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A set of tidal Love numbers quantifies tidal deformation of compact objects and is a detectable imprint in
gravitational waves from inspiraling binary systems. The measurement of black hole Love numbers allows
us to test strong-field gravity. In this paper, we present a parametrized formalism to compute the Love
numbers of static and spherically symmetric black hole backgrounds, connecting the underlying equations
of a given theory with detectable quantities in gravitational-wave observations in a theory-agnostic way.
With this formalism, we compute the Love numbers in several systems. We further classify black hole Love
numbers according to whether they vanish, are nonzero, or are “running” (scale- dependent), in theories or
backgrounds that deviate perturbatively from the general relativity values. The construction relies on static
linear perturbations and scattering theory. Our analytic and numerical results are in excellent agreement. As
a side result, we show how to use Chandrasekhar’s relations to relate basis of even parity to odd parity.
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I. INTRODUCTION

The first direct detection of gravitational waves from
colliding black holes (BHs), GW150914 [1,2], confirms a
key prediction of Einstein’s general relativity (GR) and
provides direct evidence for BH mergers. Currently, around
a hundred events of coalescence of binary BHs, neutron
stars, and binary BH-neutron stars have been detected.
These observational achievements have opened unprec-
edented opportunities to independently measure the Hubble
constant [3] and to place constraints on the propagation speed
of gravitational waves [4—6], on the nuclear matter equation
of state in neutron stars [7-9], and on tests of general
relativity or of the nature of compact objects [10-12].
Additionally, the binary neutron star merger GW170817 is
associated with an electromagnetic counterpart, i.e., short
y-ray bursts [4] and kilonova/macronova [13], establishing
neutron star mergers as one of the sources of r-process
nucleosynthesis, which has opened up the field of multi-
messenger astronomy [14]. The further improvement of
sensitivity of current detectors and the addition of
KAGRA [15] and next generation detectors to the network
[16—18] will provide decisive answers to outstanding ques-
tions to gravitational physics and astrophysics.

Inspiraling binary objects are well approximated by
point particles at large separations [19]. The orbit shrinks
due to the backreaction of gravitational radiation, and
eventually finite-size effects come into play during the
late stages of the coalescence process. Among these, tidal
processes are crucial. Tidal effects can be quantified by a
set of “tidal Love numbers” (TLNs) [20-23], which depend
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on the internal structure of the object and the underlying
theory of gravity. Tidal effects are imprinted in gravita-
tional waveforms at SPN order [24]. The measurement of
TLNSs via gravitational-wave observation thus allows us to
explore the dense environment inside the object and test
strong-field gravity [25]. With the TLN, GW170817 leads
to constraints on the neutron star equation of state [7-9].

Four-dimensional vacuum BHs in GR have vanishing
TLNs [21,26-30]. However, BHs in alternative theories of
gravity can acquire nonvanishing TLNs [25,31,32].
Hypothetical horizonless compact objects motivated by
quantum gravity have nonzero TLNs [25,33]. Likewise, the
presence of matter fields around a BH endows the geometry
with nonzero TLNs [34-38]. Therefore, detection of non-
vanishing TLNs could be a smoking gun for new physics at
the horizon scale or evidence for nontrivial environments.
Events detected by the Laser Interferometer Gravitational
Wave Observatory (LIGO) and Virgo are consistent with
vanishing TLNs [39,40]. In the future, the LIGO, the Laser
Interferometer Space Antenna, and the Einstein Telescope
will be able to constrain TLNs with much higher accuracy,
making this an exciting line of research [25,41]. It is thus
crucial to study the TLNs of BHs beyond GR or in
astrophysical environments. Specific setups were recently
studied [25,31,32,34,35,37]; for some systems, a logarith-
mic scale dependence appears, which seems to indicate a
running of these numbers [25,32,34]. However, the gen-
erality of such results and the underlying structure are
unclear. Furthermore, a change in background, for exam-
ple, the addition of charge, does not necessarily give rise to
nonvanishing TLNs [25], another poorly understood result,
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despite some indications of a hidden symmetry as cause for
the vanishing of TLNs of BHs [42-51].

The required equations to be solved for the computation
of TLNs are typically reduced to the form of master
equations. These are “small” (perturbative in some param-
eter) modifications of the corresponding vacuum GR
equations, under the assumption that the background itself
departs only slightly from BH spacetimes in vacuum GR.
Both the deviations from GR and from exact vacuum
environments give such modification. This implies that
even if nonzero BH TLNs are measured with high accuracy
with future observations, it does not necessarily mean the
departure from GR in the strong-field regime. A priori
theoretical assumption, vacuum environments can lead to
misinterpretation of observational data. Nevertheless, astro-
physical environments around BHs are still poorly under-
stood, being difficult to distinguish the environmental effect
from modification of theories of gravity.

The BH TLNs in specific setups, either particular
theories of gravity or particular matter configurations, were
studied. Here, we present a parametrized BH Love number
formalism program to connect the underlying equations in
a given system to the corresponding BH TLNs, unveiling
the general properties of BH TLNs in a theory-/model-
agnostic manner, also allowing one to quantifiably inves-
tigate the deviation from the vacuum GR value, zero. We
assume that the deviation from GR and/or an exact vacuum
assumption is small and there is no coupling among the
different physical degrees of freedom. Given master equa-
tions to be solved, one can immediately obtain the
corresponding TLN with this approach. The construction
of our formalism for the (nonrunning) TLNS relies on both
linear static perturbation theory and scattering theory. In
particular, the latter is a sophisticated and robust method
proposed in Ref. [36], allowing one to bypass the gauge-
ambiguity issue [52,53] and the degeneracy between linear
responses and subleading corrections to applied fields (see
also Refs. [29,54,55]). This is conducted with analytical and
numerical approaches, which are in good agreement each
other. We also provide the formalism for the coefficients of
running of the TLNs and demonstrate what modification
leads to the appearance of the running behavior.

This work is structured as follows. In Sec. II, we briefly
review the TLNs and the running that comes from the
appearance of logarithmic corrections. We then introduce
the TLNs for scalar- and vector-field perturbations. The
parametrized BH TLN formalism is introduced in Sec. III.
We then show the general property of the TLNSs in slightly
modified systems from a Schwarzschild background.
Section IV provides examples of application of our formal-
ism to particular theories. In Sec. V, we discuss the physical
interpretation of our findings and future directions. The
Appendixes present details of the analytical computation of
the TLNSs, the utilization of the Chandrasekhar transforma-
tion [56], and how the TLNs are imprinted in scattering

waves. Throughout the paper, we use geometrical units
where ¢ = G = 1, except for in Sec. I A.

II. TIDAL RESPONSE OF BLACK HOLES

We begin by considering the linear response and TLNs of
spherically symmetric bodies in Newtonian gravity [20-23].
We then introduce relativistic TLNs and scalar- and vector-
field TLNs. We also discuss a running behavior, where
the TLNs depend on the scale measured, appearing in generic
backgrounds, e.g., a Schwarzschild-Tangherlini background
[26,57], Chern-Simons gravity [25], the presence of matter
fields [34], or an effective field theory framework [32].

A. Newtonian theory

Consider a compact body of mass M immersed in the
tidal environment generated by an external gravitational
source. We assume that the external tidal field is weak and
slowly varying in time. The tidal interaction is described by
the linear response of the gravitational potential of the body
against static perturbations. As a result of the interaction,
the initially spherically symmetric gravitational potential
deforms anisotropically. The tidal deformation is quantified
by a set of the TLNS.

In Newtonian gravity, the TLN is a proportionality
constant between the applied tidal field and the resulting
multipole moment of the body. In a Cartesian coordinate
system x' = (x, y, z) with origin located at the center of mass
of the body (x = 0), the tidal field with the gravitational
potential U, (x) is characterized by the “tidal moments,”

5<L> = a(L) Uext|x:o- (1)

Here, L := iyi, - - - i, represents a collection of ¢ individual
indices; for any Z-index tensor 7, T;, means that T, is
symmetric and traceless in any pair of arbitrary two indices
inL;d; =00, " 0if.] The tidal moments (1) correspond
to the coefficients of the #th order in a Taylor expansion of
U.x(x) around the center of mass of the body, i.e.,

|
=Y &y, (2)

where x© = x/ix2 ... xis, The scalar £ and the vector &;
induce the change of mass of the body and translation of the
center of mass, respectively. The contribution of £ > 2
introduces the tidal deformation.

The “multipole moments” of the body are defined by

Q<L> ;=/p(x’)x’<L>d3x/, (3)

'One can also define so-called symmetric trace-free projection
of an arbitrary tensor [23,58].
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where p(x) is the mass density inside the body. Without
the external tidal field, the body is spherically symmetric;
therefore, the multipole moments except for £ = 0 vanish.
The monopole moment (£ = 0) corresponds to mass of the
body. In the presence of the tidal field, the induced multi-
pole moments are linearly related to the tidal moments (1),

ke TEW, (@)

where rj is the radius of the body and «, is the Zth tidal
Love number. We assume ¢ > 2, since monopole (£ = 0)
and dipole (£ = 1) tidal moments only contribute into
translation of mass and the center of mass, respectively.

The TLN k, is calculated in terms of linear static
perturbations to the coupled system of the linearized
Poisson equation and Euler’s equation in spherical polar
coordinates (r, 6, ¢) with origin at the center of mass of the
body. Imposing regularity at the origin for the mass density
and the gravitational potential, the total gravitational
potential in the system takes the form

GM 4nG

—_ = Z
U(r’ 9’ (ﬂ) - r i 2bp _'_ 1 dfm
ro\ 2441
. [1 o, (—) ]m(e, o). (5)

Here, d;,, is a constant associated with the tidal moments (1);
Y £, (0, @) is the spherical harmonic. In Eq. (5), the first term
on the right-hand side corresponds to the gravitational
potential at the zeroth order; the second and third terms
correspond to the applied tidal field and the induced multi-
pole moment at the first order, respectively. Equation (5)
explicitly shows that the presence of the external tidal field
induces the angular dependence into the gravitational poten-
tial, which is initially spherically symmetric.

B. Relativistic theory

In the relativistic framework, TLNs are computed in
terms of linear static gravitational perturbation theory. A
perturbation of multipole # can be decomposed into
even- and odd-parity sectors [59-61]. Correspondingly,
an applied tidal field, multipole moments, and TLNs have
two sectors [20-22,25].

