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Stochastic parameters for scalar fields in de Sitter spacetime
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The stochastic effective theory approach, often called stochastic inflation, is widely used in cosmology
to describe scalar field dynamics during inflation. The existing formulations are, however, more qualitative
than quantitative because the connection to the underlying quantum field theory (QFT) has not been
properly established. A concrete sign of this is that the QFT parameters depend on the renormalization
scale, and therefore the relation between the QFT and stochastic theory must have explicit scale dependence
that cancels it. In this paper we achieve that by determining the parameters of the second-order stochastic
effective theory of light scalar fields in de Sitter to linear order in the self-coupling constant A. This is done
by computing equal-time 2-point correlators to one-loop order both in QFT using dimensional
regularization and the MS renormalization scheme and the equal-time 4-point correlator to leading order
in both theories, and demanding that the results obtained in the two theories agree. With these parameters,
the effective theory is valid when m < H and A> < m*/H*, and therefore it is applicable in cases where
neither perturbation theory nor any previously proposed stochastic effective theories are.

DOI: 10.1103/PhysRevD.109.045017

I. INTRODUCTION

The mathematical framework that one uses to describe
the dynamics of inflation is scalar quantum field theory
(QFT) in de Sitter spacetime [1-9]. Specifically, the long-
distance behavior of scalar fields is directly related to
inflationary observables [10]. Spectator fields that existed
during inflation can become observationally relevant in the
present day and thus warrant further study. Examples of
their application include curvature and isocurvature per-
turbations [11-13], dark matter generation [14—17] and
primordial black hole abundance [18,19], electroweak
vacuum decay [20-24], and gravitational-wave background
anisotropy [25].

Scalar QFT cannot be solved exactly so one has to turn to
approximate methods. For example, when one considers a
quartic self-interacting theory, with coupling 4, of a scalar
field with nonzero mass m, the standard approach is to
perform a perturbative expansion in small A about the free
field solution. However, such a perturbative expansion is
only valid in the regime A < m*/H* where H is the
Hubble parameter, because the expansion fails to converge
beyond this limit [26-29]. This is an infrared (IR) problem
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and so is particularly prevalent when one is interested in the
long-distance dynamics of the fields, and so one must look
for alternative methods [30—41].

The focus of this paper will be one such method; the
stochastic effective theory of the long-distance behavior of
scalar fields in de Sitter. The premise is that, for sufficiently
light fields m < H, long wavelength field modes are
stretched by the expanding spacetime to such a degree
that they can be considered classical. The remaining short
wavelength modes remain quantum, but their contribution
to the long-wavelength dynamics can be summarized by a
statistical noise contribution. This method was pioneered
by Starobinsky and Yokoyama [42,43], who derived
stochastic equations from the slow-roll “overdamped”
(OD) equations of motion that govern the inflaton using
a cutoff method to separate the long and short wavelength
modes. Stochastic inflation has since become a powerful
tool for performing computations relating to the inflaton
[44-55,55-58,58,59,59,60,60,61,61-71]. However, due to
the nature of the slow-roll equations, it is limited to the
regime m < H and A< m?/H?. These conditions are
satisfied if the scalar field in question is the inflaton
existing in slow-roll, but there are plenty of scenarios
where one might wish to go beyond this regime, particu-
larly if one is interested in studying spectator fields
[16,17,19,72,73].

This can be achieved with a second-order stochastic
effective theory [48,53,57,74,75], in which case the sto-
chastic dynamics takes place in phase space, and no slow-
roll assumption is needed. However, in the existing
literature on both first-order and second-order stochastic
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theories, the parameters of this stochastic effective theory
have not been computed beyond tree level. In particular, the
mass parameter m3 of the stochastic theory has been taken
to be equal to the renormalized mass parameter m% of the
quantum field theory. Obviously, this cannot be accurate
because m% depends on the arbitrary renormalization scale
M, and there is nothing in the stochastic theory that can
cancel this dependence. This introduces a relative error of
order O(AH?/m?) in the stochastic theory, limiting its
range of validity and meaning that it cannot be used to
compute precise quantative predictions.

In this paper we extend the approach used in
Refs. [74,75], to compute the parameters of the stochastic
effective theory to full one-loop order in perturbation
theory. This calculation does not suffer from the infrared
problem to the same extent as direct perturbative calcu-
lations of observables, and it gives a relation between the
two theories that cancels the renormalization scale depend-
ence explicitly. Instead of using a cutoff approach to derive
our stochastic equations, we consider second-order sto-
chastic equations that resemble the classical equations of
motion for a scalar field in de Sitter, but with general
stochastic parameters; the stochastic mass mg, stochastic
coupling A5 and the noise contributions a%j. One can apply
standard techniques to solve these equations to compute
stochastic correlation functions, which can be compared
with perturbative QFT correlators to determine what the
stochastic parameters should be for the stochastic theory to
be promoted to an effective theory of scalar fields in de
Sitter. This method was first introduced for free fields in
Ref. [74] before being extended to include self-interactions
in Ref. [75].

In Ref. [75], the matching between the stochastic theory
and perturbative QFT was done by comparing the equiv-
alent 2-point functions. On the perturbative QFT side, this
required us to renormalize the theory because the O(1)
correction to the Feynman propagator is ultraviolet (UV)
divergent. In Ref. [75], we only considered the correction
term to leading order such that 1 < m*/H*, which meant
we could neglect a detailed discussion of renormalization
schemes. We found that the stochastic parameters required
to reproduce such a term were simply equal to those found
in Ref. [74] for free fields. The result was a stochastic
effective theory that was valid in the regime m < H and
A < m?/H?. However, this does not give a full account of
the O(4) contributions to the stochastic parameters. In this
paper, we perform a more detailed analysis of the UV
renormalization on the QFT side, which can then be
matched by stochastic results to give full expressions for
the stochastic parameters to O(4). Additionally, we will
also consider the connected 4-point function in both
approximations such that we can compute the relation
between the stochastic coupling Ag and its QFT counterpart
A. Thus, we will extend the regime of our stochastic theory
to m < H and 2> < m*/H*.

We start by giving a full account of perturbative QFT in
Sec. II. We introduce the free field 2-point functions in
Sec. IT A before outlining the in-in path integral formalism
in Sec. II B. We then perform the UV renormalization of the
2-point function using the MS scheme of dimensional
regularization in Sec. IIC, with further details of the
calculation in Appendix A. This amounts to a mass
redefinition in order to absorb the UV divergent terms.
As a result of dimensional regularization, the mass param-
eter becomes dependent on the renormalization scale M. To
round out the QFT, we compute the connected 4-point
function in Sec. II D. In Sec. III, we move onto the second-
order stochastic theory. This follows the same procedure as
in Ref. [75], except now the matching procedure is
performed using the fully UV-renormalized QFT results.
We also include the computation of the stochastic con-
nected 4-point function in Sec. III A 3, which is compared
with its QFT counterpart to find an expression for Ag.
Finally, we perform a comparison between results from
perturbative QFT, OD stochastic theory, and second-order
stochastic theory, including both the new results from this
paper and the old results from Ref. [75]. Additionally, we
discuss how the M-dependence of the stochastic parameters
becomes important. We conclude with some remarks
in Sec. V.

II. QUANTUM FIELD THEORY
IN de Sitter SPACETIME

We begin by considering a perturbative approach to
scalar QFT in de Sitter spacetime. We will consider a
spectator scalar field ¢ (7, x) with a scalar potential V(¢) in
a de Sitter background parametrized by the scale factor

1
a=el = ——| (1)
Hn
where H = é% is the Hubble parameter, which is constant,

and ¢ and 5 are physical and conformal time, respectively.
They are related by

1
n:—ﬁe""’. (2)

The action for scalar fields in de Sitter is given by
(Ved)?
a(t)?

Introducing the field momentum 7(7, x), the equations of
motion are given by

(f) - (—3Hﬂ_jg;/;_vf(¢)>, ()

where primes and dots denote derivatives with respect
to ¢ and t, respectively. Throughout this paper, we will

sig1 = [ dtaatop |50 - 5 Vo). @
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consider a field with mass m and a quartic self-interaction

parametrized by A such that the potential is V(¢) =

1m*$* 4+ 1 A¢*. Additionally, we include a nonminimial
coupling to gravity & which is absorbed into the mass term

such that m* = m§ + 12EH>.

dil1) = mﬂl) (a(f)H)
milt) = —\/W—ZF”HW (a<f>H>

! a?r) (HS-)I (a(%) ~ Mo <<$H>>} ’ (55)

A. Free scalar QFT

We will first consider free fields such that A =0.
Following standard procedures of second quantization
[1-4], the mode functions in the Bunch-Davies vacuum
are given by

(5a)

where k = |k|,v = \/9/4 — m?/H? and H,(,l) (z) are the Hankel functions of the first kind. Note that there is an equivalent

set of solutions using the Hankel functions of the second kind H.” (2).
The quantities we are interested in are correlation functions: expectation values of the Bunch-Davies vacuum state. The
most basic of these is the scalar field 2-point function, which is computed in k-space as

(Ol k)p(r'. k)|0) = di(1)p (1)

T

= () (o) ©

We can perform the Fourier transform to obtain the 2-point function in coordinate space as

01t x)d(r x')[0) = / ke %0 (01 k) (7. K)0). (7)

Computing this integral [2-4,76,77] results in the positive (+) and negative (—) frequency Wightman functions in the

Bunch-Davies vacuum

A (x.x') = (0]g(r. x)h(¢', x')|0)

H2 o i N\2 )
T @r(r (pa2s1 + = 2 XD (%)
A () = (OB X)d03)0)
o R R e s
@ (a2 + o e, (80

where I'(z) is the Euler-gamma function, ,F(a, b, c; z) is
the hypergeometric function, and a=3/2-v, f=3/24v.
The ie prescription indicates the pole about which we
perform our contour integration in the complex plane. Note
that I have used conformal time 7 here, defined in Eq. (2),
for convenience. From the equation of motion (4), the
Wightman functions obey the equation,

(Ogs + m? F ie) A% (x,x') = 0, 9)

