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We investigate the time evolution of spherically symmetric boson stars in Palatini f(R) gravity through
numerical relativity computations. Employing a novel approach that establishes a correspondence between
modified gravity with scalar matter and general relativity with modified scalar matter, we are able to use the
techniques of numerical relativity to simulate these systems. Specifically, we focus on the quadratic theory
f(R) =R+ ¢R? and compare the obtained solutions with those in general relativity, exploring both
positive and negative values of the coupling parameter £ Our findings reveal that boson stars in Palatini
f(R) gravity exhibit both stable and unstable evolutions. The latter give rise to three distinct scenarios:
migration toward a stable configuration, complete dispersion, and gravitational collapse leading to the

formation of a baby universe structure.
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I. INTRODUCTION

Boson stars [1] are gravitationally bound configurations
of bosonic particles that are minimally coupled to gravity.
Their constituent particle is described by a massive oscil-
lating complex scalar (or vector) field, whose dispersive
nature balances the gravitational pull generated by itself.
Boson stars masses and sizes range from atomic to
astrophysical scales, depending on the mass of the bosonic
particle. The study of boson stars has a rich history, starting
from the groundbreaking work by Kaup [2] in 1968 and
Ruffini and Bonazzola [3] in 1969. Proca stars, the vector
boson star counterparts, were more recently proposed [4].
Since then, boson stars have remained a subject of intensive
investigation in various theoretical frameworks, and their
properties and dynamics have been the focus of active
research in astrophysics and cosmology (see [1,5,6]).

In recent years, significant progress has been made in the
development of numerical codes for computing the proper-
ties of boson stars, employing hyperbolic formulations of
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Einstein’s equations, along with appropriate gauge condi-
tions [7—17]. These codes have been used to study various
aspects of boson stars, including their stability [18-20], their
formation through gravitational collapse of a dilute cloud of
bosonic particles [21,22], the presence of scalar remnants
around black holes [23,24], and accretion disks and hot
spots [25-27]. Additionally, the study of boson stars has also
expanded to include modified gravity theories [28—32], such
as Palatini f(R) gravity [33,34], which provides an alter-
native description of gravity in the strong field regime.
Boson stars, which have the capability to achieve
higher densities compared to other astrophysical compact
objects [35], offer a promising avenue for investigating
potential modifications to the gravitational sector in the
regime of strong gravitational fields. Unlike black holes,
boson stars lack a horizon, which implies that the innermost
regions of these objects could potentially be observed,
offering new insights into the extension of Einstein’s
gravity. In this regard, f(R) theories [36,37] provide a
convenient framework for studying the properties and
dynamics of boson stars beyond General Relativity
(GR), allowing significant freedom while keeping the field
equations within reasonable limits of simplicity.
Traditionally, space-time has been assumed to be
described by a Riemannian geometry solely determined
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by the metric tensor. However, an alternative approach,
known as the metric-affine or Palatini approach [37-39],
considers that the metric and the affine connection are
independent. While this choice has no impact in the deriva-
tion of the field equations of GR minimally coupled to scalar
fields, it becomes relevant when considering f(R) gravity
(and nonminimally coupled fields). The Palatini approach to
f(R) gravity provides a suitable framework for testing the
strong-field regime of gravitational interactions without
encountering conflicts with current solar system observations
or gravitational-wave astronomy results [40—46].

Moreover, there exists a correspondence between the
space of solutions of GR and Ricci-based gravity theories, a
family of models in which f(R) gravity is included [47].
This opens up the possibility of using techniques developed
for GR, such as numerical relativity, for solving problems
in modified gravity scenarios [48]. This correspondence
allows us to compute the solutions of a canonical boson star
in f(R) gravity by considering the alternative problem of a
nonlinear (or noncanonical) complex scalar field matter
Lagrangian coupled to GR [33].

In this work, we aim to investigate the time evolution of
boson stars in Palatini f(R) gravity using state-of-the-art
numerical techniques. By studying boson stars in Palatini
f(R) gravity, we seek to understand the effects of modified
gravity on the properties and dynamics of these compact
objects. The findings reported in this paper may shed light
on the fundamental nature of gravity in the strong gravi-
tational regime and contribute to our understanding of the
astrophysical implications of modified gravity theories.
The interested reader is addressed to [33,34] where our
earlier results on this line of research were presented.

This paper is organized as follows: In Sec. Il we present
the correspondence between f(R) gravity and GR and the
time evolution formalism. Section III discusses the initial
data we build in order to perform the time evolutions. The
numerical method used in the simulations is described in
Sec. IV. Our results are presented and discussed in
Section V. Finally, we end up summarizing our findings
and discussing our future perspectives in Sec. VI. Tests of
the code are reported in the Appendix. Those involve a
convergence analysis under grid refinement and a monitor-
ing of the numerical violations of the constraint equations.
We use Greek indices «, 3, ... when referring to spacetime
indices, while Latin indices i, j,... are used for spatial
indices. Moreover, we adopt geometrized units ¢ = G = 1
throughout this work.

II. FRAMEWORK

A. Theory correspondence
The action of a boson star in Palatini f(R) takes the form

f(R)

S = [ atmglid =3 a0

where gravity is described in terms of a Palatini f(R)
function and the matter sector is represented by a complex
scalar field @ with canonical Lagrangian

P(X,®) = X — 2V(®), 2)

where X = ¢?0,0*0;®, V(®) = —p>®*®/2, the scalar
field mass is y, g = det(g,s), and k = 8z. Here, we are
defining R = ¢*R,,(I'), with R, (I'") representing the
Ricci tensor of a connection Fiﬂ a priori independent of
the metric g, .

