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Gravitational wave energy-momentum tensor in reduced Horndeski theories
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We generalize, imposing the field equations only at dominant order, the Isaacson formula for the
gravitational wave (GW) energy-momentum tensor (EMT) to the class of Horndeski theories in which the
tensor modes travel at the speed of light (reduced Horndeski theories) and scalar waves are present. We
discuss important particular cases such as theories where scalar waves are also luminal and theories in
which the transverse-traceless gauge can be achieved in an arbitrary open set. The vanishing of the trace of
the gravitational wave energy-momentum tensor is obtained for theories in which all wave perturbations
propagate at the speed of light. The trace is shown not to vanish trivially in other cases. We obtain, as a
particular case of our general result, the GW EMTs, in a Brans-Dicke theory, both in the Einstein frame,
recovering previous results in the literature, and in the Jordan frame, thereby showing the GW EMT is not
conformally invariant. We further prove that there exists a subclass of reduced Horndeski theories where, in
contrast to general relativity, the divergence of the GW EMT does not vanish even after the imposition of

the full equations of motion, assuming an eikonal solution.
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I. INTRODUCTION

The recent first detection of the stochastic gravitational
wave background (SGWB) by NANOGrav [1] has proven
once more that there are still numerous new wonders yet to
be discovered about our universe. It has been responsible for
an additional exciting chapter in the continuous fresh series
of discoveries surrounding gravitational wave (GW) phys-
ics, and its power to give us new physics information will be
enormous [2,3]. The first space-based interferometer to be
launched in the next decade, the Laser Interferometer Space
Antenna (LISA) [4,5], will be able to provide another angle
to the vast GW landscape, improving our understanding of
fundamental physics, astrophysics, and cosmology [6—8]. In
particular, the SGWB coming from compact white dwarf
binaries in our own galaxy is expected to be detected by
LISA [9].

The SGWB will serve as a new probe for alternative
theories of gravity as well. Short duration GWs need a
number of interferometers in different parts of the globe if
the goal is to measure additional polarizations predicted by
modified theories of gravity. But, with the SGWB con-
tinuous signal, it is possible to detect such polarizations
with a single detector provided a sufficiently long obser-
vation time is employed [10].

Another way SGWB can indicate deviations from GR is if
direct corrections to the detected signal exist. As pointed out
by [11,12], usually when discussing the SGWB at a theo-
retical level, one pays attention to the spectral energy density
per unit solid angle but takes for granted the way this physical
quantity relates to the actually measurable SGWB signal.
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This relation between what is directly measured and what is
more physically relevant can change in modified gravity.
In [11], this relation is generalized to Brans-Dicke, Chern-
Simons, and massive gravity theories. In [12], we obtained the
aforementioned relation, assuming there are no scalar waves,
in the context of reduced Horndeski theories, the most general
scalar-tensor theory having second-order equations of motion
originating from a nondegenerate Lagrangian with tensor
waves traveling at the speed of light. The luminal property of
tensorial perturbations is observably justified, at least for low
redshifts, by multimessenger sources [13,14].

The equation relating the directly measurable SGWB
signal and the spectral energy density of GWs has correc-
tions for alternate theories of gravity because, among other
possible causes such as a change in GW propagation law,
the energy-momentum tensor (EMT) of GWs changes
when compared to its simple form in general relativity
(GR). The GW EMT arises from the nonlinear character of
the field equations. When assuming the presence of high-
frequency GW perturbations traveling through the back-
ground spacetime, low-frequency contributions related
with the GWs arise in the background part of the field
equations, a backreaction mechanism that describes how
GWs, while being a result of the matter curved spacetime,
can themselves generate more curvature. This process was
first studied in [15,16] in the GR context and further
mathematically developed by [17-19].

In [20], many crucial aspects regarding the computation
of the GW EMT are revised and generalized, and the tensor
is obtained for some alternate gravity theories, such as
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Chern-Simons and scalar-tensor theories where the scalar
field has a canonical kinetic term in the action together with
an interaction term coupling the scalar field and scalar
curvature invariants of second rank or higher, that is, those
constructed with the contraction of at least three curvature
related tensors. Such a family of theories does not include the
Lagrangian term f(¢)R, where ¢ is the dynamical scalar
field, where R is the Ricci scalar. Another particularity of the
study made in [20] is that only asymptotically flat spacetimes
are taken into account. Thus, important systems, such as
cosmological ones, cannot be included in those results.
In [21,22] the GW EMT is obtained in f(R) theories. In
GR, the tensor always has a vanishing trace, being then
interpreted as describing a radiation fluid, while in f(R) it
can have negative values, which allows the resultant fluid to
be understood, in principle, as dark energy, responsible for
the present accelerated expansion stage of the universe.
The GW EMT for reduced Horndeski theories was origi-
nally obtained in [23]. But in this work the presence of scalar
waves was completely neglected. Further, several results
regarding scalar waves were derived in [24], but the GW
EMT was not generalized to contain scalar wave contributions.
In this present paper, our main goal is to obtain the off-shell
GW EMT in the context of reduced Horndeski theories
assuming scalar waves. Several new features must be
considered: in this context, the transverse-traceless (TT)
gauge cannot always be achieved, scalar waves do not always
travel at the speed of light, the true degrees of freedom of
GWs are mixed together inside the tensor perturbations of the
metric, and some properties of the weak-limit average used to
obtain the tensor have to be reviewed.
We do not impose the full field equation in the most
general context, but some theories are explored in which,
even after the field equations are used, the divergence of the
GW EMT is shown not to vanish. This implies that the duality
relation for the GW analogous cosmological distances (the
luminosity and angular diameter distances) is altered, which,
as will be discussed further in the text, can imply modifi-
cations on the spectral energy density of the SGWB.
Some particular subcases of interest are explored such as
Horndeski theories with luminal scalar waves and those in
which the TT gauge can be achieved. In the first case, the
trace of the GW EMT is shown to vanish, as one should
expect of a radiation fluid, while in the other it is shown not
to vanish in a trivial way, which could potentially indicate a
dark energy fluid, just as suggested in [22] for f(R) gravity.
In summary, the most important results of our study are
(see Fig. 1) the following:
(i) We obtain the GW EMT for a general reduced
Horndeski theory, but only imposing the equations
of motion at dominant order [Eqgs. (93), (94), (96),
(100)].

(ii)) We obtain the GW EMT for reduced Horndeski
theories where scalar waves are luminal and show
that its trace vanishes [Eqgs. (115) and (116)].

(ii1)) We obtain the GW EMT for reduced Horndeski
theories where the transverse-traceless gauge is
achievable, showing that its trace does not vanish
trivially and thus may indicate an alternative for dark
energy [Egs. (122) and (123)].

(iv) We reobtain the GW EMT for Brans-Dicke theory in
the Einstein frame and confirm previous results from
literature [Eq. (128)].

(v) We obtain the GW EMT for Brans-Dicke theory in
the Jordan frame and show that this object is not
conformally invariant [Egs. (139), (145), and (150)].

(vi) We give an example of a reduced Horndeski theory
where, even after imposing the complete field
equations and assuming an eikonal solution, the
divergence of the GW EMT does not vanish, which
impacts the GW duality relation and the SGWB
signal [Eqs. (156), (157), and (174)].

The results here can originate further investigation of
possible modifications of gravity that can be tested by several
different ways, including the SGWB signal analysis.

In Sec. II we present the theory we work on, define the
GW EMT in a general context, describe tensor and scalar
wave propagation, discuss some limitations on fixing
gauges, and present the weak-limit average. In Sec. III
we expand the action until second order in the amplitude of
GWs. In Sec. IV we vary the action and take the weak-limit
average to obtain the GW EMT. In Sec. V we further explore
particular cases of interest and reobtain the tensor in the
Brans-Dicke theory, confirming what was already known
from literature. In Sec. VI we calculate the divergence of the
GW EMT in a particular subclass of Horndeski and prove
that, even after the imposition of the field equation, it does
not vanish for a general eikonal wave solution.

