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We present a spin-induced non-geodesic effect of Dirac wave packets in a static uniform gravitational
field. Our approach is based on the Foldy-Wouthuysen transformation of Dirac equation in a curved
spacetime, which predicts a gravitational spin-orbit coupling. Due to this coupling, we find that the
dynamics of the free-fall Dirac wave packets with opposite spin polarization will yield the transverse
splitting in the direction perpendicular to spin orientation and gravity, which is known as the gravitational
spin Hall effect. Even in a static uniform gravitational field, such effect suggests that the weak equivalence
principle is violated for quantum particles.
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I. INTRODUCTION

The question whether the weak equivalence principle
(WEP) also holds for quantum particles has been received a
theoretical and experimental interest for a long time [1–10].
The WEP is one of the foundational assumptions of
classical gravitational theory, which states that free-fall
point particles will follow mass-independent trajectories.
In classical physics the WEP is well-defined in terms of
spacetime trajectories, but in quantum physics it is ill-
defined because trajectories and even point particles are
vague concepts. Quantum particles bring in many new
properties distinct from classical pointlike particles, such as
matter/antimatter [11–13], spin [14–16], and internal struc-
tures [5,7,17], which might raise objections to the validity of
the WEP and add new physics contents to the WEP.
Furthermore, WEP-test based on quantum particle can
offer vital clue to understanding the connection between
the quantum and gravitational theories. For example, almost
all theories trying to unify gravitational theory and the
standard model of particle physics predict violations of the
WEP [18,19].
The investigations on the WEP of quantum system have

a vast spectrum, from the effects described by the simplest
Schrödinger equation with gravitational potential to the
effects originated from the quantization of gravitational
field [20–25]. However, theoretical literature frequently
offers conflicting views on whether the WEP of quantum
system is violated or not. The major reason for this
unpleasant situation is that there is no consensus about
quantum version of the WEP’s notions, which is still an
open issue [26–28]. Quantum physic is formulated on the

distinct concepts (such as quantum states, measurements
and probabilities) from the classical ones. Naturally, the
notions of quantumWEP cannot be transferred directly from
the classical statements ofWEP and ought to be explained in
the language of these quantum concepts [29,30].
In this paper, we take the notions of quantum WEP

introduced recently in Refs. [29,30]. In Ref. [29], the notion
of quantum WEP is reconstructed as the statement that the
Fisher information about the mass of quantum probe in
free fall is the same as the free case without gravitational
field. To extract information of mass through measurements
of quantum probe’s position, the Fisher information can be
defined as

FxðmÞ ¼
Z

dx jψðx; tÞj2½∂m log jψðx; tÞj2�2 ð1Þ

with the wave function ψðx; tÞ of the quantum probe. The
notion of quantum WEP based on Fisher information is

Fg
xðmÞ ¼ Ff

xðmÞ, where Fg
xðmÞ is the Fisher information in

free fall and Ff
xðmÞ in the free case. In other words, the

gravitational field cannot create more information about the
mass of free-fall quantum probe.
In Ref. [30], the notion of quantum WEP is put into the

following statement: The probability distribution of posi-
tion for a free-falling particle is the same as the probability
distribution of a free particle, modulo a mass-independent
shift of its mean. For a static uniform gravitational field,
both the above notions of quantum WEP are valid with
taking no account of the internal degrees of freedom of
quantum probe. However, both notions are invalid in the
complex gravitational fields such as gravitational gradient
field [29] and gravitational wave [31].*wangzhenlai@hbpu.edu.cn
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One of the interesting and important questions is whether
the spin of quantum particle has impact on these two notions
of quantumWEP. For this reason, we consider the dynamics
of a Dirac particle freely falling in a static uniform
gravitational field. An interesting effect is revealed that
the free-fall Dirac wave packets with opposite spin polari-
zation are split transversely in the direction perpendicular
to spin orientation and gravitational acceleration. Such
effect is known as the gravitational spin Hall effect [32].
Like the spin Hall effects in other realms of physics, the
gravitational spinHall effect is also originated from the spin-
orbit interaction [33].
The gravitational spin Hall effects or similar effects have

