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We propose herein an extension of truncated spectrum methodologies, a nonperturbative numerical
approach able to elucidate the low energy properties of quantum field theories. TSMs, in their various
flavors, involve a division of a computational Hilbert space, H, into two parts, one part, H; that is “kept”
for the numerical computations, and one part, H,, that is discarded or “truncated.” Even though H, is
discarded, truncated spectrum methodologies will often try to incorporate the effects of H, in some
effective way. In these terms, we propose to keep the dimension of H; small. We pair this choice of H; with
a Krylov subspace iterative approach able to take into account the effects of H,. This iterative approach can
be taken to arbitrarily high order and so offers the ability to compute quantities to arbitrary precision.
In many cases it also offers the advantage of not needing an explicit UV cutoff. To compute the matrix
elements that arise in the Krylov iterations, we employ a Feynman diagrammatic representation that is then
evaluated with Monte Carlo techniques. Each order of the Krylov iteration is variational and is guaranteed
to improve upon the previous iteration. The first Krylov iteration is akin to the next-to-leading order
approach of Elias-Mir6 ef al. [NLO renormalization in the Hamiltonian truncation, Phys. Rev. D 96,
065024 (2017)]. To demonstrate this approach, we focus on the (1 + 1d)-dimensional ¢* model and
compute the bulk energy and mass gaps in both the Z,-broken and unbroken sectors. We estimate the

critical ¢* coupling in the broken phase to be g. = 0.2645 & 0.002.

DOI: 10.1103/PhysRevD.109.045016

I. INTRODUCTION

The nonperturbative study of quantum field theories
(QFTs) is one of the great challenges of contemporary
physics. There are several approaches available to study
nonperturbative aspects of QFTs, each having their own
successes and limitations. Examples include the lattice
Monte Carlo approach [1,2], the functional renormalization
group [3,4], equal-time [5,6] and light cone Hamiltonian
truncation methodologies [7-9], tensor networks (matrix
product states) in both their discrete form [10—12] and their
continuous incarnation [13-16], large-N expansions [17],
Borel resummations and resurgence [18—22], the conformal
bootstrap [23-25] and integrability [26-28]. The above
methods have achieved spectacular successes, including the
reproduction of the hadronic spectrum in quantum chromo-
dynamics with lattice Monte Carlo methods [2], the precise
values for the critical exponents in the 3D Ising conformal
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field theory from the conformal bootstrap [25], and an
efficient algorithm for computing the anomalous dimen-
sions of general operators in planar A/ = 4 super Yang-
Mills theory from integrability.

Nonetheless a large number of questions remain open,
and difficulties remain to solve. To give a few examples, it
is generally difficult to compute scattering amplitudes and
other matrix elements in a fully nonperturbative way,
especially when the asymptotic states involve bound states
or topological excitations. This holds even for a simple
model like the 1 + 1d ¢* theory. The control of such matrix
elements is potentially important as baryons (and nuclei)
appear as solitons in the low-energy chiral effective (e.g.
Skyrme) models used in nuclear physics [29-31]. Progress
is possible with Hamiltonian methods, where the Liischer
formula provides direct access to elastic 2 — 2 scattering
below the inelastic threshold, while spectral sums of form
factors can be used to obtain scattering information above
threshold [9].

It is also hard to analyze systems out of thermodynamic
equilibrium. Circumstances in which this occurs include
relativistic heavy ion collisions, the nucleosynthesis of the
early Universe [32], as well as experiments involving
ultracold quantum gases [33,34]. A simple example when
the real time dynamics of a (1 + 1)-dimensional QFT can
be studied directly with Hamiltonian methods is the
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calculation of overlaps and expectation values after a
sudden quench [35-43].

Finally, it is challenging to study systems at finite particle
density and zero temperature. For example, the phase
diagram of high-T'. superconductor cuprates are often
enriched by a quantum critical point at 7 = 0, around which
the long wavelength excitations are described by the spin-
fermion model: an effective (2 4 1)D field theory involving
scalar bosons interacting with nonrelativistic fermions in the
presence of a Fermi sea. The study of such models by path
integral methods is hindered by the so-called sign problem,
while conventional Hamiltonian approaches face difficulties
due to the enormous dimensionality of the truncated Hilbert
space needed to reach sensible accuracy.

It is anticipated [44,45] that these difficulties will be
overcome with the eventual development of quantum
computers. However, despite rapid progress in this direc-
tion, a nontrivial simulation of any quantum field theory on
a physical quantum computer is still some ways in the
future. Development of new methods serves a double
purpose: on the one hand, they may break new paths
towards the solution of the above challenges. On the other
hand, they are interesting in the pursuit of finding the
optimal classical algorithms to benchmark the evolving
quantum computers on simpler toy models.

Of the methods listed above, truncated spectrum method-
ologies (TSMs) are perhaps the least explored, particularly
for QFTs in two or more spatial dimensions. TSMs are a
Hamiltonian approach that is essentially the Rayleigh-Ritz
variational principle applied to a QFT. Two distinct variants
of TSMs exist, one where the standard equal time quan-
tization is employed [5,6], and where light cone quantiza-
tion is employed [7,8]. We focus here on the first. TSM is a
numerical approach well suited to study the low-energy
spectrum as well as vacuum expectation values and matrix
elements of operators. As such, it aims to be an alternative
to lattice Monte Carlo methods, especially in situations
where the latter is plagued by the sign problem.

The method was originally proposed by Yurov and
Zamolodchikov [5] to study the relevant perturbation of
the nonunitary Lee-Yang conformal minimal model. TSMs
were soon extended to relevant perturbations of other
conformal minimal models [46-48], deformations of the
¢ = 1 boson [49,50], and eventually to perturbations of a
noncompact boson [51-54].

TSMs have been used extensively in the context of
(1 + 1)-dimensional field theories, where they are com-
monly employed to calculate the bound state spectrum [47],
matrix elements [55,56], two-point correlation functions
[57], elastic S-matrix phases [54,58] and even inelastic
information [59], entanglement entropy [60—63] and more.
Recently, they have even been extended to study QFTs on
an anti-de Sitter background [64]. Due to their finite
volume formulation, equal-time TSMs provide a conven-
ient way to compute the finite volume corrections to

various observables [55,56,65-67]. Recently, TSMs have
also been extended to 2 + 1D models in both the light
cone [9,68] and the equal-time [69] framework.

In particular, TSMs are well suited to study the spectrum
and matrix elements of bound states and topological exci-
tations. For example, the kink-antikink elastic scattering
phase can be obtained in the strongly coupled regime of the
broken phase ¢* model [54]. TSMs are also an ideal tool to
study QFTs subject to sudden (or gradual) changes of the
couplings in the Hamiltonian or the environment, called
quenches [35,36,40]. Real-time correlators in the presence of
these quenches are available to be computed with TSMs [57].
Periodic driving and Floquet dynamics was analyzed in [70].
False vacuum decay was studied in [43].

However, itis generally difficult to implement Hamiltonian
truncations for systems featuring more than one space
dimensions, multiple fields and/or gauge constraints. In this
paper, we present an incarnation of Hamiltonian truncation
that aims to improve on the majority of the aforementioned
issues.

TSMs are typically applied to a problem where the
Hamiltonian comes in two parts:

H=H,+V. (1)

Here H,, is some Hamiltonian over which one has complete
control (i.e. Hy is that of a conformal field theory with
known structure constants or of a free boson or fermion).
The space of eigenstates of ﬁo often provides the computa-
tional basis under which TSMs play out. The second term
of the Hamiltonian, V, is some interaction whose effects
one is trying to understand. To begin to apply the TSM to
understanding this problem, one first makes a division of
the computational Hilbert space, H, into two parts,

H="H, & H,. (2)

In the simplest (and original) form of TSMs, this division is
predicated upon energy as determined by ﬁo. In this
particular case, H; then consists of a finite basis of
emphasized states and the effects of the (infinite dimen-
sional) H, are ignored entirely. For example in the study of
the relevant perturbation of the Lee-Yang conformal
minimal model [5], the computational Hilbert space, H
consists of the Lee-Yang conformal field theory space of
states, H; consists of conformal states with energy (as
defined by the conformal Hamiltonian) less than some
cutoff, and H, all states above this cutoff. In this way the
TSM reduces the solution of a quantum field theory to an
exact diagonalization. More sophisticated versions of the
TSM build on this crude (but surprisingly often accurate)
approximation by computing how the discarded part of the
Hilbert space, H,, affects the physics. Taking into account
the effects of H, can be done purely numerically in the
spirit of a numerical renormalization group [71] or ana-
lytically where the effects of integrating out H, leads to a
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new effective Hamiltonian defined on H; [72-76]. It is at
this stage, in how to deal with H,, that we offer a novel
approach.

In most applications of TSMs, the dimension of H; is on
the order of 10° to 107. Here we instead explore keeping the
dimension of H; small, less than 100. Keeping dim 7 small
mandates that we account for the effects of H,. Here we
propose to do so by using a Krylov subspace iterative
approach. In principle, this iterative approach can be taken to
arbitrarily high order and so offers the ability to compute
quantities to arbitrary precision. While dim H, = oo, ateach
Krylov order we do not need to introduce an explicit UV
cutoff on the Hilbert space. We are able to avoid doing so
because we compute the matrix elements that arise at a given
Krylov iteration by employing a Feynman diagrammatic
representation that is then evaluated with Monte Carlo
techniques. In general these diagrams can be regularized
with conventional UV cutoffs from the perturbative liter-
ature. In particular, in the 1 + 1d ¢* model they are UV finite
after normal ordering and do not require the introduction of a
cutoff to be evaluated. Importantly each Krylov iteration is
variational and is guaranteed to improve upon the previous
iteration. The first Krylov iteration is akin to the next-to-
leading order (NLO) approach of Elias-Mir6 et al. [72].

The paper is organized as follows. In Sec. Il we begin
with an overview of the truncated spectrum methodology
and its bipartition of the computational Hilbert space. We
show how the notion of a “tail” state, first introduced in a
TSM context by Ref. [72], arises from this partition. We
then show how the tail states can be computed through an
iterative, continued fraction approach. This approach
involves writing the tail states in terms of a Krylov
subspace formed by the action of products of a resolvant
operator T. We give a variational estimate to each iteration
of the continued fraction, which is in turn a variational
estimate of the ground state energy of each symmetry
sector, i.e., guaranteed to form an upper bound on the exact
energy, and that each iteration of the continued fraction
improves upon that before. The discussion in Sec. II is
model agnostic.

In Sec. III we then turn to applying it to the ¢* model in
1 4 1d. There we provide a brief review of the properties of
the model in both its unbroken and broken phase. We
then turn to defining the computational space of states and
the division of the Hilbert space, H into two parts,
H = H, & H,. We discuss in particular a division termed
“zero-mode separation,” where H; consists of the zero-
mode eigenstates that arise from a ¢* Hamiltonian shorn of
its oscillator modes.

Having established the computational basis that we will
use, we turn to numerical details on how the TSM
Hamiltonian is evaluated in the Krylov subspace. The first
detail that we discuss is how matrix elements of the
Hamilitonian are computed. Here we show that these
matrix elements can be written in terms of standard ¢*

Feynman diagrams and that these diagrams in turn can be
evaluated through Monte Carlo methods. Formally, the
exact ground state energy E, = E appears explicitly in the
Krylov Hamiltonian. Thus in principle finding the eigene-
nergies of this Hamiltonian must be done in a self-
consistent manner. However we will argue that E, is
essentially a parameter of the Krylov basis and can be
traded for another set of states with no explicit dependence
on E,. This will allow us to choose a basis arising as a
natural tensor product of the zero-mode states and the states
with oscillators.

Having finished with how we will implement the method
in the context of ¢*, we then turn to results. In Sec. IV we
discuss results for the broken phase of the model. There we
present results for the kink mass and the value of the critical
coupling. In Sec. V we present results on ¢*’s disordered
phase, both the ground state energy and the mass of the first
excited state. In Sec. VI we demonstrate that our method
likely provides a better estimate of the low-lying eigen-
vectors in the theory (as opposed to eigenenergies) than
traditional truncated spectrum methods.

In the final section, Sec. VII, we turn to the discussion of
the method. We consider two points. In the first, we can in
principle compute the method at arbitrary high Krylov
iterative order. However in practice, we are limited by the
ability to perform the numerical evaluation of n-point
functions of the ¢* interaction. In this paper the highest
Krylov order that we go to is 3. While we have some
understanding of how to extrapolate in Krylov order, this
issue remains in general open. In the second, we discuss the
prospects of applying the method to higher-dimensional
field theories. We believe that the method, because it
employs Feynman diagrammatic representations, has a
good chance of being generalized to at least linear sigma
models in 2 4 1D. We consider this to be an exciting
possibility. While applications of TSMs to 2 + 1D QFTs
have only recently appeared, TSMs have been applied to
1 + 1d QFTs for over three decades.

II. TRUNCATED SPECTRUM METHODS

A. Overview

QFT is essentially quantum mechanics combined with
Lorentz invariance. More precisely, a QFT can be imagined
as a limit of a quantum mechanics system as the number of
degrees of freedom is taken to infinity. An immediate
consequence of this is that numerical methods developed
for quantum mechanics are potentially applicable to QFT
problems as well.

One such method is the Rayleigh-Ritz-Lowdin approach
coming from quantum chemistry [77-79]. In the context
of quantum field theories with infinite dimensional
Hilbert spaces, this approach often comes with the moniker
“truncated spectrum methods” or in its more narrow appli-
cation to perturbed conformal field theories in 1+ 1d,
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“truncated conformal spectrum approaches” [5,46]. Let us
write our infinite dimensional Hilbert space in which our
quantum field theory operates as

H={le)},, (3)

where we suppose the |¢;) are orthonormal. Now let Hbea
Hamiltonian defined on this space with eigenstates {|y;) }$°,
and their corresponding eigenenergies E;:

ﬁ|ll/i> = Ei|Wi>~ (4)

Since ‘H is infinite dimensional, there is generally no easy
way to approximate |y;) and E; to arbitrary precision. To
alleviate this problem, one can divide the Hilbert space into
two parts:

H="H, ®H,. (5)

Here H, is a finite dimensional subspace and has been
chosen to contain, in some sense, the most “important” states
in the basis {|c;)}$2, for the problem. We will return to this
notion of “importance” later in the paper.