We use units in which ¢ =1 and a Lorentzian metric
with signature +2. The Riemann will be defined by
satisfying

Vaspy = Vayp =* Rlaﬁy U (1)

where v, is a generic covector and we define the Ricci
tensor as

R(lﬂ = Rﬂaﬂﬂ. (2)

II. PRELIMINARIES
A. Reduced Horndeski theories

The reduced Horndeski theory gravitational action' is
1
=—— [ = X x)O
S~ 1er | VTG0 X) + Gal X)Tp
+ Ga(p)Rd'x, (3)

"We will not consider matter action in this study.
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where @ is a scalar field, Clg = ¢**¢.,,, and X :=—@*¢ , /2
is the kinetic energy of the scalar field. It is the most general
nondegenerate scalar-tensor four-dimensional theory with
second-order differential field equations in which the
tensorial modes of GWs travel at the speed of light.
Notice that no restriction is made for the speed of scalar
waves. GR is the special case in which G, = =2A, G5 = 0,
and G, = 1.7

The family of scalar-tensor theories in which the GW
EMT was obtained in [20] has the gravitational action

Sy = Sen + Sine + S, (4)

where

1
i=—— [ /=gRd* 5
Sex 167rG/ grRa=x 5)

is the GR gravitational action,

5, =P / VX 4 V()dx (6)

is the canonical scalar term, with $ being a real constant,
and

&m=a/\ﬁﬁﬂmen (7)

where « is another real constant and ‘R is a scalar built with
curvature tensors (i.e. Riemann and Ricci tensors), pro-
vided R # R. Actions of Egs. (3) and (4) do not coincide
for at least two reasons. First, in Eq. (4), G, = X + V(¢).
Second, as stated before, the coupling between the scalar
field and the curvature, present in Sj,, iS not of the
form G4(¢)R.

B. Definition of GW EMT in scalar-tensor theories

To obtain the GW EMT of a scalar-tensor theory, we first
need to consider solutions of the field equations having
gravitational waves traveling on top of a background
spacetime with metric g, (x7).

To that end, we will assume there is a coordinate system
in which a two-parameter family of metrics satisfying the
field equations can be split as

G (X7, €,@) = G, (X7) + ahy, (X7, €), (8)

where ||, |a| < 1 are constant parameters (i.e. independent
of x?) related to, respectively, the GW wavelength and
amplitude (4, is assumed to vary substantially more and to
be extremely weaker than the background metric g,,).
Henceforward, unless explicitly stated otherwise, all

“For a comprehensive review on Horndeski theory, see [25].

covariant derivatives and the raising and lowering of indices
will be done with respect to the background metric. It is
important to emphasize that the background metric in this
work is generic, different from the treatment in [20], where
G 1s assumed to be asymptotically flat, not comprising
important cases, such as the isotropic and homogeneous
universes described by the Robertson-Walker metric.
In the same spirit, one splits the scalar field as

P, e, a) = p(x) + adp(x*, €). ©)

Then, given the action of a theory, one can find the GW
EMT by the following procedure.
First, expand the action in powers of the GW amplitude:

S =8+ aSW (hys.50) + a*>S? (hyp. 89p) + O(a®),  (10)

where hw and d¢ still depend on €, but, of course, S
depends neither on ¢ nor on a.

Second, vary the a dependent part of the action with
respect to the background metric and take the weak-limit
average (which will be described further in the text; see

Sec. 1T F):
Gw) _ 2 /8(S- S)>
T/”/ = /_g < 59/41/ . (1 1)

As a good first approximation, our study will only be
concerned with contributions coming from the linear and
quadratic parts in Eq. (10).

The most general treatment one can give for the GW
EMT is to assume « and ¢ as independent. But, to simplify
our discussion, we will assume from now on that these
parameters are equal:

€=a. (12)

In principle, terms with different powers in € can contribute
to S and §®), depending on the action in which we are
interested, since Eq. (10) is an expansion only in the a
parameter.

Notice that, in Eq. (8), when we take the limit a — O, the
wave vanishes and the total metric reduces to the back-
ground one. But when Eq. (12) is assumed, it does not
follow necessarily that

l‘irréehaﬁ(x”, €)=0. (13)

Here we will assume perturbations are such that Eq. (13) is
valid. An example of physical significance in which this is
true is the eikonal function

ha/}(x”7 €) = Ha/i(xu)eikDXb/e' (14)

Similar behavior is assumed for the scalar perturbation.
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C. Gravitational waves in reduced
Horndeski theories

The evolution equation for the tensorial and scalar parts
of a gravitational wave can be compactly expressed as’

Kaﬁ Kpaaﬂ Vv Fa Froa v
+
K, ke, ) P\ Fey, e, )0

Lo e NG ()0

where fzaﬁ is the trace-reverse of h:

~

h_
h(l[)’ = haﬂ - zga/i (16)

and the matrices acting upon the perturbation fields are
called kinetic, friction (or amplitude), and mass tensors.
In order to interpret the pair of perturbation fields in
Eq. (15) as true degrees of freedom of GWs, the kinetic
tensor acting upon the double covariant derivatives needs to
be diagonal, as argued by [24]. In the most general case of a
reduced Horndeski theory, this does not occur for the pair
(0, fz(,ﬂ). Nevertheless, the diagonalization of the kinetic

term is still achievable if fzaﬁ is replaced by the new tensor”

Pap(x.€) 1= oy (. €) + Cop(x)Sp(x €),  (17)
where

A

1 - _ _ =
C/H/ = G_4 (G3.X§0V”(ﬂ,y - G4,(pg/w> (18)

and G; stands for G;(@, X). The pair (6. 7,5) can then be
thought of as the true degrees of freedom of GWs [24]. It is
important to notice that the system of equations governing
the evolution of this new pair is still coupled, and only the
kinetic term is diagonalized.

One can invert Eq. (16) to give

~

A _h
hop = ha/} - ga/ii‘ (19)

Then, substituting Eq. (17) and its trace, one relates the
initial perturbation with the real tensorial degree of freedom
of the system:

A g{l A
ha/)’ =7Yap — _ﬁy -

) Caﬂ 5(;0’ (20)

3For the complete expressions of each matrix element in terms
of the Galileon functions, see [24].

'We choose here, different from the notation adopted in [24],
to express 7,5 with a hat since it is defined in terms of hatted
quantities.

where

| o = -
Cuw = G_4 [GB,X((p,MQD‘v + Xg/w> + G4~¢gﬂ”} (21)

. NS
is the trace-reverse of C,,.

D. Transverse-traceless gauge is
not always achievable

A very powerful and standard way of representing GWs
in general relativity is by taking advantage of the gauge
freedom the tensorial perturbation has to reduce the number
of nonzero independent components to two: one related
with the plus polarization and the other related with the
cross polarization. The resulting tensor has trace zero and
travels along null geodesics transversely with respect to the
direction of propagation. The effect of GWs in free particles
is then found to be of a shearing nature; that is, it is
an anisotropic perturbation which preserves areas and
volumes. The gauge in which such a scheme is possible
is called the TT gauge. Despite its simplicity, the TT gauge
is not always achievable in reduced Horndeski theories.

Under the gauge change

hyy = hyy + 280, (22)

where £, is the gauge vector, the divergence of 7, trans-
forms as

j}/w;y - j}/w;y + Dgﬂ + Rﬂpfy- (23)

It is always possible to find a &, such that the harmonic
gauge condition

7 =0 (24)

is satisfied.

Although the harmonic gauge condition is necessary for
obtaining the more restrictive TT gauge, it is not sufficient.
As argued in [23], under the geometrical optics regime, the
TT gauge can only be achieved along the whole GW null
geodesic without violating Eq. (24) if G4, =0 and
G;x = 0. We will not restrict ourselves to this set of
theories and will not adopt the TT gauge in the discussion
that follows, although the harmonic gauge will be used
throughout the study. This is a considerable difference
when comparing our results with the usual procedure for
obtaining the GW EMT in general relativity, since one
expects, in the former case, the trace of the tensorial degree
of freedom to be present.

