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A remarkable double-copy relation of Einstein gravity to QCD in Regge asymptotics is
' = %C”Cb - %N"N" , where I is the gravitational Lipatov vertex in the 2 — 3 graviton scattering
amplitude, C* its Yang-Mills counterpart, and N* the QED bremsstrahlung vertex. In QCD, the Lipatov
vertex is a fundamental building block of the BFKL equation describing the 2 — N scattering of gluons at
high energies. Likewise, the gravitational Lipatov vertex is a key ingredient in a 2D effective field theory
framework describing trans-Planckian 2 — N graviton scattering. We construct a quantitative correspon-
dence between a semiclassical Yang-Mills framework for radiation in gluon shockwave collisions and its
counterpart in general relativity. In particular, we demonstrate the Lipatov double copy in a dilute-dilute
approximation corresponding to Ry, Rgy < b, where Rg;, Ry are the respective emergent Schwarz-
child radii generated in shockwave collisions and b is the impact parameter. We outline extensions of the
correspondence developed here to the dilute-dense computation of gravitational wave radiation in the close
vicinity of one of the black holes, the construction of graviton propagators in the shockwave background,
and a renormalization group approach to compute 2 — N amplitudes that incorporates graviton

Reggeization and coherent graviton multiple scattering.
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I. INTRODUCTION

The discovery of the AdS/CFT correspondence between
N = 4 supersymmetric Yang-Mills theory and string theory
in AdSs x §° spacetime triggered great interest in quantita-
tive relations between QCD-like theories and gravity in a
variety of geometries [1]. A significant subsequent develop-
ment' is the quantitative color-kinematics duality between
perturbative QCD amplitudes and amplitudes in Einstein
gravity discovered by Bern, Carrasco, and Johansson
(BCJ) [3]. The origins of this duality, with possible exten-
sions to loop amplitudes in supersymmetric variants of these
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'A brief general introduction can be found in [2].
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theories [4,5], can be traced to the work of Kawai, Lewellyn,
and Tye (KLT), who found that tree-level n-point closed-
string amplitudes can be written as sums over products of
open-string amplitudes.2 Atenergies much below the inverse
string scale A, where string theory reduces to quantum field
theory, this double copy relates a tree-level four-point
amplitude in gravity to tree-level four-point amplitudes in
Yang-Mills theory [7]. Similar KL'T-type relations derived for
higher-point string amplitudes can be generalized in the field
theory limit to arbitrary numbers of external particles. For
discussions of the extension of these dualities to higher loop
orders, we refer the reader to [5].

Though not as widely known, a double copy between
gravitational amplitudes and QCD amplitudes in the Regge
asymptotics of both theories was derived previously by
Lipatov in two remarkable papers prior to the KLT
work [8,9]. Specifically, as we shall discuss at length,
Lipatov observed that the effective gravitational vertex
that represents the sum of all 2 — 3 amplitudes can be

*This was recently extended to one-loop string amplitudes in [6].
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expressed as a difference of two terms, one representing the
bilinear of its Yang-Mills 2 — 3 counterpart and the other
the bilinear of the QED bremsstrahlung vertex. In QCD,
this effective vertex widely known as the Lipatov vertex is a
key building block of the 2 — N scattering amplitude in
Regge asymptotics s > ||, where s is the squared center-
of-mass energy and —¢ is the squared momentum transfer.
The Lipatov vertex together with the“Reggeization” of the
t-channel gluon propagator generates the celebrated BFKL
equation [10,11] for the perturbative Pomeron describing
the energy evolution of high-energy cross sections to
leading-logarithmic (LLx) and next-to-leading-logarithmic
(NLLx) accuracy in Bjorken x, for x — 0 in the Regge
limit [12,13]. For the interpretation of the Lipatov double
copy in terms of the BCJ color-kinematics duality, we refer
the reader to [14-16].

The common features of Lipatov vertices and Reggeized
propagators formed the basis of Lipatov’s 2D Reggeon
effective field theory (EFT) for QCD and gravity [17].
Based on this work, and their previous work in this
direction [18-20], Amati, Ciafaloni, and Veneziano
(ACV) [21,22] significantly developed the 2D EFT to
compute the S-matrix for eikonal scattering and inelastic
graviton emission as a function of the impact parameter in
the kinematic region b > Rg > A,, where b is the impact
parameter of the scattering, Ry the Schwarzchild radius,
and A, the string length scale. An interesting question in this
regime is whether gravitational collapse due to the over-
occupancy of soft gravitons produced occurs at a critical
impact parameter b. ~ Ry, leading to black hole formation.
For some of the subsequent literature in this direction, see
for instance [23-26] and references within.

In examining and developing the chain of ideas on
2 — N trans-Planckian scattering and black hole formation
in gravity (which can be traced to the seminal S-matrix
investigations of black holes in [27-31]), we are motivated
both by the aforementioned quantitative double-copy con-
nections as well as by highly suggestive qualitative, and
seemingly universal, features of high-energy scattering in
QCD and gravity that emerge when the occupancy N > 1,
which were discussed in [32]. On the gravity side of this
semiclassical correspondence, it was argued that 2 - N
trans-Planckian scattering leads to the formation of black
holes understood as semiclassical lumps of size Rg that
saturate unitarity when aN ~ 1, where a = Q*/ M3, for a
probe with momentum resolution Q ~ 1/Rg [33,34]. (Note
that M3 = /G, where G is Newton’s constant.) Such
black hole semiclassical lumps saturate S-matrix unitarity if
and only if the microstate entropy in the scattering is
S =1/a [35]. This entropy saturates the Bekenstein-
Hawking area law, where Mp, is interpreted as the
Goldstone scale corresponding to the breaking of Poincaré
invariance [36]. The connections between the semiclassical
“Quantum N-Portrait” (BHNP) of black hole dynamics and
the ACVapproach have been discussed previously in [23,34].

The QCD side of the semiclassical correspondence can
be traced back forty years to the observation that in the
Regge asymptotics of s > [¢| > A%)CD, gluon distributions
in hadrons saturate at a maximal occupancy of N = 1/ag in
a region of screened color charge of size 1/Qg, where
Qs > Aqcp is the emergent saturation scale [37,38]. The
many-body dynamics of gluon saturation is described in the
color glass condensate (CGC) EFT [39-41], where a large
number of fast (light-cone) color sources (as, for example,
in a nucleus with atomic number A > 1) source high-
occupancy gauge fields, with the latter existing on para-
metrically much shorter timescales than the former; the
explicit construction of the EFT for large nuclei was
performed in [42-45]. The kinematic separation of fast
and slow modes in the EFT naturally leads to a Wilsonian
renormalization group (RG) framework describing the
evolution in rapidity of the separation between color
sources and fields [46-52].

In the infinite-momentum frame, the semiclassical lump
as viewed by a probe is a gluon shockwave, and scattering
cross sections in this regime can be constructed from
n-point Wilson line correlators in the shockwave back-
ground. The nonlinear RG equations describing their
evolution with rapidity capture the physics of eikonalized
multiple scattering contributions, as well as inelastic gluon
emission treated on the same footing.3 For the simplest two-
point correlator describing the inclusive deeply inelastic
scattering (DIS) cross section at a fixed impact parameter,
the corresponding RG equation has a closed nonlinear form
(for A> 1 and N, > 1) called the Balitsky-Kovchegov
(BK) equation [46,55]. The BK equation has a nontrivial
fixed point that unitarizes the cross section at maximal
occupancy [40,56]; its behavior is described by the energy-
dependent saturation scale Qg. In the weak-field limit
where nonlinear corrections are small, the BK equation
reduces to the BFKL equation we discussed previously.

The takeaway message from this discussion is that the
semiclassical CGC EFT quantitatively reproduces results
from the perturbative QCD Feynman diagram results for
2 — N scattering. Further, it enables one (in the high-
occupancy regime of a large number of sources, or
A > 1) to go well beyond by including the physics of both
inelastic radiation and multi-Pomeron interactions, the latter
being essential for unitarization of the cross section.
Computations in the CGC EFT including all-order power
corrections are now at NLLx accuracy and provide a
quantitative description of multiparticle production at col-
lider energies [57].

The question we shall address beginning with this
work and in subsequent work is whether the framework
of semiclassical strong-field EFTs can analogously be

The RG picture in the CGC EFT can be mapped to the 2D
Reggeon EFT developed by Lipatov [53] that we discussed
earlier; see, for instance, [54].
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QCD at high occupancy «— perturbative QCD

Strong field semi-classical double copy

BCJ double copy

Gravity at high occupancy «——— perturbative gravity

FIG. 1.

applied to gravity in Regge asymptotics. This approach is
complementary to that of ACV and can be regarded as a
quantitative realization of the ideas discussed in the context
of gravity in [33-36] and the connections to the CGC EFT
noted in [32]. We emphasize that while double copies—in
particular, the classical double copy we shall discuss
shortly—provide a powerful guide in this investigation,
the development of the desired semiclasssical EFT is not
necessarily limited to the regime of their applicability. This
is because “classical” in our context refers to the regime of
very high occupancies (N > 1)—or strong fields.

A sketch of the connections outlined is shown in Fig. 1.
The question we have posed can be sharpened to inquire
whether one might take advantage of powerful techniques
developed over decades for QCD at high occupancy (follow-
ing the direction of the arrow at the top of Fig. 1) and classical
double-copy relations (following the path of the arrow at the
top left downwards) as a possible route to make progress in
the study of gravity at high occupancies relevant for black
hole formation at a critical impact parameter, b ~ Rg. This
would be complementary to extending perturbative gravity
techniques (following the path of the bottom arrow) directly
to the high-occupancy regime.

We begin our detailed study with the observation that the
QCD Lipatov vertex is simply obtained in shockwave
collisions in the CGC EFT in two analytically accessible
limits [62,63]: (a) the “dilute-dilute” limit, where the
saturation scales in two colliding ultrarelativistic nuclei
are smaller than the typical transverse momentum of the
gluons produced, and (b) the “dilute-dense” limit, where
the saturation scale of one of the colliding nuclei is
comparable to the transverse momentum of the emitted
gluons but smaller than the saturation scale of the other
nucleus. To first provide context to the reader unfamiliar with
shockwave collisions in QCD, we should mention that the
study of gluon shockwave collisions in the context of a first-
principles approach to quark-gluon plasma (QGP) formation
in ultrarelativistic heavy-ion collisions goes back twenty-five
years. Analytic formulations were first developed in the
“dilute-dilute” regime [64—67] and subsequently extended to
the “dilute-dense” regime [62,63,68,69]. The full “dense-
dense” shockwave collisions most relevant to QGP formu-
lation are only accessible through numerical simulations of
Yang-Mills equations initiated in [70-72]. A complementary

“We note that there are significant developments in EFT
approaches [58—60] to perturbative gravity and in worldline
methods [61].

Sketch of double-copy relations between QCD and gravity in the low- and high-occupancy regimes of the theories.

approach to gluon shockwave collisions at strong coupling in
QCD-like theories is that initiated by taking advantage of the
AdS/CFT correspondence [73-76]. While fundamentally
different from the perspective here, there are nevertheless
interesting common technical features that we will comment
on in our later discussion. For a summary of subsequent
developments and progress in the study of thermalization of
the QGP in both weak-coupling—strong-field and strong-
coupling frameworks, we refer the reader to [77].

A key idea in the CGC EFT is that partons at large
rapidities with momentum fractions x ~ 1 in the 2 - N
process are static on the relevant timescales of the scatter-
ing, and they source the production of x <« 1 “wee” gluons
at smaller rapidities. In the semiclassical picture, these
large-x partons can be represented by a higher-dimensional
(classical) color representation, since dynamical wee
gluons couple to a large number of static color charges
when N > 1 [42,45]. Hence, inclusive gluon production at
a given rapidity of interest and fixed impact parameter (in
2 — N scattering, where the fastest sources have light-cone
momenta P¥ — o) is described by solutions of (3 + 1)D
Yang-Mills equations in the presence of two static (inde-
pendent of light cone x*) color-charge densities py z(x)
that are & functions in xT. Further, in this infinite-
momentum-frame picture, the entire dynamics of the
color-charge distributions is in 2D transverse space.’
As we will describe at length, it is the solution of the
Yang-Mills equations—the limits p, /01, , pp/00, < 1 and
pa/0 <1 and pp/00; ~1 (with [0, = §;;0,0;), corre-
sponding to the dilute-dilute and dilute-dense frameworks,
respectively—in which one recovers the Lipatov vertex
[62,63]. (Here, L1, denotes the typical squared transverse
momenta of wee gluons in the scattering of nucleus A off
nucleus B.) Albeit very simple, this description in terms of
transverse color-charge density distributions goes to the
heart of the RG [47]; the semiclassical picture of 2 — N
scattering described as the scattering of shockwaves is
reproduced with changing rapidity ¥ — Y’, with the dom-
inant quantum fluctuations in the window AY =Y’ —Y
absorbed into the evolution of the sources p’é’B - p’;;B.

In Einstein-Hilbert gravity, we analogously treat 2 — N
scattering by modeling the large occupancy of (static on
relevant timescales) gravitons above and below the rapidity
of interest as possessing densities p,, pp. The semiclassical

>This gives a simple explanation for the 2D nature of Lipatov’s
EFT.
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problem is then the scattering of the corresponding gravi-
tational shockwaves and the derivation of the inclusive
spectrum of emitted gravitons. As in the Yang-Mills case,
we will employ the dilute-dilute and dilute-dense classi-
fication, with the relevant expansion parameters being
R;/b and Ry /b, where R; and Ry are the radii of the
regions of overoccupied gravitons and b is the impact
parameter in the scattering. In this paper, we will restrict
ourselves to the dilute-dilute case R;/b,Ry/b < 1 but
shall comment on the dilute-dense (R, /b < 1, Ry ~ 1)
scenario, which we will address in follow-up work. We will
demonstrate explicitly that the Lipatov double copy is
recovered in the dilute-dilute framework.

We note that there is extensive literature on the classical
double copy between Yang-Mills and Einstein-Hilbert grav-
ity, some of which is relevant to our work and has directly
inspired aspects® of it [78-86]. However, as noted, what is
meant by classical for the most part in these works is different
from what is meant by classical in the deeply inelastic strong-
field regime of copious graviton radiation, where it is the
quantum mechanical coherence of radiation that leads to
emergent classical behavior for N > 1 on timescales of
interest. The outstanding question here is whether black hole
formation occurs at some critical impact parameter. While
this question has been addressed’ for classical gravitation
shockwave collisions in several analytical and numerical
works [88-93]—following pioneering work in [94-99]—
none of these works, to the best of our knowledge, do so in the
context of uncovering a semiclassical fixed point at a critical
impact parameter of RG evolution. In other words, what is the
gravitational equivalent of the BK equation in Regge
asymptotics? The work of Lipatov, of ACV ef al., and of
Dvali et al., are very suggestive, as is the large body of work
we noted on the emergent dynamics of gluon saturation in
QCD. We will outline the necessary ingredients here but will
leave more detailed investigations to future papers.

Recently, the BCJ double copy has emerged as a
powerful tool to study gravitational radiation emerging
from the classical conservative dynamics of binary black
hole collisions, with amplitude computations providing
results to O(G?) [100] and recently even O(G*) in the post-
Minkowski expansion [101 ].8 An excellent discussion of its

®The color-kinematic duality between gluon radiation in the
dilute-dilute regime computed in [64—67] and that of gravitational
radiation was discussed in [78,79]. Since the presence of the
Lipatov vertex in classical Yang-Mills solutions was only first
noted in [62,63] for both dilute-dilute and dilute-dense shock-
wave collisions, the Lipatov double-copy relation was not
identified in these works.

"An engaging recent discussion and additional references can
be found in [87].