VZ
where [l g = 0% + 3Ho, — i

Physical correlators must be invariant under the de Sitter
group. This means that the behavior of such correlators
can be written purely in terms of a de Sitter invariant
combination of the spacetime coordinates. The quantity in
question is

o =) =[x =X
y ()C X ) - 27]’7/

2

H
=cosh(H(t—1')) —TeH(“r”\x -x'’-1. (10

We can write the Wightman functions in terms of the
de Sitter invariant by expanding about small ¢ to give
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TABLE I. The 2-point functions for free fields, built out of the Wightman functions (11).
Name Symbol Correlator Form Ugs +m= =
Hadamard AH(x, x') O[{P(r, x)(¢. x")}|0) 2A(y) +iB(y) 0
Causal AC(x, x') —i(0|[p(£.x) (. x")]|0) B(y)(0(f —1) - 0(t—1)) 0
Advanced A4 (x,x') —i0(¢ = 1)(0|[d(r, x) (¢, x)]|0) B(y)o(f' —1) a8 (=)
Retarded AR(x,x") i0(t — )(0| (1, x)(7, x")]|0) B(y)o(t— 1) a<l,)s 89 (x - x')
Feynman iAF (x,x") 0|Th(r. x)p(7 . x")|0) A(y) - a(i)3 5W(x =)
Dyson iAP (x, x) (O|T ¢(1.x) (¢ x')[0) A(y) +iB(y) 0 (=)
. , H? y One can study the leading IR behavior of the Feynman
AT (x,x") = Wr (T(B),F1 | B 2;1 +§ propagator by considering the asymptotic expansion about
, large y. The leading terms in such an expansion are'
iH y
+— (4% -1),F, (ﬁ,a,2;——) 0()0(t 1),
32n ’ 2 Ay - L [TRITG=0) ( 3\
IAN (x,x') = -=
(11a) 162 | T(+v) 2

H? +W(_X>_%_v:| I (15)
A1) = T @B F (021 +3) rg-v  \ 2

iH? ’ y , The leading IR behavior of the timelike (equal-space)

+E<4V = 1)F) (ﬁ’ a,2,—§> 0(y)0(t~1), Feynman propagator is then given by
(11b)

where we have introduced the Heaviside function 6(z).
Henceforth, I will drop the ie prescription. From the
Wightman functions, we can build our other scalar 2-point
correlators. For convenience, we define

AG) = s T@N P (pa2i1+3). (120
2
BO) = 332 (07 = 0sF (Ba2i=3 )00, (120

Then, we define various other 2-point functions in Table 1.

The most relevant 2-point function for this paper is the
time-ordered function, called the Feynman propagator for
free fields. It is given by

iAF (x, ') = (O|T (1, x) (7. x")|0)

B ra@rp),r, (.02 +§), (13)

- 167>

where T(T) is the (anti)time ordered operator. It obeys the
equation

(Olas + m?)iA" (x,x') = -

H2 TROT@)(4) i)

(Ol (1. x)d(r' . x)|0) =

167 T(i+v)
H2 F(_zy)r(ﬂ)(_4)ﬁ e-ﬂ]—](t_t’)
1622 T(i-v)
. (16)

B. The in-in formalism

Having laid the foundations with free fields, we now
turn our attention to the more interesting situation where
we include interactions such that A # 0. The addition of
the interaction means we cannot straightforwardly com-
pute the scalar correlators; the equations of motion (4)
cannot be solved analytically. Instead, we will consider a
perturbative approach where one performs a small-1
expansion about the free solution that we computed in
the last section.

We will use the in-in® path integral formalism, where we
begin in some initial vacuum state—the in state |0_)—
evolve our system to some intermediate state before
evolving back to the in state [78-81]. The in-in generating
functional is defined by

'Note that for m > V2H, there are other terms in the
asymptotic expansion that dominate more than the second term
in Eq. (15). For this paper, we are interested in light fields m < H
so this will never be the case.

*Also known as Schwinger-Keldysh or closed time path.
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Z[J+,J7] = ,-(0_]0_)
= / Dq/<o_|Te"f;°° dr | dW-_aJ'(x)q?(x)W)
x (p|Te Jowdt [ EXVTT @I 10y (g7

where J* are external sources that source the evolution
from/to |, )0_, respectively, and we take the normalization
Z[J,J] = 1. In the path integral representation, we intro-
duce two auxiliary fields, ¢ and ¢, to differentiate the
contributions from the two paths. The in-in generating
functional is then given by

ZJtJ ] = / D¢+ / DS W 1+l =ST 97T g5)
(18)

where S*[¢p*] = S[¢p*] with the +ie prescription, with S[¢)]
defined in Eq. (3). Further, we have introduce the de Witt
condensed notation for convenience, where repeated indi-
ces represent integrals over the spacetime coordinate: for

example, J, ¢, = [d*x x)J (x)¢(x). All scalar corre-
lators can be built from the in-in generating functional via

(O_|Th(x1)...p(xITIA(X))...b(x;,)][0-)
— S\n—m 5”+mZ[J+’ J_}
= (=) 50 (x,)80 (%)

6.]_()(1).. .5J+(X;n) Ji=0.

(19)

The Bunch-Davies vacuum states considered in Sec. IT A,
|0), are really the in state |0_). Henceforth, I will drop the
subscript “—" on the vacuum state.

The free in-in generating functional is given by
7(0) [ J+ J—] _ e—%(inAfX,JX*,—J;A;x,J;, —JTAT T AITIAD ) (20)
such that all the free field 2-point functions given in Table I
can be computed using the in-in formalism via Eq. (19). To

include quartic self-interactions, we write the generating
functional as

i s
ZU ] = & NVIGEEE@ 20 . (21)

Applying Egs. (19)—(21), we can compute scalar correla-

tors for this self-interacting theory.

C. Two-point QFT correlation functions to O(4)

The quantity of most interest for this work is the time-
ordered 2-point function. Equation (13) gives us this

‘Note that we can simplify Eq. (20) further since
JEAD T =J7ALTY.

quantity for free fields; now, we will add corrections from
interactions in a perturbative manner. By expanding
Eq. (21) to leading order in small coupling 4, the generating
functional to O(1) is given by

ZlIt. g7 = (1 —z%/d“x\/”

(o som) )2V @)

Using Eq. (19), the time-ordered 2-point function to
O(A) is

= iAF()Cl,Xg)
3% / d*za(t,)?
x [iAF (z,x1)iA" (2, x,)
— AT (z,x1)AT (2, x7)]
+O(22). (23)

(01T (x1)h(x2)[0)

The first line is just the free Feynman propagator (13)
while the second line gives the contribution to O(1),
which is yet to be computed, and we have used the fact
that iAF (z,z) = iAP(z,z) = ($*). Note that for the time-
ordered correlation functions, the Feynman propagators are
sourced by JT while the Wightman functions are sourced
by J~.

The O(A) contribution to the 2-point function can be
computed in a similar way to the standard procedure in
Minkowski, by making a correction to the mass. Applying
the operator [ ;5 + m? to the 2-point function (23), we find
that at one-loop order it obeys the equation,

(Blas + mj, + 34(¢%)) (01T p(x1)b(x2) 0)

= —a(’t>3 89 (x1 = x2). (24)

where the bare mass is m} = mf , + 12&5 H?. We infer that
the 2-point function to O(4) can be computed simply by
replacing the mass m in the propagator by the Hubble-rate
dependent effective mass

m(H) = mj; + 34(¢°). (25)

1.e.,

<O|T$(xl)q§(x2)|0>:ZAF(xl,xz) s gt (26)

m*=my(H)

It is important to note that the effective mass m2;(H)
is finite, but both the bare mass m% and the field variance
(¢*) are ultraviolet divergent. Therefore, the calculation
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requires regularization and renormalization. In order to
make our effective theory directly applicable to particle
physics theories, we want to use dimensional regularization
and the MS renormalization scheme, which is the con-
vention in particle physics.

In dimensional regularization, one takes the number of
spacetime dimensions to be d =4 —e. When one then
takes the limit d — 4, the UV divergence appears as a
1/e pole. For our purposes, we need the full expression
for the field variance, including finite terms, and we are
not aware of such a calculation in the literature.
Therefore, we present it in full detail in Appendix A.
The result is

r 2H?—m% [2 Arp® 3
2y _ B |2 _ EOY
) ="6r [e_Hna(t)sz ety (2 ”B>

oG] .

where vp = %— "Hiﬁ,
v 1s the Euler-Mascheroni constant, and y is an arbitrary
energy scale.

The next step is renormalization, which involves absorb-
ing the divergence into the mass parameter. In the MS
scheme of dimensional regularization, the renormalized

mass is given by

w0 (z) is the polygamma function,

mk = maR +12E,H?
30(2H? —m3) (2
* 167° e P

+1n (41‘”4’;2» +O(2),

— m2
=my

{0l (2.0)(1.x)[0) =

where M is the renormalization scale. Explicitly, we must
renormalize both the scalar mass and the nonminimal
coupling respectively as

34m3 2
Y, (3 —yg+In (4]";‘2 )) +0(2),

2 2
mygp = Mo

167> \e
(29a)
3§ —&8) (2 Anp?
é:szg +1(’6—ﬂ23<;—y5+1n<;3; )) _‘_0(12)
(29b)

We see that it is crucial to include the nonminimal coupling
term for the renormalization counterterms to be indepen-

dent of H. Finally, we can now express the effective mass in
2

Eq. (26) in terms of the MS renormalized mass m% as
3A(2H2 = m2) 3
mee(H) = mj +TR 1—y© 3T UR
3 M?
—yO(= In——|. 30
o0 () ]

Note that the explicit dependence on the renormalization
scale M cancels the implicit dependence through m%, and
therefore the effective mass m2;(H) is renormalization
scale independent, as it must be.

For comparison with the stochastic approach, we will be
interested in the long-distance behavior of the 2-point
function (26). Focusing on spacelike separations, the
leading term in the asymptotic expansion about long
distances is

167>

H? T'(3/2 — vg)T'(2ug)43/>2x ) 30(2H? — m3%)
[(1/2 4+ vg) {

3271'21/RH2

X (Ind +y©(3/2 —vg) = 20O 2ug) + w0 (1/2 + 1))

o« <1 —y0(3/2 —vg) =y D (3/2 + vg) + 1“<L2>)}

22O

x |Ha(t)x|~

where the exponent4 is

a(t)’H?