Manipulating the field equations that follow from inde-
pendent variations of the metric and the connection, one
finds that by introducing an auxiliary metric

q/,u/ = f’Rg/w’ (3)

the explicit relation between Fiﬁ and g,, is determined by

Ap
Ffw = % {ayqob + aquy - apqlw]’ (4)
with fr = df/0R. Then, the connection Fiﬂ is the Levi-
Civita connection of the auxiliary metric g,,. We note that
the conformal factor f must be regarded as a function of
the metric g, and the matter fields which is specified by the
algebraic equation

Rfr —2f =«T, (5)

where T represents the trace of the stress-energy tensor,
which is defined as

r - 2 dy-gPX.®)) (6)

Hv \/_—g S g;w

For simplicity, and to make contact with the existing
literature, we will specify the gravity Lagrangian by the
quadratic function

f(R) =R+ &R (7)

This is the Palatini version of the so-called Starobinsky
model [49], and represents the R-dependent part of the
quantum-corrected extension of GR when quantum matter
fields are considered in a curved space-time. Within the
metric formalism, this model has been exhaustively explored
in inflationary cosmological scenarios [36,50-53], while the
Palatini version is known to yield interesting phenomenology
involving nonsingular bouncing cosmologies [54,55], non-
singular black holes [56], wormholes [57,58], and other
exotic compact objects [59]. When inserted in (5), this
quadratic function leads to the relation R = —«T7, exactly
like in GR. We will refer to the representation (1) of the theory
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as the f(R) frame. Note that in this frame the scalar ® is
minimally coupled to the metric g, .

As it was shown in [60], there exists a correspondence
between the theory (1) and the Einstein-Hilbert action of
the metric g, minimally coupled to a matter Lagrangian
K(Z,®) (from now on the Einstein frame), namely,

R 1
SEH:/d4x‘/_CIﬂ_§ d*x\/—qK(Z,®), (8)

where the kinetic term Z = ¢*9,®*0;® is now contracted
with the (inverse) metric g*?, R is the Ricci scalar of the
metric g,z i.e., R = ¢ Ry4(q), and g = det(q,;).

For the specified f(R) and P(X, ®) functions it can be
shown that [60]

| Z- &2 2V
K(Z’@)_l—sng_l—sng' ©)

As we can see, nonlinearities in the gravitational sector of the
f(R) frame have been transferred into nonlinearities in the
matter sector of the Einstein frame. Because of this relation
between frames, in order to solve the field equations of f(R)
gravity coupled to a scalar field we will solve instead the
corresponding problem in GR coupled to the nonlinear
scalar field matter Lagrangian (9). Once the metric g, and
the scalar field @ have been found, we automatically have
the metric g, via the conformal relation (3).

B. Evolution formalism

In order to study the time evolution of boson stars we use
the 3 + 1 Baumgarte-Shapiro-Shibata-Nakamura (BSSN)
formalism of Einstein’s equations [61,62] in the Einstein
frame. In this formalism space-time is foliated by a family
of spatial hypersufaces X, labeled by its time coordinate ¢.
We represent the unit normal timelike vector for each
hypersurface pointing to the future as n* = (1/a, —f'/a).
Its dual is expressed as n, = (—a,0,0,0). Given the
spherical symmetry of the system under consideration,
the metric in the Einstein frame can be expressed as

dstp = —(a? — p*B,)di* + 2p.dxdt

+ e% (a(t, x)dx* + x*b(1,x)dQ?),  (10)
where dQ? = d#” + sin® Odg?, a is the lapse function, *
the shift vector, a(t, x) and b(¢, x) are the metric functions
and y is a conformal factor defined by

1

x =15 nr/7).

(11)
Note that we use x to denote the radial coordinate. In the
last equation, y is the determinant of the spacelike induced

metric on every hypersuface %,

Yap = Qap + Ngng, (12)
and 7 is the determinant of the conformal spatial metric.
The latter relates to the full 3-metric by

(13)

We set the initial conditions for the determinant of the
spatial metric, and consequently, the conformal factor y.
These initial conditions require that it matches the deter-
minant of the flat metric in spherical coordinates, as
expressed by 7(¢ = 0) = x* sin? #. Additionally, we impose
the so-called “Lagrangian” condition d,7 = 0.

The set of fields that undergo dynamic evolution
includes the conformally related 3-dimensional metric
functions, represented as a and b, the conformal exponent
., the trace of the extrinsic curvature K, the independent
components of the traceless part of the conformal extrinsic
curvature A, = A}, A, = Ag = A}, as well as the radial

5o =t
Vij = e ¥y

component of the conformal connection functions A* =
prn(fx 1% (1 = 0)) [24,63]. To find the explicit expres-
sion for the evolution equations governing these fields,
please consult Appendix A of Ref. [34].

As we have chosen the f(R) function to be in the form
of Starobinsky’s model (7), we can now calculate the stress-
energy tensor in the Finstein frame

2 A aK(Z0)
wTT 0g”
1
= 0,90,® + 0,0%0,®
21+ Al AP+ AR,
- qﬂua{lq)*aa(b - ﬂ2q/w|q)‘2
— 2EKk0"D*0,(0, D9, + 0,09, D)

+ €K, 0" D" 0, DI D" 9y D].

