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We often encounter a situation where linear wave equations around a black hole solution can be regarded
as continuous deformations of simpler ones, or modifications from the general relativity case by continuous
parameters. We develop a general framework to compute high-order perturbative corrections to quasinormal
mode frequencies in such deformed problems. Our method has many applications, and it allows us to
compute numerical values of the high-order corrections very accurately. For several examples, we perform
this computation explicitly and discuss analytic properties of the quasinormal mode frequencies for
deformation parameters.
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I. INTRODUCTION

Perturbation theory is one of the most powerful tools in
physics. We have a typical situation in which a system
cannot be solved analytically, but its special limit can be.
Perturbation around the special limit provides a good
approximation method and, more importantly, a clue to
get global information on the total system by combining
with the analytic continuation in complex analysis or
asymptotic analysis. The application range of perturbation
theory is extremely wide. It is important to clarify what we
can learn from perturbation theory.
In this work, we propose a systematic way to compute

high-order perturbative corrections to quasinormal mode
(QNM) frequencies of black holes. QNMs are solutions to
linearized field equations, which satisfy purely ingoing
(outgoing) boundary conditions at the horizon (infinity),
around a background black hole spacetime. It is known that
QNMs are related to the late time behavior of the field
dynamics around black holes [1–11]. In many cases, one
can regard some parameters of black hole solutions as
smooth deformation parameters of simpler black holes. We
apply perturbation theory for such deformation parameters.
Similar situations also happen if one considers the possibil-
ities of effective field theories or modified gravity theories
beyond general relativity. Since such modification param-
eters are expected to be small, it is natural to expand
physical quantities perturbatively. It is desirable to develop a
general framework widely applicable for such cases.
There are two obstacles to achieve this goal. One is that

we cannot solve the QNM spectral problem analytically
even in spherically symmetric black holes. Therefore, we
have only numerical or semianalytic eigenvalues and eigen-
functions in this simplest case. The other point is more
serious. In the QNM problem, a set of eigenfunctions is not
complete in the usual sense. This means that we cannot

apply the well-known formula in quantum mechanics to the
computation of perturbative corrections to the QNM spec-
trum. There is already an extended formula to compute
perturbative corrections to QNM frequencies [12–14].
However, it is not clear for us how to use this formulation
systematically and practically for the examples we are
interested in. For this reason, we revisit a similar problem
in this work and propose another way to get high-order
perturbative corrections to QNM frequencies.
A possible resolution for this problem is simply to use

numerical fittings.1 However, it is hard to predict high-order
corrections accurately in this way. Recently, a smart way to
compute perturbative quadratic-order corrections to the
QNM frequencies was proposed in [15,16]. Motivated by
these works, we extend the results to more general setups.
Our approach is based on the first principle of perturbation
theory. We do not use any numerical fittings to determine
the perturbative coefficients, though we need numerical
solutions at each order in perturbation. Our method is quite
general and applicable to various situations with smoothly
continuous deformations. In fact, we give, for the first time,
the high-precision perturbative expansion of the QNM
frequencies around the extremal Reissner-Nordström black
holes. Combining a recently proposed method [17], our
approach allows us to compute numerical values of high-
order corrections very accurately. Once we get the high-
order perturbative data, we can discuss analytic properties
(convergence, singularity, analytic continuation, nonpertur-
bative effects, etc.) of the QNM frequencies, in principle.
The organization of this paper is as follows. In Sec. II, we

start by explaining a general framework of our formulation.

1There is another resolution. One can analytically continue
eigenvalue problems from the real line to the complex domain.
This is well known as the complex scaling method for resonance
problems in quantum mechanics.
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We illustrate our basic idea to compute high-order perturbative
corrections systematically. In Sec. III, we present a technical
way to perform the idea in Sec. II explicitly. In Sec. IV, we
show various examples in which our method works well. We
particularly use themethod proposed in [17], but this is not the
only possibility. For instance, we present another way in
Sec. IVG. In Sec. V, we consider possible future directions. In
Appendix, we give some remarks on the so-called para-
metrized black hole quasinormal mode approach, which are
useful when combined with the results in the main text.

II. GENERAL FRAMEWORK

We first illustrate our idea. In this section, we set up a
problem and explain a conceptual way to obtain a perturba-
tive series ofQNMfrequencies systematically.Wewill show
a technical method to achieve the result in the next section.
We expect that the problem proposed in this section can be
solved in many other ways developed in numerical compu-
tations of QNMs, such as Leaver’s continued fraction
method [5,18], the direct integration method [5,19], or
the pseudospectralmethod [20]. In the following discussion,
we do not need to assume that the effective potential in the
master equation is given by an analytic function. However, if
we apply our formalism to the Bender-Wu approach or
Leaver’s method as discussed in Secs. III and IV, the
effective potential needs to be an analytic function.
We consider a perturbative deformation of a black hole in

a certain theory. We would like to find perturbative
corrections to quasinormal mode frequencies for a small
deformation parameter. Our starting point is the following
(radial) master equation2:

�
d2

dx2
þ ω2 − VðxÞ

�
ΦðxÞ ¼ 0; ð2:1Þ

where x is the tortoise coordinate whose range is −∞ <
x < ∞ and the potential V is defined in the same domain.
We assume that V is zero at jxj → ∞.3 The tortoise
coordinate x is related to the radial variable r as

dx
dr

¼ 1

fðrÞ ; ð2:2Þ

where fðrÞ is a function that has a zero at the event horizon
r ¼ rH and takes positive values outside the event horizon.4

Explicit forms of fðrÞ, of course, depend on situations, e.g.,
fðrÞ ¼ 1 − 2M=r − Λr2=3 for the Schwarzschild-de Sitter
black hole and fðrÞ ¼ 1 − 2M=rþQ2=r2 for the Reissner-
Nordström black hole. The QNM boundary condition is
then given by the purely outgoing in x → ∞ and purely
ingoing in x → −∞ conditions5

ΦðxÞ ∼ e�iωx ðx → �∞Þ: ð2:3Þ

We assume that all the quantities in the master equation
have smooth perturbative expansions in a parameter α:

VðxÞ ¼
X∞
k¼0

αkVkðxÞ; ω2 ¼
X∞
k¼0

αkEk;

ΦðxÞ ¼
X∞
k¼0

αkΦkðxÞ: ð2:4Þ

Typically, the parameter α appears as a deformation
parameter of a black hole or of a modified theory. At this
stage, we do not ask its physical origin, for generality. In
general, the function fðrÞ may also depend on α. This
dependence causes a subtlety in our perturbative treatment.
We will discuss this issue later.
Expanding ω as a series of α,

ω ¼
X∞
k¼0

αkωk; ð2:5Þ

the QNM boundary condition in Eq. (2.3) can be written as

Φ ∼ e�iω0xe�iðαω1þα2ω2þ���Þx

¼ e�iω0xð1þ αP�
1 þ α2P�

2 þ � � �Þ; ð2:6Þ

where P�
1 ; P

�
2 ; � � � are polynomials of x. This implies that

the QNM boundary condition for Φk is

Φk ∼ e�iω0x ðx → �∞Þ: ð2:7Þ

We solve the master equation perturbatively in α. We
start with zeroth order, at which the eigenequation is6

2Although our idea is not restricted to this form, to make the
explanation simpler, we assume it in this paper.

3If the field has a mass term μ2, V is constant at x → ∞. In that
case, ω in Eq. (2.3) should be changed to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − μ2

p
at x → ∞.

Then, we can still apply the same method. See Sec. IV B.
4When f has another zero at r ¼ rC in r > rH , e.g., the case of

the Schwarzschild–de Sitter black hole, we focus on the region
rH < r < rC.

5Because the wave function Φ with the QNM boundary
condition is divergent at jxj → ∞ for ImðωÞ < 0, one may think
that the asymptotic form ΦðxÞ ∼ e�iωx is not sufficient to specify
the boundary condition. In fact, the QNM boundary condition is
first defined in the domain ImðωÞ > 0; then it corresponds to the
decaying modes at jxj → ∞, which are the fine-tuned modes. By
the analytic extension to the complex ω plane, we can define the
QNM boundary condition for ImðωÞ < 0.

6In our setup, by adding the factor g introduced in Sec. III and
taking the analytic continuation, the problem reduces to the
eigenvalue problem for one-dimensional bound states whose
eigenvalues are not degenerate. Thus, the zeroth-order spectra are
not degenerate.
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�
d2

dx2
þ E0 − V0ðxÞ

�
Φ0ðxÞ ¼ 0; E0 ¼ ω2

0: ð2:8Þ

Note that E0 denotes the zeroth-order eigenvalue in the
perturbation of α, not the fundamental mode eigenvalue.
Typically, the zeroth-order equation is the master equation
for spherically symmetric black holes, but our formalism is
not restricted to this specific situation. At each order, we
solve the differential equation by requiring proper boun-
dary conditions and then find the perturbative corrections to
the eigenvalues.
We first solve the zeroth-order equation (2.8) by impos-

ing the ordinary QNM boundary condition:

Φ0ðxÞ ∼ e�iω0x ðx → �∞Þ: ð2:9Þ

There are many techniques to solve Eq. (2.8) numerically.
To go to the next order, we need the zeroth-order eigen-
function Φ0ðxÞ with the eigenvalue E0.

7 Though, in this
work, we will use a method recently proposed in [17], we
stress that our idea should work for many other techniques.
Once we obtain the eigenvalue and the eigenfunction at

zeroth order, we can proceed to the first-order equation.
The equation we should solve is

�
d2

dx2
þ E0−V0ðxÞ

�
Φ1ðxÞ ¼ ðV1ðxÞ−E1ÞΦ0ðxÞ: ð2:10Þ

We regard this equation as the inhomogeneous differential
equation for Φ1ðxÞ with the unknown constant E1, while
Φ0ðxÞ and E0 are known. For the function Φ1ðxÞ, we
impose the same QNM boundary condition for Φ0ðxÞ:

Φ1ðxÞ ∼ e�iω0x ðx → �∞Þ; ð2:11Þ

as explained in Eq. (2.7). As shown in the next section, this
inhomogeneous equation is also solved by the same method
as the zeroth-order equation. Therefore, we get E1 and
Φ1ðxÞ, at least numerically. We note that E1 is uniquely
determined for a given zeroth order E0.

8

The computations at higher orders are similar. We regard
the kth-order equation

�
d2

dx2
þ E0 − V0ðxÞ

�
ΦkðxÞ ¼

Xk
l¼1

ðVlðxÞ − ElÞΦk−lðxÞ

ð2:12Þ

as the inhomogeneous equation for Ek and ΦkðxÞ with
known Ej and ΦjðxÞ (0 ≤ j ≤ k − 1). We solve it under the
boundary condition in Eq. (2.7). We repeat this computa-
tion as many times as possible.
If the function fðrÞ depends on the perturbative param-

eter α, there is a subtle point. In this case, we also expand
fðrÞ in α. This gives a perturbative relation between r and x
via the relation in Eq. (2.2). Schematically, we have

x ¼ xðr; αÞ ¼
X∞
k¼0

αkxkðrÞ; ð2:13Þ

where xkðrÞ is a function of r. On the other hand, we can
inverse this relation by

r ¼ rðx; αÞ ¼
X∞
k¼0

αkrkðxÞ: ð2:14Þ

There is an ambiguity as to which variable, r or x, is
fundamental in the perturbative expansion. In this paper, we
regard x as a fundamental variable and use Eq. (2.14) to
eliminate r to expand the potential perturbatively. This is
because boundary conditions in terms of x seem to be more
natural.
There is a caveat when we apply our framework to a

specific system and calculate the QNM frequencies by
numerical calculations. Our framework is introduced based
on the form of the master equation in Eq. (2.1), which is
written with the tortoise coordinate x. However, in many
cases, it is difficult to explicitly write the tortoise coordinate
x as a function of r and also the master equation as a
function of x. This implies that imposing the boundary
condition at each order Φk ∼ e�iω0x is not a trivial task in a
concrete example. In that case, the technique to rewrite the
master equation used in [15] might be useful. When the
function f has a zero at r ¼ rH, and it is close to 1 − rH=r,
we can write f as

f ¼
�
1 −

rH
r

�
Zðr; αÞ; ð2:15Þ

where Zðr; αÞ is a function of r which contains the small
parameter α. Choosing rH and α as the fundamental
parameters, we can write the master equation (2.1) in
the form

�
1−

rH
r

�
d
dr

��
1−

rH
r

�
dϕ
dr

�
þ ðω̃2 − ṼÞϕ¼ 0; ð2:16Þ

7This point is quite different from the textbooklike method in
quantum mechanics, in which one needs to use all the eigenvalues
and the eigenfunctions at zeroth order as a basis of Hilbert space.