In asymptotically Cartesian and mass centered coordi-
nates (¢, r, 6, @), the external tidal field and the multipole
moments of any static, spherically symmetric, and asymp-
totically flat spacetime can be extracted from the asymptotic
behavior of the metric components in the asymptotically flat
region [20,25,62],

oM 2
gn = —1 +T_;[f(f— 1)”(5fo0+ (¢>7))

2 4r
(e e o)

n =2 [35’(; —BeSPE (E> )

22

2 4 S,f 20 ’
+7<~/2£+175¢, +(f>f)>], (6)

where we have defined M as the Arnowitt-Deser-Misner
mass of the central gravitational source, £, and 5, as the
even- and odd-parity tidal fields, respectively, and M and
S, as the mass multipole moments and the current multipole
moments, respectively. The notation of (£ > #”) denotes the
contribution of #/(< #) poles. Only the above metric
components will be necessary in the following, where it
was assumed—as we do in the remainder by construction—
that one can write the geometry coordinates with such an
asymptotic behavior. In general, in the presence of extra
degrees of freedom, such as nontrivial scalar or vector fields,
one needs their asymptotic properties as well to determine
the linear response of the spacetime against external per-
turbations. We work under the assumption that there is no
coupling among different physical degrees of freedom and
that the deviation from vacuum GR is sufficiently small. We
then define the even- and odd-parity sectors of the TLNs in
the relativistic framework as [20-22,25]

K;:_f(f—l) dr_ M,

220 V22 +1 &,
o 3t =1) i S, o
LT e+ ) N 20 +18,°

where r( is the radius of the central gravitational source.
These are also called “electric-” and “magnetic-type” TLNSs,
respectively.” We note that such a coordinate-independent
definition is known to lead to ambiguities in the correspon-
dence with physical observables [53]. We will brush these
aside and assume that the full motion of a compact binary is
performed in coordinates adapted to the above.

The TLNs « are calculated in terms of linear gravita-
tional perturbations. With Egs. (6) and (7), the asymptotic

*There is an alternative definition by Cardoso et al.
(CEMPR) [25,31],

. ro\ 2+
Kz, CFMPR = M Kzs (8)

where mass M is introduced to the normalization factor instead of
ro. This is useful for some exotic compact objects, e.g., boson
stars, in which a radius is not well defined.
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expansion of a linear static perturbation (),
distances reads the TLNs,

, at large

14
edlmry ¢ (2) 11+ 00/ r)
p <r—r°> s ot O

and

edlrmry < (=) 11+ 00/ r)

_@K; (r—’?)f[l + O(ro/1)]. (10)

We focus on a Schwarzschild BH. With the spherical-
harmonic decomposition, the linearized Einstein equations
on the Schwarzschild background are reduced into equa-
tions for the radial components of each multipole. Under
the Regge-Wheeler gauge [59], the radial components of
the even- and odd-parity sectors in the Fourier domain are
described by the Zerilli-Regge-Wheeler equations [59-61],

4D+

d
fE [fw} + [0* = fVF]®; =0, (11)

—1_H
f=1 o (12)

where r = ry is the location of the event horizon and the
effective potentials are given by

. Ordr + 322 rur? + 22(A +2)r° + 913,

V+ =
‘ r(Ar + 3ry)?
Ve=——(——"3 (13)

with 1 := 2 + ¢ — 2. Here, the azimuthal number m = 0
because of the spherical symmetry of the background.

We now focus on static perturbations @ = 0. With
the relations between the master variables @ and the
components of each multipole mode of the linear pertur-
bation [36,63], the TLNs can be read off from d% at large
distances [26,36],

r\ ¢+l H
() o))
(f+2)(f+1) g ¢ rg
2~—————k(— | |[1+0O0(—)].
+ (¢ -1) ““\r + r
(14)
Here, ®} are required to be regular at the BH horizon
r = rg. Note that the form of Eq. (14) holds for geometries

close to a Schwarzschild spacetime at large distances as
well. A well-known intriguing result is that all the TLNs of
a Schwarzschild BH vanish, i.e., k; =k, =0 [21].

C. Love numbers for spin-s fields

Scalar-field (s = 0) and vector-field (|s| = 1) perturba-
tions on a Schwarzschild background with the spherical-
harmonic decomposition in the Fourier domain are
governed by

d d(I);, 2 s s
fE [f dr} + [@* = fV3]@) =0, (15)
with
¢+ 1 1—s3)r

The case of |s| =2 corresponds to the Regge-Wheeler
equation in Eq. (11).

We now focus on static perturbations @ = 0. From the
master variables @}, the “spin-s-field TLNs” %, can be read
off [25,26,49],

iG]
+x;(r7“>f{1 + O<r7“>] (17)

Here, the requirement of the regularity for @7, at the horizon
determines the TLN . It is known that the spin-s-field TLNs
of the Schwarzschild BH all vanish, i.e., k}, = 0 [26,49].

D. Running of the Love numbers

The TLNs above are read off from the asymptotic
expansion of linear perturbations at large distances, which
consists of the power of r solely. The value is constant and
therefore is independent of the scale measured.

However, in more generic systems, e.g., in the presence
of matter fields [34], or other background or theories
[25,26,32,57], perturbation fields do not necessarily take
the form of a simple power-law series at large distances.
Instead, the asymptotic behaviors can include logarithmic
terms at large distances,

r\ ¢+l
O (—) L+ O(ry/ )]

x (’g)fu + Olrya/ 7). (18)

with a constant K+ for gravitational perturbations, and
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D, o (é)f 1[1+(’)(VH/r)]—|—KS {m( )+0( )]
x (%H)f[l +O(ru/ )], (19)

with a constant K9 for spin-s-field perturbations. The
prefactor of the linear response term (ry/r)’ includes a
logarithm and indeed depends on r.

The coefficient of the logarithmic term is interpreted
as a f function in the context of a classical renormalization
flow [26,57,64]. In the current work, we regard K :,F and K3,
as fundamental parameters of a given system, which are
independent of the scale measured and then evaluate them.

ITII. PARAMETRIZED FORMALISM

We introduce the formalism that allows one to compute
the TLNs in a theory-agnostic manner under the assump-
tions that (i) the background is spherically symmetric,
(ii) the deviation from vacuum GR is small, and (iii) there
is no coupling among the different physical degrees of
freedom. We also discuss the general structure and pro-
perties of the TLNs in such modified backgrounds. We
further note a subtle case when applying our formalism to
particular theories.

A. Framework

We deform the Zerilli-Regge-Wheeler equations (11)
and spin-s-field perturbation equations (15),

d [ dd:* ,
o [fdf ] + [a)z - f(ver +5vi/‘)]q>;/A —o0,
r r

(20)

where the linear parametrized small power-law corrections
to the effective potentials (13) and (16) are introduced,

s 1 = s T J
sVE" :r_zaji/ <7H> . (21)

+/s +/s

Here, we have assumed |a;
i/f|

| < rj|V5 | for the

‘r—»rH
smallness of rH|5V We exclude j =0, 1, 2 from our
analysis, as these would always be unboundedly large
corrections at large distances (for example, j = 0 would
represent a massive field, which changes the asymptotic
behavior of the tidal field and the induced multipoles in a
nontrivial manner, and whose TLNs are not yet understood

properly).
*The assumption |a; | < | VE

condition for [5VE/*/ Vi/ *| < 1, instead of max r|6V;
in Ref. [65].

| is the sufficient
<

r—=ry

Perturbation equations for scalar and vector fields on a
static, spherically symmetric spacetime close to the
Schwarzschild spacetime can be reduced to the form of
Eq. (20) in general [65]. There is no rigorous proof for
gravitational perturbations, but the analysis in Refs. [65,66]
supports such claim.

Given two independent solutions <I>jr.{; and (I)ﬁi,f of
Eq. (20) with two different corrections, (‘Wﬂf and 6V§/; ,
respectively, one can show that their superposition @, ésf =
<I>i/ - @i/ > satisfies Eq. (20) with the composite correc-
tion 6le/;f == 6V + 6V} within the first order of the
small coefficients. Therefore, the TLNs in the current
framework are well described by small linear corrections
to the vanishing TLNs of GR,

K: :0—|—Zajieji, K}zO—f—Zajej. (22)

a “basis” set for the TLNs. We also
introduce a basis for the coefficient of the running TLNs,

:t s
Here, we call ¢; /s

Ks =0+ aids. (23)
=3

K: :Oan:aidi

The bases ef/ % dji/ * are both theory independent. We
evaluate them in the next section, this being one of the
main results of this work. Once the basis is known, one
can immediately compute the TLNs and the coefficient of

the running TLNs up to the linear order of a given theory
by reading off the corresponding coefficients af/ * from
perturbation equations reduced into the form of Eq. (20).

We give relations for the tidal polarizability coefficients,
which are useful for data analysis in gravitational-wave
observation [22,67,68]4:

GM\ 2¢+1 2,. 2041 -

for the mass multipole moments, and

GM) 26+ (€= D &
Goy = | — >, = e,
o ( 2 ) ‘T A +2)(2f - 1)!!;0’1 i

(25)

for the current multipole moments. Here, A, and X, are the
dimensionless tidal deformability parameters for the mass
multipole moments and the current multipole moments,

*We write G and ¢ explicitly even though they are set to be
unity throughout the paper.
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TABLE I. Summary of the dependence of the bases eji/ * and dji/ ¥, for the TLNs (22) and (23) on the power j for the potential
modification (21).

j>20+4 2ls|+3< <2043 3<j<2s|+2

Odd (Js] =2), |s] =0, 1 Nonzero running (g]T/S =0, dJT/s £0) Zero (e;/s _ d;/s ~0)

Nonzero nonrunning (e;/* # 0, dji/ ' =0)

Even (|s| = 2) I Nonzero running (e;r =0.d] # 0)
respectively; M is the mass of the back hole. To the best of Note that this is not an asymptotic behavior of the
our knowledge, the role of running TLNs in the dynamics variables at large distances and that q)&)/) ¥ has been

of binaries and on gravitational waveforms is unknown. /s

renormalized in the process. The bases e’ are

. ) computed in a closed form in Appendix A. For
B. Computation of the basis set example, we have
We now focus on the main result of this work, the

calculation of the basis set for TLNs. This is the counterpart _ 1

of the basis set for quasinormal frequencies that was ¢jle— = _m’
calculated in Refs. [65,66,69]. Since we are assuming
small deviations from GR, the equations to be solved
simplify considerably and we are able to obtain analytical
results. These are powerful findings, which also teach us 1
which type of potentials lead to nonrunning, running, or el =— - ,
vanishing responses (i.e., basis), revealing the general S (2ls[ +1)(j = 2ls| = 3)
property of the TLNs. We then provide numerical results
for the nonrunning TLNs in scattering theory, which are in

(28)

for the quadrupolar magnetic-type TLN &, and

(29)

for the |s|th spin-s-field TLN K}, (note: even-parity

excellent agreement with the analytical results. We further gravitational perturbations are not described by this
introduce a method, based on a recurrence relation for the result and are instead discussed in Appendix B). There
basis, to verify consistency of our results. iS no running d;/ * =0 for j > 2¢ + 4. Results for
higher # can be obtained in a similar way and are

1. Analytical approach discussed in Appendix A.
(ii) j>2¢ + 4 for e;” and d;“: the first-order horizon-

Since the problem is linear, we can focus on the solution
of Eq. (20) with a single power-law correction of j, in o ) ,
the static limit @ = 0 and in a perturbative approach in a. series in powers of ry/r starting at (ry/r)”,
/

regular solution @6) takes the form of an infinite

First, we expand the master variable d)j,f * in terms of the

¢
. "n
coefficient aj[/ * up to the linear order, ‘I)(+1)|r>>rH x <7> [1+O(ru/r)].  (30)
qﬁ/s = QDZ_B/)S + a;-_L/ Sd)(il/f. (26) The basis e is analytically calculated in the manner
. . . demonstrated in Appendix B, and again we note that
We then solve the master equation order by order, imposing P+

) ; ; (o) has been renormalized. There is no running
regularity at the horizon. The TLN is read off from the
asymptotic behavior of the first-order horizon-regular

solution d%/)s at large distances, determining the basis.

afj+ =0 for j > 27 + 4. As an alternative approach,

one can generate ej+ for j =227 +4 from e} by
exploiting the Chandrasekhar transformation [56] as
shown in Appendix C. The results all agree with
those in the direct analytical derivation.