SNotice that A” = A%, for any tensor A%
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E. Unitary-harmonic gauge is not always achievable

In [26], a gauge in which Eq. (24) is valid together with
0@ = 0 simultaneously is presented. This is called the
harmonic-unitary gauge in [23]. In this gauge, all possible
new contributions to the GW EMT we are trying to
investigate would be only a gauge effect, not having
physical consequences, since no scalar wave would result
in real spacetime curvature, not generating geodesic
deviation between freely falling particles.

But, as proven in [26], this gauge is only achievable
when scalar waves are luminal. And, even in this case, this
is only a necessary condition. Since we are dealing with a
family of theories in which scalar waves are not necessarily
luminal and, even when they are luminal, this gauge cannot
always be achieved; the calculation of the GW EMT in
reduced Horndeski theories can still have physically
relevant new contributions.

F. The weak-limit average

Here we discuss some features regarding the weak-limit
average [16,17,19,20,22,27] used to construct the GW EMT.

We will assume that although the perturbations have
amplitudes of order e [remembering Eq. (12)], their
derivatives can have greater order. More specifically, we
will impose that, for each derivative taken, the order of the
resulting quantity will drop by a power of €:

Fapi..s, = O€™), (25)
€6¢.4,2,.., = O(e'™). (26)

This rule allows us to inspect how GWs can curve the
background spacetime by contributing to the energy-
momentum source of the background field equations. If
we assumed that derivatives were of the same order as the
perturbations, there would be no effect on the background
spacetime due to GWs. On the other hand, if we assumed
the drop in powers of e for each derivative taken to be
greater than one, we would necessarily end up with
divergent terms in the GW EMT.

The weak-limit average of a given tensor A, ,,, o (X", €) is

(a0} = 1y [T, (0,
X Ag .5 (x¥, €)d*x, (27)

where f*1%% is a function that falls smoothly to zero for
|x# — x| of the order of several ¢ wavelengths but is still
small compared with the typical background scale of
variation. The limit is made to enforce the smallness of
the wavelength when compared with the scale in which the
average is made.

Since f*1*®~% is negligible for background scales,
background quantities, which do not depend on € in any

way, can be considered constant under the region of
integration:

<Balaz-~~a,,> - Balazma,,' (28)

Furthermore, we assume the limits
i (. €) = 7 (. 0), (29)
liméop(x*, €) = dp(x*, 0), (30)
to be well defined, which allow us to conclude that
(€7ap) =0, (31)
(ebp) = 0. (32)

Because of Egs. (25) and (26), first derivatives of
perturbations are of background order. But one of the
most important properties of the weak limit is that, since
Jar@-% does not depend on ¢, such derivatives average to
zero. In the case of the 7,4 perturbation

<€77a/3;ﬂ> = lim \% _gfy&/)aﬂie}?yﬁ;(/)d“x/
e—0
— iy [ VG gigeiad =0, (33

By induction, the nth order derivative of the perturbations
vanishes as well:

<€j>aﬂ;/1122..in> =0. (34)

Because of these properties, one can always use inte-
gration by parts in products of derivatives of perturbations.
For example,

<€277aﬂ;ﬂ5§0;5> = <€2(7A/a/)’;i5(p);5> - <€27/}a[}’;/155(p>
= _<€2?aﬂ;za5¢>, (35)

since, analogous to Eq. (33), one shows that

<€2(?(l/3;}»6¢);5> =0.
Another important property is that covariant derivatives
of perturbations commute inside the average:

<€j}aﬁ;/w> - <€}’>aﬁ;uﬂ> + Rra/w<€j>‘rﬁ> + Rrﬁuy<€?m’>
= <€j;aﬁ;l4¢>' (36)
Using Egs. (35) and (36), we get
<€2?aﬂ;/15(p;5> = <€2?aﬂ;551p;ﬂ>' (37)

Having in mind the properties derived in this subsection,
one can simplify the GW EMT defined in Eq. (38) [20].

044004-5



JOAO C. LOBATO and MAURICIO O. CALVAO

PHYS. REV. D 109, 044004 (2024)

Terms appearing in S(!) will necessarily have a single
perturbation or one of its derivatives. As a consequence of
Eq. (12) and the property illustrated in Eq. (34), these terms
will necessarily vanish under the average. This implies that
we only need to compute S):

row) 2 <
Hv ~ \/?
g

This is the first approximation of the quantity related to
GWs that will serve as an additional source to the back-
ground field equations of the theory.

(2)
2% > (38)

55"

G. Gravitational wave energy-momentum tensor

In general relativity, one has the usual Isaacson formula

1 1 P
TELW = 3_2 <€2?a/};y?aﬁ;v> = 3_2 <€2ha/)’;yhaﬂ;v>’ (39)
where the last equality is valid because there is no scalar
wave on the theory.
The correction to this tensor in reduced Horndeski
theories was already obtained if we assumed scalar waves
to be neglectable [23]:

G, N .
TV :3—2<€ (haﬂ,,h s, —Ehﬂhy>> (40)

where we cannot assume the second term will vanish
since the TT gauge may not be achievable, as discussed
previously.

Different corrections were obtained for the GW EMT
when considering the presence of scalar waves for theories
such as Brans-Dicke, Chern-Simmons, and massive gravity
[11,20], but no article handled the whole family of reduced
Horndeski theories with scalar waves.

In this last case, one expects corrections to these
expressions involving (5 ,6¢,), (69 ,7,), (7 ,.7.). and
(S345,09,), with S* being a certain tensor to be
deduced, where fzaﬁ is exchanged by 7,4 because of the
presence of the scalar waves. Since we do not assume a
luminal nature for scalar perturbations, we still can have
contributions related with [ép as well. Our aim is to
express the GW EMT assuming all these new elements
from the theory.

III. EXPANDING THE ACTION

We begin by expanding metric related quantities.
Although the metric has only linear perturbations, the
inverse metric needs to have a second-order term in order
to satisfy

gaﬂgﬂy =, (41)

to second order. This implies in the following expression,
correct to second order:

¢ =G — eh + e hF h™. (42)

Here, one might ask why we have not expanded the
metric as

G = Gy + €My + €20y (43)

since we are interested in contributions in the action until
second order. We do not need to assume an €2 term in the

metric because it can only appear on S linearly, multi-
plying background terms. Because of Eq. (34), they would
vanish in the weak-limit average.

We now expand the metric determinant. Taking the
determinant of Eq. (9),

g = gdet(I + €H), (44)

where ¢ is the determinant of the total metric, § is the
determinant of the background metric, and (I + eH)*, =
", + eh*,. Defining the logarithm of a matrix as

> (A-1
log(A Z k+1 ) , (45)
k=1

we may write, to second order in ¢,

det(I +eH) =exp|log(det(/ +¢H))]
=exp[Tr(log(I +€H))]
&2
=exp <€Tr(H) —ETr(H2)>
2
=1+¢Tr(H) 4—3{[Tr(H)]2 —Tr(H?)}, (46)
where in the second equality we have used a well-known

property (see [28], for example) and Tr is the trace of a
matrix. Using this expansion in Eq. (44):

