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Laboratoire Univers et Théories, Observatoire de Paris, Université PSL,
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In this paper, we study the tidal effects in the gravitationally bound two-body system at next-to-next-to
leading post-Newtonian order for spinless sources in massless scalar-tensor theories. We compute the
conservative dynamics, using both a Fokker Lagrangian approach and effective field theory with the
post-Newtonian effective field theory formalism. We also compute the ten conserved quantities at the same
next-to-next-to leading order. Finally, we extend our results from simple scalar-tensor theories to Einstein-
scalar-Gauss-Bonnet gravity. Such results are important in preparation of the science case of the next
generation of gravitational wave detectors.
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I. INTRODUCTION

Gravitational wave astronomy is becoming a mature
field, nourished by the current and future gravitational
wave experiments such as LIGO-Virgo-KAGRA, LISA, or
the Einstein Telescope. To accompany the development of
the field, it is crucial to provide the community with all the
necessary tools to achieve a very high standard science
interpretation. Among this, one will explore the strong-field
and highly dynamical regime of gravity which will allow us
to test fundamental physics.
Compact binary systems are the most common sources of

gravitational waves, and their detection and parameter
estimation heavily rely on our ability to model their wave-
form at a very high precision. To test our gravitational
paradigm, such a program should be done not only in general
relativity (GR) but also in a representative selection of
alternative theories of gravity. In this work, we focus on
the scalar-tensor (ST) class of theories in which a single
massless scalar field is introduced in addition to the gravi-
tational field [1]. Although such a class is wide, with many
different models that can usually be classified in the Dege-
nerate Higher-Order Scalar-Tensor (DHOST) theories [2],
we will focus here on the simplest one, namely, the
generalized Brans-Dicke theories [3]. However, we will
see that our results can easily be extended to other theories,
such as Einstein-scalar-Gauss-Bonnet gravity [4].
Gravitational wave modeling in scalar-tensor theories

has been developed for the different phases of the coa-
lescence for several years. The merger part is being tackled

using different numerical relativity approaches [5–10].
On the analytical side, which is used to model the inspiral
phase, results have now reached a high post-Newtonian
(PN) accuracy. Hence, the dynamics is now known at
3PN order,1 while the waveform and flux have been
obtained at 1.5PN order2 [11–13]. In particular, tidal
effects have also been investigated and derived at leading
order [14]. Note that all these results were first obtained in
the generalized Brans-Dicke (BD) framework and then
extended to other theories like Einstein-Maxwell-Dilaton or
Einstein-scalar-Gauss-Bonnet (EsGB) for which only the
leading-order correction was necessary to achieve the same
accuracy [15–20].
Thepurposeof thiswork is to compute the tidal effects at the

next-to-next-to-leading order (NNLO). Tidal effects are par-
ticularly interesting in ST theories as they start at 3PN order
compared to 5PN order in GR. This is due to the presence of a
time-varying dipole moment that generates a scalar-induced
tidal deformation of compact objects. The motivation to go to
theNNLO is to reach a level where the gravitationally induced
tidal deformations start contributing [21].
After a short subsection on the notations, the rest of the

paper is organized as follows. First, in Sec. II, we present
the massless-scalar-tensor theories that will be studied
through this work. Then, in Sec. III, we explain how the
post-Newtonian formalism is adapted to the treatment of
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1We call nPN order the 2nth order in an expansion in 1=c,
namely, nPN ¼ Oð 1

c2nÞ.
2In scalar-tensor theories, the leading-order flux is at -1PN

order compared to GR due to the presence of dipolar emission.
In this paper, we choose to refer PN orders with respect to
the leading GR contribution. For example, 1PN order in the
flux corresponds to 2PN order beyond the leading-order ST
contribution.
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tidal effects in ST theories, and we present in Sec. IV an
alternative calculation based on the PN effective field
theory (EFT) formalism that we used to check our results.
In Secs. Vand VI, the NNLO Lagrangian and the conserved
quantities are respectively presented. Before concluding,
the short Sec. VII explains why our results are also valid for
EsGB gravity. The paper ends with some Appendixes
presenting technical details. We have relegated most of
the lengthy results to the supplemental material [22].

A. Notations

In this section, we present the notation that will be used
throughout the paper. Some quantities are related to ST
theories and their generalized PPN parameters, while others
are linked to compact objects and binary systems:

(i) We adopt the convention that the leading-order
contribution due to tidal effect, which is formally
at 3PN order, is noted as leading order (LO). The
higher-order corrections will be called next-to-
leading order (NLO) and NNLO, and they respec-
tively correspond to 4PN and 5PN orders.

(ii) The two masses are indicated by m1 and m2. We
denote by yaðtÞ the two ordinary coordinate trajec-
tories in a harmonic coordinate system ft;xg, by

vaðtÞ ¼ dya=dt the two ordinary velocities, and by
aaðtÞ ¼ dva=dt the two ordinary accelerations. The
ordinary separation vector reads n12 ¼ ðy1− y2Þ=r12,
where r12 ¼ jy1 − y2j; ordinary scalar products are
denoted by parentheses, e.g., ðn12v1Þ ¼ n12 · v1,
while the three-dimensional Dirac function is de-
noted δð3ÞðxÞ, and its value at the position ya is
written δa ≡ δð3Þðx − yaÞ. We denote by L ¼
i1 � � � il a multi-index with l spatial indices; ∇L ¼
∇i1 � � �∇il and so on; similarly, nL ¼ ni1 � � � nil .

(iii) To express quantities in the center-of-mass (CM)
frame, we introduce the notations n ¼ n12, r ¼ r12
and define the relative position x ¼ y1 − y2, velocity
v ¼ v1 − v2, and acceleration a ¼ a1 − a2; we pose
v2 ¼ ðvvÞ ¼ v · v and ṙ ¼ ðnvÞ ¼ n · v. In the CM
frame, we use the total mass m ¼ m1 þm2, the
reduced mass μ ¼ m1m2=m, the symmetric mass
ratio ν ¼ μ=m∈ �0; 1=4�, and the relative mass
difference δ ¼ ðm1 −m2Þ=m∈ ½0; 1½. Note that the
symmetric mass ratio and the relative mass differ-
ence are linked by the relation δ2 ¼ 1–4ν. To reduce
our expressions in the CM frame, we define con-
venient combinations of the tidal deformabilities,
namely,

TABLE I. Parameters for the general ST theory and our notation for PN parameters.

ST parameters

General ω0 ¼ ωðϕ0Þ; ω0
0 ¼ dω

dϕ jϕ¼ϕ0

; ω0
00 ¼ d2ω

dϕ2 j
ϕ¼ϕ0

; φ ¼ ϕ
ϕ0
; g̃μν ¼ φgμν,

G̃ ¼ Gð4þ2ω0Þ
ϕ0ð3þ2ω0Þ ; ζ ¼ 1

4þ2ω0
,

λ1 ¼ ζ2

ð1−ζÞ
dω
dφ jφ¼1

; λ2 ¼ ζ3

ð1−ζÞ
d2ω
dφ2 j

φ¼1
; λ3 ¼ ζ4

ð1−ζÞ
d3ω
dφ3 j

φ¼1
.

½1 ↔ 2� switches the particle’s labels (note the index on the λi’s is not a particle label)

Sensitivities sa ¼ d lnmaðϕÞ
d lnϕ j

ϕ¼ϕ0

; sðkÞa ¼ dkþ1 lnmaðϕÞ
dðlnϕÞkþ1 j

ϕ¼ϕ0

; (a ¼ 1, 2)

s0a ¼ sð1Þa ; s00a ¼ sð2Þa ; s000a ¼ sð3Þa ,
Sþ ¼ 1−s1−s2ffiffi

α
p ; S− ¼ s2−s1ffiffi

α
p .

Order PN parameters

N α ¼ 1 − ζ þ ζð1 − 2s1Þð1 − 2s2Þ
1PN γ̄ ¼ − 2ζ

α ð1 − 2s1Þð1 − 2s2Þ,
β̄1 ¼ ζ

α2
ð1 − 2s2Þ2ðλ1ð1 − 2s1Þ þ 2ζs01Þ,

β̄2 ¼ ζ
α2
ð1 − 2s1Þ2ðλ1ð1 − 2s2Þ þ 2ζs02Þ,

β̄þ ¼ β̄1þβ̄2
2

; β̄− ¼ β̄1−β̄2
2

.

Degeneracy αð2þ γ̄Þ ¼ 2ð1 − ζÞ

2PN δ̄1 ¼ ζð1−ζÞ
α2

ð1 − 2s1Þ2; δ̄2 ¼ ζð1−ζÞ
α2

ð1 − 2s2Þ2,
δ̄þ ¼ δ̄1þδ̄2

2
; δ̄− ¼ δ̄1−δ̄2

2
,

χ̄1 ¼ ζ
α3
ð1 − 2s2Þ3½ðλ2 − 4λ21 þ ζλ1Þð1 − 2s1Þ − 6ζλ1s01 þ 2ζ2s001�,

χ̄2 ¼ ζ
α3
ð1 − 2s1Þ3½ðλ2 − 4λ21 þ ζλ1Þð1 − 2s2Þ − 6ζλ1s02 þ 2ζ2s002�,

χ̄þ ¼ χ̄1þχ̄2
2

; χ̄− ¼ χ̄1−χ̄2
2

.

Degeneracy 16δ̄1δ̄2 ¼ γ̄2ð2þ γ̄Þ2
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λðnÞ� ¼ m2

m1

δ̄2λ
ðnÞ
1 �m1

m2

δ̄1λ
ðnÞ
2 ; ΛðnÞ

� ¼ m2

m1

ð1 − 2s2Þδ̄2λðnÞ1 �m1

m2

ð1 − 2s1Þδ̄1λðnÞ2 ;

μðnÞ� ¼ m2

m1

δ̄2μ
ðnÞ
1 �m1

m2

δ̄1μ
ðnÞ
2 ;

cðnÞ� ¼ m2

m1

1 − ζ

ζ
ð1 − ζ þ ζð1 − 2s2ÞÞ2cðnÞ1 �m1

m2

1 − ζ

ζ
ð1 − ζ þ ζð1 − 2s1ÞÞ2cðnÞ2 ;

νðnÞ� ¼ m2

m1

ð1 − ζÞð1 − 2s2Þð1 − ζ þ ζð1 − 2s2ÞÞνðnÞ1 �m1

m2

ð1 − ζÞð1 − 2s1Þð1 − ζ þ ζð1 − 2s1ÞÞνðnÞ2 : ð1Þ

(iv) Finally, to later present our results, following
Ref. [11], we introduce a number of ST and post-
Newtonian parameters. The ST parameters are
defined based on the value ϕ0 of the scalar field
ϕ at spatial infinity, on the Brans-Dicke-like scalar
function ωðϕÞ and on the mass -functions maðϕÞ.
We pose φ≡ ϕ=ϕ0. The post-Newtonian para-
meters naturally extend and generalize the usual
PPN parameters to the case of a general ST theory
[23,24]. All these parameters are given and sum-
marized in Table I.

II. MASSLESS SCALAR-TENSOR THEORIES

A. Gravitational action

We consider a generic class of scalar-tensor theories in
which a single massless scalar field ϕ minimally couples to
the metric gμν. It is described by the action

SST ¼ c3

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p �
ϕR −

ωðϕÞ
ϕ

gαβ∂αϕ∂βϕ

�
þ SmðM; gαβÞ; ð2Þ

where R and g are, respectively, the Ricci scalar and the
determinant of the metric; ω is a function of the scalar field;
and M stands generically for the matter fields. The action
for the matter Sm is a function only of the matter fields and
the metric.
Equivalently, one can consider the same theory in

another frame, the Einstein frame, which is more practical
to perform the computations. We consider the following
conformal transformation for the metric and the redefinition
of the scalar field as

g̃μν ¼ φgμν; φ ¼ ϕ

ϕ0

: ð3Þ

After some integration by parts, the action becomes

SGFST ¼ c3ϕ0

16πG

Z
d4x

ffiffiffiffiffiffi
−g̃

p �
R̃ −

1

2
g̃μνΓ̃μΓ̃ν

−
3þ 2ωðϕÞ

2φ2
g̃αβ∂αφ∂βφ

�
þ Smðm; gαβÞ; ð4Þ

where we have introduced a gauge fixing term, ∝ g̃μνΓ̃μΓ̃ν

with Γ̃ν ≡ g̃ρσΓ̃ν
ρσ , to enforceworking in the harmonic gauge.

