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We develop a method for accurately calculating vacuum decay rates beyond the thin-wall regime in pure
scalar field theory at the one-loop level of the effective action. It accounts for radiative effects resulting from
quantum corrections to the classical bounce, including gradient effects stemming from the inhomogeneity
of the bounce background. To achieve this, it is necessary to compute not only the functional determinant of
the fluctuation operator in the background of the classical bounce but also its functional derivative
evaluated at the classical bounce. The former is efficiently calculated using the Gel’fand-Yaglom method.
We illustrate how the latter can also be calculated with the same method, combined with a computation of
various Green’s functions.
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I. INTRODUCTION

One of the most striking features of the Standard Model
(SM) is that the electroweak vacuum is metastable [1–11].
The measured 125 GeV Higgs boson [12,13], together with
the 173 GeV top quark [14], suggests that the Higgs
potential in the SM develops a lower minimum due to the
renormalization running of the Higgs self-interaction cou-
pling. The electroweak vacuum could then decay to the true
vacuum via tunneling, which is a first-order phase tran-
sition in quantum field theory. State-of-the-art calculations
suggest that the electroweak vacuum lies at the edge of the
stable region, having a lifetime longer than the present age
of the Universe [11,15–19].1
In contrast to the running couplings, the radiative

corrections to tunneling are computed less accurately.
The transition rate is sensitive to a solitonic field configu-
ration in Euclidean space, called the “bounce” [20,21]. This
bounce configuration also encodes the information of the
nucleated critical bubble. Typically, the bounce is

calculated from the tree-level scalar potential with the
running coupling constants evaluated at the scale corre-
sponding to the bounce radius. However, the bounce is an
inhomogeneous configuration, and the beta functions for
the couplings do not account for the effects of the back-
ground inhomogeneity. The inhomogeneity of the bounce
requires us to go beyond the effective potential. Such
effects from background inhomogeneity, as well as the
corresponding higher-loop radiative corrections, have not
yet been included in the full SM computations but are only
studied in simpler scalar [22–24], Yukawa [25], and gauge
[26] theories in the planar thin-wall approximation. These
studies are based on a Green’s function method developed
earlier in Ref. [27]. See also Refs. [28–30] for the case of
two-dimensional spacetime.
We extend previous work by going beyond the thin-wall

regime. In order to calculate the quantum-corrected bounce,
we need both the functional determinants of the fluctuation
operators and their functional derivatives evaluated at the
classical bounce [see Eq. (20) or (30) below]. The func-
tional determinants in the Oð4Þ-symmetric backgrounds
can be efficiently computed by the Gel’fand-Yaglom
method [31,32]. We show that the functional derivative
of a functional determinant can be computed with the same
method, combined with a computation of various Green’s
functions. This method is closely related to the Green’s
function method used in Refs. [22–27]. Our method is
applied numerically to compute the corresponding radiative
effects in an archetypal scalar model.
The outline of the paper is as follows. In the next section,

we briefly review the standard Callan-Coleman formalism
for false vacuum decay in terms of the classical bounce. In
Sec. III, we reformulate the decay rate using the one-
particle-irreducible (1PI) effective action [33] in a way that
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1The scalar potential, the top Yukawa and the electroweak

gauge couplings have been extracted from data with full two-loop
next-to-next-leading order (NNLO) precision [15,16]. These
parameters have been extrapolated to large energies with full
three-loop NNLO renormalization-group-equation (RGE) preci-
sion [16].
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radiative corrections to the decay rate can be incorporated.
In Sec. IV, we introduce the powerful Gel’fand-Yaglom
method for computing functional determinants. In Sec. V,
we show how the Gel’fand-Yaglom method, in combina-
tion with a Green’s function method, is used to compute the
quantum corrections to the classical bounce and the decay
rate. In Sec. VI we give the results of numerical calculations
using our method. In Sec. VII, we give our conclusions. For
completeness, some technical details are presented in the
Appendixes. In Appendix A, we give a general introduction
to how to solve the Green’s functions. In Appendix B, we
discuss how to renormalize the effective one-loop action
using the dimensional renormalization scheme. In the
paper, we use ℏ ¼ c ¼ 1.

II. CALLAN-COLEMAN FORMALISM
AND THE TREE-LEVEL BOUNCE

We consider the archetypal model,

LM ¼ 1

2
ημνð∂μΦÞð∂νΦÞ −UðΦÞ; ð1Þ

where ημν is the Minkowski metric with signature
fþ;−;−;−g and

UðΦÞ ¼ 1

2
m2Φ2 −

1

3!
gΦ3 þ 1

4!
λΦ4: ð2Þ

The couplings m2, g, λ all take positive values. When
g2 > 8λm2=3, the potential has two local minima. For
8λm2=3 < g2 < 3λm2, φ ¼ 0

2 is the global minimum; for
g2 > 3λm2, the global minimum becomes

φTV ¼ 3gþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9g2 − 24λm2

p
2λ

: ð3Þ

When g2 ¼ 3λm2, the two local minima become degener-
ate. Below we consider the parameter region g2 > 3λm2.
The potential (see Fig. 1) has two minima at φFV ¼ 0 and
φTV, corresponding to the false and true vacua respectively.
In the potential, we have chosen UðφFVÞ ¼ 0 for
convenience.
The decay rate is obtained from the Euclidean transition

amplitude

Z½0� ¼ hφFVje−HT jφFVi ¼
Z

DΦ e−S½Φ�; ð4Þ

where H is the Hamiltonian, T is the amount of Euclidean
time taken by the transition and S is the Euclidean action. In
terms of Z½0�, the decay rate per volume is given by [21]

γ

V
¼ lim

T →∞

2

VT
jImðlnZ½0�Þj: ð5Þ

The partition function Z½0� is evaluated by using the
method of steepest descent for path integrals. The classical
equation of motion in Euclidean spacetime reads

−∂2φþU0ðφÞ ¼ 0; ð6Þ

with the boundary conditions φjτ→�∞ ¼ φFV and
φ̇jτ¼0 ¼ 0, where the dot denotes the derivative with respect
to the Euclidean time τ. A trivial solution is φðxÞ ¼ φFV.
There is a nontrivial solution—the bounce—which is Oð4Þ
symmetric in Euclidean spacetime. The bounce solution is
relevant for false vacuum decay and describes a field
configuration that starts and ends in Euclidean time in
the false vacuum. Working in four-dimensional hyper-
spherical coordinates, the equation of motion reads

−
d2φðrÞ
dr2

−
3

r
dφðrÞ
dr

þ U0ðφðrÞÞ ¼ 0; ð7Þ

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2 þ x2

p
. The boundary conditions become

φðr → ∞Þ ¼ φFV and dφðrÞ=drjr¼0 ¼ 0. We denote this

classical bounce solution as φð0Þ
b .

Aside from the single bounce solution, there are also
multibounce solutions that go back and forth from the false
vacuum N times, for arbitrary N. These multibounce
configurations exponentiate [21,34,35] in analogous to
disconnected vacuum Feynman diagrams. Integrating the
fluctuations about the stationary points requires one to
analyze the eigenfunctions of the fluctuation operators. In

particular, the operator −∂2 þU00ðφð0Þ
b Þ contains negative

and zero modes (see Sec. IV below). Carefully dealing with
some subtleties from these particular modes, one obtains
the decay rate per unit volume [21]

γ

V
¼

�
Bð0Þ

2π

�
2
���� det0½−∂2 þ U00ðφð0Þ

b Þ�
det½−∂2 þ U00ðφFVÞ�

����
−1=2

e−B
ð0Þ
; ð8Þ

FIG. 1. The classical potential UðΦÞ for the archetypical scalar
model with false vacuum decay, given by Eqs. (1) and (2).