8Assuming that Eq. (2.10) has two solutions with the appro-

priate QNM boundary conditionsΦðiÞ
1 andΦðiiÞ

1 whose eigenvalues
are EðiÞ

1 and EðiiÞ
1 , respectively, the deviation ΔΦ1 ≔ ΦðiÞ

1 −ΦðiiÞ
1

satisfies an equation ðd2=dx2 þ E0 − V0ÞΔΦ1 ¼ −ΔE1Φ0, where
ΔE1 ≔ EðiÞ

1 − EðiiÞ
1 . This equation is the same as Eq. (2.10) with a

vanishing correction term V1 ¼ 0. Thus, the only possible
solution is ΔΦ1 ∝ Φ0 with ΔE1 ¼ 0. This implies EðiÞ

1 ¼ EðiiÞ
1 .
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where ϕ ¼ ffiffiffiffi
Z

p
Φ, ω̃ is a rescaled frequency and Ṽ is the

effective potential which depends on α [15].9 Regarding this
equation as the basic master equation, we can easily apply
our framework to this system because the tortoise coordinate
in this system is explicitly written as rþ rH lnð1 − rH=rÞ.
Note that we do not need to be concerned with this point as
long as we use the Bender-Wu approach introduced in the
next section because the calculation is carried out around the
potential peak region.
Finally, note that our formulation is easily extended to

multiparameter perturbations. If one considers a two-
parameter perturbation,

Vðx; α; βÞ ¼ V0ðxÞ þ
X∞
k¼1

ðαkVα
kðxÞ þ βkVβ

kðxÞÞ; ð2:17Þ

then the square of the frequency should receive the
following perturbative corrections [15,16]:

ω2 ¼ E0 þ αEð1;0Þ
1 þ βEð0;1Þ

1 þ α2Eð2;0Þ
2 þ αβEð1;1Þ

2

þ β2Eð0;2Þ
2 þ � � �

¼ E0 þ
X∞
k¼1

Xk
l¼0

αlβk−lEðl;k−lÞ
k : ð2:18Þ

To fix the coefficients Eðl;k−lÞ
k , we can choose various

combinations of ðα; βÞ. For instance, to fix the second-order
corrections Eð2;0Þ

2 , Eð1;1Þ
2 , and Eð0;2Þ

2 , it is sufficient to consider
three particular slices: ðα; βÞ → ðα; 0Þ; ðα; αÞ; ð0; αÞ, in
which the problem is reduced to the one-parameter problem.
We will return to this issue in Sec. IV.

III. TECHNICAL REMARK:
THE BENDER-WU APPROACH

In the previous section, we proposed a general idea to
compute the perturbative corrections Ek systematically. The
main problem is, of course, how we solve the differential
equation (2.12) for our QNM problems. In this section, we
see that this is done using the so-called Bender-Wu
approach [21] that was recently extended to the QNM
computation in [17,22], based on [23–25]. The main
advantage of this approach is that it is widely applicable
to many models, as in the WKB approach [26,27]. The
Bender-Wu approach itself also strongly depends on
perturbation theory. Since we need eigenfunctions as
well as eigenvalues, we review the Bender-Wu approach
for our problem. We follow the notation in [28] as much as
possible.

A. Leading-order solution

Let us solve the zeroth-order equation (2.8). We first
introduce a formal parameter g,

�
−g4

d2

dx2
þ E0 −V0ðxÞ

�
Φ0ðxÞ ¼ 0; E0 ¼ ω2

0: ð3:1Þ

It is clear to see that g2 plays the role of a Planck parameter.
Setting g ¼ eπi=4, the original equation (2.8) is repro-
duced.10 The basic idea is the following. We first consider
the eigenvalue problem for g∈R. In this case, we have the
Schrödinger-type equation with the inverted potential
−V0ðxÞ, which admits bound states, and we can apply
the standard perturbative method in quantum mechanics
near the minimum of −V0ðxÞ. The important observation
in [17] is that the boundary conditions for bound states and
QNMs are simply related by the analytic continuation of g.
This implies that if we know the bound state energy for
g∈R, we can obtain the QNM eigenvalue by the analytic
continuation g ¼ eπi=4.
Let x̄ be the value of x at which −V0ðxÞ takes the

minimal value. We expand the inverted potential −V0ðxÞ
around x ¼ x̄:

−V0ðxÞ ¼ V00 þ
X∞
j¼2

V0jðx − x̄Þj: ð3:2Þ

We introduce a new variable x − x̄ ¼ gq. This change
means that as g decreases, we zoom in on the neighborhood
of the minimum at x ¼ x̄. Then, Eq. (3.1) leads to

�
−
1

2

d2

dq2
þ 1

2
Ω2q2 þ v0ðqÞ − ϵ0

�
ψ0ðqÞ ¼ 0; ð3:3Þ

where Ω ≔
ffiffiffiffiffiffiffi
V02

p
, ϵ0 ≔ −ðE0 þ V00Þ=ð2g2Þ and

v0ðqÞ ¼
1

2g2
X∞
j¼3

V0jðgqÞj ¼
X∞
j¼1

gjv0jqjþ2; v0j ≔
V0;jþ2

2
:

ð3:4Þ

We denote ψ0ðqÞ ¼ Φ0ðx̄þ gqÞ to avoid confusion. In this
picture, the Planck constant is unity, and g now plays the
role of a coupling constant in the potential.
We solve Eq. (3.3) perturbatively in g order by order. At

leading order, we can regard it as the harmonic oscillator
with frequencyΩ. To eliminate the exponential factor of the
eigenfunction, we rescale ψ0ðqÞ ¼ e−Ωq

2=2u0ðqÞ:

9The explicit forms of ω̃ and Ṽ can be seen in Appendix B
in [15].

10Note that there is another possibility: g ¼ e−πi=4. This
ambiguity reflects the fact that the QNM frequencies have two
branches for the real part [17].
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−
1

2
u000ðqÞþΩqu00ðqÞþ

�
Ω
2
þv0ðqÞ−ϵ0

�
u0ðqÞ¼ 0: ð3:5Þ

We have the following expansions:

u0ðqÞ ¼
X∞
n¼0

gnu0nðqÞ; ϵ0 ¼
X∞
n¼0

gnϵ0n: ð3:6Þ

Plugging these expansions into Eq. (3.3), we get

−
1

2
u000n þ Ωqu00n þ

Ω
2
u0n þ

Xn
j¼1

v0jqjþ2u0;n−j

−
Xn
j¼0

ϵ0ju0;n−j ¼ 0: ð3:7Þ

Let us focus on the ground state for simplicity. The
ground state corresponds to the lowest (or fundamental)
overtone mode in the QNM problem. For n ¼ 0, we have
the trivial solution u00ðqÞ ¼ 1 and ϵ00 ¼ Ω=2. Using this
solution, we get

−
1

2
u000n þΩqu00n þ

Xn
j¼1

ðv0jqjþ2 − ϵ0jÞu0;n−j ¼ 0; n ≥ 1:

ð3:8Þ

The very important fact is that u0n is a polynomial of q
whose degree is at most 3n [21,28]:

u0n ¼
X3n
m¼1

Am
0nq

m; n ≥ 1: ð3:9Þ

As shown in [21], the differential equation (3.8) determines
all the coefficients Am

0n and ϵ0n recursively, which is what
the Mathematica program is used for in [28]. One has to
keep in mind that the above result is valid only for the
ground state. For the excited states, we need to modify it
slightly. See [28] for these cases.
We finally set g ¼ eπi=4 in the perturbative series.

However, in general, the formal power series in Eq. (3.6)
are not convergent for any g ≠ 0. The substitution of g ¼
eπi=4 merely gives a meaningless answer. To avoid it, one
needs to truncate all the high-order corrections beyond a
certain optimal order or to use summation methods. Note
that the former turns out to be equivalent to the WKB series
in the literature [26,27]. We use the latter, called the Borel
summation method, to decode a meaningful result for finite
g from the formal divergent series.11 The conclusion in [17]
is that the Borel summation of Eq. (3.6) correctly repro-
duces the QNM frequencies. We emphasize that the above
method allows us to construct not only the eigenvalue E0 but

also the eigenfunction ψ0ðqÞ. In summary, for the ground
state, we have

E0 ¼ −V00 − 2g2
X∞
n¼0

gnϵ0n;

ψ0ðqÞ ¼ e−Ωq
2=2

X∞
n¼0

gnu0nðqÞ; u0nðqÞ ¼
X3n
m¼1

Am
0nq

m;

ð3:10Þ

where ϵ00 ¼ Ω=2 and u00ðqÞ ¼ 1.

B. First-order correction

Let us proceed to the first-order correction. We need to
solve

�
−g4

d2

dx2
þ E0 − V0ðxÞ

�
Φ1ðxÞ ¼ ðV1ðxÞ − E1ÞΦ0ðxÞ:

ð3:11Þ

Note that we already know the zeroth-order eigenfunction
Φ0ðxÞ and eigenvalue E0 in the previous subsection. As in
the computation above, we can rewrite this as

�
−
1

2

d2

dq2
þ 1

2
Ω2q2 þ v0ðqÞ − ϵ0

�
ψ1ðqÞ

¼ V1ðxÞ − E1

2g2
ψ0ðqÞ: ð3:12Þ

We also expand −V1ðxÞ around x ¼ x̄ as

−V1ðxÞ ¼
X∞
j¼0

V1jðgqÞj: ð3:13Þ

Note that x ¼ x̄ does not extremize V1ðxÞ in general.
As mentioned in the previous subsection, we have to
impose the same boundary conditions for ψ0ðqÞ and
ψ1ðqÞ. Therefore, we set ψ1ðqÞ ¼ e−Ωq

2=2u1ðqÞ as well
as ψ0ðqÞ ¼ e−Ωq

2=2u0ðqÞ, and get

−
1

2
u001 þ Ωqu01 þ

�
Ω
2
þ v0 − ϵ0

�
u1

þ
�
V11

2g
qþ v1 − ϵ1

�
u0 ¼ 0; ð3:14Þ

where11An alternative way is to use Padé approximants [29–31].

PERTURBATIVE QUASINORMAL MODE FREQUENCIES PHYS. REV. D 109, 044026 (2024)

044026-5



ϵ1 ≔ −
E1 þ V10

2g2
;

v1ðqÞ ≔
1

2g2
X∞
j¼2

V1jðgqÞj ¼
X∞
j¼0

gjv1jqjþ2;

v1j ¼
V1;jþ2

2
: ð3:15Þ

We use the zeroth-order perturbative solution in Eq. (3.6).
From the consistency at orders 1=g2 and 1=g, we should
take

u1ðqÞ¼−
V11

2Ωg
qþ

X∞
n¼0

gnu1nðqÞ; ϵ1¼
X∞
n¼0

gnϵ1n: ð3:16Þ

We see that for the ground state, u1nðqÞ is a polynomial of
at most degree 3nþ 4. After putting an ansatz in the
polynomial u1nðqÞ, we can determine all the coefficients
of u1nðqÞ and ϵ1n from the perturbative equations. The
remaining computation is the same as the zeroth-order one.
By performing the Borel summation of ϵ1, we obtain the
first correction E1.

C. Higher-order corrections

The computations for higher orders are straightforward.
At kth order, we find

�
−g4

d2

dx2
þE0−V0ðxÞ

�
ΦkðxÞ¼

Xk
l¼1

ðVlðxÞ−ElÞΦk−lðxÞ:

ð3:17Þ

This leads to

−
1

2
u00k þ Ωqu0k þ

�
Ω
2
þ v0 − ϵ0

�
uk

þ
Xk
l¼1

�
Vl1

2g
qþ vl − ϵl

�
uk−l ¼ 0; ð3:18Þ

where ΦkðxÞ ¼ e−Ωq
2=2ukðqÞ and

ϵl ≔−
El þVl0

2g2
; vlðqÞ≔

1

2g2
X∞
j¼2

VljðgqÞj: ð3:19Þ

We observe that the ground state solution, in general,
behaves as

ukðqÞ ¼
uk;−kðqÞ

gk
þ � � � ¼

X∞
n¼−k

gnuknðqÞ;

ϵk ¼
ϵk;−2
g2

þ � � � ¼
X∞
n¼−1

g2nϵk;2n; ð3:20Þ

where uknðqÞ is a polynomial of at most degree 3nþ 4k.
Under this assumption, we can easily compute ϵk pertur-
batively in g.