(i) 2|s| +3 < j <2¢+3 for ¢;* and d;"*: the first-

Details of the calculation for odd-parity and spin-s-field
perturbations are given in Appendix A. A discussion of
electric-type TLNs is provided in Appendix B.

One of our main findings is a qualitative dependence

. _ . /s
of the bases ef/s and dj:/s on the power j, which is order horizon-regular solution <I)<1) takes the form

summarized in Table I:
(i) j>2¢ + 4for e;/ ¥ and d;/ ¥+ the first-order horizon-

of an infinite series at large distances and includes
logarithmic terms, e.g., schematically,

regular solution <I>(_l/)s takes the form of a finite series -
in powers of ry/r starting at (ry/r)?, ‘D(_l/)s| j=2t43 ey & [ln <a> + O(l)]
/s ra\ ¢ ra\ ¢
o o« () 1+ 00wl @) < (2) 1+ 0t e
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The appearance of logarithmic corrections can be
understood as running of the TLN. We read d;/ * off
from the asymptotic behavior at large distances.
The presence of the running behavior also means
e;/* =0 for 2|s| +3 < j < 2¢ + 3. For 2|s| +3 <
Jj <2¢ + 2, contributions decaying slower than the
term of (ry/r)” are present, e.g., (ry/r)" ™! [see, e.g.,
Eq. (A41)], while logarithmic corrections still appear
on the order of (ry/r)?. The physical interpretation
for the slowly decaying terms is unclear and this
problem is left for our outlook

(iv) 3<j<2|s|+2 for e /* and d; /. the first-order

/s

horizon-regular solutlon <§[>< 0 takes the form of a

finite series up to the order of (ry/r)*I=!. There is no
series of (ry/r)’[1 + O(ry/r)], e.g., for £ =2,

r 2rg 1 (rg\?
o |, = 1+ 22 2 (22 o)
(l)|":4 6rH { + 3r + <r) ]’ (32)

which is the same as Eq. (A21). The absence of
the series (ry/r)’[1 + O(ry/r)] means that the
corrections of 3 < j <2|s| + 2 have no contribu-
tion into linear responses for static odd-parity and
spin-s-field perturbations; the first-order horizon-
regular solution is interpreted as an applied field.
We therefore conclude e;/ ' = d;/ *=0 for 3<
j<2s|+2.

(v) 3<j<2¢0+3 for e and dJr the first-order hori-
zon-regular solution <D( N takes an infinite series at
large distances and has logarithmic terms, e.g.,
schematically,

e 1 BRG]
H

x<jﬁfu-%oo“/ny (33)

The appearance of logarithmic corrections means

that the running behavior appears, while ei+ = 0. For
3<j<2f+2, there are contributions decaying
slower than the term of (ry/r)” [see, e.g., Eq. (B9)],

while logarithmic corrections still appear on the

order of (ry/r)’. We leave the physical interpreta-

tion for the slowly decaying terms in our outlook.

We thus obtain the general property of the TLNs implied
by the bases summarized in Table I: (i) corrections of 5Vi/ s
for j > 2¢ + 4 lead to nonzero and nonrunning TLNS. The
good agreement with the numerical result in terms of
scattering theory (see next section) supports our analytical
results and indicates they are ambiguity-free [52,53,57].
(ii) Corrections of 8V} (5V;/ *, respectively) for 3 < j <
2043 (2|s| +3 < j <26+ 3, respectively) give rise to

running TLNs. Running can therefore appear in high
multipoles even if the lowest multipoles have no running.
This is indeed observed in Chern-Simons gravity [25] and
an effective field theory framework [32]. (iii) Corrections of
5V;/ * for 3 < j <2|s| + 2 has no contribution into linear
responses. The vanishing of magnetic-type TLNs of

Reissner-Nordstrom BHs [25] is understood up to linear
order of the BH charge (see also Sec. IV B).

2. Numerical approach

We now consider the unambiguous numerical calcula-
tion of the basis of the TLNs, ei/ °, for j >2¢+4, in
scattering theory. The strategy was 1ntr0duced in Ref. [36]
(see also Refs. [29,54]) and an analytic continuation
of Z from an integer to generic numbers plays an important
role in exploiting the analytic property of the hypergeo-
metric functions in the analysis. Details are described in
Appendix D.

We assume that the frequency of scattering waves is
sufficiently low, wry < 1. As shown in Appendix D, for
Jj > 2¢ + 4, the solution of Eq. (20) at large distances is
well approximated by

+1
(I)i/‘ /s L ior
(F).2 q( F).z ( ) ryg ¢
(M(¢ + 1 = iwry, 2¢ + 2, 2ior)
n y:t/s (f + 1 —iwry, 20 + 2, —2i0)l’)), (34)

where q?;/)‘ff(r) is a function determined in Appendix D
[see, e.g., Egs. (D13) and (D14)]. M(a,b,z) and
U(a,b,z) are confluent hypergeometric functions, nota-
bly Kummer’s and Tricomi’s functions, respectively [70];

y;/ *is a function of w to be determined numerically

below. Note that q?;/);(r) is independent of the correction
sVE and takes the form of q?;/)ff(rﬂ,»m =1+
O(ry/r). The function @?EF/);
takes the form of superposition of ingoing and outgoing

waves and therefore satisfies the boundary condition for
scattering waves [36].

in Eq. (34) at r —» o

The function <I>(iF/>‘> takes the following form in a domain
rp<<Lr<l/w[36]:

N s r 7+1
q)?;/),f|rl.,<<r<<1/w = q?}/)f(r) <r_> (1 + O(G)I‘)
H
+/s -20-1
R [1+O(wr)]), (35)
H

with the “response function” F, /5 defined by [29,36,54]

(_l)f (21’ﬂ+ 1) i/s.

+/s o
Fo(o)= 22”](0);" VAT 4+ 1 —iwry) '’

(36)
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Equation (36) implies that the leading behavior of

CID?;/)} ry<r<l/o takes the form compatible with the asymp-

totic expansion of the master variables, i.e., Eqs. (14) and
(17), implying that the response function (36) captures
linear responses. We stress that subleading corrections to
applied fields and linear responses are not degenerate
thanks to the analytic continuation of ¢ from an integer
to generic numbers [28-30,36,54,57].

The comparison of Eq. (36) with Eqgs. (14) and (17)
leads to

=)=
COXR( 4 2) (4 1)
. rQ2¢+1)
1
w—0 (a)rH)M*lF(f =+ 1- ia)rH)

vz, (37)

and

. i(~1)T(2¢ + 1)
5 =1 5. 38
Ke wl_%22f+1(wrﬂ)2f+lr(f 11— iom) e (38)

It follows that, with the value of f;/ * being obtained, the
TLNs are computed. Therefore, the problem to compute
the TLNs numerically boils down to evaluating ﬁ/ ¥ for a
given small frequency .

To obtain ﬁ/ * numerically, we use direct integration,
a widely used method in the context of computation
of quasinormal mode frequencies [56]. We first prepare
the numerical solution CDI{E]{} by integrating Eq. (20)
from the vicinity of the horizon outward to large
distances, subject to the ingoing-wave condition at
the horizon. We next obtain two independent solutions,
d)l\i/l{; and d%’/;, by numerically integrating Eq. (20)
from large distances r = r,,, inward to the horizon
with initial data,

i 4 r\¢+1
®I\/I{)fi|r:rmax = q(F/)Sf <r_> elwr
H
XM+ 1 —iorg,2¢ + 2, -2iwr), (39)
and
7+1
(I)ﬂ:/s B — +/s L ior
U2 | r=rpax Q(F),f ry e
x U+ 1 —iory,2¢ +2,2ior). (40)

We then construct the numerical solution, Qﬁff =

@2 + 7, @y, To construct the global numerical
solution that satisfies the ingoing-wave condition at
the horizon and the boundary condition for scattering
. . +/s
waves at large distances simultaneously, we search y,
for a given small frequency so that the Wronskian of

ﬂ:/S i/s . . .
@ r, and Dp; , vanishes at some matching radius.

In GR (5V;E/S = 0), using y?/‘y in Egs. (37) and (38), we
find indeed a result consistent with the vanishing of the
TLNs for various matching radii, upper integration limits
Fmax/ T (S10%), and input frequencies wry (~10719).

We find that the bases ejt/ * of all the perturbations of the
lowest multipoles for j > 2¢ + 4 are stable with a five-digit
accuracy when the parameters of the direct integration
(outer boundary and matching radius) are varied. The
accuracy for the higher multipoles ¢ = |s| + 1,]|s| + 2,
|s| + 3 is at least three digits. For all the perturbations of
the lowest multipoles, the bases that we obtain numerically
are in good agreement with the analytical results with a
relative error <0.1%. For the higher multipoles, those are in
agreement with <1% at j = 2¢ + 4; the accuracy tends to
be worse for higher ;.

The bases of the TLNs are thus computed numerically in
an unambiguous manner. This is because (i) scattering
waves satisfy the boundary conditions that capture the
physical property of the waves, which fix the ratio of
the coefficient of the growing series in r/ry to that of the
decaying series and are incompatible with a coordinate
transformation altering the asymptotic behavior of the
waves in r — oo [29,52,53]; (ii) there is no degeneracy
between subleading corrections to applied fields and linear
responses in defining the response function (36) thanks to
the analytic continuation of # from an integer to generic

numbers [28-30,36,54,57]; (ii1) y:;/ * is computed from the
Wronskian of CDE{‘} and ®/°, at some matching radius
unambiguously.

3. Recurrence relation

An important consistency check of our result can be
done using the following recurrence relations among the

different bases eji/ Sfor j>2¢ +4 [71]:

We correct the typo in the term of (ryy/r)/*3 in Eq. (26) in the
reference.
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S 144 = 3) (@rw)e )

T 7(+2)
— [P =2)(44—=j(j —4) +5) = 1084(j = 1)(wry)*]e;
— (62— 1) + (24— 9) —

—ABAA—4) = F(AA—-18) +27) +34/2(A=9) — j(A(234 = 21) —

= 9[22 (? +4j +2) +2(j + 1)(6) +3j +4)
= A(3j(( +3) + 13) +9))lef 4},

for the even-parity perturbation, and

, 1
_/A:_
€5 (G+2)(G+2+28)(j+2-25)

. (4j<er> Sy G D)(=20)( 426+ 2

—(2j+3)2(1=5%)=2£(¢+ 1)+ j(j +3)] M)
(42)

for odd-parity perturbations and spin-s-field perturbations.
=15 of j >3 as well. The

analytical results for ef/ * and dji/ * all exactly satisfy those
recurrence relations with @ = 0. Since we are currently
interested in either static perturbations or low-frequency
waves, terms of (wry)? are ignored henceforth.