2We use φ to denote the vacuum expectation value of the
quantum field Φ, φ ¼ h0jΦj0i. This should be clearer when we
introduce the effective action below.
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where Bð0Þ ¼ S½φð0Þ
b � − S½φFV�, det0 means that the zero

eigenvalues are omitted from the determinant and a

prefactor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bð0Þ=2π

p
is included for each of the four

collective coordinates that are related to the zero modes
corresponding to spacetime translations [36]. Using
S½φFV� ¼ 0 we have

Bð0Þ ¼ 2π2
Z

∞

0

dr r3
�
1

2

�
∂rφ

ð0Þ
b ðrÞ

�
2 þ U

�
φð0Þ
b

�	
: ð9Þ

III. QUANTUM-CORRECTED BOUNCE
AND RADIATIVE CORRECTIONS

TO THE DECAY RATE

We reformulate Eq. (5) such that radiative effects
can be systematically considered, using the 1PI effective
action [33]. To keep the discussion general, we work
in d-dimensional spacetime. But we will return to four-
dimensional spacetime later. First, we introduce the parti-
tion function in the presence of a source J,

Z½J� ¼
Z

DΦ e−S½Φ�þ
R

ddx JðxÞΦðxÞ: ð10Þ

The one-point function in the presence of the source J is
given by

φJðxÞ ¼ h0jΦðxÞj0iJ ¼
δ lnZ½J�
δJðxÞ : ð11Þ

The effective action then is defined as the Legendre
transform

Γ½φJ� ¼ − lnZ½J� þ
Z

ddx JðxÞφJðxÞ: ð12Þ

From the effective action, one obtains the quantum
equation of motion for the one-point function,
δΓ½φJ�=δφJðxÞ ¼ JðxÞ. Note that Γ has no explicit depend-
ence on J. Denoting φ≡ φJ¼0, one obtains the equation of
motion for the vacuum expectation value in the absence of
sources by setting J ¼ 0,

δΓ½φ�
δφðxÞ ¼ 0: ð13Þ

A nontrivial Oð4Þ-symmetric solution to Eq. (13) would
give the quantum-corrected bounce φb. In terms of the
effective action, the decay rate per volume (5) can be
written as

γ

V
¼ 2jIm e−ðΓ½φb�−Γ½φFV�Þj

VT
: ð14Þ

This is the formula used in Refs. [22,34,37,38] where it is
implicitly assumed that Γ½φFV� ¼ 0. Since adding constant
and linear terms in the Lagrangian does not affect the
dynamics (when gravity is not considered), in the renorm-
alization procedure one can always implement φFV ¼ 0 and
Γ½φFV� ¼ 0, even beyond the tree level.
On denoting the fluctuation operator evaluated at a

general configuration φ as

M½φ� ¼ −∂2 þ U00ðφÞ; ð15Þ

the one-loop effective action reads

Γð1Þ½φ� ¼ S½φ� þ 1

2
ln
detM½φ�
detM̂

≡ S½φ� þ 1

2
D½φ�; ð16Þ

where cM≡M½φFV� and D½φ�≡ ln detM½φ�
det bM . Above, the

normalization choice Γ½φFV� ¼ 0 is made.
The bounce at the one-loop, φð1Þ

b , satisfies

δS½φ�
δφðxÞ

����
φð1Þ
b

þ 1

2

δD½φ�
δφðxÞ

����
φð1Þ
b

¼ 0: ð17Þ

Expanding this equation about φð0Þ
b ≡ φð1Þ

b − Δφb gives3

½−∂2 þU00ðφð0Þ
b Þ�Δφb þ

1

2

δD½φ�
δφðxÞ

����
φð0Þ
b

¼ 0; ð18Þ

where we ignored perturbatively small higher-order terms.

Substituting φð1Þ
b ¼ φð0Þ

b þ Δφb into Eq. (16), we obtain

Γð1Þ
φð1Þ
b

� ¼ S


φð0Þ
b

�þ 1

2
D


φð0Þ
b

�þ 1

2

Z
ddxΔφbðxÞ



−∂2 þ U00ðφð0Þ

b ðxÞÞ�ΔφbðxÞ þ
1

2

Z
ddx

δD½φ�
δφðxÞ

����
φð0Þ
b

ΔφbðxÞ; ð19Þ

3We assume that the one-loop corrected bounce is close to the classical bounce. If the false vacuum is generated by
radiative corrections in the first place, it is necessary to use the two-particle irreducible effective action [39] as explained in
Refs. [37,38].
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Using Eq. (18), we have

Γð1Þ½φð1Þ
b �¼S½φð0Þ

b �þ1

2
D½φð0Þ

b �þ1

4

Z
ddx

δD½φ�
δφðxÞ

����
φð0Þ
b

ΔφbðxÞ:

ð20Þ

When taking the functional derivative of D½φ�, we
just focus on its φ dependence and note that D½φ�∼
ln detM½φ� ¼ tr lnM½φ�. In function space, we consider
M½φ� as a “diagonal matrix” with one continuous index,
M½φðxÞ�.4 Then

δD½φ�
δφðxÞ ¼

Z
ddx1ddx2M−1½φ; x1; x2�

δM½φðx2Þ�
δφðxÞ ; ð21Þ

where the “inverse matrix” M−1½φ; x1; x2� ¼ Gðx1; x2;φÞ
δðdÞðx1 − x2Þ with Gðx1; x2;φÞ being the Green’s function
to the operator M½φ�. Therefore, we have

δD½φ�
δφðxÞ

����
φð0Þ
b

¼ M0
φð0Þ
b ðxÞ�G�x; x;φð0Þ

b



; ð22Þ

where a prime on M denotes the derivative with respect
to the field. With this formula, one needs to calculate the

Green’s function Gðx; y;φð0Þ
b Þ and take the coincident limit

x ¼ y.
From Eq. (18), Δφb can be expressed as

ΔφbðxÞ ¼ −
1

2

Z
ddyG

�
x; y;φð0Þ

b


δD½φ�
δφðyÞ

����
φð0Þ
b

¼ −
1

2

Z
ddyG

�
x; y;φð0Þ

b



M0½φð0Þ

b ðyÞ�G�y; y;φð0Þ
b



;

ð23Þ

where we have used Eq. (22). Upon using M0½φ� ¼
U000ðφÞ ¼ ð−gþ λφÞ [cf. Eq. (15)], the last term in
Eq. (20) reads

−
1

8

Z
ddx

Z
ddy


−gþ λφð0Þ
b ðxÞ�G�x; x;φð0Þ

b



G
�
x; y;φð0Þ

b



×

−gþ λφð0Þ

b ðyÞ�G�y; y;φð0Þ
b



: ð24Þ

If one uses Gðx; y;φð0Þ
b Þ as the propagator, it can be

pictorially represented as

ð25Þ

where a crossed wheel denotes the classical bounce

φð0Þ
b . Note that this two-loop diagram is obtained from

the expansion φð1Þ
b ¼ φð0Þ

b þ Δφb of the one-loop diagram

on using Gðx; y;φð1Þ
b Þ as the propagator. When using

Gðx; y;φð0Þ
b Þ as the propagator, we say that the last term

in Eq. (20) corresponds to a partial two-loop corrections,
but not to full two-loop corrections.
Making use of O(d)-symmetry. Although D½φ� and also

the effective action are functionals of general configura-
tions φðxÞ, it is assumed that the corrected bounce remains
OðdÞ-symmetric. For this reason, it is sufficient to obtain
D½φ� for OðdÞ-symmetric configurations φðrÞ and take the
functional derivative of the former with respect to the latter.
In this case, we can treat φðrÞ as a one-dimensional
function and derive its equation of motion by directly
varying the action S½φ� and D½φ� with respect to the one-
dimensional field φðrÞ. To illustrate this, we first consider
the classical equation of motion for the bounce, (7)
generalized to d-dimensional spacetime. As explained
in Sec. II, one can derive it from Eq. (6) by assuming
OðdÞ-symmetry. However, one can also derive it by
applying the OðdÞ-symmetry to the classical action

S½φ� ¼ 2πd=2

Γðd=2Þ
Z

dr rd−1
�
1

2
ð∂rφðrÞÞ2 þ UðφðrÞÞ

	
; ð26Þ

where ΓðxÞ is the Gamma function, and varying it with
respect to the one-dimensional field φðrÞ. Similarly, we can
do the same procedure for D½φ�. Then the one-loop
equation of motion reads

δS½φ�
δφðrÞ

����
φð1Þ
b

þ 1

2

δD½φ�
δφðrÞ

����
φð1Þ
b

¼ 0

⇒
2πd=2rd−1

Γðd=2Þ
�
−

d2

dr2
−
d − 1

r
d
dr

þ U00ðφð0Þ
b Þ

	
ΔφbðrÞ þ

1

2

δD½φ�
δφðrÞ

����
φð0Þ
b

¼ 0; ð27Þ

4M can carry additional discrete indices for more general fields, e.g., spinor indices for spinor fields. In this case, we need to trace
over the additional inner space.
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where again we have expanded the functional derivative
at the classical bounce and neglected perturbatively
small higher-order terms. Note that in this procedure
δD½φ�=δφðrÞj