IV. EXAMPLES

In this section, we apply our formalism to various
examples.

A. Toy model: The Rosen-Morse potential

We demonstrate that the idea in Sec. II actually works in
the QNM problem for a simple, exactly solvable toy model.
What we consider is the so-called Rosen-Morse potential,
which is regarded as an integrable deformation of the
Pöschl-Teller potential. The Rosen-Morse potential was
studied in the context of the quasinormal modes in massive
scalar perturbations [32]. We revisit the same model to
validate our framework. This model is given by

�
d2

dx2
þ ω2 − VRMðxÞ

�
ϕðxÞ ¼ 0;

VRMðxÞ ¼
1

2cosh2x
þ μ2

1þ tanh x
2

: ð4:1Þ

where μ is a deformation parameter. If μ ¼ 0, the potential
reduces to the well-known Pöschl-Teller potential. The
Rosen-Morse potential in Eq. (4.1) for μ ≠ 0 is very similar
to the potential for the spherically symmetric black hole in
the massive scalar perturbation [32]. We will see this in the
next subsection. We treat this system as a perturbation in
the parameter μ.
We first show that this system is in fact exactly solvable.

To do so, we perform a change of variables and a trans-
formation of the wave function by

z¼ 1

2
ð1þ tanhxÞ; ϕðxÞ ¼ z−iω=2ð1− zÞ−i

ffiffiffiffiffiffiffiffiffiffi
ω2−μ2

p
=2yðzÞ:
ð4:2Þ

Then, the new function yðzÞ satisfies the standard hyper-
geometric equation:

zð1−zÞy00ðzÞþ½c− ðaþbþ1Þz�y0ðzÞ−abyðzÞ¼0; ð4:3Þ

where

a ¼ 1

2
−
i
2

�
ωþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − μ2

q
þ 1

�
;

b ¼ 1

2
−
i
2

�
ωþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − μ2

q
− 1

�
;

c ¼ 1 − iω: ð4:4Þ

For a given μ, we impose the QNM-like boundary
condition:
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lim
x→−∞

ϕðxÞ ∼ e−iωx; lim
x→þ∞

ϕðxÞ ∼ eþi
ffiffiffiffiffiffiffiffiffiffi
ω2−μ2

p
x; ð4:5Þ

where we have to choose a branch of the square root so thatffiffiffiffiffi
z2

p
¼ z for z∈C in order to match the boundary condition

for μ ¼ 0. In terms of yðzÞ, this boundary condition is
translated into the regularity condition at both z ¼ 0, 1
simultaneously. The regular solution at z ¼ 0 is given by
the Gauss hypergeometric function

yðzÞ ¼ Fða; b; c; zÞ: ð4:6Þ

Using the well-known analytic connection formula of the
hypergeometric function,

Fða;b;c;zÞ ¼ ΓðcÞΓðc−a−bÞ
Γðc−aÞΓðc−bÞ
×Fða;b;aþb− cþ 1;1− zÞ

þΓðcÞΓðaþb− cÞ
ΓðaÞΓðbÞ ð1− zÞc−a−b

×Fðc−a;c−b;c−a−bþ 1;1− zÞ; ð4:7Þ

the regularity condition at z ¼ 1 requires

1

ΓðaÞΓðbÞ ¼ 0: ð4:8Þ

Therefore, we obtain a ¼ −n or b ¼ −n for n ¼ 0; 1; 2;….
This condition leads to the following exact spectrum:

ωðn;�Þ ¼ �
�
1

2
þ μ2

1

4ð2n2 þ 2nþ 1Þ
�

− i

�
nþ 1

2
− μ2

2nþ 1

4ð2n2 þ 2nþ 1Þ
�
: ð4:9Þ

We have two symmetric branches of the spectra. The exact
eigenfunction is also given by

ϕðn;�ÞðxÞ ¼
�
1þ tanhx

2

�
−iωðn;�Þ�

1− tanhx
2

�
−i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωðn;�Þ2−μ2

p
=2

×F

�
−n;−n∓ i; 1− iωðn;�Þ;

1þ tanhx
2

�
:

ð4:10Þ

Note that for a non-negative integer n, the hypergeometric
function in this equation is a polynomial of degree n. For
simplicity, we consider the case of b ¼ −n and abbreviate
the upper index in these expressions. For the lowest
overtone number n ¼ 0, we have

ω¼ 1− i
2

þμ2
1þ i
4

;

ϕðxÞ ¼
�
1þ tanhx

2

�
−iω=2

�
1− tanhx

2

�
−i

ffiffiffiffiffiffiffiffiffiffi
ω2−μ2

p
=2
: ð4:11Þ

In the small μ limit, we have

ω2 ¼ E0 þ μ2E1 þ μ4E2 ¼ −
i
2
þ μ2

2
þ iμ4

8
;

ϕðxÞ ¼ ϕ0ðxÞ þ μ2ϕ1ðxÞ þ μ4ϕ2ðxÞ þOðμ6Þ; ð4:12Þ

where

ϕ0ðxÞ ¼
�

1

2 cosh x

�
−iω0

;

ϕ1ðxÞ ¼
1 − i
4

x

�
1

2 cosh x

�
−iω0

;

ϕ2ðxÞ ¼ −
i
16

x2
�

1

2 cosh x

�
−iω0

; ð4:13Þ

and ω0 ¼ ð1 − iÞ=2. These functions satisfy the same
boundary condition:

lim
x→−∞

ϕkðxÞ ∼ e−iω0x; lim
x→þ∞

ϕkðxÞ ∼ eþiω0x;

k ¼ 0; 1; 2;…: ð4:14Þ

Note that this boundary condition is slightly different from
the true QNM boundary condition in Eq. (4.5), but after
resumming the perturbative series, it is reproduced
correctly.
Now we confirm this result from perturbation theory. We

consider the perturbation in μ2:

VRMðxÞ ¼ V0ðxÞ þ μ2V1ðxÞ;

V0ðxÞ ¼
1

2cosh2x
; V1ðxÞ ¼

1þ tanh x
2

: ð4:15Þ

At the lowest order, we of course obtain the Pöschl-Teller
potential:

�
d2

dx2
þ E0 − V0ðxÞ

�
ϕ0ðxÞ ¼ 0: ð4:16Þ

Its eigenvalue and the eigenfunction for the fundamental
QNM are exactly given by zeroth order in Eqs. (4.12) and
(4.13). We can confirm them by using the Bender-Wu
approach in the previous section. We perturbatively solve
Eq. (3.5) or (3.8) for
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Ω ¼ 1ffiffiffi
2

p ; v0ðqÞ ¼
1

2g2

�
−

1

2cosh2ðgqÞ þ
1

2
−
ðgqÞ2
2

�
:

ð4:17Þ

By putting the ansatz in Eqs. (3.6) and (3.9), we find the
following perturbative expansions:

ϵ0 ¼
1

2
ffiffiffi
2

p −
g2

4
þ g4

8
ffiffiffi
2

p −
g8

64
ffiffiffi
2

p þ g12

256
ffiffiffi
2

p −
5g16

4096
ffiffiffi
2

p

þ 7g20

16384
ffiffiffi
2

p −
21g24

131072
ffiffiffi
2

p þ 33g28

524288
ffiffiffi
2

p

−
429g32

16777216
ffiffiffi
2

p þ 715g36

67108864
ffiffiffi
2

p −
2431g40

536870912
ffiffiffi
2

p

þOðg44Þ; ð4:18Þ

and

u0ðqÞ ¼ 1þ g2
�
q2

4
þ q4

12
ffiffiffi
2

p
�

þ g4
�
−

q2

8
ffiffiffi
2

p −
q4

96
−

q6

720
ffiffiffi
2

p þ q8

576

�

þ g6
�
−

q4

96
ffiffiffi
2

p −
11q6

5760
þ 13q8

40320
ffiffiffi
2

p

−
17q10

34560
þ q12

20736
ffiffiffi
2

p
�
þOðg8Þ: ð4:19Þ

It is relatively easy to push high-order computations. We do
this up to Oðg240Þ. Note that the perturbative series of ϵ0 is
precisely reproduced by the exact result in [4],

ϵ0 ¼ −
g2

4
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ g4

4

r
: ð4:20Þ

We also observe that the perturbative series of u0ðqÞ is
generated by the following analytic function12:

u0ðqÞ ¼ e
q2

2
ffiffi
2

p
�

1

coshðgqÞ
�2ϵ0

g2 : ð4:21Þ

Now we substitute g ¼ eπi=4 into Eqs. (4.20) and (4.21).
Then we find

E0 ¼
1

2
− 2g2ϵ0 ¼ −

i
2
;

ϕ0ðxÞ ¼ e−
q2

2
ffiffi
2

p
u0ðqÞ ∝

�
1

2 cosh x

�
−iω0

: ð4:22Þ

These coincide with the exact results in Eqs. (4.12)
and (4.13). Of course, the Borel summation or the Padé
approximant of the perturbative series in Eq. (4.18) also
gives a good approximate eigenvalue.
At the first and second orders, we have

�
d2

dx2
þ E0 − V0ðxÞ

�
ϕ1ðxÞ þ ðE1 − V1ðxÞÞϕ0ðxÞ ¼ 0;

�
d2

dx2
þ E0 − V0ðxÞ

�
ϕ2ðxÞ þ ðE1 − V1ðxÞÞϕ1ðxÞ

þ E2ϕ0ðxÞ ¼ 0: ð4:23Þ

We would like to solve these inhomogeneous equations
under the boundary condition in Eq. (4.14). Instead, it
is sufficient to confirm that the functions in Eqs. (4.12)
and (4.13) satisfy these differential equations. One can
immediately check that this is the case.
These corrections are also reproduced by the Bender-Wu

approach. At first order, we solve Eq. (3.14). After some
computations, we find

ϵ1 ¼ 0;

u1ðqÞ ¼
q

2
ffiffiffi
2

p
g
þ g

�
q
4
þ q3

8
ffiffiffi
2

p þ q5

48

�

þ g3
�

q

8
ffiffiffi
2

p þ q3

32
þ q5

64
ffiffiffi
2

p −
q7

2880
þ q9

1152
ffiffiffi
2

p
�

þOðg5Þ: ð4:24Þ

In this case, it is very likely that the first-order correction ϵ1
does not receive any perturbative corrections. We con-
firmed this up to Oðg240Þ. Therefore, we have

E1 ¼ −V10 − 2g2ϵ1 ¼
1

2
: ð4:25Þ

Similarly, at second order, we find

ϵ2 ¼ −
1

16g2
−

1

8
ffiffiffi
2

p −
g2

16
−

g4

32
ffiffiffi
2

p þ g8

256
ffiffiffi
2

p −
g12

1024
ffiffiffi
2

p

þ 5g16

16384
ffiffiffi
2

p −
7g20

65536
ffiffiffi
2

p þ 21g24

524288
ffiffiffi
2

p −
33g28

2097152
ffiffiffi
2

p

þ 429g32

67108864
ffiffiffi
2

p −
715g36

268435456
ffiffiffi
2

p þOðg40Þ ð4:26Þ

and

12Note that this analytic function behaves as e
q2

2
ffiffi
2

p
in the large jqj

regime. This behavior is needed to reproduce the correct
boundary condition of the original function ϕ0ðxÞ, as seen in
Eq. (4.22).
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u2ðqÞ ¼
q2

16g2
þ
�

q2

8
ffiffiffi
2

p þ q4

64
þ q6

192
ffiffiffi
2

p
�

þ g2
�
q2

16
þ 3q4

128
ffiffiffi
2

p þ 7q6

1536
−

q8

11520
ffiffiffi
2

p þ q10

9216

�

þOðg4Þ: ð4:27Þ

We observe that the second-order correction ϵ2 is related to
the zeroth-order correction ϵ0 by

ϵ2 ¼ −
1

16g2
−
g2

8
−
ϵ0
4
: ð4:28Þ

Using this estimate and setting g ¼ eπi=4, we finally get

E2 ¼ 2g2ϵ2 ¼
1þ g4 − E0

4
¼ i

8
: ð4:29Þ

Our perturbative computation in the Bender-Wu approach
implies Ek≥3 ¼ 0 for any g. All of these results are
consistent with the exact result.
For higher overtone modes, since the hypergeometric

function in Eq. (4.10) does not change the asymptotic
behavior of the solution, the same structure holds.

