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This work analyzes the asymptotic behaviors of the asymptotically flat solutions of Einstein-ather
theory in the linear case. The vacuum solutions for the tensor, vector, and scalar modes are first obtained,
written as sums of various multipolar moments. The suitable coordinate transformations are then
determined, and the so-called pseudo-Newman-Unti coordinate systems are constructed for all radiative
modes. In these coordinates, it is easy to identify the asymptotic symmetries. It turns out that all three kinds
of modes possess the familiar Bondi-Metzner-Sachs symmetries or the extensions as in general relativity.
Moreover, there also exist the subleading asymptotic symmetries parametrized by a time-independent
vector field on a unit two-sphere. The memory effects are also identified. The tensor gravitational wave also
excites similar displacement, spin, and center-of-mass memories to those in general relativity. New memory
effects due to the vector and scalar modes exist. The subleading asymptotic symmetry is related to the
(leading) vector displacement memory effect, which can be viewed as a linear combination of the electric-
type and magnetic-type memory effects. However, the scalar memory effect seems to have nothing to do
with the asymptotic symmetries at least in the linearized theory.
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I. INTRODUCTION

The gravitational wave (GW) not only causes the relative
distance of two adjacent test particles to oscillate, but it also
leaves a trace of its ever existence after it disappears. This
trace is nothing but the memory effect, the permanent
change in the relative distance between test particles. It was
first discussed theoretically as early as 1970s [1,2]. It was
found that the permanent change is proportional to the total
variation in the quadrupole moment of the source of gravity
before and after the GW emission [3]. So, this effect is
also named the linear memory. In 1990s, the nonlinear
memory effect was uncovered, which is sourced by the GW
itself or any null radiation [4—7]. In the literature, the linear
memory is also said to be ordinary, while the nonlinear one
is null [8].

Symmetries have played important roles in modern
theoretical physics [9-12]. Although in a generic gravitating
system, there are no spacetime symmetries, the asymptoti-
cally flat spacetime possesses the so-called Bondi-Metzner-
Sachs (BMS) symmetry [13]. It is a kind of diffeomorphism
that preserves the boundary conditions of the spacetime at
the null infinity in the Bondi-Sachs coordinates [14,15].
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So, under this coordinate transformation, the asymptotic
behavior of the metric is unchanged. The corresponding
symmetry group, named BMS group, is a semidirect product
of the Lorentz group by the supertranslation group. The
supertranslation generalizes the familiar spacetime trans-
lation, and it can be viewed as the angle-dependent trans-
lation. It is related to the memory effect. That is, the
gravitational vacuum is actually degenerate, and the tran-
sition between vacuum states is parametrized by the super-
translation [16—18]. Moreover, the memory effect can be
viewed as the change in the radiative modes between two
vacuum states. The vacuum transition is caused by the
energy flux penetrating the null infinity, which is conjugate
to the supertranslation in the Hamiltonian formalism [19]. In
fact, the amount of the null memory effect is proportional to
the total energy radiated [16,19]. The memory effect,
supertranslation, and (leading) soft graviton theorem [20]
are three corners of the so-called infrared triangle, a
triangular equivalence relation in the infrared regime [18].

Recently, the spin and center-of-mass (CM) memory
effects were discovered [21,22]. The effect discussed
previously is thus specifically called the (leading) displace-
ment memory effect. The spin memory effect refers to the
accumulated time delay between two photons propagating
in the same orbit but in the opposite directions [23]. Both of
these novel effects could also be detected as the subleading
displacement memory effect by interferometers [24,25].

© 2024 American Physical Society


https://orcid.org/0000-0003-4387-6013
https://orcid.org/0000-0002-8852-9966
https://orcid.org/0000-0002-3567-6743
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.044025&domain=pdf&date_stamp=2024-02-12
https://doi.org/10.1103/PhysRevD.109.044025
https://doi.org/10.1103/PhysRevD.109.044025
https://doi.org/10.1103/PhysRevD.109.044025
https://doi.org/10.1103/PhysRevD.109.044025

SHAOQI HOU, ANZHONG WANG, and ZONG-HONG ZHU

PHYS. REV. D 109, 044025 (2024)

At the same time, the BMS group could be enlarged. One
may replace the Lorentz group by the Virasoro group to
obtain the extended BMS group [26-28]. Or, the Lorentz
group could be generalized to the diffeomorphism group of
the two-sphere, and the asymptotic symmetry group is
named generalized BMS group [29-31]. Let us call the new
elements in the enlarged algebra the super-Lorentz gen-
erators. So, the super-Lorentz generator refers to the vector
in the Virasoro algebra in the case of the extended BMS
group or the vector generating the generic diffeomorphism
on a two-sphere in the case of the generalized BMS group.
We would like also to define super-rotation generator as the
magnetic-parity component of the super-Lorentz generator,
while the electric-parity component is named super-boost
[32]. In either case, the ordinary spatial rotation is extended
to the so-called super-rotation, which is related to the spin
memory effect [21,29,33-35], and the ordinary Lorentz
boost is replaced by the super-boost, which is associated
with the CM memory effect [22]. The triangular equiv-
alence between the spin memory effect, the super-rotation
and the subleading soft graviton theorem has also been
established [18,21,29,33,35,36]. In the following, we will
denote the enlarged BMS symmetry by BMS, and as
disclosed below, we follow the method of Ref. [37] to
perform the asymptotic analysis, so we use BMS to refer to
the generalized BMS group.

In addition to the memory effects mentioned above, there
could exist infinite towers of memories that are associated
with infinite towers of residual gauge transformations in the
harmonic gauge [38,39]. Apart from the leading and some
overleading gauge transformations, these residual gauge
generators start at higher powers in a suitably defined
radial coordinate, becoming trivial at the null infinity. The
equivalences among the memories, gauge symmetries, and
infinite towers of soft theorems were also uncovered [38].
Asymptotic analyses have been done for higher dimen-
sional spacetimes [40-47]. Studies showed that with
appropriate boundary conditions on the metric and Ricci
tensor components, there also exists a nontrivial asymptotic
symmetry group other than the asymptotic Poincaré
group [43,45,46,48,49]. However, these symmetry oper-
ations act on overleading terms in the metric expansion,
while memory effects are described by relatively sublead-
ing terms. In this work, we consider the case of four
dimensions and focus on the displacement, spin and CM
memories.

In the modified theories of gravity, there might also exist
the memory effect, as any alternatives to GR shall predict the
existence of the tensor GWs by the most recent observations
[50-55]. Indeed, there have been several works on the
memories in some modified theories of gravity, such as
Brans-Dicke (BD) theory [24,56-61] and the dynamical
Chern-Smions (dCS) theory [25,62-64]. These works
revealed similar memory effects discussed so far. The
asymptotic symmetry of these theories is also the BMS

symmetry, and the memories are related to the symmetry
similarly as in GR [24,25,57]. There are new memories
associated with the extra degrees of freedom provided by the
modified theories, called the scalar memory effects, as they
are excited by the extra scalar degrees of freedom in these
theories. It is also interesting to note that although there are
displacement, spin, and CM effects in these modified
gravities, their magnitudes are actually different from those
in GR, as the extra scalar degrees of freedom contribute to
these memories. This allows one to use the memory effect to
probe the nature of gravity. There are more works on memory
effects in modified gravities, such as [65-71]. In particular,
Ref. [72] studied the tensor null memory effect in the
dynamical metric theories using the ‘“high-frequency
approximation” developed by Isaacson [73,74]. It was found
out, quite generally, that the tensor null memory effect is
sourced by the null radiation of all the degrees of freedom in
the theory.

One should note that both BD and dCS respect the local
Lorentz invariance. Although dCS is said to violate the
parity [75], it occurs at the higher orders in the inverse of
the radial coordinate, so it does not affect the memory effect
[25]. In this work, we would like to consider yet another
modified theory of gravity, Einstein-@ther theory [76]. It is
known as a local Lorentz-violating theory, as it possesses a
nowhere vanishing, timelike vector field u*, called the
ether field. This field thus defines a preferred reference of
frame at each spacetime event, in which u* is at rest. The
local Lorentz invariance is thus spontaneously broken once
one chooses a suitable “vacuum” configuration for the
@ther field. Both the metric field g, and the @ther field u”
mediate the gravitational interaction in this theory. The GW
solutions have been sought for in the flat spacetime
background [77-82]. These linearized analyses showed
that there are five radiative degrees of freedom, including
the tensor, vector, and scalar modes. These modes are
allowed to propagate at the superluminal speeds due to the
breaking of the local Lorentz invariance. Therefore, one
expects this theory would predict new phenomena regard-
ing memory effects. That is, there are new vector and scalar
memories in addition to the familiar tensor memories.
These memories might be related to the asymptotic
symmetry in a novel way.

The main task of this work is to perform the asymptotic
analysis for Einstein-@ther theory and determine the
asymptotic symmetries of the asymptotically flat space-
time. Memory effects will be identified and associated with
the asymptotic symmetries. For these purposes, it would be
better to find a suitable coordinate system, like Bondi-
Sachs coordinates [14,15] or Newman-Unti coordinates
[83] used for analyzing asymptotically spacetime in the null
direction in GR. Suitable boundary conditions shall also be
imposed on the dynamical fields, such that general sol-
utions to the equations of motion can be solved for in these
coordinates. These boundary conditions shall not be too
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restrictive; otherwise, interesting solutions might be
excluded. The conditions may not be too weak, either,
as too many solutions are permitted, and some of them
might not seem to be flat in the large enough distances. It is
a delicate task to choose suitable boundary conditions,
which has not yet been done systematically for Einstein-&
ther theory. Since this theory is greatly complicated, one
may start with the linearized version.

In fact, even in the linearized theory, there are still some
obstacles. As mentioned above, there are five propagating
degrees of freedom, satisfying d’Alembertian equations
with different speeds. This would require us to analyze
the behavior of each mode separately, as they will eventually
arrive at different spacetime regions in the infinite future.
Moreover, due to the absence of the gravitational Cherenkov
radiation [84], these speeds shall be no less than 1. So it
seems that one shall employ drastically different methods
used in GR to perform the asymptotic analysis for Einstein-
@ther theory. For example, naively, one would expect these
GWs eventually arrive at the spatial infinity, so one would
like to analyze the asymptotic behaviors of these waves
using either the Ashtekar-Hansen formalism [85] or Beig-
Schmidt formalism [86,87]. However, these formalisms
were presumably designed to investigate the nonradiative
modes at the spatial infinity, while, here, the radiative modes
of Einstein-@ther theory are to be studied. So, neither of
these formalisms might be suitable. Luckily, there actually
exists an interesting field redefinition (g,,,, t*) — (g, u"*)
[88], such that there is at least one mode traveling at the
speed 1, measured by a properly redefined metric field g,,, .
Therefore, one may adapt the methods presented in
Refs. [37,89] for GR to analyze the asymptotic behavior
of this specific mode. Perform a different field redefinition;
then, another mode would propagate at the speed 1, and its
asymptotic behavior can be studied similarly. In this way,
one can determine the asymptotic behaviors of all radiative
modes, and the associated asymptotic symmetries.