With this division, the Schrédinger equation for our
Hamiltonian becomes, in block form,

H, H ¢ c
(A“ A12><1>:E< 1)_ ()
H,, Hy ) )
Here the vector (cjc,) should be understood, schemati-
cally, as a vector in the bipartite Hilbert space:

(c1c2) = Zai|ci> + zai\ci>- (7)

ieH, ieH,

The simplest approximation that we can make is to suppose

that I:Im and I:IZI are small and thus can be ignored. We
then can solve the restricted, numerically finite problem, of

finding the eigenvalues of H;:
B ) = EPvlye) ®

Often this approximation is excellent. This can be seen in
problems where the Hamiltonian comes in two parts:

A

AH=H,+V. (9)

Here H, is, typically, diagonal in terms of the basis

{lei) b2y ie.
Iro|€[> = E0i|ci>’ (10)

while V is an operator that mixes this basis. With the
Hamiltonian in this form, it is natural to make the division

between H; and H, on the basis of the states |c¢;) as

determined by ﬁo: ‘H, is composed of a finite set of low
energy states:

Hl = Span{lci>aE0i < Etrunc}’ (11)

while H, consists of the complement: H, = H\H;. This
form of the Hamiltonian was present in two of the first uses
of truncated spectrum methodologies to study properties of
perturbed conformal field theories, [5,46]. Here the dimen-
sion of H; was kept to be very small, a few tens, yet the
answers generated were accurate to several significant
figures. Here the reason why the methodology worked
so well was because the operator V was highly relevant, i.e.

V,, was in some sense small and only mixed the two parts
of the Hilbert space weakly. But it will often be the case that
one wants to understand theories where \712 is not small.

In cases where it is not possible to ignore the mixing of
H, and H, induced by H,,/H,;, we need a strategy to
incorporate the effects of this mixing. Such strategies can
be numerical or they can be analytical. Numerically, it is
possible to adapt a Wilsonian numerical renormalization
group to the problem [71]. Analytically, a common way to
improve precision is to perform perturbation theory to
leading order in V:

A 1 A
SET™ = (y'i"|Vin P TI Voulwii™e).  (12)
i —=Hoa

This is of course not standard perturbation theory in V. This
operator’s effects in mixing states in H; are being
accounted for exactly. What is instead being treated
perturbatively in V is the mixing between H; and H,.

While computing this correction can sometimes improve
the results, often it does not. In response, one could imagine
going further and computing higher corrections in the
mixing between the two parts of the Hilbert space.
However, it can be that the perturbative series in V is
asymptotic. This is the case in studying the ¢* perturbation
of a scalar real field in 1 4 1d [72]. It is also the case in
applying truncated spectrum methods to the sinh-Gordon
model [58]. We thus want to develop a framework where
these corrections can be analyzed systematically and sense
made of any asymptotic series.

The first step is to recast the exact problem so that it a
finite dimensional one. The full Schrodinger equation reads
when broken into components as

Hylc;) + Hpley) = Eley),
H, |cy) + Hyley) = Elcy). (13)
We can eliminate |¢,) from this equation leaving us with a

single Schrodinger equation for the first N; = dimH;
eigenvalues and eigenstates of the problem:
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Ele)) = (A}, + AH)|c)),

— N 1 N

AH = H12 ~ H21. (14)

While we have recast the problem into a finite dimensional
one, it is still in general intractable because we cannot

compute the matrix elements of AH.

To begin to attack this issue, we take the stance of
Ref. [72]: we recognize that if one is interested in the
obtaining the exact values of the first N eigenvalues of the
problem, one does not need to deal with the infinite part of
Hilbert space, H,, in its entirety. Rather the subspace of H,
defined by

C H, (15)

i=1

1
‘H. = span ~
=spnd e

Hy, |Ci>}
— Hp
is sufficient. Following Ref. [72], we call the states in this
span, “tail” states.

Considering the problem in the expanded (but still finite
dimensional) space H; U H,, we can write the Hamiltonian
in the form

H]] I:Ilt Cq ~ [ Cq A 1 0

A A :E ’ G: A ’

H, Hj, Gt ¢t 0 G,
H H

= IA)t 21> I:Itt = IA)tI:122IA)tv (16)

where lA’t is a projector onto H, and Gn is the inner product
matrix of the tail states—while the basis in H; is ortho-
normal, the tail states are not so. While this recasting of the
problem does not in itself solve our problem—not being

able to compute the matrix elements of AH amounts to be
unable to write down the exact form of the tail states—it
does provide us with a basis for finding systematic, iterative
approximations for the tail states. This we do in the next
section.

B. Tail states as continued fractions

Here we construct in an iterative fashion expressions for
the tail states that have a continued fraction form. The basis
on which we develop the continued fraction will be to
exploit the division of the Hamiltonian into a “free” part ﬁo
and an interacting part V as in Eq. (9). Our presentation
here is based on Ref. [80].

The exact tail states

1 R
———Valcy),
e, vl

- a22

|TI>E lzl,...,Nl, (17)

can be rewritten implicitly as

1 N 1 N
IT)) = ———Valc) + ——=—Vn|T)),
E—Hgp, & (%)
= |t;) + T|T)). (18)

We can think of |#,,) as a zero order in V,, approximation
to the full tail state |7,) while T|T,) encapsulates the first

and higher order terms of |T,) in V,,. Our goal here is to
develop such terms systematically.

To do so, we want to define an operator, TL], which
separates from |7) the contribution of |¢,,), i.e.

Ty1lt0) = 0. (19)
The operator that does this is

. Tt o) t0|T
£, - Tl
(ti0|Tlt0)

We can use this definition to write the exact tail state as
|T)) as

(20)

<f1,o\T|T1>
(t10|T|t,0)

Equation (21) is almost what we are looking for in terms of
isolating the next correction beyond |f,) to the tail state
|T,) in the form of a continued fraction. The only problem
with it is that |7';) appears on both sides of this equation. To
evade this, we multiply Eq. (21) with <t,’0|’i’ from the left
and rearrange terms to yield

1 N
IT)) = [t0) + —T|t,0)

21
=T, 2y

<f/,o|T|t1,o>

IT;) = |tio) + = =
(ti0|Tlt10) = (t10|T|T11)

T11),  (22)

where we have defined |7 ;) as

|t1) = T|fl,0>- (23)

1
IT1) = T |t11),

1 - 11

At the next order of approximation, we can write
T & ) if [T Tlae)ll < 1, (24)
giving us an approximate for the exact tail state |T):

(110 T]110)
(t10|T(t10) = (110l Tlt11)
We can continue this expansion by repeating the process

with |7, ;). We define an operator T;, that projects from
|T;,) the contribution of |z;):

T)) = [t10) + t1). (25)

T;»[t1) = 0. (26)

045016-5



MARTON K. LAJER and ROBERT M. KONIK

PHYS. REV. D 109, 045016 (2024)

As before we can then write

41T 1
IT1) = [t1) + = URILYAY [’1>A IT2),
(il Toltr) = (6T |T2)
1 .
T12) = ———1t12), t12) = Tpaltir). (27)
1-T,

Here we have the option of approximating |T;,) as |f;5),
valid if

ITsalt2)[l << 1.

We can continue this process iteratively, defining a
sequence of states |T',,), |#;,,) and operators, T, ,, defined as

Tl,n—] |tl,n—l > <tl.n—1 |Tl,n—1
<tl,n—1 |Tl,n—1 |tl,n—l>

A A

Tl.n = Tl.n—l -

’

0= Tl,n-H |tl,n> ’
<tl,n|T1,n|tl,n>

T10) = lt1a) + = = T1n11)s
! " <tl.n|Tl,n|tl,n> - <tl.n|Tl,n|Tl.n+l> "
1
T, ,) =——=—\ta),
i) = )
|tl.n> = Tl.n—l |tl,n—1>' (28)

This sequence approximating the exact tail states can be
terminated at finite order by making the approximation

Trnir) 2 i) = Tpaltin). (29)

We stress that the correction to |T;) beyond |7;) is not
merely one higher order in V but is some resummation of
terms in powers of V. The resulting “expansion” is much
better behaved than naive perturbation theory, with a
bounded residual norm. This can be seen as follows.
Notice that the vectors {|¢;;),0 <k <n+ 1} span the
Krylov subspace of dimension n + 2, although they have a
tridiagonal Gram matrix. The approximation Eq. (29) is
equivalent to projecting the matrix T into this Krylov
subspace. Then the recursion in Eq. (28) constructs the
solution to the projected counterpart of Eq. (18). Without
loss of generality, we assume that the system Eq. (18) is real
(for complex Hermitian H one needs to separate the real
and imaginary parts). In turn, the solution of the projected
system is equivalent to minimizing the residual norm
(1 =T)|T)) = |t,0)|| with the vector |T,) restricted to
the Krylov subspace [81]. This residual norm is guaranteed
to be a nonincreasing function of the Krylov dimension.
Whenever the operator (1-T)~'=(H,,—E)~" (Hy ,,— E)
is bounded, boundedness of the residual norm implies the
boundedness of the error norm |||T,) — (1 —T)"|z,0)]-

C. A variational improvement

The takeaway point of the above calculation is that we
have recast the exact tail states |7;) as a linear combination
of states

N

IT) = wultu) (30)
k=1
with basis vectors
) = T ;A‘A’zﬂclf (31)
E—Hy

In the above, we have truncated our approximation for the
tail states at order N7. The iterative procedure described in
the previous section gives the form of the nonperturbative
coefficients 7,,. However rather than compute the coeffi-
cients out to some order, we are going to treat them as
variational parameters that are chosen so as to minimize the
energy.

We do so by starting from a tail-extended basis given by
the combination of the original low energy Hilbert space,
H], with |;lk>:

HIU{|;1k>,l:1,,N1,k:1,,NT} (32)

This computational basis has dimension N{(N;+ 1).
Because these basis states are not necessarily orthogonal,
we set up a generalized eigenvalue problem in block matrix
form as

H, H{) H?Y .. H" N
Wy ow e ||
7
2 2 22 : 2
HEI) Hgtl) ng ) :
: : Fy
Hfivr) HEiVTNT) T
1 0 0 0 C
o gy g2 G(INy) 1
—_gl0 G G® 1y (33)
0 GWn) . GWrN7) i

Recalling that the operator T was defined in Eq. (18) as

A 1 N
T= —,\V22, (34)
E - H0,22
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(n) (nm)

the matrix elements of the block matrices H;, H“ ,

are defined as

Hyy = (e Hile).

1 N
H§;>zz/ SR CIINATY E—Hy, Vailen),
1 .
H"™ = (¢)|V)———— (T
1.1l <Cl| g _ H0,22( )" Hy,
o 1 N
x ! Vailer),
“Ho» 211€1
(n+m) (n+m—1) (nm)
- lezlufn - lezl,u'l + EG[/"”" ’ (35)

and the nontrivial elements of the Gram matrices are
defined by

1

G(nm
E—Hyy

A A 2 A A
() _ <c,|v12T"-1( ) A1)Vl (36)

D. The NLO approximation of Ref. [72] and beyond

As we have stated, Ref. [72] introduced the idea of
working with a basis formed from H; and the span of the
tail states, H,. However Ref. [72] did not attempt to
construct the exact tail states of Eqgs. (22) and (28).
Instead they examined the leading approximation to the
tail states of the form

1

—H 37
i Male) (37)

) =

and set up the truncated Hamiltonian as

(1)
H, H c 10 \/c
‘1‘ v <~1>:E< (11))<~l> (38)
H) HY/\§ 0 G f

1
They termed this approximation NLO. In this paper we will
also explore variational approximations that go two orders
beyond this—taking the eigenvalue problem in (33) with
N = 2—we term this 2NLO.

H, HY HO

1z 1z
)
HE%) H<2]) HS,QZ) )

1

Ay
—_
o
o

ey

=E| 0 gibH g2
0 g G2

-~
—_

~
—_

~

2

(39)

and N = 3 (we term this 3NLO)

1 2 3
Hll Hgt> H<lt) HSI) Cy
1 11 12 13 ~
Y HY w2 =Y ||

2 22 23 7
H?Y H}? HPY HP || B

3 13 32 33 1
Hy HY WP HPY) B

1 0 0 0 c

. 0o g g2 g 7 )
0 Gg@ g2 G@ I
0 GgBY gB» GBd 7

To this point, this section has presented a general
formalism independent of particular models and particular
choices of H; and H,. For a model with the simple

structure of Eq. (9), matrix elements of Hit ”/) involve

n+ m+ 1 powers of the interaction: at most 3 at NLO
order, 5 at 2NLO, and 7 at 3NLO. In the next section, we
turn to these issues in the context of the ¢* scalar field
theory.

III. IMPLEMENTING THE METHODOLOGY
ON THE ¢* THEORY

The discussion in Sec. II was completely general and
was presented independent of any model. It also did not
specify certain crucial implementation details that would be
needed in any actual application of the methodology. In
particular, it did not indicate how we intended to divide the
computational Hilbert space into H; and H,. And we did

not discuss how we are going to compute the matrix
elements of H", H”, and H{"". We take up these tasks
in this section in the context of the ¢* theory.

A. Review of ¢* theory

The two-dimensional ¢* theory corresponds to the
normal ordered Hamiltonian

/\ A

H,+V,

)

m N
2 7¢( ) *mgy,00°

- / d: (gz—’”72)¢<x>2+g4$(x>4:m0,w (41)

where g4 > 0 and the normal ordering is understood with
respect to the mass scale m and at infinite volume. The
Hamiltonian is invariant against the global Z, transforma-
tion ¢h(x) — —¢b(x) in addition to Poincaré invariance and
spatial parity symmetry. Classically, separating the quad-
ratic term into two pieces is of course redundant. In the
quantum theory, different choices for ﬁo are connected by
finite a renormalization of the couplings.
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In finite volume, L, Lorentz symmetry is lost but
translation invariance persists. The periodic finite volume

mode expansion of the field ¢ takes the form

~ al 1 . P
d)(T,X) _ Z (ﬁnetk,,x—w,,r + ﬁ’lle—zk,,erw,ﬂ')7 (42)

2Lw,

with wave number k, = 2znL~' and frequency w, =

\/mj + k3, n € Z. The finite volume oscillators are subject
to the usual Fock commutation relations,

[, A1) = S (43)

The Hilbert space in which H acts can be built up from the

vacuum |0) using the creation operators aj,. A general Fock
basis vector takes the form

0

[T @™o (44)

k=—00

|l//‘..,n_1,n0,n1,‘..> =

In practice it is more feasible to work with operators normal
ordered at finite volume L. Strictly speaking this yields a
different regularization scheme. The schemes can be
connected by applying finite, volume-dependent correc-
tions to the coefficients g, and g,. A derivation for these
corrections is provided in Appendix B. The explicit form of
the Hamiltonian, expressed with finite volume normal
ordering, reads

R 2 (0.0)? . .
H:/dx2—|—( g)> +gz¢(x)2+g4¢(x)4m0L

+ Eo(mo,L), (45)
where we introduced

9 = 9o + 6g4z(myL),
mg
Ey(my, L) = myeo(moL) + L (92 - 7) z(moL)

+3Lgyz(moL)*. (46)

The functions z(x) and ey(x) are defined in Egs. (B10) and
(B14), respectively.