2
N \/_—9{1 +§h + % 2 — 2haﬂhﬁa}}, (47)
where h == Tr(H) = 5% hyy.
We next expand the scalar kinetic term X using Eqgs. (8)
and (9):
1 _
X= =200y =X+ XV £ X0, (48)

where

_ |
X = _igaﬂw,aq),/}v (49)
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h 1[3
(1):__ 7 . — %P 2) a p a
X 5 PPy = 5000 . (50)  R® =5 [hﬂa;phf R
@) _ pab; 7’ e b o (a0 VR, — n9)| 4 R
X =h"p ¢ 45— 75(p,a5§0,ﬁ - Eh D P g (51) ) ap; 77 ; a H
pa(T] _OhH
Notice that, in Eq. (48), we have used the full metric to +h (Dh/’" + hipa = 20 /’;(/«z))’ (56)
contract the indices instead of the background one, since we
are interested in the action, which is expressed in terms of and
the complete metric. With this, the Galileon functions can
be expanded: 1
hﬂ/’;(/m) = 5 (hﬂ/’;#a + hﬂl’;aﬂ)' (57)
Gi(0.X) = G; + GV + 267, (52)
To expand the D’ Alembertian in Eq. (3), we first need to
where expand the Christoffel coefficients:
1 _ A A v(l) a _ Fa a(l) 21-a(2)
G;' = G,,09+ G xX'V, re =T% +ely, + €Ty, (58)
2
(2) . - 5(0 -
G;” =GixX @ + Gigy BN + GigpxdpX M where
L xmyp
+Gixx—F—- (53) FOR
2 FﬂJ(’ = 7 (hwl;ﬂ + hﬂl;y - haﬁ;/1> (59)
From the Ricci tensor expansion (see [28], for example),
one obtains the Ricci scalar to second order in e, and
R=¢"R.,; =R+ eRY + R, (54) o2 et
I, = = sy + gy = hapy). (60)
where
W o= _ Then, if V,, is the covariant derivative with respect to Gap WE
RY = hy,”* —Dh — Ry, b, (55) conclude

ey fof ey T 1 2
Do = ¢9VVop = 9V5(0.0) = 91005 — (T + eIl + T ) ]
- [= g . i} i
=@ +e {Déco =5 @h* =)o, ~ h”‘ﬂqoaﬁ}

haﬁ—y/l

. h. _ B g B _
e Kh"”ﬂ - %) (h9., = 500 ) + —5— Qhaip = hap2) By = W60 ap + W, WP p | (61)

Using Egs. (48), (52), (61), and (54), one finally finds

4
s@ =357, (62)
=2
where
@ _ V=[G, ., h (59) -
S2 = 162G {§ (ha/;h - hZ) + EGz’(p(s(p + Tst(ﬂ(I’
1~ =0 =.a 2 1 =0 ~.a
+ {Z G xxhap@ @ =205 o) + 5(/’G2.¢x} 5 (hap@” =295 )
1- = = a = a =
+ Z G2.X [_Zéq)’aé(p,a - 2h6§0’a(/},a + (pﬂ(—zh( J/h/)’;/(g,ar + h(l/3(45(/y + hqﬂ’ ))] } ’ (63)
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@ V=9 |~ |@°
5= 167ZG{G [

3 T [h(h Zhay ) Zhﬁy(hﬂy;a - Zh(lﬂ;y) - zhaﬂ(h/j - Zhﬁy;y)}

1 _
= [8h 50" — 850 th 5 — 8hPp. o5 + 4HTI5 + By (8he? B — 4hhP) + T p(h? = 2h,sh)]

gl
8

2

_ — — _ op- —
+ Gs, or (@ o — 2h“ﬁ;ﬂ) + 2006¢ — 2h“ﬂ(p;aﬂ + @) + Gs % He

2
Op

+ Gyxx—— 3 [hﬂﬁ%(/’ﬂ 20,607 + G3 ,x0 @

o)
e

+
Q!
B

(0P 0 p = 207760 4]

=209 )0 + (2069 — 2k 5, + 1 p)]

+ =84 s[h (2060 + &, (h? =207 5) = 21°p.,5 + W §) — 2k W O p — 269 (h” - Wg)]} } (64)

(2 = 12V8 G (GBS NP Ry, — ARV Ry, — 20 hoyR + RR? — 20 gh? —8(h7  — )by,
+ 80 (hogy = ey y = hays? + Ohag) + 4R 5, — O] + 2[3hp, = 2y )]
+4Gy ,00[hR — 207 R 5+ 2(h, — TOh)] + 4G, ,,R(89)}. (65)

We can further simplify Eqgs. (64) and (65) by using
integration by parts to express terms with two derivatives
acting upon a single perturbation as a product of first
derivatives of perturbations. As an example,

4G hhPr 5, = —A[Gy ,p hWPY 5+ Gah BT 4], (66)

where the total derivative term vanished, since fields are
assumed to be zero at infinity, as usual. When considering the
additional powers of ¢ coming from the derivative of
|

+ g [P (8171 = ki) + T = 2 gh?)]

3 _ [h(h,a - Zhay;y) - 2hﬂy<hﬁy;a - 2haﬁ;y)

[

perturbations [as in Eq. (25)], the first term in the above
equation is of order e. It, then, vanishes in the weak-limit
average (variation with respect to the background metric does
not change the order of the term). This implies that one can
make integration by parts only paying attention to the
perturbation factors of each term. In the previous example,

4G4hl’lﬂy;ﬂy - —4G4h,yh/jy;[;. (67)

With this result, one simplifies

- 2haﬂ(h'ﬂ - 2h/37;y)]

_ 5 _ _ _ S0w?* —
+Gs, 7"’ (@41 = 205 5) + 2060 — 2h% .5 + KT G) + G, % Oa
~ af ~ — 5¢ af = a
+ G xx [h PaPp = 20,607 + G300 ¢ (h79.ap = 2050 ]
+ Gy |~ 24 (59 — 2075 )T + (2069 — 23, + 1T p)]
1 ~ = a ™ ~ ~ Imib a Imb a
+ Z(p’”’(p’/}[h /’(2D6cp + qo.y(h’y - 2h75;5) - 2h75(p;y5 + hdp) —2h VhﬂyD P —26¢ (h-ﬂ - Zhﬁygy)]] } (68)
Sff) 12~8 G {G4 [Sh(/h“/’Rﬁ - 4hh/"7R/; —2h%p /,R + RK? + 2(h,/,h*ﬁ — Zh*/"h,;ﬂ — h(,,,;yh“/’;y + 2h{,y;/,h”/”;7)]
+ 4G4’(p5§0[hR - 2I’laﬂRaﬂ + 2(haﬂ;aﬂ - il’l)] + 464'¢¢R(5(p)2}, (69)
where ng) remains as in Eq. (63).
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IV. THE GW EMT

A. Basic variations

We assume as independent fields of the theory 7**, d¢, @,
and g. All other quantities can be expressed in terms of
them. Before varying the action itself, we give some basic
results needed.

First, we remember that (see [29], for example)

69 a 1 —_ —_ —_ -
5?—;21 = - E (giag;w + guaguﬂ)’ (70)
5?}{1/3 1 . .
57" :§(5M5€+5U5ﬁ)’ (71)
and
ov—g V=7
55 = _Tgaﬂ‘ (72)

Then, one can vary all functions appearing on the
Horndeski action. For example, from Eq. (49),

5X 1

5@(1/} = _560.0!(0./}7 (73)
which implies
5G; Gix
1 —— LA — =~ . 74
5 5~ Pubs (74)

The perturbation 2% is not an independent field. It is
expressed in terms of the true GW degrees of freedom in
Eq. (20). Varying such a relation, we find

5haﬂ 1 N Aca A
57 2 (577, = 75(!455)} - AY,,50. (75)
where
af
Aa/i = &
% 69””
1 1. = = (= a=f Y 0P
e =5 G3xx0,0.(9°7" + Xg7)
—ap
- —(a _ gr_ _ Y S
+Gsx <2¢(' 5)p.) - 5 PuPut X‘s(ué[vj))
+G4,¢6‘z,ﬁf>] (7e)

Taking the trace of Eq. (20) and varying once more,

sho
55—,’#” = Tw + B/w(qu, (77)

where

. 8C P, - o
B,, = 55" = é4 (G3x +XGs xx) (78)
and C = g C,.

B. Variation of covariant derivatives

Several terms of the action upon which we wish to
operate the variation with respect to the background metric
have covariant derivatives. Since these derivatives have
connection coefficients, one would need, in principle, to
handle the voluminous amount of variation terms arising
from it. But one can show that variations of connection
components vanish under the weak-limit average when
appearing in covariant derivatives of perturbation fields.
Although this result was already obtained in [20], we revisit
it to point out an important subtlety in our case.