The relations (41) and (42) are derived from the
following consideration: First, we redefine the master
variables,

The same relations hold for d

lin/s

+/s FE/s isd FE/s
ot/ = &/ +e[1—f<2 =Y ) |8 (49)

where |¢| < 1. Here, the functions Yf/ * are generating

functions of the field redefinition,

+ (17‘1'37‘]_1)3 ryg J
Y= ) (44)

Y;/ = (%“)] (45)

The redefinition (43) modifies the shape of the effective
potentials, but the physical quantities, e.g., quasinormal
mode frequencies and TLNSs, must be invariant because
the underlying theory is the same, provided that the
redefinition keeps the boundary conditions. Therefore,
their “deviation” computed in the current parametrized
framework must be zero (see Ref. [71]).

92(2—3) + j(A(25 — 44) + 6)) — 108j(wry)?]eT,

=3j(+ 1) +2)]ef5 -

5 +362%(j — 2)(er)2e;r_1

J

Jj+1

27)le} s
0BG+ 1) +2)(2j+3)
(41)

In the absence of running, the redefinition (43) for j >

20 +4 for ®F (j>2+1 for ®,'°) keeps the ratio
between the coefficient of the growing series in r and
the decaying one, meaning that the leading asymptotic
behaviors of the solution at large distances remain
unchanged. Redefining the master variables by Eq. (43)
for j =20 44 (j = 2¢ + 1, respectively) first leads to the
relation (41) among ej for 2/ +4<j<2/+9 [the
relation (42) among e;/ " for 2¢ +4 < j < 2¢ + 6, respec-
tively]. Then, recurrence relations (41) and (42) determine
e3,, 10 and €5/’ 5, respectively. In this way, one can obtain
the basis up to any order of j, once the bases at the lower
order are known.

In the presence of running, the redefinition (43) of j > 3
for ® (j >0 for CI);/ *) keeps the ratio between the
coefficients of the growing series in r and that of the
decaying series, meaning that the leading asymptotic
behaviors of the solution at large distances remain
unchanged. We therefore have the same recurrence rela-

tions as Eqgs. (41) and (42) for dﬁ/  as well.

C. Results

Our main results are presented in Table II, which gives
the bases of the quadrupolar electric- and magnetic-type
TLNs, i.e., eﬂ ¢—o for j > 8, which are analytically calcu-
lated in terms of static perturbations in the perturbative
manner of the correction. The analytic expression for
€7ly— is given in Eq. (28). The data for gravitational
(Is| = 2), scalar-field (s = 0), and vector-field (|s| =1)
perturbations of £ = |s
4 < j <50 are provided online [72].

Table III is another main result, giving the bases of the
quadrupolar running electric- and magnetic-type TLNs,
d;|s—. The data for gravitational (|s| = 2), scalar-field
(s =0), and vector-field (|s| = 1) perturbations of £ =
Is|, |s Ctis
worth mentioning that the bases for two sectors of the
running TLNs at j =7 are identical, i.e., d;r = dy; this
property breaks at lower j. This is common to other
multipoles, i.e., d3,.5 = dy, ;.
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TABLE II. Bases of the quadrupolar electric- and magnetic-
type TLNs, i.e., eji|f:2 for j > 8, analytically calculated. The
analytic expression for e7|,_, is given in Eq. (28). The data for
gravitational (|s| =2), scalar-field (s =0), and vector-field
(Is| =1) perturbations of ¢ =]s|,|s|+ 1,|s|+2,|s|+3 for
2¢ + 4 < j <50 are provided online [72]. The results are derived
analytically with arbitrary accuracy, but we truncate at ten digits.

Note that e;/* = 0 for 3 < j < 2¢ +3.

J ef s €7 o

8 —0.02156690509 —0.01666666667
9 —0.01081520056 —0.008333333333
10 —0.007051104784 —0.005555555556
11 —0.005164475128 —0.004166666667
12 —0.004045502617 —0.003333333333
13 —0.003311127186 —-0.002777777778
14 —0.002795061669 —0.002380952381
15 —0.002414022140 —0.002083333333

Figure 1 visualizes e}“ of £ =2, 3, 4 as a function of j.
The absolute value of e;-r is monotonically decreasing as j is

increased. The qualitative behavior is common to other
parity/spin perturbations.

D. Convergence of the series
Consider now the convergence of the series expansion of
the TLNs in Eq. (22). Note that d;/* = 0 for j > 2£ + 4;
hence the expansion of the running TLNs in Eq. (23) is a
finite series. The criterion for convergence is
a1t

+/s +/s
an/ en/

lim

n—oo

<1 (46)

For odd-parity and spin-s-field perturbations with £ = |s|,
one can show from Egs. (28) and (29),

TABLE 1II. Bases of the quadrupolar running electric- and
magnetic-type TLNSs, i.e., d¥|,_, for j < 7. Although there are no
analytical expressions for generic j, d7 |,_,, d¢ |,_, and d7|;_»
are analytically derived in Eqgs. (BS), (B11), and (A18), respec-
tively. The data for gravitational (|s| = 2), scalar-field (s = 0),
and vector-field (|s| = 1) perturbations of ¢ =|s|,|s|+ 1,
|s| + 2, |s| 4+ 3 are provided online [72]. The results are derived
analytically with arbitrary accuracy, but we truncate at ten digits.
Note that df =0 for j>2/+4 and d;/* =0 except for

20s| +3<j<26+3.

s

J d.i+ = di |

3 —0.005273437500 0

4 0.02500000000 0

5 0.009375000000 0

6 —0.02500000000 0

7 —-0.01666666667 —0.01666666667

OF [AYAYANANANANANANA]
IN- %

PXXX:
A oo°°°°°°
o
0005 o
o
oy A
E -0.01+ o
+._
m’\
~0.015} O (=2
A /=3
O (=4
~0.02
©

8§ 10 12 14 16 18 20 22 24
j

FIG. 1. The even-parity bases for £ = 2, 3, 4. These bases share
the same qualitative behavior with other parity/spin perturbations
for a fixed 7.

_/s
€ni1 |Z:\s|

= 1. (47)

For generic cases, we find that the asymptotic behaviors
take the form from the analytical result,

/s F:t/x
ej ~ = PR
J

(48)

j> 10,

where I'*/% is a positive constant. Figure 2 shows the
asymptotic behavior together with the exact results for the
even-parity quadrupolar basis. The asymptotic value pro-
vides a good description even at moderate values of j.

Additionally, the recurrence relations (41) and (42) for
large j take the forms

-0.0002

T

T

-0.0004

=2

T

€j+|/

-0.0006

T

-0.0008

[o)¥e]
[eXeYe) OOOO.lllrlru

-0.001

T

8 50 100 150 200 250
j

FIG. 2. The even-parity quadrupolar basis. The blue points
correspond to our exact analytical results, the solid orange line
corresponds to approximation in Eq. (48), with '™ ~ 0.0177.

044067-10



PARAMETRIZED LOVE NUMBERS OF NONROTATING BLACK ...

PHYS. REV. D 109, 044067 (2024)

Y8 e 2(-9 e
Ox——el|1- fi + ( )e* 1 -2
27 e 27 U e,

+ ej++4 + e;r+5
—Deji5( 1 o) el ) (49)

j+4

y 67/2 y eT/g

—/s J+ —/s Jt ~

i3 (1 - _/s> €jta (1 - _/s> =0. (50)
€j+3 €jt4

Thus, we find

and

ei/x
: n+1
lim /s
n

n—oo e

= 1. (51)

The criterion for convergence in Eq. (46) reduces to

+/s
lim 'j/{ <1 (52)
n=oo| gl

Therefore, the expansion of the TLNs by Eq. (22) is
convergent if the expanded potential itself converges.

E. Subtle case

We note a subtle case in the application of our formalism.
It happens only when, although a given potential correction
/s respectively) for 3 < j<2/+3
Q2|s| +3 < j £2¢ + 3, respectively), be/“' in Eq. (23)
vanishes, i.e.,

has nonzero aj+ (a;

2043 2043

z; afdf =0, Y aihd;f =0 (53)
=

Jj=2s|+3

For example, this holds in the odd-parity sector of
octupolar gravitational perturbations of the effective field
theory of ¢, in Ref. [31].° The same happens in the even-
parity sector of quadrupolar gravitational perturbations
as well.

If Eq. (53) holds, the field will have no logarithmic
corrections at large distances and, instead, will give the
nonrunning TLNs. However, each j contribution has a
logarithmic term according to the analysis in Appendixes A
and B (see also Sec. III B 1). That means that a miracle

®Although the right-hand side in Eq. (53) is exactly zero, the
bases d,-i/ * provided online [72] give O(107") x ¢, because we
truncated them at tenth digits, even though they are obtained at
arbitrary digits.

cancellation of the logarithmic terms in the summation
over j happens.

in Eq. (22).”
However, it is subtle if the obtained Kif/ ¥ is indeed the
TLN for the following reason: in the construction in
Sec. III B 1, the first-order horizon-regular solutions with
logarithmic corrections for each j have the terms of the

Even with Eq. (53), one can compute K;Tr/ s

[ln(r/rH) + ¢; /](rH/r)’f, at large distances,
+/s +/s

form p

where p; are constants [see e.g., Egs. (A16)
and (A41)]. Then, its summation over j becomes

and c;

2043 2043

ZP / In(r/ry)(ru/r) +Z o i/s (ra/r)’.

When the summation of the logarithmic terms vanishes,

Z” 13 i/ Sci/ * comes into play as a constant appearing in

front of (rH / r)?, which may be interpreted as another
contribution into the nonrunning TLN, in addition to j >

2¢ + 4 leading to K;:/ *in Eq. (22). However, our formalism

does not take Y3717 pf/ ‘¢! into account. This is because

c]-i/ generically includes subleading corrections to terms
decaying slower than (ry/r)? as well, but the distinction is
ambiguous, meaning it is unclear if the contribution of
sz% /s £/

c¢;'" is a purely tidal response. To resolve this

subtlety, a better understanding of the slower decaying
terms is required.

IV. EXAMPLES

We now provide examples of the application of our
formalism to particular theories of gravity, whose linear
perturbation equations can be reduced into the form of

Eq. (20) with a convergent potential correction 5V}7—/ ’

A. Effective field theory

We apply our formalism to the effective field theory
approach in Refs. [31,73], in which deviation from GR is
characterized by three parameters associated with higher-
order curvature corrections. We here focus on corrections
of A and A, which are translated into dimensionless
coupling parameters €, and €, respectively [31].

1. e, correction

A nonspinning BH in this setup is described by the
Schwarzschild geometry. The even-parity sector of gravi-
tational perturbations is governed by the Zerilli equation in
Eq. (11); therefore, the electric-type TLNs all vanish [31].
On the other hand, the odd-parity sector satisfies the
deformed Regge-Wheeler equation, i.e.,

"Note that e =0 for 3 < j <27+ 3 (see also Table I).
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d | ddo;
Fa ] =gy s ovale; =0 (s

with the correction

18(€ +2)(2 + 1)£(£ - 1) <r_H> o

2
g r

8V =e (55)

Only the tenth coefficient in the expansion of the TLN in
Eq. (22), ie., aj,, is nonzero. For the quadrupolar case
¢ =2, we have the analytic expression for the basis,
eJT| ¢—2, in Eq. (28), thereby immediately obtaining

Ky = —5 . (56)
Taking into account the difference of the definition in
Ref. [31] from the current work (see footnote 2), we
reproduce the result x; = —€,384/5 in the reference
exactly.
In the same manner, we obtain

K7 = —18.4286¢;, (57)

for £ = 3. For £ > 4, running behaviors appear, e.g., the
coefficient is calculated to

K3 = 432.000¢,, (58)

for £ =4. This trend—running appears in higher
multipoles—is also observed in Chern-Simons gravity in
Ref. [25] and the effective field theory framework in
Ref. [32] (see also Sec. IV C).