T+ O(22), (31)

(QFT) 3 3/1(2H2 - m2) 3 3 M2
Al = <§—IJR>H+7R I—W(O) i—l/R —II/(O) _+I/R +IHW +O(12) (32)

327[21/RH

“We introduce the notation AgQFT)

2

as a precursor to that used for the spectral expansion method in the stochastic theories.
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In principle, we could extend the calculation to higher
orders in 4, albeit with increasing levels of complexity.
However, there is a problem that stems from the IR limit
hidden amongst our results. To see this, we expand the
2-point function (31) to leading order in small-mass
m? < H? to give

2

3H* 27)H8
8n°m%  64n*m§

(014 (1. 0)d (1. x)[0) = (

2
e 3iH?

One can see that both corrections to the amplitude and
exponent are of relative order ’%4 in this small-mass
R

expansion. In order for the sum to converge at higher
orders in 4, we requlre ® < 1. This is not a priori true

since our perturbation theory takes A to be the small
parameter about which we expand. Thus, perturbative
QFT is limited to the following region in the parameter
space; A < 1 and A < m*/H*. Therefore, to leading order
in AH*/m*, the long -distance behavior of the spacelike
field correlator is®

x [Ha()x| ™ k. (33)
|
2 T(3/2 — vg)T(2ug)43/2 ¥k 27\H? AH®
0|g(1,0)p(1,x)[0 - O —
(011, 0)¢ (1. x)[0) = {16;;2 T(1/2 + vg) 6arims (m;gﬂ
—(3=2up) AL+ O
x |Ha(ix e, (34)

This is as far as perturbative QFT will take us for 2-point
correlation functions. In order to go beyond this, we must
employ alternative methods, such as the stochastic effective
theory of scalar fields in de Sitter.

D. Four-point QFT correlation functions to O(1)

To round out our discussion of perturbative QFT, we will
briefly consider the 4-point functions. For this paper, we

will largely consider them as a tool for computing
|

(01T (x))p(x2) b (x3)h(x4)|0)

stochastic parameters and so do not go into a huge amount
of detail. However, it is important to recognize that these
objects are computationally challenging and our work has
raised some questions surrounding this, which we will
touch on at the end of this section.

Using the Schwinger-Keldysh formalism outlined in
Sec. II B, we can combine Eq. (19) with (20) and (21)
to obtain the time-ordered 4-point scalar correlation func-
tion to O(4) as

= iAF(xy, x,)iAF (x3,x4) + [2 more permutations]

3R (xy, 1) / dza(1,P[iAF (2.x)idF (z.x) = A* (2.3 A (201

+ [5 more permutations]

- 6i/1/ d*za(t.)’[iAF (z,x))iAF (z,x,)iAF (z, x3)iAF (2, x4)
= A% (2, x0) AT (2, x0) AT (2, x3) AT (2, xg)]. (35)

The first line after the equality sign is the free part, composed of a combination of Feynman propagators. The next three
lines are a similar combination but this time occur at O(4), thus containing the O(4) piece of the 2-point function (23),
multiplied by the free Feynman propagator. The final lines indicate the new contribution to the 4-point function that first
appears at O(4). These terms make up the connected 4-point function, which we will focus on here. Explicitly, this is related
to the 2-point functions by

(01T p(x1)h(x2)h(x3)p (x4) |0} = (OITP(x1)b(x2)6b(x3) b (ix4)[0)
— (01T (x1)b(x,)[0) (O|T b (xx3) b (x4 0)
~ (01T (x1)b(x3)[0) (O|Tb(x2) b (x4)|0)
— (017 (x1)b(x4)[0) (0| T p(x)¢b(x)[0). (36)

Note that it was this 2-point function that was used in Ref. [75]. A key extension in this work is that we now consider Eq. (31) when
we match the perturbative QFT and stochastic 2-point functions. This introduces the M-dependence into the stochastic theory, which is
an important UV effect even at long distances.
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where the subscript “C” stands for ‘“connected”. To
compute this quantity, we must perform the z-integral in
Eq. (35). Since the integrand is composed of a series of
hypergeometric functions, doing an analytic calculation is
extremely difficult. Moreover, attempts at a numerical
computation have proved fruitless due to the existence
of poles in the integrand. Unfortunately, unlike its 2-point
counterpart, the 4-point integral cannot be solved by a mass
redefinition. We can make some progress by moving
from position to momentum k-space, as outlined in
Ref. [41,82,83], where computations simplify and the pole
structure is no longer a problem. For this purpose, we will
focus on equal-time 4-point functions. The Fourier trans-

form goes as
|

G {)) = =it [ an. o

IS

i {x;}) = H[/ d3k,~e"'ki"‘f}

i=1

4

x G&(n, {k;})

<Z K, ) (37)

where (k) = (27)%65) (k) and we use the shorthand

notation for the connected 4-point function G (;7 {x;}).
with {x;} = (x1,X5,X3,X4), and the “tllde” indicates
equivalent quantities in k-space. Note that we will use
conformal time in the following calculations, as defined
in Eq. (2). The equal-time connected 4-point function in
k-space is given by

7 (1B 020, ] JIBE (1201, Ka)iBE (.00, k)8 (1.1, k)

- AJF(VIZ’ , kl)AJr(nz’ 1, k2)5+(’71’ n, k3)A+(77z’ , k4)> ’ (38)

where the Wightman function in k-space is given by Eq. (6) and the Feynman propagator is found by using its definition in
Table 1. Using the time ordering, one can simplify the integral such that

@, (K, }) = / ' Fone o)), (39)

where

o
F(n.n.,{k;}) = ‘Mm

: (A_(nv’]vkl)ﬁ_(’]z”]vkZ)A_(nz’”vk3)A_(nz”77k4)

— At (n,.n K )AT (.0, Ko) AT (.0, K3)AT (.., k4)), (40)

and A~(i7,.n, k) is the complex conjugate of A* (.7, k).

This integral is hard to solve in general. Analytic solutions are difficult because the integrand is a product of Hankel
functions whilst the oscillatory behavior of the integrand in the limit 7, - —oo make numerical computations challenging.
However, for the purposes of this paper, we are only interested in the long-distance behavior of the correlator. Assuming that
that all four momenta k; Vi€ {1,2,3,4} are of the same order of magnitude, which we denote by k, we can therefore
assume that —kn << 1. We then separate the integral at some intermediate time 7y = —A/k <, where A < 1 such that
—knoy < 1. Then, the 4-point function can be written as

G (. {k,}) = / " dnFlnn. (k) + / . F (. (kD). (41)

To

Considering the kn <« —1 limit of the Wightman functions,

™ (1)/(2) 27
HV P (—k
4Ha(’7>3/za(’lz>3/2 ( nZ) (URF(UR)

B, k) > (e £ 2 ) )

one observes that the first term in Eq. (41) is proportional to the power law k—>~*¢ We show this more explicitly in
Appendix B
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For the second term, we can make use of the approximation —kz, < 1 to write the Wightman functions as

A (n,.n.k) 5

“4Ha(n)*?a(n,)**| =«

P {4”'?1“(1/,?)2

wre i (G -GP @

Substituting Eq. (43) into the second term of Eq. (41), one can compute the integral to give

GY (1. {k;}) = O(k=3-4)

k1k2k3 —2ug k1k3k4
|G O

where the first term includes contributions from the first
term of Eq. (41) and from the lower limit of the second
integral, which are both of the same order O(k=3~#*). This
is actually the leading contribution in the IR limit for light
fields, over the second term in Eq. (44), which is of order
O(k=6v%). All other contributions are subdominant to k=6,
For a deeper discussion of this, see Appendix B.

It is challenging to get analytic results for the leading
term O(k=3~%*), especially in coordinate space, because it
will depend on all 4 k;s simultaneously and thus the o-
function arising in the Fourier transform (37) will result in a
mixing of momenta. On the other hand, the O(k=%x)
contribution will deal with the §-function trivially because
each term only ever depends on 3 of the 4 momenta. For

(Ol(£.x1 ) (t. %) (1. X3)h (1. x4)[0) = ... +

34 (TR I ——
4H> 2r (3 —4vg)(3 = 2ug)

—2vg k2k3k4 —2ug k1k2k4 —2ug
) +<H3) +(H3 , (44)

|
this work, it is sufficient to have an analytic expression for
one of the leading IR terms so that we can do a comparison
with the stochastic approach. However, this does leave
the door open for more careful analysis of the 4-point
functions.

To convert Eq. (44) to coordinate space, we can use the
Fourier transform (37), using the result [41],

1 23‘2”Rzr3/21“(§ — Ug) .
(2”)3 (% —vg)l(vg)

/ dPkekxjrd = . (45)

to obtain the equal-time connected 4-point function in
coordinate space,

3/1H4 F(VR)’;F(% - Z/R)3

Ha(t)x|2+0%, 46
/2 (4uR—3)(3—2uR)4‘ a(t)x| (46)

where |x|=|x;—x;|V i#j, i,j€{1.2,3,4} and the “...4” indicates the other leading IR contribution
O(|Ha(t)x|~6*%=). Note that, for light fields, this contribution is given by

<0|¢3(f7 Xl)ds(f’ x2)$(t, X3)4§(1, x4)[0)

III. SECOND-ORDER STOCHASTIC
EFFECTIVE THEORY

We will now consider the second-order stochastic
effective theory, which was introduced in Refs. [74,75].
We again consider a scalar field with a mass mg and quartic
self-interaction Ag, where the subscript “S” stands for
“stochastic”, to differentiate from the QFT quantities
introduced above. The stochastic equations are then
given by

()= Cane-siomse)*(2) @

m?<H?

