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Using Weyl operators to study Mermin’s inequalities in quantum field theory
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Mermin’s inequalities are investigated in a quantum field theory framework by using von Neumann
algebras built with Weyl operators. We devise a general construction based on the Tomita-Takesaki
modular theory and use it to compute the vacuum expectation value of the Mermin operator, analyzing the
parameter space and explicitly exhibiting a violation of Mermin’s inequalities. Therefore, relying on the
power of modular operators, we are able to demonstrate that Mermin’s inequalities are violated when
examined within the vacuum state of a scalar field theory.
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I. INTRODUCTION

The study of entanglement within the realm of quantum
field theory poses a formidable challenge [1,2]. The combi-
nation of quantum mechanics and special relativity leads to a
very rich and sophisticated framework where questions such
as locality and causality come up as a building block [3,4]. A
quantum field theory naturally presents quantum fields as
operator-valued distributions and a vacuum state that unveils
a profoundly intricate structure enlightened by the Reeh-
Schlieder theorem [5]. Therefore, dealing with entangle-
ment in quantum field theory demands sophisticated tools
such as algebraic quantum field theory and the Tomita-
Takesaki modular theory [6,7].

Although the idea of entanglement [8] was introduced
in the 1930s [9], it was only with the groundbreaking
work of Bell, Clauser, Horne, Shimony, and Holt (Bell-
CHSH) [10-13] that this counterintuitive feature of nature
could be experimentally confirmed [14—16]. Entanglement
can be considered the deepest departure from classical
physics contained in quantum mechanics [17], and its
existence is now beyond any doubt, with the violation
of Bell-CHSH inequalities already confirmed in many
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contexts through highly sophisticated experiments in
different physical systems [18-22].

The Bell-CHSH inequalities, although mainly investi-
gated in the context of quantum mechanics, can also be
investigated within the realm of quantum field theory [6,7]
and are currently receiving much attention [23-27]. Many
experimental tests in the high-energy context were proposed
recently [28-34], which will allow us to investigate entan-
glement in a regime never explored before. Remarkably, the
ATLAS Collaboration announced very recently the first
observation of quantum entanglement between a pair of
quarks and the highest-energy measurement of entangle-
ment to date [35].

Quantum entanglement can be generalized for systems
with more than two subsystems [36—38]. Multipartite entan-
glement was experimentally observed for the first time
in [39] and can be considered a relevant resource for quantum
information theory [40]. Mermin proposed a generalization
of Bell inequalities for multipartite systems [41], which
received further developments in the sequence [42—-45]. It is
well known that Greenberger-Horne-Zeilinger- (GHZ-) type
states [46] maximally violate Mermin inequalities, which
have also been investigated for W-type states [47] (see
also [48]). Violations of Mermin inequalities were reported
in many works, as one can see, for instance, in Refs. [49-53].
Moreover, Mermin inequalities violations for superconduct-
ing qubits using a quantum computer were reported in [54].

This work aims to provide a framework for investigating
the violation of Mermin inequalities [4 1] within the vacuum
state of a real scalar field in the (3 + 1)-dimensional
Minkowski spacetime, thereby extending our previous
findings related to the Bell-CHSH inequality [25]. To that
end, we shall rely on unitary Weyl operators, which, due to
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their algebraic properties, prove to be very helpful for the
study of this class of inequalities within the domain of
quantum field theory. We remark that Mermin inequalities
have already been investigated in the quantum field theory
framework for Dirac spinor fields [55].

The paper is organized as follows. Section Il is devoted to
the presentation of a few basic concepts concerning real
scalar fields, Weyl operators, von Neumann algebras and the
Tomita-Takesaki modular theory. For the benefit of the
reader, in Sec. III we briefly review how the aforementioned
setup applies to the case of Bell-CHSH inequalities.
Section IV delves into the generalization of the previous
construction to the case of Mermin inequalities. We will
show that, when probed in the vacuum state of a relativistic
quantum field theory, these inequalities violate the bound
expected from the local realism. The use of Weyl operators
will enable us to make a bridge with the recent discussion on
the use of normal operators in quantum theory, as outlined in
Sec. V. Finally, we state our conclusions in Sec. VI.