The references [102—105] include the recent studies on post-
Minkowskian expansion in general relativity from a modern
amplitude perspective, where the subtleties related to the ex-
traction of classical physical observables from quantum mechani-
cal calculations are articulated.

relation to different approaches in the literature can be
found in [106]. It is therefore natural to consider potential
gravitational wave signatures from the deeply inelastic
strong-field regime of our interest, where radiation effects
significantly modify eikonal multiple scattering. A useful
connection of our work to the post-Minkowskian analysis
is through the ACV approach that we discussed earlier
[107]. We will briefly discuss potential future applications
of the Regge EFT we develop here.

The paper is organized as follows: In Sec. II, we briefly
summarize the perturbative computation of the 2 - N
ladder in QCD and gravity in multi-Regge asymptotics.
In Sec. IT A, we discuss how one goes from the computation
of perturbative amplitudes in the Regge regime of QCD to a
quantitative semiclassical picture, as illustrated by the
arrow at the top of Fig. 1. In particular, we discuss how
gluon radiation can be computed in shockwave collisions
in a systematic power counting scheme. In Sec. II B, we
outline the extant discussion of perturbative gravity and
the Lipatov vertex in the Regge regime and motivate the
semiclassical approach suggested by the arrow to the
bottom left of Fig. 1.

The gravitational analog of gluon shockwave collisions
is discussed at length in Sec. III. We begin by introducing
the Aichelburg-Sexl shockwave metric for mass distribu-
tions with transverse extent and demonstrate the structure
of the metric in different coordinate frames. We discuss
linearized fluctuations about this shockwave background
and the structure of the gravitational Wilson line in the
light-cone gauge. This structure is a gravitational double
copy of the identical object in QCD. Shockwave collisions
are discussed next, albeit only in a dilute-dilute approxi-
mation corresponding to impact parameters that are small
enough to trigger inelastic graviton production but suffi-
ciently large that multiple scattering/nonlinear (“tidal”)
effects are subdominant. A key element in this derivation
is the solution of the geodesic equations for the energy-
momentum tensor, which admits a contact term that is
essential to recover the Lipatov double copy in the solution
of the shockwave equations of motion. We briefly discuss
the relation of our double-copy derivation of the Lipatov
result to prior classical double-copy work in the literature.
These double-copy connections will be fleshed out further
in forthcoming work.

In Sec. IV, we discuss at some length further directions
under investigation that were prompted by the results in this
paper. The first of these is the spectrum of gravitational
wave radiation and potential observational consequences
thereof. The second is the generalization of our dilute-dilute
results to the dilute-dense regime, where gravitation wave
radiation takes place in close vicinity to one of the black
holes and therefore necessitates multiple scattering/
nonlinear corrections to the spectrum in the ultraviolet.
This goes hand in hand with the derivation of graviton
propagators in the dense shockwave background, whose

044064-4
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structure also bears exact analogy to the QCD case. A
major future step would be to put all these elements
together to derive a renormalization group framework
toward understanding black hole formation as a possible
fixed point of the evolution at a critical impact parameter.
This program is motivated by the QCD case where one
understands the emergence of gluon saturation as a non-
trivial fixed point of renormalization group evolution in
rapidity. We will also discuss in this section a comple-
mentary understanding of the classical double copy in the
language of asymptotic symmetries and the possible
universal features of the Goldstone dynamics of wee
partons in QCD and gravity on the celestial sphere.
These ideas are motivated by the remarkable exact analogy
of a color memory effect in QCD to that in gravity [108];
the former is concretely realized in the CGC EFT [109].

We end the paper with a brief summary. The paper
includes several appendixes that contain details of the
computations in the main text. In Appendix A, we
introduce readers unfamilar with gluon shockwave com-
putations to some of the details of the computations. Most
importantly, we show how the QCD Lipatov vertex is
derived for dilute-dense shockwave collisions. Appendix B
contains a brief review of general relativity, the conventions
employed, and many of the details of the linearized Einstein
equations presented in the main text. The geodesic sol-
utions for the evolution of the energy-momentum tensor are
discussed in Appendix C. Details of the extraction of the
gravitational Lipatov vertex and Fourier transforms are
given in Appendix D.

II. 2 - N GLUON AND GRAVITON AMPLITUDE
IN MULTI-REGGE KINEMATICS: LIPATOV
VERTEX AND REGGEIZED PROPAGATORS

In this section, we will discuss the building blocks of the
cascade of wee partons that leads to high-occupancy states
in QCD and gravity in Regge asymptotics. In addition to
the aforementioned 2D EFT work of Lipatov and the ACV
et al. and Dvali et al. approaches, the dynamics of wee
gravitons under boosts is a key feature of Susskind’s wee
parton interpretation [110] of the ’t Hooft holographic
principle [111]. It is therefore useful and important to
discuss modern EFT approaches to wee parton dynamics in
QCD that in particular address the phenomenon of gluon
saturation in the context of further applications of these
ideas to the Regge limit of gravity. In Sec. I A, we will
provide a brief introduction to these ideas in QCD and shall
motivate the semiclassical framework that formulates
2 — N scattering in the language of gluon shockwave
collisions. Readers familiar with these ideas can skip this
subsection altogether. In Sec. II B, we will outline the
parallel formulation of these ideas in gravity (noting both
similarities to and differences from the QCD case) that
will motivate the discussion of gravitational shockwave

collisions in Sec. III. In Sec. IV, we will return to some of
the ideas’ outlined in Sec. I B.

A. Scattering in QCD in multi-Regge kinematics:
From amplitudes to shockwave collisions

The Lipatov vertex in QCD is a fundamental building
block of the BFKL equation describing the high-energy
evolution of QCD cross sections. The other essential
component is the Reggeized gluon propagator. Together,
as illustrated in Fig. 2, they constitute the real and virtual
parts, respectively, of the kernel Kgpg; of the BFKL
Hamiltonian describing the 2 — N scattering amplitude
in Regge asymptotics. We will sketch the key elements here
and will refer the reader to reviews [12,13] for more details.

Consider 2 — 2 scattering of hadrons in the Regge limit
where s = (p; + p,)? = oo, and where t = (p; — p3)? is
held fixed, with [r| > Agcp. This scattering regime is
characterized by strong ordering in the light-cone momenta
of the two final-state particles: p7 > p; with |p3| ~ |py|,
which is equivalent to strong ordering in their rapidities' y.
When there are N additional soft gluon emissions, as shown
in Fig. 2, the corresponding multi-Regge kinematics (MRK)
is specified by strong ordering of these gluons in their
respective rapidities, with the transverse momenta k of all
final-state particles being of comparable magnitude:

yo > yi>yi> o> yi>yh,, with ki~ko (1)

We label here the rapidities of ps and p, in Fig. 2 as y, and
VN1, Tespectively. At energies much higher than any mass
scale in the theory, the dominant contributions to inelastic
2 - 2+ N processes come from the kinematic region
specified in Eq. (1).

The aforementioned BFKL equation predicts a rapid
growth of the deeply inelastic scattering (DIS) electron-
hadron scattering cross section at high energies such as those
accessed at the HERA collider and the future Electron-Ion
Collider (EIC) [113]. In DIS, the hard scale is the spacelike
squared momentum Q? of the exchanged virtual photon. The
BFKL equation can be used to compute the inclusive DIS
cross section at small xg; (Where xgj ~ 0?/s), whose energy
evolution is characterized by the unintegrated gluon distri-
bution F(x.k), with |k| ~+/Q2, the typical transverse
momenta of emitted gluons. At small values of gluon
momentum fractions x ~ xg;, F (x, k) satisfies the evolution
equation

oF

WZKBFKL®]:, (2)

°Note that shockwave solutions for 2D EFTs of QCD and
gravity were also discussed previously in [99,112].
'°Light-cone momenta can be parametrized by their rapidity y

as p=(p" = Iple™, p~ = ple™.p).
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pP1 b3

P2 Ppa

FIG. 2. Multigluon production amplitude in multi-Regge kin-
ematics depicting the two key components in BFKL evolution:
(a) The red blobs represent the nonlocal Lipatov’s effective
vertex, and (b) the thick vertical gluon lines represent the
Reggeized gluon propagator incorporating (leading-logarithmic
in x) all-order virtual corrections.

where Kpgpgp, is the BFKL kernel and @ represents a
convolution in transverse momenta. At leading logarithmic
accuracy in x (LLx), (a,log(1/x)) ~ 1, with a, being the
strong coupling constant, this RG evolution equation resums
all-order (a, In(1/x))" contributions in perturbation theory.
This in turn gives rise to a rapid monotonic rise of the
inclusive DIS cross section as ¢ ~ s, where the exponent
@ = 4N a,(log2)/x, and N, is the number of colors."'

The precise details of the kernel gk can be found, for
instance, in [41]; they are not relevant at this stage of our
discussion to the corresponding dynamics in gravity.
However, its building blocks are important to understand,
and we will briefly sketch the structure of the virtual and
real contributions to the kernel.

The virtual part of the BFKL kernel Kggg; comes from
multiple 7-channel gluon exchange diagrams which expo-
nentiate in the regime given by Eq. (1) [114]. The reason for
exponentiation is that in the MRK regime, every additional
virtual gluon exchange, as shown in Fig. 3, is accompanied
by a leading logarithmic factor of o log(s/|t|)a(t). Here,
a(t) is the one-loop gluon Regge trajectory defined to be

N.t t=—q°. 3
% /12ﬂ2k2q K2 . )

(Note that cross diagrams such as those shown in Fig. 2 are
suppressed in this kinematics.) Since s/|¢f| — oo in Regge
kinematics, (a,log(s/|t]))" ~ O(1) to all n orders, which
allows for the exponentiation of all such contributions. This

"This growth in the cross section is far more rapid than that
observed at HERA. It is tamed both by including next-to-leading-
logarithmic contributions and by gluon saturation effects [57], as
we will discuss further.

FIG. 3. The Reggeized gluon, illustrated as a thicker
version of the lighter bare gluon, resums all of the leading
log(s/|t])log(]t]/A) corrections to the single-gluon exchange
amplitude, where A is an infrared cutoff that cancels in cross
sections.

gives rise to the Reggeized gluon propagator, where one
simply replaces the ith gluon propagator in Fig. 2 by

L1 awoan, (4)

The difference y;_; — y; in the rapidities of the (i — 1)th and
ith final state particles is proportional to the Mandelstam
variable log s;_; ;. Consequently, the replacement in Eq. (3)

is proportional to s%(*). This can be viewed as describing the
exchange of a “quasiparticle” of spin j = 1 + a(t)—the
Reggeized gluon—depicted in Fig. 3 as a thick gluon line.
Reggeization in QCD has been shown to hold to next-to-
leading-log accuracy but breaks down beyond. For the state
of the art, we refer the reader to [13].

The real part of Kgpkr comes from the square of
Lipatov’s central emission effective vertex C,, which is
depicted as a red dot in Fig. 2. This vertex describes the
production amplitude of a soft gluon in the scattering of
partons in Regge kinematics. Fundamentally, one can use
the Jacobi identity in MRK kinematics to represent the sum
of the four Feynman diagrams that correspond to brems-
strahlung emission from initial- and final-state hadrons plus
the diagram with an emission from the internal virtual
process as a diagram with one effective emission vertex—
as shown in Fig. 4:

Adding up the five diagrams in the MRK regime, one
finds the following expression for the effective vertex C,:

P2k i )

Pi-P2 Pk

pi-k ‘I% )
—p — , 5
o <P1 P2 Dak ( )

where the =~ sign indicates that only the transverse
components of the momenta ¢, ¢, of exchanged gluons
are relevant in MRK kinematics. The vertex C,, is a function
of the transverse momenta ¢q,, ¢, alone; despite the form
of the equation above, it has no dependence upon the
incoming external momenta p;, p,. (This will become
apparent in the light-cone gauge, as we will describe
shortly.) Indeed, the Lipatov vertex is universal in the
sense that it is insensitive to the nature of the external
particles (such as, for instance, its spin). Also, it is gauge

C,(q1.92) ~—q1, + @, + ply(
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FIG. 4. Soft gluon emission diagrams contributing to the Lipatov effective vertex C,(q.g,) denoted by the red dot. (Contributions

from u-channel crossed diagrams are suppressed as |#|/s.)

covariant; one can check that the Ward identity &*C, =0
holds, where k = q; + ¢,. This result for the effective
emission vertex was first obtained in QCD by Lipatov,
hence the name [114]. As we noted, and shall discuss
shortly, its analog in gravity for 2 — 3 was also computed
by Lipatov.12

The outstanding achievement of Lipatov and colleagues
was to show that 2 — N scattering (or equivalently, the
imaginary part of the 2 — 2 amplitude) in MRK kinematics
could in leading logarithmic kinematics be described as an
iteration of one rung of the ladder containing Reggeized
gluons and the Lipatov vertex, as illustrated in Fig. 2. The
color singlet projection of the exchange of two Reggeized
gluons is the perturbative Pomeron, the weak coupling
counterpart of the soft Pomeron often invoked to describe
the systematics of total cross sections [117].

However, BFKL dynamics is not the complete story.
First, the solutions of the BFKL equation show that the
unintegrated gluon distribution F (x, k) diffuses to infrared
and ultraviolet momenta with increasing rapidity. The
former is clearly troublesome, since it is the nonperturba-
tive regime k ~ Aqcp, where weak coupling computations
are invalid. Further, the rapid growth of the inclusive cross
section for a fixed impact parameter violates unitarity at
large rapidites. Not least, the increasing phase space
occupancy due to the rapid proliferation of gluons at small
x suggests that many-body (higher twist) correlations are
important. All of these issues persist at next-to-leading
logarithmic accuracy.

It was further generalized in the context of open-string
scattering in [115,116], which in the limit & — 0 agrees with
Eq. (5).

Perturbative and nonperturbative arguments suggest that
the phase space occupancy of gluons in QCD can maximally
be O(1/ay), leading to a much weaker growth of gluon
distributions. This phenomenon, known as gluon saturation
[37,38], is characterized by an emergent close packing scale
Os(x) > Aqcp at maximal occupancy that is responsible for
the unitarization of the inclusive cross section at fixed impact
pararameter. In other words, for a weakly interacting probe of
given fixed Q? with a(Q?) < 1, there is a corresponding
value of x for which the probe scatters off the hadron target
with unit probability at occupancy N ~ 1/a, > 1.

We noted earlier that small-x physics at high occupancy
is described by the color glass condensate (CGC) EFT
[39-41]. The underlying physics in the DIS context is
captured by the illustration of the DIS process in Fig. 5. In
the rest frame of the dipole target, the fast-moving nucleus
with momentum P* — oo emits a large number of gluons,
which in the Regge limit are ordered in rapidity, with the
fastest gluons (represented by the longest gluon lines)
comoving with the valence degrees of freedom on the light
cone, and the slowest (small-x) gluons scattering off the
target, with x ~ xg;.

A dipole of size r, ~1/Q, at an impact parameter
b < 1/Agcp, Will exchange colored gluons with a lump
(represented by the dotted rectangle) of maximal size 1/Qy
consisting of static color sources on the relevant timescale
of the scattering. Since the lump has a high occupancy,
N ~ 1/ay, it is quasiclassical, with energy levels' separated

BSince the energy separations of the high-occupancy screened
gluons are ~Qg/N, the characteristic decay time of the shock is

~u#, which is considerably longer than the typical resolution

scale 1 /Q of the probe but much shorter than the eikonal
timescale, ~P*/Q? [32].
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FIG. 5. The scattering of a quark-antiquark dipole in DIS off a
boosted heavy nucleus. The lengths of the emitted gluon lines
indicate their distances in rapidity from “valence” partons whose
rapidities are close to the light cone of the heavy nucleus. At high
energies, partons inside the dashed box can be represented by a
coherent color-charge density ppuqeus that is static on the time-
scales of the interaction.

by 1/N; further, since the lump contains a large number
of color charges, its color charge is given by a higher-
dimensional classical representation of the SU(N, = 3)
algebra [42,43,45].