B. Massive scalar perturbations

The simplest example in black hole problems is a
massive scalar perturbation of the Schwarzschild geometry.
The functions in the master equation are given by

fðrÞ ¼ 1−
2M
r

; VðxÞ ¼ fðrÞ
�
lðlþ 1Þ

r2
þ 2M

r3
þ μ2

�
:

ð4:30Þ

As in the Rosen-Morse potential, we regard the scalar mass
square μ2 as a deformation parameter: α ¼ μ2. Note that the
function fðrÞ does not receive any correction. The explicit
relation between r and x is given by

x ¼ rþ 2M log

�
r
2M

− 1

�
: ð4:31Þ

We regard r as a function of x. The unperturbed system is
just the massless scalar case:

V0ðxÞ ¼ fðrÞ
�
lðlþ 1Þ

r2
þ 2M

r3

�
: ð4:32Þ

The correction in the potential is

V1ðxÞ ¼ fðrÞ; Vk≥2ðxÞ ¼ 0: ð4:33Þ

The QNM frequency receives the perturbative corrections
in μ2. To keep the generality ofM, we write the perturbative
series as the dimensionless form

Mω ¼
X∞
k¼0

ðMμÞ2kwk; ð4:34Þ

where the correction coefficient wk does not depend on M.
Our task is to compute wk order by order. We can apply the
method in Sec. III.
Let us briefly review the boundary condition. In the case

of Eq. (4.30), the total boundary condition for the QNM is

lim
x→−∞

ΦðrÞ ∼ e−iωx; lim
x→þ∞

ΦðrÞ ∼ eþi
ffiffiffiffiffiffiffiffiffiffi
ω2−μ2

p
x: ð4:35Þ

If μ is small, the boundary condition at infinity is
expanded as

eþi
ffiffiffiffiffiffiffiffiffiffi
ω2−μ2

p
x ¼ eþiωx

�
1 −

ix
2ω

μ2 −
ðiþ ωxÞx

8ω3
μ4 þOðμ6Þ

�
:

ð4:36Þ

This is indeed consistent with our requirement in Eq. (2.7).
To show an explicit result, we focus on the cases of

l ¼ 2, 3.13 It is sufficient for us to compute the coefficients
in Eq. (4.34) for the case of M ¼ 1. The zeroth-order
frequency for the lowest overtone number14 is well known:

wl¼2
0 ¼ 0.4836438722 − 0.0967587760i;

wl¼3
0 ¼ 0.6753662325 − 0.0964996277i: ð4:37Þ

We have computed the numerical values of the perturbative
coefficients wk up to k ¼ 40. The first six values are shown
in Table I. In this table, we show stable digits in our
numerical computations. The leading and next-to-leading
corrections are consistent with the early results in [15,16].
What do we learn from these perturbative data? The most

basic question would be whether the perturbative series in
Eq. (4.34) is convergent or not. To see this, we show the
behavior of the ratio wk−1=wk up to k ¼ 40 in Fig. 1. The
ratio seems to converge to a finite value, but the convergence
is slow. Using basic knowledge of complex analysis, we can
estimate the radius of convergence in a different way. The
radius of convergence is determined by the nearest singular
point from the origin. In our framework, we only have a
finite number ofwk. Wewould like to decode the singularity
structure from these data. The best tool to do so is probably
by using Padé approximants.
Padé approximants tell us the analytic structure of a given

power series. In particular, they give us information on

13As explained in [17], the Bender-Wu approach works well
for larger l. This is why we consider l ¼ 2, 3 rather than l ¼ 0,
1. It is desirable to solve Eq. (2.12) in other approaches.

14The reader should not confuse the subscript index here with
the overtone number.
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singularity structure in the original function. See
Appendix C in [33], for instance. Since we have the
perturbative data of Eq. (4.34) up to ðMμÞ80, we can
construct its diagonal Padé approximant Mω½40=40�. We
read off the zeros and the poles of this approximant. The
results are illustrated in Fig. 2. This figure implies that the
perturbative series in Eq. (4.34) is likely a convergent series.
One can estimate its radius of convergence by computing
the distance to the nearest singular point. In this compu-
tation, one has to watch for “false” singular points of Padé

approximants. These singular points disappear if orders of
Padé approximants are changed. These are artifacts in the
approximant, while the “true” singular points are stable for
Padé orders. In Fig. 2, we observe that the black dashed
circle is expected to be the convergence circle. The
estimation of the radius of convergence R for Eq. (4.34)
in the complex Mμ plane is approximately given by

Rl¼2
fund ≈ 0.643; Rl¼3

fund ≈ 0.900: ð4:38Þ

We do not have a clear physical meaning of this radius so
far. It would be interesting to understand it.
By using the Padé approximants, we finally extrapolate

our perturbative results to the finite parameter region, as
shown in Fig. 3.

C. Slowly rotating black holes

Another simple application is Kerr geometry. We regard
the angular momentum as a deformation parameter. Here
we consider the slow rotation limit. We briefly explain how
to get the slow rotation expansion of the QNM frequency
reported in [34].
The perturbation of the rotating black holes is governed

by the Teukolsky equation [35]. In [34], an isospectral
equation to the Teukolsky equation was proposed. This
isospectral equation is much more useful for our purpose in
this paper. We start with the radial master equation

FIG. 1. To see whether the perturbative series (4.34) is con-
vergent or not, we plot the ratio jwk−1j=jwkj for 1 ≤ k ≤ 40. It
seems to converge to a finite value.

FIG. 2. Singularity structure of the ½40=40� Padé approximant of Eq. (4.34) for l ¼ 2 (left) and l ¼ 3 (right) in the complexMμ plane.
We show its zeros with the blue points and poles with the orange points. The dashed curve is a conjectural convergence circle of the
perturbative series in Eq. (4.34). Note that the zeros and the poles inside the circle disappear when the degrees of the Padé approximant
are varied. These are artifacts of the ½40=40� Padé approximant.

TABLE I. First six perturbative corrections to the fundamental QNM frequency in Eq. (4.34) with l ¼ 2, 3 in the
massive scalar perturbation.

k wl¼2
k 4kwl¼3

k

0 0.4836438722 − 0.0967587760i 0.6753662325 − 0.0964996277i
1 0.3156326579þ 0.1081551348i 0.9437297621þ 0.2278771948i
2 0.03541170393þ 0.02620890155i 0.2263735226þ 0.1075217988i
3 0.01199156679þ 0.02204684913i 0.2085153094þ 0.1986390780i
4 0.00092115819þ 0.02209374509i 0.2333370885þ 0.4509679860i
5 −0.01001596605þ 0.02211024342i 0.1500437709þ 1.0963976002i
6 −0.02390151862þ 0.01898789685i −0.580414699þ 2.681826119i

YASUYUKI HATSUDA and MASASHI KIMURA PHYS. REV. D 109, 044026 (2024)

044026-10



�
d2

dx2
þ ð2MωÞ2 − VðxÞ

�
ΦðxÞ ¼ 0; ð4:39Þ

where

VðxÞ ¼ fðzÞ
�
4c2 þ 4cðm − cÞ

z

þ sAlmðcÞ þ sðsþ 1Þ − cð2m − cÞ
z2

−
s2 − 1

z3

�
;

fðzÞ ¼ 1 −
1

z
; x ¼ zþ logðz − 1Þ ð4:40Þ

and c ¼ aω is related to the rotation parameter a. For the
notational details, see [34]. Of course, the slow rotation
limit corresponds to the small c limit. The separation
constant sAlmðcÞ is determined by the regularity condition
of the angular master equation at ξ ¼ �1:

�
d
dξ

ð1 − ξ2Þ d
dξ

þ ðcξÞ2 − 2csξþ sAlmðcÞ

þ s −
ðmþ sξÞ2
1 − ξ2

�
sSlmðξÞ ¼ 0: ð4:41Þ

To compute the small c expansion of the potential, we need
the perturbative series of sAlmðcÞ. This can be found as
follows. In c → 0, the angular master equation can be
solved exactly. The regular solution at ξ ¼ �1 exists only
for the discrete eigenvalue

sAlmð0Þ ¼ lðlþ 1Þ − sðsþ 1Þ; ð4:42Þ

and the exact eigenfunction is given by

sS
ðc¼0Þ
lm ðξÞ ¼ ð1 − ξÞ−mþs

2 ð1þ ξÞm−s
2 Pð−m−s;m−sÞ

lþs ðξÞ; ð4:43Þ

where Pðα;βÞ
n ðzÞ is the Jacobi polynomial. We have

assumed l ≥ jsj and jmj ≤ l. As in a very similar treat-
ment in the Bender-Wu approach, the eigenvalue sAlmðcÞ
and the eigenfunction sSlmðξÞ admit the perturbative
series in c:

sAlmðcÞ¼
X∞
k¼0

cksA
ðkÞ
lm; sSlmðξÞ¼

X∞
k¼0

cksS
ðkÞ
lmðξÞ: ð4:44Þ

The crucial step is to find the following general structure

of the regular function sS
ðkÞ
lmðξÞ:

sS
ðkÞ
lmðξÞ ¼ ð1 − ξÞ−mþs

2 ð1þ ξÞm−s
2 sQ

ðkÞ
lmðξÞ; ð4:45Þ

where sQ
ðkÞ
lmðξÞ is a polynomial of degree lþ sþ k in ξ.

From the differential equation (4.41), we can fix all the

coefficients in the polynomial, sQ
ðkÞ
lmðξÞ and sA

ðkÞ
lm, order by

order. This method allows us to compute the exact value of

sA
ðkÞ
lm up to very high orders for given s, l, andm. We have

confirmed that the first few coefficients indeed agree with
the results in [36,37].
Once we know the small c expansion of sAlmðcÞ, we

obtain the perturbative expansion of the potential VðxÞ.
Then we can apply the method in Sec. II. The result is given
by the following small c expansion:

Msωlm ¼
X∞
k¼0

cksv
ðkÞ
lm: ð4:46Þ

However, we are interested in the perturbative expansion in
terms of the rotation parameter a rather than c ¼ aω. This
expansion is easily obtained by plugging Eq. (4.46) into
c ¼ aω and by inversely expanding c in a=M. We finally
obtain the following perturbative series:

Msωlm ¼
X∞
k¼0

�
a
M

�
k

sw
ðkÞ
lm; ð4:47Þ

FIG. 3. Mass dependence of the l ¼ 2 fundamental QNM frequency for the massive scalar perturbation. The (red) points represent the
numerical values. The (orange) dashed line and the (blue) solid line are the perturbative series in Eq. (4.34) up to k ¼ 40 and its diagonal
Padé approximant, respectively. The Padé approximant is extrapolated beyond the radius of convergence.
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where the explicit values of sw
ðkÞ
lm for ðs;l; mÞ ¼

ð−2; 2; 0Þ; ð−2; 2; 1Þ; ð−2; 2; 2Þ up to k ¼ 12 are found in
Table 1 in [34].

D. Almost asymptotically flat black holes

We can also apply our formalism to asymptotically
nonflat geometries. We focus on the Schwarzschild–de
Sitter black holes. In this case, the functions in the
minimally coupled massless scalar, vector, and odd-parity
gravitational perturbations are all given by

fðrÞ ¼ 1 −
2M
r

−
Λr2

3
;

VðxÞ ¼ fðrÞ
�
lðlþ 1Þ

r2
þ ð1 − s2Þ

�
2M
r3

−
4 − s2

6
Λ
��

;

ð4:48Þ

where s ¼ 0, 1, 2 denotes the spin weight of the perturba-
tion fields and Λ is the cosmological constant. We regard Λ
as a deformation parameter. In contrast to the previous
examples, the function fðrÞ depends on Λ. The explicit
relation between r and x is now quite complicated. As
discussed in Sec. II, we have to use the relation in Eq. (2.14)
to eliminate r. This can be done, at least perturbatively, with
respect to Λ. After this prescription, the potential in terms of
x receives an infinite number of perturbative corrections. We
apply the Bender-Wu approach for such a perturbative series
of the potential. In the Bender-Wu approach, we need the
Taylor series of the perturbative corrections to the potential

around the extremal point x ¼ x̄ of the zeroth potential. This
can be done systematically.
We expand the frequency as

Mω ¼
X∞
k¼0

ð9M2ΛÞkwk: ð4:49Þ

The numerical values of wk for the fundamental mode with
l ¼ 2 in the gravitational perturbation (s ¼ 2) up to k ¼ 8
are given in Table II.
A nontrivial test of our result is to check the isospec-

trality between the odd-parity and even-parity gravitational
perturbations. The potential in the even-parity gravitational
perturbation is

VevenðxÞ ¼ fðrÞ 2
r3
9M3 þ 3λ2Mr2 þ λ2ð1þ λÞr3 þ 9M2λr − 3M2Λr3

ð3M þ λrÞ2 ; ð4:50Þ

where λ ¼ ðl − 1Þðlþ 2Þ=2. It is well known that the
QNM spectra in the odd- and even-parity perturbations are
exactly the same. The reason behind this remarkable fact is
the supersymmetric structure. See Appendix in [4]. Our
formalism is also applicable to this potential, and we have
checked that the isospectrality indeed holds at the pertur-
bative level at least up to k ¼ 8:

wodd
k ¼ weven

k : ð4:51Þ

This is evidence of the validity of our method.
Let us discuss the extrapolation of Eq. (4.49) to finite Λ.