φð0Þ
b

is not equal to δD½φ�=δφðxÞj
φð0Þ
b
; they

even have different mass dimensions due to the different
Dirac delta functions generated in the two procedures for
taking the functional derivative. The reason for introducing
this new procedure is as follows. Below we have explicit
expressions of D½φ� only for Oð4Þ-symmetric configura-
tions φðrÞ instead of general four-dimensional configura-
tions φðxÞ. As a consequence, we can take the functional
derivative of D½φ� only with respect to φðrÞ, rather than
with respect to the general four-dimensional function φðxÞ.
Even when one assumes OðdÞ-symmetry for the one-point
function, one still integrates over all possible fluctuations
about φðrÞ in deriving the expression of D½φ�, as indicated
by the sum over l in Eqs. (45) and (46).
From Eq. (27),

ΔφbðrÞ ¼ −
1

2

Z
dr0 Gðr; r0Þ

�
Γðd=2Þ
2πd=2rd−1

δD½φ�
δφðr0Þ

����
φð0Þ
b

	
; ð28Þ

where Gðr; r0Þ is the Green’s function, satisfying

�
−

d2

dr2
−
d − 1

r
d
dr

þ U00�φð0Þ
b


	
Gðr; r0Þ ¼ δðr − r0Þ: ð29Þ

This procedure finally gives

Γð1Þ
φð1Þ
b

�¼S


φð0Þ
b

�þ1

2
D


φð0Þ
b

�þ1

4

Z
dr
δD½φ�
δφðrÞ

����
φð0Þ
b

ΔφbðrÞ;

ð30Þ

where the last term is a one-dimensional integral. Note
that the last term above is not obtained from the last
term in Eq. (20) by simply taking φðxÞ ¼ φðrÞ. As we
commented above,D½φ�=δφðrÞj

φð0Þ
b

≠ δD½φ�=δφðxÞj
φð0Þ
b
and

we should have

�
1

4

Z
ddx

δD½φ�
δφðxÞ

����
φð0Þ
b

ΔφbðxÞ
�����

φðxÞ¼φðrÞ
¼ 1

4

Z
dr
δD½φ�
δφðrÞ

����
φð0Þ
b

ΔφbðrÞ

⇒
δD½φ�
δφðrÞ

����
φð0Þ
b

¼ 2πd=2rd−1

Γðd=2Þ
δD½φ�
δφðxÞ

����
φð0Þ
b

: ð31Þ

From Eqs. (28) and (30), we see that, at the one-loop
level of the effective action, a self-consistent bounce
solution and the corrected decay rate are derived from

D½φð0Þ
b � and the functional derivative δD½φ�=δφðrÞj

φð0Þ
b

[or

δD½φ�=δφðxÞj
φð0Þ
b

if one uses Eqs. (18) and (20)].

In the following, we use the Gel’fand-Yaglom method to
compute the functional determinant D½φ� as well as its
functional derivative.

IV. FUNCTIONAL DETERMINANTS
FOR AN Oð4Þ BACKGROUND AND THE

GEL’FAND-YAGLOM METHOD

The powerful Gel’fand-Yaglom method [31] is
widely employed in calculations for tunneling in
theoretical as well as phenomenological studies, see e.g.,
Refs. [7,18,19,32,40–42]. It is used in BubbleDet [43], a
recent Python package that aims to compute functional
determinants.
For a general OðdÞ-symmetric configuration φ that

approaches zero (the false vacuum φFV) for r → ∞, we
have the decomposition

D½φ� ¼
X∞
l¼0

degðl; dÞ ln
�
detMl½φ�
detM̂l

�
; ð32Þ

where5

Ml½φ� ¼ −
d2

dr2
−
d − 1

r
d
dr

þ lðlþ d − 2Þ
r2

þ U00ðφ�rÞ
;
ð33aÞ

M̂l ¼ −
d2

dr2
−
d − 1

r
d
dr

þ lðlþ d − 2Þ
r2

þm2; ð33bÞ

and

degðl;dÞ ¼ ðdþ 2l − 2ÞΓðdþ l − 2Þ
Γðlþ 1ÞΓðd − 1Þ : ð34Þ

5The operators Ml½φ� are obtained when substituting
Ψðr; θÞ ¼ ψ lðrÞYlðθÞ [where YlðθÞ are the hyperspherical har-
monics] into the eigenequations for M½φ�. It is the same for M̂l.
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For each l, one can calculate the functional determinant
ratio using the Gel’fand-Yaglom theorem [31]. Define the
functions ψ lðrÞ and ψ̂ lðrÞ as the solutions to the following
equations,

Ml½φ�ψ lðr;φÞ ¼ 0; M̂lψ̂ lðrÞ ¼ 0; ð35Þ

with the same leading regular behavior at r ¼ 0. The
Gel’fand-Yaglom theorem states that

detMl½φ�
detM̂l

¼ ψ lð∞;φÞ
ψ̂ lð∞Þ ≡ Tlð∞;φÞ: ð36Þ

First, we show an asymptotic analysis for ψ̂ lðrÞ and
ψ lðrÞ. For r → 0, one can ignore the potential term in the
operators M̂l and Ml½φ�. Therefore, the solutions regular
at r ¼ 0 are proportional to rl. Without loss of generality,
both ψ̂ lðrÞ and ψ lðrÞ are normalized to rl as r → 0. Then
we obtain

ψ̂ lðrÞ ¼
�
2

m

�
lþd=2−1

Γ
�
lþ d

2

�
r1−d=2Ilþd=2−1ðmrÞ: ð37Þ

Ilþd=2−1ðxÞ are the modified Bessel functions of the first
kind, satisfying

�
−
d2

dr2
−
1

r
d
dr

−
�
m2þðlþd=2−1Þ2

r2

�	
Ilþd=2−1ðmrÞ¼0:

ð38Þ

Ilþd=2−1ðmrÞ∼rlþd=2−1ðm=2Þlþd=2−1=Γðlþd=2Þ for r → 0.
Substituting ψ l ¼ Tlψ̂ l into Eq. (35), one obtains

�
−

d2

dr2
−
�
2m

Ilþd=2−2ðmrÞ
Ilþd=2−1ðmrÞ −

2lþ d − 3

r

�
d
dr

þWðφðrÞÞ
	

× Tlðr;φÞ ¼ 0; ð39Þ

where

WðφÞ ¼ U00ðφÞ −m2: ð40Þ

The boundary conditions are

Tlð0;φÞ ¼ 1;
dTlðr;φÞ

dr

����
r¼0

¼ 0: ð41Þ

We note that Eq. (39) can be written in a slightly different
form due to the recursion relations of the modified Bessel
functions.
In the following, we take d ¼ 4.

A. Divergences and renormalization

The sum

X∞
l¼0

ðlþ 1Þ2 lnTlð∞;φÞ ð42Þ

is divergent. This is not surprising because we are calcu-
lating the one-loop effective action whose divergence can
only be removed by counterterms. Formally, we can write
the renormalized one-loop effective action as

Sren1 ½φ� ¼ S0½φ� þ ΔS½φ� þ Sct½φ�; ð43Þ

where S0½φ� is the classical action, ΔS½φ� ¼ D½φ�=2, and
Sct½φ� is the contribution from the counterterms. In the
renormalized effective action, all the couplings (including
mass parameters) are now renormalized ones. The details of
the counterterms and renormalized couplings depend on the
renormalization scheme. In the MS scheme, we have

Sren1 ½φ� ¼ SMS
0 ½φ� þ �

ΔS½φ� − ðΔS½φ�Þpole

≡ SMS

0 ½φ� þ �
ΔS½φ�
reg; ð44Þ

where SMS
0 is the lowest-order action expressed in terms of

the renormalized MS couplings, and ðΔS½φ�Þpole is the pole
of the divergent part of ΔS defined according to the MS
renormalization prescription.
In the literature, two slightly different methods

of obtaining a ðΔS½φ�Þreg are used. The first was used by
Dunne and Min [40] (see also [44,45]), and followed
by Refs. [41–43]. The second one was used even earlier
by Baacke and Kiselev [46], and followed in
Refs. [7,19,47,48]. Below, we shall show that when the
functional derivative with respect to φ is taken, the first
method gives a UV divergent result. This means that the
first method is at most valid only “on shell,” i.e., only for
the classical bounce solution but not for variations about it.
The second method still gives a UV-convergent functional
derivative. However, we observe that the regularized one-
loop functional determinant contains a UV-finite tadpole
term (linear term in φ) for our model, which would shift the
position of the false vacuum from zero. For self-consis-
tency, we therefore propose removing such a nonvanishing
tadpole by a linear counterterm. This would modify one of

the finite terms (Að1Þ
fin ) to be discussed below.