A typical term we are interested in here and that will be
present after variation of the action is

T, =& / VIPT (R ), (79)

where Pi;/, is a tensor that must be present so that the overall

quantity can become a scalar present in the action. Because
of the connections present in the covariant derivative, one
can show that

8(h.) = (5hP),, + 6T%h + 6% h*®.  (80)
The variation of the connection components are of the form
61:?;/ ~ §15(5§Aa);y‘ (81)

So that they will appear in 7 as
Ty ~é / VP! 50:6(65), h d*x
~=e [ VaP D (82)

which, by Eq. (38), results in a contribution to the GW
EMT that goes as

TG ~ (P aphiP).,). (83)

By inspecting the terms in the action of the form of
Eq. (79), one is able to conclude that O(eP?,5) = O(e)
or O(e"). Using an analogous argument as the one given in
Eq. (33), one can conclude that the above term must vanish.
This implies that we can discard connection variations
when varying first covariant derivatives of the tensorial
perturbation. By a similar argument, one can conclude the
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same property for the other perturbation derivatives, such as
5¢;aﬁ and ha/i;/w'

The subtlety present in this demonstration is that it is not
valid if the field being differentiated is of background
nature. In theories where the metric is the only degree of
freedom, this is not a problem, since covariant derivatives
of the background metric are always zero. But in Horndeski
theories, we have the presence of the background scalar
field. Consequently, terms such as

1 =& [ VL) (84)

where L% is some tensor necessary to form a scalar quantity
in the action, will appear after variation. Varying the
correspondent connections will give contributions to the
GW EMT of the form

(85)

But terms can be found in the action such that O(e’L%) =
O(€%). More explicitly, they are the ones involving

1. _
LY = —EGS,X(5¢),1(5¢)’190/} (86)

and

4

GW (first) gm/ 2 (2) g;w
Tw = N = 2R
g 16nG;<€ ) = 162G

Gy :
+2 {h,ﬁh-ﬁ —2hPhy,

+ G, XX

= 8¢ (h? = 21.)| = 50 o “Tlp} } >

The second part comes from the variation of the 352)’5.

Because variation with respect to g does not change the
order of the quantity with respect to e,

©)
2 o5, _ 4 <€2s(_2)>
5" spv

and we only need to vary the terms that survive the
averaging process.
We conclude that

(1)

1 & 4

8 c 255'2 ZTsecondz’
g 1=2 i=2

GW(second)

Tow = (92)

G
L9 = 22X (g, b 5. (87

In these examples, we cannot neglect the variation of
connection components.

C. The energy-momentum tensor

We are now finally able to obtain the GW EMT. We write
the second order of the action as

4
(2)
IS,

i=2

QI

(88)

where s(zz)’sgz), and sf) are related, respectively, with

Egs. (63)-(65). We remember that, because of Eqgs. (25)
and (26) and the limit made in Eq. (27), the only terms
surviving the averaging process are those in which the
number of derivatives acting on perturbation fields is at
least the number of perturbation factors appearing on it.
Varying and using Eq. (38), one can separate the GW EMT
into two parts:
GW (firs GW (second

TGV — 7o () g Wisecond) (89)
The first comes from the variation of /—g [Eq. (72)] and
reads

1. ) _ a _
<€2{§ [Goxx (60.09)* = Ga.x6¢ 4,60 + Gy, 5p(h o5 — Uh)
+ (2]’1(1},’[} - haﬂ;y)haﬂ;y} + G3¢5(p56§0

1
(¢y5¢7)2+ G x{=60 .60 § +p 4 5K TS

(90)

where we present each T,(,Sfcond’i) and details on how to

obtain them in the Appendix. Combining contributions of
Eqgs. (90) and (92), we finally find

ZT,W ,

TGN = (93)

where

GW(2) I p 2
T = 162G W €00.150.4).

with

044004-10



GRAVITATIONAL WAVE ENERGY-MOMENTUM TENSOR IN ...

PHYS. REV. D 109, 044004 (2024)

= = Gy
W/W,uu =Gyx |:5/};51? - %glqb]

- 2Gy xx {@(.;454

p
N

1 PuPu
4 T g

9w
4

o - PuPy _
(P'A(P'd)] + Gy xxx /42 o'’ (95)

awe) 1[Gy Y e Lo, .
Tow 16”G{ [( Pap?) — 5<€27,ﬂ7,y>

+ 0 (/);w<5(p,15(/),¢> + G4,(p<}7‘,/45§0.u>

+ <N;wﬁ§¢> + Qaﬂi{/)yu <},;a/3,/15¢,(/)>}’ (96)

with

0, = 7“ [(C,,CT = C?)5e8, — 4A% ,,C/
- (Cg,, +2B,,)C? +2CA*,
+ (Zgyﬂgév + gﬂvgyé)cyacéﬂ]

+2Gy, [C(S;f&é’ + % Ccb — Aaﬁw} , (97)

_ Gy

w =3 |2hByy + 2hyA? = 2C 5!

g"” (hC — hyyC@ ﬁ)}

+2G,,60 [B,w + % C} , (98)
_ G
o, ~Sencongsoonss o

and, finally,

owe) 1 =
2 o B 0,80 0+ D, o)
Gsx

T(p y(p <€277.ﬂ6(p,11> +jaﬂﬂ¢”y <€277a[)’.16(p.(/)> +J/4

+c‘;3,x¢a<e25go,a«s¢;,w>}, (100)

with

D/w = G3,¢g_]ﬂy5(ﬂ + GS.(pX@.M(o,u&(p

_ _ ShoP
- Gsx [(P

,(1@,/] F’W + @;;wéfp - @(.ﬂé(p,b)

pv — = =~ a — a
- % (89T @+ o sh™ — 5¢p o )]

q_o 7 a Q)
—szx[ £ (8¢ 4@ — 500 —p 4@ sh /’)}

- PuPy , _
+ G3 xxx /42 ((P,y(sq”y)z, (101)

T ys P
E’w’”y = 2G3’¢5ﬁ5y
+ G3.X{ D¢ —Caﬁﬁ_ﬂa@ﬂwﬁfﬁ

_ = G — 417 =eh =
+ 20 4P (5, P + %(p-ﬂ [Cp? —2CPp 4]

g UV — HhT — (p. v - -

_% o @ — [C¢¢—2Cﬂ¢(p,/j]}, (102)
1900, = G x (09 5,80 — 20" 9 530)) (103)
T = (940~ %) (Gunnla,007)

= G x50,00")d.4).4)- (104)

Because the quantities Cﬂy, Buw and A% w are totally
symmetric in their indices and because of the property
exemplified by Eq. (37), almost all terms appearing in
the GW EMT are symmetric at a glance. The only term
not manifestly symmetric is —(G,C,;h,”O8¢), present in
Eq. (98). It is simple to notice, using the properties derived
in Sec. I F, that

(GsC uph 'D6g) =

(G4h,/TC,po9))  (105)

since the difference between the sides of the equation
vanishes in the weak limit. Furthermore, since we are
assuming luminal tensorial modes, Eq. (AS5), one may add a
vanishing quantity to obtain

< (_;4 C[lﬂ hyﬁﬁ5§0>
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where in the last equality we have used Eq. (20). While the
second term is evidently symmetric, the first one is shown
to be as well by noticing that

<G4hvﬂﬁhﬂﬂ> - <G4hﬂﬂihbﬂ>, (107)

a result of the property exemplified by Eq. (35). We then
can conclude that

GW GW
T/(w ):TI(JH )7 (108)

a property expected either from physical reasons or simply
from the definition of GW EMT, Eq. (11).

Another important aspect we would like to investigate is
the trace of the tensor. In GR, GWs behave as a radiation
fluid, since the trace of its EMT vanishes. But in more
general theories of gravity, the tensor can have a non-
vanishing trace. In particular, if such a quantity is negative,
as studies in f(R) theories already have suggested to be the
case [22], it can effectively act as a dark energy candidate in
the context of cosmological spacetimes.

We can inquire if the trace of the obtained GW EMT
vanishes in general or if there is the possibility of the
correspondent fluid to have distinct behaviors depending
on the subclass of theories one is interested in. If one wants to
prove that such a trace does not vanish in the general reduced
Horndeski scheme, it is only necessary to show that the trace
of a particular coefficient of the G; functions does not vanish,
since they are independent from each other.