811H 2 g
= ...+ ———|Ha(t)x| 7. 47
+128ﬂ6m§| a(t)x| (47)

with a white noise contribution

(&i(0g;(1) = a0t = 1. (49)

The noise amplitudes o7,

being, other than the fact that they do not depend on the
spacetime coordinates and that they are symmetric, pre-
serving the reality of the noise. The form of the stochastic
parameters mg, Ag and alzj will be determined by comparing
stochastic correlators with their perturbative QFT counter-
parts. We will choose these quantities to be the same,
promoting our stochastic theory from something general to
an effective theory of QFT.

are left unspecified for the time
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A. The second-order stochastic correlators

1. The spectral expansion

The time-evolution of the 1-point probability distribution
function (1PDF) P(¢, ;1) associated with the stochastic
equations (48) is described by the Fokker-Planck equation

1
O,P(¢p, ;1) = — 0, + (3Hz + V'(¢))0, + 26[/”/)02
1
+ 05)”0,/,6,, + 56,2,,[6,2{| P(¢, ;1)
= LpP (¢, 751), (50)

where Lgp is the Fokker-Planck operator. For a space of
functions {f|(f,f) < oo} with the inner product

to)= [~ ap [~ ars@mgdn). 51
we define the adjoint of the Fokker-Planck operator, Ly, as

(Lepf.9) = (f. Lipg)- (52)
Note that all integrals over ¢ and & have the limits (—oo, co)
unless otherwise stated. Explicitly,

Lip = ndy — (3Hr + V()0

1
~ 02,02 (53)

1
2 2 452
+ 504495 + 04,940, + >

2

The 1PDF can be written as a spectral expansion

P(,m1) = Wy(h, 1) > enPy(gh, e, (54)
N=0

where Ay and ‘I’ (g{) x) are the respective eigenvalues
and (adjoint) eigenstates to the (adjoint) Fokker-Planck
operator

Lip¥Py (9, 7) = —AyPy (9, 1), (55a)

Py (o, 7o, 703t — 1)) =

Lip¥y(g. 7) = =AYy (9, 7). (55b)

and cy are coefficients. We consider eigenstates that obey
the biorthogonality and completeness relations

(lP?v’ lPN’) = On'n>

> (. m) P

(56a)

w') = 6(¢p—¢')é(z — '), (56b)

and there exists an equilibrium state P, (¢, 7) =
Y(¢, 7)¥o(¢p. ) obeying 0,P,,(¢,7) = 0. All sums of
this form run from N = 0 to N = oo. Note that the ¥ (. )
eigenstate, corresponding to Ay = 0, is a constant, such that
Eq. (54) obeys the Fokker-Planck equation (50).6

To obtain stochastic correlators, we introduce the
transfer matrix U(¢y, ¢, mg, 751 — 1) between (¢, ) =
(@p(tg,x), 7n(t9.x)) and (¢, ) = (¢(1.X), z(t,x)), which is
defined as the Green’s function of the Fokker-Planck
equation

0,U(po. p. o, w5t — tg) = LepU(po. . o, w3t — ty)  (57)

for all values of ¢, and 7. Then, the time-dependence of
the 1PDF is given by

P(¢,ﬂ§f)=/d¢o/dﬂop(ﬂbo,7T0§10)U(¢07¢,7T07”§f—fo)-
(58)

From Eq. (54), making use of the relations (56), we find
that the transfer matrix can be written with the spectral
expansion as

¥i(p, x)
‘P* ,
B (om0 2 V(00 0)

X ¥y (¢, m)e~Mli—ho), (59)

U(¢0’ ¢7ﬂ07ﬂ; r—1 )

2. Two-point stochastic correlation functions

We can write an equilibrium 2-point probability distri-
bution function (2PDF) as

P (o, mo310)U(po, . 7o, 75t — 1)

= q’(*)(qﬁ’”)q'o((ﬁo,HO)ZTT\/(Q{’O,HO)TN(ff’a”)e_AN(r_l“)7 (60)
N

where we take P(¢g, mo; tg) =
functions f (¢, 7y) and g(¢, z) is given by

P,,(¢o.mp). Then, the 2-point timelike (equal-space) stochastic correlator between some

®This is convenient when one considers the simplified case for free fields e.g., Eq. (79). In this case, the nonadjoint and adjoint

eigenstates only differ by a factor of a Gaussian.

045017-10



STOCHASTIC PARAMETERS FOR SCALAR FIELDS IN ... PHYS. REV. D 109, 045017 (2024)

(o 70)g(h. 7)) = / dipy / di / dr, / dP>(Bo. b 70, 75— 10)f (hos 70) 90, 7)
= Zf ongnoe ), (61)
N

where

fNN’ = (lPN’flP*’)' (62)

We can compute spacelike correlators by defining an equilibrium 3-point probability distribution function (3PDF), where
we evolve both (¢, 7) and (¢,, ) to (¢g, 7y) independently, as

s
Pg )(¢O’¢17¢2’”07”17”2;t0’t11t2) = P(¢po, 705 10)U(po. 1. mo. w13 1y — t0) U o, o, 7o, 723 1y — 1)

_ Yoleo ”0>TSE$;’Z;; 0(¢ ﬂ2>Z‘P§1(¢o,ﬂo)TN(¢17”1>

x Z‘PN/ (0. 10) Wy (¢hs. 75) e~ Pu(t=t0) e 1=10) (63)

where the superscript (S) indicates that it is the 3PDF used to define spacelike correlators.’ For more details, see Ref. [75].
To evaluate the spacelike (equal-time) stochastic correlators, we compute the 3-point function between two timelike
separated points #; and #, and the time coordinate ¢,, defined as

1
tr:—ﬁln(H|X1—X2\). (64)

The spacelike stochastic correlator between the functions f(¢(¢,x,),z(t,x,)) and g(¢(2,x,), z(¢,X,)) is given by
integrating over ¢, and z, as

(st x0) (b 7 1.%,)) = / i, / dpy / depy / dr, / dr, / TPy by o ooy T 111, 12)
Xf ¢1,”1 ¢2,”2)

lIJ , A
/d¢r/ “PS z; r NN/lP* ¢r’ 7V’(¢r’”r)ngN’|Ha(t)(Xl_XZ)‘_ o (65)

3. Four-point stochastic correlation functions

We can similarly compute 4-point functions via the spectral expansion. For the timelike 4-point functions, we write the
equilibrium 4-point probability distribution function (4PDF) as

P (1, b b, a7y, 7, 73, 743 1y, 1, B3, 13)
= P, m1;0)U(hr, o, 71, 723 10 = 1) U(ho, 3, 72, 7133 15 = 1) U (3, ha 73, 745 14 = 13)
= Wo(py. 1) ¥ (s, ﬂ4)Z‘P}§/(¢1, 7)Yy (2, HZ)Z‘P}*V,(@, )Wy (3. 73)
N I
X qujv’/(¢3»ﬂ3)lpzv”(¢4,ﬂ4), (66)

N

where the superscript (7) indicates we are using this 4PDF to compute timelike correlators. Assuming that
H <ty <ty <ty, and that P(¢,,7m,;1;) = P, (¢1,7,), the timelike 4-point correlation function is given by

"We could similarly define a 3PDF for computing timelike correlators, where the evolution would be from (¢, 7) to (¢, 7;) to
(¢, m>) i.e., chronologically along a line of constant spatial coordinate (assuming #, < t; < t,).

045017-11



ARCHIE CABLE and ARTTU RAJANTIE

PHYS. REV. D 109, 045017 (2024)

(fF1(dr,m)f2 (s 10) f3(b3, 73) f4(bas 7))

i=1

4
=11/ a¢; | dn:P

¢1,¢2,¢3 Da. Ty, T, T3, s 1y, 1, 1, 1)

X f1(p1,m0) f2( b2, m2) f3(b3, 73) fa (s 74)
= Z (F)ow (F2)ww (F3)wrr (Fa) ymge™ M)A =) =Ry (=) - (67)

In a similar computation to the 2-point function, we can compute the spacelike 4-point function. Now, we define the
“spacelike” equilibrium 5-point probability distribution function (SPDF) as

s
g )(¢0,¢17¢2,¢3,4547”17”2,773,774; to: 115 1oy 13, 1)
= P(¢ho. 703 t0) U (o 1. mo. w15ty — 10) Uy, ha, 70y, 7003ty — 1)U (b, 3. 702, 7035 15 — 1)

X U(s, by, w3, w45 14 — 1)

¥o(do-
ol ”%H[lv* b)Y Wi (o 1) ¥ (b )| o
N

‘P* (o, 70)” 1]

Using the 7, coordinate in Eq. (64) and assuming |x| =
some functions f;(¢,n), i€{1,2,3,4}, is given by

(f1(p1, ) f2( b2, m2) f3(b3, 73) fa (s 74))

|x; — x;| Vi # j, the spacelike stochastic 4-point function between

/d(f)r/dﬂr /d¢i/d”inS)(¢r’¢l7¢27¢3’¢4’”r’”1a”2a”37”4§tr’ to ity 1)

X fi(dr, m1)f2(ba, m2) f3(h3, 73) fa(Pa, m4)
3H|:le* ¢r7ﬂr fz)NO'Ha<t)X| H (69)

LPO d)r’
"Wi(m) L]

Jo

B. Comparison with perturbative QFT

Now that we have developed the formalism for the
stochastic theory, we will now promote it to an effective
theory of the IR behavior of scalar fields in de Sitter
spacetime. To do this, we will compare the stochastic and
QFT correlators and choose the stochastic parameters such
that they match. This procedure was first outlined in
Refs. [74,75].