Before we write down the explicit expressions for
ðΔS½φ�Þreg, we discuss why there are two different points
of view on the divergence in Eq. (42). The first one is that
the divergence is caused by the large l behavior of
lnTlð∞;φÞ and one needs to derive the analytical expres-
sion of lnTlð∞;φÞ as a series of l. This can be done by the
Wentzel-Kramers-Brillouin method for solving Eq. (39) for
large l [40,43]. Then one can use the dimensional
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regularization to subtract the pole terms in the sum. This
leads to the Dunne-Min formula given below. The second
point of view is that the divergence is caused byWðφÞ ≠ 0,
i.e., by a nonvanishing interaction term. If WðφÞ ¼ 0, then
the sum automatically gives zero. In this case, one expands
lnTlð∞;φÞ in powers of W. The divergence is found to be
contained in the terms of order OðWÞ, OðW2Þ (each as a
sum over l). These terms however correspond to the

standard UV divergences of the effective action and thus
can be expressed by loop integrals. (The inhomogeneity of
the background field becomes irrelevant in the deep UV.)
Once again, one can obtain pole terms in the loop integrals
by dimensional regularization which will be then subtracted
from the sum. For more details see Appendix B. This
procedure leads to the Baacke-Kiselev formula, Eq. (46).
The first method gives [40,44]

ðΔS½φ�ÞregDM ¼ 1

2

X∞
l¼0

ðlþ 1Þ2
�
lnTlð∞;φÞ −

R∞
0 dr rWðφÞ
2ðlþ 1Þ þ

R∞
0 dr r3WðφÞðWðφÞ þ 2m2Þ

8ðlþ 1Þ3
�

−
1

16

Z
∞

0

dr r3WðφÞðWðφÞ þ 2m2Þ
�
log

�
μr
2

�
þ γE þ 1

	
; ð45Þ

where γE is Euler’s constant, and μ is a renormalization scale.
The second method gives [47]

ðΔS½φ�ÞregBL¼
1

2

X∞
l¼0

ðlþ1Þ2
�
lnTlð∞;φÞ−hð1Þl ð∞;φÞ−

�
hð2Þl ð∞;φÞ−1

2
ðhð1Þl ð∞;φÞÞ2

	�
þ1

2

�
Að1Þ
fin ½φ�−

1

2
Að2Þ
fin ½φ�

�
; ð46Þ

where hð1Þl , hð2Þl satisfy �
−

d2

dr2
−
�
2m

IlðmrÞ
Ilþ1ðmrÞ −

2lþ 1

r

�
d
dr

	
hð1Þl ðr;φÞ þWðφÞ ¼ 0; ð47aÞ

�
−

d2

dr2
−
�
2m

IlðmrÞ
Ilþ1ðmrÞ −

2lþ 1

r

�
d
dr

	
hð2Þl ðr;φÞ þWðφÞhð1Þl ðr;φÞ ¼ 0; ð47bÞ

with boundary conditions hð1;2Þl ð0;φÞ ¼ 0; dhð1;2Þl ðr;φÞ=drjr¼0 ¼ 0, and

Að1Þ
fin ½φ� ¼ −

m2

8

�
1þ ln

�
μ2

m2

�	Z
∞

0

dr r3WðφðrÞÞ; ð48aÞ

Að2Þ
fin ½φ� ¼

1

8
ln

�
μ2

m2

�Z
dr r3½WðφðrÞÞ�2 þ 1

16π2

Z
d4k
ð2πÞ4 jW̃ðkÞj2

�
2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4m2

p

jkj ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4m2

p
þ jkjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ 4m2
p

− jkj

�	
; ð48bÞ

where

W̃ðkÞ ¼
Z

d4x eikxWðφðxÞÞ: ð49Þ

In Appendix B, we derive the above equations. Since φðxÞ
depends on r ¼ jxj only, we can write

W̃ðkÞ ¼ 4π2

jkj
Z

∞

0

dr r2WðφðrÞÞJ1ðjkjrÞ≡ W̃ðjkjÞ; ð50Þ

where J1 is the Bessel function of the first kind, defined as

J1ðjkjrÞ ¼
jkjr
π

Z
π

0

dθ sin2θeijkjr cos θ: ð51Þ

We observe that Að1Þ
fin contains a linear term in φ for our

model since WðφÞ ¼ −gφþ λφ2=2. As a consequence,

δAð1Þ
fin ½φ�

δφðrÞ ¼ −
m2

8

�
1þ ln

�
μ2

m2

�	
r3U000ðφðrÞÞ

¼
�
1þ ln

�
μ2

m2

�	�
m2g
8

r3 −
m2λ

8
r3φðrÞ

�
; ð52Þ

is not zero even for φ ¼ 0. This means that the position of
the false vacuum would be shifted if there are no other
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linear terms in Eq. (46). We show below that such addi-
tional linear terms are absent. To be self-consistent, we
have to add a linear counterterm to remove the observed
tadpole term by requiring

δSren1 ½φ�
δφðxÞ

����
φ¼0

¼ 0: ð53Þ

This is achieved by simply doing the following replace-
ment,

Að1Þ
fin ½φ�→Að1Þ

fin ½φ�¼−
m2

8

�
1þ ln

�
μ2

m2

�	Z
∞

0

drr3WðφðrÞÞ;

ð54Þ

where an overline means the subtraction of tadpole terms.
For false vacuum decay, it is natural to take μ ¼ m (as we

will do in the following) so that Að1Þ
fin ½φ� and Að2Þ

fin ½φ� simplify
further.
One can numerically solve Eq. (47a) to obtain hð1Þl ðr;φÞ

(and hence hð1Þl ð∞;φÞ), while hð2Þl ð∞;φÞ as well as its
functional derivative with respect to φ can be computed via

a Green’s function method with known hð1Þl ðr;φÞ,
see below.

1. Zero and negative modes

When taking φ ¼ φð0Þ
b , there are four zero modes in the

sector l ¼ 1. The integral over the fluctuations in the zero-
mode directions can be traded for an integral over the
collective coordinates of the bounce, giving [43,44]

e−
1
2
ð1þ1Þ2 lnT1ð∞;φð0Þ

b Þ → ðVT Þ
�
SE½φð0Þ

b �
2π

�2

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
zero-mode contribution

�
det0M1½φð0Þ

b �
detM̂1

�−2

¼ ðVT Þ
2πAj∂2rφð0Þ
b ð0Þj�2; ð55Þ

where A is defined by the normalization of the asymptotic

large r behavior of the classical bounce: φð0Þ
b ðrÞ∼

Ar−1K1ðrÞ. Here K1ðrÞ is the modified Bessel function

of the second kind. Using the equation of motion for φð0Þ
b ,

Eq. (7), one has

d2φð0Þ
b ðrÞ
dr2

����
r¼0

¼ U0ðφð0Þ
b ð0ÞÞ
4

; ð56Þ

where we have used ∂rφ
ð0Þ
b ðrÞ=r → ∂

2
rφ

ð0Þ
b ðrÞ as r → 0. So,

formally, we have the replacement

lnT1ð∞;φð0Þ
b Þ → −

1

2
lnðVT Þ − 1

2
ln

ðπAU0ðφð0Þ

b ð0ÞÞ=2Þ2�:
ð57Þ

Note that the factor of VT in Eq. (55) will be canceled by
the same factor in γ=V [cf. Eq. (14)], leading to a finite
decay rate per volume.
The lowest eigenvalue mode in the l ¼ 0 sector is a

negative mode and is responsible for the instability of the
false vacuum. Naively, the negative mode leads to diver-
gence in the Gaussian functional integral about the bounce.
However, this divergence is simply due to an improper
application of the method of steepest descent [21,32,49].
With a suitable deformation of the contour into the complex
plane whose real axis is generated by the negative mode,
one actually obtains the following replacement

T0ð∞;φð0Þ
b Þ →

�
� i
2

�
−2���T0ð∞;φð0Þ

b Þ��; ð58Þ

where the additional factor is due to the contour deforma-
tion and gives rise to an imaginary part of the effective
action with a particular factor of 1=2. The sign depends on
the direction in which one deforms the contour into the
complex plane. Usually, one chooses the way that leads to a
positive decay rate. But in our formula (14), we have taken
the absolute value, and the sign in Eq. (58) does not matter.
In the following, we show how to take the functional

derivative in Eqs. (45) and (46).