In Ref. [37], the authors sought for the coordinate trans-
formation that transforms the metric in the harmonic gauge
(t,x/) to the Newman-Unti gauge (i,7,0") [83]. The
leading order part (in 1/7) of the transformation can be
freely specified and thus defines the infinitesimal BMS
transformation. In this work, similar method will be adapted
to Einstein-@ther theory. As discussed above, we would
study the asymptotic behaviors of the radiative modes
separately. For each mode, the redefined metric perturbation
will be written in a certain gauge and then, transformed to a
suitable coordinate system, named pseudo-Newman-Unti
coordinates. This is because, in general, the radiative modes
cannot be expressed in the standard Newman-Unti gauge in
Einstein-@ther theory. If one insisted on using the standard
Newman-Unti coordinates, the redefined metric excited by
the vector or scalar modes would acquire terms proportional
to In 7 or even 7 In 7, relative to the respective leading parts.
As we are working in the linearized regime, these blowing up

terms would exceed the leading Minkowski metric at the
large enough distance, but this is inconsistent with the
linearization. Although there are polyhomogeneous solu-
tions in GR, the metric components contain terms propor-
tional to ¥In*r with n, k > 0[90,91]. So, in this work, one
seeks for a coordinate system, in which the coordinate 7 is
nearly a null direction, # nearly a retarded time, and at the
same time, there are no logarithmically diverging terms in
the metric components. In these coordinates, the redefined
metric and the @ther field have no logarithmically diverging
components and behave well at the large 7. We call such a
kind of coordinate system the pseudo-Newman-Unti coor-
dinate system. Once the suitable boundary conditions are
imposed on the redefine metric components, the asymptotic
symmetries can be identified. As analyzed in the main text,
the asymptotic symmetry group in Einstein-ather theory
includes the familiar BMS group as its subgroup. Moreover,
the boundary conditions allow the existence of a new
symmetry, generated by a vector field Z”(éb ) tangent to
the two-sphere. Z¢ is subleading relatively to the super-
Lorentz generator, so the symmetry generated by it will be
called the subleading BMS symmetry. Therefore, the
asymptotic symmetry of Einstein-@ther theory includes
the BMS symmetry and the subleading BMS symmetry.

The memory effects excited by the radiative modes will
also be determined by integrating the geodesic deviation
equations at 7 — oco. The relation between the memory
effect and the asymptotic symmetry will be discussed. It
turns out that for the tensor, vector, and scalar degrees of
freedom, one can identify their respective displacement and
the subleading displacement memory effects, given by
relevant terms in the integrated geodesic deviation equa-
tions. It is also possible to split the subleading displacement
memory effect into the spin and CM memory parts in the
tensor sector. The tensor displacement memory effect
shares many characteristics with the one in GR [17,18],
BD [57,59], and dCS [25]. For example, it can be viewed as
the vacuum transition in the tensor sector, parametrized by
a supertranslation, and of the electric-parity type. The
vector displacement memory is intimately related to the
subleading BMS symmetry, and unlike the tensor displace-
ment memory or the velocity kick memory effect in
electromagnetism [18], it has both the electric-parity and
magnetic-parity components. The scalar memories may
have no explicit relation with the spacetime asymptotic
symmetries, which also happens in other modified theories
of gravity [24,25,57,61]. Since only the linearized theory is
considered in this work, one cannot obtain the constraint
equations for the various memory effects that are useful for
calculating the magnitudes of the memories. These con-
straint equations shall be derived once the nonlinear
analysis is performed in the future work.

This work is organized as follows. Section I A collects
notation and conventions. In Sec. II, the basics of Einstein-
@ther theory is reviewed, and the linearized equations of
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motion are obtained using the gauge-invariant formalism
[92]. Section III discusses the general scheme to construct
the pseudo-Newman-Unti coordinates and to identify the
memory effects for each radiative mode. Then, one starts
with the construction of the pseudo-Newman-Unti coor-
dinates for the tensor modes in Sec. IV. There, one first
determines the multipolar solution to the linearized equa-
tion of motion for the tensor mode in Sec. IVA and then,
fixes a suitable gauge condition for the redefined metric
perturbation in Sec. IV B. With these, one can find the
pseudo-Newman-Unti coordinates, and the asymptotic
symmetry will be discussed in Sec. IV C. The memory
effects are discussed in Sec. IV D. This procedure will be
repeated for the vector and scalar modes in Secs. V and VI,
respectively. Finally, we will discuss the results and
conclude in Sec. VIL

A. Notation and conventions

There are several coordinate systems used in this work.
The pseudo-global Lorentz coordinates are denoted as x* =
(t,x') and the associated spherical ones as (f,r,6¢) with

= (0, ¢),and r = |X|. As one can see, letters j, k, ..., z are
the space indices in the Cartesian coordinate system and will
be raised or lowered using 67 or its inverse, respectively.
a, b, ..., harethe indices on the two-dimensional sphere, and
one uses ¥ ,,, the metric on the unit two-sphere, and its inverse
to lower and raise these indices. On the unit two-sphere, one
has the natural basis e, = d/d0“, whose components in the
Cartesian coordinates are e}, = dn/ /00 withn/ = x//r.Itis
easy to check that e} = 0. Also, one has y,, = §;.elef,
0;0° =r- y“be’ and y*¢), ek = 1k = §/k —nink. Let 2,
be the covariant derivative compatlble with y,, with the
properties Z,e, = el = D,Dyn! = =y’ [37]. The
pseudo-Newman-Unti coordinates are 5 = (i, 7,0"), and
the related “Lorentz coordinates” are (7,%/), which are
associated with ¥ in the usual manner when the spacetime is
flat. The components of any tensor expressed in the pseudo-
Newman-Unti coordinates are tilded, while those in the
pseudo-global Lorentz coordinates are not. The multi-index

|

Ty, =A|lu,u,

1
- Egﬂy(u/’u,} +1)| + ¢ [(V,u,)V,u” —

notation will be used. So L, as a subscript, means j;j, - - - j;.

In particular, 9; = aj]ajz . ~~0J»[, and n; = njnj, - nj.

Note that these are written in the pseudo-global Lorentz
coordinates, and in the pseudo—Newman -Unti coordinates,

they are 9, —0j10h 5j,,and iy =n; -7, We will

use the units such that ¢ = 1.

J1 /2

II. EINSTEIN-ATHER THEORY
The action of Einstein-ather theory is given by [77]

Sete = 7o / dhxy/ =GR — ¢ (V) Viur
= 2(V,u#)? — ¢5(V,u, ) Vo
+ cs(wV, " )u’V,u, + A(wfu, + 1)), (1)

where A is a Lagrange multiplier, and G is the gravitational
constant, and the coupling constants ¢; (i = 1, 2, 3, 4) are
expected to be of the order unity. This theory is diffeo-
morphism invariant. In general, u* possesses no internal
symmetries, in contrast to the four-potential in Maxwell’s
electrodynamics [93]. However, since u* couples with g,,
nonminimally, one may study the symmetry properties of
the metric to define the symmetry of u*, as shown in the
later sections. The Lagrange multiplier A forces u* a
normalized timelike vector field. So, u* defines a preferred
reference frame at each spacetime point, and the local
Lorentz invariance is thus spontaneously broken.

Ignoring the matter sector of the action, one can calculate
the equations of motion, given by [79],

R, R=T

1
- Eg;w s
iV, Vi, + ¢,V V¥ + ¢V, V ¥
-V, (n*a,) + ¢4,V ¥ + Au, =0, (2b)
wu, +1=0, (2¢)

(2a)

where a# = 1V, u* is the four-acceleration of u*, and the
@ther stress-energy tensor T, is

(Vpuﬂ)vf’u,, + Vp(uwvf’uy)

—u, Vou’ + w’Vu,)] + 9, V,(wVou?) + e3V, (1, V u” —u, Vi,
+uVu,) +csla,a, =V, 20 ug0,) — a’u,u,)]
1
+ > I [—c1(V,u,)VPu — ¢y (V,u7)? — c5(V 1u,)Vou” + cqa,0”]. (2d)
I
Here, Eq. (2¢) is a constraint equation. G =Mw» W =1"=(1,0,0,0), A=1i=0. (3)

In the following, the GW solution will be sought for
around the flat spacetime background, following Ref. [79].
The zeroth order solution is given by

Analog to the treatment of the spontaneous symmetry
breaking in quantum field theory [12], one may now
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perform an infinitesimal coordinate transformation x* —
x* + £¥, which transforms the background metric and @ther
fields in the following way:

= 3,4 (4)

w - w + 0,0k, (5)

My = My — aygu

where, as usual, one uses 77,, and 7" to lower and raise the
greek indices from now on. Therefore, as long as ¢
depends on ¢, the vacuum expectation value (VEV) u” is
changed. Such kind of {* includes the Lorentz boosts
(¢* = w*,r with w*, constant and w', = 0) as the special
cases, and thus, the Lorentz symmetry is spontaneously
broken by u*. Of course, {# can be more general than the
Lorentz symmetry generators, so the “generalized Lorentz
boost symmetry,” or “super-boost symmetry” generated by
a time-dependent vector field {* is broken by u#.