2. €; correction

In this setup, a nonspinning BH slightly deviates from
the Schwarzschild geometry. We here discuss the odd-
parity sector of gravitational perturbations. The even-parity
sector of quadrupolar gravitational perturbations corre-
sponds to the “subtle” case of Sec. III E.

Following the manner in Ref. [65], the master equation is
reduced into the deformed Regge-Wheeler equation (54)
but the correction takes the form, e.g.,

SV- — 561 'y 3 1561 'y 4 561 rg 5
2 4\ r 1675 \ r 8rg \ r
5 6 5 8 5 9
_ €12 ™ + 612 ;| + €21 ™
16rg \ r 16rg \ r 8rg \ r
3972961 rg 10 2441361 'y 11
— 3 —_— + 5 —
16ry r 4ry r

" (59)

for # = 2. The variable ®; for generic £ is related to the
original master variable W' in Ref. [31] by

Y = (14 ¢,6Z)" 1207,

19968M1'0 — 11264M°r + 5Mr°
67 = 5 reMr (60)
4r’(r —2M)

where M is the BH mass that satisfies ry/M = 2 + 5¢, /4.
The master equation of £ = 3 can also be reduced into the
deformed Regge-Wheeler equation (54) but it corresponds
to the subtle case of Sec. IITE.

To obtain the TLNs, we first expand ®7 in terms of ¢,
up to the linear order: ®, = d)(‘o) + €1<I>(‘l ) Then, ¥} in
Eq. (60) is also expanded as

62‘6‘1:0 -

et (0)>. (61)

One can immediately calculate the “TLN”, say, kg, ,, for @,
with our formalism by Eq. (22), e.g.,

2717

Koo = 28001 (62)

for £ =2. Note that this is not the TLN of the BH
in the current theory. We next obtain the prefactor,
say, 2(£+2)(¢+1)/[£(¢—1)|kz,,. of (ry/r)” of
—61(52|€1:0)<1><‘0) /2 at large distances. The TLN is there-
fore computed by k,; = kg, , + K57 4 €8

€1, (63)

K2 = %
for # = 2. Here, we have used @[, = (r/ry)? for £ = 2.

Taking into account the difference of the definition in
TLNs, we recover exactly the value €,432/25 quoted
in Ref. [31].

B. Reissner-Nordstrom black holes

We apply the formalism to the odd sector of gravitational
perturbations on a Reissner-Nordstrom BH of small charge,
ie., r_ < ry, where ry /- is the location of the outer
and inner horizons, respectively. Following Ref. [65], the
perturbation equation is reduced to

d| dod; -2
f%[ d—:] + [(1—:—;> wz—f(V;—HSV;)}(I);—O,

(64)

with the correction

_ — 3 — 4 2
5V;:a_g+“_;(r_ﬂ) +_<_) +0<r—‘), (65)
rH }"H r }"H r ry
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where we have introduced

B r_ _ Pt +4r 5.
(10 :2(0)7']_[)2%, (13 :—fa’ a4 :E
(66)

We ignore the contribution of (wry)?. The variable ®; is
related to the original master variable ®gy , in the Reissner-
Nordstrom spacetime by

F O\ -1/2
Dpnye = <1 - 7_> D7 (67)

The analysis in Sec. III shows that the corrections of
3 < j <6 give no series of (ry/r)?[1 + O(ry/r)] in @;.
Noting @7 |, _, is a finite series in r/ry without inverse
powers, one can then show that ®gy , in Eq. (67) has the
vanishing magnetic-type TLNs up to O(r_/ry), which is
consistent with the known exact result [25].

For the static quadrupolar gravitational perturbation,
Egs. (A21) and (A29) with the parametrization by Eq. (66)
lead to the horizon-regular solution up to linear order,

(I)RN,Z = E 1

which explicitly shows the vanishing of the TLN within
O(r_/ry). This is indeed the horizon-regular solution of
the master equation up to O(r_/ry) for the odd-parity
gravitational perturbation in the static limit, e.g., Eq. (29)
in Ref. [65].

4r_ry

+ ——) , (68)

3rH r

C. Running in the effective field theory

We further apply our formalism to the coefficient of the
octupolar, running, |s| = 1, TLN in Ref. [32]. The master
equation is reduced into the form of Eq. (20) with the
correction

110a 3 105& 4 100a 3
10 ) 102 ) 10 o)
H H H
95a ry 6 90a ry 7 Tl ry 8
+r—2(7> +r—z<7 “E A\

H H H

10564 9
- (—) , (69)

g r

where @& := ak?/r}; (see Ref. [32] for notation). The

variable ®) is associated with the original ¥; in
Ref. [32] by

w, ( . §4r%r - IOrHr6> -1/2@‘ (710)
(r—ry) :

The presence of the terms of 5 < j <9 in 5V} implies the
appearance of a running behavior.
As in Sec. IVA2, we obtain the prefactor of

In(r/ry)(ra/r)*[1 + O(ry/r)] in ®} by Eq. (23),
K§ 5 = 100.571a. (71)

The absence of logarithmic terms in ®}|;_, means that the
original variable W5 has the identical coefficient of the
logarithmic correction as that of @}, i.e.,

K} = 100.571a. (72)

We thus recover the coefficient of the running behavior
in Ref. [32].

V. SUMMARY

In this work, we have developed a theory-agnostic para-
metrized formalism to compute the TLNs of BHs in generic
theories, for which the perturbations can be put in a master
equation close to that of vacuum GR. Our framework
assumes that (i) the background is static and spherically
symmetric, (ii) master equations take the form of those of GR
with small linear corrections, and (iii) there is no coupling
among different physical degrees of freedom. With this
formalism, one can quantifiably investigate the deviation
of BH TLNs from the GR value, zero. Additionally, given
master equations in the form of Eq. (20), one can immedi-
ately compute the corresponding TLNSs up to the linear order
of corrections. Our formalism correctly recovers known
results in the literature [25,31,32].

Our formalism provides a computational framework, but
also unveils some of the general properties of the tidal
response of static and spherically symmetric BHs. Our
findings on the qualitative behavior of model-independent
coefficients in the current framework are summarized in
Table I. For small linear power-law corrections to the
effective potentials in GR, i.e., Eq. (21), those of j >
2¢ + 4 contribute with nonzero TLNs, while those of 3 <
Jj<20+3 (71<j<2¢+3, respectively) give rise to
running of the electric-type (magnetic-type, respectively)
TLNs. Corrections of 3 < j <6 in the odd-parity sector
have no contributions into tidal responses. A running
behavior can appear in higher multipoles even if the lowest
multipole has no running TLNs. This is consistent with the
observations in Chern-Simons gravity in Ref. [25] and the
effective field theory framework in Ref. [32].

One should note that our formalism assumes nonrota-
ting BHs. Clearly, a generalization to include BH spin is
necessary. Fortunately, two facts help us here. The first is
that even spinning BHs have zero TLNs [28,29]. Any
nonzero TLN is then an imprint of new physics, whether
the BH is spinning or not. Second, for reasons not yet
totally understood, BHs observed in the gravitational-wave
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band all have, at most, modest spins [74]. It might thus
be interesting to consider systems constructed per-
turbatively under the assumption of slow rotation. We
expect that modification to the Sasaki-Nakamura [75,76]
(or Chandrasekhar-Detweiler [77]) equations, which reduce
to the Regge-Wheeler/Zerilli equations in the nonrotating
limit, are more useful extensions of our work.

This work can be extended in various directions. First,
the extension to systems with couplings among different
physical degrees of freedom reveals a rich structure of the
TLNs in systems that slightly deviate from GR and/or exact
vacuum environments. Second, it is important to develop
the formalism in rotating BH backgrounds for testing
theories of gravity via future gravitational-wave observa-
tions. Third, the construction of the formalism in a variety
of potential corrections, not only the simple power-law
expansion in Eq. (21), expands the scope of the application
of the parametrized formalism. Finally, it is possible, in
principle, to extend the parametrized formalism to dynami-
cal TLNs in line of Refs. [78—80] with our scattering-theory
approach.

There still remain open questions in understanding tidal
responses of compact objects. First, it is unclear how the
running TLNs work in the dynamics of binaries and on
gravitational waveforms. Second, it would be important to
study how the running TLNs we found and their cancella-
tion discussed in Sec. III E can be understood in terms of
an effective field theory description in an unambiguous
manner in Refs. [54,57,64]. Third, the physical interpre-
tation of terms decaying slower than the term of multipole
moments in the asymptotic behavior of perturbation fields
at large distances is ambiguous. We expect that a better
understanding of it leads to resolving the subtlety discussed
in Sec. IIIE. Finally, there might be some connection
between vanishing of the TLNs even in the presence of
deviation from a Schwarzschild background and “hidden”
symmetric structure [42-51], or possibly in relation with
the ambiguity of an effective potential pointed out
in Ref. [71].

The perturbation data can be found online [72].
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APPENDIX A: MAGNETIC-TYPE
AND SPIN-S-FIELD LOVE NUMBERS

Here we provide some details on the analytical calcu-
lation of TLNs and how their properties change qualita-
tively depending on the power-law index j, as we
summarized in Sec. III B 1.

Consider the odd-parity gravitational and spin-s-field
perturbations in Eq. (20) with a single power-law correc-
tion, in the static limit w — 0,

—/s —/s .
d dq)bp/ /s % ra\’ | - /s
— L (=2 |®)° = Al
dr [f dr] [Vf + o \r ‘ 0. (A1)

where V;/ *is in Egs. (13) and (16). We expand the variable

CI>;/ * in the small coefficient a;/ s

O/ — C[)(_O/)S + a;/ SCID(_I/)S. Order by order, Eq. (A1) is then

up to linear order as

—/s
d [ d® /s
|:f (0) :| _ Vf/bq) /s =0

ar |/ ar 0 =0 (42)
at the zeroth order and
d d(I)(_l/)S —/8 7—/$ 1 'y J —/s
98] e < (W) o a

at the first order.

1. £ =|s| case

We begin by considering the £ = |s| case. Imposing the
regularity condition at r = ry, we obtain the horizon-
regular solution at the zeroth order,

(I)_/S _ L [s|]+1
o=\

We set the coefficient as unity without loss of generality.
The zeroth-order horizon-regular solution is purely grow-
ing in r, explicitly showing the vanishing of the quad-
rupolar magnetic-type TLN of Schwarzschild BHs [21].