V. FUNCTIONAL DERIVATIVE OF A
FUNCTIONAL DETERMINANT

To compute the quantum corrections to the bounce as
well as the corresponding corrections to the decay rate, we
still need to compute δD½φ�=δφðrÞj

φð0Þ
b

[cf. Eqs. (28) and

(30)]. We will use Eq. (46), which leads

δðΔS½φ�ÞregBL

δφðrÞ ¼ 1

2

X∞
l¼0

ðlþ 1Þ2
�

1

Tlð∞;φÞ
δTlð∞;φÞ
δφðrÞ −

δhð1Þl ð∞;φÞ
δφðrÞ −

δhð2Þl ð∞;φÞ
δφðrÞ

þhð1Þl ð∞;φÞ δh
ð1Þ
l ð∞;φÞ
δφðrÞ

�
þ 1

2

δAð1Þ
fin ðφÞ

δφðrÞ −
1

4

δAð1Þ
fin ðφÞ

δφðrÞ : ð59Þ
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At the end of this section, we shall comment on the problem
if one uses Eq. (45).
We need to compute δTlð∞;φÞ=δφ, δhð1;2Þl ð∞;φÞ=δφ.

To simplify the notation, we define

Hl½φ�≡ d2

dr2
þ
�
2m

IlðmrÞ
Ilþ1ðmrÞ −

2lþ 1

r

�
d
dr

−WðφðrÞÞ;

ð60aÞ

bHl ≡ d2

dr2
þ
�
2m

IlðmrÞ
Ilþ1ðmrÞ −

2lþ 1

r

�
d
dr

: ð60bÞ

Then

Hl½φ�Tlðr;φÞ ¼ 0; Ĥlh
ð1Þ
l ðr;φÞ ¼ WðφðrÞÞ;

Ĥlh
ð2Þ
l ðr;φÞ ¼ WðφðrÞÞhð1Þl ðr;φÞ: ð61Þ

Taking the functional derivative of the first equation with
respect to φðrÞ gives

Hl½r0;φ�
δTlðr0;φÞ
δφðrÞ ¼ −

δHl½r0;φ�
δφðrÞ Tlðr0;φÞ

¼ δðr0 − rÞU000ðφðr0ÞÞTlðr0;φÞ: ð62Þ

Viewing r as a fixed number, the above equation in the
coordinate r0 can then be solved by the Green’s function
method and we obtain

δTlðr0;φÞ
δφðrÞ ¼

Z
dr00Glðr0;r00;φÞδðr00−rÞU000ðφðr00ÞÞTlðr00;φÞ

¼Glðr0;r;φÞU000ðφðrÞÞTlðr;φÞ; ð63Þ

where Glðr; r0;φÞ satisfies

Hl½φðrÞ�Glðr; r0;φÞ ¼ δðr − r0Þ; ð64Þ

with the boundary conditions6

Glð0; r0;φÞ ¼ 0; ∂rGlðr; r0;φÞjr¼0 ¼ 0: ð65Þ

Taking r0 ¼ ∞ one obtains

δTlð∞;φÞ
δφðrÞ ¼ Glð∞; r;φÞU000ðφðrÞÞTlðr;φÞ: ð66Þ

One can apply a similar analysis for the second and
third equations in (61). But it is more straightforward to
take the functional derivative with explicit expressions of

hð1;2Þl ð∞;φÞ. In this case, we need to solve the Green’s
function

ĤlĜlðr; r0Þ ¼ δðr − r0Þ; ð67Þ
with the same boundary conditions as in Eq. (65). Then

hðlÞl ð∞;φÞ ¼
Z

dr0 Ĝlð∞; r0ÞWðφðr0ÞÞ; ð68aÞ

hð2Þl ð∞;φÞ ¼
Z

dr0 Ĝlð∞; r0ÞWðφðr0ÞÞhð1Þl ðr0;φÞ: ð68bÞ

The same expressions are valid if one replaces ∞ with r
above. Taking the functional derivative of these expres-
sions, one obtains

δhð1Þl ð∞;φÞ
δφðrÞ ¼ Ĝlð∞; rÞU000ðφðrÞÞ; ð69aÞ

δhð2Þl ð∞;φÞ
δφðrÞ ¼ Ĝlð∞;rÞU000ðφðrÞÞhð1Þl ðr;φÞ

þ
Z

dr0 Ĝlð∞;r0ÞWðφðr0ÞÞĜlðr0;rÞU000ðφðrÞÞ:

ð69bÞ

Ĝlðr; r0Þ can be obtained analytically (see Appendix A) and
reads

Ĝlðr; r0Þ ¼ θðr − r0Þ r
0Ilþ1ðmr0Þ
Ilþ1ðmrÞ



Ilþ1ðmrÞKlþ1ðmr0Þ

− Ilþ1ðmr0ÞKlþ1ðmrÞ�; ð70Þ

where Klþ1ðxÞ is the modified Bessel function of the
second kind. The Green’s functions Glðr; r0;φÞ depend
on φ and can only be obtained numerically.
From Appendix A, we can see

Glðr;∞;φÞ ¼ Ĝlðr;∞Þ ¼ 0: ð71Þ

Therefore, one immediately has

δTlð∞;φÞ
δφðrÞ

����
r¼∞

¼ 0: ð72Þ

If one uses Eq. (45), one would obtain a divergent and
cutoff-dependent result from the second and third terms in
the sum over l at r ¼ ∞. Therefore, Eq. (45) cannot give a
meaningful result once the functional derivative with
respect to φðrÞ is taken. On the contrary, Eq. (46) gives
a finite result because we also have

6To see these are the correct boundary conditions, one can
analyze the equation Hl½φþ δφ�Tlðr;φþ δφÞ ¼ 0 by writing
Tlðr;φþ δφÞ ¼ Tlðr;φÞ þ δTlðr;φÞ. Since Tlðr;φÞ and
Tlðr;φþ δφÞ satisfy the same boundary conditions imposed
in the Gel’fand-Yaglom theorem, δTlðr;φÞ has the boundary
conditions δTlð0;φÞ ¼ 0; dδTlðr;φÞ=drjr¼0 ¼ 0 which are
shared by δTlðr;φÞ=δφ and thus the Green’s function Gl.
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δhð1Þl ð∞;φÞ
δφðrÞ

����
r¼∞

¼ δhð2Þl ð∞;φÞ
δφðrÞ

����
r¼∞

¼ 0; ð73Þ

due to the properties in Eq. (71). This also shows that there
is no additional tadpole term in the sum over l in Eq. (46),
otherwise one would obtain a term proportional to r3 in the
functional derivative, which is not vanishing for r → ∞.

At last, the functional derivatives of Að1Þ
fin ½φ� and Að2Þ

fin ½φ�
with respect to φðrÞ read

δAð1Þ
fin ½φ�

δφðrÞ ¼ −
m2λ

8
r3φðrÞ; ð74aÞ

δAð2Þ
fin ½φ�

δφðrÞ ¼ r2

16π2
U000ðφðrÞÞ

Z
djkjjkj2J1ðjkjrÞW̃ðjkjÞ

×

�
2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkj2 þ 4m2

p
jkj ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkj2 þ 4m2

p
þ jkjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jkj2 þ 4m2
p

− jkj

�	
;

ð74bÞ

where W̃ðjkjÞ is defined in Eq. (50).

VI. NUMERICAL EXAMPLE

With the analysis given in the previous sections, here we
discuss the procedure for numerical calculations and
provide a numerical example. We leave a more delicate
phenomenological study for future work.
Denoting

1

2
D


φð0Þ
b

� ¼ Bð1Þ − ln

�
� i
2

�
− lnðVT Þ;

Bð2Þ ¼ 1

4

Z
dr

δD½φ�
δφðrÞ

����
φð0Þ
b

ΔφbðrÞ; ð75Þ

we can write the decay rate per unit volume as

γ

V
¼ 2Ime−Γ½φ

ð1Þ
b �

VT
¼ e−B

ð0Þ−Bð1Þ−Bð2Þ
: ð76Þ

Recall that D½φ�=2 ¼ ΔS½φ�. Both here and below, D½φ� is
regularized even though the superscript “reg” is suppressed.
We use the Baacke-Kiselev formula for the regularized one-
loop functional determinant [cf. Eq. (46)] with the modi-
fication (54).
In the numerical calculations, all the parameters that

have mass dimension one take values in the unit of m so
that m ¼ 1. As a benchmark point, we choose

g ¼ 0.66; λ ¼ 0.1:

The profile of the potential is shown in Fig. 1.