1. Free stochastic parameters

We will begin by considering free fields, which was first
done in Ref. [74]. It will prove convenient to change our
field variables from (¢, z) to (g, p), with the transforma-

tion
1 1 acH T
()l )G @
q 1—— ﬁs 1 ¢
where ag = 2 — vg and B :%—H/Swithys =

9 _mg
3 9T Al

of the formalism introduced in the previous section can also

be applied to (g, p) variables. In particular the Fokker-
Planck operators are given by

Lrp = Ly + L4, (71a)
Lip =L +2L4) (71b)
where the free part is given by
Ly = aH +aHgo, + zagqag +pH + pHpo,
1
+ 26],,,02 + 62,0,0,, (72a)
0)x 1
Liy" = ~aHqo, + 503,05~ pHpo,
1
+ 065,05 + 05,0,0,, (72b)

2PPP

and the interacting part is given by
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A

£ = (i —ap

( ﬂiprrq) (a * 0 q>’ (132)

Ly =Ly (73b)
The (g, p) noise amplitudes are written in terms of their
(¢, ) counterparts as

1

1 2
2 2
Oqq = 1— <ﬂzH2 Oz +ﬂH Gt/m + 0¢¢) (7421)

1 1 a
o%p = (ﬂH(T,m. + (1 +ﬂ> Chp T+ chfd”/)) (74b)

1

— (02 + 2aH0y, + o’ H?ay,). (74¢)

~%IQ

Following the work of Ref. [74], we compute the stochastic
free-field correlator as

(W0.009(0) = g [ Hax 2

2
H3ﬁ3
26
3H2ﬂ

+ |[Ha(1)x| s

\Hali >x|-3} , (75)

and match it to the free Feynman propagator (15) to obtain
an expression for the free stochastic parameters

o (76a)
5(0)2 — 62(0) H3aI/ F(2I/)F(~— — l/)43—l/ (76b)

qq 0.99 — 4728 F(% ) ,

0)2 2(0

W = 0gap =0, (76¢)

3
2(NLO)(0) __ HB*v F(—ZD)F(%+1/)4§+”

o= {GW oW Td L (76d)

mg(» and aég)) are matched such that the leading-order

exponent and amplitude in the Feynman propagator are
reproduced while o-f,g)) noise is chosen such that there is an
analytic continuation from timelike to spacelike stochastic
correlators, a behavior prevalent in QFT. However, the
choice of af, p» is arbitrary. In this paper, we focus on two

possible choices: that the subleading term in the Feynman

propagator is reproduced [aQ op = 61);\1 LO] or that the

subleading term in the stochastic field 2-point function

vanishes (62Q, oy = 0). We will see later that this choice does

not impact physical results.

Since 03,5,0) = 0, the variables p and ¢ separate and so we
now use two indices (r,s) € {0, o}, corresponding to p
and q respectively, as opposed to just N. Thus, the free field
eigenequations are given by

LR¥(q.p) = (77a)

EFP rs (‘1 p) = Ars (77b)

rs (‘1 p),
where the A and ‘PS?)(*)(q, p) are the free eigenvalues
and (adjoint) eigenstates, respectively. The eigenvalues of
Eq. (77) are
0) _
Ay = (sa+rp)H (78)

while the normalized eigenstates can be written in terms of
the Hermite polynomials H,(x) as

¥ (g, p)

B 1 apH? 1/4H aH
V2] ”20'%146%17 ’ Ugmq

. pH

SH —4fL L p?

xHr ——p |e " (7B
pp

(79a)

(0)« 1 apH?> \ /4 aH
\Prs ) - Hs B
@D = (e 7!

H
X H,( b p).
hp
For the case where o3,
written as®

(_1)—r aH\ /4 ) (%
o \ol s (p)H,
r:.s. qu

< aH ) ~4Lg?
Wz 1)
Oy4q

or aH 1/4
hm‘I‘ q.p) =\|=——| 55 p"H
63,0 " ( p) 2SV!S!<7[202(]> P i

x< aH >
4]
O4q

where p =, /fTHp and superscript (r) indicates we are
124

(79b)

=0, the eigenstates can be

hm‘P,s(, p) =

6—»0

(80a)

(80b)

taking the rth derivative of the J-function. These are well

To take the limit, We have used the

lim, o CUTW2I (e = 60 (),

identity
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behaved eigenstates if we use (g, p) as our variables, with ~ Using the eigenequations with the biorthogonality con-
which we have the biorthogonality and completeness  ditions for (g, p), equivalent to Egs. (55) and (56), the O(4)

relations. terms in the eigenvalues and eigenstates are given by
m _ 0« (1) ygy(0)
2. Stochastic 2-point functions to O(Ag) A = =W, Lgp ¥rs'), (82a)
We will now move to the more interesting case of an R
interacting theory. To relate the stochastic correlators to the pr/ q.p) M ., (82b)
perturbative results of QFT, we expand our solutions to the . A<r S) A&?

eigenproblem (55) in terms of the (g, p) variables to O(4s)

— (0)+ (lPﬂs/"CFP r\ )
p) - ler’s’ (Qa A(O) _ A(O) ’ (82C)

rs

Ay =AY 4 2% + 0(22). (81a)

r's'

‘Pgﬁ)(q, p) = Tg?)(*)(q,p) + AS‘Pﬁi)(*)(q,p) +O(A2). where for Egs. (82b) and (82c¢), 7 # r and s’ # s. One can
‘ then compute the spacelike stochastic 2-point correlator to
(81b) O(Ag) using Eq. (65) as
|

Qrﬂ 0)x*
(f(a1.P1)9(42, 2)) / dq, / dprZ[ o ) W (g )P (@0 PG
rrvs Qr’pr

(M ‘P(‘?*(qr, P (g p )G
Wi (4, )P0 (4, 1))
¥ (g, p,)?
¥ (4, py)
Y (g, pr)
Wi (g, P

) 1)* 0) (0
GF ¥ (4 PPy (4 ) 90
Yoo (4r-p7)

R (g p )Y () 195

W (4 )P (@ P19

lP(()(()])(qr’ pr) 0)x (0)x (1 (0)
+ WT” (qr’ pr)lprfs/ (Qr’ pr)frs 9y
qdrs Pr

‘1‘( >(qr,pr) PO

(qr,pr)lp(r)r (Qr’ pr)f” rs>:|
00 (‘1r7 Pr)

0 0 1
A0 Al
T + 1 K

x |Ha(t)(x, — x2>|_( (83)

We also wish to incorporate O(4g) effects into our stochastic parameters so we expand them about the free parameters (76)
such that

my = m% + Ami(l), (84a)
H3(3/2 = vg)vg T(2ug)T (G — vg)4i—e 5
2 = 2 Aso2D 1+ 022 84b
%44 = 42232 + vg) Mo 80wt (). (846)
02, = Jooy) + O(12) (84c)
qp qp S/
o2, = Joa) + O(12) (84d)
pp pp S/
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Note that because we are now considering an interacting theory, we have to use the renormalized mass my, given in
Eq. (30). Additionally, for simplicity, we will consider the case where 6?,(,9) = 0 for this section, though we will compare
with the other case later.

Using Eq. (65), we can compute the spacelike ¢ — g, ¢ — p, p — ¢, and p — p stochastic 2-point functions. Converting

these to (¢, ) variables using Eq. (70), we then write the spacelike stochastic field 2-point function to O(Ag) as

27V V)4 U)oz
(P(1,0)p(1,x)) = H? T3 —vg)T(2ug)4 <w

1671'2 F(%—FUR) 4l/RH(3 —21/R)
30~ )M ea) Tl - ”R)z)} (Ha()x|~#

2mvgm?
1 2(1) " 2(1) HAT (5 — 2
a2 (o TG v
Hvp(3 + 2up) 3Hvg 8 vpm
x |Ha(t)x|3, (85)

where the exponents are

3HBE T(2ug)T( — vg)dr

Aoy = acH + 1
o s S 327208 (L +vg)

+ O(23), (86a)

3HB, T(2up)TE — vg)die
327% Ry (34 vg)

Ao = PsH — Ag + O(%3), (86b)

and we have used the free-matched stochastic parameters (76).

3. Stochastic 4-point functions to O(Ag)

Using the perturbative eigenspectrum computed above, we can also compute the 4-point function to O(4g). We will focus
on the connected piece to compare with its QFT counterpart (36) so we can use the free stochastic parameters from Eq. (76)
and, for simplicity, we will make the choice O'ZQ‘ op =0.

In general, the equal-space stochastic 4-point functions are given by Eq. (67). We will again switch from (¢, z) variables
to (g, p) using Eq. (70). The only nonzero 4-point functions that are relevant are

(q(t)q(t2)q(t3)q(ts)) = 6100.01%1,006100,01401,009_/\0‘(tz_t')_A“O(t3_12)_/\°‘(t4_l3)

+ 400.01901.02902.01 901 gpe~ 01 (271 =R l13=12)=Ror (14=15)

+ 400.03903.02902.01Go1 oo~ 271 TR (5=) Ao (14=13)

+ G00.01901.02902.0303.00€ 0 271 =R (13=12)=Aas (1a=13) | (87a)

(p(t1)q(t2)q(t3)q(ts)) = P00.016101,006100,01%Looe_A‘“(tz_">_A°°<l3_’2>_A°'("‘_t3)

+ P00.01901.02902.01 901 00€ 01 (2711~ Aea(t3=12)=Aor (1 =13)

+ P00.03903.02902.01Go1 goe 21Tl ~Ror 1 =12)

+ Poo,m%l.02‘102,036103,006_1\0‘(tz_">‘A02(’3—’2)—A03<t4—t3), (87b)

(q(t1)p(t2)q(t3)q(ts)) = 6100,01P01,00900,01401,006_A°‘(tz_t‘)_AOO(trtZ)_AO‘(t“_tS)

+ 900,01 Po1.02902.01901 €0 2 A (=) =R (14=13)

+ 400.03P03.02902.01 901 g0€ 27~ An ) =R (14=1)

+ 90001 Po1.02902.03903,00€ 01 (2 1)~Aea(t3=t2) = s (t4=13) (87c)
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(q(11)q(t2) p(13)q(14)) = G00.01901.00P00.01901 00€~" (12=t1)=Aoo(t3=12)=Aon (t4=15)

+ 4900.01901.02P02.01901.00€ " (t2=11) =P (13=12)=Aor (t4=13)

+ 900,03903,02P02,01901 00€_A°3(t2_t' )= {ty=t)=Aor (t4=13)

+ G00.01901.02P02.03G03.00¢ 0 (21~ (=1)=Aos (t4=t3) (874d)

(q(1)q(12)q(13)p(14)) = 900.01901.00900.01 Po1.00€~ " (t2=11)=Aoo(13=12)=Aor (t4=13)

+ 400.01901.02902.01 Po1.00€ " (t2=11) =P (13=t2)=Aor (t4=13)

+ 400,03903,02902,01 Pot poe Aozt~ An(B=r)~An (t4=t3)

+ 400,01901,02902.03 Po3 goe 0 () ~Raa(ta =) =R {14=13), (87e)