(14)

The 3 + 1 projections of the stress-energy tensor and the
evolution equations for the scalar field have been written
explicitly in the Appendix A of Ref. [34].

Due to the gauge freedom inherent in the BSSN
equations regarding the lapse function and the shift vector,
we will employ the “nonadvective 1 + log” condition for
the lapse function [64], along with a modified version of the
“Gamma-driver” condition for the shift vector [65,66],
which are expressed as

J,a = —2akK,

3 AX

J0,B* = Za,A s
95" = B. (15)

By examining the Einstein field equations within the
context of the Palatini quadratic f(R) model, we find that
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R isrelated to T as R = —«T. This allows us to express the
conformal factor fr in terms of the matter functions.
Therefore,

1 —8k&V

=] 2ER =
R = 1H2KR =1 7

(16)

In addition to the evolution equations, the BSSN
formalism provides us with two constraint equations which
will be used to monitor the accuracy of the simulation. The
expression for the Hamiltonian and momentum constraint
can be found at Appendix A of Ref. [34].

The system we aim to solve is formulated in the f(R)
frame. We employ the conformal transformation (3), to
map it into the Einstein frame, where we can numerically
solve the problem. Subsequently, we revert the trans-
formation to return to the f(R) frame for a comprehensive
analysis. The metric for this frame is described by

= —(a% = p'B,)dt* + 2p,.drdt
+ A(t, r)dr* 4+ R%(t, r)dQ?, (17)

where the radial coordinate is expressed with an r in order
to distinguish it from the radial coordinate x of the
Einstein frame.

III. INITIAL DATA

In order to compute the time evolution of boson stars
within the context of Palatini quadratic f(R) gravity, initial
data must be provided. This is achieved by computing static
spherically symmetric boson stars, as described in [33]. It is
noteworthy that in order to use the BSSN formulation, the
system must be expressed in the Einstein frame.

The initial data are obtained in polar-areal coordinates,
where the line element is given by the expression

ds%)a = _aga(xpa)dtz + ﬂ%a(xpa)dxga + x%)adgz’ (18)

where a2, and fZ, are the metric functions and should not
be confused with the lapse function and shift vector.

To solve for the static configurations of boson stars, it is
assumed that the scalar field can be expressed as
D (xpy. 1) = P(xp0) €™, where p(x,,) is the radial distribu-
tion of the scalar field and w is the frequency. The Einstein-
Klein-Gordon system is then derived. After the re-scaling of
the system, the integration is performed with appropriate
boundary conditions, ensuring regularity at the origin and
asymptotic flatness. Numerically, the initial conditions are
imposed at x,, = 1079, and the integration is made toward
Xpa — 0. The code stops when, at a given (large enough)

radius  xa! =150, we find that ¢/(x5%) <0 and

$(x3d) > 0. A fourth-order Runge-Kutta scheme with

adaptive step size and a shooting method for ay, (x,, =0)

0.7 -
—¢(=-01
0.6l £€=—0.05]
— GR
2 0.5} € =005
= —e=01
0.4f \_/
0.3f
0.0 0.1 0.2 0.3 0.4
)
FIG. 1. Boson star equilibrium configurations. We represent the

mass of different configurations as function of the central value of
the scalar field. The various curves correspond to different values
of the coupling parameter &. A circle indicates the last computable
solution.

is employed, leaving ®) = ¢(x,, = 0) as a free parameter.
The grid used to compute the initial data is an equidistant
grid with spatial resolution Ax,, = 0.0025. By solving this
system, the metric functions a3, and f3,, as well as the
frequency , which is encoded in the rescaling of aga as
pointed out in Eq. (28) of Ref. [33], and the radial
distribution of the scalar field ¢(x,,), can be obtained.
This results in a collection of static configurations of boson
stars, each described by a different value of ®@,. They are
plotted in Fig. 1. We show mass profiles as function of the
central scalar field, @, for five different values of the
gravitational coupling parameter £, two of them are positive,
two negative and the zero value which is equivalent to GR.

The mass of the configurations is computed using the
Misner-Sharp expression, a well-established mathematical
formula that quantifies the mass from the point of view of a
distant observer,

e !
s = (1- ). (19
pa\-‘pa

Notably, we find that the computed mass remains consis-
tent in both frames. This is because the Misner-Sharp
expression captures the mass that a distant observer would
perceive, and when observations are made far away from
the matter sources, the frames are effectively indistinguish-
able in terms of the computed mass.

The determination of the number of particles in the
system involves two distinct definitions depending on the
chosen frame of reference. When computed using the f(R)
frame, the number of particles derived from the conserved
quantity that arises from the U(1) symmetry of the scalar
field is
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o dx,,x2,  P*p
_ pa’“pa pa
Nf(R>_4n/O TR (1
R

On the other hand, if the number of particles is computed
for the case of GR coupled to a nonlinear scalar field matter
Lagrangian, the expression for Ngr becomes

_maf_n) (20)

pa 2f R ox

o dtp e P

Ngg = 4r
Er 0 f R apa

(21)

The binding energy Ep, which is a crucial parameter in
determining the fate of the boson star, can be calculated
using the number of particles in the Einstein frame, as
this is the frame where the evolution of the system will
be performed. Specifically, the binding energy is given
by Ep = Mys — uNgr.