The model possesses two phases. Classically, for g, > 0,
the ground state is invariant with respect to the parity Z,
symmetry, while for g, < 0 the symmetry is spontaneously
broken. In the quantum model, the situation is more
complicated due to the presence of the additional energy
scale m introduced by normal ordering. In particular,

2
a duality emerges between a theory with g<21) =21 and

2
2
another one with ggz) = —%, the normal ordering scales

fixed to m; and m,, respectively, provided that the

TABLE 1. Results for the critical point both in broken and
unbroken phases from the literature.
References Method Broken g.  Unbroken g,
[18] PT+Borel resum  0.2620(45) 2.807(34)
[19] (¢) PT+Borel 0.290(20) 2.64(11)
[54] Fock space TSM  0.2656(86) 2.780(60)
[72] Fock space TSM+RG 0.2683(44) 2.760(30)
[10] MPS 1 0.26707(28)  2.7690(20)
[10] MPS I 0.26797(11)  2.7625(8)
[82] LMC 0.2645(20)(11) 2.788(15)(8)
[83] LMC + Borel 0.2697(15) 2.750(10)
[84] LMC 0.26779(49)  2.7638(35)
[12] TRG 0.2730(21) 2.728(14)
[85] OPT 0.2657(35) 2.779(25)
[86] Gilt-TNR 0.26672(32)  2.7715(23)
[87] Boundary MPS  0.266343(11) 2.774250(78)

This work 0.2645(20) 2.788(15)
dimensionful quartic coupling agrees gﬂl) = gf) and
the relation

9a ﬂm% 9a n nm% (47)
0g—%———= — 4+ —=
m% 394 m% 694

holds [53]. This is called the Chang duality and is a weak-
strong duality in the quartic coupling. A consequence is
that the Ising critical point and the broken phase can be
reached starting from the symmetric phase and increasing
the quartic coupling g, at fixed g,. We provide a collection
of estimates for the location of the critical point in the
literature in Table 1.

1. Symmetry preserving phase

In the symmetry preserving phase, there is a single,
self-interacting excitation that correspond to the elementary
fluctuations of the field. The bulk energy density, &), has
been calculated to 8 loops in [18], yielding (g = g4/(m}))

& __2M0) 5 20O) |

mg 167° 8
—0.116125964(91)g* + 0.3949534(18))g°
— 1.629794(22)¢° + 7.85404(21)g’

—43.02(21)¢g* 4+ O(5). (48)

This is an asymptotic series, which can be resummed using
Borel techniques.

The physical mass M is given by the energy difference
of the lowest-energy one-particle state and the vacuum. It
can be obtained from the position of the pole in the
interacting two-point function, which, in turn, is accessible
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through a coupling expansion. The expansion is given
as [18]

M? 3 9 63
1 (24850
V3 2w

m(z) 2
+ 65.97308(43)g5 —347.8881 (28)g6
+ 2077.703(36)97 — 13771.04(54)g8 + 0(99), (49)

>g3 — 14.655869(22)¢*

which is again a Borel resummable asymptotic series.

2. Symmetry broken phase

In infinite volume, where symmetry breaking is exact,
there is a doubly degenerate ground state. In finite
volume, instanton effects restore the symmetry, but the
energy splitting of the two vacua remains on the order of
e Mkl where My is the kink mass, given semiclassically
(92 <0, |g2] > g4) as [88,89]

2]g,*2 3 1 9
My = —2|go|'/? +0 50
K7 3g, 921 2 43 [9a]'2) 30)

The broken phase is enriched by a number of mesons,
resonances and topological kinks: The exact structure of the
spectrum also depends on the coupling. The bulk energy
density in the broken sector can be calculated by expanding
in the fluctuations around either vacua. Its perturbative
expansion in the coupling starts as [19]

A wD(1/3) 1

===~ | g—0.042182971(51)¢?

m% < 472 6 g (51)g
—0.0138715(74)g> —0.01158(19)g* + O(g°).  (51)

This series is also Borel resummable, but the naive series
provides a robust estimate in the weakly coupled branch
(92 <0, |ga]| > g4) of the broken phase.

B. The computational space of states

We now turn to how we will set up our computational
space of states. The first step in doing so is specify how we
are dividing the Hilbert space of the ¢* theory into two, i.e.
how we are choosing H; and H, in Eq. (5).

‘H, consists of states in the zero mode sector of the
theory, i.e. states involving no oscillator modes, a,,, n # 0.
To explain this further, we follow [53,54] and single out the

zero mode part of the field ¢ and its conjugate 7t:

G(x) =do+lx), A=

In Eq. (52) and in the following, we apply the following
notation. For an operator A acting only on the zero mode

o+ 7(x). (52

subspace, we omit the hat. For an operator B acting only in
the oscillator subspace, we apply a wide tilde. Whenever a

hatless operator is added to a wide tilded operator, it is
understood that they are tensored with the unity in the other
subspace, so that the addition is meaningful.

We then divide the Hamiltonian H into a zero mode H,,

and nonzero mode Hy,, part:

H=H,, + Hyu,
Hyy = Hozu + Vzu,
ﬁNZM _ H( ) + V/

0,0sc

V=V+Vy,. (53)
with the free parts defined by

_ il
HO.ZM = mpaya,

_ . (x¢) 0
osc_/dx' 2 +—F 2 ¢ s mq,L>

F o)
= w,d)a,. (54)
n#0

There is some freedom in how one distributes V between

V,u and V' which we exploit in this work. One choice for
this division is given in Sec. IIIB 1.

We first describe our choice for H; and H, as described
in Eq. (5). Our choice for H, is given by

Hy = {|m) ® |0)},2,
Hylm) = EZ™|m). (55)

In forming H;, we use a finite dimensional subspace
spanned by the first N, lowest energy eigenvectors of
H,,. H;), is an interacting Hamiltonian with a discrete
spectrum. The determination of the eigenstates |m) is easily
done numerically. To do so, we need to choose a basis in
which to represent |m). Here we choose a massive oscillator
basis. Having specified H;, H, then consists of all states
with nontrivial oscillator content, any states involving a
nonzero number of ﬁfl.

We now turn to specifying our tail state basis. For each
|m) € H,, we define a sequence of tails given by [see
Eq. (31)]

1
E—-Hyp
1
E-Hyy
Hyp =P, (Hyy + Ho osc)PJ_’
Hy, =P H(1-P)),
Vy=P VP, (56)

|;mk> = Tk ! V21|m>

T

V22 )

where P, is a projector onto H,.
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1. “Conventional” tails

An obvious choice for separation of Vinto V,u and V' is
to take

Vo = GoL i@, + gaLl 1§, + Eo(mo, L),

Zgn/dxtﬁ

where we used the notations

mO,L’ (57)

g4 = qul, g3 = 49400, 8 =Gl + 6941 P,
my

G, = g5 7 (58)
In the above ¢, and Ey(myg, L) are defined in Eq. (46). In
order to complete the computation we need to specify the
matrix elements of our basis. At first tail order [see
Eq. (38)], we can substitute the projected operators with
the unprojected ones in the relevant matrix elements. This is
because the extra terms induced by the projectors always
involve one-point functions of operators :¢": for some
n > 1, which are all zero. We obtain the following matrix
elements

(Hll)mm/ = <m|HZM|mI> = EEVlZM)émm”

1 A
(H(lt))m?m/l = (m|Viaty)
1
E—Hyy,—H"

= (m|V' V'),

0, osc

1 ~ 1
HY); = o[V |y = (HY),
H); 1 = Et [VaalFr)

1 A~ 1
= (m|V' w Y (m)
E— HZM - HO osc E— HZM - HO osc
x V'|m'),
(G(H))?ml?m/l = Gml |;m’1>
N 1 N
— (m|V" V). (59)
(E_HZM HO mc)

We provide similar expressions for the matrix ele-
ments involved in the eigensystem at second tail order
in Appendix C [see Eq. (39)]. In turn, these expressions can
be transformed into Euclidean multipoint functions of the
interaction V' by using the integral representation

0 o r!
/0 e = o (60)
In particular, for the matrix element (H%))m;m,1 we obtain

o) L
D / dre~Es / dx

X ((:¢0* (7. x): :p%(0):) (g2 (7) g (0) ')
+ (147 (7.x)::p°(0) ) (|3 (2) 3 (0) ')
+ 0310 (7. 0)::(0)1)). (61)

In order to implement our scheme we need to make a
choice for N,,. This choice is unproblematic. The lowest
eigenvalues of the full problem converge quickly in the
number, N, of kept zero-mode states. Typically N,,, can
be kept to a number less than 10. And at least in certain
cases, the zero-mode Hamiltonian, Hz,,, encodes much of
the physics of the full problem. In such cases the effects of
the oscillator modes on the physics of the problem can be
considered as perturbative. We have found that this choice
of separation of ‘H; and H, works in both the unbroken and
broken phases of the theory.

In Fig. 1 we provide an example of our use of these tails.
There we compute the ground state energy in the unbroken
phase up to the third tail order for a nontrivial value g, as a
function of N, [90]. We see that after N, exceeds 6, the
result reaches an asymptotic value.

2. Using numerically efficient tail states

The vanilla method described in the first part of this
section suffers from three technical drawbacks. First, the
computational basis is not a simple tensor product of states
in H; and states built by acting with oscillator modes above
the oscillator vacuum. The evaluation of matrix elements
using Monte Carlo results in a linear algebra that scales
cubically with the number, N, of zero mode states kept.

-0.51 +
_06, hd * . . ..
o -0.7
g k
u
~08 Pooso 8 1 |
-09F ]
-1.0~ :
0 2 4 6 8 10 12
Nzm
FIG. 1. The values of the ground state energy for the first three

tail orders computed at g, = 1.5, L = 10 for different choices of
Nz, Blue, orange, green dots correspond to the first, second, and
third Krylov orders, respectively. The results appear to converge
rapidly as a function of N ;. We compare our results to data
provided to us by the authors of [72] (here shown as a dashed
black line with error bounds shown in gray).
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Second, the tail states depend on the coupling g, in a
complicated way and so a separate computation is needed
for each value of g, to be investigated. Third, the tails
depend explicitly on the exact energy level E,, which has to
be tuned self-consistently, and is in principle different for
the ground state and for excited states. These three draw-
backs make the method as described computationally
expensive.

We can avoid these issues if we define our tails with the
following choice for V(Zlﬁ and V'Y The superscript (U)
appears here to emphasize a different separation of V as
compared to Eq. (57). We choose

V(zlzi} =—-Hy u +E.,

V(o) _ / dx:Go(x)? + s (x)* .+ Hozy—E.. (62)

We also alter our choice for our computational basis. We
change H; to

Hi={lp) ® [0)})71.
Houlp) = ES|p). (63)

Here EZM = mop. Now H, consists of a basis of free
oscillator states |p).
Neglecting for a moment the cutoff, N, in the zero-

mode subspace, tails of order K obtained with V(Zl,{,g of
Eq. (62) can be written as a linear combination (/; > 1)

K

=2 > ZCP’Q{k}{I}

/= =
PEIO=1370 1k k=2
Qo

P') ® lig. ()

o k.q1) = ¢h: 10), (64)

Jj 1 HO osc)

where ¢?, Q (k1 e numerical coefficients and |0) is the

ground state of H(() O)SC Rather than work with the tail states
|7,k), we will use the larger set |p') ® |7 (4.1} directly as
a basis. One can see that this basis choice is a tensor product
of the zero-mode space and the space of oscillator states.
This will lead to a dramatic simplification in our numerical
evaluation of matrix elements.

Using states of the form |p) ® [y (x).1y) represents a
change of basis but it is not expected to spoil the
convergence of the method (see also Appendix A). In fact
this extension of the basis improves on the accuracy
through the increase of the dimension of the variational
basis. However one issue seen with this choice of basis is
that the Gram matrix rapidly becomes degenerate, particu-
larly at higher Krylov orders. To alleviate this issue we will
impose an extra restriction on the tails and use only /; = 1

states (i.e. states that involve only single inverse powers of
I:I(() O)SC in our numerical basis). We will refer to the resulting
subspace as the universal tail space.

The further reduction of this tail space to one spanned by
tails with at most K denominators will be called the
universal tail space of order K. Accordingly, when it does
not lead to confusion, henceforth we simplify the notation
of the [; =1 tails, specifying them by the list of operator
powers k; only: [Zg (1) = |f(x,.. k). Note that the
resulting basis still has significantly higher dimensionality
than the number of conventional tails. At order K, the total
number of conventional tails is KN ,;,, while the dimension
of the full universal tail space truncated at order K
is NZM Zg(:O 39 = IVZA/[(?)Kle - 1)/2

We reproduced the quantity depicted in Fig. 1 with
universal tails in Fig. 2. The error bars are smaller in the
latter plot, as more integrand evaluations were possible due
to the simpler numerics. In turn, this made possible to
explore various extrapolation approaches in Krylov orders,
which we discuss further in Secs. IIIC 3 and VA.