Since the dipole perceives the lump as being Lorentz
contracted in its rest frame, the lumpy “shockwave”
distribution can be represented by a transverse color-
charge density distribution py(x). The dipole scattering
at leading order in this EFT picture is then captured by the
formula

(doyo) = / DoxIWy,nldiolon.  (6)

In this expression, déyo denotes the tree-level scattering
amplitude of the quark-antiquark dipole off the classical
“Coulomb” background field generated by the source
distribution py(x), and Wy [pn] is the gauge-invariant
stochastic distribution of these color sources at the rapidity
scale Y separating the sources from the fields that interact
with the probe. At next-to-leading order, including the
leading O(a,)AY, real, and virtual corrections to the
shockwave with the change of rapidity AY =Y, —-Y,,
one obtains the same structure as Eq. (6) for the evolved
lump distribution pn[Yo] = pn[Yy], with Wy [py] satisfy-
ing the Wilsonian renormalization group equation

ow
%&m] = Hmwrk Wy, [on]- (7)

An essential ingredient in this computation is the compu-
tation of quark and gluon shockwave propagators

[44,46,118-121] that can be mapped to gluon-gluon—
Reggeized-gluon (and quark—quark—Reggeized-gluon)
propagators [122,123] in Lipatov’s Reggeon field theory
that we alluded to previously. These have their counterpart
in the effective vertex for the graviton—Reggeized-
graviton—Reggeized-graviton three-point vertex that we
will return to later in the paper.

The JIMWLK Hamiltonian [47-52] has an extremely rich
structure corresponding to an n-body hierarchy of lightlike
Wilson line correlators [46] that describe arbitrary final states
in the CGC EFT to LLx accuracy.14 In particular, the
inclusive dipole correlator doy g o 2N, [1 — S], where the
dipole S-matrix S = 5 (V(x )V (yy1)),,. Here, V(x,) =
Pexp(i %) and x|,y are the dipole coordinates with r, =
x; —y,andb = (x; +y,)/2 (for configurations where the
quark and antiquark equally share the virtual photon’s light-
cone momentum). In the large-N, limit, and for a large
nucleus with atomic number A > 1, the IMWLK equation
for the dipole S-matrix results in the nonlinear BK equation,

A \Y
AT #KBFKL ® [SS - S]. (8)
We have suppressed here the nontrivial coordinate depend-
ence of the quantities on the rhs of this equation. In the
perturbative limit of S =1 —F with F < 1 the Bessel-
Fourier transform of the unintegrated gluon distribution, this
equation can be linearized and is precisely the coordinate-
space counterpart of the BFKL equation in Eq. (2). However,
as is transparent, this equation has in addition a nontrivial
fixed point at § — 0, corresponding to the classicalization
and unitarization of the cross section.

The relevant message from the above discussion is that
the semiclassical framework of static sources and dynami-
cal fields in the CGC EFT reproduces the 2 — N scattering
amplitude described by the BFKL equation in multi-Regge
kinematics and its nonlinear generalizations. In Regge
language, the BK equation resums so-called “fan” diagrams
containing multi-Pomeron interactions. A significant ad-
vantage of this approach is that it provides a powerful way
to describe multiparticle final states in hadron/nucleus
scattering in Regge asymptotics. We will turn now to a
discussion of these collisions and demonstrate how the
Lipatov vertex emerges in this framework.

In the semiclassical framework of the CGC EFT, multi-
particle production in Regge asymptotics is described to
the lowest order by the collision of gluon shockwaves. A
natural formalism in this strong-field context is the “in-in”
Schwinger-Keldysh formalism as opposed to the “in-out”
formalism of the S-matrix. One considers instead single-
inclusive and multiparticle correlations of the produced

“This RG framework extends to NLLx accuracy; the dis-
cussion of these developments is, however, outside the scope of
this manuscript.
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gluons rather than the 2 — N scattering probability.]5 For
simplicity, we will consider only the single-inclusive gluon
(and graviton) “bremsstrahlung” spectrum.

For strong sources comprising the large-x modes of the
scattering nuclei (which are of order p,,cieus ~ 1/9), the
leading term in the power counting is the produced
classical field A%, which too is of order O(1/g); the
single-inclusive distribution is therefore of O(1/a;). At
next-to-leading order, there are two sorts of contributions:
these are (a) the one-loop correction to the classical field
Aguani> Which is O(1), and (b) the small fluctuation
Propagator (dgyn@yuany)- It is the logarithmic enhance-
ments a,In(1/x) ~ O(1) to these contributions that con-
tribute to the IMWLK Hamiltonian, and they are thereby
absorbed in the evolution of the single-inclusive gluon
distribution. Thus, at each step in the rapidity evolution of
the individual nuclei, the problem of n-particle inclusive
gluon production at a given rapidity is simply the solution
of the QCD Yang-Mills equations in the presence of the
static source distributions of each of the nuclei evolved up
to that scale.'®

The Yang-Mills (YM) equations for the general problem
of shockwave collisions are given by

D, F*™ =Ty, ©)

where F,, = d,A, —0,A, +ig[A,, A,] is the field strength
tensor and Ji; is the covariantly conserved current:
D, JY; = 0. For the case of shockwave scattering of nuclei
(as in heavy-ion collisions at ultrarelativistic energies), the
shockwave currents can be represented as

Tip = 87 pa(x1)8(x7) + 67 pi(x)o(x").  (10)

Here, p4 (x ) and p4(x, ) are the quasiclassical color-charge
distributions of each of the nuclei, corresponding to a higher-
dimensional representation of the color charges depicted
in Fig. 5. (We emphasize that their RG evolution includes
both real emissions and virtual loops to all orders to LLx
accuracy.) These are distributed in the transverse plane of the

For a detailed discussion of the relation between the “in-in”
and “in-out” formalism in the context of multiparticle production
in quantum field theory, we refer the reader to [124,125]. Many
features of the Reggeon field theory language of Pomerons and
Reggeons can be understood in terms of the combinatorics of cut
and uncut subgraphs (Cutkosky rules) of multiparticle final states
in the presence of strong fields [126]. In strong fields, multi-
particle probabilities and multiparticle-inclusive distributions are
qualitatively different objects. See also [127] for a recent related
discussion.

This presumes that the wee partons of each of the nuclei do
not talk to each other before the collision—the weight functionals
Wpnuceus) containing the nonperturbative information on their
n-body distributions factorize in the collision. This factorization
holds when p,cieus ~ 1/9 to LLx accuracy [128,129].

pa(x;ya)

pB(Y;yB)

FIG. 6. The dilute-dilute regime of shockwave scattering in
QCD. The inclusive gluon distribution (depicted by the emission
of a gluon line at rapidity y) is insensitive to the eikonal
exchanges (depicted with blue dashed lines) within the color
pa and pp that interact via the emission of Reggeized gluons that
interact via the effective Lipatov vertex.

scattering; for A>> 1, the weight functional'” Wip, 4]
is Gaussian-distributed such that (pf;,B(x L)PZ,B (y1)) =
03663 (x) —y,), with Q% « A'3ALp,. Note that the
A>1 limit of QCD provides an explicit construction
[42,43,45] demonstrating the emergent saturation scale'®
we discussed in the Introduction. The §(xT) terms represent
eikonal currents for which classical subeikonal corrections
are O(1/P*), respectively. Finally, we observe that the
currents are independent of the light cone times x*, respec-
tively; this reflects that they are static color sources on the
timescales of gluon production at the rapidity of interest.

The nucleus-nucleus scattering problem thus formulated
[64,65] in full generality for p4, ~ 1/g can only be solved
numerically [70,71,77]. However, one can identify the
expansion parameters p,/U,,pp/0, (O, =03) in the
YM equations that one can expand in to obtain analytic
solutions. These are the dilute-dilute YM asympotics
of py/U,,pp/0, < 1 (corresponding to the regime of
large transverse momenta k; > Qg) [64-67] and dilute-
dense asymptotics: p, /[0, <«1,pp/0, ~1 [62,63,69], or
Osa < k| < Qgp. The dense-dense regime of p, /L1,
pp/ ~ 1, as noted previously, is not analytically trac-
table and corresponds to fully nonlinear solutions of the
YM equations.

"Unless required, we will henceforth drop the rapidity label Y;
it should be understood that the classical equations are describing
scattering that generates a gluon distribution at a given rapidity.

For simplicity, we have assumed here that the nuclei are
identical. For nuclei with different atomic numbers, there will be
two saturation scales, reflecting the fact that one has different
initial distributions of color charge in each.
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pu(e;ym)

Gluon at rapidity y

pr(y;yL)

FIG. 7. Dilute-dense scattering where p;/0, <1 and
pr/0, ~ 1. For the latter, coherent multiple scatterings from
the nucleus onto the emitted gluon are unsuppressed, and they
can be summed up into a lightlike Wilson line.

The dilute-dilute scattering case is illustrated in Fig. 6,
and the dilute-dense case in Fig. 7. In the former case, since
pa/01,pp/0 < 1, coherent multiple scattering is sup-
pressed in both of the colliding nuclei. One can consider
this the “BFKL regime” of high-energy scattering, since in
this limit the energy evolution of both “lumps” is described
by the BFKL equation. In contrast, in the dilute-dense case
(to keep track of light and heavy sources, we shall switch
notations here, with p; y respectively denoting the corre-
sponding distributions) when py /[, ~ 1, the multiple
scattering insertions onto the emitted gluon can be
absorbed into a Wilson line, as we shall now discuss."’

In the context of dilute-dilute and dilute-dense scattering,
the classical YM problem can be cast as follows: A gluon
shockwave with transverse source distribution pg (x) mov-
ing in the positive-z direction is generated by the current

Ty = 98,-6(x7)p (¥), (11)

where T is a generator of the color algebra and §(x™) is the
Dirac delta function. It is straightforward to verify that the
exact solution to YM equations with this current™ is given by

< /’H(x).

A,(x7,x) = —g6,.6(x7) 0, (12)

®It is not feasible to factorize coherent multiple scatterings
from both nuclei into separate Wilson lines. The reader should
also note that in this classification, one always has p,p~1/g.
The situation when p, 3 < 1/g is quite subtle [130,131] and
beyond the scope of this discussion.

Covariant current conservation follows from the equation of
motion and the Jacobi identity of the Lie algebra generators. The
covariant derivative action on an adjoint field F' is given by
D,F = 0,F — ig[A,, F].

This is the singular shockwave solution where there is a delta
function singularity in x™. It shows that in the regions x~ > 0
or x~ <0, the field strength F,, vanishes. However, as
shown below, the gauge fields do not identically vanish. In
the region x~ < 0, the gauge field is trivial; but for x~ > 0,
it is a pure gauge. This is best seen by performing a
gauge transformation to light-cone gauge: A, - UA,U T

£Ua,U" on the solution in Eq. (12), with the transformation
matrix U given by

U(x~,x) = exp <igz®(x‘)pé—(f)>, (13)

where ©(x™) is the step function. In the new gauge, only
transverse components of the gauge field are nonvanishing
and are given by

Al-:i@(x‘)f]aifﬁ, where U = exp igsz(x) . (14)
g 0y

The form of the gluon shockwave clearly demonstrates
that in the region x~ > 0, the gauge field is a pure gauge.
This shockwave solution is the non-Abelian equivalent of
the Weizsicker-Williams distribution in classical electro-
dynamics [42,43].

To set up the shockwave collision problem, one turns on
the current of the incoming shockwave with the transverse
color-charge distribution p; (x) moving in the negative-z
direction:

7, = 98,48 )1 (x). (15)

This is schematically shown in the spacetime dia-
grams Fig. 8.

Past the collision time ¢ = 0, in the dilute-dilute approxi-
mation, one simply linearizes the YM equations to linear
order in the sources py and p; and solves®! for the radia-
tion field a,. In light-cone gauge a, =0, the result
(derived in detail in Appendix A) for the physical compo-

nents of the gauge field takes the form

e = =7 (0000710, 2 )

P_H%) Tabeahc- (16)

Taking the Fourier transform of this equation and using the
momenta of the emitted gluons on shell, k*> = 2k k_—
k? = 0, one obtains

“'In the QCD case, in marked contrast to gravity, the impact
parameter (in transverse space) between the two shockwaves has
to be much smaller than the size of the hadron to ensure that the
gauge coupling is small enough to apply perturbative methods to
compute the radiation field a, from classical YM equations.
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t
- A

(radiation region)
v

(pure gauge) (pure gauge)

(vacuum)

FIG. 8. Spacetime diagram of the collision of two gluon
shockwaves. The red and blue lines represent the lightlike
trajectories of the two incoming shockwaves. The future light
cone of the collision point # = z = 0 is where radiation occurs. In
the other regions, where the field strength vanishes, the gauge
field is a pure gauge in regions II and III, and it is trivial in
region L.

ai,c(k)

2i93 dz‘lz q% PHPL
=— — ko | AL pary
k2+iek‘/(2ﬂ)2 T2~ ip 4> ¢ Fave

(17)

In this result for the radiation field, 1/k? corresponds to the
emitted gluon propagator, 1/g7 and 1/¢3 are the exchanged
Reggeized gluon propagators, and the Lipatov vertex appears
as the term in the parenthesis, as illustrated in Fig. 6.

To see the latter, we will recast the covariant expression for
the Lipatov vertex in Eq. (5) into light-cone gauge. Towards
this end, we partially gauge fix the gluon polarization vector
e, = 0. This implies e_k~ = ¢;k;, £,p = 0,¢,p5 = e_p3,
since p; = (p{,0,0,0) and p, = (0, p5,0,0). With these
relations, it is straightforward to deduce the form of C* in
light-cone gauge [132]:

2
* k q — ok
gu(k)C”(Cll»QZ) =—2¢; (CIZi_kik_g) =¢/Ci(q1.92). (18)

The light-cone gauge expression makes transparent the fact
that the dependence of this vertex is only on ¢; and ¢,, and
not the external momenta p{, p,.

In [62], Blaizot, Gelis, and one of us, and later Gelis
and Mehtar-Tani in [63], noted that the Lipatov vertex is
embedded in the classical YM solutions in both the dilute-
dilute and dilute-dense scattering regimes. The result of the
dilute-dense computation gives

2ig d’q, 5
(k) = — . ol
al( ) k2 + iek_ / (277:)2 i lk2

L) g~ PRk 4 g)). (19)

q;

where U (k) is the Fourier transform of the lightlike Wilson
line operator,

Ulx.x)5(x") = exp (ig / g dz‘A_(z‘,x)~T>, (20)

—00

where A_(z~,x) was given in Eq. (12). As observed earlier,
the Wilson line encodes the coherent multiple scattering
of the emitted gluon off the dense source py in Fig. 7.
Expanding the above result to lowest order in pj; allows one
to recover the dilute-dilute result in Eq. (17).

To summarize, the Lipatov vertex first computed in the
context of the 2 — 3 scattering amplitude can be obtained
from solutions of the classical YM equations in the
presence of nontrivial sources that evolve with rapidity
via the BFKL/BK/JIMWLK equations, depending on the
kinematics of interest. As emphasized, an important ingre-
dient in this derivation are the shockwave propagators in
the strong background fields p, g ~ 1/g. Reggeized gluons
can be understood as the gauge fields coupling to these
sources [133,134]; we will return to this discussion in Sec. I'V.