Assuming, for example, that G, x # 0 but G, yx = 0,

1
TGW(Z) = TGW(Z) Ho— _ 250 .St
a 162G (€00 u00™)
= 16C (e*6pT5¢), (109)

which is not necessarily zero for theories where scalar
waves are nonluminal. We then conclude that there are
theories within the reduced Horndeski family that have the
GW EMT with a trace different from zero. It would be
interesting to investigate, for example, in what subclass of
theories this tensor has a negative trace and, thus, can
behave as dark energy.

We additionally point out that, although the weak-limit
average discards all contributions of order €¢”, with n > 0, it
amplifies terms having negative powers in this perturbation
factor. They are terms in which the number of derivatives
acting on perturbations exceeds the number of perturbation
factors. In the tensor calculated, there are terms of this kind
only in TS,,W (3), more precisely, in D, and in the last term
of Eq. (100). The J L contribution, although having more
derivatives than perturbations, is not problematic since one
of the derivatives is a total derivative and, by the property
established in Eq. (34), it has order €’. The terms with
negative powers in € have divergent behavior under the

weak limit and, if present, make the GW EMT lose its
physical meaning.

We emphasize that the complete equations of motion were
not imposed on the GW EMT and that they may be helpful
when dealing with such divergent terms. For example, it is
easy to see that all divergent terms vanish when we deal with
luminal scalar waves, since the dominant order in powers of
e of the equation of motion make D’Alembertian terms
vanish in the EMT and G5 y = 0. Furthermore, theories in
which G5 y = 0 (a necessary but not sufficient condition for
luminal scalar waves) do not have any divergent terms. On
the other hand, we believe that, in theories in which such
terms do not vanish after imposing the equations of motion,
the procedure adopted here to obtain the energy-momentum
information of GWs is incomplete and another formalism
must be developed in order to treat it. A possible solution to
this stalemate is to maintain the amplitude and wavelength
perturbative parameters (@ and e€) initially introduced in
Eq. (9) as independent variables [instead of assuming them
to be of the same order, as in Eq. (12)] and to make a limit
procedure in each one, imposing a hierarchy of smallness
between them.

V. SPECIAL CASES

We now investigate particular important cases of the GW
EMT. We take the opportunity to reobtain results already
derived in literature regarding the particular case of a
Brans-Dicke theory. The special cases are summarized
in Fig. 1.

A. Luminal scalar waves

Scalar waves become luminal when the diagonalized
version of the kinetic operator present in Eq. (15) is
proportional to the metric which, consequently, implies
that the second-order differential operator acting on the

Reduced Hondeski
(Bgs.(93), (94), (56), (100)).

waves (Eq.(115))

o Brans-Dicke theory in Jordan frame and fields (0 and hq;s)
* Brans-Dicke theory in Einstein frame and fields (¢ and /.5)
¢ General Relativity

FIG. 1. Special cases studied in this work, with the equations
that give the corresponding GW EMT. Dots stand for particular
theories and where they fit in the diagram.
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scalar perturbation is just the D’Alembertian. As pointed
out in [24], this occurs in theories where

GQ.XX = GS.X =0. (110)

Inserting this equation in Egs. (21), (76), and (78), we find

A, —G4"’5E’5f) (111)
G, W
B, =0, (112)
~ Gy
Cu = G:'Q,w (113)

Analogous to Eq. (AS5), the dominant term of the
equation of motion in orders of e for scalar waves imply
then

(eWLsge) = 0, (114)
where W = O(1).
With these simplifications, the GW EMT becomes

[remembering the integration by parts property exemplified
in Eq. (39)]

1 G
TED\V_R{<G2X+2G3¢ G4><25(p”5¢>
| R
-3 <€27,ﬂ}',u>} }

Since in this subclass the D’Alembertian of every
perturbation vanishes, the trace of the GW EMT continues
to be zero,

G 5 N
+ 74 |:<€2}/aﬂ;uy ﬂ;l/> (1 15)

TOW = TOVH = 0, (116)

which is expected since here all fields travel at the speed of
light and the correspondent fluid should be of radiation
nature as a consequence.

B. Theories with TT gauge

As mentioned previously, although the harmonic gauge
can always be achieved, this is not true to the more
restricted TT gauge. By the arguments given in [24], the
TT gauge can only be obtained in an open set i

®The condition here should be G x = G4, = 0. Expanding
these in the power of ¢ and demanding that the € contributions
must vanish alone give the correspondent statements for the
background quantities.

G3,X - 647(/, - 0 (117)

In this case
C/w :B/w =0, (118)
A“ﬂw =0 (119)

Since C,, =0,
Py = e (120)

Since the TT gauge is achievable, we demand that

he=h" =0 (121)

The GW EMT gives

1 (G
y2% + 16 G 2 < }/(Xﬂ My ,l/>

+ Gy 28508 = g7\ Co0,00) p. (122
In this case, the trace is not trivially zero:

v [ szgﬂqﬁ szxxfﬂ @ ¢ — szxg/l(/)

- 2G3.(/)gﬂ¢] € 5(p,ﬂ5(p,(/)> (123)

C. Brans-Dicke theory

For the Brans-Dicke theory, the GW EMT and the
consequent signal for the stochastic gravitational-wave
background were already obtained in [11] for the
Einstein frame. Here we reobtain it as a particular case
of our result and obtain the correspondent Jordan frame
tensor as well, comparing both.

The action of the Brans-Dicke theory in the Jordan
frame is

§(BD / /=g [qu——g"/"(pa(p d*x, (124
16 G P s (124)

where wpp is a real number. This is a special case of the
reduced Horndeski theory with

Gy(p.X) = 2282, (125)
Gi(9. X) = 9. (126)
G3(¢. X) = Gs(¢. X) = 0. (127)

It is then a theory in which scalar waves are luminal
(G3x = Goxx = 0) but the TT gauge cannot be achieved
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(G4 #0). From Eq. (115), then, the GW EMT in the
Jordan frame is

(2wpp +3)

167GTE> = G

IR

+ <€277a/3;y?aﬁ;v>' (128)

One usually states the theory in terms of another action
that is more similar to the GR one:

1
S(BD) ——/ —glR —2¢% d*x, 129
= 162G IR =29% @ Jdx  (129)

where the new metric and the new scalar field are defined as

%

= G 130
9, = 5 (130)
=+ €dp, (131)

with
cr?fp

)
L mie Vi, (132)
%

When such a transformation is made, we say we have
changed from the Jordan to the Einstein frame. Undertilde
quantities indicate that the Einstein frame fields are
being used.

Expanding both sides of Eq. (130), one finds

70 = G (133)
op _
Zl,;u/ = h/w + 59/41/' (134)

Because of Eq. (133), one does not need to distinguish
between contractions or covariant derivatives with one or
the other background metric. Expanding Eq. (132) to linear
order in ¢,

59 \/3 T 2wgp
5p = _54”#' (135)

Notice that, assuming the Einstein frame fields to be the
fundamental ones, the Horndeski functions would be

G,(p.X) = 4X. (136)
G,(p.X) =1, (137)
G,(¢.X) = G,(9. X) =0. (138)

We see that in this case, scalar waves continue to be
luminal, but now the TT gauge can be achieved, since
Q4’5€ g 0 = QB,Z(/'

The Einstein frame GW EMT is then

1, .
162GT 2P = 4(e*6p b9 ) +§<€2h h )
~ U~V

~afiu~

1, ,~ &
——{(e*h h ),

4 ~ U~V

(139)

where we have used that Eq. (120) is valid on the Einstein
frame but have not imposed the TT gauge7 so that the
comparison with literature can be done. The next step is to
use Egs. (134) and (135) to express everything in terms of
the Jordan fields. We have

3+ 2w
4(og dp ) = TBD (60,80,)  (140)
and
h
A - 17 h
aﬂ:z afp _zafp > _ paff _ TV caf _ caf
W™= h —g¥ S =h A A S ()

The GW EMT for Brans-Dicke was obtained in [11].
The gauge used there is such that

1}
h=-222 (142)
@
which implies, then, by Eq. (141),
h? = net, (143)

so that the Einstein frame EMT is expressed by the Jordan
frame fields as

342w
(BD) _ T “BD
167/7GIW @2

1
<€25§0./45§0.u> + ) <€2haﬁ;ﬂhaﬁ;u>
1
~1 <€2h‘ﬂh_b>. (144)