We first observe that the perturbative series is likely
convergent, but it is hard to guess the radius of convergence
from the coefficient wk. We consider the ½4=4� Padé
approximant by using the values in Table II. The Padé
approximant ω½4=4� for ðs;lÞ ¼ ð2; 2Þ has four poles at

M2Λ ¼ 0.101 − 0.0134i; 0.142þ 0.00389i;

0.323þ 0.0678i; 2.45þ 0.687i; ð4:52Þ

where the first pole is relatively close to M2Λ ¼ 1=9, at
which the event horizon and the de Sitter horizon coincide.
It is expected that higher-order Padé approximants capture
this observation more precisely, but it is technically
difficult to check this at the moment. This observation
implies that the radius of convergence of Eq. (4.49) is
just jM2Λj ¼ 1=9.
The extrapolation of Eq. (4.49) by its Padé approximant

is compared to the numerical value of the QNM frequency
directly computed from Eq. (4.48) (see Fig. 4). For
M2Λ ¼ 0.06, we have

Mω½4=4�
s¼2;l¼2ðM2Λ ¼ 0.06Þ ≈ 0.2533 − 0.06304i; ð4:53Þ

TABLE II. First eight perturbative corrections to the funda-
mental QNM frequency in Eq. (4.49) with l ¼ 2 in the odd-parity
gravitational perturbation for the asymptotically de Sitter (dS)
black holes. It turns out that the same values are also obtained by
the even-parity perturbation.

k wk

0 0.3736716844 − 0.0889623157i
1 −0.1864855559þ 0.0372042528i
2 −0.04819480629þ 0.01428258071i
3 −0.02302643485þ 0.00713463072i
4 −0.01415049627þ 0.00398414719i
5 −0.010032759238þ 0.002550521089i
6 −0.007668666891þ 0.001893042626i
7 −0.006085692144þ 0.001548612387i
8 −0.004939500648þ 0.001314426006i
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which agrees with the WKB result in [38] and also a recent
high-precision computation in [39].
We should note that the QNM spectral problem becomes

quite different for Λ > 0 (dS) and Λ < 0 (anti–de Sitter, or
AdS). The boundary condition in the AdS case is much
more involved than the dS case [4,40]. In this paper, we
restrict ourselves to the dS case for simplicity. It would be
interesting to clarify the physical meaning of a naive
continuation of our result to Λ < 0. Another perturbative
treatment for the (A)dS spectral problem can be found
in [41].

E. Reissner-Nordström black holes

The spectra for the Reissner-Nordström black holes are
more involved. The master equation in the odd-parity
gravitational perturbation consists of

fðrÞ ¼ 1 −
2M
r

þQ2

r2
;

VðxÞ ¼ fðrÞ
�
lðlþ 1Þ

r2
−

q
r3

þ 4Q2

r4

�
; ð4:54Þ

where

q ¼ 3M þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9M2 þ 4Q2ðl − 1Þðlþ 2Þ

q
: ð4:55Þ

We have two characteristic regimes: Q ¼ 0 and Q ¼ M.
We discuss the perturbative series around these two points.

1. Almost chargeless limit

First, we discuss the small charge expansion. In this case,
Q2 is a natural deformation parameter. We write the
perturbative QNM frequency as

Mω ¼
X∞
k¼0

�
Q
M

�
2k
wk: ð4:56Þ

The potential receives an infinite number of corrections.
The strategy is the same as that in the previous subsection.
We show the numerical values of the perturbative coef-
ficients wk for the fundamental QNM frequency with l ¼ 2
up to k ¼ 4 in Table III. The quadratic correction w1

matches well with [15].

2. Almost extremal limit

We can also consider another limit Q → M. In this case,
1 −Q=M is a good parameter. Therefore, we write the
frequency as

Mω ¼
X∞
k¼0

αkwext
k ; α ≔ 1 −

Q
M

: ð4:57Þ

Now we have

FIG. 4. Cosmological constant dependence of the fundamental QNM frequency for the asymptotically Schwarzschild–de Sitter black
holes. The (red) points represent the numerical values, while the (blue) solid line represents the ½4=4� Padé approximant.

TABLE III. Low-order corrections to the fundamental QNM frequency for l ¼ 2 in the Reissner-Nordström
gravitational perturbation. We consider the two distinct perturbative series (4.56) and (4.57).

k wk wext
k

0 0.3736716844 − 0.0889623157i 0.4313408007 − 0.0834603151i
1 0.02581767285 − 0.00282403214i −0.2070138464 − 0.0853606869i
2 0.02518778870þ 0.00020532453i 0.2543444995þ 0.4939946909i
3 −0.004748170246þ 0.002508402108i 0.758606111 − 1.429576400i
4 0.01557265014þ 0.00041287974i −6.158687644þ 0.575432188i
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fðrÞ ¼
�
1 −

M
r

�
2

− α
2M2

r2
þ α2

M2

r2
: ð4:58Þ

We also expand the potential perturbatively with respect to
α. The QNM frequencies in the strictly extremal case
(α ¼ 0) can be computed using the Bender-Wu approach
[17]. We use the same computation for high-order correc-
tions. The numerical values of wext

k for the fundamental
QNM frequency with l ¼ 2 up to k ¼ 4 are shown in
Table III. The zeroth-order coefficient wext

0 agrees with the
early result [42]. We did not find any references on the
perturbative corrections near the extremal limit.

3. An interpolating function

We have two perturbative expansions of the same
spectrum in the different regimes. In each regime, we
determine the Padé approximant and can extrapolate it to
the other regime. However, to know the global behavior,
there is a better approximation, called multipoint Padé
approximants [43,44]. Let us consider a rational function

Mω½p=q� ¼ a0 þ a1Q=M þ � � � þ apðQ=MÞp
1þ b1Q=M þ � � � þ bqðQ=MÞq : ð4:59Þ

We fix the coefficients an and bn so that the rational
function reproduces both perturbative expansions around
Q=M ¼ 0 and Q=M ¼ 1. For instance, to get the rational
function Mω½4=4�, we need nine coefficients in Eq. (4.56)
and in Eq. (4.57). A balanced choice is to take wk

(0 ≤ k ≤ 2) in Eq. (4.56) and wext
k (0 ≤ k ≤ 3) in

Eq. (4.57). Recall the expansion in Eq. (4.56) has no
odd-order terms. We can use this information to fix an
and bn. The explicit values of an and bn in this case are
shown in Table IV. The interpolating function remarkably
reproduces the numerical values in the whole regime
0 ≤ Q=M ≤ 1, as shown in Fig. 5.
Interpolating functions will be improved if one considers

further perturbative expansions around other points in the
middle region. For instance, a perturbative expansion
around Q=M ∼ 0.8 will provide us with important infor-
mation on the global structure of the imaginary part of the
QNM frequency for l ¼ 2. We do not compute it in this
work, but we expect that our method is still applicable in
such situations.

F. Parametrized black hole QNMs

Recently, a simple and effective way to compute pertur-
bative corrections was proposed in [15,16,45]. We refer to it
as the parametrized QNM approach. As one can see in the
previous examples, most deformation terms in the potential
take the form of linear combinations of 1=rj with the
integral j. At first order in the perturbation, corrections to
the QNM frequencies are the same linear combinations
of the potential. See Eqs. (2.17) and (2.18). The main idea of
the parametrized QNM approach is the following. We make
a list of corrections generated by only the 1=rj deformations
beforehand, and we use it for a more complicated potential
to which corrections are linear combinations of the 1=rj

TABLE IV. Nine coefficients in the rational approximation Mω½4=4� for the l ¼ 2 fundamental mode.

n an bn

0 0.3736716844 − 0.0889623157i
1 −0.349769907þ 0.062882011i −0.92374126 − 0.051639318i
2 −0.342112665 − 0.038824176i −0.91011322 − 0.313017895i
3 0.492170748 − 0.023942699i 1.32244473þ 0.24735505i
4 −0.169504965þ 0.033347865i −0.454637541 − 0.004795289i

FIG. 5. Red points represent the numerical values of the QNM frequency of the RN black holes. The (blue) solid curve is the graph of
the rational function (4.59) for p ¼ q ¼ 4 with the coefficients in Table IV. The (orange) dashed and (black) dotted lines represent the
perturbative expansions (4.56) and (4.57) up to k ¼ 4, respectively.
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deformations. The extension to high-order corrections is
straightforward [16]. Physical applications of the parame-
trized QNM approach have been shown in [46–55]. (See
also Appendix for a complementary discussion.)
At the technical level, it is not so easy to compute the

precise values of the quadratic corrections. In [15,16], the
authors used numerical fittings. Since our formalism is
easily applied to the setup of the parametrized QNM
approach, we reevaluate the corrections up to quadratic
order. This reevaluation plays an important role in the
computation of perturbative corrections for slowly rotating
black holes [47]. We keep at least ten-digit precision for all
the corrections listed in this section. We focus on defor-
mation of the odd-parity gravitational perturbation of the
Schwarzschild black holes. The computations for the other
cases are straightforward. The potential is

V0ðxÞ¼ fðrÞ
�
lðlþ1Þ

r2
−
3rH
r3

�
; V1ðxÞ¼

fðrÞ
r2H

�
rH
r

�
j
;

Vk≥2ðxÞ¼ 0; ð4:60Þ

where rH is the location of the event horizon and
j ¼ 0; 1; 2;…. For this deformation, the spectrum receives
the corrections

ω ¼ ω0 þ
X∞
k¼1

αkeðkÞj : ð4:61Þ

For l ¼ 2, we show the numerical values of eðkÞj

(0 ≤ j ≤ 8, k ¼ 1, 2) in Table V.

To make a list at quadratic order, we also have to
consider two-parameter perturbations in Eq. (2.17) with

Vα
1ðxÞ ¼

fðrÞ
r2H

�
rH
r

�
i
; Vα

k≥2ðrÞ ¼ 0;

Vβ
1ðxÞ ¼

fðrÞ
r2H

�
rH
r

�
j
; Vβ

k≥2ðrÞ ¼ 0: ð4:62Þ

For this perturbation, the frequency receives the correc-
tions:

ω ¼ ω0 þ
X∞
k¼1

Xk
l¼0

αlβk−leðl;k−lÞij ; ð4:63Þ

where we have eðk;0Þij ¼ eðkÞi and eð0;kÞij ¼ eðkÞj by construc-
tion. Therefore, at second order, the only unknown coef-

ficient is eð1;1Þij . This can be evaluated by using the trick
explained in Eq. (2.18). The numerical values are shown in
Table VI. We compare these results with [15,16] and find
that there are significant differences.