With higher denominator tails omitted, the method still
remains variational, but in principle prone to a small
systematic error due to the neglected basis states. We show
in Fig. 3 that, after normalizing to unity, the overlaps of all
l[; > 1 tails appearing in Eq. (64) up to K =3 on the
universal tail space of order 2 is close to 1. While Fig. 3
includes tails from only the even parity sector, the situation
is entirely analogous in the odd sector. Thus the neglected
states lie almost entirely in the space of states that we do

-0.5
-0.6
o -0.7
S
Y _os8
_09 """" = x = ";"";"f"x"f";' == ";'T"'j
1.0 : : :
0 5 10 15 20
Nzm

FIG. 2. The values of the ground state energy for the first three
tail orders computed at g, = 1.5, L = 10 using the approximate
tails for different choices of N,;. We again compare our results
with those found in [72]. Blue, orange, green dots correspond to
1, 2, and 3 Krylov orders, respectively. Also shown is the power
law extrapolation using statistically generated eigenvalues (red)
and its empirical improvement (purple). Again, the results
indicate rapid convergence as a function of Nyg,. We compare
our results to data provided to us by the authors of [72] (here
shown as a dashed black line with error bounds shown as a thick
gray line around it). Here Nyco = 103, Ny, = 50.
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approx subspace

Weight in

1.00¢

0.98;
0.96¢
0.94;
0.92¢
0.90¢
0.88¢
0.86~

0 2

4

6

8

10

12

14

higher denominator tail &

FIG. 3. Overlaps of normalized higher denominator tails with
the universal tail space of order 2 (see main text). Even parity
sector, moL = 10. Tails |7y (4 () corresponding to numbered
points are as follows: (1) 7} (2} (23)> 2) 71 (a3.021)> 3) [71.42}.3})
@) [T 441.431)> O [Tog221.4121)» (0) [T 241, 4121)> (D) [T, 4330 412})
®) |72, 1423.0121)> O T2, 144y 1123 (10) [3 20y g211)> (A D [ 24y 1213) s
(12) [t21333.0213)> (13) B2 a2y 4213)s (14) [F3, 444y 421})- Note that
points 3 through 14 only appear in K = 3 tails.

keep. Further, since the tails |7y (4} () are independent of
the couplings, so are their overlaps. Therefore, no signifi-
cant errors are expected to arise from omitting the higher
power denominators.

As another test of this modified computation basis, we
test our ability to represent the “conventional” tails in (56)
[with V4, defined in Eq. (57)] in our new basis. In Fig. 4,
we see that the overlaps of first order “conventional” tails
are close to one. These overlaps are defined as

<;n11|13U|;m1> = Z Oml;p,I(Gal)Ij5pq0m1;q,17 (65)
1.J.p.q
Omipfky...ky} = <;ml |(|p> ® |;{k1,...k,<}>)’ (66)

where the indices /, J run over all universal tails up to order
K, and Gy is the inner product matrix between universal
tails,

(Hn)pp’ =96
(H(llt))p,p’®7k =6
H)perr = H) i

() pai, e, =

+ 494(d0) (T, | ValTi,) + 603 (0032, (i, | V2,

o 1.00

(&) °

m L]

Q. .

2 0.98] ]

3 L]

(72}

o [ ¢ ]

S 0.96 .

(o]

O L]

£ 094 | ke ]

; L]

g 092 K=2 T

2

© 0.90L : A A : :
0 2 4 6 8 10

tt 1% order conventional tail

FIG. 4. Opverlaps of normalized conventional first order tails in
the broken sector with g, = 1.5, mL = 10, and E, = —0.878,
with the universal tail space of orders K = 1 (blue dots) and K = 2
(orange dots). Tails built upon the 10 zero-mode eigenstates with
lowest energy are shown sorted by increasing ZM energy.

(Gu) ki, 1k y = Tl Mg g y)- (67)
This remains true for a wide range of couplings, E,
parameters, and volumes. This completes a numerical
demonstration that replacing our original tail states with
|p) ® [i1) is a very good approximation.

A particularly suitable form of the Hamiltonian is
gained by emphasizing its tensor product structure
relative to this new basis. Introducing the shorthand V,, =
JE 2 @(x)":,, dx, the Hamiltonian H can be written as

H = (Hozy + Vo) @ 1+1Q Hy o

4
+) 2.0V, (68)
n=2

with V;, as defined in Eq. (57) and g, defined in Eq. (58).
In our new basis, the needed matrix elements can be

reduced into matrix elements of V, and 1 between the
universal tails:

(69)
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where the oscillator space matrix elements take the form

OV, [70) = =, A" [7),

~ o~ 1 ~ -
L [ @:: 00— 20 0)0)
—10,0sc
o~ ~ o~ 1 -~
amaleﬂmmwwm&ﬁgﬁw%m,
0,0sc

A L/°° JZT/L &x,
0 0

< (0:¢": (z2 +71.21):@" 1 (71, 32) :":[0).
(70)

In the last line we transformed the energy denominators
into multipoint functions with the aid of Eq. (60). Note that

the oscillator space matrix representation of H(() osc and the
inner product matrix are actually diagonal between first
order universal tails.

The use of the basis vectors (64) in calculating the matrix
elements of the effective Hamiltonian reduces to calculating
general n-point functions of :¢" ;. Matrix elements involv-
ing higher tail orders contain disconnected pieces. As with
the original tail states, we provide the explicit expressions for
the matrix elements needed to carry out the computation with
second order tail states in Appendix D.

We show a demonstration of the precision that we obtain
with these approximated tail states in Fig. 2. One can see that
both the energy estimates and the error bars have improved
compared to Fig. 1. The improvement in computed energies
is due to the larger variational basis. The error bars have
decreased in part due to auspicious error propagation from
matrix elements to the lowest eigenvalues, in part due to
cheaper evaluation costs as we were able to increase the
number of integral evaluations by an order of magnitude.

The matrix elements that we need to evaluate can be
represented in terms of Feynman diagrams. To see this, we
introduce the multi-index quantity

i,,,...,i()(Tnv ---,’51770)

L
= /d”x
0
X (0]:p" (7,.x,) ... 1" (71.x1) 1 (25.0):[0)  (71)

for an (n + 1)-point function (n > 1) of the integrated field
powers. In terms of V; the matrix elements can be
written as

[/EXERE) lp>

(H]F) = A " dreV(2.0). (72)

In turn, the multipoint functions can be evaluated with
Wick’s theorem, yielding a diagrammatic structure similar
to a perturbative calculation. We list the simplest matrix
elements below, while the general Feynman rules are
discussed in Appendix C 3.

Van(z) = N!IL AL dx(ﬁ(f)(r,x))N

Lo .
Vo (t2.71) = 8LL deA(LZ)(TZ — T, X = X;)-

x AP (22, 12) AP (71,3,
A2 2
V(o 71) = 1728LA Px(AP (1, = 11,30, — x1))

x (AP (23, 3,)) (AP (1, x1))". (73)

In the next subsection, we examine the explicit form of the
propagator A(LZ>, given in Eq. (78) below. The diagrammatic
representations of certain representative V; are given

in Fig. 5.

/N
AN

FIG.5. Feynman diagrams with three insertions in the oscillator
sector at first Krylov order. (a) V2, (b) Vg, (€) Vasz, (d) Vous,
(€) V334, (f) Vyuy [see also Eq. (73)]. Permutations of the indices
lead to the same diagrams with permuted 7z arguments.
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3. Finite volume propagator of ¢*

In our implementation of Krylov space methods for ¢*,
we simultaneously use both the Hamiltonian formulation of
¢* together with a Feynman diagrammatic description. We
need to set the conventions of the finite volume propagator
that appears in such diagrams.

For the moment we will work in general space-time
dimension. Our action for the Lagrangian of a free massive
scalar field is

1
S = 5 / dPx(3)? + m2¢>. (74)

The corresponding two-point function in infinite volume
then takes the form:

ADP(r) = (T (x1)p(x,)).

— (") kg, (09

r

where T, indicates ordering with respect to an arbitrarily
chosen Euclidean time direction 7, r = |X; — X,| is the
Euclidean distance, and K,(x) is the modified Bessel
function of the second kind.

In the special case D = 1, Eq. (74) describes a single
harmonic oscillator with frequency m, and mass 1. The

propagator D) from Eq. (75) reduces to
e ™M, (76)

As our computations for D =2 will be done in finite
volume, we need the corresponding finite volume propa-
gator. We will assume that we have either periodic (P = 0)
or antiperiodic (P = 1) boundary conditions. As derived in
Appendix E, in D = 2 the finite volume mode expansion
leads to the propagator

AP = A (z.x) + A (7. %),

= L[k (mo/ 5 7)

2r
(1) Ko/ (L =3P +2)] + 33,

<_1)Pn
2n

+ (=1)PK, <m0\/((n F1)L—x)2+ rzﬂ. (77)

SA, =

[KO (mo (nL + x)* + 12)

As we can see, in finite volume, the propagator A2
acquires corrections that are suppressed as e~"0F. When
the zero mode is separated and the multipoint functions are
restricted to the oscillator sector, we are required to

substitute the complete propagator in Eq. (77) with a
modified one,

e, (78)

In practical computations, we truncate the sum in Eq. (77)
to n < 3, which is a good approximation for L > 3.

Finally, we note that for small volumes, it is possible to
work in a different scheme where the unperturbed oscil-
lators are massless. In this case the oscillator mass term is
considered part of the perturbation and the modified two-
point function is given by the closed formula

~ ] —4r =2 2
Agfz(r) = —Elog 1 4+ 1 —2¢7 cos <fﬂx>] (79)

The benefit of the massless scheme is that the volume
dependence of the matrix elements factors out, so the
numerical integrations do not have to be repeated for each
studied volume. However, we found the precision of
massless setup strongly volume dependent and suboptimal
for the volume range of our interest. Thus we do not
elaborate upon this direction further.

C. Numerical implementation

Now that we have specified the computational bases that
we will use in evaluating ¢4, we turn to a discussion of the
details of the numerical evaluation of the eigenvalues of the
Hamiltonian.

The numerical method proceeds as follows. We first
compute the matrix elements of V, and 1 of Eq. (68)
between order one universal tails. We then assemble the full
Hamiltonian with a zero mode cutoff N, and solve the
generalized eigenproblem in this 4N z;, dimensional basis.
In the next step, we calculate all matrix elements involving
universal tails of second order, and repeat the diagonaliza-
tion in this larger, 13N, dimensional basis. Finally we
also include third order tails and obtain the eigenpairs of the
resulting matrices. We thus get a series of eigenvalues as the
function of the largest order of tails kept. This set of points,
possibly supplemented by a “zero-order” approximation
with all tails neglected, serves as basis to extrapolate to
infinite Krylov order. It is useful to note that both the
conventional and universal tails are Z, parity eigenstates,
so the even-odd particle number separation can be done
even in the tail Hamiltonian.

For all couplings examined, eigenvalues converge expo-
nentially quickly in increasing N z;,. This is exemplified for
g = 1.5 in Fig. 2. We found that the regimes most sensitive
to the choice of Ny, are when either g, is large and
negative and g, is small such that ¢ acquires a large vacuum
expectation value, or when g, is very large. On the basis of
these observation, in the following we fix N, = 40.
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The details of this method can be grouped into three
areas: (i) the evaluation of the matrix elements through
Monte Carlo methods, (ii) generating a statistics of eigen-
values to estimate their errors, and (iii) the procedure by
which we extrapolate to infinite Krylov order K = co. We
take each in turn.

1. Evaluation of matrix elements

Matrix elements involving two-dimensional integrals are
evaluated using the numerical global adaptive method Cuhre,
in the implementation of the Cuba package [91]. These matrix
elements consist of H 51) and G'!. Their estimated relative
numerical errors are negligible, on the order of 1073, In turn,
matrix elements requiring the evaluation of at least four-
dimensional integrals are computed with the importance-
sampling Vegas method of the Cuba library. This is basically a
Monte Carlo method, in which the sampling ensemble is
updated self-consistently in a number N, of iterations.
Inside each iteration, a Monte Carlo—type probing of the
integrand is performed with Ny, evaluations. The total
number of integrand evaluations is thus Ney, =Ny 0 Niger-
Itis generally efficient to choose the value of Ny, to be a few
dozen [92]. We fix Ny. = 50. As a general rule, larger
dimensionality of the integrand comes with slower con-
vergence with respect to Monte Carlo evaluations.

The integrations are take place over a finite domain. The
restriction in space occurs naturally because of our working
in finite volume. We however introduce a “temporal” cutoff,
fixed to be 7,,x = 50my for V; ; with up to 3 indices, and
Tmax = 40my for those V; ; s with more than 3 indices.
These choices are made so that the results are insensitive to
further increasing 7,,,,. This is reasonable as the integrand
vanishes exponentially for large values of each of its 7
arguments, which in turn follows from the asymptotics of the
propagators and the presence of disconnected terms. Further
technical details of the numerical integration are discussed in
Appendix F.

It is easy to check the precision of numeric integrals by
imposing an artificial momentum cutoff p,... In the
presence of a small enough p..., the required matrix
elements can be exactly computed in an alternative way:
building up the matrix representations of the operators in
Eq. (35) directly in a truncated Fock space with appropriate
particle number and one-particle momentum cutoffs. On
the other hand, such a cutoff is easily implemented in the
integrals by replacing the propagator via restricting the sum
in the mode expansion Eq. (E3). The dependence of
numerical error on the number of evaluations for the matrix
element <?444|\~’j|?44) for various values of p,,,, is shown in
Fig. 6. Other matrix elements behave similarly (or better).

2. Statistics for third order tail states

With the introduction of higher order tails, the inner prod-
uct matrix becomes approximately degenerate. This issue is

T T

)

fasa | V| Taa

~—

o

0 1x10% 2x10° 3x10° 4x10° 5x10°
NMC,ONiter

FIG. 6. Relative error of the matrix element (3444|\~7j|?44> as
function of the numerical integrand evaluations, in the presence
of small momentum cutoffs: pp. = 27L~" (blue), ppax =
4L~ (green), pp. = 87L~' (red), at volume myL = 10. The
differences are measured and normalized with respect to the exact
matrix element obtained by linear algebra in the explicit Fock
basis for these cutoffs. The importance sampling method uses
Njer = 50 iterations of updating of the sampling ensemble with
Nyco = 108 evaluations inside each iteration.

especially pressing in the case of universal tails. At the third
tail order, the numerical precision of matrix elements is not
sufficient for a direct computation, which manifests in
(small) negative eigenvalues of the Gram matrix.

To alleyiate this problem, we generate an ensemble
of H and G matrices using the numerical integration errors
of matrix elements and repeat the eigenvalue calculation
several times, projecting out the directions corresponding to
numerically negative eigenvalues of the Gram matrix.
The result of this analysis for a sample size N, = 500 is
shown in Fig. 7. For each peak, we then refine the energy
bins until the maximum of the peak becomes less
than %)mshol 4 = 60. Separate Gaussian fits are then
applied to the peaks. The standard deviation of these
subsequent fits provide the errors of the eigenvalues at
third order.

3. Extrapolations in K

After the eigenvalues from the three Krylov orders are
obtained, we perform a power law of the form

fl) =a+—. (80)

As the input has an error, we generate a new ensemble of
eigenvalues with the previously obtained errors. The fit is
repeated for each member i of the ensemble, providing a set
of extrapolations a;. a; are then averaged and their
computed standard deviation provides the final error
estimate (red error bars in Fig. 2). The result of this
extrapolation fits nicely to previous TSM results [72].
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FIG. 7. Distribution of the lowest eigenvalues for 3 tail
orders, g = 1.4 myL = 10, based on an ensemble of N, = 500
Hamiltonians, sampled assuming normal distributions for the
matrix elements with standard deviations from errors derived
from the Monte Carlo integration routines. The histogram is
based on calculating the lowest 10 eigenvalues per parity sector
for each matrix in the ensemble. Blue dots correspond to the even
Z, parity sector, while orange dots correspond to the odd sector.
Energy bins of size AE = 0.00Sm% were used.