B. Scattering in gravity in multi-Regge kinematics:
From amplitudes to shockwave collisions

In Sec. IT A, we discussed the building blocks of 2 —» N
scattering in QCD in Regge asymptotics. These are the
Lipatov vertex, which appears in the 2 — 3 amplitude, and
the Reggeized gluon propagator that arises from iterating
the IR-divergent pieces of the virtual contributions to the
2 — 2 amplitude. In [8,9], Lipatov demonstrated that the
corresponding 2 — N amplitude in gravity can be con-
structed analogously, with the building blocks being the
gravitational Lipatov vertex and the Reggeized graviton
propagator. As we shall discuss, the former has a contri-
bution corresponding to the double copy of the QCD
Lipatov vertex, and the latter is similar to the QCD
Reggeized gluon propagator with the intercept of the
Regge trajectory at 2 instead of its value of unity in the
QCD case.

Since in Sec. II A we showed that the BFKL ladder and
generalizations thereof could be reproduced in a powerful
semiclassical RG framework, it is natural to ask whether the
same semiclassical approach can be applied to describe
2 — N scattering in gravity for N > 1. From the qualitative
arguments presented in [32], and from the derivation we
will present in Sec. III and the subsequent discussion in
Sec. IV, we conjecture this to be the case. Establishing it
fully will, however, take considerable work beyond the
scope of this paper.
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(a) The eikonal scattering series comprised of horizontal ladder and crossed ladder diagrams. The crosses denote that the
propagators of the high energy lines are approximated as 1/(p — k)* ~ —1/(2p - k).

(b) Multiple t-channel graviton exchanges (without the eikonal approximation) where the loops gives rise to the relevant large

logarithms shown in Eq. (26).

FIG. 9. Multiple f-channel graviton exchange diagrams including both eikonal and off-shell propagators.

The conjectured map of the semiclassical CGC EFT
to a semiclassical Regge EFT of gravity is by no means
obvious, since we are dealing with two very different
theories. QCD becomes a strongly interacting confining
theory in the infrared (or at large impact parameters in the
context of the discussion here), while gravity becomes a
strongly interacting theory in the UV, whose structure is
that of a yet undetermined theory of quantum gravity. More
specifically, the Regge limit of 2 — 2 scattering in gravity,
unlike QCD, involves several dimensionful scales. Setting
h =1, the Planck mass (M,) or Planck length (£)) is
related to the parameter (k) or Newton’s constant (G),

K 1
— = ff,, (21)

and the trans-Planckian scattering regime is specified by
taking the center-of-mass energy /s > M »» Where we have
the hierarchy of scales #,, < Ry < b. Here, b is the impact
parameter which is conjugate to the momentum transfer Q.
The latter combines with M, to give the dimensionless
gravitational coupling

Q2

@(0) = . 22)

This is clearly very different from the behavior of «;
in QCD.

The scale Rg is the characteristic Schwarzschild radius
set by the center-of-mass energy /s:

RSEG\/E:§. (23)

For incoming particles with impact parameter within Ry,
classical arguments suggest that a black hole will be formed
[135]. To avoid encountering complications of near-horizon

effects, we will restrict ourselves to the regime where the
impact parameter b is much larger than the Schwarzschild
radius b > Ry. A specific goal will be to understand if Ry
(which in a black hole quantum portrait framework [33] is the
inverse of the saturation scale Q) can similarly be extracted
from the RG evolution of the 2 — N amplitude to smaller
impact parameters.

It is well known that at large impact parameters b > Ry,
the 2 — 2 gravitational amplitude eikonalizes in the Regge
limit [18,136,137]. The diagrams that contribute to eikon-
alization come from resumming the horizontal ladder and
cross ladder series shown in Fig. 9(a). In these diagrams,
the eikonal approximation requires that the momenta of the
exchanged gravitons be neglected with respect to those of
the high-energy lines—namely, (p, — k)> ~ =2p; - k. This
replacement is illustrated by the crosses in Fig. 9(a). The
resummation of this series generates the eikonal amplitude:

iMpgg = 2s / d?b &7 (b)), (24)

where the IR-divergent eikonal phase y(b, s) is given by

s [ d’k 1 .
bs)=—" — ek, 25
)(( S) 2 / (277.')2 k2 e ( )

The full one-loop four-point amplitude contains the
two sets of contributions shown below?*:

2
N K , —t s —t
MWD ~ s <—ms log <F) + tlog (—_t> log (F) >
(26)
“This expression only includes the leading terms in the Regge

limit that have an IR divergence. For the complete expression, see
for instance Eqgs. (14) and (18) in [138], and references therein.
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where A is an IR cutoff. The first term in the parenthesis
is from the aforementioned eikonal amplitude, and the
other is the contribution from off-shell propagators. Since
both terms have exactly the same IR divergence in
the Regge limit, the first term dominates over the second
term; the latter is subleading as —/s ~ R3/b* and there-
fore not relevant for the large-impact-parameter regime
b> Ry [139]. This is qualitatively different from the
perturbative QCD case, where the double logs dominate
over the eikonal phase contribution. For a nice discussion
of this difference from the double-copy perspective,
see [140].

When one takes all-loop iterations™ of the 2 — 2
amplitude, the first term corresponds to multiple scattering
contributions which can be resummed into an exponential
form (in impact parameter space) and results in the eikonal
amplitude in Eq. (24). The behavior of the iteration of the
second term in the parenthesis in Eq. (26) is familiar from
the QCD discussion. These are the doubly logarithmic
divergent Sudakov logs whose resummation (from multiple
graviton exchange) leads to Reggeization. Our discussion
of the one-loop result would suggest that Reggeization is
kinematically suppressed in gravity as R2/b? and therefore
not important at large impact parameters.

However, as is evident from the expression, these
double logs are important at smaller impact parameters.
Furthermore, they are essential to the problem of interest
here—the construction of the 2 — N inelastic amplitude.
This is because the IR divergences from the loop terms
cancel those from the real emission amplitude in the
scattering cross section for this process. This cancellation
is identical to the QCD case and therefore important for the
same reason as for particle production in perturbative QCD
(and in QED). Thus, Reggeization should go through in the
same manner as in QCD, and along with the gravitational
Lipatov vertex, provide the building blocks for the con-
struction of the 2 — N amplitude to all orders to leading
logarithmic accuracy.

“Einstein gravity is nonrenormalizable in the sense of a
conventional quantum field theory. When we discuss all-loop
contributions, we refer here to contributions that dominate at
leading log in the Regge limit that are iterations of the one-loop
four-point graviton amplitude. Pure gravity in four dimensions is
known to be renormalizable to this order [141]; for a nice
discussion of UV divergences at two loops, and relevant
references, see [142]. Whether Reggeization holds beyond
one-loop order in gravity is not known. From the modern EFT
perspective, renormalizability may not be relevant to this issue,
since our focus is on the IR regime of the theory [59]; indeed, it
has been argued that black holes UV-complete gravity [143].
Though we will not address this issue here, we note that an
interesting program to address aspects of this issue would be to
consider renormalization in the strong-shockwave background.
In QCD, this does not add anything to the discussion, but the
situation may be qualitatively different in gravity for the afore-
mentioned reason of UV completion.

FIG. 10. The leading corrections to the eikonal scattering
series, captured by H-diagrams. The red dots indicate gravita-
tional Lipatov vertices.

In [8,9], Lipatov computed the graviton Regge trajectory™*

d*k 1
W= | Gare -y
1 1
e ta =02 (G + 12 ) -
q> =t (27)

that gives rise to Reggeized graviton propagators. As in
QCD, the graviton Regge trajectory contributes to the virtual
part of the gravitational BKFL kernel as shown in [8,145].

The real part of the gravitational BFKL kernel gets a
contribution from the square of the gravitational Lipatov
vertex.” In covariant form, it can be expressed as a double
copy of the gauge theory Lipatov vertex C* as

I.(q1.92) =5C.(41.92)C,(q1.92)

| =

1
~5Nu@r )N ). (28)
where one has an additional double copy of the quantity N,,.
This is the soft photon vertex [147]

Pi P2
N s - 2 2< £ ad >’ 29
W(41.902) = \/ 4143 bk ik (29)

dressed by an overall factor 1/q?q3. These vertices are gauge
invariant (N, k* =T, k¥ = 0) and traceless (7T, = 0).
An important point worth mentioning about the gravi-
tational Lipatov vertex is that the presence of the N,N,
term is required by unitarity. The term with the C,C,
structure alone has a simultaneous pole in the overlapping
s; = (k+ p;)? and s, = (k+ p;)? channels. The pres-
ence of such a term in an amplitude is forbidden by the
so-called Steinmann relations [148,149], which ensure
that there are no poles and discontinuities in overlapping

#See [144] for earlier work on graviton Reggeization in pure
Einstein gravity.

This effective vertex capturing the emission of soft gravitons
in MRK kinematics was also discovered in the context of closed-
string scattering [115,116] and later on in [14,15,146], where
double-copy relations to the gauge theory Lipatov vertex were
made.
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energy channels. A discussion of these relations in the
context of the gravitational Lipatov vertex can be found
in [14,15,146,150].

The full content of the 2 — 3 “block” of the 2 - N
amplitude in multi-Regge kinematics is represented by the
so-called H-diagram [22] shown in Fig. 10. Albeit sub-
leading as R%/b? in the eikonal expansion, this provides the
leading contribution to inelastic graviton production, which
becomes increasingly important as b — Ry.

For the purposes of the discussion in the following
section, it will be useful to recast the covariant formula for
the Lipatov vertex into corresponding expressions in light-
cone gauge, where they simplify considerably. Let ¢, (k) be
the gluon polarization vector and ¢,,(k) be the graviton
polarization tensor, such that (suppressing helicity labels)

&, (k) = g,(k)e, (k). e, (k)k* = 0. (30)

In the light-cone gauge €., = 0, one finds that the soft
photon emmision factor in Eq. (29) takes the form

*

€ ki *
€;<k)Nﬂ<QI7QZ) =-2 Q%qg 12 =¢/Ni(q1.92)- (31)

Using this result along with Eq. (18) and the gauge-
invariance condition Fﬂyk’“ = (0, one can obtain all non-
vanishing components of the gravitational Lipatov vertex in
the light-cone gauge. The explicit expressions for these are
as follows:

2 2 2.2
q q q1q9
Fij(‘]u‘lz) = 2<Q2i - kik_§> <Q2j —k; k_§> — 2kik; —;642,

(32)

4k_ q2 q2q2
F—i(%,%):—kg [(ql'q2)<QZi_kik_§>_ki—;€22 . (33)
1

2

I__(q1.95) = k—‘i_ (41 - 92)* — qiq3)- (34)

In the next section, we will present an alternative
derivation of the central emission Lipatov vertex in a
semiclassical framework of Einstein-Hilbert gravity that
is exactly analogous to the discussion in Sec. Il A. The
large occupancy of gravitons resulting from their brems-
strahlung across a wide range of rapidities higher than the
rapidity of interest allows one to treat their dynamics as a
static mass distribution that couples coherently to the
emitted graviton analogously to the classical color density
in the QCD case.

What we have discussed thus far is analogous to the
discussion of the dilute-dilute regime in QCD whose RG
evolution is described by the BFKL equation. One may
therefore ask whether in gravity one has an identical

classification of inclusive distributions as ‘“dilute-dilute,”
“dilute-dense,” and “dense-dense” as described for the
QCD case in Sec. Il A. Our discussion in this paper will
focus on the simplest dilute-dilute case but, we will briefly
address the dilute-dense case in Sec. IV in the context of
shockwave propagators necessary to promote the 2 — 3
computation to the RG description of 2 — N scattering.
The explicit computation of these propagators will cast
further quantitative light on the gravitational dilute-dense
and dense-dense regimes.

Even though the quantitative tools to address the dilute-
dense and dense-dense regimes are not fully developed
(unlike the QCD case), we believe nevertheless that such
regimes must exist on physical grounds. The discussion can
be framed in the context of the extensive work of ACV
classifying the different regimes that contribute to trans-
Planckian scattering. As discussed by ACYV, the resumma-
tion of all possible contributions due to graviton exchanges
to the 2 — 2 S-matrix can be expressed generally as an
exponentiated form in impact parameter space as ¢20(-F),
The phase §(b, E) is generically complex, with the imagi-
nary part corresponding to inelastic final states describing
2 — N emissions. It can be organized in pure gravity26 asa
power series expansion in R}/b* and £2/b*. Writing the
S-matrix in ACV’s convention as § = e2/(%0+01+0:+) " the
known phase factors are [19]

L 6G>s
(SOZGSlOg(E), 51 :ngs,
2G3s? i L?

Here, &, corresponds to the eikonal phase y(b,s) we
discussed earlier. The second term, J;, corresponds to a
pure quantum gravity correction G2s/b*~ Gs(¢3/b?),
which can be ignored for the regime b > Ry > ¢,,. Like
0y, this contribution is purely real. The final term in ACV’s
decomposition, §,, is a classical correction proportional to
G3s?/b* ~ Gs(R%/b?). One observes that while these
terms are weighted by various powers of R%/b> or
¢%/b?, they all appear with a factor of the dimensionless
combination Gs > 1. On the face of it, this demonstrates
that it is inconsistent to truncate the expansion of the
exponential ¢*("E) to a finite number of terms.

Our interest is in the inelastic contributions to the 2 — 2
S-matrix that correspond to 2 — N final states. In particu-
lar, one may ask whether the (unsuppressed) all-order soft
rescattering contributions to the hard 2 — 3 inclusive
distribution arising from multiple rescattering exchanges
can be factorized into the Weinberg soft factor containing

*In other extended theories of gravity such as string theory,
there can appear ratios of other length scales—for instance,
2/
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all soft real and virtual exchanges. This question was
addressed both by Lipatov and ACV, who both distin-
guished between soft “Weinberg” momentum k < ¢, ¢,
and the opposite “Lipatov” semihard regime k > ¢, ¢,
(where ¢, g, are the t-channel momentum transfers in the
multi-Regge 2 — N amplitude, and k is the momentum of
the emitted graviton), in the terminology of [26]. As
already shown by Lipatov, and confirmed by ACYV, all
Weinberg-type multiple exchanges and radiation can be
absorbed into the overall Weinberg soft factor multiplying
the semihard multi-Regge amplitude.

On the basis of this discussion, we would conclude that
there is indeed a dilute-dilute Lipatov regime of evolution
of the semihard inelastic 2 — N amplitude in the Regge
regime. One may further ask whether the dilute-dilute
evolution regime is larger or smaller than it is in QCD
before high-parton-density effects become important. On
the one hand, the occupancy N (at a given impact
parameter) of inelastically produced hard final-state
gravitons grows much more rapidly than the multiplicity
of gluons in QCD due to the larger Regge trajectory in the
former. On the other hand, these occupancies have to be
much larger in gravity for semihard graviton rescattering
and recombination to be significant. Regardless of the
width in rapidity of the dilute-dilute regime, the growth of
graviton occupancy must saturate as it does in QCD,
because the probability for such emissions at a fixed
impact parameter cannot exceed unity. It has been argued
on information-theoretic grounds that the growth satu-
rates for N = 1/a.y. where gy = a(Q,) = Q3/M? and
Qs = 1/Ry is an emergent scale [33,35,143]. As noted
earlier, the similarities between this dynamics and that of
the CGC has been discussed previously [32]. We will
return to the quantitative realization of this picture a la
CGC in Sec. IV B.

II1. SEMICLASSICAL SCATTERING OF
GRAVITATIONAL SHOCKWAVES

A. Gravitational shockwaves

Aichelburg and Sexl [151] showed that when a
Schwarzschild black hole characterized by mass my is
given an infinite boost y — oo (say, along the positive-z
direction), then in the limit my — 0, with total energy
uy =ymy held fixed, one obtains the shockwave
spacetime

ds? =2dx"dx™ — &;;dx dx’ + 8y G5(x™) log(Alx|) (dx™)2.
(36)

Here, A is an IR cutoff scale. This metric is a solution
to Einstein’s equation [Eq. (B7) in Appendix B], with
a nonvanishing energy-momentum (EM) tensor given
by T, :5”_5,,_5(x‘)6(2)(x) required to support this

geometry. This is the EM tensor of a massless point particle
located at the origin of the transverse space x = 0.