B. Matter action

To study the tidal effects, we will consider finite-size
objects and go beyond the point-particle approximation that
is commonly used. Following the post-Newtonian effective
field theory approach, we model the coupling to matter by a
worldline action describing the coupling of the two objects
to gravity. First, as is usual in the PN formalism, we start
with the point-particle action

Spp ¼ −c
X
a¼1;2

Z
dτamaðϕÞ; ð5Þ

where dτa is the proper time of particle a along its

worldline yμa, defined as dτa ≡ cdt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðgμνÞa vμavνa

c2

q
. We have

also introduced a dependence of the masses on the scalar
field, maðϕÞ, in order to take into account the internal self-
gravity of each object with respect to the scalar field [25].
Then, going beyond the point-particle action, we con-

struct a tidal action, decomposed as

Stidal ¼ SðsÞfs þ SðgÞfs þ Sðg−sÞfs : ð6Þ

The first piece of Eq. (6) encodes scalar-induced tidal
effects, i.e., the response of each object with respect to an
external scalar field. Still using the EFT approach, we
consider the action for the scalar tidal contribution

SðsÞfs ¼ −c
X
a¼1;2

Z
dτa
X∞
l¼1

1

2l!
λlaðϕÞð∇⊥

LφÞað∇L⊥φÞa; ð7Þ

where L ¼ μ1 � � � μl is a multi-index. We have introduced
the projection onto the hypersurface orthogonal to the four
velocity, namely,∇⊥

μ ≡ðδνμþuμuνÞ∇ν and∇⊥
L ¼∇⊥

μ1 � ��∇⊥
μl .

The coefficients λla are the lth-order scalar tidal deform-
ability parameters. As for the masses, we have added an
explicit dependence in ϕ to describe their internal response
to the scalar field. In the following, we set λaðϕÞ≡ λ1aðϕÞ
and μaðϕÞ≡ λ2aðϕÞ.
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Through the second piece of Eq. (6), we also model the
gravitational tidal effects, i.e., the usual gravitational
response of each object with respect to the companion
body. Following the approach [26] pioneered by Ref. [27],
the corresponding action is given by

SðgÞfs ¼
X
a¼1;2

Z
dτa
c

X∞
l¼2

1

2l!

�
claðϕÞGa

LG
L
a

þ l
ðlþ 1Þc2 d

l
aðϕÞHa

LH
L
a

�
: ð8Þ

GL and HL are the tidal moments whose expressions read

Ga
μ1…μl ¼ −c2½∇⊥

<μ1…∇⊥
μl−2Cμl−1ρμl>σ�uρauσa; ð9aÞ

Ha
μ1…μl ¼ 2c3½∇⊥

<μ1…∇⊥
μl−2C

�
μl−1ρμl>σ�uρauσa; ð9bÞ

with Cμνρσ the Weyl tensor and C�
μνρσ ¼ 1

2
εμνλκCλκ

ρσ, where
εμνλκ denotes the completely antisymmetric Levi-Civita
tensor. This action is formally the same as GR, with

fcðlÞa ; dðlÞa g being, respectively, the lth-order mass-type
and current-type tidal deformability parameters and where,
once again, we have introduced an explicit dependence on
the scalar field. In our case, as we are interested in the
NNLO tidal effects with respect to the leading-order scalar
contribution, it will be sufficient to consider the mass
quadrupole tidal moment only, defined as

ðGμνÞa ¼ −c2ðRμρνσÞauρauσa: ð10Þ

Note that in this definition the Weyl tensor in Eqs. (9) has
been replaced by the Riemann tensor. This is due to the
fact that the traces of the Riemann tensor do not impact
the dynamics, as proved in Appendix B of Ref. [26]. In
other words, using both definitions yields the same
equations of motion for the system. As only the mass-
type quadrupolar deformation will contribute at the
NNLO, we set caðϕÞ≡ c2aðϕÞ.
Finally, by adding the third piece of Eq. (6), we also

introduce gravitoscalar tidal effects, i.e., the possibility to
have a mixing between scalar and gravitational tidal effects.
Such effects were already mentioned in Ref. [28]. The
action is

Sðg−sÞfs ¼ −c
X
a¼1;2

Z
dτa
X∞
l¼2

1

l!
νlaðϕÞGL

a ð∇⊥
LφÞa; ð11Þ

where νlaðϕÞ is the lth-order gravitoscalar tidal deform-
ability parameter and possesses, as the other parameters, an
explicit dependence on the scalar field. As for the purely
gravitational case, only the l ¼ 2 mode contributes to the
NNLO dynamics, so we will restrict to this case in the
following and use the loose notation νaðϕÞ≡ ν2aðϕÞ.

At this point, a clarification on the different frames is
needed. In our formalism, we have coupled the matter fields
directly to the (Jordan-frame) physical metric, the possible
matter interaction being relegated to the dependence of the
mass and tidal parameters on the scalar field. However,
as will be clearer in Sec. IV, the definition of scalar and
gravitational perturbations and the rest of the calculation
are done in the conformal (Einstein) frame. As a conse-
quence, it will introduce additional couplings between the
matter and scalar fields as well as a mixing of the different
type of tidal deformability parameters. In other work, such
as Ref. [28], the coupling to matter is directly performed in
the Einstein frame; hence, no such mixing is appearing. We
will come back on this point in Sec. VII.

III. POST-NEWTONIAN FORMALISM

To derive the equations of motion for each object, we
follow a Lagrangian approach, often referred to as the
Fokker Lagrangian approach [29]. We remind the reader
here the main steps for such a construction:

(i) Starting from the action (4), we derive the field
equations for the metric and the scalar field pertur-
bations, displayed in Eqs. (13).

(ii) We solve iteratively these equations up to a certain
PN order, determined by the Fokker approach. Here,
as we are interested only in the correction due to
tidal effects, it is sufficient to know the point-particle
contributions to the metric and scalar field pertur-
bations; see Appendix A.

(iii) We inject these solutions in the total action up to
the required order. It results in a generalized
(Fokker) Lagrangian that depends not only on the
positions and velocities of the particles but also on
their higher-order derivatives. The result is presented
in Sec. V.

(iv) Varying the generalized action with respect to the
position of the particles, we obtain the equations of
motion for each particle. In Sec. VI B, we display the
resulting tidal correction to the equations of motion
after reduction to the center-of-mass frame at the
LO and NLO, and we relegate the NNLO result to
Appendix C.

In the following subsections, we give more details on the
implementation of the PN formalism in ST theories.

A. Field equations

First, after introducing the conformal gothic metric
gμν ≡ ffiffiffiffiffiffi

−g̃
p

g̃μν, we define the scalar perturbation ψ and
the metric perturbation hμν as

ψ ≡ φ − 1; and hμν ≡ gμν − ημν; ð12Þ

where ημν is the Minkowski metric. Then, from the
harmonic gauge-fixed action (4), we get the field equations
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□ηhμν ¼
16πG
c4

τμν; ð13aÞ

□ηψ ¼ −
8πG
c4

τs; ð13bÞ

where□η denotes theordinary flat space-timed’Alembertian
operator. The source terms read

τμν ¼ φ

ϕ0

jgjðTμν þ ΔTμνÞ þ c4

16πG
Λμν; ð14aÞ

τs ¼ −
φ

ϕ0ð3þ 2ωÞ
ffiffiffiffiffiffi
−g

p �
T − 2ϕ

�
∂T
∂ϕ

þΔS
��

−
c4

8πG
Λs:

ð14bÞ

The nonlinearities in the source terms are encoded byΛμν and
Λs whose explicit expressions can be found in Ref. [13]. In
Eq. (14), we have introduced the classical matter stress-

energy tensorTμν ≡ 2ffiffiffiffi−gp δSpp
δgμν

, the tidal correction to this tensor

ΔTμν ≡ 2ffiffiffiffi−gp δStidal
δgμν

, and their respective contractions with the

metric T ≡ gμνTμν. For convenience, we have also defined
∂T
∂ϕ ≡ ∂Tðgμν;ϕÞ

∂ϕ j
g fixed

and ΔS ¼ 1ffiffiffiffi−gp δStidal
δϕ .

The point-particle contribution to the stress energy tensor
Tμν reads

Tμνðt;xÞ ¼
X
a¼1;2

maðϕÞvμavνaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gμνv

μ
avνa=c2

q δð3Þa ðx − yaðtÞÞffiffiffiffiffiffi−gp : ð15Þ

Then, we expand the mass maðϕÞ around the asymptotic
value of the scalar field at infinity, ϕ0. Using the defini-
tion of the sensitivities and higher-order sensitivities of
Ref. [30],

sðnÞa ≡ dnþ1 lnmaðϕÞ
d lnϕnþ1

����
ϕ¼ϕ0

; ð16Þ

we obtain, at the minimal order required for this work,

maðϕÞ ¼ ma

�
1þ saψ þ 1

2
ðs2a þ s0a − saÞψ2

þ 1

6
ðs00a þ 3s0asa − 3s0a þ s3a − 3s2a þ 2saÞψ3

þOðψ4Þ
�
: ð17Þ

As explained at the beginning of Sec. III and in
Appendix A, only the point-particle solution is required
to compute the NNLO tidal correction to the dynamics.
Hence, we do not display here the explicit expressions for
ΔTμν and ΔS. They can be found in the forthcoming

companion article [31] in which we compute the NNLO
gravitational and scalar fluxes and waveforms. Similarly to
the mass, we expand the tidal deformation parameters as a
function of the scalar perturbation ψ as

λaðϕÞ ¼
X∞
n¼0

λðnÞa

n!
ϕ0

nψn; μaðϕÞ ¼
X∞
n¼0

μðnÞa

n!
ϕ0

nψn;

νaðϕÞ ¼
X∞
n¼0

νðnÞa

n!
ϕ0

nψn; caðϕÞ ¼
X∞
n¼0

cðnÞa

n!
ϕ0

nψn: ð18Þ

B. Metric and scalar-field decomposition

To solve the field equations, we further decompose
the metric and the scalar field in terms of PN potentials
that obey flat d’Alembertian equations [32]. We start by
decomposing the metric perturbation in its component
hμν ¼ ðh00ii; h0i; hijÞ, where h00ii ≡ h00 þ hii, which are
in turn decomposed in terms of some PN potentials. The
same applies for the scalar perturbation ψ ; see Eqs. (20).
The next step is to determine the minimal order that is
required in order to get the dynamics at the NNLO in the
tidal effects. Following Ref. [26], we start by noticing that it
is enough to solve the point-particle field equations (i.e.,
neglecting the tidal corrections to the potentials) in order
to get the corrections to the Lagrangian due to tidal effects.
See Appendix A for the full reasoning. Hence, the poten-
tials will be sourced by the point-particle matter action (5)
only, and the tidal corrections will come from the injection

of these field equation solutions into Stidal ¼ SðsÞfs þ SðgÞfs þ
Sðg−sÞfs . Furthermore, to get the NNLO corrections for tidal
effects, we formally need to know the metric and scalar
field up to 2PN beyond the leading order, i.e., to order
ðh00ii; h0i; hij;ψÞ ¼ Oð 1

c6
; 1
c5
; 1
c6
; 1
c6
Þ. However, as the lead-

ing term is sourced only by the scalar field, see Ref. [14],
such a high order is only required for the scalar field, while
one can go to one lower PN order for the metric compo-
nents. At the end, we get that we should know the metric
and the scalar field at the orders

