 the formula,

Cðψ1;ψ2Þ ¼
Z

1

0

ds
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gð0Þ

IJ ðλðsÞÞλ̇I λ̇J
q

; ð295Þ

where we λI ↔ ðxμ; yμÞ. An alternative definition of com-
plexity is related to the energy of the geodesic

Cðκ¼2Þðψ1;ψ2Þ ¼ 2

Z
1

0

dsGð0Þ
IJ ðλðsÞÞλ̇I λ̇J ¼ C2ðψ1;ψ2Þ;

ð296Þ

where κ is a parameter labeling the so called cost function in
Nielsen’s method [48].
Now since we also know that the line element of this

metric showing up in these proposals is related to a fidelity
susceptibility of the previous subsection it is natural to
conjecture that the reference and target states in our context
should be the parallel purifications of Eq. (288). They are
the ones purifying the density matrices ρ1 and ρ2 of the
causal diamonds D1 and D2 in a special manner. In order to
prove this conjecture one should be able to relate the results

12Here a factor of 2 is added to be consistent with Nielsen’s
geometric method [51].
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of [34] we used in our considerations based on the Provost-
Valée metric of the previous subsection, to existing ones
based on the Bures geometry [37,52]. If this conjecture is
true then there is an alternative interpretation of Eq. (295)
featuring the pullback of the Bures metric (also called the
quantum Fisher metric) to K as the Provost-Valée one
calculated in Ref. [34]. Note that the relevance of the Bures
metric for calculating complexity was first put forward in
the proposal [see Eq. (2.20) there] of Ref. [51].
After these considerations, and adopting the (296)

definition for complexity using the result

2ds20 ≃
δVd

4Gðdþ1ÞL
; δVd ¼ VolðBd−2

L × δA⋄Þ ð297Þ

one obtains for the infinitesimal version of (296) the
formula

Cðκ¼2Þðψ ;ψ þ δψÞ ≃ δVd

4Gðdþ1ÞL
ð298Þ

This formula relates the complexity between two states ψ
and ψ þ δψ (parallel purifying the two density matrices ρ
and ρþ δρ corresponding to the causal diamonds D and
Dþ δD), to the infinitesimal area of the corresponding
string worlds sheet. It is natural to conjecture that a similar
formula holds for arbitrary pairs of causal diamonds having a
spacelike separation with respect to the metric in kinematic
space. According to this conjecture the geodesic distance
calculated by (296) should be dual to the d-dimensional
volume containing the world sheet area segment.

V. CONCLUSIONS

In this paper we have revealed an interesting connection
between segmented strings propagating in an AdSdþ1

background and CFTd subsystems in Minkowski spacetime
characterized by quantum information theoretic quantities
calculated for the vacuum state. We have shown that the
area of the world sheet of a string segment measured in
appropriate units on the AdS side can be connected to
fidelity susceptibility (quantum information metric) on the
CFT side if d arbitrary. More precisely: we have shown that
for the vacuum state the line element ds20 of the quantum
information metric can be related to the infinitesimal area
of the string world sheet in the form of Eq. (297). This
quantity has another [see Eq. (298)] interpretation as the
computational complexity for infinitesimally separated
states corresponding to causal diamonds that are displaced
in a spacelike manner (according to the metric of kinematic
space). In Eq. (288) for the general case of not necessarily
infinitesimally (but still spacelike) separated intersecting
causal diamonds we formulated the following conjecture.
The Bures fidelity calculated for the states ρ1 and ρ2
answering the causal diamonds D1 and D2 corresponds to

e−A⋄=2L2

where A⋄ is the area of the worlds sheet segment of
the string.
For the special case of AdS3 themathematical form of our