A. Bð0Þ and Bð1Þ

For convenience of later discussion, we denote

fl½φ�≡ lnTlð∞;φÞ − hð1Þl ð∞;φÞ

−
�
hð2Þl ð∞;φÞ − 1

2
ðhð1Þl ð∞;φÞÞ2

	
: ð77Þ

Then we have

Bð1Þ ¼ 1

2
ln jT0ð∞;φð0Þ

b Þj|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
negative-mode replacement

− ln

ðπAU0ðφð0Þ

b ð0ÞÞ=2Þ2�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
zero-mode replacement

þ 1

2

X
l≥2

ðlþ 1Þ2fl


φð0Þ
b

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

positive-definite modes

−
1

2

X
l¼0;1

�
hð1Þl

�
∞;φð0Þ

b


þ hð2Þl

�
∞;φð0Þ

b



−
1

2

�
hð1Þl ð∞;φð0Þ

b Þ
2	þ 1

2

�
Að1Þ
fin



φð0Þ
b

�
−
1

2
Að2Þ
fin



φð0Þ
b

��
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

remaining contribution generated from renormalization

: ð78Þ

We summarize the procedure of computing the bounce
and decay rate at the level of the Callan-Coleman formula.

Step 1: Solve the classical EoM (7) and obtain the
classical bounce φð0Þ

b . Substitute it into Eq. (9) to
obtain the classical bounce action Bð0Þ.

Step 2: Substitute φð0Þ
b into Eq. (39) to obtain Tlðr;φð0Þ

b Þ,
in particular its limiting value at r → ∞, Tlð∞;φð0Þ

b Þ.

Step 3: Substituting Ĝlð∞; r0Þ [cf. Eq. (70)] and φð0Þ
b into

Eq. (68a) to obtain hð1Þl ðr;φð0Þ
b Þ and hð1Þl ð∞;φð0Þ

b Þ.
Substituting hð1Þl ðr;φð0Þ

b Þ into Eq. (68b), one obtains

hð2Þl ð∞;φð0Þ
b Þ.

The zero and negative modes in computing Tlð∞;φð0Þ
b Þ

need to be properly dealt with as discussed in Sec. IV. With
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these three steps, one can obtain Bð0Þ and Bð1Þ and thus the
Callan-Coleman decay rate.
The classical bounce is obtained via a shooting algorithm

and is shown in Fig. 2. The classical bounce action
is Bð0Þ ¼ 12942.7.
For Bð1Þ, we first compute fl½φð0Þ

b � for l ≥ 2. We find that

lmax ¼ 50 is already a good cutoff. We plot fl½φð0Þ
b � in Fig. 3

where we compare the numerical result with −50=l4.
Clearly jfl½φð0Þ

b �j drops as fast as or faster than 1=l4,
ensuring a convergent result for the sum in Eq. (78). We
obtain

1

2

X
l≥2

ðlþ 1Þ2fl


φð0Þ
b

� ¼ −10.981: ð79Þ

For the contribution from l ¼ 0, 1, we find

Bð1Þ ⊃
1

2
ln
���T0ð∞;φð0Þ

b Þ
��� ¼ −1.449; ð80aÞ

Bð1Þ ⊃ − ln

ðπAU0ðφð0Þ

b ð0ÞÞ=2Þ2� ¼ −7.388; ð80bÞ

Bð1Þ ⊃ −
1

2

X
l¼0;1

�
hð1Þl

�
∞;φð0Þ

b


þ hð2Þl

�
∞;φð0Þ

b




−
1

2

�
hð1Þl ð∞;φð0Þ

b Þ
2	 ¼ −4.671: ð80cÞ

Finally, Að1Þ
fin ½φð0Þ

b � and Að2Þ
fin ½φð0Þ

b � are obtained as

Að1Þ
fin



φð0Þ
b

� ¼ −15.177; Að2Þ
fin



φð0Þ
b

� ¼ −5.322

⇒
1

2

�
Að1Þ
fin



φð0Þ
b

�
−
1

2
Að2Þ
fin



φð0Þ
b

�� ¼ −6.258:

ð81Þ

In total, we have Bð1Þ ¼ −30.747.

B. Bð2Þ

To obtain the quantum-corrected bounce and the decay
rate at the full one-loop level of the effective action, we
need to calculate δD½φ�=δφðrÞj

φð0Þ
b

[using Eq. (59)] and

ΔφbðrÞ [using Eq. (28)]. The last two terms in Eq. (59) are
trivial because we have their analytical expressions
[cf. Eq. (74)]. The remaining calculation requires
the following three further steps:

Step 4: Substituting φð0Þ
b into Eq. (64), one can obtain

Glð∞; r0;φð0Þ
b Þ. With Glð∞; r0;φð0Þ

b Þ and Tlðr;φð0Þ
b Þ,

one obtains δTlð∞;φÞ=δφðrÞj
φð0Þ
b

through Eq. (66).

Further, with Ĝlðr; r0Þ and hð1Þl ðr;φð0Þ
b Þ, one can ob-

tain δhð1Þl ð∞;φÞ=δφðrÞj
φð0Þ
b
and δhð2Þl ð∞;φÞ=δφðrÞj

φð0Þ
b

through Eq. (69).
Substituting all of them and Eq. (74) into Eq. (59),

one can finally obtain δD½φ�=δφðrÞj
φð0Þ
b
.

Step 5: Compute the Green’s function in Eq. (29) and
substitute the obtained Green’s function Gðr; r0Þ and
δD½φ�=δφðrÞj

φð0Þ
b

into Eq. (28) to obtain ΔφbðrÞ.
Step 6: Finally, substitute the obtained ΔφbðrÞ and
δD½φ�=δφðrÞj

φð0Þ
b

into the second equation in (75) to

obtain Bð2Þ.
Again, in calculating the functional derivatives with respect
to φ, the zero and negative modes need special treatment.
Formally,

δD½φ�
δφðrÞ

����
φð0Þ
b

¼ lim
δφ→0

D


φð0Þ
b þ δφ

�
−D



φð0Þ
b

�
δφðrÞ ; ð82Þ

where 0 is a function that equals to zero identically. In the
above equation, one therefore needs to look into the spectrum

for both −∂2 þ U00ðφð0Þ
b Þ and −∂2 þ U00ðφð0Þ

b þ δφÞ. We
expect that for an infinitesimal deformation of the classicalFIG. 3. The behavior of fl as a function of l.

0 2 4 6 8 10 12 14

0

5

10

15

r�m

�
�m

FIG. 2. The profile of the classical bounce φð0Þ
b ðrÞ.
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bounce δφ → 0, the operator −∂2 þ U00ðφð0Þ
b þ δφÞ still

contains the same number of zero and negative modes.
And we assume that Eq. (58) is still valid for φ infinitely

close to φð0Þ
b , so that one can obtain δT0ð∞;φÞ=δφðrÞj

φð0Þ
b

from that replacement. For the zero mode, it is more subtle

because Eq. (57) is expressed in terms of φð0Þ
b at r ¼ 0 and is

not a standard functional ofφð0Þ
b ðrÞ.One even cannot formally

replace φð0Þ
b with φ and take the functional derivative of the

second term in Eq. (57). We thus will neglect the zero-mode
contribution to the functional derivative.7 However, we

have checked that δhð1;2Þ1 =δφðrÞj
φð0Þ
b

are indeed negligible

in the final result of δD½φ�=δφðrÞj
φð0Þ
b
. The obtained

δD½φ�=δφj
φð0Þ
b

is shown in Fig. 4.

Following Step 5, we obtain the correction to the
classical bounce ΔφbðrÞ as shown Fig. 5. The profile of

ΔφbðrÞ is negligible compared with φð0Þ
b ðrÞ. However, the

additional correction to the decay rate is obtained as
Bð2Þ ¼ −16.42 (Step 6), which is 53.4% of Bð1Þ. The
correction ΔφbðrÞ to the classical bounce is maximal
around rm ≃ 3.5, which also corresponds to roughly the
steepest part of the bubble wall profile. This indicates
that these higher-order corrections receive large contribu-
tions from the gradients of the bubble wall. This observa-
tion is consistent with that made in Ref. [25] for thin-wall
bubbles.