been reported in various physical systems such as the Dirac
field [34–38], the electromagnetic/light waves [39–44] and
gravitational waves [45,46]. Most of the studies present the
polarization- or helicity-dependent ray trajectories of
motion, which suggest the gravitational spin Hall effects.
However, many results of these studies are inconsistent
with each other due to the dependence upon different
methods or models. Besides, for the similar effects of Dirac
field discussed in the literature, the gravitational spin-orbit
couplings are mainly in the charge of interaction between
spin and gravity through the gradient or torsion of the
gravitational field.
In this paper, with the help of Foldy-Wouthuysen

transformation [47], a gravitational spin-orbit coupling
is derived from the Dirac equation in a static uniform
gravitational field (without gravitational gradient and
torsion). Even though the gravitational field under con-
sideration is so simple, the gravitational spin Hall effect
can occur as a consequence of the gravitational spin-orbit
coupling. Additionally, unlike the semiclassical approach
where the external (position) degrees of freedom treated as
a classical variable, we analyze the dynamical evolution of
the wave packets of Dirac particle and show the entan-
glement between the internal (spin) and external (position)
degrees of freedom in its full quantum-mechanical form.
More importantly, we find that both the notions of
quantum WEP mentioned earlier are unacceptable to
the gravitational spin Hall effect presented in this paper,
and so the gravitational spin Hall effect of Dirac particle
can be treated as a new probe of quantum WEP’s notion.
The content of the paper is organized as follows: First,

using the standard Foldy-Wouthuysen (F-W) transforma-
tion leads to a gravitational spin-orbit coupling from the
Dirac equation in a static uniform gravitational field. Then,
from the Schrödinger equation in the F-W picture, we
consider the dynamical evolution of the Dirac wave
packets, and find that the gravitational spin-orbit coupling
plays a key role in the gravitational spin Hall effect going
against the notions of quantum WEP. Finally, discussion
and summary are presented.

II. DIRAC EQUATION IN A STATIC
GRAVITATIONAL FIELD AND

FOLDY-WOUTHUYSEN PICTURE

Let us startwithDirac equation in a curved spacetime [48],
which describes the dynamics of a spin-1=2 particle in a
gravitational field (ℏ ¼ c ¼ 1),

ðiγaDa −mÞψ ¼ 0: ð2Þ

Hereafter Latin indices, ða; b; c…Þ, denote local flat-
spacetime indices and run from 0 to 3. Greek indices,
ðμ; ν;…Þ denote curved-spacetime indices and run from 0
to 3. Three-vectors are denoted by bold letters and their
components are labeled by Latin indices from the middle
of the alphabet, ði; j; k;…Þ. Einstein summation convention
is used. The spacetime metric gμν and the local flat metric
ηab are connected by the tetrad field gμν ¼ eμaeνbηab,
which satisfies the orthogonality conditions eμaeνa ¼ δμν,
eμaeμb ¼ δab. We adopt the flat metric ηab ¼
diagðþ;−;−;−Þ. The covariant derivativeDa for the spinor
field is given by

Da ¼ eμaDμ; Dμ ¼ ∂μ −
i
4
ωμ

abσab:

Here σab ¼ i½γa; γb�=2 with ½…;…� denoting the commu-
tator, and the spin connection obeys ωμ

ab ¼ −ωμ
ba which

can be expressed as

ωμ
ab ¼ eνaeλbΓν

μλ − eλb∂μeλa

with the affine connection Γν
μλ and the tetrad field. The affine

connection is constructed by the so-calledChristoffel symbol
Γλ
μν ¼ gλσð∂μgνσ þ ∂νgσμ − ∂σgμνÞ=2 from the spacetime

metric gμν. Throughout this paper, we choose the Dirac
representation of gamma matrices:

γ0 ¼
�
I 0

0 −I
�
; γi ¼

�
0 σi

−σi 0

�
; i ¼ 1; 2; 3

where σi are the Pauli matrices.
In this paper, we discuss only a Dirac particle traveling in

a static uniform gravitational field. Following the notion
of [49,50], we can choose the Møller Metric [51] to
describe a static uniform spacetime

ds2 ¼ V2ðdtÞ2 − dx · dx ð3Þ
where

V ¼ 1 − gz: ð4Þ
Here the gravitational acceleration along the positive
direction of z-axis. Quite impressively, the Ricci tensor of
this metric Rμν ¼ 0 and so this metric indicates flat
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spacetime in view of Einstein’s gravitational field equations.
In fact, it generally presents the reference frame uniformly
accelerated along the z axis in flat spacetime. However,
according to the equivalence principle, this metric can also
be treated as a form for the metric of static uniform
gravitational field parallel to the z-axis. Indeed, without
the application of the equivalence principle, it was demon-
strated that “a relativistic uniformly accelerated reference
frame in flat spacetime is equivalent to a uniform gravita-
tional field” in Refs. [52,53]. Thus, the Møller metric can
represent a static uniform gravitational field [52–55]. Under
such metric, Eq. (2) can be rewritten in a Schrödinger-like
form i∂tψ ¼ Hψ . The Hamiltonian has the form

H ¼ βmV þ 1

2
fV;α · pg: ð5Þ

Here αi ¼ γ0γi, β ¼ γ0, p ¼ −iℏ∇ and f…;…g denotes the
anticommutator.
Strictly speaking, the Dirac equation is self-consistent

only in the context of quantum field theory due to creation
and annihilation of the particle-antiparticle pairs. Fortuna-
tely, the effect of particle-antiparticle pair creation or
annihilation is negligible in the nonrelativistic limit of the
Dirac Hamiltonian. In order to obtain the nonrelativistic
physical interpretation of the Dirac Hamiltonian, there is a
need of carrying out the F-W transformation, which is a
systematic way of separating the positive and the negative
energy states. In the F-W representation, the Hamiltonian
and all operators are block-diagonal and the operators are
exactly analogous to the ones in the nonrelativistic quantum
theory.
We start from the Hamiltonian (5) in the form

H ¼ βmþ E þO ð6Þ
with

E¼ βmðV−1Þ; O¼ 1

2
fV;α ·pg; ð7Þ

where E denotes the even operator commuting with β,
Eβ ¼ βE, and O denotes the odd operator, Oβ ¼ −βO.
After two successive standard F-W transformations, the

Dirac Hamiltonian can be put into the form [56]

HFW ¼ βmþ Eþ 1

2m
βO2−

1

8m2
½O; ½O;E�� þOðg2Þ: ð8Þ

Substituting Eq. (7) explicitly into (8) and performing the
operator products to the first order of g and 1=m, we obtain

ð9Þ

where Σ ¼ ðσ23; σ31; σ12Þ is the spin operator (or
Σk ¼ εijkσ

ij=2). This F-W Hamiltonian is in agreement

with [57], and confirms the weak-field and nonrelativistic
approximation of [50]. The last term on the right-hand side
of (9) describes a gravitational (inertial) spin-orbit cou-
pling, first introduced in [57]. This coupling plays a crucial
role in determining gravitational spin Hall effect of Dirac
wave packets in a static uniform gravitational field, as we
will discuss in the following section.