The mass of a boson star is a crucial factor in determin-
ing its ultimate fate. Boson star configurations are expected
to be stable over time if their central field value @ is lower
than @y (MyE). Here, MY denotes the maximum mass
within the family of boson star configurations sharing the
gravitational coupling &, as illustrated by squares in
Figure 1. On the other hand, configurations with a central
field value @, higher than ®,(M}E) are expected to be
unstable. For the latter case, the fate of unstable boson stars
depends on its binding energy. Specifically, the binding
energy will determine whether the unstable configuration
migrates to a stable one (Ep < 0) or if it disperses
(Eg > 0). The interplay between the maximum mass and
binding energy is critical in understanding the long-term
stability and dynamical behavior of boson stars.

Nine different configurations are studied in this work,
their initial parameters shown in Table I. Models A are
expected to be stable under small linear perturbations while
models B and C are unstable. For each set, we will evolve

TABLE I. Parameters for our nine initial boson star configu-
rations. From left to right each column reports the model name,
its gravitational coupling factor, the initial value of the central
scalar field (i.e. at r = x = 0), its frequency, the Misner-Sharp
mass associated of the configuration, and the binding energy in

both frames. The letters “n,” “z,” and “p,” stand for the negative,
zero, and positive values of the coupling parameter, respectively.

Model 5 (Do([ = 0) w MMS EB :MMS_”NEF
Am) -0.1 0.02 0.95392 0.47925 —0.00692
A(z) 0.0 0.02 0.95419 0.47514 —0.00679
A(p) 0.1 0.02 0.95445 0.47108 —0.00665
B(n) -0.1 0.1 0.82241 0.62571 —0.01758
B(z) 0.0 0.1 0.82296 0.62180 —0.01775
B(p) 0.1 0.1 0.82350 0.61787 —0.01790
Cn) -0.1 0.18 0.75311 0.53922 0.00576
C(z) 0.0 0.18 0.76904 0.50671 0.01353
C(p) 0.1 0.18 0.77840 0.48574 0.01780

three models over time, each having the same initial
central amplitude of the scalar field, ®y(t = 0). These
models will be studied within the context of three different
gravitational scenarios represented by the values of &:
—0.1,0 = GR, 0.1, which are denoted in the names of each
model by the lowercase letters in parentheses (n), (z), and
(p), respectively. Our choice of the magnitude for the
gravitational coupling parameter, |£| = 0.1, is because
such a value is high enough to make visible any differences
with respect to GR while being one order of magnitude
suppressed. Configurations with any other value for |£]
would have experienced different behavior quantitatively
but not qualitatively. It is worth mentioning that the chosen
value is higher than the ones expected from experimental
evidence [46,67-69].

IV. NUMERICAL FRAMEWORK

The initial boson star configurations are obtained in
polar-areal coordinates while the time evolution is carried
out in isotropic coordinates using the numerical-relativity
code NADAID [70]. Therefore, a change of coordinates
is necessary. By comparing Eqs. (10) and (18), we can
deduce that

B2 (xpa)dx3, = e¥ (1, x)dx?, (22)
X = e p (1, x)x2. (23)

Here, x, and x represent the radial coordinates in polar-
areal coordinates and isotropic coordinates, respectively.
Since the change of coordinates is performed before the
time evolution begins, i.e., at t = 0, the metric functions
can be set as a(0,x) = b(0,x) = 1. Combining the two
previous equations, we obtain

d
: = /Bpa(xpa) xi . (24)

dxp, pa

From the fact that the spacetime resembles the
Schwarzschild spacetime far away from the object, we

can deduce that
1 max 2 max
+ ﬂpa (xpa ) xpamax ’ (25)
2 Poa(pi™)

which will be used as the initial value to solve Eq. (24). For
further details about this calculation, we refer the reader to
Appendix D of [71]. Upon establishing the change of
coordinates, we can then proceed to calculate the initial
conformal factor e% in isotropic coordinates, which is
given by the expression

e (0x) — <@>2. (26)

X

ymax —
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This allows us to establish the relationship between the
conformal factor and the radial coordinates at the initial
state of the system.

Once the coordinate transformation has been carried out,
we can determine the initial values of the scalar field
quantities in isotropic coordinates. Specifically, we obtain
the values of ®(r = 0, x), ¥(t = 0,x), and I1(z = 0, x).

After transforming the polar-areal grid into an isotropic
grid we interpolate with a cubic-spline over the radial
coordinate in order to have the initial configuration on a
grid composed of two patches. This grid consists on a
geometrical progression in the interior part up to a given
radius and a hyperbolic cosine outside, as can be seen in
Egs. (37)—(38) of Ref. [72]. Using only the inner grid
would require too many grid points to move the outer
boundary sufficiently far from the origin, which can cause
unwanted reflections. On the other hand, relying solely on
the hyperbolic cosine patch would lead to very small grid
spacings in the inner region, resulting in extremely small
time intervals due to the Courant-Friedrichs-Lewy con-
dition. Details about the computational grid can be found
in [72]. For the logarithmic grid the minimum resolution
used is Ax = 0.025. With this choice the inner boundary is
then set to x,,;, = 0.0125 and the outer boundary is placed
at X, = 8000. The time step is given by Ar = 0.3Ax in
order to obtain long-term stable simulations.