Motivated by our discussion in Sec. II A, one can general-
ize this form of the EM tensor to include a source with
transverse spatial density py(x), which has the shockwave
proﬁle27

Tﬂl/ = 6;4—5y—/"H5(x_)pH(x)' (37)

The resulting more general shockwave spacetime has the
metric

ds? = 2dx"dx™ — 5;;dx'dx’ + f(x~,x)(dx™)?,  (38)
where

Pu(X)

7o) = 2 3(0) 2

KZ

= nd) [ Ayl -ylpuly). (9)

We used in the second equality the Green’s function of the
two-dimensional Laplacian [, = §;;0;0;. In this singular
form, where the source py appears linearly and a delta
function appears in the metric, one sees that the spacetime is
flat in the regions in front of (x~ < 0) and behind (x~ > 0)
the shockwave. However, the inertial frames in these regions
are not identical. They are related by a coordinate trans-
formation of the Minkowski vacuum. This is to be expected
intuitively, since the passing shock should affect spacetime
measurements differently in these regions [28,30]. To see it
more rigorously, we transform to the y-coordinate frame,
which is related to the x coordinate by the discontinuous
transformation

. . 0;
Xt =y =Ky O(y7) a, pu(y).

Pu(y)
0y

#5700 (St ) (40)

X =y,

xt =yt = Fug®(y7)

This transformation comes from analyzing null geodesics
passing through the spacetime specified in Eq. (38), a point

?7A subtle point is that for a Schwarzschild black hole at rest,
the energy-momentum tensor vanishes. When boosted to y — oo,
a nonvanishing stress tensor develops as a consequence of the
singular nature of the limit, which erases the information of the
horizon. However, it is important to keep in mind that the mass
distributions we will discuss are not to be thought of as strict -
functions in x~. As in Sec. I A, this source in Regge asymptotics is
the “static” distribution of gravitons at higher rapidities; there is
therefore an implicit rapidity-scale dependence of this distribution.
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we will return to shortly. The metric in the y-coordinate
system takes the form

ds® = 2dy*dy™ — g;;dy'dy/, (41)

where g;; has a nonlinear dependence on the source py and is
given by

3,0,
gij = 8, =y O(y7) [2K2MH D—ij(’Y)

— KUy (Ei’c /)H(y)) (%T‘M@)] . (42

The continuous form of the metric in Eq. (41) is an exact
solution of Einstein’s equations with the EM tensor in
Eq. (37). It makes manifest that the region in front of the
shock (y~ < 0) is the Minkowski vacuum, while the region
after the shock (y~ > 0)is a pure gauge transformation of the
Minkowski vacuum. (The latter is seen by computing the
Riemann tensor R,,,, of the metric in the y~ > 0 region,
which turns out to vanish even though its connection
coefficients do not vanish.)

This is exactly analogous to the Yang-Mills shockwave
solution in the color glass condensate EFT, for which the
field strength tensor vanishes before and after the shock-
wave even though the gauge fields do not vanish; they are
distinct pure gauge solutions separated by the gluon
shockwave [42,43].

B. Linearized fluctuation around the shockwave
background and the gravitational Wilson line

Having discussed the properties of the gravitational
shockwave metric, we will now analyze the structure of
small fluctuations around it. At the classical level, small
fluctuations are governed by linearized Einstein equations
around the shockwave background. For this purpose, it is
simpler to use the singular form of the gravitational
shockwave given in Eq. (38). We start by writing small
perturbations about the metric as

G = G T K Ry (43)

We weighted the fluctuation field 4, here by the coupling x
so that its kinetic term is canonically normalized. Working
in the light-cone gauge

hﬂ+ = 0, (44)

the linearization procedure of Einstein’s equations results in
the following set of second-order equations:

Dhij—g__ﬁihij:(), Dhi_—f]__(ﬁ_hi_:(Lrhija»g__,

Dh__ —g_]__()%_h__ - (61015_}__)}1,] —Q—Z(@lg__)@]h,j (45)

These equations are not all independent, since there are first-
order constraint relations among various components of /,,,:
0,h_j =0jh;j,0, h__ = 0;h_;. Furthermore, Einstein’s
equations set h = §;;h;; = 0. These equations imply that
h;; are the independent components of the metric fluctuations
corresponding to the physical degrees of freedom.

Next, we solve these equations. In the vicinity of x™ = 0,
the transverse derivatives acting on 4;; in Eq. (45) can be
neglected, and we obtain

1_
a_hij - Eg__d+h,~j = O, (46)
which can be solved for the fluctuation at x~ = x;. The
solution is given by

h,-j(x+,x‘,x) = V(x‘,x)hij(x+,x‘ =x5.,x), (47)

where the gravitational Wilson line operator V is given by

Ve =en (5 [ ara o). 6

0

Using the constraint relations, the solution for the other two
components can be written as

hoaa™) = V) hoi(xg) + (a,,-v%h,-,-(xa), (49)

s (o) =V h(57) + 2020V 3 i)

1

+
One can verify that the above result satisfies the equations of
motion in Eq. (45). The solutions in Egs. (47), (49), and (50)
are gluing formulas that connect plane-wave evolution from
one side of the shockwave to plane-wave evolution on the
other side. The gravitational Wilson line operator V appear-
ing in these formulas are shift operators that act along the
shockwave and whose magnitude is a function of the energy
of the shockwave and its transverse distribution.

The exact analog of Egs. (47), (49), and (50) in the gauge
theory case was worked out in [63]. These results have a
flavor of a double-copy relation. In particular, the gauge-
theory Wilson line and the gravitational Wilson line are
related by the color-kinematic replacement rule, which has
been extensively discussed in the literature [80,140]; we
will briefly revisit it in Sec. III C 4.

C. Shockwave collisions

In this subsection, we will address the problem of the
collision of two gravitational shockwaves in the dilute-
dilute approximation analogous to the QCD case discussed
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FIG. 11. Trajectories of colliding ultrarelativistic particles. The
dilute-dense approximation is the one where the trajectory of the
“heavy” graviton shockwave (depicted in red) is unchanged,
whereas that of the “light” shockwave (depicted in blue) under-
goes a shift [according to Eq. (59)]. The trajectories in the future
of the collision are bent slightly inwards, but this effect is small at
large impact parameters between the two shocks in the transverse
plane.

in Sec. I A. In our setup, we consider two incoming
gravitational shockwaves along the z axis, separated by
impact parameter b in the transverse plane, with the
collision point at z =t = 0. These shockwaves are gen-
erated by the EM tensor (in the region t < 0),

Ty = 840, 0 (x™)pp (x) + 6,16, . 6(x " )pp(x). (51)

This is depicted in Fig. 11, where regions II and III are
spacelike regions of heavy (H) and light (L) shockwaves,
respectively, before the collision, that correspond to the
respective coordinate transformation of Minkowski vacua
(in other words, they are pure gauges—see the discussion
in Sec. III A above), while region I is the common
Minkowski vacuum shared by both the shockwaves.
Finally, region IV corresponds to the future of the collision,
in which the EM tensor of each of the shocks will get
modified and backreact to create a radiative spacetime with
a nonvanishing curvature in region IV.

We will first calculate the correction to the EM tensor
and the modified metric in region IV in the dilute-dilute
approximation, where we keep terms to linear order in py
and p;. (In contrast, the dilute-dense approximation cor-
responds to keeping terms which are of all orders in py but
only linear order in p; .) We will then set up the equations of
motion of the metric in the dilute-dense approximation.
However, for our purposes, it suffices to solve for the

modification of the EM tensor and the metric in the
dilute-dilute approximation, since we are working in the
regime b > Ry. (See the discussion in Sec. I.)

1. Equations of motion

Treating the spacetime created by shockwave H as
background, we consider small perturbations £, around it:

9w = g/w + h/w' (52)

Here, g,, is the background metric tensor appearing in
Eq. (38). We decompose the perturbation £, into a term

h,g},) of order O(p; ) which is sourced by 7', , [appearing in
Eq. (51)] and a term hﬁ,z,) of order O(pyp; ) coming from the

backreaction of the corrected EM tensor at this order.
Therefore,

Iy = hia) + k1) (53)

We weighted h,(,%) by a factor of x in order to ensure the
corresponding kinetic term is canonically normalized.
Working in the light-cone gauge28 h,, =0, linearizing
Einstein’s field equations around g,,, and further process-
ing the results in the equation of motion for the traceless
field ,;,
g-_0%hi; — Ohy;
1
=K (20,0, — 1, 6;)) 6—2T++
+

2

Here, fzij =h;; - %5,»1»11, where h = 6;;h;;; see Appendix B
for details. Further, [J is the d’Alembertian operator,
and T = 6;,T;;.

The other components of the metric fluctuations are
obtained from the solution for %;; using the constraint

relations

J

_ 2 0,
0+h_i = ajl’l” —+ K2 |:a T+i — 62T++:| B
+ +

- O
0 h__ = 0,0;h;; — & [a; T,,—-T-2T,._+ g__TH] )
+

(55)

We refer the reader to Appendix B for further details
of these results. These equations are to be further

*This gauge condition leaves a residual gauge freedom unfixed.
We will fix the gauge completely by demanding the transversality
of physical polarizations of the graviton: ¢"5,,, = 0.
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supplemented with the covariant conservation equations of
the EM tensor, which are given in Eq. (B14). However, the
conservation laws by themselves do not uniquely determine
the evolution of the EM tensor. This is evident from
Eq. (B14), since there are more unknowns than the number
of equations. As we will now elaborate, to address this
problem, we will need to consider the geodesic motion
[152—154] of the ultrarelativistic distribution of particles p;,
as they cross the shockwave background of py.

2. Geodesic motion and evolution of EM tensor

The task at hand is to compute how the EM tensor of the
ultrarelativistic distribution of particles L gets modified as
they cross the region of influence of the gravitational field
of shockwave H. We will first consider the point-particle
approximation of the second shockwave, where we take
pr(x) = 6% (x — b). The covariant EM tensor of a spinless
point particle moving along a worldline X#(s) is given by

() = P [T ke X9 (x = X(2).  (56)
—9J-
Here, g = —1 is the determinant of the background metric

in Eq. (38), and the dot denotes differentiation with respect
to the worldline parameter A. The form of the EM tensor in
Eq. (56) follows from the relativistic action of a massless
point particle. (See Appendix C) It is covariantly con-
served, provided the worldline X* (1) satisfies the geodesic
equation

X0 TLXXP =0, g, XX0 =0, (57)

The second relation ensures that the geodesic is null.

Hence, in order to determine corrections to T, it
suffices to compute the worldline X#(4) from Eq. (57).
The nonvanishing connection coefficients are

1
FJ_F_ == Ea_g__,

, 1
rt=r_= 56,-9__. (58)
Upon solving Eq. (57) with appropriate boundary con-
ditions at negative times, one finds

9iPu (b )

X' = b =X O(X7) S
1

The null geodesic is continuous along the x~ and transverse
directions (as a function of X~) but acquires a discontinuity
along the x* direction after crossing the shockwave H at
X~ =0, as shown in Fig. 11. This is precisely the content of
the coordinate transformation in Eq. (40) noted in Sec. IIT A.
[The transformation in Eq. (40) is a solution to the null
geodesic equation with generic boundary conditions.]

Using Eq. (56), the result in Eq. (59) allows us to
reconstruct all components of particle L’'s EM tensor in the
dilute-dense approximation. The detailed expressions are
given in Appendix C. In what follows, we will need the
formulas in the dilute-dilute approximation for the full EM
tensor; in other words, we need to sum up the changes in
EM tensors of both particles H and L. However, in the light-
cone gauge, as shown in Appendix C, the EM tensor of
particle H does not get any corrections from the gravita-
tional background of particle L. The results for the non-
vanishing components of the EM tensor are

- P - 9ip -
Too = u6(x")py + Cppu ©(x7) 5’(x+)D—HpL +x76(x")o; ( O HﬂLﬂ’ T__ = upd(x7)pu,
1 i
T =2 + —\ PH 2 + _\9iPu
— = Kpgppd(xT)o(x )D—LPL, Ty =Kuppu 0(x7)0(x )D—J_/)L- (60)

This result was a consequence of the strict point-particle
approximation. However, since we are neglecting tidal
effects, we can generalize the point-particle delta function
to a finite transverse source distribution p;, with details
provided in Appendix C.

An important detail is that in the point-particle approxi-
mation at finite impact parameter, the solution has the
freedom of adding a “contact term” of the form pyp; to the
solution of the EM tensor. This gives a 6 (x)6?) (b — x) =
52)(b)5®) (b — x) contribution that vanishes for |b| > Ry,

|

which is the approximation for which the point-particle
computation is valid. However, such a contact term in
position space gives a finite contribution in momentum
space. The coefficient of such contact terms cannot be fixed
by the point-particle analysis, and the freedom to add them
will of course affect the final solution. This freedom should
in principle be fixed by other physical considerations; in
our case, this would be the unitarity of multiparticle
production [discussed below Eq. (29)]. With this in mind,
in the solution for 7', above, we added such a term by
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hand in the second term in the square brackets. As we will
see in the next subsection, this results in the correct
expression for the Lipatov emission vertex.”

3. Solution and the Lipatov vertex

(1)

We first solve for 4;,’, which is the fluctuation in the

background created by the light shockwave. In this
approximation, Eq. (54) becomes

—DES}) = K2 xtO(x ) (20;0; — O, 8;)p + O(x),
|

0O, Y0

where on the rhs we plug in the order O(p; ) expression for
T. . from Eq. (60). Note that 71,(]” is independent of x~,
since the right side of this equation is independent of x.

Therefore, DEE}) = —[ jl,?}), which leads to the result

20,0,
0.

A = KupxtO(xt) <

i 5ij>PL +O(x*).  (63)

At order O(pyp;), the solution for the field 71,(/2) is
obtained by inserting the solution in Eq. (63) and the result
for the corrected EM tensor in Eq. (60), along with Eq. (39),
into Eq. (54). We then find

d
Oh;) = 26(x)0(x7) B Py B = O()O(x) {Pi/’ (é_HPL + x+x—0k( EPH‘PL>>
- L

9;Pu 9ipn PH
- Z{ai <|]:|—LPL> +9; ( 0, pr ) — 6ijok D—lpL ) (64)

where P;; = 20;0; — 6;;L1, . We suppress in this expression an overall factor of i3 gy on the right side for clarity. This
equation can be easily integrated in Fourier space, which gives

2 2
27 [ Q0 R & B k-
k hij (k) - / (271’)2 |:2P11<q2> k+k_ {Pu(k)(l + k

where we have used the shorthand notation P;;(p) =
2pip; — 6 jpz. The transverse momenta are constrained
to satisfy k = q; + ¢». Additional details in the derivation
of this result are provided in Appendix D.

To extract the Lipatov vertex from this result, we need
to use the momenta k of the graviton izsz) on shell,
2k, k_ —k* = 0, with the Lipatov vertex being the residue
of the 1/k? pole. After simple manipulations, and restoring
the factor Ky, we find

3 d?
~(2) 267 Py, q> PHPL
h/ (k) = [.:(q, ——, 66
( ) kz i€k_/(2 )2 lj(ql q2) %q% ( )

»As shown in Appendix C, the geodesic analysis for T iy
gives

Tiy = p 80 )pp + KCupp O(x7)

0
x |8 () 2y 4 2m5(t) Lo, | (61)
Oy 0y
The addition of the contact term is of the form
Kppprx” O )8(x )pupr, (62)

which vanishes in the point-particle limit for large impact
parameters.