TABLE V. One-parameter corrections up to second order for
l ¼ 2 in the parametrized QNM approach.

k j rHe
ðkÞ
j

1 0 0.2472519654þ 0.0926430738i
1 0.1598547870þ 0.0182084818i
2 0.09663224013 − 0.00241549645i
3 0.05849078501 − 0.00371786129i
4 0.03667943678 − 0.00043869695i
5 0.02403794775þ 0.00273079314i
6 0.01634281096þ 0.00484267168i
7 0.011363575081þ 0.006013991932i
8 0.007951997735þ 0.006536996457i

2 0 0.002868401222 − 0.001011345890i
1 −0.01439027937 − 0.00572350838i
2 −0.005756554781þ 0.000336740545i
3 −0.0006273259154 − 0.0004693348600i
4 0.0007234494450 − 0.0011595941966i
5 0.000987182421 − 0.001122519006i
6 0.0010046849768 − 0.0008403243677i
7 0.0009526541187 − 0.0005456646402i
8 0.0008715569057 − 0.0003017937415i

TABLE VI. Off-diagonal quadratic corrections for l ¼ 2 in the
two-parameter perturbation.

i j rHe
ð1;1Þ
ij

0 1 −0.02588238896 − 0.02792966573i
2 −0.03870432587 − 0.02320896618i
3 −0.03739171923 − 0.01523959074i
4 −0.03119143980 − 0.01062473399i
5 −0.02473633363 − 0.00886735210i
6 −0.01939362275 − 0.00853499059i
7 −0.01523819641 − 0.00870770164i

1 2 −0.02293084111 − 0.00341311941i
3 −0.01688392216 − 0.00102025764i
4 −0.01249473743 − 0.0009507495878i
5 −0.009533459569 − 0.001537281111i
6 −0.007497937650 − 0.002167588509i
7 −0.006026376454 − 0.002674270477i

2 3 −0.005785247726þ 0.0002460429730i
4 −0.003236295992 − 0.0006934041512i
5 −0.002075023229 − 0.001296233004i
6 −0.001466727846 − 0.001581112859i
7 −0.001083345654 − 0.001682173863i

3 4 0.000315183631 − 0.001771852361i
5 0.000806605055 − 0.002028059473i
6 0.000954987015 − 0.001956886197i
7 0.001002044048 − 0.001756226616i

4 5 0.001737194187 − 0.002338806036i
6 0.001773835947 − 0.002098671851i
7 0.001741580709 − 0.001777161054i

5 6 0.001993021672 − 0.001958873499i
7 0.001947091748 − 0.001620453116i

6 7 0.001959730533 − 0.001367519282i
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For the error estimation of the coefficients in Tables V
and VI, we use the recursion relations among the coef-
ficients in Eqs. (A51) and (A52). We check that Eq. (A51) is
satisfied atOð10−15Þ for linear coefficients and Eq. (A52) is
satisfied at Oð10−11Þ for quadratic coefficients, while those
equations are satisfied at Oð10−6Þ and Oð10−2Þ, respec-
tively, in the previous works [15,16]. This also shows that
the perturbative approach developed in the present paper
works well.

G. Series expansion method

As an application of our perturbative framework based
on a method other than the Bender-Wu approach, we study
the series expansion method known as Leaver’s method
[5,18]. We consider the system with the parametrized QNM
potential in Eqs (A3) and (A4) with a single correction term

δV ¼ α
f
r2H

�
rH
r

�
j
; ð4:64Þ

where f is given by f ¼ 1 − rH=r. We assume the following
series expansion of the wave function:

Φ ¼ eiωr�
X∞
k¼0

akfkþn; ð4:65Þ

where the characteristic exponent n is given by

n ¼ −2irHω; ð4:66Þ

so that the QNM boundary condition at r ¼ rH is satisfied.
After some calculations, we obtain recursion relations
for ak,

Akak−1 þ Bkak þ Ckakþ1 þ α
Xj−2
m¼0

Dmak−m ¼ 0; ð4:67Þ

where coefficients Ak, Bk, Ck, and Dm are given by

Ak ¼ ðk − 2 − 2irHωÞðkþ 2 − 2irHωÞ; ð4:68Þ

Bk ¼ 3− 2kð1þ kÞ−lðlþ 1Þþ 4irHωð1þ 2kÞþ 8r2Hω
2;

ð4:69Þ

Ck ¼ ð1þ kÞð1þ k − 2irHωÞ; ð4:70Þ

Dm ¼ ð−1Þmþ1ðj − 2Þ!
m!ðj − 2 −mÞ! : ð4:71Þ

The coefficients ak with large k take exponentially small
values only for thewave function with the appropriate QNM
boundary condition at r → ∞. Thus, we can calculate the
approximate QNM frequency by setting

akmax
¼ 0; ð4:72Þ

with a large integer kmax. However, directly solving
Eq. (4.72) numerically is very difficult, and we usually
use Leaver’s continued fraction method [5,18] whose basic
equation is mathematically the same as Eq. (4.72). In this
section, we study this problem based on our perturbative
approach.
Expanding the coefficients ak and the QNM frequency

ω as

ak ¼ að0Þk þ αað1Þk þ α2að2Þk þ � � � ; ð4:73Þ

ω ¼ ω0 þ αω1 þ α2ω2 þ � � � ; ð4:74Þ

the coefficients Ak, Bk, Ck become

Ak ¼ Að0Þ
k þ αω1A

ð1Þ
k þ α2ω2

1A
ð2;0Þ
k þ α2ω2A

ð0;1Þ
k þ � � � ;

ð4:75Þ

Bk ¼ Bð0Þ
k þ αω1B

ð1Þ
k þ α2ω2

1B
ð2;0Þ
k þ α2ω2B

ð0;1Þ
k þ � � � ;

ð4:76Þ

Ck ¼ Að0Þ
k þ αω1C

ð1Þ
k þ α2ω2

1C
ð2;0Þ
k þ α2ω2C

ð0;1Þ
k þ � � � ;

ð4:77Þ

where the coefficients on the right-hand side depend only
on ω0. The recursion relations in Eq. (4.67) at each order
become

Oðα0Þ∶ Að0Þ
k að0Þk−1 þ Bð0Þ

k að0Þk þ Cð0Þ
k að0Þkþ1 ¼ 0; ð4:78Þ

Oðα1Þ∶ Að0Þ
k að1Þk−1 þ Bð0Þ

k að1Þk þ Cð0Þ
k að1Þkþ1

þ ω1½Að1Þ
k að0Þk−1 þ Bð1Þ

k að0Þk þ Cð1Þ
k að0Þkþ1�

þ
Xj−2
m¼0

Dma
ð0Þ
k−m ¼ 0; ð4:79Þ

Oðα2Þ∶ Að0Þ
k að2Þk−1 þBð0Þ

k að2Þk þCð0Þ
k að2Þkþ1 þω1½Að1Þ

k að1Þk−1

þBð1Þ
k að1Þk þCð1Þ

k að1Þkþ1� þω2
1½Að2;0Þ

k að0Þk−1 þBð2;0Þ
k að0Þk

þCð2;0Þ
k að0Þkþ1� þω2½Að0;2Þ

k að0Þk−1 þBð0;2Þ
k að0Þk

þCð0;2Þ
k að0Þkþ1� þ

Xj−2
m¼0

Dma
ð1Þ
k−m ¼ 0: ð4:80Þ

We note that these equations correspond to the perturbative
equations (2.10) and (2.12).
First, at Oðα0Þ, we obtain ω0 using Leaver’s continued

fraction method by setting a large integer kmax. Next, at
Oðα1Þ, we solve the equation
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að1Þkmax
¼ 0; ð4:81Þ

directly with respect to ω1. For this purpose, we rewrite

að1Þkmax
as a function of ω0;ω1; a

ð0Þ
0 ; að1Þ0 by using Eqs. (4.78)

and (4.79) recursively; then að1Þkmax
depends on ω1 linearly.

This implies that we obtain a unique ω1 if we fix the value
of ω0. In a similar way, we can solve the equation

að2Þkmax
¼ 0; ð4:82Þ

directly with respect to ω2. In the calculation, we can set

að0Þ0 ¼ að1Þ0 ¼ að2Þ0 ¼ 1 without loss of generality. We have
confirmed that this method can reproduce a consistent
result in Table V. We finally note that we do not need to
perform the Gaussian elimination to obtain the three-term
recursion relations at Oðα1Þ and higher-order analyses
unlike the usual Leaver’s continued fraction method
[5,18], and this is also one of the advantages of our
perturbative approach.

V. OUTLOOK

In this paper, we proposed a systematic way to compute
high-order perturbative corrections to black hole quasinor-
mal mode frequencies with continuous deformation param-
eters. Our method is widely applicable to many situations,
and it allows us to compute the high-order corrections very
accurately. We gave various explicit examples. In particu-
lar, for the Reissner-Nordström black holes, we can expand
the quasinormal mode frequency not only around the
chargeless limit but also around the extremal limit.
There are several future directions. It is interesting to

consider the near extremal expansion of the Kerr black
holes. It was argued in [56] that the QNM frequencies in the
extremal Kerr geometry have an interesting behavior. It is
also interesting to develop the perturbative expansion of
rotating black holes in modified gravity theories [57–65].
In this case, the full analytic solution with the general
rotating parameter is not yet known. We inevitably have to
restrict ourselves to the perturbative treatment in terms of
the rotating parameter. We would like to extend our
framework to coupled master equations. Typically, the
master equations in general relativity are decoupled, but
in modified gravity theories, they are sometimes coupled
[65–71]. Therefore, if we consider perturbative expansions
of modified parameters, it is desirable to generalize our
formalism to such a situation.
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APPENDIX: RECURSION RELATIONS
AMONG COEFFICIENTS IN PARAMETRIZED

QNM APPROACH

When the master equation is given in a series expansion
of a small parameter, there is an ambiguity of the effective
potential due to the choice of master variable. In this
appendix, we first give a general discussion of the ambi-
guity of the effective potential by extending the result in
[45]. This ambiguity leads to recursion relations among
coefficients in the parametrized QNM approach.

1. Parametrized QNM approach

We consider the case with f ¼ f0 ¼ 1 − rH=r, and the
master equation is given by

f
d
dr

�
f
dΦ
dr

�
þ ðω2 − VÞΦ ¼ 0; ðA1Þ

with

V ¼ V0 þ δV; ðA2Þ

δV ¼ f
r2H

X∞
j¼0

αj

�
rH
r

�
j
; ðA3Þ

where V0 is the effective potential for the nonperturbative
case and αj denotes the small parameters which can be
written as a series of a single parameter α,

αj ¼
X∞
i¼1

αiAðiÞ
j : ðA4Þ

We note that many systems can be written in this form of
the master equation [15,16,47]. The QNM frequency
behaves as

ω ¼ ω0 þ
X∞
j¼0

αjej þ
X∞
j;k¼0

αjαkej;k þ � � � ; ðA5Þ

where ej; ej;k; � � � are model independent coefficients in the
parametrized QNM approach.
When V0 is the Regge-Wheeler potential for the odd-

parity gravitational perturbation, the coefficients are related
to the coefficients appearing in Sec. IV F as

ej ¼ eð1Þj ; ej;j ¼ eð2Þj ; ðA6Þ

ej;k ¼ ek;j ¼
eð1;1Þj;k

2
ðj < kÞ; ðA7Þ

where numerical values of eð1Þj ; eð2Þj ; eð1;1Þj;k can be seen in
Tables V and VI.
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2. Ambiguity of effective potential

In this subsection, we use the coordinate x defined by
dx=dr ¼ 1=f. The master equation (A1) in this coordinate
becomes

d2Φ
dx2

þ ðω2 − VÞΦ ¼ 0: ðA8Þ
We introduce a new variable Ψ as15

Ψ ¼ ð1þ XÞΦþ Y
dΦ
dx

; ðA9Þ

where X and Y are OðαÞ functions of x. If X and Y satisfy
the relation

− Y2
dV
dx

þ Y

�
2ðω2 − VÞ dY

dx
−
d2X
dx2

�

þ ð1þ XÞ
�
2δ

dX
dx

þ d2Y
dx2

�
¼ 0; ðA10Þ

then Ψ satisfies the equation

d2Ψ
dx2

þ ðω2 − V − δWÞΨ ¼ 0; ðA11Þ

where δW is given by16

δW ¼ 1

1þ X

�
Y
dV
dx

− 2ðω2 − VÞ dY
dx

þ d2X
dx2

�
; ðA12Þ

and this denotes the ambiguity of the effective potential. We
note that the effective potential changes,

V → V þ δW; ðA13Þ

due to the change of the master variable; then the small
parameters αj in Eq. (A3) also change. Equation (A10) can
be integrated as

2CþY

�
ðV −ω2ÞYþdX

dx

�
−
dY
dx

− 2X−X

�
XþdY

dx

�
¼ 0;

ðA14Þ

where C is the constant of integration. If we expand

X ¼
X∞
i¼1

αiXi; ðA15Þ

Y ¼
X∞
i¼1

αiYi; ðA16Þ

V ¼ V0 þ δV ¼
X∞
i¼0

αiVi; ðA17Þ

ω2 ¼
X∞
i¼0

αiEi; ðA18Þ

C ¼
X∞
i¼1

αiCi; ðA19Þ

Eq. (A14) can be solved order by order as

Xi ¼ Ci −
1

2
Y 0
i −

1

2

Xi−1
k¼1

Xi−k−1
j¼0

ðEj − VjÞYkYi−k−j

þ 1

2

Xi−1
k¼1

ðYi−kX0
k − Xi−kY 0

k − Xi−kXkÞ: ðA20Þ

If we also expand ω ¼ P∞
i¼0 α

iωi, Ei is given by

Ei ¼
Xi

j¼0

ωi−jωj: ðA21Þ

Substituting the result (A20) into Eq. (A12), we can
calculate the deformation of the effective potential δW
as a series of α,

δW ¼
X∞
i¼1

αiWi: ðA22Þ

From Eq (A12), we can write Wi as

Wi ¼
d2Xi

dx2
þ
Xi−1
j¼0

�
Yi−j

dVj

dx
− 2ðEj − VjÞ

dYi−j

dx

�

−
Xi−1
j¼1

Wi−jXj: ðA23Þ

For lower i, the explicit forms are

X1 ¼ C1 −
1

2

dY1

dx
; ðA24Þ

X2 ¼ C2 −
1

2
ðE0 − V0ÞY2

1 þ
1

8

�
dY1

dx

�
2

−
1

2

�
C2
1 þ

dY2

dx

�
−
1

4
Y1

d2Y1

dx2
; ðA25Þ

and

15Note that the signatures of X and Y are opposite from those
in [45].