ðh00ii; h0i; hij;ψÞ ¼ O
�
1

c4
;
1

c3
;
1

c4
;
1

c6

�
: ð19Þ

Using the standard PN decomposition, we introduce the
potentials ðV; Vi; ŴijÞ and ðψ ð0Þ;ψ ð1ÞÞ to parametrize the
metric and scalar perturbations [11,32],

h00ii ¼ −
4

c2
V −

8

c4
V2 þO

�
1

c6

�
; ð20aÞ

h0i ¼ −
4

c3
Vi þO

�
1

c5

�
; ð20bÞ

hij ¼ −
4

c4

�
Ŵij −

1

2
δijŴ

�
þO

�
1

c6

�
; ð20cÞ
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ψ ¼ −
2

c2
ψ ð0Þ þ

2

c4

�
1 −

ϕ0ω
0
0

3þ 2ω0

�
ψ2
ð0Þ

þ 1

c6

�
−
4

3

�
1 −

4ϕ0ω
0
0

3þ 2ω0

−
ϕ2
0ð−4ðω0

0Þ2 þ ð3þ 2ω0Þω00
0Þ

ð3þ 2ω0Þ2
�
ψ3
ð0Þ þ ψ ð1Þ

�

þO
�
1

c8

�
; ð20dÞ

with Ŵ ≡ Ŵii. Each PN potential satisfies a flat space-time
wave equation

□V ¼ −4πGσ; ð21aÞ

□Vi ¼ −4πGσi; ð21bÞ

□Ŵij ¼ −4πGðσij − δijσkkÞ − ∂iV∂iV

− ð3þ 2ω0Þ∂iψ ð0Þ∂jψ ð0Þ; ð21cÞ

□ψ ð0Þ ¼ þ4πGσs; ð21dÞ

□ψ ð1Þ ¼ þ16πGσsŴ − 4

�
4Vi∂tiψ ð0Þ þ 2Ŵij∂ijψ ð0Þ

þ 2V∂2tψ ð0Þ þ 2

�
∂tVi þ ∂jŴij −

1

2
∂iŴ

�
∂iψ ð0Þ

�
;

ð21eÞ

where we have introduced the compact-support matter
source densities in the point-particle approximation

σ ¼ 1

ϕ0φ
3

T00 þ Tii

c2
; σi ¼

1

ϕ0φ
3

T0i

c
; σij ¼

1

ϕ0φ
3
Tij;

ð22aÞ

σs ¼ −
1

c2ϕ0

ffiffiffiffiffiffi−gpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3þ 2ω0Þð3þ 2ωÞp �
T − 2φ

∂T
∂φ

�
: ð22bÞ

Among these potentials, only ψ ð1Þ, which has a noncompact
support source, is new to this paper. Note that the deri-
vatives in Eqs. (21e) should be understood as Schwartz
distributional derivatives [33]. Solving these equations does
not introduce new difficulties, and it was achieved using the
techniques already introduced in the literature [32]. In
Table II, we summarize the orders at which each potential is

needed in order to derive the Fokker Lagrangian up to the
NNLO in the tidal effects.
We then inject the gravitational and scalar solutions in

the total action in order to get a generalized Lagrangian that
depends on the positions and their successive derivatives.
As we are interested in the tidal corrections only, it is
sufficient to incorporate the point-particle (p.p.) solutions in
the finite-size actions (7), (8), (11). We present the result of
the calculations in Sec. V.

IV. ALTERNATIVE DERIVATION:
PN EFT FORMALISM

In parallel to the traditional post-Newtonian calcula-
tion presented in Sec. III, we have also computed the
Lagrangian using an EFT method [34]. In addition to
paving the way to perform other heavy calculations with
this method, it provided us with an additional check of our
PN results. We recall here the main steps of the EFT
framework and explain how to adapt it to a ST theory.
The core of the calculation, namely, the calculations of
Feynman rules and diagrams, are, respectively, put in
Appendix B and in the supplemental material [22].
Our goal is to work with a worldline theory and

canonically normalized bulk fields so that we can exploit
the PN EFT machinery [35–37]. Specifically, in addition to
the conformal transformation (3), we perform a redefinition
of the scalar field,

ψ

M̃pl
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2ω0

2

r
ln

ϕ

ϕ0

; ð23Þ

where we have introduced the effective Planck mass M̃2
pl ≡

c3ϕ0

8πG following closely the EFT vocabulary but replacing the
gravitational constant by an effective one, G

ϕ0
. As before, we

expand all the field-dependent couplings around the
asymptotic value ϕ0 with respect to the canonically
normalized field ψ , ending up with the following action,

TABLE II. Summary of the PN potentials and their required
order for the computation of the NNLO tidal corrections in the
Lagrangian.

V Vi Wij ψ ð0Þ ψ ð1Þ

N × × × × ×

1PN × ×

2PN ×
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SEFT ¼
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
M̃2

pl

2
R̃ −

1

2
g̃μν∂μψ∂νψ

X∞
n¼0

xn
n!

�
ψ

M̃pl

�
n
�
−
X
a¼1;2

Z
dtama

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðg̃μνÞavμavνa

q X∞
n¼0

d̃ðaÞn

n!

�
ψ

M̃pl

�
n

−
1

2

X
a¼1;2

Z
dtaλ

ð0Þ
a ðϕ0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðg̃μνÞavμavνa

q �
g̃μν −

vμavνa
g̃μνv

μ
avνa

�
∂μψ∂νψ

M̃2
pl

X∞
n¼0

f̃ðaÞn

n!

�
ψ

M̃pl

�
n

−
1

4

X
a¼1;2

Z
dtaμ

ð0Þ
a f̃ðaÞ0

∇⊥
μνψ∇μν

⊥ ψ

M̃2
pl

þ 1

4

X
a¼1;2

Z
dtaν

ð0Þ
a

ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2ω0

p
∂μ∂ν

�
e
−
ffiffiffiffiffiffiffiffi

2
3þ2ω0

p
ψ

M̃pl g̃00
	
∇μν

⊥ ψ

M̃pl

�
e
−
ffiffiffiffiffiffiffiffi

2
3þ2ω0

p
ψ

M̃pl g̃00
	

þ
X
a¼1;2

Z
dta

cð0Þa

16

∂μ∂ν

�
e
−
ffiffiffiffiffiffiffiffi

2
3þ2ω0

p
ψ

M̃pl g̃00
	
∂
μ
∂
ν
�
e
−
ffiffiffiffiffiffiffiffi

2
3þ2ω0

p
ψ

M̃pl g̃00
	

�
e
−
ffiffiffiffiffiffiffiffi

2
3þ2ω0

p
ψ

M̃pl g̃00
	
2

; ð24Þ

where, only in this section, we have set c ¼ 1. Note that, for the last three terms we are displaying only the leading-order
contribution needed for this work. From the two last terms in Eq. (24), we directly observe the mixing between the different
kinds of tidal deformability parameters. In particular, the purely gravitational contribution will also contain terms
corresponding to purely scalar and gravitoscalar interactions. The coupling constants, xn, d̃n, and f̃n, are given up to the
order needed for our calculations by the expressions

xn ¼
�

2

3þ 2ω0

�
1þn=2Xn

m¼1

ð−1ÞmωðmÞ
0 ϕm

0

�Xm
l¼1

ln−1ð−1Þl
ΓðlÞΓð1þm − lÞ

�
for n ≥ 1; x0 ¼ 1; ð25Þ

and

d̃ðaÞn ¼ dðaÞn

2n

�
2

3þ 2ω0

�
n=2

; dðaÞ0 ¼ 1;

dðaÞ1 ¼ 2sa − 1;

dðaÞ2 ¼ 4s0a þ ð2sa − 1Þ2;
dðaÞ3 ¼ 8s00a þ 12s0að2sa − 1Þ þ ð2sa − 1Þ3; ð26Þ

f̃ðaÞn ¼ fðaÞn

�
2

3þ 2ω0

�
1þn=2

; fðaÞ0 ¼ 1;

fðaÞ1 ¼ λð1Þa

λð0Þa

ϕ0 þ 5=2;

fðaÞ2 ¼ λð2Þa

λð0Þa

ϕ2
0 þ 6

λð1Þa

λð0Þa

ϕ0 þ 25=4: ð27Þ

The action (24) is the starting point to develop the
machinery of the PN EFT formalism. To do so, we also
perform a Kaluza-Klein decomposition of the metric as

g̃μν ¼ e
4

ϕg
M̃pl

 −1 2Aj=M̃pl

2Ai=M̃pl e
−8 ϕg

M̃plγij − 4AiAj=M̃2
pl

!
; ð28Þ

where γij ¼ δij þ σij=Λ. In the following, we will work
with the Kaluza-Klein gravitational fields, ðϕg; Ai; σijÞ,

instead of the perturbation hμν. We derive all the
Feynman rules with respect to the scalar, vector, and tensor
modes of the Kaluza-Klein decomposition and the canoni-
cally normalized massless scalar field ψ , that we introduced
earlier, which can be found in Appendix B. For complete-
ness, we have also put all the Feynman diagrams and their
values in the supplemental material [22].
Summing together all the diagrams, we get the NNLO

tidal Lagrangian computed from EFT techniques. First, to
absorb terms nonlinear in the accelerations, we add a
double-zero term of the form [38]
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−
G2m2

1λ
ð0Þ
2

r2
f̃ð2Þ0 ðd̃ð1Þ1 Þ2ð2naLO1 ð2naLO2 − naLO1 Þ

− aLO1 · aLO2 Þ þ ½1 ↔ 2�; ð29Þ

where aLOi denotes the replacement of the LO equations of
motion (EOM).
Then, to compare directly our results at the level of the

Lagrangian, we need tomake another operation. Indeed, in a
separate computationwithin PNEFT,we have computed the
2PN-order Lagrangian in the point-particle approximation
in ST theories [39].We found explicitly that in order to bring
the 2PN ST point-particle Lagrangian to the form displayed
in Ref. [12], we have to add a double-zero term of the form

δL2PN ¼ αG̃m1m2r
8

naLO1 · naLO2

− ð15þ 8γ̄Þ αG̃m1m2r
8

aLO1 · aLO2 ; ð30Þ

where the constants are defined according to Table I. Such a
double-zero term,whenwe include the tidal effects to theLO
EOM, contributes to the NNLO tidal Lagrangian as

δL2PN
tidal ¼ −2ð7 − 2d̃ð1Þ1 d̃ð2Þ1 ÞG

3

r4
½m2

2λ
ð0Þ
1 f̃ð1Þ0 ðd̃ð2Þ1 Þ2

þm2
1λ

ð0Þ
2 f̃ð2Þ0 ðd̃ð1Þ1 Þ2�

�
m1na1 −m2na2

þ 2
Gm1m2

r2
ð1þ 2d̃ð1Þ1 d̃ð2Þ1 Þ

�
: ð31Þ

Finally, after taking into account the above contribution, we
find complete agreement for the Lagrangian computed with
the traditional PN formalism.

V. NNLO CONSERVATIVE LAGRANGIAN

The Lagrangian describing the conservative dynamics of
compact binary systems in ST theories at 3PN order in
harmonic coordinates and the leading-order scalar tidal
correction have been previously derived in Refs. [11,14].
In the present work, we have pushed the computation of the
tidal correction up to the NNLO associated to the 2PN
dynamics. The resulting Lagrangian is displayed below. As
explained in the previous section, it has been obtained both
with the traditional PN formalism and the most recent PN
EFT one. The resulting Fokker Lagrangian is a generalized
one, meaning that it is a function of the positions yiaðtÞ, the
velocities viaðtÞ, and also of the accelerations aiaðtÞ and their
successive derivatives. To get a Lagrangian that is at most
linear in the acceleration, we have applied a reduction
procedure which consists in iteratively adding total time
derivatives, to remove the dependence in higher-order
derivative of the acceleration, and double-zero terms, to
remove terms nonlinear in acceleration [38]. After this
procedure, the Fokker Lagrangian in its reduced form is
completely equivalent to the original one, meaning that they
both yield to the same equations of motion in a harmonic
gauge. We write the total Lagrangian as

L ¼ L2PN
pp þ Ltidal; Ltidal ¼ LLO þ LNLO þ LNNLO; ð32Þ

whereL2PN
pp is the 2PN-order Lagrangian in the point-particle

approximation in ST theories displayed in Ref. [12]. The
NNLO result is further split in increasing powers of G̃ as