IV. BROKEN PHASE: “WEAK” COUPLING

We start our detailed presentation of our results for the ¢*
theory by focusing on its broken phase. We fix g,/m3 =
—0.25 and vary g, so that an Ising type quantum critical
point is present at a relatively small quartic coupling. The
spectrum and various physical quantities are well described
by the perturbative treatment of fluctuations around the
degenerate vacua. We consider the ground state energy, the
meson mass gap, and the vacuum expectation value of
the field, (¢), before turning to a finite volume scaling
analysis to determine the location of the critical point.

A. Ground state energy

Figure 8 shows the coupling dependence of the bulk
energy (ground state energy per unit length) as a function of

0.00

-0.01¢

-0.02;

Eo/(Lmo?)

-0.03¢

-0.04

0.05 0.10 0.15 0.20 0.25
g
FIG. 8. Bulk energy measurement in the broken sector from

different volumes and compared to 4 loop L — oo perturbation
theory (black).

the quartic coupling g, = gmj for different system sizes L
compared to the 4-loop perturbative result in infinite
volume. There are two kinds of physical finite volume
effects that alter the finite volume eigenvalues from their
L — oo asymptotics. On the one hand, the doubly degen-
erate vacuum is split due to finite volume instanton effects,
which is semiclassically exponentially small in the para-
meter M gL, where M is the kink mass [Eq. (50)]. On the
other hand, there are finite volume corrections correspond-
ing to the Casimir effect, which are exponentially small in
the parameter ML, M being the smallest mass in the
spectrum. At small quartic coupling, M is the lightest meson
mass M, and is about unity. In the regime g > 0.1, M is again
the kink mass and is approximately order 1/g, before it
vanishes at the critical point, giving rise to a stronger,
inverse-power volume dependence. In the entire broken
sector, the numerics significantly outperforms raw Fock
space truncation if no extrapolations are taken into account.
On the other hand, we obtain the bulk energy in agreement
with perturbation theory, up to finite volume effects.

Since the method does not rely on building up explicit
Fock states, it is expected to perform especially well
compared to raw truncation at larger volumes. This is
indeed true. However, the numerical precision of matrix
elements are observed to decrease in increasing the volume,
which eventually restricts the applicability of the method in
the infinite volume limit.

B. Meson mass

Turning to the lightest meson, M, it is again natural to
compare to available perturbation theory results. Here the
finite volume effects are largely analogous to the ground
state energy, apart from additional exponentially small
effects due to virtual particle pairs. F terms arise due to
vacuum polarisation: creation-annihilation of a virtual pair
with a nontrivially winding trajectory on the cylinder,
thereby scattering on the physical particle. p terms corre-
spond to the dissolution of the particle to virtual constitu-
ents, which reassemble into the original particle after
traveling around the cylinder [65,93]. Numerical results
are shown in Fig. 9. The meson disappears from the
spectrum at around g = 0.15, as then it becomes kinemat-
ically allowed to decay into a kink-antikink pair. Thus for
g > 0.15 in the broken phase, the first excited state is
actually a kink-antikink scattering state [54].

C. ¢ VEV

Since the method provides approximate eigenvectors,
matrix elements of operators can be evaluated directly. Here
we focus on the vacuum expectation value of the field ¢ in
the broken sector. In finite volume, this is actually the
matrix element of (2) between the even and odd parity
ground states. To single out the nontrivial quantum cor-
rections, we normalize with the classical expectation value

045016-16



KRYLOV SPACES FOR TRUNCATED SPECTRUM ...

PHYS. REV. D 109, 045016 (2024)

0.14

0.02 0.04 006 008 0.10 0.12
g

FIG. 9. Lowest energy gap measurement in the broken sector
from different volumes and compared to 4-loop L — oo pertur-
bation theory (black). At couplings g < 0.15 it corresponds to the
B1 one-particle state.

¢e = (89)71/2. As the critical point is in the Ising univer-
sality class, (¢) is expected to vanish as (g—g,)"/® at
the critical point, we plotted its eighth power in Fig. 10,
against one-, two-, and three-loop perturbation theory. The
third order results and the corresponding error bars are
again obtained by creating an ensemble of Ng = 500
Hamiltonians and Gram matrices as described in
Sec. III C2, projecting out any negative G eigenvalues,
and computing averages and standard deviations of (¢)
over the ensemble. We do not attempt to extrapolate the
vacuum expectation value through Krylov orders. The
outcome of the analysis is that universal tail sets of orders
K =1, 2, 3 provide results consistent with a perturbative
expansion to 1, 2, 3 loops, respectively, provided the
coupling is not in the vicinity of the critical point.
Around the critical point, finite volume effects dominate.

D. Critical point

The broken and unbroken phases of ¢* model are
separated by a second order phase transition. Classically,

1.0
0.8
% 0.6
S
v
A
S 047 — 1-00pPT  © K=t
~ 2-loop PT K=2
02p 3-loop PT « K=3
0.0L : t t t : :
0.00 0.05 0.10 015 0.20 0.25 0.30
g
FIG. 10. (¢) measured from TSM at L = 15 and compared to

L — oo perturbation theory.

the phase transition happens when the parameter ¢,
changes sign. In the quantum model, fluctuations drive
the transition and it can thus be reached via tuning
g4 = gm} for a fixed g,. Despite working in finite volume,
where there is no phase transition per se, truncated
spectrum methods are effective in measuring the critical
g coupling. This is because finite volume effects in the
vicinity of a critical point are well understood.

It is well known that the critical point of ¢* theory lies in
the Ising universality class. Therefore, in the vicinity of the
critical coupling g., we can model the system as described
by the Ising Hamiltonian on the cylinder, modified by
relevant as well as irrelevant perturbations:

N 27 - 1
Her = — (Lo +Lo— —>

L 24
L -1
+La1(g—gc)() e(z=1,z=1)
2

+ L(aage + a3(9—gc))
+ (more irrelevant terms). (81)

When the g coupling is fine-tuned to the critical point g,
there are still irrelevant perturbations affecting the finite
volume spectrum. Fortunately, the irrelevant perturbations
can be filtered by their symmetry properties and classified
by their relevance.

In the first order of conformal perturbation theory, it is
simple to estimate the corrections by the irrelevant terms.
Since the operators are multiplied by L~2"*1, with & being
the chiral dimension, the least irrelevant operators dominate
the large-volume spectrum, while more irrelevant ones are
suppressed by powers of L. In our analysis, we approximate
the perturbed Ising model by keeping the relevant thermal
perturbation e as well as the descendant dde. We restrict our
attention to the energy difference between the even and the
odd ground states and consider the volume range L = 6 to
L = 10. The rescaled volume-dependent gaps as function of
the coupling, for different volumes L, are depicted in Fig. 11.
The linear coupling dependence of the gap is consistent with
the assumption that in the vicinity of the critical point, the
effective Ising couplings can be approximated as linear
functions of the quartic ¢* coupling g.

In the absence of irrelevant terms, one would conclude
that the transition occurs at the point where the rescaled
lines cross. But this has to be corrected by the effect of the
irrelevant term. To improve the accuracy, we fit linear
functions f;(g4) = a; + by g to the datasets in Fig. 11.
Equating these empirical gap functions with their theoreti-
cal approximations from conformal perturbation theory,
and separating coefficients of powers of g,, we obtain a
(generally overdetermined) system of linear equations for
the critical coupling g,. as well as the parameters «;. There
are multiple ways to reduce the resulting system into a
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FIG. 11. We present here data for the determination of
the critical value of g,. Rescaled E; — E, energy differences
(“vacuum splitting”) for volumes L = 6 (blue), L = 8 (orange),
and L = 10 (green). The corresponding value in the Ising model
is shown with a horizontal black line.

uniquely determined one, which provides slightly different
results for g.. The variation in these results provides an
error estimate. We so obtain an estimate of the critical point
to be g. = 0.2645 £ 0.002. The order of performing the
extrapolation in tail orders versus taking the difference of
eigenvalues does not affect this final estimate.

V. UNBROKEN PHASE AND STRONG
COUPLING REGIME

Now we turn to the unbroken phase. Here we choose
g» =m}/2 and vary g, As per the Chang duality, the
critical point appears at g= 2.7, but higher orders of
perturbation theory breaks down noticeably for below
the critical point at g = 0.3. In this phase, there is a single
bosonic excitation in the spectrum.

A. Empirical study of cutoff dependence
and tentative improvement on errors

Before turning to the measurement of the ground state
energy and the mass gap, let us study the tail order
extrapolation in more detail. It is difficult to determine
the extrapolating function Eq. (80) from first principles.
However, it is interesting to see how the fitted power law
exponent ¢ varies as function of the coupling. We find that
performing the fit without any restrictions on the para-
meters a, b, ¢, the resulting function c(g) is well described
by a simple function form

(%)
g+cs

c(ga) = c1 + (82)

We fitted the parameters c;, i = 1, 2, 3 to the distribution of
exponents in Fig. 12, obtained by performing the fit (80) on
a set of Ng =500 samples generated on the basis of the
eigenvalue uncertainties.

Exponent ¢

0.0 0.5 1.0 1.5 2.0 2.5 3.0

FIG. 12. Fitted power law exponent to statistical ensemble of
ground state eigenvalues.

The proposed functional form Eq. (82) is empirical and
likely model dependent. At the same time, we find that
using the exponent ¢(g) determined from Eq. (82) in fitting
our data with Eq. (80) results in good agreement with the
data of Ref. [72]. In the following plots, we report the
results and errors both by fitting directly every sample with
Eq. (82) and alternatively, performing the fit with ¢ con-
strained to be its Eq. (82) value.

B. Ground state energy

The TSM in its equal time formulation is essentially a
finite volume method. The form of leading terms in the
large volume expansion of the ground state energy are
known. In case of an unbroken vacuum and a single type of
massive particle, it has the structure

M )
Eo(L) = goL - 2/ cosh Me_MLCOShudM
T .J-

+ O(e™2ML), (83)

In Eq. (83), £ is the bulk energy (density), M is the mass of
the excitation, while the integral term is the first Liischer
(leading exponential) correction. The value of the bulk
energy and the mass is taken from the numerics, but
knowledge of these parameters provides the volume depend-
ence of the ground state energy E,, for intermediate to large
volumes. This is checked against TSM numerics in Fig. 13.

We show the computed ground state energy at volume
moL = 10 in the unbroken sector, as the function of the
coupling g, in Fig. 14.
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FIG. 13. Volume dependence of the ground state energy in the
unbroken sector, at theoretical behavior including the leading
Liischer correction is shown with a continuous black curve. The
results for the K = 1 and K = 2 universal tail basis computations
are shown with blue and orange dots, respectively. (a) Coupling
g4 = 0.4m3 (M = 0.937mg, e = —0.00682m32). The correspond-
ing result for the free boson with mass m, is shown for reference
with a gray dashed line. (b) Coupling g, = 0.8m(2) (M =0.8186my),
e = —0.02563m3). K = 3 results shown with green dots.

C. Mass gap

In the top panel of Fig. 15 we show the validity of the
perturbative expansion Eq. (48). Consistently with the
asymptotic nature of the perturbative expansion, higher-
order results come with a more restricted domain of
validity. It is interesting to see how this compares to
Borel resumming the perturbative series. While conven-
tional perturbation theory breaks down spectacularly at
around g = 0.2, our Krylov-enabled TSM is able to follow
the resummed result over an extended range of couplings,
as shown on the bottom panel.

VI. RESIDUAL ERROR

In performing any numerical analysis, it is vital to have
as much control on the error as possible. In truncated
spectrum methods, a commonly adapted measure of

0.0 0.5 1.0 1.5 2.0 2.5 3.0
9

FIG. 14. Ground state energy in the unbroken sector,
moL = 10. Show are our computations of E;/m as function
of coupling g compared to [72] (black curve). The numerical
results corresponding to K = 1, 2, 3 universal tail sets are marked
by blue, orange and green dots, respectively. The power-law
extrapolation is shown with a dashed purple line, with errors
given by the purple shaded area. Extrapolation instead by
constraining the exponent c(g4) to its value given by Eq. (82)
is marked by the data with red dots.

precision is to compute the eigenvalues at special points
where the results are known “exactly” (with much more
precision) from independent approaches. While this can
give an idea on the expected performance of the method at
large, it has a number of significant drawbacks:

(1) Information comes from special points, which are
similar at best, but usually not identical to the actual
point of interest.

(2) Moreover, it is generally hard to quantify the
distance from the reference point in theory space,
and make a connection with TSM precision.

(3) Finally, the error in the eigenvalues is a rather
forgiving measure of the error, especially when
actual eigenvectors are used to measure a quantity
of interest.