fidelity susceptibility coincides with the combination of
entanglement entropies showing up in proofs of strong
subadditivity for the covariant holographic entanglement
entropy proposal.More precisely: in this case the segmented
stringy area in units of 4GL is the conditional mutual
information IðA;CjBÞ calculated for a trapezoid configu-
ration arising from boosted spacelike intervals A,B and C.
For the special case of AdSdþ1 with d even the fidelity
susceptibility interpretation again coincideswith a one using
certain combinations of entanglement entropies. For d odd
no such interpretation is possible. However, building on
results calculating the quantum geometric tensor for the
vacuum, we were able to show that the alternative fidelity
susceptibility/world sheet string-segment area relation uni-
versally holds for d arbitrary.
For AdS3 via a detailed investigation we have also

verified that the causal diamonds encode information for a
unique reconstruction of the string world sheet segments
in a holographic manner. In order to understand this
reconstruction in terms already familiar from the literature
let us notice that for a particular causal diamond the bulk
dual of the associated density operator is the entanglement
wedge. For a region R in a fixed time slice of AdS3 the
entanglement wedge WR is the region bounded by the
causal diamond of the region D and the relevant parts of
the two light sheets [3]; N � i.e., the cones of Fig. 1. In
Fig. 1 the boundary of WR is the region arising from
the intersection of these cones and the causal diamond. The
N � are normal null hypersurfaces emanating from the
extremal surface XR of Sec. III E. For XR see the red half
circle of Fig. 1. For a convenient choice for D one can
consider the “diamond Universe” of Sec. III H 2 with the
regionR of size 2R. Then one can extend the modular flow
of (109) in the boundary to the bulk [53].
In our formalism this extension takes the following form.

Let us associate with D a causally ordered set of four
consecutive events ðai; āiÞ; i ¼ 1, 2, 3, 4. We have already
seen that these are in boosted inertial frames or in non-
inertial ones proceeding with constant acceleration exhib-
iting hyperbolic motion. We choose two of such events
(i ¼ 1, 2) as the ones fixing the future and past tips ofD and
the third and fourth ones are fixing the extra tips needed to
have a pair of intersecting diamonds D1 and D2. According
to Eqs. (199)–(201) the coordinates ðai; āiÞ of these events
are fixing the modular time (τ̃) and acceleration parameters
(g). But (any three of them) also determines the normal
vector N of a spacelike plane where our string world
sheet segment lives. For the explicit form of N see
Eqs. (109)–(112). Clearly all the vertices Vi of our string
world sheet segment are on this plane. For several segments
of that kind lying in different kind of planes see Fig. 5.
These planes give rise to the modular slices [53] of the
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entanglement wedge WR. The simplest slice of that kind
can easily be visualized using Fig. 4. Here XR is the half
circle with largest radius featuring V2 as the topmost point
of the string world sheet segment. Now the modular slice is
just the intersection of the plane (containing the world sheet
segment) which is perpendicular to the x-t plane with WR
(not shown in Fig. 4). Then we can conclude that the
vertices Vi are on a particular modular slice, with V2 on
the extension of the boundary modular flow of D. The
remaining vertices are coming from the lifts of the
corresponding modular flows of D1, D2, and D1 ∩ D2.
Analyzing these lifts gives an alternative way for deriving
the expressions Eqs. (109)–(112) compatible with the
equation of momentum conservation p1 þ p2 ¼ p3 þ p4.
The upshot of these considerations for the AdS3 case

is that segmented strings seem to provide some sort tiling
of the modular planes hence providing a tomography of the
entanglement wedge. According to Eq. (298) for d ¼ 2 the
areas of these tiles holographically encode information on
the complexity properties of the vacuum state via the relation

Cðκ¼2Þðψ ;ψ þ δψÞ ≃ δA⋄
4Gð3ÞL

: ð299Þ

What can we say about the d > 2 case? For spherical
regions R one can still consider the modular flow of the
corresponding causal diamondDR. In the spirit of Ref. [27]
one can map the causal wedge WR to a domain which can
be written as a slicing of the form

AdS2 × Hd−1: ð300Þ

This domain has the geometry of the exterior of a hyper-
bolic black hole. Under a conformal transformation XR is
mapped to the horizon of the corresponding black hole.
Since the (300) space dually corresponds to a thermal state,
the entanglement entropy can be calculated as black hole
entropy via Wald’s formula [27]. Moreover, it was shown in
Ref. [54] that in this case the modular slices are AdS2 ones
taken at a fixed point in the hyperbolic space Hd−1. Clearly
one can interpret the pullback of these slices under the
inverse conformal map as the ones where the world sheets
of segmented strings live. Then the volumes of the
corresponding balls with volume VðBd−2