LNNLO ¼ G̃2Lð2Þ
NNLO þ G̃3Lð3Þ

NNLO þ G̃4Lð4Þ
NNLO: ð33Þ

The complete result for each component is then

LLO ¼ α2G̃2

c2r412
m1m2

−2ζ
1 − ζ

m2

m1

δ̄2λ
ð0Þ
1 þ ½1 ↔ 2�; ð34aÞ

LNLO ¼ α3G̃3

c4r125
ζ

1 − ζ
ð2þ γ̄Þ

�
δ̄2λ

ð0Þ
1

�
4m1m2

2ðγ̄ − 4β̄2Þ
γ̄ð2þ γ̄Þ þm2

3

�
3þ ð5ζ − 4λ1Þð1 − 2s2Þ

−1þ ζ

��
þ 2ζm2

3δ̄2ϕ0λ
ð1Þ
1 ð1 − 2s2Þ

−1þ ζ

�

þ α2G̃2

c4r124
ζ

1 − ζ
m2

2δ̄2λ
ð0Þ
1

�
−2ðn12v1Þ2 þ v21 þ 4ðn12v1Þðn12v2Þ þ 2ðn12v2Þ2

�
þ ½1 ↔ 2�; ð34bÞ

Lð2Þ
NNLO ¼ α2m2

2

�
1

r126

�
cð0Þ1 − 4νð0Þ1

ζð1− 2s2Þ
1− 2ζs2

− 4
μð0Þ1

c2

�
ζð1− 2s2Þ
1− 2ζs2

�
2
�
3

8
ð2þ γ̄Þ2

�
1þ ζ

1− ζ
ð1− 2s2Þ

�
2

þ 1

c6r123
−ζ
1− ζ

δ̄2λ
ð0Þ
1

�
2

�
−2ða2v1Þðn12v1Þ þ 7ða2n12Þðn12v1Þ2 − 2ða2n12Þv21 þ 2ðn12v1Þða2v2Þ þ 2ða2v1Þðn12v2Þ

− 12ða2n12Þðn12v1Þðn12v2Þ− 2ða2v2Þðn12v2Þ þ 7ða2n12Þðn12v2Þ2 þ 4ða2n12Þðv1v2Þ− 2ða2n12Þv22
�

þ 1

4r12



4ðn12v1Þ2v21 − v41 − 8ðn12v1Þðn12v2Þv21 − 24ðn12v1Þ2ðn12v2Þ2 þ 12ðn12v2Þ2v21 þ 48ðn12v1Þðn12v2Þ3

þ 16ðn12v1Þðn12v2Þðv1v2Þ− 16ðn12v2Þ2ðv1v2Þ − 16ðn12v1Þðn12v2Þv22
���

þ ½1 ↔ 2�; ð34cÞ
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Lð3Þ
NNLO ¼ α3

c6r125
ζ

1− ζ
ð2þ γ̄Þδ̄2

�
λð0Þ1

�
m1m2

2

�
−
ð43γ̄þ 44γ̄2 þ 80β̄2Þ

γ̄ð2þ γ̄Þ ðn12v1Þ2 þ
ð7γ̄þ 8γ̄2 þ 16β̄2Þ

γ̄ð2þ γ̄Þ v21

þ 3ð7γ̄þ 16γ̄2 þ 40β̄2Þ
γ̄ð2þ γ̄Þ ðn12v1Þðn12v2Þ−

4ð−3þ γ̄Þ
2þ γ̄

ðn12v2Þ2 −
ð5γ̄þ 8γ̄2 þ 8β̄2Þ

γ̄ð2þ γ̄Þ ðv1v2Þ−
4v22
2þ γ̄

�

þm2
3

�
−ðn12v1Þ2 þ

1

2
v21 þ

ð88þ 69γ̄Þ
2ð2þ γ̄Þ ðn12v1Þðn12v2Þ−

ð57þ 41γ̄Þ
2þ γ̄

ðn12v2Þ2 −
ð32þ 21γ̄Þ
2ð2þ γ̄Þ ðv1v2Þ

þ ð24þ 17γ̄Þ
2ð2þ γ̄Þ v22 − ð1− 2s2Þ

ð5ζ − 4λ1Þ
1− ζ



ðn12v1Þ2 −

v21
2
−
9ðn12v1Þðn12v2Þ

2
þ ðn12v2Þ2 þ

ðv1v2Þ
2

−
v22
2

���

þ ζ

1− ζ
m2

3ϕ0λ
ð1Þ
1 ð1− 2s2Þ

�
−2ðn12v1Þ2 þ v21 þ 9ðn12v1Þðn12v2Þ− 2ðn12v2Þ2 − ðv1v2Þ þ v22

��
þ ½1↔ 2�; ð34dÞ

Lð4Þ
NNLO¼

α4

c6r126
ζ

1−ζ

�
λð0Þ1

�
m1

2m2
2

�
γ̄ð2þ γ̄Þ2

�
4

20
−

3

20
γ̄

�
−
δ̄2ð22γ̄2þ12γ̄3þ3γ̄4−160γ̄β̄2þ20γ̄2β̄2þ160ðβ̄2Þ2þ80γ̄χ̄2Þ

5γ̄2

�

þm2
4

�
−ðδ̄2Þ2

1

ð1−ζÞζð4ζþ21ζ2−58ζλ1þ40ðλ1Þ2−8λ2Þþ δ̄2ð2þ γ̄Þ2
�
−
13

4
þ 3

2ð1−ζÞð5ζ−4λ1Þð1−2s2Þ
��

þm1m2
3

�
ðδ̄2Þ2

1

ð1−ζÞγ̄26ðγ̄
2þ8β̄2Þð5ζ−4λ1Þð1−2s1Þþ δ̄2

�
−
79γ̄2þ41γ̄3þ8γ̄2β̄1−64γ̄β̄2−24γ̄2β̄2þ64β̄1β̄2

γ̄2

þ 3

2ð1−ζÞð2þ γ̄Þ2ð5ζ−4λ1Þð1−2s2Þ
���

þ ζ

1−ζ
δ̄2ϕ0λ

ð1Þ
1

�
−
4m2

4δ̄2ð6ζ−5λ1Þ
ζ

þ3ð2þ γ̄Þ2m2
4ð1−2s2Þþ

6ð2þ γ̄Þm1m2
3ðγ̄−4β̄2Þð1−2s2Þ
γ̄

�

þ−4ζ
1−ζ

m2
4ðδ̄2Þ2ϕ0

2λð2Þ1

�
þ½1↔2�: ð34eÞ

Note that the tidal corrections in the Lagrangian do not show directly the PN order to which they contribute. This is a well-
known feature already in GR that comes from the fact that the tidal parameters ðλa; μa; νa; caÞ are dimensionful parameters.
It can be better understood by a simple scaling argument. The couplings ðλa; μa; νa; caÞ, respectively, scale as
ðML2;ML4;ML2T2;ML2T2Þ. It leads us to define the dimensionless parameters,

kðnÞa;λ ≡ λðnÞa ·
G̃α
c2R3

a
·

�
G̃αMa

c2Ra

�n

; kð0Þa;μ ≡ μð0Þa ·
G̃α
c2R5

a
; kð0Þa;ν ≡ νð0Þa ·

G̃α
R5
a
; kð0Þa;c ≡ cð0Þa ·

G̃α
R5
a
: ð35Þ

Substituting these parameters in the Lagrangian and using

the compacity argument, namely, that G̃αMa
c2Ra

∼ 1, we see that

the leading-order contribution of each family of tidal
parameters is indeed Oð 1

c6
; 1
c10 ;

1
c10 ;

1
c10Þ as expected. Hence,

we have computed the correction to the p. p. Lagrangian up
to the NNLO, i.e., 5PN order.
We have performed a number of consistency checks

on our results. First, the leading-order Lagrangian (34)
is in total agreement with the leading-order result from
Ref. [14]. Then, by taking the GR limit, i.e., when ω0 →
∞ and ϕ0 → 1, we have verified that we retrieve the LO tidal
correction in GR computed in Ref. [26]. Finally, we have
checked that the equations ofmotion for each particle, derived
from the Lagrangian (32), are indeed Lorentz invariant. To
keep this paper short and readable, we have relegated the

result for the equations of motion in harmonic coordinates
up to the NNLO in the supplementary material [22].

VI. NOETHERIAN QUANTITIES
AND CENTER-OF-MASS FRAME

In this section, we aim at computing the ten conserved
Noetherian quantities, namely, the energy E, the linear and
angular momenta Pi and Ji, and the boost Ki. We then use
them to define the center-of-mass frame by solving Gi ¼ 0

where Gi is the center-of-mass position. We finally reduce
the expressions of the relative acceleration and the con-
served quantities to the center-of-mass frame. We start by
briefly recalling the reasoning to derive such quantities.
In Sec. V, we have obtained the Lagrangian up to the

NNLO as a function of only the positions yiaðtÞ, velocities
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viaðtÞ, and accelerations aiaðtÞ. If we consider an infinitesi-
mal transformation for the body A at some time t, namely,
δyaðtÞ ¼ y0aðtÞ − yaðtÞ, the Lagrangian should transform at
linear order as

δL ¼ dQ
dt

þ
X δL

δya
δya þOðδy2aÞ; ð36Þ

where the function derivative δL=δya is zero “on shell.”
The quantity Q is defined as

Q ¼
X

½ðpaδyaÞ þ ðqaδvaÞ�; ð37Þ
where pi

a and qia are, respectively, the conjugate momenta
to the positions and velocities, namely,

pi
a ≡ δL

δvia
¼ ∂L

∂via
−

d
dt

�
∂L
∂aia

�
; ð38Þ

qia ≡ δL
δaia

¼ ∂L
∂aia

: ð39Þ

The Lagrangian is invariant under the Poincaré group.
Hence, under arbitrary infinitesimal time translation
δt ¼ τ, spatial translation δyia ¼ ϵi, and spatial rotation
δyia ¼ wi

jy
j
a, we have δL ¼ 0. This yields to the conser-

vation on shell of the energy and the linear and angular
momenta, defined as [40]

E ¼
X
a

½ðpavaÞ þ ðqaaaÞ� − L; ð40Þ

Pi ¼
X
a

pi
a; ð41Þ

Ji ¼ εijk
X
a

½ðpayaÞ þ ðqavaÞ�: ð42Þ

In addition, the Lagrangian is also invariant under an
infinitesimal Lorentz boost. At the linear order in the boost
velocityWi, the transformation of the body trajectories reads

δyia ¼ −Wit −
1

c2
ðWraÞvia þOðW2Þ; ð43Þ

where ra is thedistance between the field point and thebodya.
Following Ref. [40], under such a linear transformation, there
should exist a functional Zi such that δL¼ðWdZ=dtÞ þ
OðW2Þ plus some “double-zero” terms which give zero on
shell by the Noether theorem. The transformation (43) is
associated with the conservation of the Noetherian integral
Ki ¼ Gi − Pit, wherePi is the linear momentum (41) andGi

stands for the center-of-mass position,

Gi ¼ −Zi þ
X
a

�
−qia þ

1

c2
½ðpavaÞyia

þ ðqaaaÞyia þ ðqavaÞvia�
�
: ð44Þ

The existence of such a boost symmetry of the Lagrangian is
confirmed since our equations of motion at the NNLO in the
tidal effects are Lorentz invariant, as mentioned in Sec. V.
In the following, we present the results for theNNLO tidal

correction to all the conserved quantities. To stay concise, we
are only displaying the center-of-mass positionGi in generic
harmonic coordinates while the relative acceleration ai, and
the conserved quantities ðE; JiÞ, will be given only in the
center-of-mass frame. The results in the generic coordinates
are displayed in the supplemental material [22].