Now, perturb the metric and the @ther field in the
following way:

g;w = ’7/41/ + huw (63)
w = ut 4 ot (6b)

And, of course, A shall be treated to be of the same order as
h,, and v*. Comparing Egs. (5) and (6b), one basically
promotes the gauge transformation parameters ¢* to
dynamical fields v*, similarly to the treatment of the
Higgs mechanism [11,12]. In fact, the @ther field plays
a role of the Higgs field in this theory. Substituting Eq. (6)
into the equations of motion (2) and keeping the linear
terms in the field perturbations, one obtains the linearized
equations of motion, which are too complicated to be
explicitly written down. To simplify the linearized equa-
tions, one makes use of the gauge-invariant formalism
[79,92]. To this end, one first decomposes the metric
perturbation 4, and the perturbed @ther field v as

htt = 2¢’ (78')

hij=p;i+9jr. (7b)

By = HT + 25 4o 0.0, — k2 7
je = Mg 305+ 0€ + | 90k = 5= V7 )Py (7¢)
.1

b= Ehtt =9, (7d)
o =y +dw. (7e)

In the above expressions, th-,;F is the transverse-traceless part
of hy, satisfying 01 = 0 and 8k}l = 0. §;, ¢}, and p/
are transverse vectors. Equation (7d) is due to u#u, = —1.
Several gauge-invariant variables can be defined, which are

i, (8a)
. X .
<I>:j/—¢—'g, V=3 (H-Vp), Q:w+§, (8b)
- 1,
:.] :ﬁj—ié‘j, Zj :ﬁ]+ﬂj (8C)

Using these gauge-invariant variables, one can rewrite the
linearized equations of motion. It turns out that some gauge-
invariant variables satisfy the following d’Alembertian
equations:

1.
—gh}f + VIl =0, (9a)
1 .. )
1 .. 5
~5Q+ V=0 (9¢)
S

The squared speeds of these modes are

1

2 _ 1
S9 =72 o (10a)
2c) —c c_
=T - 10b
N 2c14(1 = cy) (106)
2
sg . cios( Ci4) (10c)

Cen(l=c)(2+2e; +cpps)’

where c. =c;tc3, cly=c|+cy, and ¢jp3 = ¢ + ¢ + c3.
The remaining gauge-invariant variables are given by

®— C14—20+Q’

11
> e (11a)
2ci4(c —1)

Y=——"""0Q, 11b
e (11b)
—_ Cq

These are dependent variables. For the details of deriving
the above results, please refer to Ref. [79]. So, there are
only five propagating physical degrees of freedom. Two of
them are tensor modes (g), encoded in th-T, another two are
vector modes (V), given by X, and the remaining one is a
scalar (S) degree of freedom represented by W. These
modes, collectively denoted by m(=g,v,s), generally
propagate at different speeds sy,, which can be greater
than, equal to, or less than the speed of light. When
¢, =c4 =0and2cc, = c; — ¢y, these speeds are all one.
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These radiative modes can be related to the GW polar-
izations using the geodesic deviation equation [9],

d2s/

e —R,;uSk, (12)

for two test particles with the affine parameter 7, separated
by a small deviation vector S/. In this equation, R is
called the electric part of the Riemann tensor, expressed in
terms of the gauge-invariant variables as [79,92]

Ry = —%h}g—i—d(jEk) +ajkq>—%\1'5jk. (13)
To identify the GW polarizations, one simple method is to
solve for the plane wave solutions to Eq. (9), assuming the
GWs propagate in the positive z direction. Then, after
substituting these solutions to Eq. (13), one finds out that
—Riux + Riyyy = hIT and R, = —hIT. So, the tensor
modes excite the plus and cross polarizations. In addition,
R, x 0.2, and Ry, o 012}, with the same proportionality
factor, which means that the vector modes excite the vector-
x and vector-y polarizations. And finally, R;,,, + Ry, Q

and R, « Q with different proportionality factors, and
thus, the scalar mode excites the longitudinal and the
breathing polarizations. For more gauge-invariant ways of
identifying the polarizations, please refer to Ref. [94].

As shown above, the propagating speeds of the radiative
modes are generally different. They will propagate to
different spacetime regions eventually. This requires us
to study their asymptotic behaviors separately. In addition,
their speeds are not necessarily equal to one, which makes
the asymptotic analysis even more complicated. Thanks to
Ref. [88], one can rewrite the action (1) with newly defined
quantities given by

=+ (1=0) w4
g;w - g/u/ 9 u‘ﬂu‘l/’ ut = \/Ev

where ¢ is a real constant and can be chosen for conven-
ience, and then the action would take the same form with
the coupling constants ¢;’s transforming in the way given
by Egs. (15)—(18) in Ref. [88]. This observation will be
very useful for the following discussion. It implies that if
gy POssesses a Killing vector field K¥, so does g),,. In fact,
one can show that for any vector field v*,

LG =2V, +2(1 —o)u, L, = 2V’(ﬂvi), (15)

where V), is the covariant derivative associated with ¢,
and v, = g,,v". Suppose v* = K*, and let y, be the
diffeomorphism generated by K* = (d/di)* with 1 a
parameter for the integral curves of K*. Then, in order
that y; g, (=g, ), w; u*, and y; 1 still satisfy the equations
of motion (2), there should be w;u* = u* and y;1 = A

Therefore, Zxu* = 0; that is, Lxu, = L (g,u") =0
[9]. Then, by Eq. (15), Zkg,, = 0, which means that g,,
and g, share the same symmetry. For the current work, if
gy POssesses the asymptotic symmetry, so does g,,. One
can work in the theory defined either by (g,,.u*) or by
(guw» 1™, 0) to determine the asymptotic symmetry. We say
(guw- u*) defines the “physical” frame, while (g,,.u", o)
defines the “unphysical” frame.

An even more interesting implication of the redefinition
(14) is that the speeds of the radiative modes in the
unphysical frame are given by [88]

St :%. (16)

So, if one sets ¢ = srzn,, then the speed of m’ is 1 in the
unphysical frame. For example, if we consider the asymp-
totic behaviors of the tensor mode (M’ = @), one can set
o= sé, and then in the unphysical frame, the tensor mode
propagates at the speed sg = 1. This may allow us to
borrow the idea of Ref. [37] for GR to analyze the
asymptotic behaviors of the radiative modes in Einstein-
@ther theory. The basic strategy is to first solve the
linearized equations of motion for multipolar solutions
in a convenient coordinate system, which can be easily
done, and then find the coordinate transformation such that
in a new coordinate system (i, 7, ), the components of
the metric and @ther fields are expressed as series expan-
sions in 1/7 with the expansion coefficients depending on
(i1,0%). As long as this coordinate system is determined,
one can analyze the asymptotic behaviors of the metric and
@ther fields, asymptotic symmetries, and memory effects.
This will be done explicitly in the following sections. Since
Einstein-@ther theory is quite different from GR, one may
not reproduce the results in Ref. [37] as shown below.
Before preceding further, let us review some experimen-
tal constraints on Einstein-ether theory very briefly. For
more complete discussions, please refer to more recent
works [79,95-97]. Ever since its birth, this theory has been
constrained by several experimental observations. There
are bounds on the post-Newtonian parameters «; and a,
parametrizing the local Lorentz violation [98], the require-
ment that the GW carry positive energy [99], and there
should be no gravitational Cherenkov radiation [84], etc.
Most recently, the observations of GW170817 and GRB
170817A set a strong constraint on the speed of the
tensor mode, —3x 1071 <sq—1<7x107'® [51,100-102].
Combining all these observations together, one can deter-
mine the constraints on Finstein-ather theory, as discussed
in Refs. [79,95-97,103,104]. However, in the following
discussion, we would formally keep the coupling constants
¢;’s free so that the results thus obtained are general
enough. As soon as one fixes the values of ¢;’s based
on the experimental observations, one can substitute these
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values into expressions presented below to obtain the
asymptotic behaviors of the metric and @ther fields.

III. GENERAL SCHEME TO CONSTRUCT
PSEUDO-NEWMAN-UNTI COORDINATES

As discussed above, different modes generally travel at
different speeds, so they will arrive at different spacetime
regions in the infinite future. This means that one may want
to analyze the asymptotic behaviors of the radiative modes,
separately. That is, one needs to obtain the desired
coordinate system for each radiative mode m, individually.
Since the procedures for determining the coordinate sys-
tems are similar among the radiative modes, in this section,
let us discuss the general scheme to construct the pseudo-
Newman-Unti coordinates.

So, let us now consider a specific mode m(= g,vors).
The first step is to solve the linearized equation of motion
(9) for the mode m. As in Ref. [37], one would like to look
for the most general multipolar solutions, which can be
written as series expansions in 1/r. Since Egs. (9) are
written in terms of gauge-invariant variables, one should
now fix the gauge. For example, one can set ¢; =0 and
o=y =0 [105]. Then, one should transform to the
unphysical frame with ¢ = s2, so that the particular mode
m being considered has a unit speed. Let the unphysical

metric and @ther fields be written as g;,(,,m ) and u/(’r‘m,
respectively. One can check that they have the following
components:

1
g;gm):_SZer..., “/(tm):_“L"" (17)

at the leading orders in 1/r, with - - - representing higher
order corrections. It would be better to perform the
following coordinate transformation:

t—=T=smt, X = ¥, (18)

=14
-. This means that, in these new coor-

dinates, the leading term of gj,(;” ) takes the usual form,

namely, g;,(yrm =1, + - -+ with 1, = diag(=1,1,1,1). In
fact, all symbols in this section and the following are for the
mode m, and it would be clearer if one appended the
subscript m to them. However, this would be very cumber-

some. So, we will not append any subscript or superscript to

such that in the new coordinates, (7, X/ ), g;(;m)
and u’(fm):1+~

any of these symbols, except gﬂ(IJ . and )(” defined in

Eq. (33). It should be easy to understand Wthh mode these

symbols are associated with based on the context.
Generally speaking, in these coordinates (7,x/), the

metric perturbation /,, = g;,(ym)

reversed version hy, = hy, —n,, 1" h),,/2, takes a form

17;“,, or rather its trace-

that would make the construction of the pseudo-Newman-
Unti coordinates very complicated. So, it is better to
perform a further gauge transformation, parametrized by

—Y, "t
— T

(19a)

+ ]an

Za,L +ZaL 1( ‘%:‘1). (19b)

Here, the components of & are expressed in terms of the
transverse-trace-free tensors %, 7’1, 7, and %, which
are functions of 7 —r. Therefore, /;, and # transform
according to [79,106]

lfl/ h” _ h/ _ 5

0 5/,1 + ’7;w éﬂ» (203)

o — o = v 4 g (20b)
One can choose suitable #;, 71, 7, and %, for the
mode m such that EZU takes a somewhat simple form. One
may call such a choice the good gauge. In GR, the good
gauge is the transverse gauge d,7"* = 0 [37].

Now, one is ready to construct the pseudo-Newman-Unti
coordinate system for the mode m, by determining the
appropriate coordinate transformation that transforms
the metric perturbation f_z;,’y. Up to the linear order in the
perturbations, one writes the coordinate transformation for
the radiative mode m in the following way:

0 =6 +0 (21)

where u =7—r. U, R, and ©®¢ are all linear in the field
perturbations. Before presenting the scheme to construct
the pseudo-Newman-Unti coordinates, let us take a detour
to review what the Newman-Unti gauge is and how it may
be achieved by the coordinate transformations.