L Þ can show up
as objects coming from the relevant part of the metric on
Hd−1. Then one is expecting the result

Cðκ¼2Þðψ1;ψ2Þ ≃
VolðAdS2ð⋄Þ × Bd−2

L Þ
4Gðdþ1ÞL

; ð301Þ

where the notation AdS2ð⋄Þ indicates that the string world
sheet segments should be regarded as tiles for the AdS2
modular slices. However, one must recall that these tiles are
very special ones since they can also be located on different
modular slices. In any case they are patched together by the
(40) interpolation ansatz, due to the fact that they solve the

equation of motion coming from the Nambu-Goto action.
Notice also in this respect that according to our special
result of Sec. III I a variation of the discretized Nambu-
Goto action leads to an equation for entanglement entropies
in the boundary theory. It is in the form of a Toda equation
Eq. (216) describing the patching conditions of these tiles
in different modular planes.
In this work we related fidelity susceptibility i.e., a

quantity of quantum information theoretic origin of boun-
dary states to a geometric property of segmented strings
in the bulk. These string world sheet segments residing
in the modular planes are scanning the classical space
time geometry of the bulk entanglement wedge. Fidelity
susceptibility is related to the real part of the quantum
geometric tensor. However, there is the imaginary part of
this quantum information theoretic quantity which also has
an important physical meaning relevant in the holographic
context. Indeed, this is the Berry curvature giving rise to the
famous anholonomy Berry’s phase [38]. In holography this
curvature associated with boundary physics has been
holographically related to the bulk symplectic form for
pure states [55] associated to a full Cauchy slice. This idea
has recently been generalized and reviewed for the more
general setting where one can also consider deformations of
density matrices describing mixed states corresponding to
general subregions in the CFT [37,56]. The result of these
works is that the bulk dual of the imaginary part of the
quantum geometric tensor13 is the same symplectic form but
now it is supported on the bulk entanglement wedge. In the
light of our results on the role of segmented string world
sheets (as building blocks for scanning the entanglement
wedge), the exploration of their relationship to the bulk
symplectic form should be a natural avenue for further study.
If our simple considerations performed here (for the

CFTd vacuum and its pure AdSdþ1 dual) can be generalized
then these important geometric correspondences might
provide valuable insight. We are planning to investigate
these exciting possibilities in future work.
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at the Université de Technologie de Belfort Montbéliard,
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APPENDIX A

Here we summarize the basics of the helicity formalism
used in the text, and prove Theorem 1.
When considering arbitrary two vectors A;B∈R2;2 with

components Aa, Bb, a; b ¼ −1, 0, 1, 2 in the canonical
basis we have the bilinear form A · B ¼ −A−1B−1 −
A0B0 þ A1B1 þ A2B2. In the helicity formalism we asso-
ciate to these four component vectors Aa a 2 × 2 matrix
Amṁ with m ¼ 1, 2 and ṁ ¼ 1̇; 2̇ of the form

Amṁ ¼
�
A11̇ A12̇

A21̇ A22̇

�
¼
�
A1 þ A−1 A0 þ A2

A0 − A2 A1 − A−1

�
≔
�
Aþ A

Ā A−

�
: ðA1Þ

Now one can check that

A · B ¼ 1

2
TrðAϵ ⊗ ϵBÞ ¼ −

1

2
Amṁϵ

ṁ ṅðBTÞṅnϵnm

≔
1

2
TrðAB̃Þ: ðA2Þ

Hence, the usual bilinear form14 in R2;2 in the helicity
formalism is represented by using the metric 1

2
ϵ ⊗ ϵ. Then

for example taking the quantities of Eqs. (97), (105), and
(113) a calculation shows that