A. Center-of-mass frame

First, using Eq. (44), we have obtained the position of the
center of mass at NNLO and in a generic harmonic frame,

Gi
LO ¼ 0; ð45aÞ

Gi
NLO ¼ α2G̃2

c4r124
2ζ

1 − ζ
m2

2δ̄2λ
ð0Þ
1 y1i þ ½1 ↔ 2�; ð45bÞ

Gi
NNLO ¼ α2G̃2

c6r123
ζ

1 − ζ
m2

2δ̄2λ
ð0Þ
1

�
2n12ið7ðn12v1Þ2 − 2v21 − 14ðn12v1Þðn12v2Þ þ 5ðn12v2Þ2 þ 4ðv1v2Þ − 2v2Þ

þ y1i

r12
ð−2ðn12v1Þ2 þ v21 þ 4ðn12v1Þðn12v2Þ þ 2ðn12v2Þ2Þ − 4ðv1i − v2iÞððn12v1Þ − ðn12v2ÞÞ

�

þ α3G̃3

c6r124
ζ

1 − ζ

�
n12i
�
δ̄2λ

ð0Þ
1

�
m1m2

2ð13γ̄ þ 8γ̄2 þ 8β̄2Þ
γ̄

þm2
3

�
1

2
ð−16 − 13γ̄Þ þ ð5ζ − 4λ1Þ

ð2þ γ̄Þð1 − 2s2Þ
2ð−1þ ζÞ

��

þ δ̄2ϕ0λ
ð1Þ
1 m2

3
ζð2þ γ̄Þð1 − 2s2Þ

−1þ ζ

�
þ y1i

r12

�
δ̄2λ

ð0Þ
1

�
−
4m1m2

2ðγ̄ − 4β̄2Þ
γ̄

þm2
3

�
−3ð2þ γ̄Þ − ð5ζ − 4λ1Þ

ð2þ γ̄Þð1 − 2s2Þ
−1þ ζ

��
− δ̄2ϕ0λ

ð1Þ
1 m2

3
2ζð2þ γ̄Þð1 − 2s2Þ

−1þ ζ

��
þ ½1 ↔ 2�: ð45cÞ
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We note that at leading order the center of mass is zero and
the first correction enters only at NLO. From this, we
determine the center-of-mass frame by solving the equation
Gi ¼ 0 iteratively at each PN order. We obtain the positions
yia;CM in the center-of-mass frame as

yi1;CM ¼
�
m2

m
þ νP

�
nirþ νQvi; ð46Þ

yi2;CM ¼
�
−
m1

m
þ νP

�
nirþ νQvi: ð47Þ

Dividing the quantities P and Q into a 2PN point-particle
contribution and a tidal one, P ¼ P2PN þ Ptidal and Q ¼
Q2PN þQtidal. The point-particle results up to the 2PN
order P2PN and Q2PN can be found in Ref. [12], and we
display here the tidal corrections up the NNLO, further
dividing Ptidal and Qtidal as

Ptidal ¼ PLO þ PNLO þ PNNLO; ð48Þ
Qtidal ¼ QLO þQNLO þQNNLO: ð49Þ

We then get

PLO ¼ 0; ð50aÞ

PNLO ¼ α2G̃2

c4r4
−ζ
1 − ζ

mðλð0Þ− − δλð0Þþ Þ; ð50bÞ

PNNLO ¼ α2G̃2

c6r4
ζ

2ð−1þ ζÞm½v2ðð−7 − 6νÞλð0Þ− − δð1 − 6νÞλð0Þþ Þ þ ðnvÞ2ð2ð11þ 10νÞλð0Þ− þ 2δð−1þ 6νÞλð0Þþ Þ�

þ α3G̃3

c6r5
ζ

4ð−1þ ζÞm
2



1

γ̄
½ð16β̄þ − 2γ̄ − 3γ̄2 − 16β̄−δþ ð64β̄þ þ 12γ̄ þ 12γ̄2ÞνÞλð0Þ−

þ ð−16β̄− þ ð16β̄þ þ 54γ̄ þ 35γ̄2Þδþ ð−64β̄− − 8γ̄δÞνÞλð0Þþ �

þ ð2þ γ̄Þð4λ1ðΛð0Þ
− − 4νΛð0Þ

− − δΛð0Þ
þ Þ þ ζð5ð−1þ 4νÞΛð0Þ

− þ 5δΛð0Þ
þ þ 2ϕ0ðð−1þ 4νÞΛð1Þ

− þ δΛð1Þ
þ ÞÞÞ

−1þ ζ

�
ð50cÞ

and

QLO ¼ 0; ð51aÞ

QNLO ¼ 0; ð51bÞ

QNNLO ¼ α2G̃2

c6r3
4ζ

1 − ζ
mðnvÞλð0Þ− : ð51cÞ

We have introduced some plus and minus quantities for
the ST and tidal parameters as defined for the notation in
Sec. I A.

B. Acceleration in the CM

Once we have determined the coordinates in the center-
of-mass frame, we can inject it into the relative acceleration
ai ≡ ai1 − ai2. In the CM frame, we get up to the NLO

aiCM;LO ¼ α2G̃2m
c2r5

8ζ

1 − ζ
λð0Þþ ni; ð52aÞ

aiCM;NLO ¼ α2G̃2

c4r5
ζ

1− ζ
m½nið12ðnvÞ2ðδλð0Þ− − 2νλð0Þþ Þ− 2v2ðδλð0Þ− þ 3λð0Þþ − 12νλð0Þþ ÞÞ− 4ðnvÞviðδλð0Þ− þ λð0Þþ − 4νλð0Þþ Þ�

þα3G̃3

c4r6
ζ

2ð1− ζÞm
2ni
�
−
80β̄−λð0Þ−

γ̄
þð80β̄þ− 96γ̄− 47γ̄2 − 52γ̄νÞλð0Þþ

γ̄
þ δ

�ð80β̄þ þ 16γ̄þ 15γ̄2Þλð0Þ−

γ̄
−
80β̄−λð0Þþ

γ̄

�

þ 5ð2þ γ̄Þð4λ1ð−δΛð0Þ
− þΛð0Þ

þ Þþ ζð5δΛð0Þ
− þ 2ϕ0δΛð1Þ

− − 5Λð0Þ
þ −2ϕ0Λ

ð1Þ
þ ÞÞ

−1þ ζ

�
: ð52bÞ

The expression for the NNLO tidal correction to the relative acceleration is displayed in Appendix C 1.
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C. Conserved quantities in the CM

1. Energy

In the center-of-mass frame, the conserved energy at NLO is given by

ELO ¼ α2G̃2m2ν

c2r4
2ζ

1 − ζ
λð0Þþ ; ð53aÞ

ENLO ¼ α2G̃2

c4r4
−ζ

2ð1 − ζÞm
2ν½ðnvÞ2ð−4δλð0Þ− þ 8νλð0Þþ Þ þ v2ðδλð0Þ− þ ð−1þ 2νÞλð0Þþ Þ�

þ α3G̃3

c4r5
ζ

1 − ζ
m3ν

�

−
8β̄−

γ̄
þ ð16β̄þ þ γ̄ð2þ 3γ̄ÞÞδ

2γ̄

�
λð0Þ− þ



16β̄þ − γ̄ð10þ 3γ̄Þ

2γ̄
−
8β̄−δ

γ̄

�
λð0Þþ

þ ð2þ γ̄Þð4λ1ð−δΛð0Þ
− þ Λð0Þ

þ Þ þ ζð5δΛð0Þ
− þ 2ϕ0δΛð1Þ

− − 5Λð0Þ
þ − 2ϕ0Λ

ð1Þ
þ ÞÞ

2ð−1þ ζÞ
�
: ð53bÞ

Again, to lighten the main text, we have relegated the NNLO tidal contribution to the CM energy in Appendix C 2

2. Angular momentum

Finally, the tidal correction to conserved angular momentum in the center-of-mass frame up to the NNLO can be
written as

Jitidal ¼ ðJ LO þ J NLO þ J NNLOÞðn × vÞi; ð54Þ

where ðn × vÞi denotes a vector product and with

J LO ¼ 0; ð55aÞ

J NLO ¼ α2G̃2

c4r3
ζ

1 − ζ
m2νð−δλð0Þ− þ ð1 − 2νÞλð0Þþ Þ; ð55bÞ

J i
NNLO ¼ α2G̃2

c6r3
−ζ

2ð1 − ζÞm
2νð2ðnvÞ2ðδð21þ 8νÞλð0Þ− þ ð23þ 6ν − 20ν2Þλð0Þþ Þ þ v2ð−δð11þ 6νÞλð0Þ−

− ð13 − 8νþ 18ν2Þλð0Þþ ÞÞ þ α3G̃3

c6r4
−ζ

2ð1 − ζÞm
3ν

�

ð6þ γ̄Þδþ

�
48β̄−

γ̄
þ ð16β̄þ þ 4γ̄ þ 3γ̄2Þδ

γ̄

�
ν

�
λð0Þ−

þ


2 − γ̄ þ

�
−
3ð16β̄þ þ 52γ̄ þ 33γ̄2Þ

γ̄
−
16β̄−δ

γ̄

�
νþ 8ν2

�
λð0Þþ

þ ð2þ γ̄Þð−1þ νÞð4λ1ð−δΛð0Þ
− þ Λð0Þ

þ Þ þ ζð5δΛð0Þ
− þ 2δϕ0Λð1Þ

− − 5Λð0Þ
þ − 2ϕ0Λ

ð1Þ
þ ÞÞ

−1þ ζ

�
: ð55cÞ

VII. TIDAL EFFECTS IN EINSTEIN-SCALAR-
GAUSS-BONNET THEORY

While our results have been computed within the simple
framework of generalized Brans-Dicke theories, see Sec. II,
it can easily be generalized to more involved theories. An
example that has been extensively studied in the past years
is Einstein-scalar-Gauss-Bonnet theory, which arises as a
low-energy limit of several quantum completions of grav-
ity, see Refs. [41–43]. An interesting feature of these
theories is that black hole solutions are different from that
of GR, having nontrivial scalar solutions [44].

In these theories, the scalar field is nonminimally
coupled to gravity through the Gauss-Bonnet topological
invariant, R2

GB≡R2− 4RμνRμνþRμνρσRμνρσ. The action is

SEsGB ¼ c3

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p ½R − 2gαβ∂αψ̂∂βψ̂ þ αfðψ̂ÞR2
GB�

þ SEsGBm ½m;A2ðψ̂Þgαβ�; ð56Þ

where α is the coupling constant and has a dimension of
½length�2. The action is directly in the Einstein frame with a
canonical kinetic term for the scalar field and a coupling to
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matter through the conformal metric A2ðψ̂Þgαβ. As dis-
played in Appendix A of Ref. [45], the action (56) has been
obtained from Eq. (2) by using the redefinitions

ĝμν ¼ A2ðψ̂Þgμν; ð57Þ

3þ 2ωðϕÞ ¼
�
d lnA
dψ̂

�
−2
; ð58Þ

where A ¼ 1=
ffiffiffiffi
ϕ

p
. Note that in this section we call ĝμν the

metric associated to the ST action (2) in the Jordan frame
and gμν the metric associated to the EsGB action (56) in the
Einstein frame. As for the scalar fields, ϕ is the same as the
one displayed in Eq. (2), and we call ψ̂ the scalar field in
the EsGB theory.

In recent years, waveform modeling in EsGB theories
has been developed for all the stages of the coalescence.
Advances in the well-posed formulation of initial condi-
tions have allowed performing numerical simulations and
studying the merger of these objects [8,46–48]. Results for
the inspiral evolution of compact binaries have also been
obtained, relying on the fact that the leading-order correc-
tion due to the new GB term is at 3PN order [15–20,45].3
Hence, using previous results in “simple” ST theories and
adding only the leading-order correction allows having the
full dynamics at 3PN order and the waveform up to 2.5PN
order, including the leading tidal effect.
Following the convention in Ref. [20], the matter action

can be further decomposed in a point-particle part and a
tidal one, SEsGBm ¼ SEsGBpp þ SEsGBtid , with

SEsGBpp ¼ −c
X
a¼1;2

Z
dsamEsGB

a ðψ̂Þ; ð59Þ

SEsGBfs ¼ −
c
2

X
a¼1;2

Z
dsa



λEsGBa ðψ̂Þð∇⊥

α ψ̂Það∇α⊥ψ̂Þa þ
1

2
μEsGBa ðψ̂Þð∇⊥

αβψ̂Það∇αβ
⊥ ψ̂Þa

þ νEsGBa ðψ̂Þð∇⊥
αβψ̂ÞaG

αβ
a −

1

2c2
cEsGBa ðψ̂ÞGa

αβG
αβ
a

�
; ð60Þ

where dτa ≡Aðψ̂Þdsa and we have added the super-
script (EsGB) to the masses and tidal deformability
parameters to indicate that they are not the same as in
the rest of the paper. Notably, we use the definition
mEsGB

a ðψ̂Þ≡Aðψ̂ÞmST
a ðϕÞ [45], which highlights the fact

that in this section the matter is coupled to the Einstein
frame metric.
Using the results obtained in the present paper, one can

directly get the NNLO order for tidal effects in EsGB
gravity. To do so, one needs to translate the notation in the
present work to the one used in Refs. [17,45]. Such a map
has already been computed and can be found in
Appendix A of Ref. [45], in which the point-particle

Lagrangian at 2PN order is presented for EsGB in
Appendix B. Also, the leading-order tidal correction was
derived in Ref. [20] for EsGB and was found to be in
perfect agreement with Ref. [14]. To derive such a result to
the NNLO, we need to extend the map for the tidal
coefficients. The result is presented in Table III. At this
point, we stress that the parametrization used in Ref. [20] is
not exactly the same as in Ref. [45]. In this section, our
results are presented using the parametrization and the ST

TABLE III. Translation map for tidal coefficients between simple ST and EsGB theories.