Using the free eigenspectrum (78) and (80), one can compute these explicitly as

2 2 6. 2 3
(aateyats)ate)) = (2220 - P (Tom) ) emotnmicn

2 2 2 3
+ (2 %0.4q _ 24P %0.4q el (ti+t3-1=11)
2aH H?a(a — p)* \ 2aH

2 3 2 3
3/1S'B(GQJM) e~ 0l (ta+13+1=311) _"_73/15:3(6@(1(]) e~ (Bl—13—1r—1;)

) 88
32H a*v? 32HatL? (88a)
AP (%646’ _an 2B (%044’
¢ ¢ ¢ ¢ - _ : —aH(ty+1—13—1,) _ 49 —aH (t4+1t3—t)—1})
(pinaat)ate) = - 20 () i () «
20,2 )3
_ 3Asp (O'Q,qq) —aH (ty+13+1,-31;)
2H @ (3a+ P2 ’ (88b)
3B (%044’ _an YsP (g4’
t ¢ ¢ t — > —aH (ty+t—t3—1;) _ 49 —aH(t4+t3—t2—tl)’ 88
(aepa(m)aten) = o s (3] e g (") e (88¢)
315:52 62Q a9 ’ H(t 122 ’ GzQ ’
1)q(t)p(t3)q(ts)) = ' —aH(tytty=t;-1)) 449 ) gmaH(tytiz=t=11) 88d
() p()aen) = o o (Tt e et (T (884)
Asp? %041 o 6458 (90aq)’
¢ ¢ ¢ ¢ - _ B —aH (t4+t—t3—1;) 99 —aH (t4+t3—tr—1;)
(q(t1)q(t2)q(t3)p(ts)) H(a—p72 \ aH ¢ +H(a—ﬁ)3 2aH | €
352 )3
163;;9,53((;’@!1(1;) Ze—aH(3t4—t3—t2+t1)' (88e)
a’(3a—pv
We can then compute the timelike stochastic field 4-point function by converting back to (¢, z) variables to get
3(n 32 233 3032 233
(1) (1) (1) 12)) = AP’ (2p° + 215 — 72)(0Q»qq) el (=t+1-13) 4 3B (B + f — 6)(0quq) e~ aH (131 +14=1)
PRI 4H o* (a — )’ 2H3 o (a - )’
3 2\3 30,2 )3
3isﬂ (4a + ﬂ) (UQ’qq) e—aH(l‘4+l3+lz—3I|) _ 32/Sﬂ (UQ.qq) e—(lH(3I4—l3—t2+l‘])‘ (89)

128Ha* (3a + p)v* 64Ha* (3 — B
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In a similar definition to the QFT, we can define the connected stochastic 4-point function as

(p(1)p(12)b(13)p(1s)) c = (D(11)b(t2)p(t3)P(2s)) — (P(11)P(12)) (P(13)(14))
—(P(11)(13))(P(t2) (1)) — (b(11)P(24)) (P(12)p(13)), (90)

Thus, we can write the timelike stochastic connected field 4-point function as

3 a2 3 3 _ 2 \3
Bepeppe =L 2P I 00uw) i IO 0s)

AH o (a — ) 2Ha* (o — B)3
3 2 3 30,2 3
3’15ﬂ (4a + ﬂ) (UQJM) e—(zH(l4+t3+tz—3I|) _ 3/15ﬂ (UQJM) e—aH(3t4—t3—tz+l])_ (91)
128H3a* (3a + p)v* 64Ha* (3a — p)v?

We can also compute the equal-time stochastic connected 4-point function at O(Ag). Using Eq. (69), and recalling that
x| = |x; — x;| Vi # j, we find that the only nonzero spacelike (g, p) correlators that are relevant are

Qr’ % N
(axatx:)axax)) = [ da, [ dprq,*q g p a5

rv

3A1 A3

qﬂpr X SRR
+ [ da, [ dp g 2L (¥ia,p )0 (¥ila g Halx L (02

<lP*(CIr’Pr)QI0) (Tﬁ(qr7pr)P1o)|Ha(t)x|—4%

34 +A3

+ [ da, / e L (91,9, )10 (¥4 4, Ha)x

” (92b)
(4, p,)°

Then we can use the eigenspectrum (78) and (80) to obtain

3(6%..)> 34
R e A e L AN R

915 (0 )’ i P, _a
(P(x1)q(x2)q(x3)g(xe)) = graos o S5 HalOXI™ o gy =t s Ha()x . (93b)
Thus, the spacelike stochastic field 4-point function is
30k, 9B (2a=P)(oh,,)’ i, 3P (0h,,)
(BOR)BI B0 = (ot 2 = 2 B o) 1Tl
(94)

Then we can use Eq. (90) (replacing #; with x;) to get the connected spacelike stochastic 4-pt function to O(Jg) as

958 (6% 4)° o 3258°(09.4,)°

7|Ha(r)x 16Ha* (B — 3a)

e [Ha(Ox[ 5% (95)
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In the light field limit m <« H, the spacelike 4-point function is given by

 81igH"

BUSH oy 3~ 2AH
= a H* —
1287°m®

mlHa(t)xl‘W, (96)

((x1)9(x2)p(x3)(x4)) c

m?<H?

which is the same as the near-massless QFT spacelike 4-point function (47) for Ag = A.

4. Stochastic parameters to O(A)

We can now compute the (1) stochastic parameters by
comparing the O(Ag) stochastic 2-point and 4-point func-
tions with their QFT counterparts. The procedure for
matching our 2-point functions remains unchanged from
the free case. We again have our three conditions (plus a
choice) for the stochastic results to match perturbative QFT:
(i) the leading exponents match; (ii) the leading prefactors
match; (iii) the analytic continuation between spacelike and
timelike correlators is preserved; and (iv) either the sub-
leading terms match or it vanishes in the stochastic
correlators. We will consider both cases presented by
(iv), though as stated these are not unique choices. For
the following, I will consider the latter choice; the former is
dealt with in Appendix C. We will see that the choice does
not affect the physical results, as indeed it should not.

However, we now have a fifth stochastic parameter to
contend with Ag which can be matched to its QFT
counterpart by considering the connected 4-point function.

31H?>

1672 | NZ

2 2
myg=mp+

H2

ANG/2—vr)l(er) | (2_m_12e> (1 0 (3/2 =) =y (3/2 + 1) +1n(%22}]2>>} +0(2%).

By equating the spacelike stochastic 4-point function (95),
using the free stochastic parameters (76), to the spacelike
quantum 4-point function (46), we find that the term
O(|Ha(t)x|79+% are equal for any value of m if

As = A+ O(2). (97)

Thus, at this order, the A parameters in both quantum and
stochastic theories are the same and we will drop the
subscript S henceforth. We note that the second-order
stochastic theory also gives us an expression of
O(|Ha(t)x|76*%), which we know also appears in the
QFT counterpart (46), denoted by the “...+”. Thus, the
stochastic theory gives us a way of computing this term
explicitly, which is difficult to do in perturbative QFT.

We can now turn our attention to the 2-point functions,
and the other 4 O(4) stochastic parameters. In order for the
stochastic spacelike 2-point function (85) to reproduce the
perturbative QFT 2-point function (31), the parameters
must have the values

(98a)
2HT(1 +vg)T (3 —vg)  AHT(3/2 — vg)T(1g)
2 2 R R
= 3(=3 4+ 2ug)1(3/2 — vg)T(2
O (3 4 2ug) 1677/2(3 + 2vg)? [ (73 + 20)T(3/2 = )l 20)
3 4—3+DR 2 2 2
XT(—I +4R)(1/2 + vg) (4% — 1204 — 4%VR Ind — 4%VRW(°>(3/2 —ug)
R
2 2 2
8 0 (20) — 4 7R Ly 0172 4+ ) ) (=1 = In( o) 4 O (3/2 = ) + w0 (3/2 + 1)
H? H? a(t)*H?
+0(2), (98b)
3AH* (=3 + 20g)T(3/2 — vg) T (vg)?
2, = O(22). (98d)

Note that the mass parameter is now dependent on the renormalization scale M. Using these parameters in our
second-order stochastic equations (48) gives us a second-order stochastic theory of quartic self-interacting scalar QFT

in de Sitter.
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These expressions still have an IR problem, but it is
milder than that of perturbative QFT. Expanding the O(1)
terms to leading order in m? / H?, we have

3AH? M?
mi=mk+——- o (2}/,5 —In4 +1In (W)) +O(Amy),
(99a)
oo 2HT(1 +vg)T(3—vg)  AHY(—8 +31n4)
“ 23 + 2ug) 32x*m%
+ O(AH?), (99b)
ol, = M + O(AH*) (99¢)
? = T 0ml ’
62, =0+ O(2). (99d)

We see that the sum will converge when A < m?/H?;
however, since we have corrected at this order, the error
associated with the stochastic parameters is actually

(9(’12” 4) Thus, the second-order stochastic theory is limited

to 1> < m*/H*. This is a limitation of the matching
procedure required to obtain the stochastic parameters,
since we rely on the results of perturbative QFT. Crucially,
the IR problem is less serious in our stochastic approach
compared with perturbative QFT; O(A>H*/m*) as opposed
to O(AH*/m*).

Converting our stochastic noise back to using the (¢, )
variables, our stochastic parameters are given by

3AH? M?
(100a)
s =1+ O(1?) (100Db)
1 2mfe
, _ HT(R)TG - ) T HG200)
o 275/2 2m?, 4m,
T HGF2vz)  (3+2up)’H?
Ny 73”3(2”2;“‘4 +O(H?) —5k + O(HY)
32*,5;2 + O(H*) O(H?)
(100c)

Thus, using the stochastic parameters (100) elevates the
stochastic theory (48) to an IR effective theory of quartic
self-interacting scalar QFT in de Sitter.

IV. COMPARISON WITH OTHER
APPROXIMATIONS

A. Regimes of validity

One of the strengths of the stochastic approach is that one
can employ numerical techniques to compute correlation
functions. For the second-order theory, one can use a matrix
diagonalization scheme to compute the eigenspectrum non-
perturbatively. This method is outlined in Ref. [74]. Thus,
the only limitation is the perturbative computation of the
stochastic parameters. Conversely, the perturbative method
outlined in Sec. II for QFT does not have an associated
nonperturbative scheme; all results are purely perturbative.
Thus, the second-order stochastic theory can be used to go
beyond perturbative QFT. Additionally, the second-order
theory extends the regime of validity of the overdamped
stochastic theory pioneered by Starobinsky and Yokoyama
[42,43]. For more details on this method, see Ref. [72,74].