16Note that δW can also be written in the form δW ¼
ð2dX=dxþ d2Y=dx2Þ=Y.
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W1 ¼ Y1

dV0

dx
− 2ðE0 − V0Þ

dY1

dx
−
1

2

d3Y1

dx3
; ðA26Þ

W2 ¼ ðY2 − C1Y1Þ
dV0

dx
− 2ðE0 − V0Þ

dðY2 − C1Y1Þ
dx

−
1

2

d3ðY2 − C1Y1Þ
dx3

ðA27Þ

þY1

2

�
2
dV1

dx
þY1

d2V0

dx2

�
−ðE0−V0Þ

�
2

�
dY1

dx

�
2

þY1

d2Y1

dx2

�
ðA28Þ

þ dY1

dx

�
−2ðE1 − V1Þ þ

5Y1

2

dV0

dx
−
1

2

d3Y1

dx3

�
−
Y1

4

d4Y1

dx2
: ðA29Þ

We note thatWi contains arbitrary functions Y1; Y2; � � �. If we set Vi ¼ 0 for i ≥ 1, the system is just a nonperturbative case
whose effective potential is V0. Nevertheless, there is an ambiguity of the effective potential due to the change of the master
variable. In this case, the ambiguity of the effective potential does not change the QNM spectrum, and we can obtain
recursion relations among coefficients in the parametrized QNM approach by setting the functions Yi appropriately, as
shown in the next subsection.

3. Recursion relations for odd-parity case

a. Recursion relations from the Regge-Wheeler potential

As an example, we consider the odd-parity case

V ¼ V0 ¼ f0

�
lðlþ 1Þ

r2
−
3rH
r3

�
: ðA30Þ

In this case, E1 ¼ 0 because there is no correction term in the effective potential V, i.e., Vi ¼ 0 for i ≥ 1. Setting17

Y1 ¼ yj

�
rH
r

�
j
þ yk

�
rH
r

�
k
; ðA31Þ

Y2 ¼ 0; ðA32Þ

C1 ¼ 0; ðA33Þ

where j; k ≥ −1 are integers and yj, yk are constants, Eqs. (A22)–(A29) lead to

δV þ δW ¼ αyjf0

�
rH
r

�
j
�
2jE0

r
þ ðjþ 1Þðj − 2lÞðjþ 2lþ 2Þ

2r3

−
ð2jþ 3ÞrHðjðjþ 3Þ − 2ðl2 þ lþ 3ÞÞ

2r4
þ ðj − 2Þðjþ 2Þðjþ 6Þr2H

2r5

�
þ ðj ↔ kÞ

þ α2y2jf0

�
rH
r

�
2j
�
−
jð3jþ 1ÞE0

r2
þ jð3jþ 2ÞrHE0

r3
−
3ðjþ 1Þ2ðj − 2lÞðjþ 2lþ 2Þ

4r4

þ ð3jþ 4ÞrHð3j3 þ 12j2 − jð8lðlþ 1Þ þ 1Þ − 2ð5lðlþ 1Þ þ 9ÞÞ
4r5

−
ð3jþ 5Þr2Hð3j3 þ 15j2 − jð4lðlþ 1Þ þ 7Þ − 6ðl2 þ lþ 7ÞÞ

4r6

þ 3ðj − 2Þðjþ 2Þ2ðjþ 6Þr3H
4r7

�
þ ðj ↔ kÞ

17From the degrees of freedom of Y2, we can obtain the same relation as the first-order relation among ej. Also, C1 does not affect the
result. Thus, we can set Y2 ¼ 0 and C1 ¼ 0.
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þ α2yjykf0

�
rH
r

�
jþk

�
−
E0ðj2 þ 4jkþ jþ k2 þ kÞ

r2
þ E0rHðj2 þ jð4kþ 2Þ þ kðkþ 2ÞÞ

r3

þ 1

4r4
ðj2ð−6kþ 4lðlþ 1Þ − 11Þ − 2j3ðkþ 3Þ − j4 þ 4ðkðkþ 6Þ þ 6Þl − kðkþ 1Þðkþ 2Þðkþ 3Þ

þ 2jð4ð2kþ 3Þl2 þ 4ð2kþ 3Þl − kðkðkþ 3Þ þ 4Þ − 3Þ þ 4ðkðkþ 6Þ þ 6Þl2Þ
þ rH
4r5

ðj2ð24k − 8lðlþ 1Þ þ 47Þ þ 6j3ðkþ 4Þ þ 3j4 þ k2ð47 − 8lðlþ 1ÞÞ þ 3k4 þ 24k3

− 2kð31lðlþ 1Þ þ 29Þ − 16ð5lðlþ 1Þ þ 9Þ þ jð6k3 þ 24k2 − 4kð8lðlþ 1Þ þ 1Þ − 62lðlþ 1Þ − 58ÞÞ

þ r2H
4r6

ðj2ð4ðl2 þ l − 17Þ − 30kÞ − 6j3ðkþ 5Þ − 3j4 þ 4k2ðl2 þ l − 17Þ − 3k4 − 30k3

þ kð38lðlþ 1Þ þ 161Þ þ 60ðl2 þ lþ 7Þ þ jð−6k3 − 30k2 þ 4kð4lðlþ 1Þ þ 7Þ þ 38lðlþ 1Þ þ 161ÞÞ

þ r3Hð2j3ðkþ 6Þ þ 4j2ð3kþ 8Þ þ j4 þ 2jðkþ 6Þðk2 − 8Þ þ k2ðkþ 4Þðkþ 8Þ − 96ðkþ 3ÞÞ
4r7

�

þOðα3Þ; ðA34Þ

where we used the relation d=dx ¼ fd=dr. From this
result, we can read αi for δV þ δW. We decompose the

coefficients αi ¼ Að1Þ
i αþ Að2Þ

i α2 þOðα3Þ in Eq. (A4) as

Að1Þ
i ¼ yj∂yjA

ð1Þ
i þ yk∂ykA

ð1Þ
i ; ðA35Þ

Að2Þ
i ¼ y2j

2
∂
2
yjA

ð2Þ
i þ y2k

2
∂
2
ykA

ð2Þ
i þ yjyk∂yj∂ykA

ð2Þ
i : ðA36Þ

Introducing ∂yjA
ð1Þ
i ¼ r−1H Bð1Þ

i , ∂yj∂ykA
ð2Þ
i ¼ r−2H Bð2Þ

i , one
can see that the relations

∂ykA
ð1Þ
i ¼ r−1H Bð1Þ

i jj→k; ðA37Þ

∂
2
yjA

ð2Þ
i ¼ r−2H

2
Bð2Þ
i jk→j; ðA38Þ

∂
2
ykA

ð2Þ
i ¼ r−2H

2
Bð2Þ
i jj→k ðA39Þ

hold from the expression of Eq. (A34). The explicit forms

of Bð1Þ
i and Bð2Þ

i become

Bð1Þ
jþ1 ¼ 2jr2HE0; ðA40Þ

Bð1Þ
jþ3 ¼

1

2
ðjþ 1Þðj − 2lÞðjþ 2lþ 2Þ; ðA41Þ

Bð1Þ
jþ4 ¼ −

1

2
ð2jþ 3Þðjðjþ 3Þ − 2ðl2 þ lþ 3ÞÞ; ðA42Þ

Bð1Þ
jþ5 ¼

1

2
ðj − 2Þðjþ 2Þðjþ 6Þ; ðA43Þ

and

Bð2Þ
jþkþ2 ¼ −ðj2 þ 4jkþ jþ k2 þ kÞr2HE0; ðA44Þ

Bð2Þ
jþkþ3 ¼ ðj2 þ jð4kþ 2Þ þ kðkþ 2ÞÞr2HE0; ðA45Þ

Bð2Þ
jþkþ4 ¼

1

4
ðj2ð−6kþ 4lðlþ 1Þ − 11Þ − 2j3ðkþ 3Þ − j4 þ 4ðkðkþ 6Þ þ 6Þl

− kðkþ 1Þðkþ 2Þðkþ 3Þ þ 2jð4ð2kþ 3Þl2 þ 4ð2kþ 3Þl − kðkðkþ 3Þ þ 4Þ − 3Þ
þ 4ðkðkþ 6Þ þ 6Þl2Þ; ðA46Þ

Bð2Þ
jþkþ5 ¼

1

4
ðj2ð24k− 8lðlþ 1Þ þ 47Þ þ 6j3ðkþ 4Þ þ 3j4 þ k2ð47− 8lðlþ 1ÞÞ þ 3k4 þ 24k3

− 2kð31lðlþ 1Þ þ 29Þ− 16ð5lðlþ 1Þ þ 9Þ þ jð6k3 þ 24k2 − 4kð8lðlþ 1Þ þ 1Þ− 62lðlþ 1Þ− 58ÞÞ; ðA47Þ
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Bð2Þ
jþkþ6 ¼

1

4
ðj2ð4ðl2 þ l − 17Þ − 30kÞ − 6j3ðkþ 5Þ − 3j4 þ 4k2ðl2 þ l − 17Þ − 3k4 − 30k3 þ kð38lðlþ 1Þ þ 161Þ

þ 60ðl2 þ lþ 7Þ þ jð−6k3 − 30k2 þ 4kð4lðlþ 1Þ þ 7Þ þ 38lðlþ 1Þ þ 161ÞÞ; ðA48Þ

Bð2Þ
jþkþ7 ¼

1

4
ð2j3ðkþ 6Þ þ 4j2ð3kþ 8Þ þ j4 þ 2jðkþ 6Þðk2 − 8Þ þ k2ðkþ 4Þðkþ 8Þ − 96ðkþ 3ÞÞ: ðA49Þ

Because E1 ¼ 0 and then ω ¼ ω0, from Eq. (A5), we obtain a relation

X∞
j¼0

αjej þ
X∞
j;k¼0

αjαkej;k ¼ 0: ðA50Þ

From the OðαÞ and Oðα2Þ terms in Eq. (A50), we obtain independent recursion relations among ej and ej;k,

0 ¼
X5
a¼1

Bð1Þ
jþaejþa

¼ Bð1Þ
jþ1ejþ1 þ Bð1Þ

jþ3ejþ3 þ Bð1Þ
jþ4ejþ4 þ Bð1Þ

jþ5ejþ5 ðA51Þ

and

0 ¼
X5
a;b¼1

Bð1Þ
jþaB

ð1Þ
kþbejþa;kþb þ

1

2

X7
a¼2

Bð2Þ
jþkþaejþkþa

¼ Bð1Þ
jþ1B

ð1Þ
kþ1ejþ1;kþ1 þ Bð1Þ

jþ1B
ð1Þ
kþ3ejþ1;kþ3 þ Bð1Þ

jþ1B
ð1Þ
kþ4ejþ1;kþ4 þ Bð1Þ

jþ1B
ð1Þ
kþ5ejþ1;kþ5

þ Bð1Þ
jþ3B

ð1Þ
kþ1ejþ3;kþ1 þ Bð1Þ

jþ3B
ð1Þ
kþ3ejþ3;kþ3 þ Bð1Þ

jþ3B
ð1Þ
kþ4ejþ3;kþ4 þ Bð1Þ

jþ3B
ð1Þ
kþ5ejþ3;kþ5

þ Bð1Þ
jþ4B

ð1Þ
kþ1ejþ4;kþ1 þ Bð1Þ

jþ4B
ð1Þ
kþ3ejþ4;kþ3 þ Bð1Þ

jþ4B
ð1Þ
kþ4ejþ4;kþ4 þ Bð1Þ

jþ4B
ð1Þ
kþ5ejþ4;kþ5

þ Bð1Þ
jþ5B

ð1Þ
kþ1ejþ5;kþ1 þ Bð1Þ

jþ5B
ð1Þ
kþ3ejþ5;kþ3 þ Bð1Þ

jþ5B
ð1Þ
kþ4ejþ5;kþ4 þ Bð1Þ

jþ5B
ð1Þ
kþ5ejþ5;kþ5

þ 1

2
½Bð2Þ

jþkþ2ejþkþ2 þ Bð2Þ
jþkþ3ejþkþ3 þ Bð2Þ

jþkþ4ejþkþ4 þ Bð2Þ
jþkþ5ejþkþ5 þ Bð2Þ

jþkþ6ejþkþ6 þ Bð2Þ
jþkþ7ejþkþ7�: ðA52Þ

We note again that ej ¼ eð1Þj ; ej;j ¼ eð2Þj , and ej;k ¼ eð1;1Þj;k =2

for j ≠ k, where numerical values of eð1Þj ; eð2Þj ; eð1;1Þj;k can be
seen in Tables V and VI. Using the first-order recursion
relation in Eq. (A51), ej with higher j can be written only
from those with a few lower j, i.e., e0, e2, and e7 [45].
However, this is not the case for the second-order recursion
relation in Eq. (A52). In fact, to calculate ej;k with higher
j, k using Eq. (A52), we need the values of ej;0; ej;2; ej;7;
ek;0; ek;2; ek;7. To improve this point, we study the case with
the potential which contains first-order correction terms in
the next subsection.