Pu\q1)pPrL\qg
) _Z(kiQ1j+ka1i_5ijk“11)H Hq(gl) Lq(zz)’ (65)
1 2

where I';; is the gravitational Lipatov vertex defined
in Eq. (32).

As noted in the previous subsection, this result crucially
relied on the addition of the contact term in the result of
T, .. Without such a term, we would only reproduce the
strict Yang-Mills double-copy C,C, part of the Lipatov
vertex correctly. However, to get the N, N, term (which, we
recall from the discussion in Sec. II B, is required by
unitarity), such a contact term in the solution for 7', | is
necessary. Its presence cannot be argued for strictly on
classical grounds, and in our semiclassical framework, it
likely comes from a consistent application of Cutkosky’s
rules in strong gravitational backgrounds. In other words,
the point-particle approximation is a bad one even at large
impact parameters when considering multiparticle produc-
tion. We will return to this point in future work.

To complete our derivation, one can in a similar manner
to the derivation of Eq. (66) work out the expressions for
h_; and h__ (with further details in Appendix D):

3 d
@ KS 0 PupL
W0 = e [ T 2%,

91 92
g &
R (k) = —=° / L (gy.q.) 220 67
( ) k2+i€k_ (271_)2 (ql q2) q% q% ( )
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where I'_;, I'__ were given in Egs. (33) and (34) and
s = 2ugu; is the center-of-mass energy squared.

Equation (67) is the principal result of our paper. It
demonstrates that using a purely semiclassical approach in
precise analogy to the Yang-Mills computations in [62]
and [63], one recovers the gravitation Lipatov vertex. Our
result is also very suggestive that py /% and p; /g3 have the
structure of Reggeized graviton propagators. Quantum
corrections to the bare propagators can be absorbed in
the rapidity-scale-dependent source distributions, thus pro-
viding a Wilsonian RG interpretation of Reggeization
analogous to the QCD interpretation. We will discuss this
perspective further in Sec. IV.

4. Relationship between gauge and
gravity shockwave collisions

Akhoury and Saotome in [80] pointed out a relationship
between the gauge-theory shockwave and gravitational
shockwave in terms of a precise double-copy relation.
The gauge-theory shockwave (derived in Appendix A)
takes the form

A= —gé(x_)pé(f) : (68)

whereas the gravitational shockwave takes the form™ (we
repeat the expression here with the canonically normalized
gravitational field)

—%g__ = —k6(x7) 'LLH(x) (69)

One observes that a replacement of the color-charge density
py in QCD for the mass density uyppy in gravity and g — «
in the gluon shockwave result gives the expression for the
gravitational shockwave.

At the next order in the coupling, we have for the gauge-
theory result’’ derived in Appendix A,

3 2
g d-q, pu-Tpr
= Ci(qi,q,) =" (70
k2 + iek_ / (27[)2 I(ql q2) q% q% ( )

As for the replacements above, we recover Eq. (66) by
replacing g — «, the color-charge densities py/; with the

ai(k)

*In this formula, we rescaled the expression for g__ by a
factor of x with respect to the expression given in Eq. (38), since
this normalization leads to a canonically normalized kinetic term
for g__ when viewed as a fluctuating field. We observe a relative
minus sign in the double copy. This is because one is comparing
the (—1)"M, n-point process in gravity to the (—1)""'A,
n-point process in gauge theory [80].

'Here, we have changed slightly the notation for the color-
charge densities with respect to the Appendix, such that py =
p4T* denotes the color-charge density matrix and used the

identity if**pyp = —(T")captipi = (P - T)prlo)-

mass densities yy/;pp/r, and the QCD Lipatov vertex C;
with the gravitational Lipatov vertex I';;. As mentioned
previously, the connections of the gravitational classical
double copy to the Yang-Mills one were observed earlier
[78], but the Lipatov double copy of the emission vertices
was not pointed out there. Indeed, the particular form of
Eqg. (70) is a consequence of ensuring that the double-copy
structure of the Lipatov vertices is manifest (which are both
kinematic factors) rather than the color-kinematic relations.
The experience with 2 — N amplitudes in Regge asymp-
totics suggests that the Lipatov double-copy relation is the
robust quantity rather than the color-kinematic duality. We
expect, however, that upon taking the ultrarelativistic limit
of the emission formulas in [78], and applying the color-
kinematic duality, one should recover the Lipatov double
copy. This connection has been made explicit by us in a
separate publication [155].

IV. OUTLOOK

In the previous section, we established that the Lipatov
emission vertex of the gravitational 2 — 3 radiation ampli-
tude in Regge asymptotics can be obtained from a semi-
classical computation of the first-order corrections in the
metric produced in the collision of two shockwaves. The
results are very suggestive that powerful strong-field semi-
classical methods developed in the color glass condensate
EFT of QCD can potentially be employed in gravity
(despite the substantial differences in the two theories)
due to common universal features of Regge asymptotics.
Here, we will outline directions to pursue in extensions of
this work. One of these is to compute the spectrum of
gravitational radiation using strong-field techniques. The
other is to extend our dilute-dilute studies to the dilute-
dense regime of trans-Planckian gravitational scattering
and to develop the renormalization group tools that can
help understand black hole formation as arising from the
dynamics of wee gravitons. This latter study will, of course,
influence the quest to observe signals of quantum effects in
gravitational wave radiation. A final topic of interest is the
possible formulation of the commonalities between the
overoccupied dynamics of QCD and gravity in the lan-
guage of asymptotic symmetries.

A. Gravitational bremsstrahlung

From the result in Eq. (66), one can calculate the
spectrum of energy ESY carried by gravitational wave
radiation as

dET 1 N MO, (71)
dodQ  27? p

Here, @ and Q are, respectively, the Fourier conjugate of
x* = (¢ + z)/+/2 and the solid angle. The sum on the rhs is
over the two physical polarizations A of the gravitational
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wave amplitude M, obtained by contracting 7zfj2>(k)

computed in Eq. (66) with the physical graviton polariza-
)

tion tensors &5 :

MO = 2R (k). (72)
This follows from the standard LSZ reduction formula; see,
for instance, [62]. We note that the latter reference performs
a parallel analysis of the gluon emission amplitude,
spectrum, and average multiplicity of gluons produced in
proton-nucleus collisions in Regge asymptotics using the
semiclassical approach, where one solves classical Yang-
Mills equations of motion in the presence of colliding
shockwave sources.

The “classical” computation of Eq. (71) was performed3 ?
in [156,157], and the main features of the spectrum were
found to agree in a computation based purely on the
amplitudes approach in [158,159]. As we explain below,
the result of our paper clearly illuminates why the two
approaches should agree.

The problem of gravitational radiation has an old history
and has been studied using several approaches in a variety
of scenarios. Early works on computing the energy spec-
trum of gravitational radiation were done in setups which
had as ingredients

(1) Nonrelativistic and relativistic scattering with finite

boost factor y.
(i) The masses of the colliding particles were non-
vanishing.
(iii) The impact parameter is large.
In [160], Matzner and Nutku used the Weizsidcker-Williams
method of virtual quanta to compute the spectrum of
gravitational radiation emitted from a particle scattering
off a Schwarzschild black hole. More definitive investiga-
tions of gravitational wave radiation in the collision of two
relativistic sources dates back to the works of D’Eath [94]
and by Kovacs and Thorne [95,161]. These papers com-
puted the frequency and angular distribution of gravita-
tional energy radiated in the regime of small deflection
angles (of the trajectories of incoming particles) and small

*These references took (seemingly) different classical ap-
proaches to computing the energy spectrum. While the method
in [156] is the same as in our presentation here, [157] studied the
spectrum using the complex Bondi-Sachs news function C within
the Fraunhofer approximation of classical radiation theory. The
energy flux density at future null infinity ZT is given in terms
of C by

dESY 1

du 21

/ £9)0,CP,

where u is the retarded time; at null infinity Z*, this becomes
u =t —r, and the news function C is given by the asymptotic
form of a Riemann tensor in the postcollision spacetime. Fourier-

. . . . dESW
transforming this equation wrt u gives “2-—.

emission angles (of the emitted radiation as measured from
the collision axis in the center-of-mass frame).

The case of scattering of strictly massless particles was
studied more recently in [156—159]. It was found that at low
enough frequencies (w < b7'), the energy spectrum is
approximately flat and reaches a constant value at zero
frequency. This is famously known as the zero-frequency
limit (ZFL) [162] and is dictated by the Weinberg soft
graviton theorem [147]. Roughly speaking, the ZFL is
obtained from the Weinberg current

Ho v
JH :KE n, L
v pitq

i

[where p; are (hard) momenta of external lines from which
soft gravitons of momenta g are emitted] in the construction

of the amplitude M(vf,) = Jiy¢e,, in Eq. (71). One finds that
at w = 0, the angular integrated result for small deflection

angles 6% ~ —4t/s takes the form [157,163]

dESY 4 s
= ——Gtlog( —|. 73
dw 7o 08 <—t> (73)

This is the small-frequency part of the spectrum, which is
universal in the sense that the details of the internal
structure of the scattering objects and that of the scattering
process are not important. This regime reliably describes
scattering processes at both large and small impact
parameters.

On the other hand, to go away from the ZFL, the details
of scattering become important. For Regge scattering at
large impact parameters, the energy spectrum is likewise
computed by replacing in the above argument the Weinberg
current with the Lipatov current I'** defined in Eq. (28).
The resulting expression was analyzed in detail [158,159],
and the results were found to be consistent with the
classical computation of the spectrum in [156]. In light
of our result, this is to be expected, since the radiation
amplitude obtained from the classical approach is nothing
but Lipatov’s emission vertex—a point that was not
emphasized in [156].

In the Regge scattering regime, a unanimous conclusion
of these (classical- and quantum-amplitude-based) studies
is the emergence of a characteristic frequency scale
@ ~ 1/Rg, beyond which the spectrum ceases to be flat
and assumes a 1 /@ behavior. This is interesting, since even
though at large impact parameters one is away from the
black hole formation region, the spectrum already shows
signs of the characteristic gravitational radius. However,
this feature of the spectrum leads to a logarithmic UV
divergence for the total energy radiated. One can argue that
such a divergence can be naturally regulated by the non-
linearities of general relativity (that were largely ignored
in these studies) which will smoothly cut off the spectrum
at some characteristic frequency. Indeed, as mentioned
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dE
dw A

ZFL

1/Rs

FIG. 12. Schematic plot of the frequency spectrum of gravi-
tational radiation in high-energy gravitational shockwave colli-
sions at small emission angles [158,159]. The key features of the
plot are (i) the zero-frequency limit (ZFL) that is governed by
Weinberg soft graviton current, (i) the nearly flat logarithmic
behavior in the region b~! < w < R§', and (iii) 1/@ behavior
beyond the w ~ R region that gets modified around O(b?/R3).

in [157], the method used in their work has the shortcoming
of neglecting the strong-curvature regime, thereby exclud-
ing a rigorous treatment of the high-frequency domain.
Under the approximation used in those studies (inelastic
scattering at large impact parameters), the 1/w behavior is
valid until @ ~ b*>/R3, beyond which a hard cutoff leads to
the 1/@” behavior of the spectrum [157]. (Indications of
this profile were already seen in the extrapolations of the
finite-y results in [95].) We depict this schematically
in Fig. 12.

One can contrast these results with the spectrum of
gluons emitted in QCD shockwave collisions schematically
shown in Fig. 13. At high |k| ~ @ (of the radiated gluon),
gluons have a perturbative tail due to asymptotic freedom
(as opposed to gravity, which becomes strong in the
UV ~ M), and their energy spectrum effectively follows

the corresponding Weizsicker-Williams 1/w? distribution.

dE
dwﬁ

Confining region

Aqcp Qs

FIG. 13. Schematic plot of the classical energy spectrum of
gluons emitted in gluon shockwave collisions. The key features
are (i) at large w, the spectrum is dominated by the Weizsicker-
Williams 1/@? behavior, and (ii) logarithmic behavior below the
@ ~ Q saturation scale, which continues till @ ~ Agcp.

A

FIG. 14. The dilute-dense generalization depicting coherent
multiple scattering off the dense source that a highly energetic
graviton emitted from the light source will be sensitive to. The
double graviton lines represent Reggeized graviton propagators
that are important for smaller impact parameters.

This behavior gets modified at the saturation scale
|k| = Q,, below which the behavior is logarithmic in @
until @ ~ Agcp, where confinement takes over (unlike
gravity, which becomes free in the IR). In both QCD
and gravity, one sees the emergence of a saturation scale in
the radiation spectrum [32,42,143].

It would be of great interest to revisit this issue in the
dilute-dense approximation (discussed further below),
which can potentially allow us to rigorously analyze the
spectrum in the high-frequency domain. This approxima-
tion would include multiple scattering effects of the emitted
graviton off the heavy source shown schematically in
Fig. 14. The result of the dilute-dense approximation
(which includes resummation of coherent rescattering
encoded in the gravitational Wilson line) can lead to
improved UV behavior of the frequency spectrum via an
exponentiation of the leading-order process; this is pre-
cisely what happens in QCD.

The exponentiation in QCD was already shown in the
dilute-dense solution in Eq. (19), which was used to
compute the spectrum of emitted gluons. We point out
that this computation in gravity is for large impact
parameters, but taking into account the short-distance
nonlinear effects of GR, which a highly energetic graviton
emitted off the lighter shock will be sensitive to. Finding a
detailed form of the high-frequency spectrum would be
relevant for future gravitational wave observations, which
include gravitational wave bursts [164—166] emitted in
close hyperbolic encounters of highly energetic sources like
primordial black holes [167] or as stochastic backgrounds
thereof [168,169].

While the aforementioned computation is likely within
reach, the interesting problem of the gravitational wave
spectrum produced near the black hole formation threshold
is arguably much more challenging. This threshold is
expected to occur at a critical impact parameter b ~ Ry
[135] and is characterized by deflection angles of order 1.
This problem in trans-Planckian scattering has seen several
attempts in the recent past [24,88-91,170,171], but a
satisfactory picture is still elusive. One naively expects
the spectrum of GW radiation near the threshold to be very
different due to large numbers of fast-moving gravitons in
the 2 — N final state, all of which are multiple-scattering
with both the shock waves. This is the full dense-dense
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regime, where the efficiency of gravitational radiation
(defined as the ratio ESV /E of energy radiated in gravi-
tational waves to the total energy of the process) is a
relevant quantity of interest that has been a much-debated
topic in the literature [87,92,93,170]. It is clearly interest-
ing, therefore, to obtain a quantitative understanding of the
spectrum of gravitational radiation as a function of the
impact parameter, especially for values where deflection
angles are not small and tidal effects become important. To
the best of our knowledge, this problem has not been
studied in detail for the trans-Planckian scattering regime.
This is where the dilute-dense generalization of the
computation presented in this paper would be crucially
relevant, which we will outline next.

B. Dilute-dense generalization and
renormalization group evolution

We will now comment on the generalization of our result
of the Lipatov emission vertex to the dilute-dense approxi-
mation, where the high-occupancy source py is resummed
to all orders representing its coherent scattering of the
radiated graviton field, as illustrated in Fig. 14. An
important reason for pursuing this generalization (other
than those mentioned in the previous section) is to inves-
tigate the gravitational analog of the Balitsky-Kovchegov
equation in QCD, as discussed previously in Sec. I B. In
the latter case, the nontrivial fixed point of RG evolution
corresponds to gluon saturation with an emergent satura-
tion scale Q,; the corresponding RG equation in gravity
would describe an analogous saturation of semihard grav-
itons at the emergent scale b = Rg.