In the unphysical frame, the Newman-Unti coordinate

system (ii,7,6) is defined to be the one in which the
/(m)

metric Gy, has the following components [107]:

gm =g =0, gM=-1.  (22)
Or equivalently,

Gim) = Ty =0 Gmy = 1 (22b)

Thus, 7 is the null coordinate. By Eq. (22b), one finds the
conditions,
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[y a_ﬁa_ﬁ -0
(M) gx# ox¥ ’
it 96°
s 7
i) gt oxv 0
o or

uy _

Jim) oxt ox’

Substituting Eq. (21) into the above expressions, one
obtains the following results [37]:

1 _
K9,U = = ek, . (23a)
1 -
kﬂaﬂR = Enjkhyk - Ehyj tU’ (23b)
k9,07 = —f(a U + k,A"), (23¢)

where k* = (1,n/) is the leading order piece of # =
(0/0F)*. The left-hand sides of above equations can be
viewed as the total derivative with respect to r, i.e.,
k0, = d/dr, and the right-hand sides are series expansions
in 1/r. Once these set of equations are integrated, one can
determine the remaining metric components using

oF oF
~irr g 70 7
Giem) = Yim) i g
e OF 0B
Gim) = 9im) g7 g

v — g 900"
(m) = J(m) g gt

/(m)

n(m) ~/ab]—1 ~/(m) ~1rb /(M) and guu —

Thus, Gap _ig(m) > Yua” = YyYap

g’(”> + g’(’“)gu(a) Actually, this scheme can be applied
to the tensor mode in FEinstein-ether theory, as in the
unphysical frame defined by ¢ = sé, the tensor mode
propagates at the speed of unity, and the metric perturbation
P_zZD takes exactly the same form as in GR. However, if one
directly applies this scheme to the vector and scalar modes,
one obtains terms proportional to In 7 or even 7 In 7, relative
to the respective leading order terms. These terms would
make the leading order part of the metric field g;fym ), i.e., the
Minkowski metric 77,,, shadowed by the higher term part
h,, as 7 — +oo, which is inconsistent with the lineariza-
tion. Since one has performed the transformation (20a) to
take the good gauge to simplify the calculation, one may
argue that it is probable to impose the Newman-Unti gauge
condition without introducing any diverging logarithmic
terms as one can execute a different gauge transformation.
As a matter of fact, this is impossible as one can do the
same calculation after performing a further gauge trans-

formation. The diverging logarithmic terms always survive

the gauge transformation (20a). Therefore, the Newman-
Unti coordinate system may not be suitable for studying the
vector and scalar modes.

The appearance of In7 and 7In 7 terms comes from the
rather strong requirements (22a) or (22b). These equations
imply that 7 is a null direction from some finite place in the
bulk all the way to the infinity # — +oo0. Since in this work,
one is interested in the fields at the inﬁnity, one may relax

O(1/7)
and g0 ~O(®). In this way, although 7 is not null
everywhere, it is null at the infinity. So, based on this
argument, let us determine the desired coordinate trans-
formation. After some tedious calculation, one knows that
in the pseudo-Newman-Unti coordinates, the unphysical
metric is given by

these requirements and demand g’,(, gu(, )1~

G = —1 20N 4 R () (24
g™ = 1 + k9, (U + R) + Ul

%(hi’, o4 ), (24b)

gu) = —=r0L + 2,(U+R) + reil, (24¢)

7o = 2k40,U + Wy + 2n; 0, + (24d)

7 = —r2kr9 0, + 2,U + rea(h” + ), (24e)
?fgi?) = P¥up — (2@(64@}1) + % R¥a

+ %nbﬁ” - e{;e’gfz}’k) (24f)

As Eq. (3.4¢) in Ref. [37], Eq. (24f) is explicitly written in
terms of 7. In the other equations, r is used, instead of 7.
This is all right as they are different from each other by R,
which is of the first order in the field perturbations.
Obviously, all terms in the above equations involving
f_z;l’y are series expansions in 1/r, without any logarithmic

terms. So, in order for § ,ST) approaching the Minkowski

metric at ¥ — 400, one has to impose certain conditions on
U,R and ©“.

Since /y, are series expansions in 1/r, it is natural to
assume that

U= ZT—FZI’IU{_[}, (25)

where the positive powers of r are included for generality.
R and ©®? are also expanded in the similar manner. This
form of expansion is inspired by the usual Lorentz boost
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generator whose radial component actually contains a
positive power term [15,37,108]. It is also inspired by
the form of the gauge transformation generator in the dual
formalism of the scalar fields in some modified theories of
gravity [61,64]. Whether the coefficients of the positive
power terms exist or not depends on the boundary con-
ditions imposed on the metric components. These boundary
conditions can be chosen as

7 o(l) (262)
7 41 ~o(1) (26)
7~ 000, (26¢)
g ~o00), g ~or), (264)
det(7)) = 7 det(7,) + O(P). (26e)

Let us look into these conditions and their implications.
Firstly, Eq. (26a) guarantees 7 being null at the infinity and
results in Ug_ =0 for /> 1. So, there are no positive
powers in U, in fact. Secondly, Eq. (26b) implies R;_;; = 0
for [ > 2, so

R= I"R{_l} + R{O} + R, (27)
with R’ standing for the higher order terms in 1/r, and
a;U{o} + R{_]} =0. (28)

So, the only surviving positive power term in R is rRy_j,,

which also exists in GR [37]. Thirdly, for y&;"), there is no
problem to require it to be O(r°) as in Eq. (26¢), and this

implies that @‘{1_ n= 0 for [ > 1. Then, demand Eq. (26d),

leading to
0;R_1y =0, (29)

30y, =0,

4 0, - 7°Ri;y =0, (30)

respectively. Finally, one wants Eq. (26e), and so

2,04, +2R(_1; = 0. (31)

This result is derived using det(7 SZ)) ~ 7 det(7,) at the
leading order. The condition that det(g’ir;)) vanishes at
O(7) leads to a relation involving Ryoy and field pertur-
bations. Since now, we are presenting the general method to

perform the asymptotic analysis, we do not give the explicit

relation, which shall be displayed in the later sections. Up
to now, one may solve Egs. (28)—(31), and get

Oy, = —Y*(6"), (32a)
1 a

R{—l} - E@aY y (32b)

Uy = —f = —T(69) -g@aya, (32¢)

01, = -Z(6") - 9°f. (32d)

where 7T, Y“ and Z“ depend only on the angular
coordinates.

Let us collect the results obtained so far and define a
vector field )(’(’rm with

X(m = Yoy = =1 (33a)
r
){fm) = rR{_l} —|—R{0} :E-@aya—’_R{O}’ (33b)
a a 91{11} a 1 a a
Ky = O+~ ==y == (20 = 7). (33¢)

Although the form of /(lm) was obtained under the good
gauge, it actually does not change even if one carries out a
further gauge transformation (20a). It is easy to recognize
that )/(’m> is similar to the BMS generator in GR, for
example, .f’éMs in Eq. (3.10) in Ref. [37], modulo the sign
difference. They differ mainly in the subleading terms of
X(m) and X(m)» i.e., Ryoy and Z¢. At the moment, Ry, has
not yet been determined, but as elucidated later, Ry, is a
function of T, Y“, Z¢, and field perturbations. One shall
redefine Rypy such that its dependency on the field
perturbations is moved to R’ introduced in Eq. (27),
resulting in

(Z.2° = 7°f). (34)

N[ =

Ry =

and thus, )/(‘m) is a function of 7, Y“, and Z¢, only.

Obviously, ;(’(‘m) would define the asymptotic symmetry

for the mode m, like &y, in Ref. [37]. By analog, one
knows that 7 and Y“ generate the supertranslation and
super-Lorentz transformation, respectively. So, the asymp-
totic symmetry includes the familiar BMS symmetry. In
addition, the existence of Z“ suggests that there is the
subleading BMS symmetry parametrized by it. In GR, BD,
and dCS, Z¢ is zero in the Newman-Unti gauge or Bondi
gauge [19,25,27,57]. One may want to set it to zero in
Einstein-@ther theory, as a gauge fixing condition, and
then, the asymptotic symmetry group reduces to BMS.
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However, the analysis on the vector memory effect in
Sec. V D suggests to keep it free so that the treatment for all
modes would be uniform. Of course, ignoring Z¢, the
expressions for ;(’(‘m) still differ from the standard ones, e.g.,

Eq. (2.16) in Ref. [19], by higher order terms in 1/7. This is
due to the fact that the analysis is at the linear order in field
perturbations. Once the nonlinear analysis is done, one
expects that ;(’(‘m> takes exactly the same form as Eq. (2.16)

in Ref. [19], when Z¢ is set to zero. So, the asymptotic
symmetry is generated by 7, Y“, and Z¢, and includes
BMS, as the leading part, and the subleading BMS
symmetries.

In fact, the Minkowski spacetime also enjoys the
asymptotic symmetry, as it is asymptotically flat, too.
The generator of the asymptotic symmetry in the flat
spacetime is still ;(’(‘m), defined by Eq. (33) with Ry, given
by Eq. (34). It is now interesting to examine how X/(lm)
transforms the @ther VEV, i* = &), — &, + 6u;(’(’m). Since

Zl(lm) depends on u in general, the @®ther VEV is not

invariant. Usually, in the treatment of the spontaneous
symmetry breaking [11,12], one would like to fix VEV.
So, if one followed common practice in quantum field
theory, one would require ;(’(’m> be independent of u, which

means that
2,Y* =0, (35)

which amounts to the statement that the super-boost
transformations are removed from the asymptotic sym-
metry group of Einstein-ather theory. However, since the
super-boost is deeply related to the CM memory effect in
GR, BD, and dCS, one may not want to fix the &ther VEV
so that the intimate relation between the super-boost and
the CM memory remains in Einstein-zther theory.

Now, one should also check the components of the @ther
field, as the asymptotic symmetry also transforms the @ther
field components. One can show that

i@ =1+ 0,U+ 0" —np, (36a)
' = oR -+ nyp, (36b)
Sla a e.(; 1

W', =00 +7b , (36¢)

using the coordinate transformation law of a vector field.
Since every term on the right-hand sides are series
expansions in 1/r, the components of the @ther field in
the new coordinates have no logarithmic terms.

Up to now, one may notice that U, R, and ®¢ are fixed
only at the leading orders in 1/r. Their higher order
expansion coefficients are still unknown. This is because
here, we have imposed very weak conditions on the metric

components, given by Eq. (26). These are insufficient to
determine all expansion coefficients of U, R, and ®“. If it is
desired, one may further require § 9,“) ,d f,r?) + 1, and y&;“)
be zero at the orders higher than 1/r, and this completely
fixes U, R and ©®“, respectively. These requirements are
weaker than, but resemble Eq. (22a). In the following
sections, we will explicitly determine the coordinate trans-
formations and calculate the unphysical metric and @ther
fields in the pseudo-Newman-Unti coordinate systems for
all radiative modes.