For the massive, quartic self-interacting scalar field
theory considered here, the regime of these three approx-
imations is

4

Perturbative QFT : 4 < oo, A< 1, (101a)
H

2

OD stochastic : 4 < =, m < H,  (101b)
H

4

Second-order stochastic : 4> < %, m<SH. (101c)

We make a graphical comparison of these regimes in Fig. 1.
For the purposes of making the boundaries obvious,

SO 3 QFTPT [Z7] OD

0.20 4

0.15 4

0.10 4

0.05 4

0.00 +

0.0 0.2 0.4 0.6 0.8 1.0
m2/H?

FIG. 1. This shows the regimes in which we expect our
approximations to work. Perturbative QFT, OD stochastic and
second-order (SO) stochastic are expected to work in the blue
left-hashed, green right-hashed, and orange regions respectively.
Note that there is some overlap. The pure white space is where
none of these approximations work.
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we choose “« 1”7 to mean “< 0.2”, though in reality we
would not expect these boundaries to be so clear cut.

The blue left-hashed region represents the parameter
space described by perturbative QFT. We can see that for
light fields m < H, this region is entirely covered by the
second-order stochastic theory. This is unsurprising given
that the stochastic correlators were found directly from the
2-point functions of perturbative QFT. Beyond the light
field limit, perturbative QFT continues to extend (though it
is still limited to 1 < 1—it is after all a perturbative
theory!). This extension is not covered by either stochastic
approaches as they both require light fields.

The overdamped stochastic approach—the green, right
hashed region—is resigned to near-massless m < H fields,
but does go beyond perturbative QFT due to the non-
perturbative methods available to it. Further, it is far simpler
to compute stochastic correlation functions than their QFT
counterparts, hence its popularity within its regime of
validity.

The OD stochastic approach is encompassed by the
second-order stochastic effective theory, as represented by
the orange region in Fig. 1. However, the second-order
stochastic effective theory goes further, also encompassing
perturbative QFT entirely in the light field limit. We can
also see that there is a large chunk of the parameter space,
even for near-massless fields, that is only covered by the
second-order stochastic theory. The introduction of O(4)
corrections to the stochastic parameters means it goes
beyond the OD approach, even in the limit m < H, while
the nonperturbative methods available mean that it can
extend beyond perturbative QFT.” This suggests that the
second-order stochastic effective theory can be used to
probe hitherto untapped regions of the parameter space.

B. Comparing approximations with O(4)
stochastic parameters

In Ref. [75], we performed a careful analysis of how the
three approximations compare with each other. Now, we
wish to update that analysis to incorporate the updated
stochastic parameters. There are two important changes that
we have made here that will effect the results. The first is
that we have (1) corrections to the stochastic parameters,
which were not included in the previous paper [75]. The
second is that now we have done the renormalization more
carefully and so we have a renormalization-scale dependent
mass parameter mg (M), which must be chosen when doing
numerical computations.

We will revisit the two examples discussed in Secs. B1
and B2 of Ref. [75] by computing the exponent for the
leading term in the long-distance behavior of the scalar
2-point functions. For QFT, this corresponds to the quantity

’Note that, due to the matching procedure, it is still limited to
the region 4 < 1 as the stochastic parameters are found pertur-
batively.

given in Eq. (32) to O(22) while, for the two stochastic

m
approximations—OD and second-order—the quantities in
question are the first-excited eigenvalues, A(10D) and A(lso)’
of their respective spectral expansions. They are computed
numerically. Note that the result used in Ref. [75] for the
OD stochastic theory is the same as the one here, other than
the fact we now use mg(M) instead of m.

We plot A for all three approximations as a function of
the coupling A for fixed m%/H? and scale M = a(t)H. The
first example will be for m%/H? = 0.1 (Fig. 2), where we
are in a regime where the OD stochastic approach is valid,
while the second will be for m%/H?* = 0.3 (Fig. 4), where
we expect it to fail. In both examples, we expect perturba-
tive QFT to hold for small 4 and fail as 4 increases, since it
is in this regime that A — m*/H*. These two approxima-
tions are given by the yellow dotted (OD stochastic) and
blue dashed (perturbative QFT).

Using similar reasoning, the second-order stochastic
theory should be expected to hold for small A and begin
to fail as we increase 1 in both plots. This is a less severe
failure as the breakdown is now for 2> — m%/H*. We will
also consider how the choice of the 6%, noise amplitude

pp
affects our results. The red and green lines represent the

choices o7, = 0 and a%, = ai(pNLo) respectively. For both

cases, we also consider the free (dot-dashed) and O(1)
(solid) stochastic parameters, given in Eq. (76) and (98)/(C1)
respectively, so we can ascertain the effect that interacting
stochastic parameters have on the results. Indeed, we will see
that interactions are crucial so that physical results such
as A, are not dependent on our choice of a%, e

— 02,=0& O(A) -
0.070 T » s

—-- 02, =0&free e

7’
4 — g2 =g2meo ‘

0.065 a2, = 0300 & O(A) //

—-= 0%, =020 & free -
0.060 e 7

--- QFTPT e -

oD e ./_/'

0.055

M

0.050 4

0.045

0.040 1

0.035 1

T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10
A

FIG. 2. A plot of the first excited eigenvalue A, as a function of
2 for m%/H? = 0.1 with the choice M = a(¢)H, using perturba-
tive QFT (blue, dashed), OD stochastic (yellow, dotted) and
second-order stochastic approaches. Dot-dashed and solid lines
indicate the second-order stochastic parameters are free (76)

and interacting (100) respectively, with the noise choice
2 2(NLO

65, = Opp ) (green) and o3, = 0 (red).
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1. Example 1: m*/H?*=0.1

The first example is for m%/H? = 0.1. This is chosen
because the mass is sufficiently small such that the OD
stochastic approach will be valid beyond perturbative QFT.
Consider Fig. 2. This plot is identical to that Fig. 3 in
Ref. [75] other than the fact we have now also added two
curves where we have introduced O(1) effects in our
stochastic parameters (solid red and green). Thus, the
analysis given there about the three approximations still
holds; perturbative QFT quickly breaks down as 4
increases, while the second-order and OD stochastic
theories continue to agree. However, the new feature is
that the new solid lines agree for all values of 4 plotted here,

despite the fact that our choice of o2 is different; red and

pp
. 2(NLO .
green indicate o7, =0 and 07, = 6,,(,, ) respectively.

Thus, we find that this choice does not affect physical
results once you include the O(4) effects, as indeed they
should not. However, for free stochastic parameters, this
choice does affect the result; therefore, it is important to
incorporate these new (O(A) effects for the theory to be
reliable.

It is worth noting that the excellent agreement between
the second-order and OD stochastic results is due to the
choice of renormalization scale M = a(t)H. One can see
from Eq. (100a) that the stochastic mass mg depends on the

. . 2 . .
renormalization scale as ~1n(a(?)’1—2H2), which vanishes for

the choice M = a(t)H. Thus, it is not surprising that the
second-order and OD stochastic approaches agree.
However, if one were to choose the renormalization scale
differently, the agreement would not be so good. For
example, if one chooses M = 5a(t)H, the renormalized
mass parameter (28) will no longer equal 0.1; it will have
some shift of O(1). The second-order stochastic theory
accounts for this shift via the M-dependence in the
stochastic mass mg parameter (100a), whereas the OD
theory does not because it does not incorporate any UV
renormalization. Thus, the two will be different for such a
choice. Figure 3 shows the effect of a different choice up to
M = 5a(t)H. One can see that there is very little change to
A for the second-order theory and that the change is much
larger for the OD case. Thus, even in the regime where
mp < H, where the OD stochastic theory is deemed to be
valid, it still has some error associated with UV
renormalization.

2. Example 2: m*/H*=0.3
For completeness, we also include the example where
m%/H?* = 0.3 for M = a(t)H, where A, as a function of 1
is given in Fig. 4. This plot is identical to that of Fig. 4 in
Ref. [75] except we have now included O(2) effects to the

stochastic parameters in the two new solid lines (red of

02, = 0 and green for o3, = o329, Again, the analysis

remains the same: the perturbative QFT diverges from the

0.0525 4 —— so: M=al(t)H
—-- SO0: M=5a(tH
0.05001 — op: M=a(tH P
—-- OD: M=5a(tH -
0.0475 - .
0.0450 -
< 0.0425
0.0400 -
0.0375 -
0.0350 -
0.0325 1 . . . . .
0.00 0.02 0.04 0.06 0.08 0.10
A
FIG. 3. The first excited eigenvalue A; as a function of 4 for

mg(a(t)H)?>/H* = 0.1. The red and green lines show results
from second-order and OD stochastic theories respectively. The
solid and dot-dashed lines are for renormalization scale choices
M = a(t)H and M = 5a(r)H respectively. The green shaded
region indicates the size of the error that choosing the scale has on
the OD stochastic approach. The equivalent red region is
negligible because the second-order theory accounts for it via
renormalization.

second-order as 4 increases while the OD stochastic theory
never works well because the fields are too heavy. Further,
in a similar way to the previous example, we see that the
introduction of O(4) effects causes the choice of ¢7,, to be
irrelevant. This consolidates the point that this choice does
not affect physical results, but only when we have included
the relevant O(1) effects.