The BSSN equations are solved numerically using a
second-order partially implicit Runge-Kutta scheme [73,74],
as implemented in the NADA1D code [70]. This scheme can
handle in a satisfactory way the singular terms that appear in
the evolution equations due to our choice of curvilinear
coordinates. Further details about the numerical method can
be found in [24].

V. RESULTS
A. Stable models

The fate of a boson star is determined by the maximum
mass of its static configurations in GR, as previously
discussed. We find that in Palatini f(R) theory the same
criterion holds. More precisely, initial configurations with a
central value of the scalar field lower than @y(MyL) are
expected to exhibit stable evolution.

The time evolution results for models A(n), A(z), and A
(p) are depicted in Fig. 2. The plot illustrates the temporal
behavior of the central value of the scalar field, denoted as
@ (t) = /Re[®(x = 0,1)]> + Im[®(x = 0,7)]>. Notably,
considering that fr(x =0) #0 and based on the con-
formal relation between metrics given by Eq. (3), it follows
that ®y = ®(x = 0) = ®(r = 0). Despite all three con-
figurations having the same initial value for the scalar field
at the center, namely @,(r = 0) = 0.02, the frequencies of
the scalar field differ due to the distinct gravitational
theories in which they are described, as shown in
Table 1. The discrepancies are notably larger for models C.

0.0210¢

0.0205

o YAV Vo Ve Ve Ve VAV Ve Ve Ve
£ 0.0200

0.0195}
0.0190}
—¢=-01 —GR —¢=01
0.0185 ‘ ‘ ‘ ‘
0 1000 2000 3000 4000 5000
t

FIG. 2. Time evolution of the central value of the scalar
field for the models A(n) (green curve), A(z) (blue curve), and
A(p) (red curve).

In the context of GR, i.e., in the evolution of the model
A(z), it is expected to observe a stable boson star, with the
central value of the scalar field remaining constant (see,
e.g., [19,24]). However, due to discretization errors asso-
ciated with the numerical grid used in the time evolution, all
physical quantities—including the central value of the
scalar field ®y-display minor oscillations around an equi-
librium value. With the particular resolution used in our
simulation the amplitude of these oscillations is found to
be A® =5 x 107>,

Qualitatively, the same kind of oscillatory behavior is
found in f(R) gravity. However, interestingly, the ampli-
tudes of the oscillations are significantly larger in those
cases (see green and red curves in Fig. 2). For the models
A(n) and A(p), the amplitudes are measured to be A®D =
6.2x 107* and A® = 4.7 x 107, respectively. Notably,
the amplitude of the oscillations is found to be proportional
to the gravitational coupling parameter £, indicating a
dependence on the specific gravity model being considered.
Furthermore, there is a phase shift observed in the A(p)
model compared to the other two models, causing the
oscillations to shift downward.

To study the impact of the polar-areal grid resolution on
the amplitude of the oscillations, we also performed
numerical simulations by systematically varying the reso-
lution of the grid used for computing the initial data. The
results are displayed in Fig. 3, which is similar to Fig. 2, but
shows data for three different grid resolutions and in a
shorter time span. We observe that the amplitude of the
oscillations strongly depends on the resolution. In Fig. 4 we
plot the dependence of the amplitude of the oscillations
with respect to the resolution of the polar-areal grid (which
are affected substantially more by the polar-areal grid than
by the isotropic grid). We observe that the three cases
studied decrease the amplitude for higher resolutions
following the same trend. From our analysis, for models
A(n) and A(p) the amplitude of the oscillation seems to tend
to a finite value as the resolution becomes finer rather than
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0.0215¢

0.0210f
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= 0.0200
0.0195}

0.0190f
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FIG. 3. Comparison of the time evolution of the scalar field
central value for models A(n) (green lines), A(z) (blue lines) and
A(p) (red lines) with three different grid resolutions for the initial
data. Solid lines correspond to Ax,, = 0.0025, dotted lines to
Axp, = 0.005 and dashed lines to Ax,, = 0.01.
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FIG. 4. Dependence of the amplitude of the first oscillation of
the stable models A(n), A(z), and A(p) with respect to the
resolution of the polar-areal grid. The dots represent numerical
solutions while the solid lines represent an least-squares regres-
sion for each set of solutions.

disappearing. This is in contrast to GR models, for which the
amplitude of the oscillation decreases tending to zero. The
change of coordinates and subsequent interpolation cause
additional numerical noise that contributes to the amplitude
of those oscillations. However, the qualitative output of the
simulation remains unaffected, as the amplitude of the
oscillations is only up to 3% of the total scalar field
amplitude for a polar-areal grid resolution Ax,, = 0.0025.

Let us now extend our analysis to the isotropic grid. By
maintaining a fixed value for Ax,,, we compare the ampli-
tudes of the oscillation for Ax = 0.1 and Ax = 0.0125. It is
observed that the change on the amplitude for this range of
resolutions is only on the order of ~5 x 107>, The resolution
of the isotropic grid has a negligible impact in comparison to
the resolution of the polar-areal grid.
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0.999951

&
0.99990

0.999851

1.00015 T "
—t =180

1.00010 1

£
1.00005

1.00000
0 2 4 6 8 10 12 14

FIG. 5. Radial profiles of the conformal factor for models A(n)
(upper panel) and A(p) (bottom panel) at selected evolution times.