III. GRAVITATIONAL SPIN HALL EFFECT
OF DIRAC PARTICLE AND THE WEAK

EQUIVALENCE PRINCIPLE

In this core section of this paper, we analyze the full
quantum dynamics of the gravitational spin Hall effect of
Dirac particle in terms of quantum-mechanical postulates.
We start from the Schrödinger equation in the F-W
representation (9)

i∂tψðx; tÞ ¼ HFWψðx; tÞ: ð10Þ

Since HFW independent of time, the general solution to
Eq. (10) can be represented as

ψðx; tÞ ¼ Uðt; 0Þψðx; 0Þ; ð11Þ

as the initial wave function ψðx; 0Þ is known. The wave
function at some later time t is governed by the time-
evolution operator Uðt; 0Þ ¼ U ¼ e−iHFWt on the initial
wave function.
Our motivation is to look for whether the WEP is

violated if considering spin effect of Dirac particles in a
gravitational filed. For this purpose, let us consider Dirac
particles of opposite spin-polarization with the same initial
mean position and momentum falling freely in our static
uniform gravitational field and compare their evolution. For
concreteness, the initial states of particles are represented
by the following normalized Gaussian wave packets,
respectively,

ψ�ðx; 0Þ ¼ ϕðx; 0Þχ� ð12Þ

with the normalized Gaussian wave packet

ϕðx; 0Þ ¼ ða2πÞ−3=4Exp
�
−

x2

2a2

�
ð13Þ

and the spinors

χþ ¼ ð1 i 0 0 ÞTffiffiffi
2

p ; χ− ¼ ð i 1 0 0 ÞTffiffiffi
2

p : ð14Þ

Here the letter T represents the standard transposition
operation. ψþðx; 0Þ and ψ−ðx; 0Þ describe the particles
of spin along the positive and negative y-directions initially
well localized in position and momentum with the expected
values hxi ¼ 0 and hpi ¼ 0, respectively, as depicted in

GRAVITATIONAL SPIN HALL EFFECT OF DIRAC PARTICLE … PHYS. REV. D 109, 044060 (2024)

044060-3



Fig. 1. Hereafter we should read the upper signs all the way
across in equations like (12), or else the lower signs.
We turn now to the calculation of the expected position

of the wave packets of opposite spin-polarization in a
uniform gravitational field:

hxi¼ hψðx; tÞjxjψðx; tÞi¼ hψðx;0ÞjU−1xUjψðx;0Þi: ð15Þ

There is a need for calculating the operator U−1xU, but it is
difficult to solve the exact solution because of the non-
commutation of operators. If considering the weak-field
and nonrelativistic approximation, U−1xU can be written
via Baker-Hausdorff lemma [58] as

U−1xU¼ xþ it½HFW;x�−
t2

2
½HFW; ½HFW;x��þ � � � ð16Þ

Using (9) and keeping operator products to the first order of
g and 1=m, we can deduce the following commutation
rules:

½HFW; x� ¼ −
iβVp1

m
þ igβΣ2

4m
; ð17Þ

½HFW; y� ¼ −
iβVp2

m
−
igβΣ1

4m
; ð18Þ

½HFW; z� ¼ −
iβVp3

m
þ gβ
2m

; ð19Þ

½HFW; ½HFW; x�� ¼ ½HFW; ½HFW; y�� ¼ 0; ð20Þ

½HFW; ½HFW; z�� ¼ −g: ð21Þ

Substituting these commutation rules back into Eq. (16),
and performing the integration of (15) with the initial wave
packets (12), we can get

hxðtÞiþ ¼−
gt
4m

; hxðtÞi−¼
gt
4m

ð22Þ

hyðtÞiþ ¼ hyðtÞi− ¼ 0 ð23Þ

hzðtÞiþ ¼ hzðtÞi− ¼ 1

2
gt2 ð24Þ

Such results can be rewritten in a compact form of
3-vectors as

hxðtÞi� ¼
�
−
σ�gt
4m

; 0;
1

2
gt2

�
¼

�
σ∓gt
4m

; 0;
1

2
gt2

�
; ð25Þ

where σþ ¼ þ1 for particle’s spin along the positive
y-direction and σ− ¼ −1 for particle’s spin along the
negative y-direction, respectively. Without considering the
quantum fluctuations, the classical trajectory
is recovered in the semiclassical limit ℏ → 0.
From Eq. (25), we can find that the wave packets of