Simple ST–Refs. [11–13] EsGB–Refs. [17,20,44]

LO λð0Þa
A0

4α2
0

λð0Þa jEsGB

NLO λð1Þa
A3

0

8α3
0

ðλð0Þa jEsGBð2 β0
α0
− 5α0Þ − λð1Þa jEsGBÞ

NNLO λð2Þa
A5

0

16α4
0

ðλð0Þa jEsGBð35α20 − 24β0 þ 8
β2
0

α2
0

− 2 β0
0

α0
Þ þ λð1Þa jEsGBð12α0 − 5 β0

α0
Þ þ λð2Þa jEsGBÞ

μð0Þa
A3

0

4α2
0

ðμð0Þa jEsGB þ 2α0c2ν
ð0Þ
a jEsGB − α20c

2cð0Þa jEsGBÞ
νð0Þa − A3

0

2α0
ðνð0Þa jEsGB − α0c

ð0Þ
a jEsGBÞ

cð0Þa A3
0c

ð0Þ
a jEsGB

3Formally, corrections from the Gauss-Bonnet invariant scale
as α

c2, but as α has a dimension of ½length�2, it reduces to a 3PN
correction when introducing a dimensionless coupling constant.
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coefficients introduced in Ref. [45]. However, as the latter
work did not focus on tidal effect, the tidal deformation
parameters are the ones introduced in Ref. [20] or in
Eq. (3.12) of Ref. [28] for the higher-order ones. Note that
there is some mixing between the different types of Love

number. This is due to the fact that we are coupling the
matter to the metric in different frames.
To illustrate the use of this map, we present the LO and

NLO tidal corrections to the acceleration in the CM frame
in EsGB:

aiCM;LOjEsGB ¼ G2
12M

c2νr5
½−ð−1þm− þ 2νÞδ2λð0Þ1 jEsGB þ ð1þm− − 2νÞδ1λð0Þ2 jEsGB�ni; ð61aÞ

aiCM;NLOjEsGB ¼ G3
12M

2

c4r6

��
−
80β̄− − 80β̄þ − 102γ̄12 − 77γ̄212

8γ̄12
þ 5ð16β̄− − 16β̄þ þ 2γ̄12 − 3γ̄212Þm−

8γ̄12

þ
1
8
ð−56 − 31γ̄12Þ þ 1

8
ð56þ 31γ̄12Þm−

ν
þ 13

2
ν

�
δ2λ

ð0Þ
1 jEsGB

þ
�
15

8
ð2þ γ̄12Þα02 −

5

8
ð2þ γ̄12Þm−α

0
2 −

5
8
ð2þ γ̄12Þα02 − 5

8
ð2þ γ̄12Þm−α

0
2

ν

�
δ2λ

ð1Þ
1 jEsGB

þ
�
80β̄− þ 80β̄þ þ 102γ̄12 þ 77γ̄212

8γ̄12
þ 5ð16β̄− þ 16β̄þ − 2γ̄12 þ 3γ̄212Þm−

8γ̄12

þ
1
8
ð−56 − 31γ̄12Þ þ 1

8
ð−56 − 31γ̄12Þm−

ν
þ 13

2
ν

�
δ1λ

ð0Þ
2 jEsGB

þ
�
15

8
ð2þ γ̄12Þα01 þ

5

8
ð2þ γ̄12Þm−α

0
1 −

5
8
ð2þ γ̄12Þα01 þ 5

8
ð2þ γ̄12Þm−α

0
1

ν

�
δ1λ

ð1Þ
2 jEsGB

�
ni

þ G2
12M
c4r5

�
ni
���

3 −
3
2
− 3

2
m−

ν
þ 6ν

�
δ2λ

ð0Þ
1 jEsGB þ

�
3 −

3
2
þ 3

2
m−

ν
þ 6ν

�
δ1λ

ð0Þ
2 jEsGB

�
ðnvÞ2

þ
��

7

2
−
5

2
m− −

1
2
− 1

2
m−

ν
− 6ν

�
δ2λ

ð0Þ
1 jEsGB þ

�
7

2
þ 5

2
m− −

1
2
þ 1

2
m−

ν
− 6ν

�
δ1λ

ð0Þ
2 jEsGB

�
v2
�

þ ðð1 −m− − 4νÞδ2λð0Þ1 jEsGB þ ð1þm− − 4νÞδ1λð0Þ2 jEsGBÞðnvÞvi
�
: ð61bÞ

The full result for tidal effects in EsGB gravity at NNLO
can be found in the supplementary material [22]. As
expected, the leading-order correction (61) agrees with
Ref. [20], while the higher-order results are new to this paper.
An important point is that there are no specific corrections

coming from the Gauss-Bonnet term as, mimicking the
reasoning performed for tidal corrections in Appendix A,
such a correction would enter at the orderOðϵtidα2Þwhich is
at least a second-order correction.4

VIII. CONCLUSIONS

Tidal effects are one of the most promising tool to
perform tests of gravity with the next generation of
gravitational wave detectors. Indeed, when an additional
scalar field is present in a theory, it will induce a varying
dipole moment that will in turn induce a tidal deformation

of the other body. Such an effect starts at 3PN order, a much
lower effect than in GR, which makes it very important to
include these new effects with a sufficient accuracy.
Notably, by taking into account current constraints on
the ST parameters, coming from the nonobservation of
dipolar emission, it was shown that such an effect could
contribute up to Oð1Þ cycle in the waveform for suitable
binaries in the LISA band [14]. In the case of EsGB, it is
even more important to take those effects into account as
one expects black holes to have a scalar hair and hence to
have nonvanishing tidal Love numbers.
In the present work, we have tackled this program up to

the NNLO in the dynamics both in generalized BD theory
and in EsGB gravity. Such an accuracy allowed us to reach
the order at which the usual gravitational tidal deform-
ability enters. In a subsequent work, we will extend our
result to the computation of the fluxes and waveform
modes at the same NNLO in the tidal corrections [31]. It
will then permit us to perform a more quantitative analysis

4Note, however, that, strictly speaking, it is not really the case,
as in EsGB the scalar charge is sourced by the Gauss-Bonnet
term.
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of the impact of tidal effects based on the comparison
between waveforms.
An important other direction to be taken is to compute

the value of the scalar and gravitational Love numbers for
realistic models of compact objects in these theories. Such a
program has been initiated in Ref. [28]. Notably, the
authors found that the l ¼ 1 scalar Love number can be
comparable to the gravitational one, showing the impor-
tance of introducing such terms in the waveforms.
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APPENDIX A: THE FOKKER APPROACH

In this Appendix, we present the Fokker reasoning in the
case of a tidal perturbation with respect to the point-particle
contribution. Our goal is to show that it is sufficient to solve
the point-particle field equations [i.e., Eqs. (13), in which
we neglect the tidal contributions] in order to derive the
NNLO tidal corrections to the Fokker Lagrangian. We start
with the action

S½ya; va; h;ψ � ¼ SST½ya; va; h;ψ � þ Spp½ya; va; h;ψ �
þ Stidal½ya; va; h;ψ �; ðA1Þ

where Stidal is the tidal action defined by Eq. (6). By varying
the action (A1) with respect to the metric and scalar
perturbations, and solving iteratively the field equations

δS
δh

½ya; va; h;ψ � ¼ 0; ðA2aÞ

δS
δψ

½ya; va; h;ψ � ¼ 0; ðA2bÞ

we obtain the solutions

h ¼ hpp þ htidal; ðA3aÞ
ψ ¼ ψpp þ ψ tidal: ðA3bÞ

Their tidal correction should be at least of order

ðh00iitidal; h
0i
tidal; h

ij
tidal;ψ tidalÞ ¼ O

�
ϵtidal
c2

;
ϵtidal
c3

;
ϵtidal
c4

;
ϵtidal
c2

�
;

ðA4Þ
with OðϵtidalÞ ¼ 1=c6, since the tidal effects in ST theories
enter formally at 3PN order [14]. Because Eqs. (A3) are
exact solutions to the field equations (A2), this implies
that the functional derivative of the Fokker action with
respect to the scalar and metric perturbations, evaluated
with the point-particle solutions, will have the orders

δS
δh

½ya; va; hpp;ψpp� ¼ Oðc2ϵtidal; cϵtidal; ϵtidal; c2ϵtidalÞ;
ðA5aÞ

δS
δψ

½ya; va; hpp;ψpp� ¼ Oðc2ϵtidal; cϵtidal; ϵtidal; c2ϵtidalÞ:

ðA5bÞ

By Taylor expanding the Fokker action around the point-
particle solution, we get

SF½ya; va; h;ψ � ¼ SF½ya; va; hpp;ψpp�

þ
Z

d4x

�
δS
δh

½ya; va; hpp;ψpp�htidal

þ δS
δψ

½ya; va; hpp;ψpp�ψ tidal

�
þOðh2tidal;ψ2

tidalÞ
¼ SF½ya; va; hpp;ψpp� þOðϵ2tidalÞ: ðA6Þ

The contributions of the order of Oðϵ2tidalÞ ¼ 1=c12 at
least equivalent to a next-to-next-to-next-to-leading
(NNNLO) or 6PN tidal effect. This shows that it is
sufficient to inject in the action the point-particle sol-
utions to the field equations to know the Fokker action
up to the NNLO in the tidal effects.

APPENDIX B: FEYNMAN RULES FOR THE PN
EFT CALCULATIONS

In this Appendix, we give the Feynman rules that are
relevant for the computation of tidal effects at NNLO.
The starting point for the PN EFT machinery is the action
(24) accompanied with the Kaluza-Klein decomposition
of the metric (28). Since we know that at this sector we
do not encounter divergences, we can readily set d ¼ 3
for simplicity. Below, we present the Feynman rules
with respect to the Kaluza-Klein modes and the canoni-
cally normalized scalar field ψ relevant for the compu-
tation at this order. The propagators for the potential
modes are
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where all the momenta are outgoing. Finally, the bulk interaction vertices are
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where Pijkl ¼ −ðδikδjl þ δilδjk þ ð2 − cdÞδijδklÞ, Qijkl ¼ Iijkl − δijδkl, and Iijkl ¼ δilδkj þ δikδjl.

APPENDIX C: NNLO RESULTS IN THE CM FRAME

1. Acceleration in the CM frame

The NNLO tidal correction to the relative acceleration in the center-of-mass frame is given, after separating it in powers
of G̃, by

ai;ð2ÞCM;NNLO ¼ α2G̃2 ζ

1 − ζ
m

�
−

9ð2þ γ̄Þ2
4ð1 − ζÞ2r7 ðc

ð0Þ
þ − 4νð0Þþ Þni þ 36

c2r7
μð0Þþ ni

þ 1

c6r5

�
viððnvÞv2ð4δð18þ νÞλð0Þ− − 4ð−2þ νÞð9þ 4νÞλð0Þþ Þ

þ ðnvÞ3ð−6δð23þ 2νÞλð0Þ− þ 6ð−23 − 2νþ 8ν2Þλð0Þþ Þ
þ niððnvÞ2v2ð−3δð87þ 10νÞλð0Þ− þ 3ð3þ 2νÞð−29þ 16νÞλð0Þþ Þ