A. Memory effects

Once one obtains the pseudo-Newman-Unti coordinates,
one would like to calculate the geodesic deviation equa-
tion (12) and inspect the memory effect due to the mode m.
It is better to reexpress Eq. (12) in the pseudo-Newman-
Unti coordinate system. Since the right-hand side of this
equation involves R, which is already of the first order in
the field perturbations, let us consider the leading order part
of the physical metric in the pseudo-Newman-Unti coor-
dinates:

7, dX# A% = —sp2di® — 2sp2didF
+ (1 = sp2)di? + 7%7,,d0°d8>.  (37)

Therefore, one can identify an orthonormal basis,

ey = SmOu> ¢ = —0,+0,.

The dual basis is

N . R e .
&Y = syl (dit + dF), e" = dr, e =Ldx/. (39)

In fact, near the infinity, the four-velocities d, of the test
particles approach &g, and it is natural to decompose the

deviation vector S in the following way,
S =Sz, + Sz, (40)

Then, Eq. (12) can be rewritten as

d’s - - .
F = _Srzn(RururS + Ruruizsa)’ (413)
s, o
92 - —Sm(RuruaS + R, 3,55”)- (41b)

Here, the Riemann tensor components can be calculated
using

Rypur = Sr_nznjnthjtkv (42)

Ruru& = sr_nzéénthjtk’ (43)
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Roup = SmChesR . (44)

Usually, one call S the longitudinal mode and S% the
transverse modes.

Suppose the radiative mode m exists at 7 — oo from the
time i to iiy. Integrating Eq. (41) gives the total changes
AS and AS® between iig and it;. If AS # 0 or AS? # 0, one
claims that there exists the memory effect. By studying the
functional dependencies of AS and AS? on the radiative
modes, one can decipher the relation between memories
and asymptotic symmetries, as explicitly demonstrated in
Secs. IVD, VD, and VID.

IV. PSEUDO-NEWMAN-UNTI COORDINATES
FOR TENSOR MODES

In this section, the pseudo-Newman-Unti coordinate
system will be determined for the tensor mode. For this
purpose, one should solve Eq. (9a) and write hT.kT using
multipolar moments in the physical frame. This would be
done in Sec. IVA. Then, work in the unphysical frame
with ¢ = sé. Now, fix the gauge and perform a suitable
infinitesimal transformation Eq. (20a) such that }_z;jp takes a
simple form in Sec. IVB. In Sec. IV C, one gets the
transformation Eq. (21), and the pseudo-Newman-Unti
coordinates are obtained, together with the asymptotic
symmetries. The unphysical metric and @ther fields will
also be explicitly calculated. Finally, the memory effects of
the tensor mode are discussed in Sec. IV D.

A. Vacuum multipolar solution

Consider the tensor equation (9a) first. In the vacuum,
one knows that the solution is [109,110]

E F
r
Giyr-1 Hyp
+ ZaL—l [a(./( . ) + €M<jak)p( qr
=1

Ljx - €pq(iK)qL—2
+Z(3L_2[<JL )—F@p( rq(j” k)q ’
= r r

in general. Here, the symmetric-trace-free tensors
(Ep.Fr.Gp Hy. 1. J;) are all functions of sqf — r, the
retarded time associated with the tensor GW. What essen-
tially differentiates Eq. (9a) from Eq. (2.2) in Ref. [110] is
that hJTkT here satisfies the transverse-trace-free condition,
while h, there is merely transverse. Then, imposing the
transverse-trace-free condition (0°A};" = 0 and §*h}[ = 0)
leads to

Wy = {51‘
=0

F=E® =0,  F =sE (Iz1), (45)

2
GP =0, G =—43E] (I21), (45b)
IL — 2s—4E( ) (l > 2) (450)
HY =0, Jp==sgH (122). (45d)

where the superscript (n) indicates the nth order partial
derivative with respect to ¢. The metric perturbation is now
given by

TT _ EL E;z)
hj, = E kL7+5jk§ aLW
(2
1=
(2)

EW €, iH
kL— (it kg2
+§ 0p.- 2( . 0 o ) (46)

gr

HLl

aka 1

From this expression, one notices that the metric perturba-
tion is determined by two sets of transverse-trace-free
tensors, £; and H;, which is consistent with the fact that
there are two tensorial degrees of freedom.

B. Gauge fixing

According to the discussion in Sec. III, one should now
fix the gauge such that¢; = 0 and w =y = 0 [105]. If one
considers only the tensor mode, then one finds out that

hy = W, (47)

and the remaining components of /,,, vanish, as do all of the
components of b*. Now, one should work in the unphysical
frame witho = sé so that the tensor mode travels at the speed

of one, as measured by the unphysical metric g’ﬁ,gy). Then,
perform the coordinate transformation ¢ — 7= spyf,
x/ — x/. So, the unphysical metric and zther fields are

R S B

1

(48b)

This way, the leading order parts of the metric and @ther
fields take the usual forms. The trace-reversed metric
perturbation /), is

Hp=hi.  (49)

In this gauge, h;u,, given by Eqgs. (49) and (46), is drastically

different from the one in GR, referring to Eq. (2.3) in Ref. [37].
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Now, one tries to make }_z;w look like the one in GR as
much as possible. This means one should perform the
gauge transformation parametrized by Eq. (19), with %/,
V1, T, and Z all functions of syt — r. After some trial
and error, one takes the following good gauge conditions:

Hy

2 ki
where [n] means to take the nth order derivative with
respect to u. Furthermore, if one defines

9L:—2E[L2], %L:

EY :2(_;)IML (1>0), (50)

mo (=D N
HY = =850 (2 1), (51)

then, one has

: S
h%’f—4Z

(1]
» (MjL—l + l€qu ap S
r [+1

(52a)

N gL—1
=4y ; ) (52b)

2] (1]
7 (=1)! Mir o 21 €pa(iSkgr—
h, =4 0 d
k ; Tt W B

(52¢)

These equations are equivalent to Eq. (2.3) in Ref. [37]. M,
and S; are the mass and current multipole moments,
respectively. Also, Egs. (45b) and (45d) imply that the

. 1
linear momentum P; = MB Vand angular momentum S ; are

constant as in GR. Note that M = E//2 = 0 according to
Eq. (45a), so the mass monopole is zero in the tensor sector
in Einstein-ether theory. Despite this minor difference,
these expressions suggest that one can repeat the calcu-
lation in Ref. [37] to obtain the Newman-Unti coordinates
for the tensor mode and analyze the asymptotic behaviors.
However, in this work, we will not carry out this compu-
tation as it is impossible to find the well-behaved Newman-
Unti coordinates for the vector and scalar modes using the
same method as discussed in Sec. III.

One should also calculate the perturbation of the &ther
field, given by

N M
n”u—z( z') o —=. (52d)
=0 :
. -0 M 1)
v — ;( L_L _ Z(
M[‘lL] 1 / Syr-1
de_1< Jr +l+—1e‘,-,,qa,, "r ) (52e)

where M, = J M;di. These equations are presented for
completeness.

C. Constructing pseudo-Newman-Unti coordinates

In the following, we will explicitly obtain U, R, and ®“
in Eq. (21) based on the discussion in Sec. III. The metric
components and the @ther field would also be calculated.

Let us consider y* a) first, defined in Eq. (33), which
includes the leading order parts of U, R, and ®?. According
to the discussion in Sec. III, ;(‘(‘g) can be determined by

/(9)

requiring the components of g, in the pseudo-Newman-
Unti coordinates to obey certain boundary conditions (26)
near the infinity r — oo. The boundary conditions imposed
in that section are relatively weak for the tensor mode. As
one can check, it is possible to further impose

g m ~O(1/r), compared with Eq. (26¢). This results in
= —4¢P;, and thus, Rygy = 5n;P; — 2*f /2 by requir-

ing det(@’fl%)) vanish at O(r®). However, this stronger
condition may not be consistently imposed in the vector
sector. In order to make the treatment uniform, we will stick
with conditions (26) for the tensor mode. Meaningly, one
should let Z¢ be free, and that leads to

(2.2° — D*f). (53)

1
Ry =3

Therefore, )(’(’g) is completely parametrized by 7, Y¢, and

74, and the asymptotic symmetry includes the BMS and the
subleading BMS symmetries as discussed in the previous
section. This is different from GR [37], BD [24,57], and
dCS [25,64].

Now, one can determine the higher order terms of U, R,
and ©“. It turns out that

1< 2k —1
U:”?@l)“;ﬂ TE I EY Y
X ay nLA;IkE_k] ; (54a)
1 1= k)(I+3k—1
R:%”;F (z+(k)<z)+(k-1)<kll)
X ay ”Lﬂﬁ_k] : (54b)
a a ej 1< Akl np_
O =xig =% — ﬁz;(l+k)(k+ 1)
<12fz7_—llMyL_f]1 12_|]_d] €ira pSng]1> (54¢)
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where

(14 k)!
= 55
K (1= k) (55)
One can compare these equations with Eq. (3.2) in Ref. [37].
First, let us compare the leading order terms represented by
;(’(‘g) with &, given by Eq. (3.10) in Ref. [37]. Although at

the subleading orders, | is different from &5 by Ry and

Z4, their leading order parts are actually the same, modulo
the difference in the sign convention. Second, let us focus on
the higher order terms in Eq. (54) and compare them with the
corresponding terms in Eq. (3.2) in Ref. [37]. Itis easy to find
that these two sets of equations share the same parts that are
proportional to the symbols a;;. The remaining parts are
different. That is, here, there are no In r-terms, as we have
imposed weaker conditions on the metric components.

In the pseudo-Newman-Unti coordinates, some of the
metric components are thus
4n jP

79 = 79 =-27, (56)

’ gur—

~

by Eq. (24). As one can see, 55‘?) is not zero at a finite 7, and

ai?) can be freely specified. So, the pseudo-Newman-Unti
coordinate system for the tensor mode is almost in the
Newman-Unti gauge. If one works in the center-of-mass
frame with P; = 0, and chooses a gauge such that Z, = 0,
the Newman-Unti gauge is recovered. The remaining
metric components are

79 =—-1-(Z*+2)fl 4 (57a)

(e 2%)
79 = ch b + N + ”ZP{‘ + A7, (570)
a rk ’

ik
( - ~ 1 . 0
7 =7 [Vab+2@<aYb>+;< Cap + 8,2 ">Zr—i)}

=1

+ A5\, (57¢)

where Y, =7,Y", A7\Y = 9,9,7b/2, and Agab =

2r@<aZb> with Z, = #,,Z". Note that Ay ab) is traceless,
like c,;,. Here, these metric components are put in such a
form that the so-called Bondi data can be easily read off.
Indeed, m and N, resemble the Bondi mass aspect and
angular momentum aspect [27,37,111],

_z l+2 i, M EE]’

(58a)

I+ 1)(1+2) [i-1]
; 20— 1)1 ”L-l <MjL—1

21

_ -1
+l+1 jra™ pS[qL ]1> (58Db)

at the linear order in the field perturbations. The tensor ¢,
looks like the shear tensor, given by

_as sk N =2 (00 20 ol
Cab —46@ §>zz—2: I <MjkL—2 T+1 €ipatpSiqL- 2)

25, . (59)

And, the remaining symbols K, P{;, and Q;;j are

1 (+0I+2) e
K, = M
k (k+1)(k+2); G ML, (60a)
; 2 [+2 - [1—k—1]
P, =— TR TSR <M 1
k+3 l:zk—;l I ;
20 k-1
+ I+ lequ”pSE,L—l ])’ (60b)

. k—1 a _ 21

ij kl ~ [I—K] ~ =~ o=k

k _4—k+ 1 lkW”L—2<MijL—2+l+l ipq PSJqL 2)
(60c)

Now, let us compare Eq. (57) with Eq. (3.14) in Ref. [37].
These two sets of equations are basically the same, except

that g Lm and j both have extra terms, i.e., Ag Em and

Aj a» » Tespectively. These extra terms and y ra are due to
the presence of Z, and can be viewed as pure gauge in the
tensor sector.