In the literature of iterative eigensolver methods, it is

customary to introduce the norm R of the residual error in
the following way:

R* = <l//comp|(I:I - Ecomp)2|l//comp>' (84)
Note the square inside the expectation value. In Eq. (84),
Weomp 18 the computed (truncated) eigenvector, but H is the
entire Hamiltonian without truncation. Without the square,
one would simply get zero, as <wcomp|ﬁ|wcomp> = Ecomp-

Inserting a partial resolution of the identity between the
Hamiltonians results in a strong cutoff dependence, as
depicted in Fig. 16. As the action of the operator H changes
particle number by at most 4, it is easy to compute the

projected matrix element to high energy cutoffs by intro-
ducing an additional particle number cutoff on the
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FIG. 15. Mass gap in the unbroken sector, as function of coupling
g. (a) Perturbative series truncated at various orders, compared to
the Borel resummation of the perturbative series ([19]). (b) Krylov
TSM numerical data at mqL = 10, compared to [72] (reference
data shown as black curve). Numerical results corresponding to
K =1,2,3 universal tail sets correspond to blue, orange and green
dots, respectively. The power-law extrapolation is shown with a
dashed purple line, with errors given by the shaded area. Extrapo-
lation with the exponent ¢ fixed by Eq. (82) results in the red dots.
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FIG. 16. Limitations of raw truncation (unbroken sector):
squared norm of the projection of H|0) to a truncated Hilbert
space, normalized by its squared norm. Here |0) is the unper-
turbed vacuum as a function of the TSM energy cutoff E .,
L =10, g, =1. lA)T is a partial resolution of the identity in the
truncated Hilbert space. Also shown are the squared norms of the
projections to the universal tail spaces of first (blue), second
(orange), and third (green, with light green uncertainty) orders.

truncated space. (Here, for the raw truncation points, we do
not separate the zero mode.) It is interesting to note the
would be dimensionality of the full Fock space with the
corresponding energy cutoff E . The required dimension-
ality would be D = 6.5 x 10° for first order tails, about
D = 2.3 x 107 for second order tails, and D ~ 10 for third
order tails, giving a rough estimate of the raw truncation
dimensionality needs to reproduce the precision of the
Krylov tail numerics. This is impressive in itself, but still
suffers from a significant deviation from the exact result.
Fortunately, our approach is naturally suited to calculate
the matrix elements of H? directly, without any inherent
truncation.
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FIG. 17. Norm of the residual error for the ground state. We
point out that the square of the full, infinite-dimensional QFT
Hamiltonian is sandwiched between the numeric eigenstates,
making the computation difficult for large energy cutoffs. The
largest raw energy cutoff corresponds to a 104-dimensional
truncated subspace. (a) Norm of the residual error for the ground
state as the function of the coupling g in the unbroken phase. The
results for the K = 1, 2 universal tails are shown with continu-
ous blue and orange lines, respectively. Raw truncation with
different energy cutoffs yield the set of dots at the top of the figure
(Eoy = 5: light gray, E. = 7: gray, E., = 9: black). (b) Norm
of the residual error as function of the Fock TSM energy cutoff,
for various values of g.
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Let us note that when SE = E g — Ecyaee 18 small, the
correction obtained from substituting Ec,p, With Eqy, in
Eq. (84) will be O(SE?), which is negligible compared to
the effect coming from the square of the Hamiltonian.
Intuitively, the residual error vector estimates the error
resulting from acting with H on the truncated eigenvector
instead of its true eigenvector with eigenvalue E,. This
measure can be particularly relevant in measurements
which involve acting multiple powers of H to an approxi-
mate eigenvector, something that happens in computations
involving the real time dependence of observables. At small
coupling, the difference of the eigenvalues between the
interacting and the free theory are indeed minuscule.
Therefore, relying only on the precision of the eigenvalues
is deceptive when the eigenvectors are needed. The residual
norm provides a much more sensitive measure of the error.

We show the residual error corresponding to the ground
state energy in Fig. 17. A reference computation was also
performed in a conventional massive Fock-space truncated
space with an energy cutoff (with no separated zero mode).
In that basis, we evaluated the matrix elements of ig by
expressing the squared interaction terms with normal
ordered ones and performing the nontrivial spatial integrals
where necessary. In this case, the residual error decreases
approximately linearly with the energy cutoff, at least for
the small cutoffs examined. Extrapolating this linear
tendency again gives an idea on the Fock space dimen-
sionality required to reproduce the precision of the Krylov
computation.

VII. CONCLUSION AND DISCUSSION

In this paper we have implemented a Krylov-subspace
method tailored to computing the low lying spectrum of
quantum field theories, based on the iterative procedure
originally described in [80]. It can also be seen as a
systematic improvement to the renormalization group
method of [52,72,76]. We have demonstrated the method
on the unbroken and broken sector of the two-dimensional
¢* model.

The method involves the computation of multipoint
correlators in the “unperturbed” theory. In the present case,
this translates to the numerical calculation of Feynman
diagrams. Therefore we see this method as a bridge
between perturbative diagrammatics and TSMs.

Throughout this work we focused on the simplest
spectral quantities: the ground state energy and the differ-
ence between the two lowest two energy levels. However,
we remark that other physical quantities are accessible to
the method by modest and often obvious modifications. We
succeeded in reproducing the bulk energy and the mass gap
of the ¢* model in the unbroken sector in agreement with
Borel resummation and other TSM results. Remarkably, in
a wide range of couplings, a truncated Hamiltonian of only
dimension four (per parity sector) was sufficient to provide

a good estimate over a wide range of couplings. In the
unbroken sector, this can be contrasted to Borel resumma-
tion, which utilizes very similar Feynman diagram com-
putations in an entirely different way. We believe it is
interesting that even though tail matrix elements suffer from
the same asymptotic behavior as the perturbative series, the
diagonalization of the Hamiltonian involving these same
matrix element efficiently extracts convergent physics
from these quantities, in analogy to Borel resummation.
In the unbroken we have also reproduced the correct
finite-volume behavior of the ground state energy and
demonstrated a novel way to measure the error for TSM
eigenvectors.

Using our technique, we also analyzed the ¢* model in
the broken sector. We compared the bulk energy to raw
TSM truncation and a 4-loop perturbative expansion and
found reassuring agreement. We also used our code to
provide a precise estimate of the critical point in the broken
sector, 0.2645 + 0.002.

While we have not pursued it here, the method indicates
promising features for possible future real-time dynamics
applications. Since the same universal tail basis provides a
very good representation of lowest energy states over an
entire range of couplings, it appears to be a natural basis to
study quenches with both suddenly and gradually changing
couplings.

This combination of Hamiltonian truncation and
Feynman diagrammatics is a new method and our presen-
tation leaves several issues that will require further elab-
oration upon in future work. Perhaps the most pressing
issue is the extrapolation of data through Krylov iteration
orders. At the moment we lack a clear physical under-
standing to motivate our extrapolation functions. We
instead relied on the empirical quality of the fits and the
consistency of the results with existing reference values
from the literature. We do however discuss convergence in
Krylov-like methods in Appendix A. We note that it is
plausible that high order matrix elements of the
Hamiltonian and the Gram matrix can be approximated
by saddle point expansions analogous to [94,95]. This
could be used to provide a better motivated extrapolation
through Krylov orders. However, the saddle point evalu-
ation of the appearing quantities is not entirely trivial and
remains to be explored in future work.

Due to the variational formulation, the computed energy
eigenvalues are non-increasing functions of the iterative
order, while at the same time always bound the true ground
state energy from above. With these constraints there still
remains the possibility that the numerical eigenvalues
plateau at some higher values than their exact counterparts.
Such discrepancy can be ruled out if the Krylov iteration
outlined in Sec. II B is guaranteed to converge to the true
solution of Eq. (18). For bounded T, and with |z, ,) within

the range of 1 — T, the minimum of the residual norm
converges to zero for large enough Krylov rank [81].
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Unfortunately, a rigorous proof involving the more inter-
esting case of unbounded operators is not available to us at
the moment, although we provide a few remarks in
Appendix A.

In any case, perturbations relevant in the renormalization
group sense, exemplified by the ¢ and ¢* terms in the ¢*
model, do not mix states with different unperturbed energy
levels very strongly. Therefore to access the low-energy

physics, T can be well approximated by a bounded
operator, with a cutoff A in momentum and another in
total particle number N introduced. The low-energy physics
is essentially independent of these cutoffs once they are
chosen large enough. Both cutoffs can be implemented in
practice: the momentum cutoff changes the propagator,
truncating the sum of Eq. (E4), while the total particle
number can be truncated by omitting certain Feynman
diagrams with multiparticle intermediate states. The par-
ticle number cutoff does not modify the first iterations at
all, while the cutoff propagator has a smooth limit to
Eq. (78) for A — .

For models with irrelevant perturbations, where different
energy scales are mixed so strongly that the above argu-
ment does not hold, additional care is needed. For such
models, the convergence of the Krylov iteration to the
correct eigenpairs probably depends on both the model
and the selection of the “low-energy” states starting the
iteration.

In principle there is a systematic way to eliminate any
such hypothetical fake plateaus. When in doubt, one could
always start to add oscillator Fock states to the low-energy
subspace as a means to check if the plateau reached
corresponds to the true eigenvalue. Matrix elements of
these oscillator Fock states can be calculated within the
same formalism, involving Feynman diagrams with multi-
ple external legs.

Our method easily generalizes to linear sigma models in
two dimensions. In the unbroken sector, this would entail
trivial modifications of the Feynman integrals by symmetry
factors. From the analysis of the broken symmetry phase at
strong coupling, it is presumably possible to probe non-
linear sigma models as well.

This method is easily extendable to higher dimensions
and will serve as the next test of the method. For the ¢*
theory in 2 4+ 1D all that would be required would be to
replace the form of the propagator. It may however be
advantageous to implement the Feynman integrals in
momentum space, as the real space propagator suffers
from stronger singularities in higher dimensions.

The transition to momentum space could cause certain
complications in the present setup, where the partial
cancellation of disconnected pieces is implemented at
the level of the integrand, leading to better temporal
convergence. Strictly speaking the explicit projections
leading to the extra disconnected pieces are not necessary.
We might have omitted them at the cost of overlaps

between the low-energy basis states and the tails. We
opted for implementing the projectors in coordinate space
as they act as a temporal cutoff, improving the convergence
of matrix element integrals and decreasing their magnitude.
Such cancellations in coordinate space do not obviously
translate to momentum space. Fortunately, the structure
of the disconnected pieces is known and can be taken
into account by other means even if one opts for keep-
ing them.

Note added. 1t has been pointed out that the leading
irrelevant perturbation of the Ising model contributing to
the volume dependence in Eq. (81) is not doe. This operator
can be written on the cylinder as g0, 0, (z, x) + ¢0,0,(t, x)
with some operators O, O, and coupling g. The spatial
derivative term evidently vanishes due to the periodic
boundary condition. The time derivative term can be
written as a commutator ig[H, O,], which can only modify
the energy levels of the Hamiltonian at the second order in
g. The leading volume dependence at the critical point is
thus given by the operator 77 [96], with overall volume
dependence L x L™*. We thank Joan Elias Mir6 for this
correction. We also note that performing the fit with the
corrected volume dependence slightly changes the mea-
sured value of the critical point (within the original error
bar) to g. = 0.266(2).
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APPENDIX A: RELATION TO CONVENTIONAL
KRYLOV SUBSPACE METHODS

The original idea of Krylov subspace methods is to
compress the essence of an N x N dimensional operator A
into an m < N dimensional operator AX) acting on K.
The Krylov subspace K is spanned by the set
{A¥|r),0 < k < m}. A block Krylov subspace of block
size n is obtained by the span of the set {AX|r;),0 < k <
m,1 <i<n,n>1} for linearly independent vectors
ri,1 <i < n. The solution to a linear system A|x) = |b)
can be approximated by vectors |xx) + |[5x(")) for which
A|6x"™)) 1 K. Eigenpairs (eigenvalue-eigenvector pairs)
of A are approximated by eigenpairs of AK),

The case relevant to us is when the operator A is
diagonalizable, i.e. related to a symmetric matrix A by a
similarity transformation A = Q~'AQ. If A is a bounded
operator with a spectrum including at most a finite number
v of discrete negative eigenvalues, {47} ,, the residual
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norm of the approximate solution after iteration m is
bounded by the formula [81,97]

A5 < Q]I
lmax lJr m-v ¥ ﬂrtax - A7
Amax = Amin — - (Al
x (/1$ax + j’rernn) 11;11: Ml_| ( )

where A, and 4. are respectively the largest and smallest

positive eigenvalues of A.

In our setup, the approximate tails are constructed iter-
atively from the linear system in Eq. (18), and they are
subsequently used as a variational basis for the determination
of eigenvalues. Translating to the notation of the previous
paragraph, in Eq. (18) we would replace A with 7=
1- T = (ﬁO,hh - E)_l (ﬁhh - E) and take |b> = |th0> and
|x) = |T,). One can then see the basis vectors in Eq. (31) as
linear combinations of vectors T°|7;), 0<i<k—1.
However unlike A above, in our case the operator 7 is
infinite dimensional and not bounded.

Due to the unbounded character of 7, It is difficult to
make general statements about the convergence properties
of the Krylov iteration (although recently progress has been
made [98,99]). In particular, the bound (A1) formally gets
ill-defined as there is no A,. In any case it is reassuring
that even in this case the Krylov subspace only becomes
exactly degenerate in a finite number of steps if the exact
solution has been found. Indeed, if one can write 7|z, ) =

n=L e, T*|1;0) with some coefficients c;, then the exact
tailis given as |T;) = g (T"' = 3022 ¢, 1 TH)|t10). The
operator 7 is diagonalizable with Q = (H, ,, — E)'/2. We
will assume that E is strictly smaller than any eigenvalue of
I:IOJ,h. It follows that Q is positive. Moreover, when the
parameter E is chosen to be the ground state energy in any
symmetry sector respected by both H and ﬁo, then the
symmetrized operator 7 = Q7 Q™! is actually positive
definite (in the given symmetry sector), as follows from the
variational principle.

For concreteness, let us first consider the restricted
version of Eq. (18) in the presence of both a momentum
cutoff A and a projection of the oscillator Hilbert space to a
subspace spanned by Fock states with at most N particles
(the zero mode is not affected by this cutoff). Then we have
a restricted problem

Tyalxva) = |ba)s (A2)
with a bounded operator 7  , (the truncated Hilbert space
is finite dimensional). Two comments are in order. One is
that according our numerics, in the limit A — oo, the
operator 7 y Ao = 7 y appears to remain bounded, with
asymptotic behavior ANk — AN, + O(A~2). To this end,
we applied the conventional Hamiltonian truncation
approach to obtain the extremal eigenvalues of the operator

T ~.A- The largest momentum cutoff we are able to reach
depends on N, but in any case we checked this claim up to
truncated matrices up to sizes of 10° dimensions, which
means A, & 60 for N =4 and A, = 10 for N = 10. We
believe an analytic derivation of such a bound should be
possible using the Gershgorin circle theorem, at least for
small values of N. However, here we do not attempt to
provide a proof. The second is that the limit 7 y is also
strictly positive definite. The latter can be seen as a
consequence of the low-energy eigenvectors of H ;; having
a finite weight in the ground state of H, while this ground
state is separated from the rest of the spectrum by a gap. In
the following we assume the existence of the above limit
and suppress the A index. (In cases when the limit does not
converge, it is still possible to reintroduce the cutoff. Then
the statements below remain valid in the presence of a finite
momentum cutoff.)

The exact solution to the equation 7 |7, y) = |t;0) can
be written as |7, y) = |T;) + |6T,y), where |67 y) is the
difference between the regularized and the full (N — oo,
cutoff A) solution. It is safe to assume that |||67; y)|| = O
for large N, as we expect to be able to approximate the
eigenvectors arbitrarily well by systematically enlargening
the truncated Hilbert space.