N ·N ¼ 1

2
TrðNÑ Þ ¼ L2; V1 ·V1 ¼

1

2
TrðV1Ṽ1Þ ¼ −L2;

Pi ·Pi ¼
1

2
TrðPiP̃iÞ ¼ 0: ðA3Þ

Hence, the vectors Pi with i ¼ 1, 4 are lightlike (null) N is
spacelike and finally V1 is timelike. This AdS3 vector is
orthogonal to all of the remaining ones

N · V1 ¼ P1 · V1 ¼ P4 · V1 ¼ 0: ðA4Þ

Notice also that the quantities

0BBBBB@
Q1

Q2

Q3

Q4

1CCCCCA ¼

0BBB@
P1

V1 þN

V1 −N

P4

1CCCA ðA5Þ

give rise to a null basis Qi ·Qi ¼ 0, i ¼ 1, 2, 3, 4
where Q1 ·Q4 ¼ −Q2 ·Q3 ¼ 2L2

In order to prove Theorem 1 let us give one of the points
say ða2; ā2Þ a special status of a fourth (running) point in
R1;1 this time to be denoted by ða; āÞ. Of course we still
insist on our (75) causality condition. Now we have the

ζ ≔
ða2 − a4Þða3 − a1Þ
ða2 − a1Þða4 − a3Þ

> 0;

ζ̄ ≔
ðā2 − ā4Þðā3 − ā1Þ
ðā2 − ā1Þðā4 − ā3Þ

> 0; ðA6Þ

cross ratios at our disposal and one can also use the spinors
z ¼ ða; LÞ and z̄ ¼ ðā; LÞ regarded as row vectors.
Let us now define�
ψ11 ψ12

ψ21 ψ22

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða4 − a1Þða4 − a3Þða3 − a1Þ
p
×

� ða4 − a3Þa1 ða4 − a3ÞL
ða3 − a1Þa4 ða3 − a1ÞL

�
; ðA7Þ

�
ψ̄ 1̇ 1̇ ψ̄ 1̇ 2̇

ψ̄ 2̇ 1̇ ψ̄ 2̇ 2̇

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðā4 − ā1Þðā4 − ā3Þðā3 − ā1Þ
p
×

� ðā4 − ā3Þā1 ðā4 − ā3ÞL
ðā3 − ā1Þā4 ðā3 − ā1ÞL

�
: ðA8Þ

We denote these 2 × 2matrices by ψ and ψ̄ . They are 2 × 2
matrices having the index structure ψαm and ψ̄ α̇ ṁ. These
matrices are built up from the two component spinors
familiar from Eqs. (172) and (173). Explicitly ψ1m corre-
sponds to ψ1 and ψ2m corresponds to ψ4.
Then recalling the definition of Eq. (175) one can

perform the following calculation

zϵψT ¼ Lffiffiffiffi
D

p ða4 − a3Þða − a1Þð1; ζÞ;

zϵN ϵz̄T ¼ ðzϵψTÞϵðψ̄ϵz̄TÞ ¼ L2ffiffiffiffiffiffiffiffi
DD̄

p ða − a1Þðā − ā1Þ

× ða4 − a3Þðā4 − ā3Þðζ̄ − ζÞ; ðA9Þ

where now in the (A6) definition of the cross ratio ζ we
have to use a ¼ a2.
Recall that the matrix N mṁ represents a spacelike

four vector N ∈R2;2 in the helicity formalism. Moreover,
defining14Clearly TrðÃBÞ ¼ TrðAB̃Þ in accord with A · B ¼ B · A.
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Zmṁ ≔ zmz̄ṁ ðA10Þ

and we observe that it represents a lightlike vector Z∈R2;2.
Then we have zϵN ϵz̄T ¼ −TrðNZ̃Þ hence using (A2) one
can write our result as

2N ·Z ¼ L2ffiffiffiffiffiffiffiffi
DD̄

p ða− a1Þðā− ā1Þða4 − a3Þðā4 − ā3Þðζ − ζ̄Þ:

ðA11Þ

Then N · Z ¼ 0 if and only if ζ ¼ ζ̄ as claimed.
We note that by employing the spinor matrices ψ and ψ̄

used in our proof of Theorem 1 the four basic null vectors
of (A5) characterizing the string world sheet segment in the
helicity formalism can be arranged as [20]

Wαm;α̇ ṁ ≔ ψαmψ̄ α̇ ṁ ≔
1

2

�
P1 V1 þN

V1 −N P4

�
: ðA12Þ

APPENDIX B

In this appendix we present some calculational details.
First we prove the (93) identity. Using the (86) definition a
calculation gives

Zi − Zj

2r2ij
¼
 aiþaj

ai−aj
þ āiþāj

āi−āj
2L

ðāi−ājÞ
2L

ðai−ajÞ 0

!
: ðB1Þ

Then we plug in the (90) relation into the right-hand side of
Eq. (93) to obtain

r12r34
r13r24

�
Z1 − Z2

2r212
−
Z1 − Z4

2r214

	
¼
�
Z1 − Z4

2r214
−
Z1 − Z3

2r213

	
:

ðB2Þ

Then for the left-hand side of (B2) we get

r12r34
r13r24

 
a1

a2−a4
ða1−a2Þða1−a4Þ þ ā1

ā2−ā4
ðā1−ā2Þðā2−ā4Þ L ā2−ā4

ðā1−ā2Þðā1−ā4Þ
L a2−a4

ða1−a2Þða1−a4Þ 0

!
ðB3Þ

and for the right-hand side 
a1

a4−a3
ða1−a4Þða1−a3Þ þ a1

ā4−ā3
ðā1−ā4Þðā1−ā3Þ L ā4−ā3

ðā1−ā4Þðā1−ā3Þ
L a4−a3

ða1−a4Þða1−a3Þ 0

!
:

ðB4Þ

Now one can see that by virtue of (88) the left hand side can
be converted to the right-hand side hence our (93) identity
indeed holds.

Let us now prove the (94) identity. When the four points
of Sec. III D are on a hyperbola one can use the hyperbolic
version of the inscribed angle theorem [57] to arrive at

−
Δ14 • Δ34

4r14r34
¼ −

Δ12 • Δ23

4r12r23
¼ cosh θ: ðB5Þ

Indeed these expressions show that the relative rapidity θ
between two observers starting from x1 and later from x3
will be the same as the vertex of their intended meeting
points is moved from x4 to x2 along the hyperbola.
From Eq. (B5) we obtain

r14r34
r12r23

¼ Δ14 • Δ34

Δ12 • Δ32

¼ r213 − r214 − r234
r213 − r212 − r223

; ðB6Þ

where we have used the identity

Δij • Δkj ¼ −4r2ij − 4r2kj þ 4r2ik: ðB7Þ

Then from (B6) one can see that

r13
r12r23

−
r12

r13r23
−

r23
r12r13

¼ r13
r14r34

−
r14

r13r34
−

r34
r13r14

: ðB8Þ

In this expression one can get rid of r23
r12r13

using the second
of (91) and of r14

r13r34
using the first of (91). From here one

indeed arrives at (94).
Finally, we present some details for the calculation of Na

the normal vector for the string world sheet segment. First
we write (37) in the following form:

Na ¼
1

2
εabcdΠcdVb

1 ¼ �ΠabVb
1 ¼ L2 � Πab

�
pb
3

p3 · p4

�
¼ r214

2r13r34r14
� ΠabZb

3; ðB9Þ

where

Π ¼ p1 ∧ p4

p1 · p4

; ðB10Þ

where we have used Eqs. (86), (92), (95), (97), and (99).
Now a calculation shows that

Π−10 þ Π12 ¼ L
a1 − a4

þ 1

L
a1a4

a1 − a4
;

Π−10 − Π12 ¼ L
ā1 − ā4

þ 1

L
ā1ā4

ā1 − ā4
; ðB11Þ

Π01 − Π−12 ¼ L
a1 − a4

−
1

L
a1a4

a1 − a4
;

Π01 þ Π−12 ¼ L
ā1 − ā4

−
1

L
ā1ā4

ā1 − ā4
; ðB12Þ
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Π−11 þ Π02 ¼ a1 þ a4
a1 − a4

; Π−11 − Π02 ¼ ā1 þ ā4
ā1 − ā4

: ðB13Þ

It can be shown that left and right moving parts correspond
to the self-dual and antiself-dual parts of Πab. Using these
expressions in (B9) the result of (109)–(112) now follows
by a straightforward calculation.