Finally, using Eq. (142) again,

"Notice that no TT gauge is necessary to obtain Eq. (120). It is
only necessary for the theory to have the right Horndeski
functions so that the TT gauge is achievable. The gauge we
are using in this section is then given by Eq. (142).
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2(] + CUBD)

1671GZ;(£D> = 7 (€269 ,60,,)

—_

(€*h i ht.,), (145)

i)

which coincides with the result obtained in [11].
Since we have computed the GW EMT in both frames as
special cases of our result, we can compare them. To do so,

one must express the Einstein EMT in terms of 7,5. With
Egs. (125)-(127), Eq. (20) becomes

N gaﬁ ,\

gaﬁ
hop = Tap — 7 5p

7

(146)

Using the gauge condition of Eq. (142) in the trace of the
above equation,

I}
y=-222 (147)
7
which implies
haﬂ — ?aﬂ' (148)

Since Eq. (120) is valid in the Einstein frame and Eq. (143)
1s also valid, we also conclude that
2aﬁ = j}aﬂ; (149)
that is, although the 4,4 in both frames are not equal to each
other, the true tensorial degrees of freedom 7, are.
Using the gauge of Eq. (147) in the Jordan frame GW
EMT given by Eq. (128) and comparing the result with the
Einstein frame EMT given by Eq. (145) with Eq. (148)
replaced on it,

GW(BD)

Tﬂy @TGW(BD)

(150)

uv

This is not the same relation the matter EMT T,(Z,fl) would
have under conformal transformation [30]:

T, (151)

Requiring further that four-velocities must have a norm
equal to —1, they relate as

u* = \/zu“.
P

The energy density of GWs in both frames relate, then, as

(152)

PN = ut W T = guew TV = pp, - (153)

which implies that, in principle, different from what is
sustained in [11], the GW energy density is not conformally
invariant.

VI. DIVERGENCE OF THE GW EMT

As we have demonstrated, some features of the GW EMT
that are valid in GR, are not valid in the general context of
reduced Horndeski theories, such as the trace being zero. We
know that in GR, the divergence of this tensor vanishes,
which implies conservation of the number of gravitons. We
want now to investigate if this is still true in our scope.

In this section, we will work with solutions of the eikonal
form. That is,

iw(x*)/e

f’aﬂ = Fa/}(x”)e > (154)

Sp = O(x#)e!"/e, (155)
where I';; and @ are complex functions and w and v
are real.

We choose a particular theory given by conditions
Gy =Gyx =Guy = Gyy =0. (156)

This theory has luminal scalar waves and admits the TT
gauge. Its GW EMT reads

1 (G
TGW — 4 5 aff Y«
uv 167[G{ ) < ya/} (}’ ) )

263, 00,00, ). (157
where the star stands for the complex conjugate. It is present
in the above equation so that the final tensor remains real.

Taking the divergence of first term and replacing
Eq. (154), one finds

Gy G,

S )| =S (s

where all other contributions vanish under the weak-limit
average,

?:= Fa,;(l““ﬂ)*, (159)

and
ky=w,. (160)
We now use the equations of motion. The e~! contri-

bution of the diagonalized version of Eq. (15) gives, for the
tensorial part, in any reduced Horndeski theory [24],

K,k = 0, (161)
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meaning that the tensorial waves travel through null curves.
Using the definition of k,, the above equation implies that
this curve is also a geodesic, namely

Kk, = 0. (162)
Furthermore, the terms of order 1 in ¢ of the equation of

motion combine to give, in the particular theory where
Eq. (156) is valid, [24]

G, o
) (2k F/wa + ka;arﬂu) = G3.gaq)el(L )(qp'}/CIygm/

- 2(:_0(,/4‘11/))’ (163)

where

Gy =y (164)
Contracting the equation with (I'**)* and summing with its
complex conjugate contracted with I'**, one is able to write

G - = i(v—w A%
74(kar2);a = _2G3,(p(/),ﬂCIURe(q>el(v )(Fﬂ ) )7

(165)
where Re(- - -) indicates the real part of a function and we
have used that, under the TT gauge we are assuming, I',,
has a vanishing trace.

Using Egs. (162) and (165) in Eq. (158), one ends up
with

Gy 25 sap ey | ey
7<€ 7/(1/)’;/4(7 ;u) > :_2G3,(/)¢,(1Q/}k;4

x Re(@(T#)*e!*=%)).  (166)
Since (_}3’(/) =0 in GR, we would conclude that the GW
EMT divergence vanishes in this case. But here this part
does not vanish, even under the TT gauge and after the
imposition of the equations of motion.

We proceed on computing the divergence of the second
term in Eq. (157). Replacing Eq. (155) on it,

2G5, (€50, (59,) ) = (167)

2(63,(pqﬂ qu)Z);y’
where
®? := PP*, (168)

As in the case for tensorial waves, here we have, once
more, that the dominant term of the field equation for the
perturbations give [24]

qaqa = Oa (169)

which implies

9“4y, = 0. (170)

Furthermore, the amplitude evolution for the scalar waves
become [24]
263.(p(2qa®,a + qa;aq)) + 263@(/)@’“%)(@ =0. (171)

Multiplying the equation by ®* and summing with its
complex conjugate multiplied by @, one obtains

(G3,9°®%)., = 0. (172)
Using Eqgs. (170) and (172), one concludes that
[2(_;3,(/7<5(p.u (5(p.zx)*>];y =0. (173)

Summing Egs. (166) and (173), one concludes that

TGV # 0. (174)
This means that even in theories where scalar and tensorial
waves are luminal and where the TT gauge is achievable,
the GW EMT can still have nonvanishing divergence.

In [12], we have shown how, in the cosmological
context, the vanishing of the GW EMT divergence can
be used to obtain the GW version of the duality relation®:

(GW)

DY) = (14 22DV, (175)

where z is the redshift, D(LGW) is the GW luminosity

distance, and DI(QGW) is the correspondent angular-diameter

distance. This relation, in turn, influences certain observ-
ables. The signal of a stochastic gravitational wave back-
ground is related to the spectral GW energy density

e
($)=F <dfd2£2) ’

where f is the frequency and Q is the solid angle of the
observation. It is possible to obtain the total spectral energy
density as a summation of the different galaxy sources
contributions [32]:

- [ [ ( z) PO),(9)

X ng(x(9), QG)‘CG(fG» 0g)dddo,

(176)

ﬂGw
d deQ

(177)

where p, is the spatial projection of the tangent vector of
the GW null geodesics x*(8), ng is the number density of
galaxies, L are the GW luminosity of the galaxies, and 0

¥This relation was originally obtained by other means in [31].
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are a set of variables related to the galaxy emitting the
waves.

We have seen that in more general reduced Horndeski
theories, the GW EMT has nonvanishing divergence, which
would imply a modification to the duality relation and a
consequent change on the stochastic GW signal, by
Eq. (177). The stochastic GW background, in principle,
can then serve as a test reduced Horndeski theory. If any
deviations from the expected signal predicted in the GR
theory ever arise, this can indicate that more general
theories must be considered to explain the phenomenon.

VII. CONCLUSION

The main results of this work are Egs. (93), (94), (100),
and (96), with the subsequent coefficient definitions. It
represents the off-shell GW EMT for the family of reduced
Horndeski theories, with scalar waves included. With it, we
were able to study some subcases of interest: those where
scalar waves are luminal, Eq. (115), and those where the TT
gauge is achievable, Eq. (122). In the first of these, the trace
of the tensor was shown to vanish, as expected for radiation
fluids, and in the second, it was shown not to vanish
trivially, Eq. (123), without the imposition of the full
field equations. As suggested by studies of the GW
EMT in f(R) theories [21,22], in the cosmological context,
this nonvanishing of the trace could indicate a candidate to
dark energy: GW curving background spacetime could be
part of the reason behind the current accelerated expan-
sion era.