— 0%,=0&0(2) e
0.120 4 ) . PR
—-= 05, =0 & free -
(24 /./-
—_— g2 = g2INLO! .
03 = 038" & O(A) Pe
—- g2 =200 e -
0.115 0pp = 0307 & free - Jtias
-=- QFTPT - T =

oD

0.110

0.105 -

0.100 -

0.00 0.02 0.04 0.06 0.08 0.10
A

FIG. 4. A plot of the first excited eigenvalue A; as a function of
A for m?/H?* = 0.3 using perturbative QFT (blue, dashed), OD
stochastic (yellow, dotted) and second-order stochastic ap-
proaches. Dot-dashed and solid lines indicate the second-order

stochastic parameters are free and interacting respectively, with

2 2(NLO

the noise choice ¢}, = o), ) (green) and o-f,p =0 (red).
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V. CONCLUDING REMARKS

We have shown that the second-order stochastic theory is
a valid effective theory of the long-distance behavior of
scalar fields in de Sitter, within the regime of validity m <
H and 1> < m*/H*. This extends the work started in
Refs. [74,75] to incorporate the full O(A) correction to the
stochastic parameters, which includes a complete discus-
sion of the UV renormalization at this order. Notably, we
have found a stochastic theory that incorporates a depend-
ence on the renormalization scale M in such a way that
physical results are M-independent. This is not true for the
widely used overdamped stochastic approach.

While this is the final installment in a trilogy of papers,
there is plenty of study left in the second-order stochastic
theory. Currently, this theory has only been tested on
perturbative QFT to one-loop order. One could extend this
theory to incorporate more loops, but the renormalization
procedure becomes increasingly complex. We would
expect that the matching procedure used to determine
the stochastic parameters would still be valid here and that
the computational challenge comes from perturbative QFT.
Additionally, we note that if one were to move away from
equilibrium, other effects would arise for higher loops, such
as secular growth [84-86]. We have chosen to study
equilibrium solutions for this paper; however, it would
be interesting to consider solutions away from equilibrium
to test the robustness of the second-order stochastic theory.

One could more rigorously test the effective theory by
comparing it to other QFT approximations such as the 1/N
approximation [87,88] or Monte-Carlo simulations [89].
However, the main outstanding question is whether one can
derive the stochastic parameters from an underlying micro-
scopic picture, as opposed to using the matching procedure
discussed here, which relies on an alternative method—in

~

(@%)ps = iA"(x,0)

|Ha(1)x]|—0
1 2H? — m?

this case, perturbative QFT—being available. It is not clear
to us how one should proceed in this direction.

In spite of these formal questions, the second-order
effective theory already has uses in inflationary cosmology.
Its numerical tools mean that it can generate novel results in
this field; directions could include precision calculations of
curvature and isocurvature perturbations or extensions to
primordial black hole abundance computations. It is clear
that this method has the potential to be an important tool in
the arsenal of inflationary cosmologists.
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APPENDIX A: DIMENSIONAL
REGULARIZATION IN de Sitter SPACETIME

In this appendix, we compute the scalar field variance in
de Sitter spacetime with Hubble rate H, using dimensional
regularization. This involves taking the number of space-
time dimensions to be d =4 —¢, and then taking the
limit d — 4.

Before we begin, it is useful to note that the calculation is
straightforward with point-splitting regularization [4].
Taking the coincident point limit of the Feynman propa-
gator (13) from the spacelike direction such that x = (, x)
and x’ = (7,0), the field variance becomes

2 3 3
=- 21 1-2 () e Oz Al
a0 WP T 162 ( “Hai T T ETY (2 ”B)+"’ stus) ) (A

2
where vp = \/% - % w0 (z) is the polygamma function and yj is the Euler-Mascheroni constant. The subscript “PS”

indicates it is computed using point splitting.

To carry out the same calculation in dimensional regularization, we consider the k-space integral (7), which gives

A~ T

=g ¢

W (o)

2
, (A2)

where @’k = L‘;; In dimensional regularization, the number of space dimension becomes D = 3 — ¢, and therefore

2z
we have

" - T
<¢ >DR - 4H(1(t>3/de

g (A3)

' <a<f>H>
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where y is introduced as the regularization scale and the subscript “DR” indicates that we have defined this integral via
dimensional regularization. This integral cannot be computed analytically, and therefore we split it in two pieces,

2 _ 2 8
()or = u¢ / de( ! M m3+“(’)2>
PR 2a()VIE+ 50 4K+ 82
2
+/d3k T |y kP ! 2~ + (A4)
4Ha(1®|"" \a(H)| 20 VEE+ & 4K+ 82 )

where 6 is an arbitrary energy scale.'” The sum of the two contributions will of course give a d-independent result. The first
line is ultraviolet divergent but can be easily computed in dimensional regularization, whereas the second line is finite and
can therefore be computed in three dimensions.

Computing the divergent integral in the first line of Eq. (A4) and taking the limit € — 0, we obtain

A 2H? —m?%, (2 dmp? 5
2 B
¢ == BT _ 4] -
(@ o 167° <€ vE n( 8 )) 167%a(r)?

+/d3k 7 (k] ! 2H? - ms + i
4Ha(t)*|"" \a(t)H

2V AR+ )
The remaining integral in Eq. (AS) is finite, and it can be computed using the point-splitting result in Eq. (A1). We first note
that the point-splitting regularized variance can be written as

(AS)

<q§2> — T lim /d3keik-x H(l) L 2 (A6)
P 4Ha(1)} 1x1-0 * \a(H
Next, we repeat the split to divergent and finite integrals in Eq. (A4),
N , 1 2H? —m3 + &
2 — L 37 ,ikX a(t)
= lim [ d’ke +
es Ix|-0 (2a(r)2\/k2 T AR+ 7)Y )
2 2 O
+/d3k i (E N\ 1 T my Ty
4Ha(1)’|"™" \a(H 2a(t2VIE+ 5 4K+ 8%)Y?
1 m% — 2H? 5|x| 2
=— 2In——+2 -,
a WP T 1622 ( N T ) T e
2_ 2 &
+ / Bk —F g (KN ! 2HT—my 43 (A7)
4Ha(0)'| " \a(H) | 2a(1PVIE+8 4K +8)2 )

Comparing Eqgs. (A5) and (A7), we can see that the difference between the point-splitting and dimensional regularization
results is simply

2 2
A A 2H” — my

2 1
(@ )or — (9 )ps = 1622 <E + In 7p? x| + }’E) + W- (A8)

Using the point-splitting result from Eq. (A1), we can therefore write the field variance in dimensional regularization as

. 2H* —m3 [2 Adru? 3 3
2 B
(@ )pr = T [g + lnm —rg+1-y© <§ - VB) —yl0) (E + IJB)] . (A9)

"®Note that we cannot choose § = 0 because dimensional regularization would then give a zero result for the first line.
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APPENDIX B: THE IR BEHAVIOR OF THE CONNECTED 4-POINT FUNCTION

In this appendix, we will consider more carefully the IR limit of the connected quantum 4-point function of Sec. Il D.
We start with the k-space 4-point function, given in Eq. (39) as
" . 1 . . .
G0 (ki) =6 [ dn. o it B0 k)A O12 k) A k) -1 K)
o 4
- AJr(rlz? n, kl )A (77z7 , k2)5+(’7z’ , k3)A+(7]z’ , k4>) (Bl)

For the purposes of studying the general features of the IR limit, we will take k; = k V i. Using the k-space Wightman
function (6), the 4-point function becomes''

4

&Y. (k.}) = —6iA / ';dnzﬁ (=Hn)S(=Hn) 2iIm[H (—kn) HE (—ka )] (B2)

7
Hn,)*256H*
Defining the quantities K = —kn and K, = —kz,, the integral can be written as

3An*HY (-

G i) =20 [ a0 (K. (B3)

Since we are interested in the IR behavior, we take the limit K < 1 such that we can use the asymptotic behavior of the
Hankel functions

(1) ~ 2 zyr( )K -y (B4)

such that

72.4 4 IS 4u v 2+2v v 3 5
(7’] {k }) %%{ dKZKz |:2 I;( ) K- 4pI [H( )(Kz)4] +72[3T1—‘5_I)J>K_ZVRC[H£)(KZ>4}:|‘ (BS)

While this integral cannot be computed in general, we can get some information about the IR behavior of the 4-point
function. Consider the split of the integral

@) 0, (K, }) = WZ; ( / / )dK K2 {24”2( 9 k- 52)(Kz)4]+%K‘Z”RG[H£2)(KZ)4]}’ (B6)

for some parameter A < 1. Focusing on the IR limit of the integral, K < K, < A, we can take the limit K, < 1 such that we
can use the approximate form of the Wightman functions (43)

Then, we can compute the IR region of the integral (B6) to find that the 4-point function will have the following behavior:

G(Cé‘l)<’7’ {kz}) ~ K—Gb + K—3—4D + K_3_2U. (B8)

The K~ is just the term that we found in Eq. (44) and comes from the K, — K limit. The other two contributions come
from the limit K, — A. Converting these to coordinate space via a Fourier transform, one finds that

01 Axiy) ~ | Hal(n)x| 4% 4 |Ha(n)x|~0*% + |Ha(n)x| -6+ (B9)

""We will just use v instead of vy here. As this is an O(4) quantity, the nontrivial part of the renormalized mass does not feature.
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Since v < 3/2, it is immediately clear that the final term is
subleading. However, for near-massless fields, v ~ 3/2, the
first and second terms give a similar contribution. As one
increases the mass of the field, the second term is in fact the
leading contribution over the first term. So, it appears that
the contribution computed in Sec. IID is subleading.
However, for this work, we only care about the 4-point
function as a comparison tool between the stochastic theory
and QFT so we can use this subleading term is it appears in

the stochastic 4-point function.
|

APPENDIX C: SECOND-ORDER STOCHASTIC
PARAMETERS FOR MATCHING WITH
NLO TERM

For completeness, we will also include the matched
stochastic parameters if we choose to reproduce the NLO
term in the asymptotic expansion of the 2-point function in
perturbative QFT. This choice does not make a difference to
physical results. Repeating the procedure outlined in
Sec. 1IIB4, one obtains the stochastic parameters to
O(AH?/m?) as

mi = m? +@ —14+6yz —31In4 +31In e + O(Am%) (Cla)
s = MR T g vE a(0)H? R
Hiapup T2ug)TE —vp)4™  JH5(—8 4+ 31n4
3, = T el = v S0 4 o). (c1b)
TP I3+ vg) 327 my
S1AH®
0‘2”) = —W—F O(AH“), (CIC)
H3Bwp T(=20p)T G + vg) 4% 9JH7 (=1 + 61n4)
2 = PRR R-G TR - O(H5). Cld
rp 4r? F(%—IJR) 4z*m3 +O@H’) (Cld)
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