APPENDIX C

We have seen that two U;V ∈R2;d null vectors
define an AdSdþ1 minimal surface via the equations U ·
X ¼ 0 and V · X ¼ 0. In the Poincaré model these equa-
tions become

z2 þ ðx − xuÞ • ðx − xuÞ ¼ 0; ðC1Þ

z2 þ ðx − xvÞ • ðx − xvÞ ¼ 0: ðC2Þ

Due to the time and space translational invariance of the
metric (224) in the Poincare model the area of a minimal
surface can depend only on the quantities Δμ ¼ xμv − xμu
while the coordinates of the center are 1

2
ðxμu þ xμvÞ.

Therefore we can calculate the area in the special case
with xμu ¼ −xμv (hence, the minimal surface lies in the
origin) as a function of Δμ ¼ 2xv ¼ −2xu and then sub-
stitute back an arbitrary difference Δμ ¼ xμu − xμv to get
the general result. In the following let us examine this
special case.
Assume that xμu ¼ −xμv and denote Δμ ¼ 2xv ¼ −2xu.

Equations (237) can be written in the form,

z2 −
�
tþ 1

2
Δ0

�
2

þ
X
k

�
xk þ 1

2
Δk

�
2

¼ 0; ðC3Þ

z2 −
�
t −

1

2
Δ0

�
2

þ
X
k

�
xk −

1

2
Δk

�
2

¼ 0; ðC4Þ

where k ¼ 1;…; d − 1. In this case xu • xu ¼ xv • xv there-
fore their intersection lies in the plane

tΔ0 ¼
X
k

xkΔk: ðC5Þ

Substituting this back into the equation of cones one gets
the following formula:

z2 −
1

ðΔ0Þ2
�X

k
xkΔk

�
2

þ
X
k

ðxkÞ2 ¼ −
1

4
Δ • Δ ¼ r2

ðC6Þ
Nowwith a change of coordinates xk → x̃k by an SOðd − 1Þ
transformation in thexk subspace one canmake thevectorΔa

to be parallel to x̃1. The sum
P

aðxaÞ2 stays invariant. In this
setup it can be shown that the equation simplifies to

z2 þ 4r2

ðΔ0Þ2 ðx̃
1Þ2 þ ðx̃2Þ2 þ � � � þ ðx̃d−1Þ2 ¼ r2: ðC7Þ

The coordinate x0 can be expressed by (C5) as

t ¼ x̃1

Δ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
k

ðΔkÞ2
r

: ðC8Þ

The metric

ds2 ¼ L2
dz2 þ dx • dx

z2
ðC9Þ

stays invariant under the change of coordinates by the
SOðd − 1Þ transformation.
It is convenient to parametrize the minimal surface by

(d − 1)-dimensional spherical coordinates θ;ϕ1;ϕd−2,

z ¼ r cos θ

t ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
k
ðΔkÞ2

r
sin θ cosϕ1

x̃1 ¼ 1
2
Δ0 sin θ cosϕ1

x̃2 ¼ r sin θ sinϕ1 cosϕ2

� � �
x̃d−2 ¼ r sin θ sinϕ1… cosϕd−2

x̃d−1 ¼ r sin θ sinϕ1… sinϕd−2

9>>>>>>>>>>>>>>=>>>>>>>>>>>>>>;

; ðC10Þ

where ϕ1;…;ϕd−3 ∈ ½0; π�, ϕd−2 ∈ ½0; 2π� and z > 0
implies that θd−1 ≔ θ∈ ½0; π=2�.
The area of the minimal surface XR can be determined by

calculating the following integral:

AðXRÞ ¼
Z

dd−1x
ffiffiffi
h

p
; ðC11Þ

where the induced metric hkl is given by

hkl ¼ L2
∂kz∂lzþ ∂kx̃ • ∂lx̃

z2
: ðC12Þ

One can show that the induced metric tensor hkl is
therefore a ðd − 1Þ × ðd − 1Þ-dimensional tensor whose
elements are

hθθ ¼ L2

cos2θ ;

hkk ¼ L2

cos2θ sin
2θ sin2ϕ1…sinϕk−2; for k¼ ϕ1;…;ϕd−2

hkl ¼ 0; for k≠ l

9>>=>>;:

ðC13Þ
Hence, the area form on the surface is given by

dd−1
ffiffiffi
h

p
¼ dθdϕ1…dϕd−2Ld−1 sin

d−2 θ

cosd−1 θ
sind−3 ϕ1

× sind−4 ϕ2… sinϕd−3: ðC14Þ
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Now we are able to calculate the area of the minimal
surface. Inserting (C14) into (C11) one gets the following
integral:

Amin ¼ Ld−1
Z

π=2

0

dθ
sind−2 θ
cosd−1 θ

Z
π

0

dϕ1 sind−3 ϕ1…

×
Z

2π

0

dϕd−2: ðC15Þ

The integration over variables ϕ1;…;ϕd−2 gives the (245)
surface Ωd−2 of a unit sphere, thus

AðXRÞ ¼ Ld−1Ωd−2

Z
π=2

0

dθ
sind−2 θ
cosd−1 θ

: ðC16Þ

Or by a change of variable y ¼ cos θ ¼ z=r one gets

AðXRÞ ¼ Ld−1Ωd−2

Z
1

0

dy
ð1 − y2Þd−32

yd−1
: ðC17Þ

Now it is important to note that this is just a formal
expression due to the divergence of the embedding metric
at z → 0. So to get a finite value one needs to regularize the
minimal surface by limiting z to z > δ, where δ is small.
In the y ¼ z=r coordinates this means a regularization
y > δ=r. Hence the regularized area of the minimal surface
can be calculated by

AðXRÞ ¼ Ld−1Ωd−2

Z
1

δ=r
dy

ð1 − y2Þd−32
yd−1

: ðC18Þ

The integrand can be expanded into a series

ð1 − y2Þd−32 y1−d ¼
X∞
n¼0

Cnyð2nþ1Þ−d; ðC19Þ

where

C0 ¼ 1; Cn ¼
ð−1Þn
2nn!

ðd − 3Þðd − 5Þ…ðd − ð2nþ 1ÞÞ:
ðC20Þ

Therefore, one need to calculate the following series

X∞
n¼0

Cn

Z
1

δ=r
dyyð2nþ1Þ−d: ðC21Þ

Nowwe need to calculate this series separately for even and
odd dimensions.

1. Case of d even

Let consider first the even d case. For n ¼ ðd − 2Þ=2 we
need to integrate 1=y so we get a term proportional to log y.
Hence, we need to separate the summation into three parts:

X∞
n¼0

Cn

Z
dyyð2nþ1Þ−d ¼

Xðd−4Þ=2
n¼0

Cn

2n − dþ 2
yð2nþ2Þ−d

þ Cðd−2Þ=2 log y

þ
X∞
n¼d=2

Ck

2n − dþ 2
yð2nþ2Þ−d:

ðC22Þ

Therefore, for the integral in the calculation for the area of
the minimal surface in the case of d even one gets

Z
1

δ=r
dy

ð1−y2Þd−32
yd−1

¼ const−
Xðd−4Þ=2
n¼0

Cn

2n−dþ2

�
r
δ

�
d−ð2nþ2Þ

þCðd−2Þ=2 log
�
r
δ

�
−
X∞
n¼d=2

Cn

2n−dþ2

�
δ

r

�ð2nþ2Þ−d
; ðC23Þ

where the constant term comes from the integral evaluated
at y ¼ 1. The logarithmic term can be written in the form,

Cðd−2Þ=2 log
�
r
δ

�
¼ ð−1Þðd−2Þ=2ðd − 3Þ!!