The form of c,, as defined by Eq. (59) indicates its
transformation under the supertranslation it — it 4 a(64),
ie.,

Cap = Chpy = Cap =29 (u D). (61)
This is similar to the familiar transformation rule of the
shear tensor under the supertranslation in GR, BD, and dCS
[19,24,25,27,57]. This rule will be useful for interpreting
the tensor displacement memory effect. Under the trans-
formation described by Y¢,

Cab = Cap — 2u_@<a.@b>9CYc. (62)
Of course, neither of Eqs. (61) and (62) is exactly the same
as those appearing in GR, BD and dCS [19,24,25,27,57], as
several terms are missing. However, these missing terms
are products between a, Y or their derivatives and ¢, or its
derivatives, so they are of the second order in the field
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perturbations and can be ignored in the linearized analysis.
Under Z¢ transformation, c,;, is invariant.
Finally, the @ther field has the following components:

i nLM[I k]
Y = lv Skl
I+1 aM
Tau ~L,+2L ) (63a)
=0
PP,y 1< i, MU~
~Ir a r L
= - - m Ay ——
(9 4 || ; k1
I+1 M
B Z T ~Ll+2L ' (63b)
=0
a @a-@ Yb ¢ L My
u/(g) - ZnL 1[ I—1)! e
[l k] )
+2Z|Zaklakl Fh+1 +4(l+1)!
/ = oli—k]
[-2k-2 _ n S I—1
X Z K2 MCipg p?kil . (63c)
k=0

where there are several complicated factors given by

L 1—k4k+3 k>
ay = - )
M7 I+ kk+1 (I+k)(I—k+1)

(64a)

(1=K (I —k=1)(I+3k+4)
(I+k)(k+2)(k+1)
312 — (8k — 3) + k(3k — 5)

I+ khI-k+1) (64b)

roo__
X =

) ki
W -k+1)
[—kl—=2(k+1)(2k +3)
itk (k+2)(k+1)

(64¢)

Unlike the metric components in Egs. (56) and (57), the
@ther field is expressed directly in terms of the mass and
current multipole moments M; and S; as it is not easy to
recognize the physical meaning of their combinations.

As one can see, Eq. (63) is very complicated, and it is
difficult to interpret the physical meaning of the terms.
Similar situation will happen to the metric and @ther fields
for the vector and scalar modes. Therefore, in Secs. V
and VI, we will not present the complete expressions for the
metric and @ther fields. Only leading order terms in 1/7
will be given.

D. Tensor memory effects

Let us now examine the memory effects associated with
the tensor modes. One can show that at O(1/7), R,,.., =
Ryua = 0; then, simply consider

&, I
2 = SRS = 2~sé Usb+0< > (65)

Provided that the initial relative velocity of the test particles
is nonzero, one integrates this equation twice to get

Ac.. -
AS, ~ Y| A4 =Sab gb
0 27 0
+§[C&’9(”~f);ca’9(”°) i - AC, ]é . (66)
0

where S|, and SE]|O are the initial relative displacement
and velocity at the time ii;, when the GW arrives,
At = ity — @iy with it the time when the GW disappears,
Acyj = cyp(itp) — c,p(ig), and AC,j = f:(,j cp()dil'.
If one compares this equation with, for example,
Egs. (62) and (63) in Ref. [25], one realizes that the term
with Ac,, ;, is the (leading) displacement memory effect, and
the one with AC,; contains the spin and the CM memory
effects. See also Ref. [24]. One can always express

Cab = @(a-@b)C'i—Ec(a-@b)-@CD’ (67)

where €, is the volume element on a unit two-sphere, and
C and D are the electric and magnetic parts of c,p,

respectively. The spin memory is given by f; Of Ddii, while
the CM memory is f;(')f L"tC[ol]dL”t. Here, C,, is the part of C
that is related to the so-called ordinary memory effect. In

fact, in the linearized theory, one can show that the
evolution equation of m is

2,9,N, (68)

4>|~

with N, = cng the news tensor. Integrating this equation
over the time i € (iiy, it ) gives

2*(2* +2)AC,, (69)

1
-8
Of course, if one could find the nonlinear evolution
equation for m, one would obtain a similar equation for
the null memory part C — C,. Therefore, like in GR, BD,
and dCS, the displacement memory, spin, and CM memory
are related to the shear tensor c,;,. Of course, in Einstein-&

ther theory, c,, is the shear tensor of the unphysical metric

tensor § f,gy).
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So, if a vacuum state for the tensor mode is also the one
described by ¢, = @w@b)C with C = C(#%), then the
displacement memory effect in Einstein-&ther theory is
also the vacuum transition as

Acyy, = 71,9 AC, (70)

where AC = —2a with « defined in the sentence above
Eq. (61). One can expand AC using 7i; in the following
way [112]:

AC = 7, AC,. (71)
=0

Then, by the definition (59), one can also show that

—2)!
(13

/]

AC, =2 ( NV (72)

for I > 2 so the tensor displacement memory effect is of the
so-called electric parity as in GR [113].

Because of Eq. (70), one expects that the flux-balance law
associated with the supertranslation could also be rewritten as
the constraint equation on the displacement memory effect
for the tensor mode as in Refs. [19,24,58,64]. Equivalently,
one can integrate the evolution equation for the Bondi mass
aspect to obtain the constraint. Unfortunately, since we are
working in the linear theory, the evolution equation for the
Bondi mass aspect m does not include the contribution of the
energy flux of the GW, which shall be quadratic in N,.
Therefore, one cannot get the constraint on the displacement
memory effect. Constructing the pseudo-Newman-Unti
coordinate system up to second order in the field perturba-
tions could provide the quadratic terms [37], but this is
beyond the scope of the present work. Similarly, for the spin
and the CM memory effects, their constraint equations shall
also rely on the construction of the evolution equation of the
angular momentum aspect N, up to the second order in the
field perturbations, which cannot be obtained in the linear-
ized analysis. So here, we will not try to calculate the
constraints on memory effects.

In summary, the leading displacement memory in the
tensor sector shares many characteristics with the one in
GR. They are both the variation in the shear tensor c,;,, can
be viewed as the vacuum transition, and are deeply related
to the supertranslations. Although not explicitly verified in
the linear analysis, the triangular equivalence between the
leading displacement memory, the supertranslation and the
leading soft graviton theorem shall also hold in Einstein-&
ther theory, which can be examined in the nonlinear
analysis.

V. PSEUDO-NEWMAN-UNTI COORDINATES
FOR VECTOR MODES

In this section, the pseudo-Newman-Unti coordinates
will be obtained for the vector mode following the general
scheme in Sec. III. The structure is similar to Sec. IV for the
tensor mode.

A. Vacuum multipolar solution

Now, the vector equation (9b) is to be solved. The
general solution to Eq. (9b) is [109,110]
DqL—l
r 9

T = Za,L + ZaL | < + €jpg0p
for some transverse-trace-free tensors B;, C;, and Dy, all
functions of the retarded time s, —r. The transverse
condition leads to

0’2 = (73)
which implies that
B =0, B +Co=0 (I21). (74)
Therefore, one has
2)
B B Dy
Z JLT T : ZaL 1( ;grl €jpqOp q’I: > (75)
\%

Again, there are two sets of transverse-trace-free tensors,
B; and Dy, here. Indeed, there are two vectorial degrees of
freedom. E; can thus be obtained using Eq. (11c).

B. Gauge fixing

To fix the gauge, one also sets ¢; =0 and w =y = 0 as
for the tensor mode. Then, perform the coordinate trans-

formation 7 = s,¢ such that in the coordinates (7,x/),

g’g\;’) =-1= _uIEW’ g’%) =8, and

[2] D .
gL-
ZalLi_ ZaL 1< — €jpg9p , >*

(76a)
B2 a
Ll DL—I
= >0 B o (0, P,
(76b)
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where [n] also means to take the nth derivative with respect
to u. Here, one defines

2_ 2
K, :_1+c+sg—s\,

Sv

EL:leL’ DL:leL7 (76C)

2 — 52
k2: g,

Sy

EL - kQBL, lo)L - kQDL, (76(1)
to simplify equations. These expressions are already written

in the unphysical frame with ¢ = s2. The trace-reversed

metric perturbation of g,(w) is given by h = % =0, and

i BL [2] qu—l
hij = Z JLT ZaL 1 —€pg0p ) (77)
=0

The first term on the right-hand side would make the
computation very tedious, so it would be better to simplify
the metric components by performing the gauge transforma-
tion described by Eq. (20). Then, one knows that the
following good gauge

WL:BL, %L:9L:'@L:0 (78)
gives
] Bl
Bl = ZaL — (79a)
1=0
[ZL] 1 Dy
hi] - _ZaL 1( : = €jpgp qf) (79b)
Bl
h;lk = 5JkZOL T (79C)
[
The ather perturbation is
: Bl
=) oL, (79d)
r
=0

o

D
L 1 L—-1
n”/—E ajL § 0 1( j —€jpg0)p qr ) (79)

: L
Itis apparent that /1,

, takes a very different form from the one
in GR [37]. In particular, n ik is diagonal, while the corre-

sponding perturbation in GR is trace free [37,109]. These
differences lead to the difficulty in determining a well-
defined Newman-Unti coordinate system for this mode.

C. Constructing pseudo-Newman-Unti coordinates

In this subsection, one will determine the pseudo-
Newman-Unti coordinates using the general scheme
described in Sec. III.