II. THEORETICAL FRAMEWORK

Let us consider a free massive scalar field in a (3 + 1)-
dimensional Minkowski space, with action given by

S:/d“xB(aﬂ@Z—m{#} (1)

The scalar field can be expanded in terms of creation and
annihilation operators as

. Bk
$(0.5) = / !

—(27[)32—a)lc(ake_[kx + Cl;eikx), (2)

with @, = k° = VK> + m?. The canonical commutation
relations for these creation and annihilation operators read

lay. ay] = (22) 20,8 (k - §),
[akvaq] = [ Z,CIZ] =0, (3)

Using the above definitions, one obtains the following
commutator between the scalar fields for arbitrary space-
time points:

[#(x). p(¥)] = idps(x =), (4)

where the Pauli-Jordan distribution is defined by

4
iApy(x—y) = / (jﬂl; e(k0)8(k* — m2)e~ k=) - (5)

with (x) = 6(x) — 6(—x). From the above expression, one
can see that the Pauli-Jordan distribution is Lorentz
invariant and odd under the exchange (x —y) - (y — x).

Moreover, it vanishes outside of the light cone, ensuring
that measurements at spacelike separated points do not
interfere. As such, the Pauli-Jordan distribution encodes the
information about locality and relativistic causality.

The quantum fields are operator-valued distributions and
must be smeared to give well-defined operators acting on
the Hilbert space [5]. That is, we can use a real smooth test
function with compact support 4(x) € C¥(R*) to define the
smeared quantum field

p(h) = / x ()h(). (6)

Plugging Eq. (2) into Eq. (6), we can rewrite the smeared
quantum field as ¢(h) = a;, + a;g, defining the smeared
version of the creation and annihilation operators by

$r 1. -
- 77}1* ak )
ap /(2;1)3 20, (@p, k)ay

~ -

&1
T T
ah_/(2”)3 2wkh(wk’k)ak’ (7)

with fi(p) = [ d*x h(x)eP* for the Fourier transform of
h(x). Using the smeared fields, one introduces the Lorentz-
invariant inner product in the space of the test functions
with compact support given by the smeared version of the
Wightman two-point function, namely,

{flg9) = (0lp(F)¢(9)[0)

- / @%’% “(P)a(p). (8)

where Ap;(f,g) is the smeared version of Eq. (5) and
H(f,g) is the symmetric combination of the smeared field
product. Thus, we can rewrite the commutator (4) in its
smeared version as [¢p(f), d(g)] = iAp;(f,g). We remark
that, upon using the canonical commutation relations and
the above-defined inner product (8), one finds that

la(f).a"(g)] = (f9)- ©)

Let O be an open set in Minkowski spacetime, and let
M(O) be the space of test functions belonging to C (R*)
with support contained in O, that is,

M(0) = {flsupp(f) C O}. (10)

We proceed by defining the causal complement O of the
spacetime region O as well as the symplectic complement
M'(O) of the set M(O) as
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0 ={y|(y —x)* <0, Vxe0},
M'(0) ={glAp;(9.f) =0. YV feM(0)}. (11)

With the above definitions, causality can be rephrased by
stating that [¢(f),#(g)] =0 whenever f€M(O) and
g€ M'(0). Furthermore, we can also rephrase locality
using the expression M(0O') C M'(O) (see Refs. [6,7]).

Now, let us introduce the Weyl operators [25], a well-
known class of unitary operators given by

W, = el P(f) (12)
These operators give rise to the so-called Weyl algebra,
WW, = etnlbaw,, . (13)

One can see that when the supports of f and g are
spacelike separated, the Pauli-Jordan distribution van-
ishes, and thus the Weyl operators behave as W, W, =
Wiy = W, W It should also be stressed that, unlike the
quantum field ¢(f), the Weyl operators are bounded.
Upon using ¢(f) = ay + a}, one can compute the vacuum
expectation value of the Weyl operator, finding that

(O[W[0) = e/, (14)

where ||f]*> = (f|f) and |0) is the Fock vacuum.