By performing several evolutions with different reso-
lutions, we are able to infer the convergence order of the
code with respect to the isotropic grid, which is of third
order. Even thought we are using a 2nd-order Runge-Kutta
for the time integration, the spatial derivatives are of 4th
order. The convergence with respect to the polar areal grid
is of first order. This loss of convergence is due to the
change of coordinates from polar-areal to isotropic, also
observed in [24] (see also the related discussion in [34]).
Moreover, since we do not further change Ax,, in the
simulations, increasing the isotropic grid resolution for the
computation of the initial data does not lead to an improved
convergence. We refer the reader to Appendix for details on
the convergence analysis of the evolution code.

Regarding the behavior of the space-time variables in
different theories, we depict in Fig. 5 radial profiles of the
conformal factor fr for models A(n) and A(p) at selected
evolution times. To express the radial position in terms of
variables within the f(R) frame, we employ the area of the
two-spheres R? as a pseudo-coordinate due to the absence
of an explicit expression for r. As one can observe
deviations from unity are only noticeable for points close
to the boson star center, where the maximum of the energy
density is located, and even in this case it is a minute
difference. This suggests that the disparity between the
metrics of both frames will be minimal. It can also be
noticed that the conformal factor exhibits oscillations of a
similar nature as those previously discussed for the
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FIG. 6. Radial profile of the g,, and g,, metric functions for the
models A(n) and A(p) at t = 1575.

maximum of the scalar field ®,. The amplitude of these
oscillations is about 1073, Furthermore, the opposite signs
of the coupling parameter & affect the radial profile of 5 in
opposite ways for both models. Specifically, the negative
sign of & (top panel in the figure) tends to enlarge the
conformal factor close to the boson star’s center, while the
opposite effect is observed for £ = 0.1.

Next, in Fig. 6 we show the radial profiles of the
metric functions at r = 1575. For both models, the metric
function g,, starts from a finite positive value below 1,
gradually increasing with radial distance and asymptoti-
cally approaching 1. As for the function g,,, a similar

behavior is observed, but with an initial value at the center
of the star that is finite and greater than 1 and tending
asymptotically toward 1. The discrepancy between the two
models becomes visible only close to the center of the
boson star. Though not shown here, these two functions are
subject to the aforementioned small oscillations as well.

B. Unstable models

Let us now discuss the temporal evolution of the B(n),
B(z), and B(p) models, which are located in the unstable
branch and still exhibit a negative binding energy. When
the only perturbation to the initial data is the discretization
error, we observe a migration of these unstable configu-
rations toward the corresponding boson star with the same
mass but located in the stable branch. This behavior is
depicted in Figure 7. The initial central value of the scalar
field for all three models is @, = 0.1, and it evolves over
time until reaching a configuration with ®, ~ 0.055. As can
be inferred from Figure 1 this value corresponds to stars
with approximately the same mass but situated in the
stable branch.

In Figure 8 we plot radial profiles of the conformal factor
fr at both the initial time and selected times during the
evolution. This figure shows that the initial configuration of
the conformal factor exhibits a significant deviation from
unity, which gradually diminishes over time. Specifically, for
model B(n) (top panel), the value of the conformal factor at
the center of the boson star initially exceeds unity but
decreases below 1 as the system approaches a stable
configuration. Conversely, in the case of model B(p) (bottom
panel) the conformal factor follows the opposite trend.
However, it is important to note that the conformal factor
consistently approaches one asymptotically, either increas-
ing for the B(n) model or decreasing for the B(p) model.
Additionally, we show in Fig. 9 the radial profiles of metric
functions ¢,, and g,,. The central values of both metric
functions transition toward one during the evolution. We also
note that both the conformal factor and the metric functions
exhibit oscillations, which become more apparent when
observing the central values over time, as shown in Fig. 7.

0.10f _ ¢ — 0] _GR] - £ - 011
0.08
S 006
0.04]
0.02 : - - : ‘ ‘ ‘ ‘ ‘ ‘ . . . .
0 2000 4000 6000 8000 0 1000 2000 3000 4000 5000 O 1000 2000 3000 4000 5000

t

t t

FIG. 7. Time evolution of the central scalar-field amplitude for models B(n) (left), B(z) (middle), and B(p) (right). All models

experience a migration to the corresponding stable-branch model.
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FIG. 8. Evolution of the radial profiles of the conformal factor

for models B(n) (upper panel) and B(p) (bottom panel).

Turning our attention toward the time evolution of C
models, characterized by initial data @y > ®y(M}E) and a
positive binding energy Ep > 0. These models, denoted as
C(n), C(z), and C(p), respectively, are representative of
different gravitational theories and are also summarized in
Table 1. The evolution of the central value of the scalar
field, @, is depicted in Fig. 10. It is observed that @
rapidly decreases with time, leading to a drastic radial
expansion of the boson star, which ultimately disperses
away. Similar behavior is observed for all three models,
although slight quantitative differences exist in the evolu-
tion of the central value of the scalar field.