2ðd−2Þ=2ðd−2
2
Þ! log

�
r
δ

�
¼ ð−1Þðd−2Þ=2

2

ðd − 3Þ!!
ðd − 2Þ!! log

�
r2

δ2

�
: ðC24Þ

Our main concern will be further elaborations on the
meaning of this term.

2. Case of d odd

For the odd-dimensional case the logarithmic term
disappears so the series simply becomes

X∞
n¼0

Cn

Z
dyyð2nþ1Þ−d ¼

X∞
n¼0

Ck

2n − dþ 2
yð2nþ2Þ−d: ðC25Þ

It is easy to show that this expression is equal to

X∞
n¼0

Cn

2n − dþ 2
yð2nþ2Þ−d

¼ y2−d

d − 2 2F1

�
2 − d
2

;
3 − d
2

;
4 − d
2

; y2
�
; ðC26Þ

where

2F1ða; b; c; xÞ ¼ 1þ ab
c

x
1!

þ aðaþ 1Þbðbþ 1Þ
cðcþ 1Þ

x2

2!
þ…

ðC27Þ
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is the hypergeometric function. Therefore, the integral in
the area calculation isZ

1

δ=r
dy

ð1 − y2Þd−32
yd−1

¼ 1

d − 2 2F1

�
2 − d
2

;
3 − d
2

;
4 − d
2

; 1

�
−

1

d − 2

�
r
δ

�
d−2

× 2F1

�
2 − d
2

;
3 − d
2

;
4 − d
2

;

�
r
δ

�
2
�
:

ðC28Þ

The first constant term can be expressed explicitly in terms
of gamma functions,

1

d − 2 2F1

�
2 − d
2

;
3 − d
2

;
4 − d
2

; 1

�
¼ Γð4−d

2
ÞΓðd−1

2
Þ

ð2 − dÞ ffiffiffi
π

p ¼ Γð2−d
2
ÞΓðd−1

2
Þ

2
ffiffiffi
π

p : ðC29Þ

We are only examining again this term due to latter reasons.
Merging the even and odd case the area of the minimal

surface for even and for odd d is

AðXRÞ ¼ …þ Ld−1Ωd−2

8<:
ð−1Þðd−2Þ=2

2

ðd−3Þ!!
ðd−2Þ!! logðr

2

δ2
Þ; if d is even

Γð2−d
2
ÞΓðd−1

2
Þ

2
ffiffi
π

p ; if d is odd

9=;þ � � � : ðC30Þ

One can use in this formula (245) and the identity Γð1
2
þmÞ ¼ 2−mð2m − 1Þ!! ffiffiffi

π
p

with m ¼ ðd − 2Þ=2 to obtain the final
form as

AðXRÞ ¼ …þ Ld−1

8<:
ð−2πÞðd−2Þ=2
ðd−2Þ!! logðr2

δ2
Þ; if d is even

πðd−2Þ=2Γð2−d
2
Þ; if d is odd

9=;þ � � � : ðC31Þ

It is important to realize that AðXRÞ can also be written in the form [44] of

AðXRÞ ¼ � � � þ Ld−1 πd=2

Γðd=2Þ

(
ð−1Þðd−2Þ=2 2

π logðrδÞ; if d is even

ð−1Þðd−1Þ=2; if d is odd

)
þ � � � : ðC32Þ

Then we notice that the term after Ld−1 is the regularized
hyperbolic volume VðHd−1Þ, i.e., the volume of the space
with metric ds2

Hd−1 ¼ du2 þ sinh2 udΩ2
d−2. Then one can

write for the universal contributions the formula

AðXRÞ ≃ Ld−1VðHd−1Þ: ðC33Þ

We have considered the so far a special case when the
minimal surface is placed at the origin. However, due to
spacial and time translational invariance (C30) still holds
for any arrangement, only r need to be replaced by

r2 ¼ −
1

4
ðxu − xvÞ • ðxu − xvÞ: ðC34Þ
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