One can define the observable algebra .4(0O) associated
with the spacetime region O as the von Neumann algebra
obtained by taking products and linear combinations of the
Weyl operators defined on M(0)." It is known that, by the
Reeh-Schlieder theorem, the vacuum state |0) is both cyclic
and separating for the von Neumann algebra A(0O) [1,5].
We can therefore make use of the powerful Tomita-
Takesaki modular theory [56] and introduce the antilinear
unbounded operator S acting on the von Neumann algebra
A(O) as

Sa|0) = a'|0), V ae.A(0), (15)

from which it follows that S> = 1 and §|0) = |0). Performing
the polar decomposition of the operator S [56], one gets

S=JA2, (16)

where J is antiunitary and A is positive and self-
adjoint. These modular operators satisfy the following
properties [56]:

'For the definitions adopted here, see the Appendix of
Ref. [25].

JAV2] = A-1/2, AT = A,
ST =JA"Y2 J =1,
A =SS, J2=1. (17)

According to the Tomita-Takesaki theorem [56], it turns out
that JA(M)J = A'(M), that is, upon conjugation by the
operator J, the algebra A (M) is mapped onto its commutant

A (M),
AM) = {d|[a.d] =0, Yac AM)}.  (18)

The Tomita-Takesaki construction has far-reaching conse-
quences when it is applied to quantum field theory. As far
as the Bell inequalities are concerned, it gives a way of
constructing Bob’s operators from Alice’s by making use of
the modular conjugation J. That is, given Alice’s operator
Ay, one can assign the operator By = JAJ to Bob, with the
guarantee that they commute with each other since by the
Tomita-Takesaki theorem the operator By = JAJ belongs
to the commutant A’ (M) [25].

When equipped with the Lorentz-invariant inner product
(f|g) defined in Eq. (8), the set of test functions gives rise to
a complex Hilbert space F which enjoys many interesting
properties, as outlined in [57]. It turns out that the
subspaces M and iM are standard subspaces for F,
meaning that (i) M N iM = {0} and (ii) M + iM is dense
in F. Moreover, as proven in [57], for standard subspaces it
is possible to set a modular theory analogous to that of the
Tomita-Takesaki theorem. One introduces an operator s
acting on M + iM as

s(f+ih)=f—ih (19)
for f, h € M. Notice that with this definition, it follows that
s2 = 1. Using the polar decomposition, one has

s = jo'l2, (20)

where j is an antiunitary operator and d is positive and self-
adjoint. Like the operators (J, A), the operators (j, §) fulfill
the following properties:

j51/2j — 5—1/2’ 5t = 5,
st = js=1/2, it =1
5=ys's, =1 (21)

An important result [57] concerning the operator s is the
following: a test function f belongs to M if and only if

sf = f. (22)

In fact, to illustrate the reasoning behind this assertion,
suppose that f € M. On general grounds, owing to Eq. (19),
one writes
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for some (hy, h,). Since s> = 1, it follows that
f=s(hy +ihy) = hy —ihy, (24)

so hy = f and h, = 0. In much the same way, one has
f'eM’ if and only if s"f" = f'.
As shown in [58], the action of the operators (j, §) on the
von Neumann algebra A(M) is defined through
Jet) ] = e=#0N) | AeIA~T = 96N, (25)
Also, it is worth noting that feM = jfeM’. This
property follows from

sT(jf) = jo\Rjf = 6f = j(jof) = j(sf) = jf.  (26)

We end this section by mentioning that, in the case of
wedge regions in Minkowski spacetime, the spectrum of §
coincides with the positive real line, i.e., log(5) = R [59],
as it is an unbounded operator with a continuous spectrum.

III. BELL-CHSH INEQUALITIES AND
THE TOMITA-TAKESAKI CONSTRUCTION

Before addressing the issue of the Mermin inequalities,
we briefly remind the reader how the use of Weyl operators
and Tomita-Takesaki modular theory leads to a rather
simple setup for studying the Bell-CHSH inequality within
the quantum field theory framework. For more details,
see Ref. [25].

To construct the Bell-CHSH inequality, we introduce
Alice’s operators as (W, W ). Moreover, using the modu-
lar conjugation j, Bob’s operators are given by (W, W ;).
From the discussion of the previous section, we know that
the operators (W, W;r) turn out to commute with
(Ws,Wp), as required by the Bell-CHSH inequality.
Therefore, we can write the Bell-CHSH correlator as

(0C10) = (O|(Wy+ W)W s + (W =W, )W;[0).  (27)

Using the properties of Weyl operators outlined in the
previous section, one obtains

(0|C|0) = emal/+ifll* 4 g=all /" +ifIl?
+ el fHifIIP — pallf it 1P (28)