At iteration m, the vectors T*[t,0), 0 <k <m are

identical to the vectors T%_ A1) |t,0). This is because

we build our tails on top of the oscillator vacuum, so |#;)
contains at most 4-particle states; on the other hand, the
application of 7~ changes the particle number by at most 4.

Therefore, at iteration m, the approximate solution |T§m)>
can be written as

70"y = T7) +16T)"™) = [Tragmen) + 6T\ 5 1))
= |T2) + 6T 1 agmsy) + 16T\ i) (A3)
$0 |6T§'">> = 16T a(m+1)) + |5T§Z()m+1)>. In turn, we can

bound the error of the full iteration by looking at the
regularized problem. Analogously to Eq. (A1), we obtain
the bound

s

ITl673)1 < - lilna)l (1 - 2)
/lmin,m

= 2 _
f(m> . Amin.m + ﬂmax,m

, (A4)

where A, and A, are the extremal eigenvalues of the

operator 7 y_,s With 7y = Q7 yQ~'. From the form
of f(m) in Eq. (A4) it follows that f(m) < m. Depending
on the large-m behavior of f(m), we can distinguish

three cases:
(1) f(m) — oo: In this case the vanishing of the residual
norm (with respect to 7) is guaranteed, with rate
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given by Eq. (A4). This is because [|Q~!|| is bounded
and ||Ql70)|| = HE?H as defined in Eq. (35). In
particular, if f(m) ~ alog(m), this yields a power-
law bound m™“.
(2) f(m) - C < oo: Eq. (A4) yields a finite asymptotic
bound, lim,,_.q, [ 75T} < [Q'[[|Qlt10)e™C.
(3) f(m) — 0:in this case the bound is essentially empty,
stating simply that | 767}y ]| < Q”'[Q#10)]|
We note that the above bound provides a sufficient, but not
necessary condition for convergence of the residual norm.
To get an idea on the actual behavior of f(m) in the ¢*
model, we computed the extremal eigenvalues of 7 in a
Fock space truncation for various momentum and particle
number cutoffs. The results shown on Fig. 18 indicate that
we are consistent with case 1, at least numerically. Note that
we calculate the eigenvalues for various particle number
cutoffs N and use m = (N — 4)/4 and we include fractional
values of m to increase the density of measurement points.
Many standard incarnations of Krylov subspace methods
involve a step-by-step orthogonalization of the Krylov
subspace. In higher orders, this orthonormalization pro-
cedure ensures numerical stability. In our setup, this
orthogonalization is omitted. This is because we only
consider low orders of the iteration and our matrix elements
are provided with finite errors. As different matrix elements
involve integrals of different dimensionality, the only way
to perform a Gram-Schmidt-like procedure is to integrate
first and propagate the error into the linear combinations,
which is thus expected to increase. Since we deal with the
generalized eigenvalue problem directly, in our case the
explicit orthogonalization appears to be an unnecessary
extra step.
We note in passing that there are alternative Krylov
subspace methods that could be examined. In particular, we

0.4f e
0.3} .« 3 ¢
E ¢ o A=3
0.2t N=d
i « A5
0.1t . A=6
0.0' L L L L
-0.5 0.0 0.5 1.0 1.5
log(m)

FIG. 18. Numerical evaluation of the function f(m) of Eq. (A4)
for various momentum cutoffs A, at parameters g = 1, L = 10,
E = —0.3941. We used Fock space truncation in the even parity
sector in the presence of N, = 10 kept zero mode states.

could have started from the original eigenvalue problem,
and set up the Krylov subspace using powers of the full
Hamiltonian H acting on eigenstates of the unperturbed
part ﬁo. The eigenvalues could be approximated by a
Lanczos method [100-102], that could be implemented in
an approach very similar to ours. Note that the matrix

elements of powers of H numerically grow significantly
faster without the energy denominators inserted. The
operator H is evidently unbounded in the A — oo limit,
even if there is a projection to finite particle numbers.
Alternatively, we could include the energy denominator as
a preconditioner to the aforementioned Lanczos method.
We do not cover these possibilities in the present work, but
it may be useful to compare the performance of these
alternatives on different models.

APPENDIX B: NORMAL ORDERING SCHEMES

In this appendix we develop expressions where we
connect the Hamiltonian where normal ordering for infinite
volume L = oo to normal ordering schemes in general. We
first consider the problem in full generality. According to
Wick’s theorem, we can write for any two masses m and g,

[n/2) n! :(p(x)n—Zk Y

Ppx)" = kgo m(%@(@zmﬁk’
n—2k .

W2 01 g (x) L

=3 e 0,l0()710,)"

£ 2Fk1 - (n — 2k) (BL)

where the quadratic expectation values are simply calcu-
lated. In finite volume we have

(Onl@(x)2(0,,) = Z(m. L. A) = (0,] [0+ @_]10,).

1 & 1
- — B2
2L LA wn ( )
n=-5:
while in infinite volume, Z, becomes
Z(m, 0, A) / QY (B3)
m, o0, ) = ——dk.
—A C()(k)
Let us introduce the vector with components
v () =), 0<i<|n/2). (B4)

where r =1 if n is odd and r = 0 otherwise. In this
notation, Eq. (B1) can be rewritten as

AP0 =AY . (9)

ij
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where

A(.'.n) = A,'j(Z(m’L’A))’

ij
(2i)!
= {2‘ 2=
0. fori<j

Z(m,L,N)"/, fori>j

(B6)

The matrices A;; are of lower triangular type with unit
diagonal. They constitute a one-parameter group with the
multiplication law

(B7)

A(Z,)A(Zy) = A(Z, + Z,).

Therefore the relation between different normal ordered
expressions can be written compactly as

p\" ) (0) = Ap(Z (. Ly N) = Z(m. Ly A)yr ) (). (BS)

1. Massive oscillators

We now consider the case where our oscillator modes are
massive, m # 0. The explicit form of the relation for normal
ordering with mass m between finite volume L and infinite
volume takes the form

:§02:m.oo =:(p2:m.L + AZv
:4)3 :m.oo = §03 :m.L + AZ§07

e =0 L FOAZ 9, +3AZ2,  (BY)

where AZ is a correction exponentially small for large
volumes with the explicit form

1 [ du
27[ mL coshu __ 1 :

In finite volume, the kinetic term obeys the relation

AZ(mL) = (B10)

[ S ur +at)= [ 00 44070
0 0

2 2
LA
+1 ZZ 1(k2+ 2) (B11)
R a) ,
2L £ LAwn n n
v
while in infinite volume, we have
0o dx o dx
[ 5 @ 27 = [T 00 + 60
1 A ]
— —— (k? k
Yar ) ok + o(k)?),
(B12)

which leads to the relation

[ 51007 420 e = [ 51007 4207100

m?L
+ meg(mL) — TAZ(mL)
(B13)
where
© do —mL cosh )
eo(mL) = 2—cosh«910g(1 —e7mbeosh?) 0 (B14)
oo 21

The explicit form of the Hamiltonian, expressed with finite
volume normal ordering, reads

2

+/dx:%2 (0:9)"

2 cm,L
+ / dx:(gy +694AZ)p(x)* + gagp(x)*: ). (B1S)

At this point the zero mode can be separated

(B16)

p(x) =0+ ¢(x),  7=m+7(x)

resulting in the following form

2
H = meg(mL) + L <92 - %) AZ(mL) + 3Lg4(AZ)?
m2
+ magao + <92 - 7 + 6Q4AZ>L ¢% m

2
+ / dx: <gz - m7 + 6g4AZ) d(x)*

+9u [ (@ = #)ime (B17)
where
Hé,o)sc:/dx:7+—( 2) +7¢2:m,L
= anaZa,l. (B13)

n#0
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2. Massless oscillators

When the massless oscillator basis is used, another
renormal-ordering is necessary for the powers of ¢:

/dx:%er(a"j')Q:m,L:/dx

+Z< % ;) (B19)

n#0 n

4 9.9)*.

2 0.L

The conditionally convergent sum is understood in the
presence of some cutoff |n| < ny,, and ng, is sub-
sequently taken to infinity. This results is a finite limit.
The extra term on the rhs can be written in the following
integral representation

2 2

== 2 L B meg(mL) + - LAZ

B2
6L 8rx 4 (B20)

Furthermore, using the appropriately modified version of
Eq. (B8) for the powers of ¢ with m; =m, my =0,

L, =L, = L, we obtain
:¢2:n1L: (02:0~L+A’
@3 mL = (7)3:0,L+A§0»
=@ 0L HO6AGP g, +3A%, (B21)
where

~ 1 1 mL

Expressing the Hamiltonian with the : :; normal ordered
operators, we obtain (A=A+AZ)
2
T m m N N
H=—-—+———L+LgpA+3Lg(A)?
et 7 g LT LoA+3La(A)
2

. m A
+mll(})l10 + (92 _7+694A)L:¢%:m + g4l

S+ [ e+ 60i8): 9000

+ g4 P(x)* Yoo T494: P(x)?
+ 694 :h(x)2 0L P -

0..%0
(B23)

In the above the zero mode remains normal ordered with
respect to the massive a, while the oscillators are normal
ordered with respect to massless finite ¢ modes, a,..

APPENDIX C: TSM DETAILS OF THE
“CONVENTIONAL” TAIL STATE APPROACH

1. Matrix elements

The potential V' in (57) to be integrated out has the form

4
V,:Zgn/dx:¢(x)n:m0L
n=2

Note that the projection into the zero mode P:¢h(x)": P
is zero for all n > 0. The matrix elements between
the emphasized subspace and the first order tails can be
written as

(C1)

(H}) —<m|V'<r>f>N'<o>|fmq>,

/dx/ dt

alaz (T 0) (E. )T’

M|gal (7)84, (0)[m’)-
(C2)

where the two-point function V,, ,, was defined in Eq. (71).
Since V4 4, = 0 for a; # ay, the sums in Eq. (C2) can be
restricted to a; = a,.

Going beyond the leading order, we get for the matrix
elements (here and in the following, 7, = 27:1 7,, and we
use the notation d"r = [[{_, & dzy)

n—1 n— o0 n—
M, = 0 [T

DN RGOS

ap,...a,=2

X (m|gq, (Ty-1).. (C3)

84, (0)|m’),
(G), ;, =(-1)H) / Vit
m'j 0

4

<Y ol TR} elE o T

ay,...Q =2

X(m|: 84, (Titjo1)---8a,,,(0) ). (C4)

We give the explicit forms of the objects 1505 below:
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Uk({T}) Viik(T2, Ty, 0),
I (TY) = Vija(T5. T2 T1.0) = Vij(T5. To) V(T4 0),
I ({TY) = Vijan(Tas o T1,0) = Vije(Ta, T3, To) Vi (T1,0) = Vg (T, T3) Vi (T2, 71, 0),
I (TY) = Vit (Ts - T150) = Vi (Ts, T, T3, o)V (T1,0) = Vi (T, Ty T3)V e (T2, T4, 0)

= Vii(Ts. T))Vigmn(T3. T2, T1,0) + Vij(T5, T4) Vi (T3, T2)V (T, 0),

19" (T} = Vikamno (Tes s T1:0) = Vijean(Tes Ts, Tas T3, Ta) Voo (T1,0) = V(T T, Ty T3)V (T2, T4, 0)
= Viik(Te, Ts: Ta)Vimno(T3. T2, T1,0) = Vij(T6. Ts) Viamno (T4, T3, T2, T4, 0)
+ Viik(Te, Ts, Ta) Vi (T3, T2) Vo (T1,0) + Vii(T6, T5)Vigm(T4, T3, T2) V(T 1, 0)

+ Vij(T6’ TS)Vkl(Téi-v T3)an()(T2’ Tl s 0)

Similarly to perturbation theory, the integrands in
Egs. (C3) and (C4) simplify considerably by introducing
explicit time ordering and exploiting the resulting
permutation symmetry. However, additional care is
needed in symmetrizing the integration domain. Since

|

(C5)

I

the interaction consists of multiple types of vertices
(quadratic, cubic, and quartic terms), it turned out con-
venient to keep the 7 = 0 operator distinguished, while the
remaining operators are assumed equivalent. In particular,
we can write

4
3 © 3! com A
(Hi )i, =~ / m( D i Ve (T (T (7). 8, <o>|m’>)

2<a <ar<az<ay

#3000 =T ) (D Ve T3,V ar (1.0l (7 (T2 (1)) O ) (€O

ay,0p=2

where 7~ denotes time ordering so that larger time argu-
ments are arranged to the left. The variables n,, ns, ny refer
to the number of quadratic, cubic and quartic vertices
excluding the one with zero argument, while ©(7) is the
Heaviside unit step function. The compressed correlator
Varra, is obtained from V,, , -in the following way. First
Wwe remove any dlsconnected Feynman diagrams appearing
inV, .. Second, we distribute diagrams which can be
transformed into each other by a permutation of the first
n—1 vertices into equivalence classes. We choose a
representative  diagram from each class so that
a; L a, £ ... £ a,_y, and multiply it with the number of
diagrams in the class. Thus extra symmetry factors corre-
sponding to this partial symmetrization are obtained by an
explicit counting of equivalent diagrams.

The subset of Feynman diagrams containing only quartic
vertices, for the lowest few orders are pictured in Figs. 19
and 20. While restricting the evaluation to topologically
different diagrams greatly reduces the complexity of
evaluations, one has to keep track of the time arguments
in the zero mode correlator, which have to be arranged
“manually” into the correct time order in their numerical
evaluation.

o— O

(a)

(b)

FIG. 19. Lowest order Feynman diagrams contributing to the
ground state energy: O(g3) (a), O(g3) (b). The vertex with the zero
time argument is distinguished by being colored red.
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=

(a) (b)

(c) (d)

FIG. 20. Feynman diagrams contributing to the ground state energy at O( gj). The multiplicities of the diagrams in (a)—(d), are 3, 6, 3,
and 3, respectively. The vertex with zero time argument is distinguished by being colored red.

From the viewpoint of Feynman diagrams, the n-point
functions contain disconnected pieces. [see e.g. Fig. 20(a)].

The explicit disconnected terms of J only partially
cancel these terms, as the time ordering of the latter is
partially fixed. Nonetheless, these terms combine in a nice
way. Cancellation occurs whenever the disconnected cor-
relator factors can be arranged into at least two subsets, so
that the narrowest time interval encompassing all time
arguments inside a single subset is disjoint from the
corresponding intervals of the other subsets (Fig. 21). In
other words, there is a cutoff in the separation of dis-
connected pieces. Together with the exponential decay of
the propagator, this feature ensures that the dominant
contribution to the 7 integral comes from the region with
all = variables being small. When the 7 integrands are
symmetrized under 7 ordering, the regions where the
disconnected terms give a contribution needs to be sym-
metrized explicitly.