(A4)

Consider now first-order contributions of a;/ *. Expand

—/s
<I>(]) as
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[s]4+1 2 k
-/s _ (T —/s(TH
o) = (m> ;ﬁk (r> . (AY)
With this expansion, Eq. (A3) is reduced to
'y -3 —/s - —/s
— ) t2lslA = (k=2ls)[(k + 1)1
k=1
—/s1( TH k
—kpCI =) =0. (A6)
r

Notice that 3, /* is free from any constraint, corresponding
to the coefficient of the horizon-regular solution at the first
order, i.e., qDZl/)S = ﬂa/“'(r/m)"““. We set ﬂa/“' = 0 with-
out loss of generality because this solution only contributes
to the renormalization to the zeroth-order horizon-regular
solution (A4). In the following, we analyze Eq. (A6) for
each of the cases j >2|s|+4, 4 <j<2ls|+3 (s #0),
and j = 3.

a.j>2|s|+4

One finds the recurrence relation,

(k+ 1By = kB (A7)

which implies that, for |s| =1, 2, the coefficients ﬂ;/ s
vanish for 1 <k <2|s| due to the presence of the term
(rg/r)’~3 and the factor k — 2|s| in the sum in Eq. (A6); for
s = 0, the coefficient 4! is free.

The coefficient ﬂ;é ‘s .1 is free and determines the
sequence of ﬂ,:/ ' up to k= j—3 uniquely from the

recurrence relation (A7). The coefficient [ij__/ ; is then
determined by

L @s] 4+ 1)( = 20s] =383,
G-21[=3)(-2)

The recurrence relation (A7) determines the coefficients

S
2=

(A8)

,B;/ *for k > j — 1 as well, leading to an infinite polynomial
of ry/r, corresponding generically to the horizon-singular
function.

The recurrence relation (A7) implies that one can set

ﬂ;/‘Y = 0 for k > j — 2 by choosing

1
Q2ls[+1)(j = 2[s]=3)°

Bt = — (A9)

such that ﬁj__/ ; vanishes. With this choice, the finite

polynomial in 2|s| + 1 < k < j — 3 corresponds to another
independent first-order horizon-regular solution. We thus
obtain the horizon-regular solution up to first order,

o = (L) ()
T\ Qls|+1)(j =2[s[ =3) \ r

2 1 Jj=2|s|-4
i BT ()]
j—3 r

Equation (A10) allows one to read off the TLNs,

(A10)

_ @;

2T T60(i-7) (AD)

for the odd-parity gravitational perturbation (|s| = 2), and
—/s

-/ a;
K== ! ,
d 2[s[+1)(j —2ls| = 3)

(A12)

for the scalar-field (s =0) and vector-field (|s| =1)
perturbations [see definition in Eq. (14)]. We thus obtain
analytic expressions for the bases for the TLNs,

1
€;|Lp:2 = —m’ (A13)
for odd-parity gravitational perturbations (|s| = 2), and

1
Gl = BTG =25 =3)"

(A14)

for scalar- (s = 0) and vector-field (|s| = 1) perturbations.
These satisfy the recurrence relation (42) for w = 0.

b. 4 <j<2|s|+3 (s £ 0)

Equation (A6) implies ﬂl_/ * = 0. The recurrence relation
(A7) then gives ﬁ,:/ =0 for 1 <k <j-3 [by noting
ﬁ;_/ 5 # 0 as Eq. (A6) implies]. The coefficient of (ry/r)/ =
in Eq. (A6) leads to the relation

$(#0) _ !

b G- AP
Thus, for j=2|s| + 3, the power-series expansion in
Eq. (AS) is not appropriate, since the asymptotic behavior
at large distances does not scale as powers of r solely. In
fact, solving Eq. (A3) directly shows that the first-order
solution includes logarithmic terms of r. After renormaliz-
ing the zeroth-order horizon-regular solution (A4), the
asymptotic behavior of the first-order horizon-regular
solution at large distances takes the form

@5 e = =3 (%) [in( ) + 00| 1+ O/

r rg

(A16)

for |s| =2, and

044067-15



KATAGIRI, IKEDA, and CARDOSO

PHYS. REV. D 109, 044067 (2024)

O o, :—% [m (é) +0(1)} {1 +o(r7H>} (A17)

for |s| = 1. This can be understood as running of the
TLNs [25,26,32,34,57], whose coefficient is interpreted as
a f function in the context of a classical renormalization
flow [26,57,64]. One can read the bases of the coefficient of
the running TLNs,

1
&5l == 5. (A18)
for |s| =2, and
1
iy = -5 (A19)

for |s| = 1.
We focus on 4 < j < 6 for |s| =2 and j = 4 for |s| = 1.
With ﬂj__/ 2‘ determined, the recurrence relation (A7) gen-

erates a finite polynomial of ry/r up to k = 2|s|, which
corresponds to another independent horizon-regular

solution with the coefficient ﬂj__/ ; at the first order. For

k > 2|s| + 1, the recurrence relation (A7) gives an infinite

polynomial that corresponds to the horizon-singular sol-
ution with the coefficient ﬁ;\/s ‘S . at the first order. Imposing
the regularity condition at the horizon, i.e., ﬂ;{y ‘S 1 =0, we

obtain the horizon-regular solution,

_ rg _ 1 37"].[
Pili=e =7+ Puli==¢ <1 + 4), (A20)

r 2rg 1 (g2
O |y =1+t —+=(— , A21
(1)|/_4 6rH[ * 3r +2(r> } (a21)

for |s| =2, and
1 1

) = -3 (A22)

for |s| = 1. Therefore, up to first order,

®5:<é>3{1_ (8- J)(672J)+18[ <1_r7H>
7 3
(1 e () )] e

for |s| = 2, and

o G B2 (-] oo

for |s| = 1. The absence of the term of (ry/r)!*l shows that
the TLNs vanish. Thus, we conclude that corrections of

4<j<2ls|+2 (s#0) have no contribution to the
expansion of TLNs in Eq. (22).

c.j=3

For s = 0, there are no coefficients 4 compatible with
Eq. (A6); a power-series expansion in Eq. (AS5) is not
appropriate. Solving Eq. (A3) directly shows that the first-
order solution includes logarithmic terms in r. After
renormalizing the zeroth-order horizon-regular solution
(A4), the asymptotic behavior of the first-order horizon-
regular solution at large distances reads

W lrar, ==() [m(.2) + 00| 1+ O
(A25)

This is again a sign of a running behavior [25,26,32,34,57],
whose coefficient is interpreted as a f function [26,57,64].
One finds the basis of the coefficient of the running TLNSs,

d(3)|f=0 = -1 (A26)
Equation (A6) for s # 0 leads to
P =g (ke DB = kg, (a2)
for 1 <k <2|s| and
(k+ DELT = ki 7, (A28)

for k > 2|s| + 1, where ﬁ;‘/s ‘Y 1 is free. On the one hand,
Eq. (A27) implies that there is another horizon-regular
solution with the coefficient ;/**” (= —(2|s)~!), which
takes the form of a finite polynomial of rg/r. On the

other hand, Eq. (A28) gives rise to an infinite polynomial
that corresponds to the horizon-singular solution with the

coefficient ﬁiﬁ Tﬁo) . Imposing regularity at the horizon,
ﬁ;lﬁ “ jo = 0, we obtain

(A29)

for |s| =2, and
r T
o =— " (148, A30
) 2ry < +2)’) (A30)

for |s| = 1. Therefore, up to first order,
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o= (1) (5o 2 (]}

(A31)

for |s| =2, and

o (g o)) o

for |s| = 1. There is no (ry/r)?! term; TLNs vanish even up
to first order, meaning that corrections of j = 3 have no
contribution to the expansion of TLNs in Eq. (22).

2. General 7 case

Consider now the extension to generic 7. Expand the
first-order solution of Eq. (A3) as

41 ® o\ K
¢_/S - <L> ﬂ_/s <_H> .

With this expansion, Eq. (A3) is reduced to

(A33)

jre-2
<r—H> O+ (22— )" 205

p
=) [k + 1) (k- 20)B0

k=1

r

—{k(k =26) + % — s} 5] (”‘) - 0, (A34)

where @&)/)S is the horizon-regular solution at zeroth order.

Note that the first term on the left-hand side takes the form

of the (£ — |s| + 1)th-order finite polynomial in ry/7,
ra\Jte=2 i\ /3 _ J=3+e~ls]
(1) o = () ()
r r r
(A35)
where c;/ * is a constant determined uniquely. Henceforth,

we focus on ¢ > |s| + 1.

a.j>20+4

One finds the recurrence relation,

(k+1)(k=20)p05 = [k(k=2¢) + 2 = 2B, (A36)

which implies that £,/ | =7, =0 and p3/%, is

free. Noting 27 4+ 1 < j — 3 in the current assumption, the
presence of <I>(_0/)S has no contribution to the sequence of
B./* for 0 <k <2¢. Therefore, f;/* =0 for £—|s| +
1 <k<2¢7.

Equation (A34) also shows

£r— 52

—/S
20 b

pl ==

(A37)

Given f3, / *, the recurrence relation (A36) generates a finite
polynomialupto k = ¢ —

renormalization of the zeroth-order solution <I>&)/)S. We set
By/* =0 so that /* = 0 for 0 < k < £ — |s| without loss
of generality.

The free coefficient ﬁ;;frl leads to an infinite polynomial

from the recurrence relation (A36), which corresponds
to a horizon-singular function. The highest-order contri-

bution of ®J", i.c., the term of ¢;”* in Eq. (A35), is at
k=j—2+¢=|s|. The coefficient ;5 . is deter-
/*in addition to £/}, [Eq. (A8) for £ = |s]
with c‘ | = 1]. To remove the singular contribution, we

choose ﬁ2f+1 so that ,B_/S =0 for k>j—-2+7¢—]s],
thereby obtaining the finite polynomial for 22 + 1 < k <
j=3+7¢-
solution at the first order. We thus arrive at

. r\ ¢+l iy £—|s| s s
= () [ (2) T
¢ o —C+j—4—]s|
@) o))
r ﬂZf—H r

(A38)

mined by c,

The zeroth- and first-order solutions are, respectively,
purely growing and decaying in r. Thus, the correction

j > 2¢ + 4 gives nonzero TLNs «,/* = a;/ Sﬁgﬁl, where
po/%y is determined by /)71__/ > s-1s = 0. thereby obtaining

i« oI5 g/
the basis ¢;* = /1.

b. 2[s|+3 <j <2£+3

We now solve directly Eq. (A3), imposing regularity at
the horizon and renormalizing the zeroth-order horizon-
regular solution. The asymptotic behavior at large distances
includes a logarithmic term, e.g.,

() [o(G) 0]
Jree?))

for j = 9. We then find the basis of the coefficient of the
running TLNs,

cI)(_1) |f:3.r>>rH =

(A39)
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3 1
dylp—s = <— —> ~ —(.02142857143. (A40)

200\ 7

For 2|s| + 3 < j < 2¢ + 2, there appear series decaying
slower than (ry/r)? at large distances, e.g.,

()3 0)
x [m(é) +(’)(1)} {1 + O(%‘)]

(A41)

for j = 8. The logarithmic term appears at order of (ry/7)”.
A series whose leading term decays slower than (ry/r)” is
present. Its physical interpretation is unclear. We can read
the basis of the running TLNS, e.g.,

3 /5
dgl,—3 = 20 <ﬁ> ~0.03571428571.  (A42)

c.3<j<2s|+2

All terms from @/ in Eq. (A35) contribute to the
sequence ofﬁ,:/“' forj—2<k<j—-2+¢—|s|. The order
of the highest-order contribution, k = j —2+ ¢ —|s|, is
smaller than k = ¢ + |s| + 1 at which the right-hand side
of the relation (A36) vanishes. Therefore, we have a finite
polynomial for 0 < k <7 + |s|, which corresponds to a
horizon-regular solution including the contribution into the
renormalization of the zeroth-order solution.