opposite spin-polarized Dirac particles in free fall can be
split transversely in the direction perpendicular to spin and
gravity, as illustrated in Fig. 1, which is known as the
gravitational spin Hall effect. Free-fall Dirac particles with
different spin orientations follow different paths. Besides,
unlike the classical case, the expected trajectory of the
quantum particle in free fall is dependent on its mass, and
the quantum particle with spin polarization is able to fall
freely in a different path structure. In these senses, this
effect implies a kind of violations of quantum WEP
induced by the spin of quantum particle.
Restoring explicit factors ℏ and c, we can get the

transverse shift from the origin point along x-axis by an
amount

δx ∼
ℏgt
4mc2

¼ ℏ
4mc

gt
c
∼
ƛ
4

hvi
c

¼ ƛ
4

ffiffiffiffiffiffiffiffiffiffiffi
2ghzip
c

ð26Þ

Here, ƛ is the reduced Compton wavelength. For an
electron with velocity hvi ∼ 0.01c, the typical transverse
shift is about δx ∼ 1 fm. As expected, such shift is
extremely tiny for the spatial resolution of conventional
detectors and might be unobservable as far as laboratory
experiments are concerned. However, at least in principle,
there is an effect that the gravitational spin-orbit coupling
does not allow the free-fall Dirac particles with different
spin orientations to follow the same trajectory. Although
this effect originates from the wave feature of quantum
particle, the split is due to the geodesic deviation out of
gravitational (inertial) spin-orbit coupling, existing even in
a uniform gravitational field. In addition, this effect implies
the entanglement between the internal (spin) and external
(position) degrees of freedom of the wave packets.

FIG. 1. Schematic diagram to display gravitational spin Hall
effect of Dirac particle. Static Dirac particles carrying spin along
the y axis fall freely in a static uniform gravitational field.
The gravitational acceleration is along the z axis. The splitting
of Dirac particles with opposite spin polarization occurs in the
x-direction.
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In order to analyze the detail dynamical evolution of
wave function and the detail entanglement of the internal
and external degrees of freedom, we can try to look for the
solution (11) of the wave function at time t. The F-W
Hamiltonian can be written as

HFW ¼ Hf þHg ð27Þ

with defining the free Hamiltonian

Hf ¼ βmþ β
p2

2m
ð28Þ

and the interaction Hamiltonian

ð29Þ

We can deduce the following commutation rules to the first
order in terms of 1=m and g:

½Hf;Hg�¼ igp3; ½Hg; ½Hf;Hg��¼ ½Hf;½Hf;Hg��¼0

ð30Þ

Using these commutation rules and the Baker-Campbell-
Hausdorff (BCH) formula [59], we can factorize the time
evolution operator as

U ¼ e−iHft−iHgt ∼ e−iHgte−
1
2
½Hf;Hg�t2e−iHft ð31Þ

Thus, the evolution of the wave function will become

ð32Þ

Here ψf�ðx; tÞ ¼ e−iHftψ�ðx; 0Þ ¼ e−imte−it
p2

2mψ�ðx; 0Þ
describes the free evolution of the initial wave function
ψ�ðx; 0Þ without gravitational interaction, which can be
written explicitly as [60]

ψf�ðx; tÞ ¼ ϕfðx; tÞχ� ð33Þ

where

ϕfðx;tÞ¼
�
a2

π

�
3=4

�
a2þ it

m

�
−3=2

Exp
�
−

x2

2ða2þ it
mÞ

− imt

�
:

ð34Þ
Again, e−iHgt can also be further factorized by the BCH

formula as

e−iHgt ∼ eiβmgzte
iβgt
4mfp2;zge

iβgt
4m ðΣ2p1−Σ1p2Þ

¼ eiβmgzte
iβgt
4mfp2;zge

βgt
4mΣ2∂1e

−βgt
4m Σ1∂2

∼ eiβmgzt

�
1þ iβgt

4m
fp2; zg

�
e
βgt
4mΣ2∂1e

−βgt
4m Σ1∂2 ð35Þ

Inserting Eq. (35) into Eq. (32) by elementary calculation,
we can obtain the approximation of the wavefunction
ψ�ðx; tÞ as follows