The above method is suitable for calculating the ground
state and zero-momentum one-particle states of the inter-
acting theory.

Things become more complicated if one is to calculate
general excited states. One could in principle include
nontrivial oscillator states. When states having nontrivial
oscillator content are included among H,; states, one
obtains Feynman diagrams with external lines, which adds
to the complexity of calculating the associated matrix
elements.

2. Choice of E,

’

All “conventional” tail states depend on the energy
parameter E,. Technically E, appears as the (a priori
unknown) exact energy of the eigenvalue that we seek. In
Fig. 1, the emphasis was on the numerical convergence in
Nzy and so we took E, from reference data originally
obtained with the method described in [72]. In general it is
tempting to perform a self-consistent iteration to fix
this energy parameter. However, we argue that such an
iteration is actually not favorable in general. The stage

of the derivation in which E, is identified with the
exact energy eigenvalue involves the full, nontruncated
Hamiltonian. There is no reason why an iteration in a
restricted Hilbert space should be optimal in obtaining
the eigenvalue. A better point of view may be to consider
E. as a variational parameter, and look for the optimal set of
tails by minimizing the ground state energy with respect
to E,.

3. Feynman diagrams

Practically, we generate the Feynman diagrams as
follows. In our setup the relevant diagrams have no external
legs, so we will restrict our attention to these “vacuum”
diagrams.

(1) Fora given number of vertices n, generate all distinct
ordered sets of vertex ranks (number of legs) from
which at least one diagram can be assembled. For the
¢* model, 2 < rank < 4 for each vertex and the sum
of all ranks has to be even. For example, there are six
relevant ordered sets for n = 3. Henceforth we
introduce the notation (r, r5, ..., r,) for the set of
diagrams having n vertices with ranks rq,..., 7,.

(2) To each collection of vertices, e.g. (2, 2, 4, 4),
construct a list of all possible Feynman diagrams by
connecting the vertices in all possible ways, such
that no line starts and ends on the same vertex.
Disconnected diagrams are also kept. All possibil-
ities are easily generated in Mathematica as long as
the number of vertices is not too large.

(3) Distribute the appropriate symmetry factors to the
graphs. Each graph is multiplied by

. . .l
S(graph) :< HZGVCI‘UCCSR!' '>’ (C7)

Hi,j€vertices;j>i7)ij'

where R; is the number of legs of vertex i, and P;; is
the number of propagators between vertices i and j.
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(a)
G——
Gr———)
T2 T3 T4
V(T VI(T,)|(V(T,)V(T,)V(T,))V(T,)V(0))

Disjoint interval ~ Overlapping intervals

(b)

FIG. 21. Partial cancellation of disconnected terms. (a) Partial
cancellation for the lowest order disconnected diagrams. Here
T3 >T,>T; >0. The top diagram is cancelled by the explicit
subtraction in I§*({z}), but the other two are not. (b) An
example of higher orders (arising in /5): disconnected diagrams
with disjoint argument configurations (like the one depicted)
cancel. Here time increases from left to right (in particular,
T, < T,.) The correlator (V(T¢)V(Ts)) is completely separated
in its arguments from the other correlators which results in the
cancellation by V(Tg, T5)V(T4, T3, Ty, Ty,

=)
=

4) If Vo™ js calculated, we select the connected
Feynman diagrams appearing in V, . We dis-
tribute diagrams which can be transformed into each
other by a permutation of the first n — 1 vertices into
equivalence classes. We choose a representative
diagram from each class so that a;<a,<...<
a,_1, and multiply it with the number of diagrams
in the class.

(5) Finally, the integrand corresponding to a given set of
graphs is generated in real (Euclidean) space. The
formula is then exported to C++ syntax using
Mathematica’s CForm function. When the number
of diagrams approaches the order of 10%, the
corresponding source code is in the order of mega-
bytes, and it becomes convenient to divide the
integrand into a number of separate C++ functions
and compile a static library. This greatly reduces
compilation time.

4. Feynman diagram data
a. First Krylov order (NLO): 2 and 3 vertices

At this order, the lowest order contributing diagrams
have vertex content (2, 2), (3, 3), and (4, 4), respectively.
There are six relevant ordered sets involving three vertices.
A single possible Feynman diagram corresponds to each
set. They are depicted in Fig. 5.

b. Second Krylov order (2NLO): 4 and 5 vertices

For 4 vertices, there are 9 different ordered rank sets. The
corresponding numbers of diagrams are shown in Table II.
For 5 vertices, there are 12 different ordered rank sets. The
respective numbers of diagrams are depicted in Table II.

¢. Third Krylov order (3NLO): 6 and 7 vertices

For 6 vertices, there are 16 different ordered rank sets.
The corresponding numbers of diagrams are shown on
Table III. For 7 vertices, there are 20 different ordered rank
sets. The corresponding numbers of diagrams are shown on
Table TV.

TABLE II. Number of diagrams with 4 and 5 vertices before
symmetrization.

Number of Number of
4-vertex set diagrams 5-vertex set diagrams
2,2,2,2) 6 (2,2,2,2,2) 22
2,2,2,4) 3 (2,2,2,2,4) 21
(2,2,3,3) 6 (2,2,2,3,3) 29
(2,2,4,4) 6 2,2,2,4,4) 29
(2,3,3,4) 6 (2,2,3,3,4) 37
2, 4,4, 4 6 (2,2,4,4,4) 46
(3.3,3,3) 10 (2,3,3,3,3) 48
(3.3,4, 4 10 (2,3,3,4,4) 58
4, 4,4, 4) 15 (2,4,4,4,4) 84

(3,3,3,3,4) 72
(3,3,4,4,4) 101
(4,4,4,4,4) 158
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TABLE III. Number of diagrams with 6 vertices before and
after symmetrization. The “compressed” column indicates the
number of inequivalent connected diagram classes.

Number of Number of Number of
6-vertex set diagrams connected compressed
2,2,2,2,2,2) 130 60 1
2,2,2,2,2, 4 130 90 2
2,2,2,2,3,3) 190 150 10
(2,2,2,2,4, 4 209 163 12
2,2,2,3,3, 4 262 237 29
(2,2,2,4,4,4) 346 309 37
(2,2,3,3,3,3) 352 306 33
(2,2,3,3,4, 4 449 425 123
(2,2,4,4,4, 4 691 636 68
(2,3,3,3,3,4 574 532 32
(2,3,3,4,4, 4 856 828 233
(2,4,4,4,4, 4 1430 1360 74
(3,3,3,3,3,3) 760 640 10
(3,3,3,3,4, 4 1093 1023 60
(3,3,4,4,4, 4 1819 1746 175
4,4,4,4,4, 4 3355 3150 42

TABLE IV. Number of diagrams with 6 vertices before and
after symmetrization. The “compressed” column indicates the
number of inequivalent connected diagram classes.

Number of  Number of ~ Number of
7-vertex set diagrams connected  compressed
2,2,2,2,2,2,2) 822 360 1
2,2,2,2,2,2,4) 1005 630 3
2,2,2,2,2,3,3) 1402 1050 15
(2,2,2,2,2,4,4) 1662 1250 19
2,2,2,2,3,3,4) 2159 1856 61
(2,2,2,2,4,4,4) 3093 2622 88
2,2,2,3,3,3,3) 2878 2484 94
2,2,2,3,3,4,4) 3975 3669 382
(2,2,2,4,4,4,4) 6453 5862 216
(2,2,3,3,3,3,4) 5140 4746 139
(2,2,3,3,4,4,4) 8188 7842 1129
(2,2,4,4,4,4, 4 14613 13790 372
(2,3,3,3,3,3,3) 6720 5940 70
(2,3,3,3,3,4,4) 10466 9946 503
(2,3,3,4,4,4,4) 18497 17960 1659
(2,4,4,4,4,4,4) 35865 34350 361
(3,3,3,3,3,3,4) 13440 12300 35
(3,3,3,3,4,4,4) 23453 22483 608
(3,3,4,4,4,4, 4) 45103 43810 1103
4,4,4,4,4,4,4) 93708 90075 195

APPENDIX D: MATRIX ELEMENTS
FOR UNIVERSAL TAILS

Using the notations from Appendix C, the matrix
elements of the Hamiltonian and the Gram matrix between

the universal tail states can be written as (7, = Z;’:l T,
and we use the notation d"t = [[{_, [ dz)

o Vil ) = (1) / iy

XLyt { T,

oo A i == Vi )
i) =1 [,
TRUU Y SO
x Iiymkik ((T({2})}). (D1)

In the above, the quantities / ﬁ' -k were defined in Eq. (C5).

Note that the time arguments are in explicit time order
and so the disconnected pieces do not completely cancel the
ones implicit in the n-point functions V;; . Since our
K = 3 basis spans 40 states in the oscillator subspace, in
principle we would need to calculate a total of 4100 matrix

elements corresponding to the operators V, Vs, V,, I:If)f'f))sc,

and the Gram matrix G (their representations are symmetric
matrices). However, due to their structure, it is sufficient to
compute a total of 1312 matrix elements, 574 of which are
12-dimensional integrals.

APPENDIX E: EUCLIDEAN FINITE
VOLUME PROPAGATOR

In this appendix we compute the finite volume propa-
gators. For the massless case, the finite volume two-point
function is defined as

Go(t.x) = (|[@-(2.x), #-(0,0)—][)
1 eik,,x—\k,,\t
Ly (E1)

2L n#0 |kn| ’

which can be summed up analytically to yield

1 iz 2 2
Go(t,x) = —Elog [l + e = 2e7 cos (Tﬂx>] (E2)

In the massive case, the finite volume propagator
G,,(t,x) for a free boson of mass m is calculated in the
following way. It follows from the massive mode expansion
that G,, (¢, x) can be written as

1 eiknx—m,,t

2L T On

(E3)

In the following it will be convenient to explicitly subtract
the zero mode contribution

1 ik, x—w,t 1
Gltx) =53 -

2LneZ w,
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which allows us to write G,,(#,x) in terms of a contour
integral

o
Gt %) = " 2mL
1 eirt etV
+ §/CW (e'P¥ 4 e7'P¥) 7\/Imdp,
(E5)

where we have also exploited the x — —x symmetry of the
sum. The contour C consists of many disconnected pieces,
encircling all poles on the real axis in the positive direction.
This contour is first deformed into two horizontal sections.
One section goes slightly below the real axis from —oco — ie
towards +oo — ie (¢ > 0), while the other goes above the
real axis from +oo + € to —oco + €. From the contour, we
subtract (and then add explicitly) the large volume approxi-

mation of the sum,
cos(px)e~Vpitm?

1 o
= — d N
47r/_oo P Vp?+m?

after which the contours can be transformed into two large
semicircles, avoiding the vertical square root branch cuts
above and below the real axis.

In the following we will rely on the identity

KO( /p2 + T2) _ /oo e—\//JZJrchosthg’
0
— %/w e—rcoshucoshedg’

1 o 2 . .
— - h ho— h h ho
e rcosn” u cos: rcosh u sin u sini dg’
—00

GWL.OO

(E6)

2
(E7)
where Ki(x) is the modified Bessel function of the
second kind.

Let us first study the large-volume asymptotic G, (f, x).
Changing the integration variable to p = m sinh 6, we obtain

1 0
Gm,oo = / Cos(mx sinh g)e—mtcosh 0 (ES)

47 J-oo

Comparing this form to the integral Eq. (E7), we obtain
1 1
Gm,oo :2—K0(I’I’l tz +x2).
/5

The contribution of the contours tightened around the branch
cuts can be written in the form

(E9)

1 [ 4 cos(mt sinh @) cosh(mx cosh 0)

Gm,A = E 0

emL coshf __ 1 (EIO)

Expanding the denominator in the small parameter
e~MLeoshd wwe obtain an infinite series of terms of the form
(E7). In this way we get (0 < x < L)

Gm(t’ x) = Gm,oo + Gm,Av

1
=—K, (m\/ x>+ t2)

2

1 2 2 >
+ZKO(m (L —x) +t>+n§=15Gn,
1
éan—KO(m (nL+x)2+z2)
2

o Ko(myf(n+ L=+ 2). (1)

This form is manifestly periodic in x with period L.

APPENDIX F: EVALUATING THE INTEGRALS

To obtain the numerical matrix elements, the integration
was performed using the globally adaptive Cuhre algorithm
of the Cuba package. This is a very competitive algorithm for
multidimensional integrals of moderate dimensions, with
the error generally reducing as N!, instead of N;vla/lz
common in Monte Carlo methods.

The integration used around 50 million function evalu-
ations for each matrix element. This results in a relative
precision of order 10~ for matrix elements of the third
order tail states.

For the actual computations it was advantageous to use
polar coordinates in the time subspace for (4 > 2)-dimensional
integrals. The parametrization that we used is as follows:

1y = rcoseq,

tz =1 tan(p1 COS @,

Ipja-1 = tpp2an@p 5 CoSp 1,
Ipp = tpp-1tan@gp,_q,

and where we introduce r = Ryp, with a rescale param-
eter Ry = 40.

For the numerical integration, we have to transform the
integral into the unit hypercube. The angles are naturally
bounded as

/s
{(ph"'a(pD/Z} € O:§:|’ (Fl)
while the space coordinates are bounded as
{x1,....xpp} €[0,L]. (F2)

We also restrict p to the interval [0, 1], so R, amounts
to a temporal cutoff. It is chosen so as the results are

045016-31



MARTON K. LAJER and ROBERT M. KONIK

PHYS. REV. D 109, 045016 (2024)

independent of it. For the integration, these variables are
rescaled to their barred counterparts @;, X;, so that they are
bounded in the [0, 1] interval. Thus the final Jacobi
determinant takes the form

_1D/2-2
D21 _ppiypp ()P : D_j—k
1= oo (F) T im0
k=1
[note that (F3) is expressed using the nonrescaled angles,
but the integration is understood with respect to the barred
ones, hence the extra numerical prefactor.]

For the modified Bessel functions, the c++ code uses the
implementation of the ALGLIB package. A technical point is
that K,(x) behaves as —Inx + const in the x — 0 limit.
Therefore, it was necessary to define a regularized function
with a momentum cutoff 53}

X > Ogyt

- [ Kolx),
KO(X) B {K()((Scut)’ X <= 5cut ’

and K, is used instead of K, in the numerical computations.
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