þ v4
�
1

2
δð45þ 4νÞλð0Þ− þ 1

2
ð45þ 20ν − 64ν2Þλð0Þþ

�

þ ðnvÞ4ð48δð7þ νÞλð0Þ− − 48ð−7 − νþ 3ν2Þλð0Þþ Þ
��

; ðC1aÞ

ai;ð3ÞCM;NNLO ¼ α3G̃3

c6r6
ζ

1 − ζ
m2

�
ðnvÞvi

�

40β̄−

γ̄
−
2ð20β̄þ þ 19γ̄Þδ

γ̄
þ
�
−
240β̄−

γ̄
þ ð80β̄þ þ 6γ̄ þ 15γ̄2Þδ

γ̄

�
ν

�
λð0Þ−

þ


−
2ð20β̄þ þ 19γ̄Þ

γ̄
þ 40β̄−δ

γ̄
þ
�
240β̄þ þ 314γ̄ þ 229γ̄2

γ̄
−
80β̄−δ

γ̄

�
νþ 52ν2

�
λð0Þþ

×
5ð2þ γ̄Þνð4λ1ð−δΛð0Þ

− þ Λð0Þ
þ Þ þ ζð5δΛð0Þ

− þ 2δϕ0Λð1Þ
− − 5Λð0Þ

þ − 2ϕ0Λ
ð1Þ
þ ÞÞ

−1þ ζ

�

þ ni
�
v2
�


20β̄−

γ̄
þ ð−40β̄þ − 36γ̄ þ 15γ̄2Þδ

2γ̄
þ
�
−
200β̄−

γ̄
þ ð240β̄þ þ 46γ̄ þ 45γ̄2Þδ

2γ̄

�
ν

�
λð0Þ−
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þ


5ð−8β̄þ − 4γ̄ þ 5γ̄2Þ

2γ̄
þ 20β̄−δ

γ̄
þ
�
400β̄þ − 54γ̄ þ 31γ̄2

2γ̄
−
120β̄−δ

γ̄

�
νþ 14ν2

�
λð0Þþ

−
3ð2þ γ̄Þð1 − 5νÞð4λ1ð−δΛð0Þ

− þ Λð0Þ
þ Þ þ ζð5δΛð0Þ

− þ 2ϕ0δΛð1Þ
− − 5Λð0Þ

þ − 2ϕ0Λ
ð1Þ
þ ÞÞ

2ð−1þ ζÞ
�

þ ðnvÞ2
�


−
5

2
ð−32þ 17γ̄Þδþ

�
700β̄−

γ̄
−
ð560β̄þ þ 38γ̄ þ 105γ̄2Þδ

4γ̄

�
ν

�
λð0Þ−

þ


−
7

2
ð−32þ 5γ̄Þ þ

�
−
2800β̄þ þ 2906γ̄ þ 2295γ̄2

4γ̄
þ 140β̄−δ

γ̄

�
ν − 83ν2

�
λð0Þþ

−
7ð2þ γ̄Þð2þ 5νÞð4λ1ð−δΛð0Þ

− þ Λð0Þ
þ Þ þ ζð5δΛð0Þ

− þ 2δϕ0Λð1Þ
− − 5Λð0Þ

þ − 2ϕ0Λ
ð1Þ
þ ÞÞ

4ð−1þ ζÞ
���

; ðC1bÞ

ai;ð4ÞCM;NNLO ¼ α4G̃4

c6r7
ζ

ð1 − ζÞ2 m
3ni
�
ð2þ γ̄Þ

�

ζð34þ 19γ̄Þδþ

�
−
144β̄−ζ

γ̄
þ 16ζδ

�
ν

�
ϕ0Λð1Þ

−

þ ð5ζ − 4λ1Þ
�


1

2
ð34þ 19γ̄Þδþ

�
−
72β̄−

γ̄
þ 8δ

�
ν

�
Λð0Þ
− þ



1

2
ð−34 − 19γ̄Þ þ ð72β̄þ − 8γ̄ þ 9γ̄2Þν

γ̄

�
Λð0Þ
þ

�

þ


−ζð34þ 19γ̄Þ þ 2ζð72β̄þ − 8γ̄ þ 9γ̄2Þν

γ̄

�
ϕ0Λ

ð1Þ
þ

�

þ 1

γ̄2

�

1

5
ð−960β̄−β̄þ þ 960β̄−β̄þζ þ 1080β̄−γ̄ − 1080β̄−ζγ̄ þ 370β̄−γ̄2 − 370β̄−ζγ̄2 − 240γ̄χ̄− þ 240ζγ̄χ̄−

− 96ζγ̄S−Sþ þ 96ζ2γ̄S−Sþ − 96ζγ̄2S−Sþ − 654ζ2γ̄2S−Sþ − 24ζγ̄3S−Sþ − 351ζ2γ̄3S−Sþ þ 1740ζγ̄2S−Sþλ1

þ 870ζγ̄3S−Sþλ1 − 1200γ̄2S−Sþðλ1Þ2 − 600γ̄3S−Sþðλ1Þ2 þ 240γ̄2S−Sþλ2 þ 120γ̄3S−Sþλ2Þ

þ 1

20
δð1920β̄−2 þ 1920β̄þ2 − 1920β̄−2ζ − 1920β̄þ2ζ − 4320β̄þγ̄ þ 4320β̄þζγ̄ − 1056γ̄2

− 1480β̄þγ̄2 þ 1056ζγ̄2 þ 1480β̄þζγ̄2 − 1596γ̄3 þ 1596ζγ̄3 − 459γ̄4 þ 459ζγ̄4 þ 960γ̄χ̄þ − 960ζγ̄χ̄þ − 192ζγ̄S−
2

þ 192ζ2γ̄S−
2 − 192ζγ̄2S−

2 − 1308ζ2γ̄2S−
2 − 48ζγ̄3S−

2 − 702ζ2γ̄3S−
2 − 192ζγ̄Sþ2 þ 192ζ2γ̄Sþ2 − 192ζγ̄2Sþ2

− 1308ζ2γ̄2Sþ2 − 48ζγ̄3Sþ2 − 702ζ2γ̄3Sþ2 þ 3480ζγ̄2S−
2λ1 þ 1740ζγ̄3S−

2λ1 þ 3480ζγ̄2Sþ2λ1 þ 1740ζγ̄3Sþ2λ1

− 2400γ̄2S−
2ðλ1Þ2 − 1200γ̄3S−

2ðλ1Þ2 − 2400γ̄2Sþ2ðλ1Þ2 − 1200γ̄3Sþ2ðλ1Þ2
þ 480γ̄2S−

2λ2 þ 240γ̄3S−
2λ2 þ 480γ̄2Sþ2λ2 þ 240γ̄3Sþ2λ2Þ

þ νð2ð−1þ ζÞγ̄ð64β̄þ þ 11γ̄ þ 12γ̄2Þδ − 2

5
ð−960β̄−β̄þ þ 960β̄−β̄þζ − 1120β̄−γ̄ þ 1120β̄−ζγ̄ − 480β̄−γ̄2

þ 480β̄−ζγ̄2 − 240γ̄χ̄− þ 240ζγ̄χ̄− − 96ζγ̄S−Sþ þ 96ζ2γ̄S−Sþ − 96ζγ̄2S−Sþ − 654ζ2γ̄2S−Sþ − 24ζγ̄3S−Sþ

− 351ζ2γ̄3S−Sþ þ 1740ζγ̄2S−Sþλ1 þ 870ζγ̄3S−Sþλ1 − 1200γ̄2S−Sþðλ1Þ2 − 600γ̄3S−Sþðλ1Þ2 þ 240γ̄2S−Sþλ2

þ 120γ̄3S−Sþλ2ÞÞ
�
λð0Þ−

þ f−12ζγ̄2ð2þ γ̄ÞS−Sþð6ζ − 5λ1Þ − 6ζγ̄2ð2þ γ̄ÞðS−
2 þ Sþ2Þδð6ζ − 5λ1Þ þ 24ζγ̄2ð2þ γ̄ÞS−Sþνð6ζ − 5λ1Þgϕ0λ

ð1Þ
−

þ f−12ζ2γ̄2ð2þ γ̄ÞS−Sþ − 6ζ2γ̄2ð2þ γ̄ÞðS−
2 þ Sþ2Þδþ 24ζ2γ̄2ð2þ γ̄ÞS−Sþνgϕ0

2λð2Þ−

þ


3

5
δð−320β̄−β̄þ þ 320β̄−β̄þζ þ 360β̄−γ̄ − 360β̄−ζγ̄ þ 130β̄−γ̄2 − 130β̄−ζγ̄2 − 80γ̄χ̄− þ 80ζγ̄χ̄− − 32ζγ̄S−Sþ

þ 32ζ2γ̄S−Sþ þ 48ζγ̄2S−Sþ þ 202ζ2γ̄2S−Sþ þ 32ζγ̄3S−Sþ þ 93ζ2γ̄3S−Sþ − 580ζγ̄2S−Sþλ1 − 290ζγ̄3S−Sþλ1

þ 400γ̄2S−Sþðλ1Þ2 þ 200γ̄3S−Sþðλ1Þ2 − 80γ̄2S−Sþλ2 − 40γ̄3S−Sþλ2Þ

þ 1

20
ð1920β̄−2 þ 1920β̄þ2 − 1920β̄−2ζ − 1920β̄þ2ζ − 4320β̄þγ̄ þ 4320β̄þζγ̄ þ 3264γ̄2 − 1560β̄þγ̄2 − 3264ζγ̄2

þ 1560β̄þζγ̄2 þ 3164γ̄3 − 3164ζγ̄3 þ 851γ̄4 − 851ζγ̄4 þ 960γ̄χ̄þ − 960ζγ̄χ̄þ − 192ζγ̄S−
2 þ 192ζ2γ̄S−

2 þ 288ζγ̄2S−
2

þ 1212ζ2γ̄2S−
2 þ 192ζγ̄3S−

2 þ 558ζ2γ̄3S−
2 − 192ζγ̄Sþ2 þ 192ζ2γ̄Sþ2 þ 288ζγ̄2Sþ2 þ 1212ζ2γ̄2Sþ2 þ 192ζγ̄3Sþ2

þ 558ζ2γ̄3Sþ2 − 3480ζγ̄2S−
2λ1 − 1740ζγ̄3S−

2λ1 − 3480ζγ̄2Sþ2λ1 − 1740ζγ̄3Sþ2λ1 þ 2400γ̄2S−
2ðλ1Þ2
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þ 1200γ̄3S−
2ðλ1Þ2 þ 2400γ̄2Sþ2ðλ1Þ2 þ 1200γ̄3Sþ2ðλ1Þ2 − 480γ̄2S−

2λ2 − 240γ̄3S−
2λ2 − 480γ̄2Sþ2λ2 − 240γ̄3Sþ2λ2Þ

þ νð4β̄−ð−1þ ζÞγ̄ð−32þ 11γ̄Þδþ 1

10
ð−5760β̄−2 þ 1920β̄þ2 þ 5760β̄−2ζ − 1920β̄þ2ζ − 4480β̄þγ̄ þ 4480β̄þζγ̄

þ 4176γ̄2 − 600β̄þγ̄2 − 4176ζγ̄2 þ 600β̄þζγ̄2 þ 1216γ̄3 − 1216ζγ̄3 − 231γ̄4 þ 231ζγ̄4 − 960γ̄χ̄þ þ 960ζγ̄χ̄þ

þ 192ζγ̄S−
2 − 192ζ2γ̄S−

2 − 288ζγ̄2S−
2 − 1212ζ2γ̄2S−

2 − 192ζγ̄3S−
2 − 558ζ2γ̄3S−

2 þ 192ζγ̄Sþ2 − 192ζ2γ̄Sþ2

− 288ζγ̄2Sþ2 − 1212ζ2γ̄2Sþ2 − 192ζγ̄3Sþ2 − 558ζ2γ̄3Sþ2 þ 3480ζγ̄2S−
2λ1

þ 1740ζγ̄3S−
2λ1 þ 3480ζγ̄2Sþ2λ1 þ 1740ζγ̄3Sþ2λ1 − 2400γ̄2S−

2ðλ1Þ2 − 1200γ̄3S−
2ðλ1Þ2 − 2400γ̄2Sþ2ðλ1Þ2

− 1200γ̄3Sþ2ðλ1Þ2 þ 480γ̄2S−
2λ2 þ 240γ̄3S−

2λ2 þ 480γ̄2Sþ2λ2 þ 240γ̄3Sþ2λ2ÞÞ
�
λð0Þþ

þ f6ζγ̄2ð2þ γ̄ÞðS−
2 þ Sþ2Þð6ζ − 5λ1Þ þ δð12ζγ̄2ð2þ γ̄ÞS−Sþð6ζ − 5λ1ÞÞ

− νð12ζγ̄2ð2þ γ̄Þϕ0ðS−
2 þ Sþ2Þð6ζ − 5λ1ÞÞgϕ0λ

ð1Þ
þ

þ f6ζ2γ̄2ð2þ γ̄ÞðS−
2 þ Sþ2Þ þ δð12ζ2γ̄2ð2þ γ̄ÞS−SþÞ − νð12ζ2γ̄2ð2þ γ̄ÞðS−

2 þ Sþ2ÞÞgϕ0
2λð2Þþ

��
: ðC1cÞ

2. Energy in the CM frame

The NNLO tidal correction to the conserved energy in the center-of-mass frame is given, after separating it in power
of G̃, by