Substantial insights toward this goal can be gained from
the QCD case which, following [62,63], we briefly describe
here. There are essentially three steps involved. The first
step is to calculate the evolution of the current of the light
shockwave as it passes through the dense shockwave on the
other light cone. In the strict eikonal approximation (where
the trajectories of the shockwaves do not bend), this
evolution is straightforwardly determined by covariant
current conservation and results in dressing up the initial
current by a lightlike Wilson line.

The next step is to linearize the Yang-Mills equations
around the dense shockwave background. The equations

PIn the dilute-dense approximation in QCD, the dominant
contribution appears to come from multiple z-channel gluon
exchange between color sources at higher rapidities [with
occupancy O(1/a,)] and the outgoing gluon. Since the shock-
wave is at large occupancy, classical effects dominate over the
quantum corrections; resummation over coherent multiple gluon
exchanges is represented by a Wilson line, which is a solution to
the classical equations of motion. On the surface, this power
counting dominates over contributions from real emissions and
virtual loops. However, though these are formally suppressed
by aj, they contain large o, log(s/|¢|) contributions of O(1) in
Regge asymptotics, and therefore of equal importance as multiple
scattering contributions.

are inhomogenous, as they are sourced by the evolved
current determined from the previous step. The last step is
to solve these linearized inhomogenous differential equa-
tions, which requires the knowledge of Green’s functions of
the wave operator in the shockwave background. These
propagators were computed in [44,118,121]. One needs to
solve an eigenvalue differential equation of the form

|:lshock¢ = A9, (74)

where [, 1S the Laplacian in the shockwave back-
ground; the shockwave Green’s function is then given by

R ACNACH] )i (x )

G(x,x') = P

(75)

For instance, the shockwave propagator of a Dirac fermion
(in momentum space) takes the form [120]

(27)*89 (p — p")iSo(p)
+iSo(p)A,(p. PiSo(p").  (76)

iS(p.p') =

Here, S is the free Dirac propagator, and A,(p. p’) is the
part that encodes all the multiple interactions with the
shockwave background and is given by

A p,p') =2r8(p- — pL)y_e(p-)

* / dze =0 (U(p_z) = 1), (77)

where U(p_,z) = Pe'*(P-P0/UL is the path-ordered
Wilson line operator (in the same representation of the gauge
group as that of the Dirac fermion) and e(x) = 6(x) — 6(—x).
The dressed propagator can be pictorially represented as
shown in Fig. 15. A similar expression exists for the gluon
propagator in the shockwave background [118,119,121].

One anticipates the same to hold for propagators in the
background of gravitational shockwaves. For real scalar
fields, the gravitational shockwave propagator takes the
form

= (2n)*6W(py = p2)iSo(p1)
+iSo(P1)Ashock (P15 P2)iSo(p2),  (78)

% -y,

FIG. 15. Dressed propagator of a Dirac fermion in the gluon
shockwave background, represented by the cross. The first term
on the rhs is the free Dirac propagator. The second term resums
multiple scatterings of the fermion line on the background,
corresponding to the effective vertex in Eq. (77).

iS(plsp2)
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where S, is the free scalar propagator and SyAS, is the
effective vertex with A(p, p,) given by [172]

Aghock(P1: P2) = 47p38(p; — pT)

9(x)

X/deei(Pz—Pl>‘x(e‘iTx1’1—1)~ (79)

The exponent appearing in the parenthesis is the gravita-
tional Wilson that we discussed in Sec. III B.

The knowledge of the Green’s function in the shockwave
background is imperative for deriving the BK equation in
QCD. The basic idea is that one considers the interaction of
a quark-antiquark dipole with the shockwave and consider
all dressed one-loop diagrams that result from emission and
absorption within the dipole. One such one-loop diagram
involves a gluon propagator that undergoes coherent
scattering with the shockwave. The fundamental quantity
of interest is the two-point correlator of Wilson lines
(denoted by S), whose one-loop correction can be explicitly
computed given the gluon shockwave propagator. It turns
out that the one-loop correction to this transition amplitude
is larger than the tree-level term by a factor of a,Y, where
Y =log(p™/PT) is the large phase-space factor that comes
from the one-loop integral, where p* is the corresponding
gluon light-cone momentum and P is the momentum of
the nucleus. For a,Y ~ 1, one needs to resum such con-
tributions to all loop orders, amounting to exponentiation of
the one-loop term. From this result, the BK equation (which
is an evolution of § in Y) can be extracted—see [173] for
further details.

We expect that these techniques will be applicable to the
dilute-dense generalization in gravity. In this paper, we
computed the evolution of EM tensor of a boosted pointlike
source as it scatters off the dense shockwave. From this
result, one can conclude that at large impact parameters, the
scattering is essentially eikonal and the EM tensor of the
light shockwave is dressed by the gravitational Wilson line
operator in Eq. (48). However, it is evident from Eq. (C1)
that this is no longer true as one lowers b toward R, where
the EM tensor develops nonvanishing components along
the transverse directions. Such terms were already impor-
tant to consider in the dilute-dilute computation; we
therefore expect these to also be relevant for the dilute-
dense generalization. This generalization will also incor-
porate Reggeization of semihard gravitons encoded in the
pa(q)/q* factors. As discussed at length in Sec. IIB,
Reggeization occurs due to multiloop graviton exchanges
at order O(—t/s). In order to recover this effect in the
shockwave picture, one needs to compute the graviton
propagator in the shockwave background and demonstrate
that p, 3(q)/q* satisfy the graviton Regge trajectory given
in Eq. (27). The analog in QCD is the derivation of the
BFKL equation via the shockwave framework. In gravity,
we expect this computation to give the evolution equation
computed by Lipatov in Eq. (80) of [9]. A further

extension, as previously discussed in Sec. II B, would be
to compute the gravitational analog of the BK equation and
determine its regime of validity relative to the counterpart
of the BFKL equation. The computation of the graviton
shockwave propagators will be addressed in a forthcoming
publication.

C. Double-copy and asymptotic symmetries

A topic of great recent interest are the constraints
imposed on amplitudes in gauge theories and gravity by
asymptotic symmetries, the study of which goes by the
name celestial holography [174]. These asymptotic sym-
metries can be understood as giving rise to soft theorems in
gauge theories and gravity and a memory effect that in
principle can be measured [175]. Of interest to us is the
concrete analogy between the color memory effect in QCD
and the gravitational memory effect [108]. In [109], it was
shown that the CGC shockwave encodes this color memory
effect and that the 2D dynamics of wee gluons in the
transverse plane could, through a stereographic projection,
be mapped onto the celestial sphere at null infinity.

This raises the question of whether the dynamics of wee
gluons can be understood as Goldstone dynamics on the
celestial sphere, as for instance argued for soft photons
in [176] and for soft gravitons in [177]. The broken
asymptotic symmetry in this case is that of large gauge
transformations spontaneously broken by the shockwave,
which, as we have seen in Sec. III, is common to both our
QCD and gravity shockwave formulations. In the gravity
case, this is the Bondi—van der Burg—Metzner—Sachs
(BMS) asymptotic symmetry of supertranslations and
superrotations [178,179]. In this mapping, there is the
key assumption that the shockwave is static in light-cone
time xT—the transverse dynamics hence can be ported to
null infinity. While this is manifestly not the case due to
confinement, it can be argued that for perturbative proc-
esses on short timescales, the assumption may be valid.
However, a more subtle issue is the semiclassical nature of
the condensate, where the finite energy levels of O(1/N)
(note that N = 1/« is the occupancy of modes) imply the
shockwave decays on a timescale characterized by the
Goldstone decay constant.

In the Regge limit of QCD, the symmetries satisfied by the
emergent semiclassical color-charge densities (represented,
for instance, by py in our notation) are those of the largest
symmetric subgroup of SU(3)—see, for instance, the dis-
cussion in [45]. The corresponding Goldstone modes are the
Reggeized gluon fields we discussed that have frequencies
o ~ Qg. Since this is not @ — 0, as would be the case if they
were truly asymptotic, it would be interesting to explore
whether the geometric interpretation in terms of BMS
symmetries is robust. This has been argued to be the case
in the black hole quantum portrait framework [180,181].
Indeed, in [32], it was shown that the parametric dependence
of the Reggeized-graviton—Reggeized-graviton—graviton
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vertex and that of its QCD counterpart were identical; it is
important to note that this correspondence is only appli-
cable when aN = O(1). Further studies exploring the
impact of asymptotic symmetries on the classical double
copy are needed.

V. SUMMARY

In this work, we explored a quantitative connection
between 2 — N scattering in QCD and Einstein gravity in
Regge asymptotics. Despite the clear differences between
the two theories, the dynamics of multiparticle production
has a number of common features in the Regge limit.
Specifically, the dynamics is controlled by the copious
production of wee partons in both theories. In QCD, this
leads to the well-known phenomenon of gluon saturation,
which is quantitatively described by the color glass con-
densate EFT. In gravity, a parallel development has been to
describe black holes as saturated self-bound states of wee
gravitons—the black hole quantum N-portrait (BHNP)
framework. The universality between quantum states in
the regime where the wee parton occupancy is of the order
of the inverse of the coupling in Eq. (22) was noted
previously in [32].

As we discussed, the CGC description of saturated gluon
states is highly developed with the evolution of the non-
perturbative dynamics of wee partons described by non-
linear RG equations that are known to next-to-leading logs
in x accuracy and recovers the RG equations of perturbative
QCD in the UV. The elements of the CGC framework are
semiclassical fields that can be mapped onto the language
of Reggeon field theory (inspired by diagrammatic com-
putations) with a clear correspondence established to its
building blocks, Reggeization, and the Lipatov vertex.
Since these are the very same building blocks in perturba-
tive discussions of 2 — N scattering in gravity, it is natural
to likewise consider that whether strong-field techniques
developed in the CGC EFT might be applicable and
provide a complementary framework to that developed
by ACV which employs the diagrammatic language of
Reggeon field theory.

A remarkable additional feature of the two theories that
goes beyond the above stated analogies and possible
universality is that of the BCJ/classical double copy that
has emerged as a powerful tool for quantitative computa-
tions. We noted that a particular Regge double copy
between the Lipatov vertex in QCD and the effective
gravitational central emission vertex was established by
Lipatov over 40 years ago. A central result of our paper is
that this double-copy relation can be recovered in our
semiclassical approach in gravitational shockwave colli-
sions at large impact parameters. This derivation parallels
the extraction of the QCD Lipatov vertex in the scattering
of gluon shockwaves performed previously. Our approach
also provides fresh insight from the semiclassical perspec-
tive into how and why the QED bremsstrahlung vertex

enters into the double copy. The QCD example also
suggests a useful classification of shockwave scattering
into dilute-dilute, dilute-dense, and dense-dense regimes.

Our results for gravitational shockwave scattering also
suggest that one can construct dressed gravitational
shockwave propagators with an analogous structure to
QCD shockwave propagators. These can then be employed
in a semiclassical derivation of graviton Reggeization
along the lines of gluon Reggeization. If successful, this
will allow us to construct a nonlinear RG description of
multiparticle production as a function of impact parameter
and rapidity. The formation of a black hole would then be
understood as a nontrivial fixed point of the RG flow. In
QCD, the nontrivial fixed point corresponds to the clas-
sicalization and unitarization of the 2 — N amplitude; this
is also the conjecture in the BHNP, and a quantitative
derivation in the language of RG flow is desirable. A
conceptual issue that would be important to resolve in this
regard is how the Goldstone picture of asymptotic sym-
metries that are broken by both graviton and gluon
shockwaves applies at finite frequencies. This is relevant
to understanding the emergence of a universal area law in
the dynamics of wee partons.

Not least, we addressed how our semiclassical frame-
work relates to the large body of work on gravitational
shockwave scattering. This is, of course, of great impor-
tance in understanding gravitational wave radiation in
particular with respect to uncovering possible signatures
of RG evolution and black hole formation in the radiation
spectrum. We plan to undertake a quantitative study of such
signatures in future work.

ACKNOWLEDGMENTS

We thank Gia Dvali and Gabriele Veneziano for valuable
discussions that have significantly influenced this work. We
thank Simon Caron-Huot and Grisha Korchemsky for
useful comments on aspects of the extensions of this work.
R. V. would also like to thank Agustin Sabio Vera for
clarifications of his work on the Lipatov double copy. R. V.
is supported by the U.S. Department of Energy, Office of
Science under Contract No. DE-SC0012704 and within the
framework of the SURGE Topical Theory Collaboration.
He acknowledges partial support from an LDRD at BNL.
R. V. was also supported at Stony Brook by the Simons
Foundation as a co-PI under Grant No. 994318 (Simons
Collaboration on Confinement and QCD Strings). He
thanks the DFG Collaborative Research Center SFB
1225 (ISOQUANT) at Heidelberg University for hospital-
ity and support during the course of this work. H.R. is a
Simons Foundation postdoctoral fellow at Stony Brook
supported under Grant No. 994318. H. R. acknowledges
support by ERC Starting Grant No. 853507 and thanks the
EIC Theory Institute at Brookhaven National Lab for its
hospitality when this project was nearing its completion.

044064-25



HIMANSHU RAJ and RAJU VENUGOPALAN

PHYS. REV. D 109, 044064 (2024)

APPENDIX A: GLUON SHOCKWAVE
SCATTERING IN QCD

The classical Yang-Mills (YM) equations of motion in
the presence of external currents are
D,F" =J", (A1)

where the field strength is defined as F,, = d,A, — d,A,, +
ig[A,,A,] and the current J# is covariantly conserved:

D, Jt = 0. The action of the covariant derivative on an
adjoint field F is given by

exact solution, A%, to the YM equations with this source is
given by

Pr(X)

A% = —g5(x7) 0,

T°. (A4)

This form admits a precise double-copy relation to the
gravitational shockwave in the coordinate system given in
Egs. (38) and (39) through a color-kinematic replacement
made precise in [80]. In this appendix, we shall describe the
scattering of two such shockwaves in the dilute-dilute
approximation and show how the QCD Lipatov vertex arises.

D,F = 0,F —ig|A,, F]. (A2) 1. Gluon shockwave collisions and the Lipatov vertex
) The approach for solving this problem is similar to the
A gluon shockwave is generated by the current one in gravity. One begins by linearizing the YM equations
over the shockwave background Eq. (12), which is linear in
Jrt = g8 6(x7)puT (x), (A3)  the light-cone gauge:
where T is a generator of the color algebra. This form is A, =0. (AS)
analogous to the form of the energy-momentum tensor
Eq. (37) in gravity. It is straightforward to verify that the  In this gauge, the YM equations can be written as
|
—-0,.0,A" +iglA,. 0. A¥] =],
OA_ - 0_0,A" — ig[o,A*, A_] = 2ig[A¥,0,A_] + ig[A,.0_A¥] = J_,
OA; - 0;0,A" — ig[d,A*, A;] = 2ig|A*, 0,A;] + ig[A,. 0,A"] = J;. (A6)
A straightforward linearization A, = Aﬂ + a, of these equations gives the set of equations
_a+aﬂaﬂ — J+,
Oa_ —0_9,a" — iglo,a",A_] — 2ig[A_,d,a_] + 2igla;, ,A_] = J_,
Oa; — 0;0,a" —2ig[A_,0,a;) = J;. (A7)
|
The first equation is a constraint relation which relates a; . 1 9iPL _
to a_. This implies that the equations for a_ and a; are not 4 — 90(x") O, Ta+ Oprrn)- a- = OlpLpn).
independent. The consistency of the set of equations is (A10)

represented by

0" =iglA_,J.], (A8)
which is nothing but covariant current conservation. This
discussion is entirely analogous to that in gravity.
Next, we incorporate the effect of the other incoming
shockwave. This is generated by the current
Jia=90(x")pL(x)T,. (A9)
Plugging this relation into Eq. (A7) and first solving to
linear order in p; but zeroth order in py gives us the gauge
field for the second shock in the light-cone gauge:

We now need to determine the form of the current
postcollision. In QCD, the problem of finding the evolved
current is considerably simpler than that in gravity. The
reason is that in QCD one can solve for the currents using
simply the conservation law in the strict eikonal approxi-
mation where the initial current J, of the second shock
does not develop any components along the transverse
and — longitudinal direction. Then, in the dilute-dilute
approximation, Eq. (A8) can be solved for the correction to
J, by inserting the leading-order results on the rhs. Using
the Lie algebra relation [T, T}] = if 4pc T, We get
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PH

Jie= g0 ) 77
1

LTabeabC' (All)

Plugging the results from Eqgs. (A10) and (A11) into the
equations of motion of a; and a_ in Eq. (A7) gives us [at

order O(pLpp)]

Case =~ (0100101 20, )

0:
p—*’ﬂ) TTfoper (A12)

—28(xT)8(x7) 0,0,

00 O:
Oa_, = 24°0(x")5(x~) ( ZLEGPL papby (A13)
' 0, Oy

Upon taking the Fourier transforms of these equations,
and putting the momenta of the emitted gluon on shell,

we find
2i93 Jl‘lz ‘12 PHPL
(k) =— i—kiz5 | 55T T f 4pe.
az,c( ) k2+i€k_/(2ﬂ.')2 q2i— k2 2 fabc
(A14)
2i93 d°q, (q, - ‘Iz)ﬂA PB
—c k - - Ta b abc-
a-c(k) k2+i€k_/(2n') k. qq Sa
(A15)

From these expressions, we can now extract the QCD
Lipatov vertices in the light-cone gauge:

Ci=-2 <612i Zi) C_= —27(‘11](' a) :
+

(A16)

The above result satisfies ¢ C,, = 0. This computation can

be straightforwardly generalized to all orders in py—as
performed in [62,63].