To evaluate the norms present in the above expression, we
follow the procedure outlined in [6,7]. Using the fact that
the operator § has a continuous spectrum coinciding with
the positive real line, we pick up the spectral subspace
specified by [4> — €, 4% + €] C (0, 1). Let ¢ be a normalized
vector belonging to this subspace. One notices that j¢ is
orthogonal to ¢, i.e., (¢|j¢) = 0. In fact, from

57 (jg) = j(jo~"' )b = j(54). (29)

it follows that the modular conjugation j exchanges the
spectral subspace [A> — e, A% + ¢] for [1/A> —&,1/2% + &].
Therefore, proceeding as in [25], we set

f=a(l+ ). (30)
ff=d(+ys)ig, (31)

where (a, d’) are arbitrary real constants. Since s> = 1, it
turns out that

sf=1f.  sf'=1r1. (32)

so both f and f’ belong to M. Recalling that ¢ belongs to
the spectral subspace [4> — ¢, 4 + €], it follows that [25]

1P = lif11? = a*(1 + 22).
IF17 = 1ifIP = a(1 + 22). (33)

One can also find the nonvanishing inner products

(Flif) =242,
(Fif') = 2a”. (34)

Therefore, using the above expressions, we can compute all
the norms appearing in Eq. (28), finally obtaining for the
Bell-CHSH inequality

(C) = [e—a2(1+/1)2 — a1+ | 26—%(a2+a’2)(1+/12)] (35)

As shown in [25], the above simple expression is already
able to capture the violation of the Bell-CHSH inequality.
An interesting feature of Eq. (35) is that it has been
obtained by making direct use of the unitary Weyl operators
only, i.e., W, = ¢?f) | without the need of introducing any
Hermiticity procedure. This property will give us the
opportunity to make a bridge to the recent ongoing
discussion on the role of the normal operators, as advocated
for in [60,61].

IV. GENERALIZING THE RESULTS TO THE
MERMIN INEQUALITIES

We are now ready to generalize the previous setup to the
case of Mermin’s inequalities. Mermin’s polynomials can
be defined in a recursive manner according to the following
rule [54,62]:

1 1
Mn = EMn—l(An +A/n) +§M;—1<An _A;z)v (36)

where A, and A/, are dichotomic quantities that can take
values *1. In the above expression, the M’, operators can
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be obtained from M, by performing the changes A, — A/,
and A, — A,,. Here we will adopt M, = 2A, as the first
term in the recursive procedure. Following this definition,
the maximum value that can be obtained in quantum
mechanics is given by the following upper bound:

|(b,)] <2090, (37)

For example, the third order Mermin’s polynomial is
given by

M;=A'BC+AB'C+ABC —A'B'C'.  (38)

Considering the absolute value, local realistic theories obey
the bound |(M3)q| < 2. For quantum mechanics, on the
other hand, the upper bound is given by [(M3)qy| < 4. In
the following we shall consider as an explicit example the
case of the polynomial M5, with the generalization to M,
being straightforward.

From the quantum field theory point of view, (A,A’),
(B,B'), and (C,C") are pairs of bounded localized field
operators with norm < 1. The different pairs are meant to
be spacelike separated. As done in the Bell-CHSH inequal-
ity case, these operators are built employing the unitary
Weyl operators already introduced. One speaks of a
Mermin inequality violation in the vacuum state whenever
we have

[{01M3]0)] > 2. (39)

As one can determine, the main difficulty which arises
when dealing with the Mermin’s inequalities is the presence
of an increasing number of field operators A, B, C, ..., thus
reflecting the multipartite nature of these inequalities.
Unlike the Bell-CHSH inequality case, facing this point
requires the introduction of several spectral subspaces of
the modular operator 6. More precisely, we shall make use
of a sequence of orthonormal vectors ¢,,

<¢/4|¢v> = 5#1/’ (40)
belonging to the spectral subspaces defined by
I, =22 -2 +€C(0,1), (41)

where we have v = 1,2, ... and A # A2 for v # p.
Concerning the test functions, we shall proceed by
introducing the expressions

with ¢, as described above and (7,,7,) arbitrary real
constants. Since s> =1, it turns out that we have sf, = f,
and sf!, = f,.Letus consider now the action of the modular
conjugation j. We have

8(jg.) = j(57'¢.). (43)
showing that j exchanges the subspace [, into
I,=[1/22—¢& 1/} +¢]. (44)
As a consequence,

(@ulid) =0, (45)

since ¢, and j¢, belong to different spectral subspaces.
Using the property sf, = f,, it follows that s*(jf,) = jf..
In fact,

s'(jf,) = jo~\V2jf, = 82 f, = jsf, = jf,. (46)

We see, therefore, that f, € M, while jf, € M’. For u # v,
we also have (f,|f,) =0, as well as (jf,|jf.,) =
(fulfy) = 0. Similar properties hold for the primed
versions f,.