The recurrence relation (A36) then leads to ﬁ,:/ ¥ =0 for
¢+ |s| + 1 < k <27 — 1. The coefficient ﬂ;}il is free and
generates an infinite polynomial that corresponds to a

horizon-singular solution. Setting ﬂ;}il =0, we find

/s T r+1 iy 7 Is=1

ru 7
where ﬂ;f‘_y‘ is determined by the recurrence relation (A36)

with f;/* being set. There is no series of (ry/r)’[14
O(ryg/r)], meaning no linear responses. Therefore, correc-
tions of 3 < j <2|s|+2 have no contribution to the
expansion of the TLN in Eq. (22).

We provide an example obtained by solving Eq. (A3)
directly. After renormalization of the zeroth-order horizon-
regular solution, the first-order horizon-regular solution
reads, e.g., for j = 6,

1 7rH

D |y = == Ad4
Wl =13 1307 (Ad4)

APPENDIX B: ELECTRIC-TYPE TIDAL
LOVE NUMBERS

The extension of the previous construction (Appendix A)
to electric-type TLNs is straightforward, and we sketch it
here. We focus on the quadrupolar case (£ = 2). Extension
to arbitrary Z is trivial.

We have the zeroth-order horizon-regular solution,

4r r\3 3rg 3 /rg\?
O, =— (=) 1 E_Z(H) | (BI
(0)|f*2 4r + 3ry (rH) [ +2r 4(}’)] (B1)

The Zerilli equation with £ = 2 at the first order takes the
form

d dq)(Jrl) +p+ U () ot
E[f e }—qua(l) :%(7> D). (B2)

The general solution in a closed form is cumbersome.
It consists of a linear combination of a horizon-regular
and a horizon-singular solution. We choose one of the
integration constants such that the horizon-singular
solution is removed. Another integration constant only
contributes into the renormalization of the zeroth-order
horizon-regular solution (B1).

The asymptotic behavior at large distances is qualita-
tively differentif j > 2 +4 or3 < j < 27 + 3. We discuss
the derivation of the TLNs in j > 27 4 4 and show the
appearance of a running behavior in 3 < j <27 + 3.

1.j>20+4

Here, we consider j = 8 as an example. The asymptotic
behavior of the horizon-regular solution at large distances
takes the form

r\3 T
A e
2
q(TH o
+cs(r> [1+(9<r>], (B3)

where cf is the remaining integration constant of the
general solution of Eq. (B2), and

’ 697+1121n 7
Cg = ——2Z- T 5 -1
8 675 81 4

The form of the c{ series is identical to the zeroth-order
horizon-regular solution (B1). One can set c§ = 0 without
loss of generality because it only contributes into the
renormalization of the zeroth-order horizon-regular solu-
tion (B1). The series of cg is independent of that choice.

With cé = 0, the first-order horizon-regular solution is
interpreted as a purely tidal response. Noting that the
coefficient of the leading term of the zeroth-order

(B4)
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horizon-regular solution (B1) at large distances is unity, we
read the basis of the TLNs off,

1 697 112 7
o =— | ——— 4+ _—"In(=)| ~=0.021 )
eg ly—n B { 675+ 21 n<4>} ~ —0.02156690509

(BS)

This agrees with the value obtained with another analytical
approach introduced in Appendix C and the numerical
result in scattering theory in Appendix D. The same
happens for other j(> 27 + 4).

2.3<j<20+3

We first focus on j = 7. The first-order horizon-regular
solution at large distances takes the form

itm o) o) (2
+ 0(1)} (%‘*)2 {1 + OCTHN (86

where ¢} is the remaining integration constant of the
general solution of Eq. (B2), and

ch=—<. (B7)

The ¢4 series is identical to the zeroth-order horizon-regular
solution (B1). One can set ¢, = 0. The series of ¢J is
independent of that choice. We therefore interpret the series
of ¢ as a quadrupolar tidal response.

A running behavior appears. We read the basis of the
running TLN off,

1 1
dil,_ = I <— 5> ~ —0.01666666667.  (B8)

We next consider j = 6. Asymptotically the first-order
horizon-regular solution behaves at large distances as

Wlearn =) |1+ 0("2))
cegt [+ 0(%)] <aln )
el (3 frofz)]

with c¢f a constant determined by the remaining integration
constant of the general solution of Eq. (B2), and

3

-5 (B10)

Cqe =

The series of cy is identical to the zeroth-order horizon-
regular solution (B1). One can set c¢; = 0, while the series
of ¢¢ is independent of that choice.

The presence of the series whose leading term decays
slower than (ry;/7)? is a similar effect seen in Eq. (A41). Its
physical interpretation is unclear and is left in our outlook.
The logarithmic term at the order of (ry/r)? is interpreted
as running of the TLN. It is clear that there is no degeneracy
between the running TLN and subleading corrections to the
tidal field. One can read off the basis of the running TLN,

1 3
df|,_» = — | —— ) ~—=0.02500000000. B11
=15 (~15) B11)

For a generic j, the logarithmic term appears as the
prefactor of (ry/7)?[1 + O(ry/r)], which is interpreted as
running of the TLNs. We read off the basis of the running

TLNs without the degeneracy with subleading corrections
to tidal fields.

APPENDIX C: BASIS OF THE ELECTRIC-TYPE
LOVE NUMBERS WITH THE
CHANDRASEKHAR TRANSFORMATION

Although one can, in general, compute the electric-type
TLNs in the manner in Appendix B, we now describe how
the basis for electric-type TLNs can be obtained in another
approach. We first generate a dual system to the given
Zerilli-Regge-Wheeler equations with a single power-law
correction in the form of Eq. (20) by exploiting the
Chandrasekhar transformation [56]. The dual system is
described by the Regge-Wheeler/Zerilli equations with
different corrections from the seed one but shares identical
TLNs. We then give the scheme to generate the basis of
the electric-type TLNs from the basis of the magnetic-
type TLNs.

1. Dual system via the Chandrasekhar transformation

We rewrite Zerilli-Regge-Wheeler equations (11) as

HEDE =0, (C1)
where we have defined
d d
= f— | f— 2 — fVE]. C2
He=r|r] - (e

Here, V¥ is given by Eq. (13). Now, we introduce the
Chandrasekhar transformation [56],

3rif MA+2)
(Ar +3ry) + 6 )’ (C3)

Di = rﬂfi:l: (
dr r

with 4 = (¢ 4 2)(¢ — 1). The operator HF in Eq. (C2) can
be rewritten as
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2.0 12
l—f (§6+ ) +a)2r12{>]. (C4)

With this relation, one can show from Eq. (C1) that the
functions @ := DT ®} satisfy the Regge-Wheeler/Zerilli
equations, i.e.,

1
HE == [Dim + (
H

HT®F = (cs)
The Chandrasekhar transformation (C3) allows one to
generate an opposite parity solution from a given parity
solution.

We exploit the Chandrasekhar transformation (C3) to
construct another parity solution from a given solution in a
system with a single power-law correction for a fixed j,
described by

(H} — 5H]¢)d)j7' =0, (Co6)
where we have defined
at  [ro\J
SH == —; f(—H> . (C7)
ri r

Expanding ®; in terms of o up to linear order, i.e.,

P+ <I>?E> + otjE(I)j'E , Eq. (C6) reduces to (order by order)
H; 0 =0, (C8)
HE®F) = SHE®). (C9)

Acting with DT on Eq. (C8), we obtain Hdeﬁ =
(@ 0) = Dﬂbi ) because of the relation (C4). Then, actmg
with DF on Eq (C9) yields

N __ DTsH; P,
=0Hj @), OH; T Dol

HidT

i (C10)

where we defined @?; = DT @ Therefore, the operator

D* in Eq. (C3) maps Eq. (C6) into another system,

(H} - 6H] D] = (C11)
It should be stressed that the TLNS in the original system
and the generated system are identical because the
Chandrasekhar transformation (C3) keeps the boundary
conditions for j > 27 + 4. We have confirmed that this is
indeed the case in terms of both scattering theory and static
perturbations, as will be mentioned later.

We give the explicit forms of the correction in the
generated system in £ =2, 3, i.e., 57:[;F in Eq. (C10), in
terms of static perturbations @ = 0. Under the regularity

condition at the horizon, we have the analytical solutions at
the zeroth order,

e (N 3 3 ()
(D(0)|f2_4r+3rH(rH> [1+2r a\r) |

7\ 3
Dig)le=2 = (E) ; (C12)
for the quadrupolar perturbations, and
r r\4
o, = [ —
(0)|f_3 10r 4+ 3ry <I"H>
er 1 'y 2 1 'y 4
1—-H__ H —(H
X[ 37 2<r> +20(r ’
r\* S5ry
N | C13
= (5) (1-3%) 1)
for the octupolar perturbations. From Eq. (C10),
= f6VT, (C14)
where
. 4riaf )5 3 g\
Vilpy = % ™ 42
: r*(4r+3ry) [\ r 4 r
Li=2 () 30+ ()
8 r 8 r
— = Cl15
16 ( > * 16 r ’ (C13)
o 47'HajT ry j=3 ]—6 ryg j-2
Vile— =13 2 3\ ——
4r° + 6rgr- =3ry [\ 1 4 r

for the quadrupolar perturbations, and

60rHa
(6072 — 32ryr — 157%)
332

ru\/ 0 w)/
X[(r) 760 r)
2749 (ry\/ 2 (rg\/=3
()
JH1 a2 G (!
+W(7> +M<—)
J+1 (ra)/
o (7))

5‘7f lp=3 =

(C17)
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60rja;
60r* — 20ryr — 30rfr% + 31

% ryg j—4 3]+20 ry Jj=3
r 60 r
L2 =185 (ra\7_17) 432 (ry) !
300 r 1200 r
]—3 'y J
A (e s , C18
80 (r) } ( )

for the octupolar perturbations.

The even- (odd-, respectively) parity perturbations in the
original system (C6) and the odd (even, respectively) in the
generated system (C11) share identical TLNs. One can
show, in terms of static perturbations, that this indeed holds:
the quadrupolar odd (even, respectively) perturbation with
correction power j has identical TLN with the quadrupolar
even (odd, respectively) perturbation with correction given
by Eq. (C16) [Eq. (C15), respectively]. This is also the case
of the octupolar perturbations with Egs. (C18) or (C17). We
have also verified numerically, in terms of scattering theory,
that the even (odd, respectively) perturbation of the
correction power j has identical TLNs for the odd (even,
respectively) perturbation with correction in Eq. (C10).

Vil =

2. Basis of the electric-type Love number

Even-parity perturbations with correction power j can be
mapped to odd-parity perturbations with different correc-
tion characterized by j solely. Since the Chandrasekhar
transformation (C3) keeps the TLN for j>2£+4 as
mentioned above, one can generate the basis of electric-
type TLNs from that of magnetic-type TLNs.