VII. CONCLUSIONS

False vacuum decay is a very important phenomenon
in quantum field theory and there continue to be
many developments both conceptual and methodological
[32,50–67]. In this paper, we propose a systematic
procedure to compute the self-consistent bounce solution
and its resulting radiative correction to the decay rate at
the one-loop level of the effective action. This is achieved
by evaluating the one-loop effective action at the one-loop
saddle point configuration for the bounce (the self-
consistent bounce), instead of the classical one. The
method requires the computation of both conventional
functional determinants and their functional derivative,
both evaluated at the classical bounce. Earlier studies on
this are restricted to the thin-wall regime [22,25,26] and
are usually based on the “resolvent method” of calculating
functional determinants by treating Green’s function as a
spectral sum [32,68–71]. In this work, we have demon-
strated that the powerful Gel’fand-Yaglom method can be
used to compute both the functional determinants and
their functional derivatives, making the computation
extremely efficient. In particular, for Oð4Þ-symmetric
configurations that asymptotically approach the false
vacuum, an explicit expression for the renormalized
one-loop effective action in pure scalar field theory is
known. We have shown how it is directly used in the
computation.
Although the theoretical developments here are general,

we provide an explicit numerical study of our archetypal
model. Our chosen benchmark point for the mass and
coupling parameters is such that the bounce is far away
from the thin-wall regime. In this example, the correction
Bð1Þ (the decay rate due to the functional determinant
evaluated at the classical bounce) is small compared with
the classical bounce action Bð0Þ. However, the additional
correction due to the consideration of the self-consistent
bounce, Bð2Þ, is of the same order of magnitude (about
50%) as the purely one-loop correction Bð1Þ. This indicates
that in some precision phenomenological studies when the
conventional functional determinants are important, one
may be required to consider the self-consistent bounce
as well.
Another motivation for considering the self-consistent

bounce is to obtain a gauge-independent tunneling

FIG. 5. The correction to the classical bounce, ΔφðrÞ.

FIG. 4. Numerical result for δD½φ�=δφðrÞj
φð0Þ
b
.

7The most important contribution of the zero modes to D½φ� is
the term involving the spacetime volume VT . Contribution from
this term is canceled in Eq. (82) and the remaining contribution is
expected to be negligible.
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rate when gauge fields are involved. It is known that the
effective action is gauge-dependent. By the Nielsen
identity [34,72,73],

�
ξ
∂Γ½φ; ξ�

∂ξ
þ Kðφ; ξÞ δΓ½φ; ξ�

δφ

�
¼ 0; ð83Þ

where ξ is the gauge parameter, the effective action is
only gauge independent at its extrema. Then Eq. (14)
gives a gauge-independent decay rate in principle only
at the self-consistent bounce [34]. Since the effective
action must be truncated, this issue is usually more
complicated. For more discussions related to this topic,
see Refs. [74–80].
Our method may find applications in physics of the early

Universe (see, e.g., Refs. [81–83]), where bubble nuclea-
tion can occur at finite temperature [84–88].8 At high
temperature, the phase transition is dominated by a static,
i.e., Euclidean time independent, Oð3Þ-symmetric bounce
and the transition rate can be written as [86]

γ ¼
ffiffiffiffiffiffiffiffijλ−j

p
2π

× 2jIm lnZ½β�j; ð84Þ

where Z½β� is the thermal partition function with the
temperature T ¼ 1=β, and λ− is the negative eigenvalue
for the three-dimensional fluctuation operator at the
classical bounce. The factor

ffiffiffiffiffiffiffiffijλ−j
p

=ð2πÞ above may
be generalized to include the Langevin damping coeffi-
cient [85,97,98]. The calculation presented in this paper
can be easily generalized to lower-dimensional bounce
configurations, e.g., Oð3Þ-symmetric static bounces that
are relevant for thermal first-order phase transitions, and
therefore can be applied to study radiative corrections in
thermal first-order phase transitions [99]. However, at
finite temperatures, there are many more theoretical
uncertainties [100,101]. The quantum corrections due
to the self-consistent bounce might be detectable in
experiments involving analog systems in condensed
matter [102–105].
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APPENDIX A: SOLVING GREEN’S FUNCTIONS

In this appendix, we outline the procedure on solving
Green’s functions numerically. Suppose we want to solve
the following Green’s function

L½r�Gðr; r0Þ ¼ δðr − r0Þ; ðA1Þ

where L½r� is a second-order differential operator
and fr; r0g∈ ½0;∞Þ.

1. Glðr;r0;φÞ and Ĝlðr;r0Þ
For Glðr; r0;φÞ and Ĝlðr; r0Þ, the boundary conditions

are of the following type:

Gð0; r0Þ ¼ 0;
∂Gðr; r0Þ

∂r

����
r¼0

¼ 0: ðA2Þ

Assume that ff1ðrÞ; f2ðrÞg are two independent (numeri-
cal) solutions to the equation L½r�fðrÞ ¼ 0. Then the
Green’s function can be written as

Gðr; r0Þ ¼ θðr − r0Þ
A>
1 ðr0Þf1ðrÞ þ A>

2 ðr0Þf2ðrÞ
�

þ θðr0 − rÞ
A<
1 ðr0Þf1ðrÞ þ A<

2 ðr0Þf2ðrÞ
�
; ðA3Þ

where A≷
1 ðr0Þ and A≷

2 ðr0Þ shall be determined by the
boundary conditions and matching conditions.
The matching conditions are from the following two

requirements onGðr; r0Þ: (i)Gðr; r0Þ is continuous at r ¼ r0
when viewed as a function of r; ðiiÞ ∂rGðr; r0Þ has a finite
jump discontinuity at r ¼ r0. The sign and magnitude of
this jump depends on the coefficient of the second-
derivative term in the operator L½r�. We will assume that
this coefficient is 1 to be consistent with the operatorsHl½φ�
and Ĥl. Thus, we have


A>
1 ðr0Þf1ðr0Þ þ A>

2 ðr0Þf2ðr0Þ
�

− ½A<
1 ðr0Þf1ðr0Þ þ A<

2 ðr0Þf2ðr0Þ� ¼ 0; ðA4aÞ


A>
1 ðr0Þf01ðr0Þ þ A>

2 ðr0Þf02ðr0Þ
�

−


A<
1 ðr0Þf01ðr0Þ þ A<

2 ðr0Þf02ðr0Þ
� ¼ 1: ðA4bÞ

After some algebra, one obtains

A>
1 ðr0Þ − A<

1 ðr0Þ ¼ −
f2ðr0Þ

W


f1ðr0Þ; f2ðr0Þ

� ; ðA5aÞ

A>
2 ðr0Þ − A<

2 ðr0Þ ¼
f1ðr0Þ

W½f1ðr0Þ; f2ðr0Þ�
; ðA5bÞ

where
8Gravitational effects could also be very important in some

situations [89–96].
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W


f1ðrÞ; f2ðrÞ

� ¼ f1ðrÞf02ðrÞ − f01ðrÞf2ðrÞ ðA6Þ

is the Wronskian.
The functions f1 and f2 can be determined by the

boundary conditions. We can choose, for example,9

f1ð0Þ ¼ 1; f01ðrÞjr¼0 ¼ 0;

f2ðrÞjr→∞ → 0; f02ðrÞjr→∞ → 0: ðA7Þ

In general, the boundary conditions for f2ðrÞ lead to
f2ð0Þ ≠ 0, f02ðrÞjr¼0 ≠ 0. Then the boundary conditions
for Gðr; r0Þ require

A<
2 ðr0Þ ¼ 0; A<

1 ðr0Þ ¼ 0: ðA8Þ

Substituting the above into Eq. (A5), one obtains A>
1 ðr0Þ

and A>
2 ðr0Þ and thus also the Green’s function

Gðr;r0Þ¼θðr−r0Þ
�
−

f1ðrÞf2ðr0Þ
W½f1ðr0Þ;f2ðr0Þ�

þ f1ðr0Þf2ðrÞ
W½f1ðr0Þ;f2ðr0Þ�

	
:

ðA9Þ

Apparently, Gðr; rÞ ¼ 0.
For Ĝlðr; r0Þ, we have L½r� ¼ Ĥl. One can take

f1ðrÞ ¼ 1; f2ðrÞ ¼
Klþ1ðmrÞ
Ilþ1ðmrÞ : ðA10Þ

To see that Ĥlf2ðrÞ ¼ 0, we recall that the operator Ĥl is
obtained via the following procedure