As in the case of the tensor mode, let us first consider
)(’(’V). In Sec. 111, )(‘(’v) has been determined up to two sets of
unspecified functions, Z¢ and R{O}, as the boundary
conditions (26) were chosen to be relatively weak. Now,
for the case of the vector mode, it is impossible to
strengthen the condition (26c). This is due to the form
of hy, given by Eq. (79). In particular, it is the following
combination of the components that prevents the condition
(26¢) from being tightened:

J T Z T 0
ea(h +h k”k) 72(—1) n(B JL— 1+€mq”quL 1)
I=1

4 o(%) . (80)

The left-hand side of the above expression appears in
Eq. (24e), which thus acquires a contribution at O(r°). One
can check that Z,, also appears at O(r°) on the right-hand of
Eq. (24e). As the leading order term of Eq. (80) is generally
nonvanishing and time dependent, one cannot choose a
suitable Z,(0) to remove it, so § ) has to start at O(r°).
This also means that one shall leave Z, free, as a nonzero
Z, does not violate the condition (26c).

Now, let us discuss the form of Rygy. As in the case of the
tensor mode, one makes use of the vanishing of det(g’ v )) at
O(P) to get

1 - ~

Rpoy =3 (242 = P°f). (81)

This equation takes the same form as Eq. (53) in the tensor
sector, which guarantees the uniform treatment. Therefore,
;(?‘V) is completely fixed for the vector mode. Just like ;{’(‘g)
for the tensor mode, ;(’(’V) is also parametrized by 7, Y“, and

Z“, so the asymptotic symmetry in the vector sector also

includes the BMS and the subleading BMS symmetries.
The coordinate transformation from the Lorentz coordi-

nates to the pseudo-Newman-Unti coordinates are given by

1 ! lay, nLBU k+1)
2 1) , 82
vt Z:( ;ka o (82a)
!
ll—k)+ k+1)
A=+
=1 =1
o [l—k+1]
B
X ay =5 (82b)
!
a __ ,a akl
® _Z(V>_e“2 ZZ PR
=1 = (
21—k plimk+1 I—k
[ k EL 1 ]+€JP’1 PDEIL ]1] (82¢)
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The leading order part of the coordinate transformation is
given by )(’(‘V), which describes the asymptotic symmetry, as

elucidated in the previous paragraph. The remaining parts of
the transformation (82) are certainly different from Eq. (3.2)
in Ref. [37]. They are given by functions of the multipole
moments B; and D; related to the vector degrees of freedom
in Einstein-ether theory.

Substituting Eq. (82) into Eq. (24), one can calculate the
following metric components:

g/rr I < 1] + ZZ [~LB[LI+1]> ’ (8321)
L) 2+3
o 2B 2 _1)! +3 Bl b
Pur =14 =42 (U mBT, (83)
g’ga) =, =-2, -I-?ZZZ )7 - 1( _11
Y
+ equnpDEI]L_l), (83¢c)

where the symbol I', is defined for the upcoming dis-
cussion on asymptotic symmetries and vector memories.
So, these components are different from Eq. (22a). Again, 7
is not null at a finite value, but g’ 5\9 approaches zero at the
infinity. All of these components are even time dependent
in general in contrast with the corresponding terms in the
tensor sector and those in Newman-Unti gauge in GR. The
Newman-Unti gauge can be imposed in the special case
when B[Hl] ) [LI] = 0 under the gauge condition Z, = 0.
As dlscussed below, this means that the presence of the
vector GW prevents the construction of the Newman-Unti

coordinates. The remaining metric components are

7Y = %@ (Yo + PPya) 4 o(%) (83d)
v =-2, <f %% +;%Z”>

, 1 5
¥ afaz(—lm_l{ [ i -] B

P+i+4
+T irg™ ng]L 1} +O< ) (83e)
Z]’S;,) = ?2(741}1 + 2-@<uyh>)
+2H D 1uZiy — D0 Dy f) + O(F). (83f)

The complete expressions are very tedious and not very
illuminating. So here, only the leading order terms are
presented. The higher order terms in 1/7 are all expressed
in terms of B;, D;, fSL, or Io)L, defined in Egs. (76¢)
and (76d).

The terms containing f, Y¢, and Z¢ in Eq. (83) tell us how
the corresponding metric components transform under BMS
and the subleading BMS transformations. The particularly
interesting one for the discussion on memory effects is
7% =T,.1f one performs an infinitesimal subleading BMS
transformation given by ¢ — ®“ — z,,/7 [114], then

Fa - Fa — Za>» (84)

ignoring higher order terms in the field perturbations. So, I',
transforms nonlinearly, like ¢, in the tensor sector. Note that
I',, ignoring the Z, part, is proportional to the angular
component of £, at O(1/7) by Eq. (75). That is, although the
@ther field has no internal symmetries, its transformation
under the diffeomorphism can be nontrivial.

Finally, in the pseudo-Newman-Unti coordinates, the
unphysical @ther field is

g2y B
R S
1
S -1y “*Mo() (85)
"=
Y PP,y B
W= 4 F
(1= 1)) 1(1 4 1) i, B
-1 L
N
1
+O<ﬁ>, (85b)
_ @a@be
la J—
Ywv = "%,

r
éj . B+ | - o Al
+ ?_22(—1) Rp_1q | Bjp—i T €pgitpDyr

[l+l] X (1]
-5 {(2[ — I)B]L qunquL_l] }

+o<;3).

We present the expressions for the components of the @ther
field for the completeness.

(85¢)

D. Vector memory effects

Now, let us calculate the geodesic deviation equation (41)
to study the memory effects excited by the vector mode. It
turns out that

CS__p oo s

g 5 = —S\Z,Rumasa, d 7 _S\Z/Rurufzs’ (86)
T T
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as Ry, = R;,; =0 at O(1/F), and

- c+s L o[42
Rurua = P 7 3¢ E )7y - 1< jL— 1+€/pq pDLZ ]1>
vl I

+ o<ﬁ> (87)

So, there is a mixing between the longitudinal mode S and
the transverse modes S“. This is just the special feature of

the vector polarizations. Since when BUH] Z)E] =0,itis
permissible to take the Newman-Unti gauge, the above
discussion implies that in that case, there are no vector GWs
at 7 — oo, noting that B; « B, and D; « D; by Eqs. (76¢)
and (76d). Therefore, in some sense, it is the presence of the
vector GWs that impedes the use of the Newman-Unti
coordinates in the vector sector.

Comparing Egs. (87), (75), and (83c), one can rewrite

2
i €459 2]
urud _2SVk1 a’

(88)

at O(1/7), with k; defined in Eq. (76¢). This is expected, as
the vector polarizations are excited by the vector modes %;,

and one can show that EﬂZj =T,/k 7+ O(1/#). So
integrating Eq. (86) twice results in

§
dr|,

c+s\,sg
2k,

AS = Ail + AT, S“

C.S S
+- 0 [Ta(ity) + Ty(iig)| At
2K,

_2/"’ r&da}ds
i dr

and an exactly similar expression for AS, with S and $¢
exchanged in the above equation. Note that one should
evaluate this equation up to 1/7. Here, Eq. (89) is written in
terms of I, so that it is easy to associate the memory effect
with the symmetry [see Eq. (84)]. This equation is similar
to Eq. (66) for the tensor mode, so one could call the term
proportional to AI'; the (leading) displacement memory
effect of the vector mode and the one proportional to the
integral of I'; the subleading displacement memory effect.
By the transformation law (84), one may state that the
(leading) displacement memory of the vector mode is
associated with the subleading transformation,

(89)

0

ATy = =24, (90)

similar to Eq. (70) for the tensor displacement memory
effect. So, the (leading) vector displacement memory effect
may be interpreted as the vacuum transition I',(uy) —
', (uy) in the vector sector. This observation serves as one

reason for keeping Z, in )(’(’m). It seems that the subleading

vector displacement memory |, ; Of I',dii has no close relation
with the asymptotic symmetry.

Since any vector field on a unit two-sphere can be
decomposed into its electric and magnetic parts, e.g.,

U, = Do+ ,,7%, (91)

one may call Ay the electric-type vector memory effect, and
Av the magnetic type. Due to Eq. (90), one writes

Aﬂ = &, Av = -, (92)

where one decomposes z, = @ax + éab@bt}. This means
that the electric-type vector memory effect can be viewed as
the vacuum transition caused by the electric parity part of
the subleading BMS symmetry z, = Z,%, while the mag-
netic-type memory is the vacuum transition associated with
the magnetic parity part of z, = €, .@bt}. If one expands Apu
and Av in the similar manner to AC in Eq. (71), calculation
shows that

—1)

Apg, = ( l) ABQH]’ (93)
~1)

Ay, = 5D 1) ADIY, (94)

for [ > 1, according to the definition of I',. As a compari-
son, the velocity kick memory effect in Maxwell’s electro-
dynamics is related to the change in the electric part of the
leading order term of the radiative mode since the gauge
symmetry of the four-potential .27, — .27, + 9,8 involves
the electric part of <7, [18]. Here, the linear analysis shows
that the electric-type and magnetic-type memories both
exist in a generic process in Einstein-zther theory.

Similarly, one can decompose the subleading displace-
ment memory effect [,/ I',dit into its electric ( ; :0 ! udir) and
magnetic ( f;{ vdir) parts. Their relations with the sym-
metries are trivial at least in the linearized case.

Finally, in the linearized theory, one could not get the
constraint equations for the vector memory effects, either.

VI. PSEUDO-NEWMAN-UNTI COORDINATES
FOR SCALAR MODE

In this section, the pseudo-Newman-Unti coordinates
will be obtained for the scalar mode following the general
scheme in Sec. III. The structure is again similar to Sec. IV
for the tensor mode.
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A. Vacuum multipolar solution

For the scalar mode, one can simply set, for example,

AL(SS[— r)

This solves Eq. (9¢). With Egs. (11a) and (11b), one has

(95)

c1q —2¢, AL
o = Jp —, 96
B (96)
\P — 2c14(c+ 1) ZaL A_L (97)

There are no constraints on A;’s from the equation of
motion (9c¢).