As an example, we focus on the quadrupolar even-parity
perturbation in the presence of the correction of j with the
coefficient a . The corresponding correction in the odd-
parity perturbatlon is given by Eq. (C15), which can be
expanded in ry/r in the form of

~ 1 - [Ty
Wil = > ().
=J

(C19)

The coefficients &, depend on the correction of the given
even-parity perturbation, i.e., j and aj*. The analytic
expression for the basis of magnetic-type quadrupolar
TLN is given by Eq. (28). With e} in Eq. (28), the basis

of the electric-type quadrupolar TLN is calculated to

1 o0
+ _ ~
€; lp—2 =t E X €y
J k=j

(C20)

which is explicitly

1 o0 &_
L, =— k 21
€ le=2 60a,+kz=;k 7 (c21)

The result is in good agreement with both the analytical and
numerical results.

APPENDIX D: LOVE NUMBERS
IN SCATTERING THEORY

We now explain how TLNs of a Schwarzschild black
hole are imprinted in scattering waves, based on the basic
idea in Refs. [29,36]. We then investigate the validity of the
approximation used here in modified systems (20).

1. Scattering waves around a black hole

In the following, we analytically solve the Zerilli-Regge-
Wheeler equations (11) and the spin-s-field perturbation
equations (15) approximately, under the assumption that
the frequency is low, wry < 1, with a matched asymptotic
expansion [81,82]. This method relies on the analytic
properties of hypergeometric functions. As we discuss,
an analytic continuation of # from an integer to generic
numbers plays an important role in the construction of
linearly independent solutions.® This treatment allows one
to overcome the degeneracy between applied fields and
linear responses [28-30,36,54,57].

The exterior region to the horizon can be divided into
two regions: the near region (ry < r < 1/w) and the far
region (r> ry). In each, one can obtain the analytical
local solution of Egs. (11) and (15) approximately. After
imposing boundary conditions on the near-region solution
at the horizon and on the far-region solution at infinity,
we match them in an overlapping region of the two regions.
We then construct the analytical global solution under the
unambiguous boundary conditions.

a. Near-region solution

We introduce the function X, £/5(r) such that

@)= (") o). o

Here, ¢ takes arbitrary values, and we adopt the coordinate

x:=f:1—r7H.

(D2)

Without any approximation, Egs. (11) and (15) are redu-
ced to a perturbed Gaussian hypergeometric differential
equation,

The analytic continuation of # from an integer is formalized in
terms of the renormalized angular momentum [83].
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1 5 10
t/ry

FIG. 3. The absolute vales of AN P with wry = 10710 for
¢ =2, 3, which are the black and orange lines, respectively.

X" L s ax;"
x(l - x) dx2 + |:7/(N> - (a(N) +ﬁ(N) + 1)x:| dx

+/s pt/s +/s +/s
- a BN [1 + A dxf/ =0, (D3)
with
a‘("N) =7+ s+ 1+ iwry,
Bixy=¢—s+1+iory, Yo =14 2iory,  (D4)

and (a?EN),ﬁ?;U) = (afy)s Pin))ljs)=2- Here, we defined
—/s ._ 1
AN = G T T o) @ £ s 71 1 o)
x(x=3)+3
X (er)ZW’ (Ds)
and
3x(2x = 1) + £(£ +1)(1=3x) + 1
AT =6 .
. -0 —xp o
(D6)

For odd-parity (|s| = 2), scalar- (s = 0), and vector-field
(Is| = 1) perturbations, Eq. (D5) implies |A L,,| < 1 for

r/ry < (wry)~?/3. Therefore, the valid regime extends
even up to the overlapping region r> ry under the
assumption of wryg < 1.

In the case of the even-parity perturbation, Eq. (D6)
implies that A, , = 12/((£ +3)(¢ — 1)4) at large dis-
tances x — 1. Figure 3 gives the example of the quad-
rupolar (£ = 2) and octupolar (£ = 3) perturbations. Here,
the approximation in the quadrupolar case is subtle in r 2
10ry but, as will be seen in the next section, the far-region

0.0035 -
0.0030} :
. 0.0025[]:

. 0.0020}:

lemy 2], 1A 27

- 0.0015!

0.0010}

0.0005"

10 50 100 150

t/ry

FIG. 4. The absolute values of €+F)2 and A() with
ory = 107'°, which are the black solid and orange dashed
lines, respectively. We note \e 12 ,| =0.003 and |A >2|

at r =Try.

solution is still a good approximation even in » < 10ry (see
Fig. 4); therefore, one can match the two solutions
at r < 10ry.

With |A(il\{;f| < 1 in the near region (ry < r < 1/w),
we can regard Eq. (D3) as the Gaussian hypergeometric

differential equation. Setting A(il\{)‘ =0, the function

X?/ *(x) is exactly written in terms of the Gaussian hyper-
geometric functions around r = ry [70],

X;/S(x) Apx —Diwry F( </)S 7(N)+1’

ﬂ?i?f -7+ 12—y x)

+A0ut2F1( Zt/)sug(i/)s’ Y(N)> X ) (D7)
Imposing the ingoing-wave condition (A, = 0), we thus
obtain the near-region solution,

(I):t/s — x—imrH(l _ x)sz

i (@ b sx),

(D8)

with a:=7+43
2iory.

—iwrg, b:==¢—-1—liwry, and c:=1-

b. Far-region solution

We introduce the functions q?;/);,(r) and Z/°(r) such
that

s s PN r s
@) = a0 (%) ez . o9

'y

With y:= —2iwr, we reduce Egs. (11) and (15) to a
perturbed confluent hypergeometric differential equation,
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>z 5 dzj;/ .
where
r {1 +22 fding), }
+/s
€ r) = , D11
(F)f( ) 2(r=rp) (€ + 1+ iory) (D11)
and
A:I:/S (r) — _irH
F).2 K
) 2+ DNawry(r— rH)q?;/)f

THY oy d/s| */s

X H(f"‘l)<ff+ r) rVy, :|q(F)f

+ 2f zcﬁ/Y +r[2f+1— (f+1)r]
dr ry

a5 ] + O(a). (D12)

X R

ar?

Can a domain such that |€i/ ‘f| |Ai/ * | < 1 exist? Note
that the leading behavior of e( ) and the O(@°) term in

A F /) , scale as 1/r at large distances. We determine g (F /) /SO

that 1/w contributions in A(F/). , vanish,

B 4r3 + 6ryr’ — 3r13{

q+
.2 r?(4r +3ry)
gt . = 60r* — 20ryr® — 30ryr* 4 3ry;
)3 6r3 (107 + 3ry) ’
i = 8407° — 1050ryr* + 1007473 + 150137 = 513
4 1407%(6r + ryy) ’
(D13)
and
g s
Ao =1 gy =1
gl _ 3 15 ru?
Th +/s +/s
ese indeed make |e s |A /| < 1. Figure 4 shows an

example of |ef | and |A .2| for wry = 10719,
In the regime |€i/ ‘Yf| |Ai/ ‘Yf\ <1 in the far region
F/)S = A?E/ =0, thereby obtaining

in terms of confluent hypergeometric functions [70],

(r>ry), we set €
j: K
z;"

Z;1'(y) = M(¢ + 1 = iory, 20 + 2.)
+ 7 U+ 1 —iorg, 204+ 2,y). (D15)
Here, y:f/ * is a function of w. We thus obtain the far-region

solution,

7+1
+/s /s L ior
P = 9me (m) €
X [M(¢+ 1 —iwry, 2¢ + 2, -2iwr)

+ 77U +1 = iory, 20 + 2, =2i0r)].  (D16)
The far-region solution (IDZLF/)} at infinity takes the form

of superposition of the ingoing and outgoing waves
and satisfies the boundary condition for scattering
waves [36,54].

¢. Matching in the overlapping region

There exists an overlapping region (ry <r << 1/w)
where the near-region solution (D8) and the far-region
solution (D16) both are valid. In the overlapping region,
they take the forms

q)j:/s

(N).Z | rp<r<l/om

5 r 41
— (1 + O(wr/ )] (—)

fra(s) o) ()
(D17)
with
O e
D¢+ s+ 1 —iwrg)[(£ —s + 1 — iory)
[(=¢ + 5 — iorg)[ (=€ — s — iwry)
(D18)
and

. s r +1
O v = ) () 1+ 0)
+/s =2¢—1
+F, - [1+O(wr)]|, (D19)
H

with the response function F ﬁ/ ¥ defined by [29,36,54]

(-1)¢ rRs+1) Sl

fi/Y =
Y2 (wrp) ¥ T+ 1 —iwry) " *

(D20)
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Here, C?;?)‘ ¢ 1s a bounded function of w without zeros [36].
It should be remarked that KF in Eq. (D18) is independent
of the parity. Note that q?;/)}(r)h»m =14+ 0(ry/r) at
large distances [see, e.g., Egs. (D13) and (D14)]. The
subleading correction is not degenerate with the linear

response because of the analytic continuation of # from an
integer to generic numbers.

The condition for the successful matching of Q(il\{; , and

q)?;/)‘} is the vanishing of the Wronskian of their leading
terms in the overlapping region, leading to

K = Fils, (D21)
which determines y;f/ * in Eq. (D16). We thus obtain the
approximate global solution under the physical boundary

conditions at the horizon and infinity.

2. Love numbers imprinted in scattering waves

The static perturbation essentially has the near-region
part only, due to the absence of other length scales other
than the horizon radius. The absence of an unambiguous
physical boundary condition at large distances leads to
potential ambiguities [53] in computing the TLNS.

It can be seen that the asymptotic behavior of the near-
region solution in the overlapping region, Eq. (D17), takes
the form of Eqs. (14) and (17) in the static limit @ — 0,
implying that the function IC;F/ * in Eq. (D18) captures the
TLNs Kf,F and «%. In fact, IC;F/ ¥ vanishes in @ — 0 and
¢ — Z [36], which recovers the well-known result based on
the static perturbation [21,26,49]. Additionally, the match-
ing condition (D21) indicates that the TLNs are imprinted
in the response function (D20), which is defined under the

boundary condition for scattering waves at infinity.
Therefore, the TLNs can be calculated in terms of low-
frequency scattering waves in an unambiguous manner.
We note that there is no degeneracy between subleading
corrections to applied fields and linear responses because
of an analytic continuation of ¢ to generic numbers
[28-30,36,54,57].

3. Validity of the far-region solution
in modified systems

We discuss the validity of the far-region solution (D16)
in the presence of corrections to the potential. Substitute

®/° in Eq. (DY) into Eq. (20) with the single power

correction,
(Z:»t/s T J
SV =1 (—H> , (D22)
mo\7"

and obtain the equation for Zi/ * which takes the form of

Eq. (D10) with the same e(iF/)‘ff as Eq. (DI1), but slightly

different A7/, in Eq. (D12) with V;/* — V;/* 4 6V, 7",

We use q?;/)ff of the case of af/s =0, e.g., Egs. (D13)
and (D14). Even with the corrections of j > 2¢ + 4, one
can show that the far-region solution (D9) approximates
well the solution of Eqs. (11) and (15) with the single
power correction at large distances.

On the other hand, the validity is subtle in 3 < j <
2¢ + 3 while keeping the numerical accuracy enough when
computing TLNs in the manner in Sec. III B 2. This is
because there appears series decaying slower than (ry/r)”
and/or logarithmic terms according to the analytical results
in Appendixes A and B [see, e.g., Egs. (A41) and (B9)].
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