b. Improved recursion relation for ej;k
We consider the Regge-Wheeler potential with first-

order correction terms

V ¼ V0 þ δV

¼ f0

�
lðlþ 1Þ

r2
−
3rH
r3

�

þ αf0
r2H

�
vj

�
rH
r

�
jþ5

þ vk

�
rH
r

�
kþ5

�
; ðA53Þ

where j; k ≥ −1 are integers and vj, vk are constants. We
also assume that j ≠ 2 and k ≠ 2. In this case, the QNM
frequency behaves as

ω ¼ ω0 þ αω1 þ α2ω2; ðA54Þ

with

ω1 ¼ vjejþ5 þ vkekþ5; ðA55Þ
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ω2 ¼ v2jejþ5;jþ5 þ 2vjvkejþ5;kþ5 þ v2kekþ5;kþ5: ðA56Þ

Note that E1 ¼ 2ω0ω1 becomes

E1 ¼ 2vjejþ5ω0 þ 2vkekþ5ω0: ðA57Þ

For the potential V ¼ V0 þ δV, we set

Y1 ¼ yj

�
rH
r

�
j
þ yk

�
rH
r

�
k
; ðA58Þ

Y2 ¼ 0; ðA59Þ

C1 ¼ 0; ðA60Þ

with

yj ¼ −
2vjrH

ðj − 2Þðjþ 2Þðjþ 6Þ ; ðA61Þ

yk ¼ −
2vkrH

ðk − 2Þðkþ 2Þðkþ 6Þ : ðA62Þ

Then, Eqs. (A22)–(A29) lead to

δV þ δW ¼ αyjf0

�
rH
r

�
j
�
2jE0

r
þ ðjþ 1Þðj − 2lÞðjþ 2lþ 2Þ

2r3

−
ð2jþ 3ÞrHðjðjþ 3Þ − 2ðl2 þ lþ 3ÞÞ

2r4

�
þ ðj ↔ kÞ þ α2E1

�
yjf0

�
rH
r

�
j 2j
r
þ ykf0

�
rH
r

�
k 2k
r

�

þ α2y2jf0

�
rH
r

�
2j
�
−
jð3jþ 1ÞE0

r2
þ jð3jþ 2ÞrHE0

r3
−
3ðjþ 1Þ2ðj − 2lÞðjþ 2lþ 2Þ

4r4

þ ð3jþ 4ÞrHð3j3 þ 12j2 − jð8lðlþ 1Þ þ 1Þ − 2ð5lðlþ 1Þ þ 9ÞÞ
4r5

−
ð3jþ 5Þr2Hðj3 þ 3j2 þ jð1 − 4lðlþ 1ÞÞ − 6ðl2 þ l − 1ÞÞ

4r6
−
3ðj − 2Þðjþ 2Þ2ðjþ 6Þr3H

4r7

�
þ ðj ↔ kÞ

þ α2yjykf0

�
rH
r

�
jþk

�
−
E0ðj2 þ 4jkþ jþ k2 þ kÞ

r2
þ E0rHðj2 þ jð4kþ 2Þ þ kðkþ 2ÞÞ

r3

þ 1

4r4
ðj2ð−6kþ 4lðlþ 1Þ − 11Þ − 2j3ðkþ 3Þ − j4 þ 4ðkðkþ 6Þ þ 6Þl − kðkþ 1Þðkþ 2Þðkþ 3Þ

þ 2jð4ð2kþ 3Þl2 þ 4ð2kþ 3Þl − kðkðkþ 3Þ þ 4Þ − 3Þ þ 4ðkðkþ 6Þ þ 6Þl2Þ
þ rH
4r5

ðj2ð24k − 8lðlþ 1Þ þ 47Þ þ 6j3ðkþ 4Þ þ 3j4 þ k2ð47 − 8lðlþ 1ÞÞ þ 3k4 þ 24k3

− 2kð31lðlþ 1Þ þ 29Þ − 16ð5lðlþ 1Þ þ 9Þ þ jð6k3 þ 24k2 − 4kð8lðlþ 1Þ þ 1Þ − 62lðlþ 1Þ − 58ÞÞ

−
r2H
4r6

ð2j2ð3k − 2ðl2 þ l − 4ÞÞ þ 2j3ðkþ 4Þ þ j4 þ jð2k3 þ 6k2 − 16klðlþ 1Þ þ 4k − 38lðlþ 1Þ þ 23Þ
− 4k2ðl2 þ l − 4Þ þ k4 þ 8k3 þ kð23 − 38lðlþ 1ÞÞ − 60ðl2 þ l − 1ÞÞ

−
r3Hð2j3ðkþ 6Þ þ 4j2ð3kþ 8Þ þ j4 þ 2jðkþ 6Þðk2 − 8Þ þ k2ðkþ 4Þðkþ 8Þ − 96ðkþ 3ÞÞ

4r7

�
þOðα3Þ:

ðA63Þ

We note that the above potential atOðαÞ does not have terms with ðrH=rÞjþ5 and ðrH=rÞkþ5, unlike Eq. (A34). Similar to the

discussion in the previous subsection, we can read the coefficients Bð1Þ
i and Bð2Þ

i as

Bð1Þ
jþ1 ¼ 2jr2HE0; ðA64Þ

Bð1Þ
jþ3 ¼

1

2
ðjþ 1Þðj − 2lÞðjþ 2lþ 2Þ; ðA65Þ
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Bð1Þ
jþ4 ¼ −

1

2
ð2jþ 3Þðjðjþ 3Þ − 2ðl2 þ lþ 3ÞÞ; ðA66Þ

and

Bð2Þ
jþ1 ¼ −2jðk − 2Þðkþ 2Þðkþ 6Þr2Hω0ekþ5; ðA67Þ

Bð2Þ
kþ1 ¼ −2kðj − 2Þðjþ 2Þðjþ 6Þr2Hω0ejþ5; ðA68Þ

Bð2Þ
jþkþ2 ¼ −ðj2 þ 4jkþ jþ k2 þ kÞr2HE0; ðA69Þ

Bð2Þ
jþkþ3 ¼ ðj2 þ jð4kþ 2Þ þ kðkþ 2ÞÞr2HE0; ðA70Þ

Bð2Þ
jþkþ4 ¼

1

4
ðj2ð−6kþ 4lðlþ 1Þ − 11Þ − 2j3ðkþ 3Þ − j4 þ 4ðkðkþ 6Þ þ 6Þl

− kðkþ 1Þðkþ 2Þðkþ 3Þ þ 2jð4ð2kþ 3Þl2 þ 4ð2kþ 3Þl
− kðkðkþ 3Þ þ 4Þ − 3Þ þ 4ðkðkþ 6Þ þ 6Þl2Þ; ðA71Þ

Bð2Þ
jþkþ5 ¼

1

4
ðj2ð24k − 8lðlþ 1Þ þ 47Þ þ 6j3ðkþ 4Þ þ 3j4

þ k2ð47 − 8lðlþ 1ÞÞ þ 3k4 þ 24k3 − 2kð31lðlþ 1Þ þ 29Þ − 16ð5lðlþ 1Þ þ 9Þ
þ jð6k3 þ 24k2 − 4kð8lðlþ 1Þ þ 1Þ − 62lðlþ 1Þ − 58ÞÞ; ðA72Þ

Bð2Þ
jþkþ6 ¼ −

1

4
ð2j2ð3k − 2ðl2 þ l − 4ÞÞ þ 2j3ðkþ 4Þ þ j4

þ jð2k3 þ 6k2 − 16klðlþ 1Þ þ 4k − 38lðlþ 1Þ þ 23Þ
− 4k2ðl2 þ l − 4Þ þ k4 þ 8k3 þ kð23 − 38lðlþ 1ÞÞ − 60ðl2 þ l − 1ÞÞ; ðA73Þ

Bð2Þ
jþkþ7 ¼ −

1

4
ðð2j3ðkþ 6Þ þ 4j2ð3kþ 8Þ þ j4 þ 2jðkþ 6Þðk2 − 8Þ þ k2ðkþ 4Þðkþ 8Þ − 96ðkþ 3ÞÞÞ: ðA74Þ

Then, the QNM frequency can be calculated from Eq. (A4), and it should be the same as Eq. (A54) with Eqs. (A55)
and (A56). From this condition, we obtain independent recursion relations at Oðα2Þ as

1

2
ðj − 2Þðjþ 2Þðjþ 6Þðk − 2Þðkþ 2Þðkþ 6Þejþ5;kþ5

¼ 2
X4
a;b¼1

Bð1Þ
jþaB

ð1Þ
kþbejþa;kþb þ

X7
a¼2

Bð2Þ
jþkþaejþkþa þ Bð2Þ

jþ1ejþ1 þ Bð2Þ
kþ1ekþ1: ðA75Þ

We note again that j; k ≥ −1 and j ≠ 2, k ≠ 2 in the above equation.

In fact, we can obtain further independent recursion
relations for ej;k. We consider the potential in Eq. (A53)
with j ≥ −1; j ≠ 2, and k ≥ −5. Setting

Y1 ¼ yj

�
rH
r

�
j
; ðA76Þ

Y2 ¼ 0; ðA77Þ

C1 ¼ 0; ðA78Þ

with

yj ¼ −
2vjrH

ðj − 2Þðjþ 2Þðjþ 6Þ ; ðA79Þ

we can calculate δV þ δW from Eqs. (A22)–(A29) and
derive the recursion relations similar to the above discus-
sion. Here, we only show the following result:
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0 ¼ ðj − 2Þðjþ 2Þðjþ 6Þejþ5;kþ5 − ð2jþ 3Þðjðjþ 3Þ − 2ðl2 þ lþ 3ÞÞejþ4;kþ5

þ ðjþ 1Þðj − 2lÞðjþ 2lþ 2Þejþ3;kþ5 þ 4jr2HE0ejþ1;kþ5

þ 4jr2Hω0ejþ1ekþ5 − ð2jþ kþ 5Þejþkþ6 þ ð2jþ kþ 6Þejþkþ7: ðA80Þ

Using Eqs. (A75) and (A80), the second-order coefficients
ej;k with higher j, k can be written by those with j, k ≤ 7

and the first-order coefficients ej.
18 We note that we can

derive recursion relations for higher order α from a
straightforward extension of the above discussion.

4. Reduction of the effective potential

Using the ambiguity of the effective potential, we can
reduce the effective potential so that δV only has lower-

order coefficients αj. In [45], the first-order case is
discussed, but in fact, the discussion holds even for
the higher-order case. For the linear-order case, we can
reduce the effective potential by using the OðαÞ ambi-
guity according to [45]. For the quadratic-order case,
setting Y1 ¼ 0 and Y2 ¼ yjðrH=rÞj for the odd-parity
perturbation, the form of the ambiguity of the effective
potential at Oðα2Þ becomes the same as the linear-order
case. Then, from the same discussion as the linear case in
[45], we can reduce the effective potential at Oðα2Þ so
that δV only has α0, α1, α2, and α7 terms. Repeating this
process to higher order, we can reduce the OðαnÞ
effective potential.
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