Eð2Þ
NNLO ¼ α2G̃2 ζ

1 − ζ
m2ν

�
−
3ð2þ γ̄Þ2ðcð0Þþ − 4νð0Þþ Þ

8ð−1þ ζÞ2r6 þ 6μð0Þþ
c2r6

þ 1

c6r4

�
ðnvÞ4ðð42δþ 6δνÞλð0Þ− þ ð42þ 6ν − 18ν2Þλð0Þþ Þ

þ v4
��

29

8
δþ 9

4
δν

�
λð0Þ− þ

�
35

8
− 3νþ 27

4
ν2
�
λð0Þþ

�

þ ðnvÞ2v2
��

−
71

2
δ − 12δν

�
λð0Þ− þ

�
−
77

2
− 9νþ 30ν2

�
λð0Þþ

���
; ðC2aÞ

Eð3Þ
NNLO ¼ α3G̃3

c6r5
ζ

1 − ζ
m3ν

�
v2
��

1

4
ð−2 − γ̄Þδþ

�
−
12β̄−

γ̄
−
ð16β̄þ þ 4γ̄ þ 3γ̄2Þδ

4γ̄

�
νÞλð0Þ−

þ
�
1

4
ð2þ γ̄Þ þ

�
48β̄þ þ 212γ̄ þ 131γ̄2

4γ̄
þ 4β̄−δ

γ̄

�
ν − 2ν2

�
λð0Þþ

−
ð2þ γ̄Þð−1þ νÞð4λ1ð−δΛð0Þ

− þ Λð0Þ
þ Þ þ ζð5δΛð0Þ

− þ 2ϕ0δΛð1Þ
− − 5Λð0Þ

þ − 2ϕ0Λ
ð1Þ
þ ÞÞ

4ð−1þ ζÞ
�

þ ðnvÞ2
��

1

2
ð10 − 3γ̄Þδþ

�
100β̄−

γ̄
−
ð80β̄þ − 4γ̄ þ 15γ̄2Þδ

4γ̄

�
ν

�
λð0Þ−

þ
�
1

2
ð6 − 5γ̄Þ þ

�
−
400β̄þ þ 484γ̄ þ 369γ̄2

4γ̄
þ 20β̄−δ

γ̄

�
ν − 18ν2

�
λð0Þþ

−
ð2þ γ̄Þð2þ 5νÞð4λ1ð−δΛð0Þ

− þ Λð0Þ
þ Þ þ ζð5δΛð0Þ

− þ 2ϕ0δΛð1Þ
− − 5Λð0Þ

þ − 2ϕ0Λ
ð1Þ
þ ÞÞ

4ð−1þ ζÞ
��

; ðC2bÞ
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Eð4Þ
NNLO ¼ α4G̃4

c6r6
ζ

ð1 − ζÞ2 m
4ν

�
ð2þ γ̄Þ2

�
3

2
ζϕ0δΛð1Þ

− þ ð5ζ − 4λ1Þ
�
3

4
δΛð0Þ

− −
3

4
Λð0Þ
þ

�
−
3

2
ζϕ0Λ

ð1Þ
þ

�

þ ð2þ γ̄Þ
�
−
12β̄−νð5ζ − 4λ1ÞΛð0Þ

−

γ̄
−
24β̄−ζϕ0νΛð1Þ

−

γ̄
þ 3ð8β̄þ þ γ̄2Þνð5ζ − 4λ1ÞΛð0Þ

þ
2γ̄

þ 3ζð8β̄þ þ γ̄2Þϕ0νΛ
ð1Þ
þ

γ̄

�

×
1

γ̄2

�

1

5
νð320β̄−β̄þ − 320β̄−β̄þζ þ 160β̄−γ̄ − 160β̄−ζγ̄ þ 180β̄−γ̄2 − 180β̄−ζγ̄2 þ 80γ̄χ̄−

− 80ζγ̄χ̄− þ 32ζγ̄S−Sþ − 32ζ2γ̄S−Sþ þ 32ζγ̄2S−Sþ þ 218ζ2γ̄2S−Sþ þ 8ζγ̄3S−Sþ þ 117ζ2γ̄3S−Sþ − 580ζγ̄2S−Sþλ1
− 290ζγ̄3S−Sþλ1 þ 400γ̄2S−Sþðλ1Þ2 þ 200γ̄3S−Sþðλ1Þ2 − 80γ̄2S−Sþλ2 − 40γ̄3S−Sþλ2Þ

þ 1

10
ð−320β̄−β̄þ þ 320β̄−β̄þζ þ 160β̄−γ̄ − 160β̄−ζγ̄ − 20β̄−γ̄2 þ 20β̄−ζγ̄2 − 80γ̄χ̄− þ 80ζγ̄χ̄− − 32ζγ̄S−Sþ

þ 32ζ2γ̄S−Sþ − 32ζγ̄2S−Sþ − 218ζ2γ̄2S−Sþ − 8ζγ̄3S−Sþ − 117ζ2γ̄3S−Sþ þ 580ζγ̄2S−Sþλ1 þ 290ζγ̄3S−Sþλ1
− 400γ̄2S−Sþðλ1Þ2 − 200γ̄3S−Sþðλ1Þ2 þ 80γ̄2S−Sþλ2 þ 40γ̄3S−Sþλ2Þ

þ 1

40
δð640β̄−2 þ 640β̄þ2 − 640β̄−2ζ − 640β̄þ2ζ − 640β̄þγ̄ þ 640β̄þζγ̄ − 172γ̄2 þ 80β̄þγ̄2 þ 172ζγ̄2 − 80β̄þζγ̄2

− 212γ̄3 þ 212ζγ̄3 − 53γ̄4 þ 53ζγ̄4 þ 320γ̄χ̄þ − 320ζγ̄χ̄þ − 64ζγ̄S−
2 þ 64ζ2γ̄S−

2 − 64ζγ̄2S−
2 − 436ζ2γ̄2S−

2

− 16ζγ̄3S−
2 − 234ζ2γ̄3S−

2 − 64ζγ̄Sþ2 þ 64ζ2γ̄Sþ2 − 64ζγ̄2Sþ2 − 436ζ2γ̄2Sþ2 − 16ζγ̄3Sþ2 − 234ζ2γ̄3Sþ2

þ 1160ζγ̄2S−
2λ1 þ 580ζγ̄3S−

2λ1 þ 1160ζγ̄2Sþ2λ1 þ 580ζγ̄3Sþ2λ1 − 800γ̄2S−
2ðλ1Þ2 − 400γ̄3S−

2ðλ1Þ2

− 800γ̄2Sþ2ðλ1Þ2 − 400γ̄3Sþ2ðλ1Þ2 þ 160γ̄2S−
2λ2 þ 80γ̄3S−

2λ2 þ 160γ̄2Sþ2λ2 þ 80γ̄3Sþ2λ2Þ
�
λð0Þ−

þ f−2ζγ̄2ð2þ γ̄ÞS−Sþð6ζ − 5λ1Þ − ζγ̄2ð2þ γ̄ÞðS−
2 þ Sþ2Þδð6ζ − 5λ1Þ þ 4ζγ̄2ð2þ γ̄ÞS−Sþνð6ζ − 5λ1Þgϕ0λ

ð1Þ
−

þ f−2ζ2γ̄2ð2þ γ̄ÞS−Sþ − ζ2γ̄2ð2þ γ̄ÞðS−
2 þ Sþ2Þδþ 4ζ2γ̄2ð2þ γ̄ÞS−Sþνgϕ0

2λð2Þ−

þ



1

10
δð−320β̄−β̄þ þ 320β̄−β̄þζ þ 160β̄−γ̄ − 160β̄−ζγ̄ − 20β̄−γ̄2 þ 20β̄−ζγ̄2 − 80γ̄χ̄− þ 80ζγ̄χ̄− − 32ζγ̄S−Sþ

þ 32ζ2γ̄S−Sþ þ 48ζγ̄2S−Sþ þ 202ζ2γ̄2S−Sþ þ 32ζγ̄3S−Sþ þ 93ζ2γ̄3S−Sþ − 580ζγ̄2S−Sþλ1 − 290ζγ̄3S−Sþλ1
þ 400γ̄2S−Sþðλ1Þ2 þ 200γ̄3S−Sþðλ1Þ2 − 80γ̄2S−Sþλ2 − 40γ̄3S−Sþλ2Þ

þ 1

40
ð640β̄−2 þ 640β̄þ2 − 640β̄−2ζ − 640β̄þ2ζ − 640β̄þγ̄ þ 640β̄þζγ̄ þ 348γ̄2 þ 80β̄þγ̄2 − 348ζγ̄2 − 80β̄þζγ̄2 þ 308γ̄3

− 308ζγ̄3 þ 77γ̄4 − 77ζγ̄4 þ 320γ̄χ̄þ − 320ζγ̄χ̄þ − 64ζγ̄S−
2 þ 64ζ2γ̄S−

2 þ 96ζγ̄2S−
2 þ 404ζ2γ̄2S−

2 þ 64ζγ̄3S−
2

þ 186ζ2γ̄3S−
2 − 64ζγ̄Sþ2 þ 64ζ2γ̄Sþ2 þ 96ζγ̄2Sþ2 þ 404ζ2γ̄2Sþ2 þ 64ζγ̄3Sþ2 þ 186ζ2γ̄3Sþ2 − 1160ζγ̄2S−

2λ1

− 580ζγ̄3S−
2λ1 − 1160ζγ̄2Sþ2λ1 − 580ζγ̄3Sþ2λ1 þ 800γ̄2S−

2ðλ1Þ2
þ 400γ̄3S−

2ðλ1Þ2 þ 800γ̄2Sþ2ðλ1Þ2 þ 400γ̄3Sþ2ðλ1Þ2 − 160γ̄2S−
2λ2 − 80γ̄3S−

2λ2 − 160γ̄2Sþ2λ2 − 80γ̄3Sþ2λ2Þ

þ 1

20
νð−1920β̄−2 þ 640β̄þ2 þ 1920β̄−2ζ − 640β̄þ2ζ − 640β̄þγ̄ þ 640β̄þζγ̄ þ 1232γ̄2 − 400β̄þγ̄2 − 1232ζγ̄2

þ 400β̄þζγ̄2 þ 512γ̄3 − 512ζγ̄3 − 77γ̄4 þ 77ζγ̄4 − 320γ̄χ̄þ þ 320ζγ̄χ̄þ þ 64ζγ̄S−
2 − 64ζ2γ̄S−

2 − 96ζγ̄2S−
2

− 404ζ2γ̄2S−
2 − 64ζγ̄3S−

2 − 186ζ2γ̄3S−
2 þ 64ζγ̄Sþ2 − 64ζ2γ̄Sþ2 − 96ζγ̄2Sþ2 − 404ζ2γ̄2Sþ2 − 64ζγ̄3Sþ2

− 186ζ2γ̄3Sþ2 þ 1160ζγ̄2S−
2λ1 þ 580ζγ̄3S−

2λ1 þ 1160ζγ̄2Sþ2λ1 þ 580ζγ̄3Sþ2λ1 − 800γ̄2S−
2ðλ1Þ2 − 400γ̄3S−

2ðλ1Þ2

− 800γ̄2Sþ2ðλ1Þ2 − 400γ̄3Sþ2ðλ1Þ2 þ 160γ̄2S−
2λ2 þ 80γ̄3S−

2λ2 þ 160γ̄2Sþ2λ2 þ 80γ̄3Sþ2λ2Þ
�
λð0Þþ

þ fζγ̄2ð2þ γ̄ÞðS−
2 þ Sþ2Þð6ζ − 5λ1Þ þ 2ζγ̄2ð2þ γ̄ÞS−Sþδð6ζ − 5λ1Þ − 2ζγ̄2ð2þ γ̄ÞðS−

2 þ Sþ2Þνð6ζ − 5λ1Þgϕ0λ
ð1Þ
þ

þ fζ2γ̄2ð2þ γ̄ÞðS−
2 þ Sþ2Þ þ 2ζ2γ̄2ð2þ γ̄ÞS−Sþδ − 2ζ2γ̄2ð2þ γ̄ÞðS−

2 þ Sþ2Þνgϕ0
2λð2Þþ

��
: ðC2cÞ
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