APPENDIX B: GR REVIEW AND
LINEARIZATION OF EINSTEIN’S EQUATIONS

1. GR review and conventions

The action for Einstein-Hilbert gravity is

1
Sgrav = _%/détx\/ —9R, (Bl)

where g = det(g,,) is the determinant of the metric tensor
and « is proportional to the Newton constant G:

8
K2 = 872G = —7; (B2)
M,
It has mass dimension [k] = —1 in natural units (7 = 1).

The scalar curvature R is related to the Ricci curvature

tensor R,, by the contraction of its indices R = R, ¢".
The Ricci tensor is in turn given by the contraction of
components of the Riemann tensor:

R, =Ry (B3)

We are working in conventions where the Riemann
curvature tensor is given by the commutator (following
the same convention as Wald’s book but opposite to
Weinberg’s convention, where there is a minus sign on
the rhs)

[va’ vp]Vu = VﬂRMupm (B4)
with V being an arbitrary four-vector and V being the
covariant derivative whose action on V is defined as

vVv,=V,, =9V, - oV,

, 1
Fﬁw = 590 (aygm/ + aygﬂa - aag/w)' (BS)
Equation (B4) then gives the Riemann tensor in terms of the
following combination of Christoffel symbols I" and its
derivatives:

= 0,17 — 9T Gy + 10,1, = Thal 5, (B6)

;4(1/5
Varying the Einstein-Hilbert action with respect to the
metric gives the Einstein field equations

1 2
R}w——gWR =xT

. (B7)

where the energy-momentum tensor 7, is included on the
rhs to account for possible matter contributions. Denoting
the matter action by S,,, one defines T,, by the metric
variation of S,,:

1
8S,, = E/d“x\/—gégﬂyT"”. (B3)
The Bianchi identity of the Riemann tensor R, +
Ry + Riyjuny = 0 implies that the energy-momentum
tensor is covariantly conserved,

v, 1, =0. (B9)
The action for a massless point particle is
1 —1yuyv
S =35 din~' X+X"g,,(X), (B10)

where dots denote differentiation with respect to 4, 5 is
the determinant of the metric along the worldline that
can be gauged away, and g, (X) is the metric tensor
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of the background that the worldline X (o) is probing.
Functionally differentiating Eq. (B10) with respect to the
spacetime metric g,, gives the energy-momentum tensor
in Eq. (56).

2. Linearization of Einstein’s equations

Here, we present the linearization of Einstein’s equations
around the shockwave background in Eq. (38). One begins
by expanding out the metric as in Eq. (52). We will be
working throughout in the light-cone gauge

Iy, = 0. (B11)

After straightforward (though lengthy) algebra, we find
that the linearization of the Ricci scalar is given by

(l’l = hljél] belOW)
SR =—g__"h+ 3 h__—20,0h_;
+20,0_h + (0;0;h; — O, h), (B12)

and the linearization of Einstein’s field equation gives (we
have suppressed factors of x? for clarity)

1
Eaih =T,,, (B13a)
L, 1
E(aJrh__ —0,0;h_; + 0,0_h) _EéR =T,_, (B13b)
1
E (aih_l - 0+0]hl] + 0+0,h) = T—‘ri’ (B13C)
1, 1
> (g__aih,-‘,- —20,0_h;j +0,0;h_; +0,0;h_; + | h;; — 0x0;hy; — 0,0 hy; + 0;0;h) + 5511;513 =T, (B13d)
1
1 (2§__PAh__—0_(g__)o h+200, h__ — 40_0;h_; + 20%h
_ _ _ _ l_
+2(0;9;9-)hjj + 2(0ig-_)0;hij +2(0;§--)0 h_; — 9;(g-_)9;h) — 59——5R =T, (B13e)
1
3 (g__aih_,- + 0 h_;—0;0;h_; + 0;0_h — 0;0_h;; — 0,0_h_;
1
+ a+aih—— - §0+h0,-§__ + 0+h,jaj§__> - T—i- <B13f)
These are, respectively, the ++, +—, +i,ij, ——, —i components of Einstein’s equations. Furthermore, linearizing the
covariant energy-momentum conservation equations over the background in Eq. (39) give us
0Ty +0, T, =0T =9 0,T,,, (B14a)
1 1 1
o.T,_+o0,T__—-0T,_=g_0.T, _+ 3 (0_g_ )T, + EDLQ" a—T++, (B14b)
+
1
0, T_;+0.T,;—0;T;; = 3 (0,9-)T 14 +9--0,T ;. (Bl4c)

The conservation equations (B14) are not independent of Einstein’s equations (B13). The latter implies the former (which,
as mentioned earlier, is a consequence of the Bianchi identity). This can be seen upon diagonalizing (B13), which we
briefly outline below.

From the ++ component, we simply get

2

h=—
%

T,.. (B15)

The + i equation (B13c) together with Eq. (B15) gives a constraint relation
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20, 2
Ojhij=0sh-i+ =Ty — o
+

T..  (B16)
22 *

Next, a simple manipulation reveals that the +-—
equation (B13) together with Eqgs. (B15) and (B16) gives
the first energy-momentum conservation equation
Eq. (B14a). Upon using Eqgs. (B15), (B16), and (B14a),
the trace of ij component Eq. (B13d) is found to give a
second constraint relation,

- O
Fh__ = 0,0;h;; — 6_2LT++ +T+2T 9Ty,
+

(B17)
where 7; ; 1s defined to be the traceless combination

~ 1
hij = hij =5 8ijh. (B18)

Inserting Eq. (B17) back into Eq. (B13d) finally gives the diagonalized equation for A, i

g__ai_ill‘j - 20+0_il,»j + DLilij = (26,(3] - DJ_(s,j)

2
+ 20T+ 20 = 8T == (0T + ,T.).
+

1

_ o_
2 T, -2 <9——T++ 9. T++>
+

+

(B19)

Likewise, one can get the simplified form of the equations of motion for the remaining components /;_ and i__ (which

couple to flij). We record these below. For h_;, we get

. 20_ 0, 20_
G0 h i+ O hy = 20,0_h_;j + 0, hyjo;g__ =2T_; = —=T.; —~* (g__T++ et T); (B20)

whereas for h__, we get

——

0, 0, 0,

9. *h__+0,h _—20,0_h__+(0;0;5__)h;j +2(3;5__)d;h;;

1

_ _ 1 _ 0 20_ (o_ _
=0.(5——) 5Ty —(0O.9-) a_2T++ +(0ig-) a—2T++ + 0. (_ T - 9——T++>
+ +

0,

()T #2745 (T =27 ) = —=T = (9i§) -

We emphasize that the equations for /;_ and 4__ cannot be
independent of the equation for /; j» since the two constraint
relations Egs. (B16) and (B17) relate them. The two con-
straints and the three equations of motion, Eqs. (B19), (B20),
and (B21), should form a consistent system of equations.
One finds that this consistency is met only when energy-
momentum conservation [Eq. (B14)] is satisfied. Given the
complicated form of these equations, it is useful to perform
this (tedious) sanity check to ensure that the equations
obtained are free of any errors.

APPENDIX C: EVOLUTION OF THE
ENERGY-MOMENTUM TENSOR IN
SHOCKWAVE COLLISIONS

Here, we provide details behind the result Eq. (60) for the
evolved EM tensor in the dilute-dilute approximation. As
mentioned in the main text, in the point-particle approxi-
mation (consistent with the dilute-dilute approximation),

+ \0+

20 2
T (B21)
+ +

thanks to the formula in Eq. (56), the problem of computing
the energy-momentum tensor reduces to the problem of
computing null geodesics. These can be computed from
the geodesic equation Eq. (57) with the appropriate initial
conditions. The solution given in Eq. (59) is then used to
reconstruct the energy-momentum tensor.

From Eq. (56), we find the result

TH = p, XH(XT)XY(X7)d(xt = XH)s® (x = X), (Cl)
where, from (57) we have
X =1, Xi— 2 H@(X_)aipH(b)7
Ly
b 2 0,py(b)\?
Xt = _K2MH5(X—)pE(l) +K /’tH@(X )< lpéll( )>
(C2)
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Equation (C1) is the exact result for the evolved energy-momentum tensor of particle 2 probing the shockwave background
Eq. (38) of particle 1. However, because we are working in the dilute-dilute approximation, the relevant expression for us is

the expansion of Eq. (C1) to order puyp;. The nonvanishing components of T#¥ are

T = p 6(x")6® (x = b) + Kppu O(x7) |8 (x*)

T = g ()60) P 601 (e — ),
1

All the other components are of higher order. This
expansion is valid only for large enough impact factors
b and small enough times x~.

At this stage, this result can be generalized to a beam of
massless particles moving in the —z direction at various
impact factors by simply coarse graining 6% (x —b) —
pr(x). Although this generalization misses various “shear-
ing” and “expansion” effects of the null geodesic congru-
ence, for our purposes this replacement suffices. Another
limitation of the point-particle approximation is that under
generalization to extended transverse sources, it will miss
terms of the form pyp;. In the point-particle approxima-
tion, such a term is proportional to 5? (x)6?) (x —b) =
52)(b)5® (x — b), which vanishes for nonvanishing impact
parameters. In the generalized setup, such terms can be
present, as will be seen below.

In the dilute-dilute approximation, we also need to know
the corrections to the energy-momentum tensor of particle
1 due to the gravitational influence of particle 2. In the
light-cone gauge, the metric that particle 1 sees is the
(linearized) metric created by particle 2 (whose leading-
order energy-momentum tensor is 77~ = u; 8(xT)p;),
which is given by

0,0;
. (C4
0, pr- (C4)

ds? =2dx"dx™ —8;;dx'dx’/ + 2 x O (x ")

PH (b)

_ 9;pp(b)

@) (x — +\ ZHHANTT 5 .52) (y —

0, W (x—=b) +x5(xT) 0, 0;6%(x —b)|,

T = —sz,_],u,dé(x*)@(x_)aip%(b)&m (x=>b). (C3)
1

This follows from the previously computed result in
Eq. (63). To compute null geodesics in this metric, we
first compute the connection coefficients. These are found
to be

. 1 ; 1
I = _§a+aiajg++v I = _§5+aiaj9++’

. 1 P
Uy = _Eaiajak9++’ J++ = 2’<2ﬂL5(x+)D_L- (Cs5)
1

The corresponding geodesic equations are

Xt =0, X 4ToX% =0,

X4 F;kaXk + 2Fi+jX+Xj =0. (Co)

In the dilute-dilute approximation, it is sufficient for us to
solve this equation to linear order in p;. By inspection, it
can be seen that the only solution with the appropriate
boundary conditionis X = 1,X~ = 0,X = b. As such, in
the light-cone gauge there is no correction to the energy-
momentum tensor of particle 1 in the dilute-dilute approxi-
mation. Hence, the total energy-momentum tensor after the
collision (with all components upper) is

— - P - 9ip -

T~ = pd(x")pL + Cppu O(x7) 5/(x+)D—H,0L +x76(x") DHaipL ) T+ = \/s16(x7)pu,
L i

—+ _ 2 \s(—) PH —i 2 + ~\ 9iPH

T~ = =P pgp 6(x")6(x )D—va T™ = =K’ upp 6(x")O(x )D—PL- (C7)
L i
Upon lowering the components with respect to the leading-order metric
oo 0,0; oo
ds* = 2dx"dx™ — 5;;dx'dx/ + 2k /515(x7) S—H (dx™)? + 2K pu x O (x ™) #pde’dx/ + O(pupL), (C8)
i i

we find the result in Eq. (60) of the main text. One can check the consistency of this result by verifying energy-momentum
conservation [Eq. (B14)]. We find that Eq. (60) violates energy-momentum conservation by a term proportional to pyp; .
For point-particle sources, this corresponds to p; py = 8(x)8(b —x) = 5(b)6(b — x), which therefore vanishes for our
regime of interest b > Rg. However, if one adds to 7, _ in Eq. (60) the term
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Kppp,®(x )0 )pupy, (C9)
it is curious to note that the energy-momentum conserva-
tion is restored even for vanishing impact parameter (albeit
aregime that cannot be probed in the approximation we are
working in). Conversely, energy-momentum conservation

enforces that 7, _ contains such a term.

APPENDIX D: DETAILS OF THE LIPATOV
VERTEX AND FOURIER TRANSFORMS

Our convention for the Fourier transform is (to avoid
clutter, we denote the function and its FT transform by the
same symbol)

d
100 = [ e 10, 50 = [ atve o g
o)
|

—Oh_; = 2* g O (x) [x*@(x‘)a (

~0h__ = 4t pgp 8(x7)x 0 (x™) |::0H,0L -

OrPH

This implies 9, — ik, and ©(x*) — —i/k, [which follows
from 0,0(x*) = &(x*)]. Finally, the FT of a product of
functions f(x)g(x) is

FIF)g) (k) = / dhx e F(x)g(x)

dd
/< 2l k= qola).  (D2)

Using these conventions, we next perform the Fourier
transform of Egs. (B20) and (B21) in the dilute-dilute
approximation. [The analysis for Eq. (B19) was presented
in the main text.]

Inserting the leading-order result for 71,» ; [from Eq. (63)]
and the energy-momentum tensor, a simple algebra gives
(where we restored factors of x? and used the freedom to
insert a contact term pgp; in the second line below)

_,0i0;pL 0;p
L +/’HPL) —26(x )D;LL éf] (D3)
0,0;pn 0;9;p (D4)
O, O,

Taking the Fourier transform of these expressions (and using the momenta of the emitted graviton on-shell) gives

h_i(k) = 4t upy / d*q, 1

K+ iek= | (2n)ky

h__(k) =

k* + iek™

At uppy / d’q; 1

(22) K2

2
q5 9195 | P PL
- = k22 ) —k; RS D5
(@0 (4= 1 5) - K 0] 2222 (03)
(g1 - 42)° qlqz}’f% (D6)
1 2

Equations (D5) and (D6) are the results quoted in the main text in Eq. (67).
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