M̂lψ l ¼ 0 ⇒ Ĥl

�
ψ l

ψ̂ l

�
¼ 0; ðA11Þ

where ψ̂ l ∼ r−1Ilþ1ðmrÞ [cf. Eq. (37)] is a solution to
M̂lψ l ¼ 0. On the other hand, it is known that M̂lψ l ¼ 0

has another solution regular at r → ∞, r−1Klþ1ðmrÞ. One
immediately sees that Ĥlf2ðrÞ ¼ 0. With the basis solu-
tions in Eq. (A10), we get Eq. (70).
For Glðr; r0;φÞ, we have L½r� ¼ H½φ�. In this case, to

make the equation regular at r → ∞ we can take

f2ðrÞ ¼ g2ðrÞ
Klþ1ðmrÞ
Ilþ1ðmrÞ ; ðA12Þ

which gives

d2g2ðrÞ
dr2

−
�
2m

KlðmrÞ
Klþ1ðmrÞ þ

2lþ 1

r

	
dg2ðrÞ
dr

−WðφðrÞÞg2ðrÞ ¼ 0: ðA13Þ

The boundary conditions are g2ðrÞjr→∞ → 1,
dg2ðrÞ=drjr→∞ → 0.

2. Gðr;r0Þ
According to the boundary condition for Δφb, one has

the boundary condition for the Green’s function

Gðr ¼ ∞; r0Þ ¼ 0;
∂Gðr; r0Þ

∂r

����
r¼0

¼ 0: ðA14Þ

In this case, we can choose two independent solutions
ff1ðrÞ; f2ðrÞg satisfying, e.g.,

f1ð0Þ ¼ 1; f01ðrÞjr¼0 ¼ 0;

f2ðrÞjr→∞ → 0; f02ðrÞjr→∞ → 1: ðA15Þ

A similar analysis gives

Gðr; r0Þ ¼ −θðr − r0Þ f1ðr0Þf2ðrÞ
W½f1ðr0Þ; f2ðr0Þ�

− θðr0 − rÞ f2ðr0Þf1ðrÞ
W½f1ðr0Þ; f2ðr0Þ�

; ðA16Þ

Letting

f1ðrÞ¼g1ðrÞ
I1ðmrÞ

r
; f2ðrÞ¼ g2ðrÞ

K1ðmrÞ
r

; ðA17Þ

we have

−g001ðrÞ þ
�
1

r
− 2m

I0ðmrÞ
I1ðmrÞ

	
g01ðrÞ þWðφð0Þ

b ðrÞÞg1ðrÞ ¼ 0;

ðA18aÞ

−g002ðrÞ þ
�
1

r
þ 2m

K0ðmrÞ
K1ðmrÞ

	
g02ðrÞ þWðφð0Þ

b ðrÞÞg2ðrÞ ¼ 0;

ðA18bÞ

for which the boundary conditions can be chosen
as, e.g., g1ð0Þ ¼ 2=m, g01ðrÞjr¼0 ¼ 0 and g2ðrÞjr→∞ ¼ 0,
g02ðrÞjr→∞ ¼ 1. Note that I1ðmrÞ=r → m=2 for r → 0.

9As a standard procedure for numerical calculations, one
cannot take the boundary conditions strictly at r ¼ 0, but instead
at a value rmin very close to zero. The boundary conditions at rmin
can be obtained via the Taylor expansion fðrminÞ ≈ fð0Þ þ
f0ð0Þrmin and f0ðrminÞ ¼ f0ð0Þ þ f00ð0Þrrmin, where f00ð0Þ can
be obtained by taking the limit r → 0 for the equation to be
solved. The infinity would be replaced by a large value rmax
depending on the numerical bounce solution.
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APPENDIX B: RENORMALIZATION WITH
DIMENSIONAL REGULARIZATION

In this appendix, we rederive the expression (46) of the
regularized one-loop functional determinant originally
presented in Ref. [47].
We start with Eq. (44). The divergent parts in ΔS are

contained in ΔSð2Þ,

ΔSð2Þ ¼1

2



lndetð−∂2þm2þWÞ− lndetð−∂2þm2Þ�OðW2Þ;

ðB1Þ

so that we can write

S1 ¼ SMS
0 þ 


ΔS − ΔSð2Þ
�|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

numerical part

þ 

ΔSð2Þ − ðΔSÞpole

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

analytical part

: ðB2Þ

Our goal is to find two different expressions of ΔSð2Þ such
that the finite quantity ½ΔS − ΔSð2Þ� can be computed
numerically while the other finite quantity ½ΔSð2Þ −
ðΔSÞpole� can be computed analytically. For this purpose,
we assign the perturbation W with a bookkeeping factor ε
and expand ln detð−∂2 þm2 þ εWÞ in ε.
Numerically, we can write

ΔSð2Þ ¼ 1

2

X∞
l¼0

ðlþ 1Þ2 lnTlð∞; εÞjOðε2Þ; ðB3Þ

where Tlð∞Þ is viewed as a function of ε and expanded in
powers of ε,

Tlð∞; εÞ ¼ 1þ εhð1Þl ð∞Þ þ ε2hð2Þl ð∞Þ þOðε3Þ: ðB4Þ

This gives

lnTlð∞; εÞjOðε2Þ ¼ hð1Þl ð∞Þ þ hð2Þl ð∞Þ − 1

2

�
hð1Þl ð∞Þ
2:

ðB5Þ

To obtain hð1Þl ð∞Þ and hð2Þl ð∞Þ, we substitute Tlðr; εÞ ¼
1þ εhð1Þl ðrÞ þ ε2hð2Þl ðrÞ þOðε3Þ into Eq. (39)

�
−
d2

dr2
−
�
2m

IlþD=2−2ðmrÞ
IlþD=2−1ðmrÞ−

2lþD−3

r

�
d
dr

þεWðφðrÞÞ
	

×Tlðr;φÞ¼0; ðB6Þ

where the perturbation term is associated with a factor of ε
now. Tracing the equations at the order of OðεÞ and Oðε2Þ,
we then obtain Eq. (47) for hð1Þl ðrÞ and hð2Þl ðrÞ.
To obtain the analytical part ½ΔSð2Þ − ðΔSÞpole�, we note

that Eq. (B1) can be written as

ΔSð2Þ ¼ 1

2
Tr

ð−∂2 þm2Þ−1W�

−
1

4
Tr

ð−∂2 þm2Þ−1Wð−∂2 þm2ÞW�

: ðB7Þ

The first term is

1

2

Z
d4xhxjð−∂2 þm2Þ−1Wðx̂Þjxi

¼ 1

2

�Z
d4k
ð2πÞ4

1

k2 þm2

�Z
d4xWðxÞ: ðB8Þ

To do the MS regularization, we perform the momentum
integral in d-dimensional spacetime, using the useful
formula

μ4−d
Z

ddk
ð2πÞd

1

ðk2 þm2Þα ¼ μ4−d
1

ð4πÞd=2
Γðα − d

2
Þ

ΓðαÞ
1

m2α−d :

ðB9Þ

Expanding the integral result around d ¼ 4 (with
d ¼ 4 − 2ϵ), one then obtains the pole. Substracting the
pole term according to the standard MS rule, one then

obtains Að1Þ
fin .

The second term on the RHS of Eq. (B7) can be
written as

−
1

4

Z
d4xd4yWðxÞWðyÞ

Z
d4q
ð2πÞ4 e

iqðx−yÞ
�Z

d4k
ð2πÞ4

1

ðkþ qÞ2 þm2

1

k2 þm2

	

¼ −
1

4

Z
d4q
ð2πÞ4 W̃ðqÞW̃ð−qÞ ×

�Z
d4k
ð2πÞ4

1

ðkþ qÞ2 þm2

1

k2 þm2

	
: ðB10Þ

Again, the momentum integral inside the square brackets can be performed in d-dimensional spacetime by using the
Feynman-parameter method, which in our case is
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1

AB
¼

Z
1

0

ds
1

sAþ ð1 − sÞB : ðB11Þ

The final result of the momentum integral inside the square brackets is

1

16π2

Z
1

0

ds

�
1

ϵ
− γE þ ln 4π þ ln

μ2

sð1 − sÞq2 þm2

	
: ðB12Þ

Finally, subtracting the pole term (1=ϵ together with −γE þ ln 4π) and doing the integral over s gives Að2Þ
fin .
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