The Brans-Dicke GW EMT was reobtained as a par-
ticular case, confirming previous results from literature
[11]. Different from previous literature, we obtain the GW
EMT in Brans-Dicke for both the Jordan and the Einstein
frames, Eqgs. (128) and (145), respectively, and compare
them to conclude that the tensor, and consequently the
energy density of GWs, is not invariant under conformal
transformations [i.e. Eqs. (150) and (153)].

Furthermore, with the help of previous studies regarding
GW propagation in reduced Horndeski theories [23,24],
we can expect that, within particular theories where the
divergence of the GW EMT does not vanish in the
geometrical optics limit, the GW duality relation will be
modified, and, therefore, we get a first glimpse of how our
results can entail changes in the SGWB observations, even
after the imposition of the field equations: either (i) by
directly modifying the GW spectral energy density per
solid angle calculated in [32] as Eq. (177), in any back-
ground spacetime, or (ii) by the change in the relation
between the SGWB detected signal and spectral energy
density, as exemplified in particular theories by [11]. We
expect that different theories will predict different SGWB
signals for a fixed set of GW sources and that this can be a
way of probing deviations from the usual GR theory.

Our work complements the study made by [20] in the
sense that it investigates the GW EMT in a different set of
scalar-tensor theories. In another sense, it generalizes this
same work by allowing any background spacetime, not
only asymptotically flat ones, which would make important
cases such as Friedmann-Lemaitre-Robertson-Walker
(FLRW) universes to be left aside.

Although full generality has been achieved in terms of
the background metric, we must be alert for the limits of our
approach. The weak-limit averaging process used to com-
pute the GW EMT can result in divergent terms in theories
where G; x # 0. Those potential divergences are all present
in the part of the GW EMT given by Eq. (100). We have
pointed out that such divergences can still vanish in the
most troubling cases after imposing the field equations.
When, even after these impositions, such terms remain, we
point out that the problem can be in our assumption that the
GW amplitude and wavelength are of the same order of
smallness, as in Eq. (12). A more detailed treatment where
different limiting procedures are done for both perturbative
parameters might eliminate such divergences.

Future steps could be made in the direction of general-
izing the GW EMT for Horndeski theories in which
tensorial perturbations are not luminal and for theories
beyond Horndeski. Further studies on the relevance of our
results to observations of the SGWB signal in Horndeski
theories are worth being pursued as well.
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APPENDIX: DETAILS REGARDING
VARIATION OF ACTION

Here we provide details on how to obtain each con-
tribution of Eq. (92). As discussed in the main text, the
terms Tf,’l,) are obtained by varying the contributions inside
the average of Eq. (90) that are directly related with the

functions G;. Using Eqgs. (71), (73), and (74), one obtains

(second,2) 1 =
Tm/ - 167G <€2{G2.X6(/),;45(p,v
= N
+ Goxxx(P.ab9)? —ﬂz
- _ _ PuPy
—2Gy xx [W#&”.u)fﬂ,z + 69, M4 } 5(P’A} >

(A1)

The calculation of the remaining_ terms is a little more
extensive. For the ones involving G4, for example, using
the results of Sec. IV B, one concludes that
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(second,4) -1 (_;4 oh ) oh Sh’ ; ; Q
Tis =G <622 {2< 5 ;ﬁhﬂ +hyuh, +2(2 5?7” 577 haﬁ;}, = 2h,, Pyt = hog, b,
ShPr Sh \ ¥ Sheb —( 6h
Pir — - - ; —
oty (B0) o)) 420, (ﬂa@[(&g;ly) (@) -n) @
|
Using integration by parts [in the sense of Eq. (35)] in The last part of the GW EMT is Tl ™. Different from

terms where derivatives of perturbations are contracted, one
will end up with contributions where E}?aﬂ appears. For
example, using Eq. (75),

] 5h ] _( oh
e () o)== (5

= G4 <2€2h[i77;w - Fm/iéqab

(A3)

Since we are assuming luminal tensorial modes from the
start, the equation for the tensorial part of GWs is of the
form [24]

ey, +0(1) = (A4)
where e[17% = O(e"). The terms involving [17% appear-
ing in the GW EMT are of the form (e2WI7#), with
W = O(1). Multiplying Eq. (A4) by ¢W and taking the
weak-limit average,

(e2Wp*) = 0, (A5)
so that these D’Alembertian terms can be neglected. Of
course, the same will be true for terms with ﬁf/. Notice,
however, that we are still interested in the case of non-
luminal scalar waves, so that analogous terms involving
Ob¢ do not vanish in principle.

Another simplification comes from using integration by
parts in terms where divergences of 7, can appear. Because
of the harmonic gauge given by Eq. (24), these divergences
vanish. For example, using Egs. (20) and (37),

< 2621’1 ﬁhyﬂ > < 2621’1 Yhyﬂ§ﬁ>

_ 2 _77,/1/\,1/
(-

- 2CWC,,/;5(p'75¢'/”} >,

= 2C(u )00
(A6)

where the harmonic gauge was already imposed.

With these simplifications, expressing everything in
Eq. (A2) in terms of 7, and 6¢ by using Eqs (20),
(75), and (77) and adding the terms present in Tﬂ,:r [given
by Eq. (90)] that have the G, function and its derivatives as
factors, one is able to obtain Eq. (96).

the previous parts, one needs to take care when varying
covariant derivatives here, as discussed in Sec. IV B.
Variation will still commute with covariant derivatives
when the field being differentiated is a perturbation. But
in terms where derivatives act upon the background scalar
[i.e. Eq. (84)], this cannot be done. There are two terms
where this occurs, namely those with coefficients given by
Egs. (86) and (87). Initially, notice that

5(@;}41/) = _('_0.161:7;1/ (A7)
It is straightforward to show that
_ 1 — sy
51—7; [g/lﬂ (59}L ) +gﬂlz (59/1 ) gpygva<5gyg)’1}' (AS)

2

Then, Eq. (84) becomes, after integrating by parts and
using that L,; is a symmetric tensor in both cases of
interest,

=——= / V=IR2(L 9 ;) 5= (Lisp,)7165 d"x, (A9)

from which we conclude that the contribution for the GW
EMT coming from the variation of connections are

T;w ~ <€2 [2(Lﬂ(y(p,v));/} - (AIO)

(Luw@,)"]).

For the case in which Eq. (86) is valid,

T/w ~ _<€2 [63,X5(p,y5(p’y¢(.ﬂ];y)>

B [Gy i 5071, (AT

For the case of Eq. (87),

T;w ~ <€2 [(_;3,XX(540,y(:_0’y)2(:_0(,;1];v)>
g = a1
- 21Gy x50, 07 g %). (A12)

We confirm that these terms will not vanish in the weak-
limit average, different from the variations of connections
coming from covariant derivatives of perturbations.

With these terms in mind and varying the rest of the G3
related terms of Eq. (90), one obtains
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(second,3) 1
T, =
! 162G

- [GS.Xg(p.yé(p’y(p,(ﬂ] )

+ [63,XX (@,yé(p’r)z@(,y] W)

<€2{G3,¢X(p,y(7),u5§0i5§0 - 2(_;3.¢5(p5§0;/w + GS,XXX

- % [63,xx(¢,y5fﬂ‘y)2¢ﬁ

@@

= Juw ¢ = oL
Oo(p,607)* + % (G5 x80 6079 5°

];/3

_ Sheb _ Sh\# _[6hr
— Gayxd B0 T6¢ + h*sqp.,, — 5p° )
3”‘{(”"””’” [69”” T Kégﬂ"> (6@*”) yH
— P u00 ) (hP =207 ,) — S Th( 4P )P0 — 60,60 P — 8¢ (5P Py — P (u00 ) 500 — @.a&p'“csqo;w}
~ (¢,097)* _ Py J—
- 2G3,xx{# ww ” {@..0 51 B06¢p — sp*(h? — 2hﬂ7 )] =60 S0 p

— 8¢ @ TSg} + @ ,607 p( 00, 0§ }}>

By expressing the above equation in terms of 7, and 5¢ and adding the terms present in TW,

(A13)

[glven by Eq. (90)] having

the G5 function and its derivatives as factors, one is able to obtain Eq. (100).
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