ψ�ðx; tÞ≃
1

2
eimgzt

�
1þ igt

4m
fp2; zg

�
½ψf�ðu�; tÞ

þψf�ðv�; tÞ þ ψf∓ðv�; tÞ− ψf∓ðu�; tÞ� ð36Þ

with

u� ¼
�
xþ σ�gt

4m
; yþ gt

4m
; z −

1

2
gt2

�
; ð37Þ

v� ¼
�
xþ σ�gt

4m
; y −

gt
4m

; z −
1

2
gt2

�
: ð38Þ

Equation (36) confirms the evolution toward an entangled
state between the internal (spin) and external (position)
degrees of freedom.
In fact, with the wave function for general time

t (36), straightforward calculation can verify the expected
position as

hxðtÞi� ¼ hψ�ðx; tÞjxjψ�ðx; tÞi ¼
�
σ∓gt
4m

; 0;
1

2
gt2

�
ð39Þ

The probability distribution of position

jψ�ðx; tÞj2 ≃
1

2
ðjϕfðu�; tÞj2 þ jϕfðv�; tÞj2Þ ð40Þ

In our case, since the mass dependence of u� and v� and
the spin-position entanglement, the probability distribution
is mass-dependent, and the functional mass-dependence of
probability distribution is different from that of the free case
in the absence of gravity. From this point, we can conclude
that the notion of quantumWEP in Ref. [30] is invalid, even
in a static uniform gravitational field.
In addition, from the view of the Fisher information

framework, one can extract mass information of Dirac
particle in free fall with spin polarization, even in a static
uniform gravitational field, namely Fg

xðmÞ ≠ Ff
xðmÞ. Thus

it imples a violation of the notion of quantumWEP in terms
of Fisher information. In this sense, the gravitational spin
Hall effect can be as a new probe to test the quantum
version of WEP’s notion.
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IV. DISCUSSION AND SUMMARY

In conclusion, we have revealed the gravitational spin
Hall effect holding simultaneously quantum and gravita-
tional effects, even in a static uniform gravitational field.
For the free-fall Dirac wave packets with opposite spin
polarization, such remarkable effect suggests the transverse
splitting in the direction perpendicular to spin orientation
and gravity. In the F-W picture, we analyze the dynamical
evolution of the free-fall Dirac wave packets and show that
the gravitational spin Hall effect produces the entanglement
between the internal and external degrees of freedom due to
the gravitational spin-orbit coupling. Interestingly, the
gravitational spin Hall effect manifests a violation of the
quantum WEP’s notion presented recently, even in the very
simple case of a static uniform gravitational field.
To test the gravitational spin Hall effect will be of great

interest and importance for the possible observation of
WEP’s violation in the quantum realm. However, as
showed previously, the shift is an order of magnitude
smaller than the Compton wavelength of Dirac particle. It
does not seem feasible to detect this effect by the current
detectors. Maybe the weak measurement technique [61–63]
has the potential to meet the measurement requirements for

this effect, which is as an effective tool to amplify tiny
physical effects. With the benefit of the weak measurement
technique, Hosten and Kwiat [64] first observed the spin
Hall effect of light that is also a tiny spin-induced transverse
shift restricted to a fraction of wavelength of light. In
Hosten and Kwiat’s scheme, the original effect can be
enhanced by nearly four orders of magnitude via weak
measurement. On the basis of the fact that analogous effects
have been observed in optical systems, we are confident
that, although tiny, the gravitational spin Hall effect of
Dirac particles can be detected in the future. Once the future
detectors realize higher spatial resolution and the weak
measurements attain higher precision, possible future
observations of this effect can be used as a new probe
of WEP of quantum systems, so as to clarify the notion of
quantum WEP.
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