Employing the Weyl operators, for M; we get

My=WpigintWeigintWeipw =Weigyw,  (47)

where (f, g, h) are generic test functions whose supports
are spacelike separated from each other. Recalling that

(O|W 1y 14]0) = el 4o+l (48)
one gets

My) = e rathl | g Hireg+il?
3 +
e s TS A T

We still need to specify the test functions (f, f'), (9,¢'),
and (h,h'). To that end we shall make use of the
expressions (42) and proceed in an alternate way, according
to the following setup:

(i) The first pair of test functions (f,f’) will be
accommodated in the first spectral subspace I,
namely,

f=rn r=n (50)

(ii) The second pair (g, ¢') will be obtained from the first

pair (f1, f}) by means of the modular conjugation j,

(iii) The third pair (h, #’) will be accommodated in the
second spectral subspace I,

h:fZ’ h,:fl2 (52)
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(iv) The fourth pair will be obtained from the third one
by acting upon with the modular operator j.

(v) The fifth pair will belong to /5, while the sixth pair
will be obtained from the fifth one through the
operator j, and so on.

As one can easily verify, this procedure ensure that all pairs
of test functions are spacelike separated. Therefore, taking
into account that for (M3) we have only three pairs, it
follows that

(flh) = (fIH) = {f'|h) = {f|W) = 0. (53)

We can also find that

£ = 1P = (1 + ),
P17 = 1GF 1P = n2 (1 + 4), (54)
and
P =31+ 3).
[711? = n5 (1 + 23). (55)
Furthermore, it turns out that
(f1if) = 2R,
(Fif") = 202, (56)

with all the other inner products relevant for this compu-
tation vanishing. Therefore, for the norms appearing in
Eq. (49) we obtain

1+ if +hlP =020 4+20) +ui(1+23) +n5(1+23),
If+if +hIP=ni(1+23) + 02 (1 +27) +n3(1 +23),
If+if +H|*= 2111(1+/12+2/1 ) +5 (1+23),
If'+if + R P =207 (1 4+ 234+ 24) +n5(1+43).  (57)
Finally, the full expression for (M) turns out to be
(M) = 2¢ @RI 0+R) HB0+)
+ e—%(2qf(1+11)2+n’12(1+15))

_lrmarignss). (s

Using the above expression, one can search for Mermin
inequality violations by scanning the available parameter
space. It turns out that, exactly as in the Bell-CHSH
inequality case [25], Eq. (58) is able to capture the
Mermin inequality violation at the quantum level, as one
can see in Fig. 1.

T T T T T T
1.0 bl

m

FIG. 1. Contour plot exhibiting (M3) as a function of 5 and ]
considering 1, = 1, 1} =15, 4; = 0.9, and 1, = 0.6. There is
violation of Mermin’s inequalities whenever we have |(M3)| > 2,
that is, in the red region.

V. DISCUSSING THE USE OF
NORMAL OPERATORS

As already underlined, one interesting feature of the
results presented in the previous sections is that the
violation of both Bell-CHSH and Mermin inequalities
has been obtained by making use of the Weyl operators,
W; = ¢(), which are not Hermitian operators. Rather,
being unitary, they belong to a broader class of operators,
namely, the so-called normal operators {4},

AAT = ATA. (59)

The results obtained thus far by making direct use of
normal operators can be understood with the help of the
following considerations:
(1) Even being unitary, the vacuum expectation value of
the Weyl operators is real,

(W) = edlfIP, (60)

(i) The standard classical argument based on the local
realism generalizes to unitary complex numbers, i.e.,

l(z+ 2w+ (z=2Z)wW| <2, (61)

where |z| = |Z/| = |w| = |w/| = 1. As such, the Bell-
CHSH and Mermin inequalities have the meaning of
correlation functions built out from unitary operators
which violate the classical bounds (61).