Let us now come back on the B models. If we do not rely
on discretization error but truly perturb the initial data for the
B(n), B(z), and B(p) models, the resulting dynamics can be
markedly different. In particular, we can trigger the gravi-
tational collapse of the boson stars, as first shown in [34]. To
do so, once we have solved the Einstein-Klein-Gordon
system, which provides the initial data for the evolution, we
multiply the radial profile of the scalar field by 1.02, i.e., we
add a 2% perturbation to this profile. However, for the B(p)
model, which exhibits a higher threshold for triggering
gravitational collapse, we apply a 3% perturbation. This
results in a slight violation of the constraints in polar-areal
coordinates. After adding the perturbation we do not
recompute the spacetime variables a,,, and f3,,. This decision
is based on the observation that it only leads to an
approximately 3% increase in the magnitude of the

1.0

0.9

0.8

0.7

oy

FIG. 9. Radial profile of the g,, and g,, metric functions for the
models B(n) and B(p).

Hamiltonian constraint violation in regions near the center,
when compared to the unperturbed case. We note that the
introduced perturbation is larger than the one associated
with the discretization error, but small enough not to
substantially alter our original solution. Once the perturbed
scalar field has been obtained, we recompute the remaining
scalar field quantities for the BSSN evolution.

0.20 . . .
—&=-01 — CGR — =01
0.15
& 0.10+
0.05F
0.00 - - : :
0 20 40 60 30 100

t

FIG. 10. Time evolution of the scalar-field central value for
models C(n), C(z), and C(p). All boson stars suffer a total
dispersion due to the positive binding energy of the initial data.
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FIG. 11. Time evolution of the scalar-field central value for
models B(n), B(z), and B(p) after they have been subjected to a
2% perturbation in the B(n) and B(z) models and a 3%
perturbation in the B(p) model. The dashed vertical lines indicate
the moment in which an apparent horizon forms for each model.

Figure 11 shows the evolution of the central value of the
scalar field for all three perturbed B models. When evolving
these configurations with a perturbation in GR (blue curve),
the outcome is the gravitational collapse of the boson star
and the formation of a black hole [24]. The central scalar
field is seen to grow up to a maximum value to then decay
when an apparent horizon (AH) appears. The AH, signaled
with a vertical blue dashed line in Fig. 11, is computed
using the AH finder described in [75]. The mass of the
resulting black hole is slightly smaller than the mass of the
initial boson star, Mgy = 0.61825, since some amount of
the scalar field is not swallowed by the black hole. This
results in a long-lived cloud of scalar field around the black
hole (see [24] for further details).

Upon analyzing the gravitational collapse of the B(n)
model, we observe that after reaching ¢t = 42, the code
stops. If we examine the conformal factor during this
evolution, we find that shortly before the code stops it
grows rapidly and eventually leads to a divergence. This is
due to the fact that the condition 1 —2x{Z =0 is met.
Similarly, we find that the equations governing the scalar
field evolution also diverge. Therefore, we are unable to
accurately predict the outcome of the gravitational collapse
for £ = —0.1 or any other negative value of the gravitational
coupling parameter £&.

For the B(p) model, the gravitational collapse results in
the formation of a black hole surrounded by a cloud of
scalar field, similar to the B(z) case (i.e. GR) [24]. At
t = 155.25 the scalar cloud has a maximum scalar field
density of ®,,, ~3.5x 10~ near the event horizon. It
decreases to ®,;, ~107!7 toward the end of our grid.
However, a glance at the spherical sector of the metric
yields crucial new information that highlights this branch of
solutions over the others. In fact, it turns out that the
relation between the area of the 2-spheres in the Einstein

106: Baby Universe Parent Universe
104,
102t — t=76.05 ]
&= 1‘ — t=85.05
L t=2873
1072: t=80.55 |
10—+ — t=100.8 f§
10-* 1072 1 102 104 109

490

FIG. 12. Relationship between the area of the two-spheres of
the f(R) frame, denoted as R2 according to (17), and the area of
the two-spheres of the Einstein frame, gz = e¥x%b, as stated
in (10), at five selected times. This has been traditionally used to
illustrate the presence of wormhole structures. The background
shading indicates the regions referred to as baby universe and
parent universe.

and f(R) frames becomes nonmonotonical when the
collapse sufficiently increases the energy density around
the center of the object. This means that as the area of the
2-spheres in the Einstein frame decreases as one appro-
aches the center, in the f(R) frame one observes a transition
in which the innermost 2-spheres experience an inflationary
expansion (see Fig. 12). This is a manifestation of repulsive
gravity effects that arise due to the modified gravitational
dynamics. When the energy density is high enough, the
collapsing field bounces off. However, due to the causal
structure preventing object dissipation, the only natural
way out is the transition from a collapsing scenario to an
expanding one, similar to nonsingular bouncing cosmo-
logical models. In fact, it was found in [54] that the f(R)
model considered here admits homogeneous and isotropic
bouncing and cyclic cosmologies in which the bounce
occurs at a certain maximum energy density. Our results
indicate that similar mechanisms are acting in the case of
stellar collapse, with the exponentially growing baby
universe representing the post-bounce phase [76].

In Figure 13, we monitor the maximum reachable value
of the areal radius within the baby universe region, R2 ..
Due to the singularity avoiding gauge chosen, we cannot
observe regions close to the origin for large periods of time
since they eventually extend beyond our computational
grid. Nonetheless, we are able to follow the growth of the
baby universe from ¢~ 84.6 to ¢ = 90.45, observing that
during this period of time the growth follows an exponen-
tial law.