B. Gauge fixing

Similarly to the tensor and vector modes, one wants to fix
the gauge before obtaining the pseudo-Newman-Unti coor-
dinates. Again, one may set ¢; =0 and w =y =0 and
perform the coordinate transformation t — 7 = sgt,x/ — x/.
In this way, one knows that

2 2]
g = -1 —2_40142—2 lodLATL, (98a)
g =o. (98b)
g = ]k_22_ci_4 E—SZGLAL 5,k+2z kL— (98c¢)
1459°7=0
and
i 2 ss AP
Wiy =1-3 ) OaLT’ (98d)
Wi, =0 (98e)

In the above expressions, the superscript [72] means to take the
nth order derivative with respect to 7, and A, = [A,dr.
These expressions are already written in the unphysical
frame with ¢ = s3. The trace-reversed metric perturbation

can be read off and given by l_zg ;= 0, and

_ 2+ 3¢y, ss .A
n.=11-
r ( 2—614 Sg Z Ly r

B;k - ( ss) Za]‘ + Zza/kl A :

(99a)

(99b)

A further gauge transformation given by Eq. (19) should now
depend on sg¢ — r and help simplify the following calcu-
lation. Then, the good gauge in the scalar sector is

Vo=A.  wo=7"=A"""" (100
After this transformation, the trace-reversed metric pertur-
bation transforms to

2]
W= Q27 - 7)) 9 ATL, (101a)
=0
P_z;’] =0, (101b)
_ AP
1 = 5jky2;aL ==, (101c)
where
2 4 c1y 53 5§
Fi=1—-—== Fr=1—-=. 101d
! 2 - Clq Sé 2 Sé ( )
The @ther perturbation is given by
L T+ Fy—b, A
vi="0 2 N g, TR 101
3 lz:(; L, (101e)
A A[l]
v = ZajLTL. (101f)
=0

Again, i_z,’jb differs from the one in GR [37,109] in several
aspects. Here, 1_1;’ . s also diagonal as for the case of the vector
mode, and l_zg = 0. Finally, there are no constant A4, ’s, while

in GR, M, P; = M“] and §; are constant.

C. Constructing pseudo-Newman-Unti coordinates

Finally, let us determine the pseudo-Newman-Unti
coordinates for the scalar mode. Again, we start with
;(’(‘S>; i.e., we want to check if Z¢ and R{O} can be fixed.
As one can check, Z, appears in Eq. (24e), and one can set
it free to make the condition (26c¢) be satisfied. Now, to
determine R{O}, one uses the condition (26e), and thus, one
should calculate Eq. (24f). It turns out that

Z ]~ l+2

1

where

(102)
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However, this expression does not take the similar forms as
Egs. (53) and (81) for the tensor and vector modes,
respectively. Moreover, Ry, depends on the scalar pertur-
bation. Thus, it is better to redefine Ry for the scalar mode

by moving the scalar dependent part to R’ introduced in
Eq. (27) so that

Ry = % (2.2 = 7%F). (103)
In this way, Ry, is completely independent of the field
perturbation and truly becomes one component of the
generator of an asymptotic symmetry, which shall not be
a function of the field perturbations. Ryo, now also agrees
with Egs. (53) and (81), confirming the uniform treatment
of the different propagating modes. Therefore, )/('S) is again
described by 7, Y“, and Z“. The asymptotic symmetry in
the scalar sector also includes the BMS symmetry and the

subleading BMS symmetry.
Now, the complete coordinate transformation is given by

o Al k+2)
ot Y jg; T
1
+) (- IZ {/2 +—
=1
l+k+1 Clkli’lLAl k+2] (104b)
k1) i
ea I la ny Al
J kl L
el 104
r IZ:; Zk( rk » (104c)

based on the general scheme presented in Sec. III. Under
the coordinate transformation (104), one gets

A1+2
rr —ZQIZ l L ) (105&)
7% = -2, (105b)
P+1+2
g =-1+ Z(_l)l<92 +f91>
[142]
WAL~ , (105¢)

7

so, at the finite 7, 9, is not a null vector. In the special

solution with .A 2] — 0 under the gauge condition Z, = 0,

the Newman-Unti gauge is recovered. The remaining
metric components have the following leading order terms:

7o =1 —%@a(ya + 2°Y%) + OG) (105d)
7 = <f+ PF+-9 zb> +(’)< ) (105¢)
glasb) — ;Z(yab =+ 2g<aYb>) +7 [2.@@2[»
22D f +TarF s (—1)lﬁLA[L’*2]}
=0
+ O(7). (105f)

From these equations, one knows that the coefficients of the
higher order terms in 1/7 transform trivially under the BMS
and subleading BMS transformations in the linearized
theory. In Eq. (105f), the term proportional to .%#, may
seem transform nontrivially, but since this term is a trace,
while the remaining ones in the squared brackets are

tracefree, then it truly remains invariant under the BMS
and the subleading BMS symmetries.
Finally, the unphysical @®ther field is

2,7% 1

=1~ + =Y (=D[P+1+1)7F,
2 27 pry
1
Ty =2, A 4 0<3>, (106a)
r
L, DTy OG)
4 7
W Doy LA
2F 16,;(— 1=
1
+ O<ﬁ> (106b)

D. Scalar memory effects

After some mathematical manipulation, Eq. (41)
becomes

d’s ~ d*s, ~ P
_ _ b
de - _sr2'nRururS’ dea - _sranu&uf;S s

(107)

at the linear order in 1/7 for the scalar mode, where
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_ ~ A[l+4] 1
Rurur = 932(_1)1% + O<7._2> )
=0

- 1
Rum& = O(?—z) >

and

Fy= ! 1—|—Sé c 2¢
. 2 14 T

2
Ci4 Ss

5 -
2—C14Sg

94:

So, there is no mixing between the longitudinal mode S and
the transverse modes S% As discussed above, when
A¥+2] =0, it is possible to impose Newman-Unti gauge
condition. In this case, the geodesic deviation equation is
trivial, which means that the scalar GW is absent at ¥ — 0.
Therefore, the scalar GW prevents one from constructing
the Newman-Unti coordinate system in the scalar sector.
One can also rewrite
Rurur = g39[3]’ R

FigaQ,  (108)

waub =
at the linear order in 1/7. Indeed, the scalar mode excites
the longitudinal (S) and breathing (S%) polarizations
[79,98,115-117]. Therefore, the integration of Eq. (107)
gives

AS = S| Az — F;AQl18|,
- Z3{[QV(iiy) + QU (1g)] At — 24Q} S,

with a similar equation for AS, with S and .%; replaced by
S; and .7, respectively. Again, this equation shall be
evaluated at the order of 1/7, as in the case of the tensor and
vector modes. One would like to call AS and AS; the
longitudinal and the breathing memory effects, with the
term proportional to AQ!! the leading memory effects and
the one proportional to AQ the subleading effects. Unlike
the tensor or vector memory effects, there seems to be no
clear relation between the asymptotic symmetries and the
scalar memories.

VII. DISCUSSION AND CONCLUSION

In this work, the asymptotic analysis of the vacuum
Einstein-zther theory has been done in the linear case.
Since there are three types of radiated modes, and they
generally travel at different speeds, the asymptotic analysis
has to be performed separately for each mode. These
radiative modes satisfy the similar d’ Alembertian equations

with the speed of light replaced by their respective speeds.
This implies that one may analyze their solutions using a
general scheme such that a suitable coordinate system,
named the pseudo-Newman-Unti coordinates (i, 7, 9“),
can be constructed for each mode. In this coordinate system,
the components of the metric and @ther fields can be written
as series expansions in 1 /7, without In 7-terms. Although 7 is
not always anull direction, itis approximately null, measured

by a suitably defined unphysical metric § E,T), as 7 — oo. It

turns out that, at the leading orders in 1/7, the asymptotic
symmetry is parametrized by three sets of functions of
angles, 7, Y¢, and Z¢, for all modes. As in GR, BD, and
dCS, T generates the supertranslation transformation, and Y
belongs to the Lorentz algebra or its extensions. In addition,
74(0") parameterizes the transformation subleading relative
to Y“. Therefore, the asymptotic symmetry group of
Einstein-ather theory contains the BMS and the subleading
BMS symmetries for each radiative mode, generally larger
than that in GR, BD, or dCS.

One may find it uneasy that the asymptotic symmetry
group of Einstein-ather theory is larger. So, let us explain it
here. The asymptotic symmetry is actually the residual
gauge symmetry, obtained once one fixes the asymptotic
behaviors of the metric components. Since all metric
theories mentioned so far enjoy the diffeomorphism invari-
ance, the stronger the boundary conditions of the metric
are, the smaller the residual gauge symmetry group is. As
discussed in Sec. III, one could not impose the Newman-
Unti gauge condition (22); otherwise, there would be In 7 or
even 7 In 7 terms appearing in the metric and @ther fields for
the vector and scalar modes, relative to their respective
leading order terms. These blowing up terms render the
linearization inconsistent. Therefore, in this work, one may
impose weaker conditions (26), and this leads to the larger
asymptotic symmetry group of Einstein-@ther theory.

In the main text, it was implicitly assumed that three
kinds of radiative modes travel at different speeds, so the
construction of the pseudo-Newman-Unti coordinates was
done separately for each mode. Although we used the same
symbols, e.g., T, Y“, and Z¢, they actually have different
meanings in Secs. [V, V, and VI. When all modes share the
same velocity, not necessarily the physical speed of light,
one can construct a single pseudo-Newman-Unti coordi-
nate system. Formally, one just adds up the corresponding
equations. For example, one can add up the right-hand sides
of Egs. (54), (82), and (104) to get the coordinate trans-
formation. Of course, in doing so, one should treat all
symmetric-trace-free tensors, M;, S;, B, D;, A, etc.,
functions of st — r with s a common speed. One should also

drop the subscripts of )(I;g,v.s) and formally, keep one copy

of them [118]. Therefore, the asymptotic symmetry group
is still BMS and its subleading version.

The memory effects have also been analyzed by inte-
grating the geodesic deviation equation for each radiative
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mode. Like in GR, BD, and dCS, the tensor modes excite the
displacement, spin, and CM memories. The displacement
memory effect is also closely related to the supertranslation
and can be treated as the vacuum transition in the tensor sector.
As in the linear theory, one cannot determine the complete
transformation rules of various quantities, in particular, the
shear tensor c,;,, and it is impossible to find the constraint
equations on these memory effects, which involve terms
quadratic in ¢, and N,;,. For the vector and scalar modes,
there are also (leading) displacement memories. Like the
tensor displacement memory effect, the (leading) vector
displacement memory can also be associated with the
subleading transformation generated by Z¢. Both the elec-
tric-type and magnetic-type vector memory effects take place
in a generic physical process. The subleading displacement
memories could also be defined using the integrated geodesic
deviation equations. The vector subleading memories can be
decomposed into the electric and magnetic parts. Finally,
there seems to be no relation between the scalar memories and
the asymptotic symmetries. One may seek for the dual
formalism similar to those described in Refs. [61,119,120],
which is beyond the scope of the current work.

There are several questions that would be answered in
the future. For example, ;/(‘m) has been defined at the

leading orders in 7, so whether it has higher order
corrections like &g in GR [27] is such a question.
Once one obtains the complete expression for )(?’m), one

can work out the Lie algebra consistently. This would help
determine the Noether charges and flux-balance laws, using
Hamiltonian formalism [121]. Also, is there any soft
theorem related to Z¢, and what are the conserved quan-
tities associated with BMS, and the flux-balance laws? All
of these questions may involve the complete nonlinear
analysis, which will be done in the future.
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