(iii) Despite many efforts and many trials, we have been
unable to find an explicit Hermitian combination of
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the Weyl operators leading to an explicit violation of
Bell-CHSH and Mermin inequalities. To give an
example of what is going on, the simplest Hermitian
combination, 3 (W, + W}) does not produce any
violations. A very huge set of more sophisticated
combinations has been examined without any suc-
cess. The situation looks very similar to the current
stage of the GHZ theorem [61], for which no
Hermitian operators have been found so far in
order to generalize the theorem to the multidimen-
sional case.

More generally, the potential use of normal operators in
the study of the Bell-CHSH inequality has already been
advocated for in Refs. [60,61], where the authors outlined a
series of suggestive and consistent features.

To grasp the depth of this ongoing discussion, let us
present some very simple reasoning, borrowed from [60].
Write

A=B+iC. (62)

with B and C self-adjoint. With 4 being a normal operator,
it follows that

A, AT =0= [B.C] =0. (63)

One sees thus that condition [A, A'] =0 implies that
A is made up by two self-adjoint commuting operators.
According to quantum mechanics, the operators (B3, C) have
a real spectrum and can be measured simultaneously.
Therefore, a normal operator can be seen as arising from
the simultaneous measurement of two commuting observ-
ables. Evidently, one has the freedom of collecting the two
outcomes into a complex number. In particular, Weyl
operators correspond to a special case of this general pattern.

VI. CONCLUSIONS

In this paper we investigated Mermin’s inequalities
within the framework of quantum field theory, for the case
of a free real scalar field. Using the powerful setup of
Tomita-Takesaki modular theory and considering the von
Neumann algebra built with Weyl operators, we were able
to compute the Mermin correlation analytically and show
that there is a region in the parameter space in which
Mermin’s inequalities are violated when probed in the
vacuum state of a scalar field theory. We remark that the
general construction presented here could be straightfor-
wardly adapted to n-partite systems with n > 3.

It is worth underlining that the combination of the
algebraic quantum field theory with the Tomita-Takesaki
modular theory proved to be very adequate for a systematic
study of both Bell-CHSH and Mermin inequalities.

Moreover, the use of Weyl operators gave us the oppor-
tunity to address the very interesting ongoing discussion of
the role that the class of normal operators might have at the
quantum level.

Let us end by adding a few remarks on two challenging
issues which we plan to address in the near feature. The first
one is to face the Bell-CHSH and Mermin inequalities in
the case of interacting quantum field theories. The main
goal here would be to evaluate the correlation function
dependence on the coupling constant, analyzing whether
the interaction increases or decreases the size of the Bell-
CHSH and Mermin inequality violation in comparison with
the free case. We plan to address this question first in the
1 + 1 interacting Thirring model, which we already ana-
lyzed in the free case [23]. As one can easily determine, the
reason to study such a model relies on the fact that it has
been solved exactly. As such, the Kéllén-Lehmann spectral
density for the two-point correlation function of the
fermion field is available in a closed form, enabling us
to quantify the interaction effects. This is a work in
progress, and we hope to report on this subject soon.
However, it is worth mentioning that, by combining the
Tomita-Takesaki modular theory with Unruh-DeWitt detec-
tors, we were able to study the interaction between a scalar
field and a pair of g-bits. Although unlike the case of a self-
interacting quantum field theory, the Bell-CHSH inequality
has been evaluated in exact form. As reported very recently
in [63], the presence of a scalar field induces a damping
factor, thereby decreasing the size of the Bell-CHSH
inequality violation in comparison with the case without it.

Another topic for future work is to consider the finite-
temperature case and to inquire about the main differences
in our results in this more realistic framework, allowing for
a wider range of applications for our present results. Even
restricting ourselves to the simpler case of free theories, the
finite-temperature setting looks very attractive. As a very
preliminary and intuitive guess, we can say that the
existence of contributions in the dimensionless parameters
(LT.%) cannot be excluded, where L is the separation
distance between Alice’s and Bob’s regions, T is the
temperature, and m is the quantum field mass. That would
imply a more in-depth study of the correlation function’s
behavior in this finite-temperature scenario and will be
reported in future work.
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