In Fig. 14, we can see an embedding diagram that
represents the spacetime topology following the formation
of the baby universe. In the illustration, the baby universe
appears as a bubble connected to the parent universe via a
throat. The parent universe extends infinitely and exhibits
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FIG. 13. Maximum value of the 2-spheres area R2,, for the
baby for the expanding baby universe.

FIG. 14. Embedding diagram of the spacetime geometry for
the gravitational collapsing model B(p) in which the formation
of a baby universe can be observed. The snapshot has been taken
at t = 85.2.

asymptotically flatness. Our simulations indicate that this
cosmic bounce scenario is always hidden behind a horizon,
hence causally disconnecting the baby universe from
observers above the horizon. A comprehensive analysis
of this particular kind of evolution was recently reported
in [34], to which the interested reader is addressed for
further details.

VI. FINAL REMARKS

We have investigated the time evolution of spherically
symmetric boson stars in Palatini f(R) gravity, focusing on
the quadratic model f(R) = R + éR?. We compared the
obtained solutions with those in GR, and explored both
positive and negative values of the coupling parameter &.
Our results reveal interesting differences when compared to
GR models.

For models A(n), A(z), and A(p), we obtain stable
evolutions in which the mass and the radial profile of
the scalar field remain largely unchanged except for minor
oscillations due to numerical errors coming from the
discretization scheme. We note that in the case of model
A(z) within the framework of GR, these oscillations are
mainly attributed to the resolution of the initial data grid
and would vanish in the continuum limit, as expected. For
f(R) models A(n) and A(p), the change from polar-areal
coordinates to isotropic coordinates, and the subsequent
interpolation to accommodate the desired isotropic grid,
introduce a small source of numerical noise. This noise
causes an artificial oscillation of the model that does not
disappear with increasing resolution. This numerical error
does not change the qualitative outcome of the evolution.
Further research would be needed to obtain the initial data
in an isotropic grid in order to get rid of the coordinates
transformation and shed further light on the origin of those
oscillations.

Our simulations have also shown that the unstable
models B(n), B(z), and B(p) experience a migration toward
the corresponding boson star configurations in the stable
branch when perturbed only by discretization errors.
However, when these three models were perturbed beyond
the discretization error, they underwent gravitational col-
lapse. In the context of GR, this leads to the formation of a
black hole. In contrast, in the model B(p) a richer internal
structure emerges below the horizon due to the modified
gravitational dynamics. In this case, a finite-size, exponen-
tially-expanding baby universe connected with the outer
universe via a throat was observed (see also [34]), pro-
ducing a scenario compatible with the notion of black
bounce and nonsingular black holes proposed in recent
literature [77-80]. Regarding the perturbed B(n) model, we
have found that the approach used in this work is not
suitable for computing its gravitational collapse fully, due
to the appearance of divergences. This suggests the need for
alternative approaches or refinements in computational
techniques to properly analyze the gravitational collapse
behavior of this specific model (or models within a theory
with a negative value of the coupling parameter).

Finally, the unstable models C(n), C(z), and C(p),
characterized by rapid decreases in @, exhibited drastic
radial expansion of the boson stars, ultimately resulting in
their complete dispersion.

The study reported in this paper provides valuable
insights into the dynamics and time evolution of boson
stars in Palatini f(R) gravity, revealing notable differences
compared to GR models. These differences emphasize the
profound influence of the gravitational theory on the
behavior and ultimate fate of self-gravitating compact
objects like boson stars. Our findings open up avenues
for further investigations and analyses, such as exploring
gravitational collapse in other alternative gravity models,
investigating additional features of boson stars (e.g. adding
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the effects of rotation or self-interaction), or studying other
types of compact objects (e.g. Proca stars). By pursuing these
avenues, we can deepen our understanding of the dynamics
of exotic compact objects beyond the domain of GR.
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APPENDIX: CONVERGENCE ANALYSIS

The total mass of the spacetime can be calculated by
integrating the stress-energy tensor at each spatial hyper-
surface X [81]

M = / (2T! = T})a\/ydrdody. (A1)
>

In this analysis we are only considering the numerical
error coming from the finite-differencing of the differential
equations. This dominates the error if we use resolutions
coarser than that used to compute the initial data. However,
we note that the change of coordinates from polar-areal to
isotropic (see details on the specific transformation in [24])
also introduces an additional source of error.

Setting Axp, = 0.0025 (the spatial resolution needed in
the polar-areal grid used to compute the initial data) and
choosing three resolutions for the isotropic grid, namely
Ax = 0.25, Ax = 0.125 and Ax = 0.0625, we find third-
order convergence.
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FIG. 15. Time evolution of the total mass of stable boson stars

models A(n) (left panels) and A(p) (right panels). Top panels:
Difference of the instantaneous total mass and its initial value for
three different evolution grid resolutions Ax. Bottom panels: The
quantities of the top panel are rescaled to show third-order
convergence.

The results are plotted in Figure 15. For the A(n) model,
numerical errors from finite-differencing dominate the
evolution and the total mass decreases with a drift that
depends on resolution (see top panel of Fig. 15). The rate of
convergence of the total mass for this stable model is third
order, as shown in the bottom panel of Fig. 15. The
oscillations that can be easily observed in the curve with
higher resolution (green line) are also present in the other
curves. However, since we have multiplied these curves by
a factor of 64 to check for convergence, the amplitude of
the oscillations has also been magnified.

The interested reader in the convergence analysis for the
unstable and the A(p) models is addressed to [34].
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