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We generalize, imposing the field equations only at dominant order, the Isaacson formula for the
gravitational wave (GW) energy-momentum tensor (EMT) to the class of Horndeski theories in which the
tensor modes travel at the speed of light (reduced Horndeski theories) and scalar waves are present. We
discuss important particular cases such as theories where scalar waves are also luminal and theories in
which the transverse-traceless gauge can be achieved in an arbitrary open set. The vanishing of the trace of
the gravitational wave energy-momentum tensor is obtained for theories in which all wave perturbations
propagate at the speed of light. The trace is shown not to vanish trivially in other cases. We obtain, as a
particular case of our general result, the GW EMTs, in a Brans-Dicke theory, both in the Einstein frame,
recovering previous results in the literature, and in the Jordan frame, thereby showing the GW EMT is not
conformally invariant. We further prove that there exists a subclass of reduced Horndeski theories where, in
contrast to general relativity, the divergence of the GW EMT does not vanish even after the imposition of
the full equations of motion, assuming an eikonal solution.
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I. INTRODUCTION

The recent first detection of the stochastic gravitational
wave background (SGWB) by NANOGrav [1] has proven
once more that there are still numerous new wonders yet to
be discovered about our universe. It has been responsible for
an additional exciting chapter in the continuous fresh series
of discoveries surrounding gravitational wave (GW) phys-
ics, and its power to give us new physics information will be
enormous [2,3]. The first space-based interferometer to be
launched in the next decade, the Laser Interferometer Space
Antenna (LISA) [4,5], will be able to provide another angle
to the vast GW landscape, improving our understanding of
fundamental physics, astrophysics, and cosmology [6–8]. In
particular, the SGWB coming from compact white dwarf
binaries in our own galaxy is expected to be detected by
LISA [9].
The SGWB will serve as a new probe for alternative

theories of gravity as well. Short duration GWs need a
number of interferometers in different parts of the globe if
the goal is to measure additional polarizations predicted by
modified theories of gravity. But, with the SGWB con-
tinuous signal, it is possible to detect such polarizations
with a single detector provided a sufficiently long obser-
vation time is employed [10].
Another way SGWB can indicate deviations fromGR is if

direct corrections to the detected signal exist. As pointed out
by [11,12], usually when discussing the SGWB at a theo-
retical level, one pays attention to the spectral energy density
per unit solid angle but takes for granted theway this physical
quantity relates to the actually measurable SGWB signal.

This relation between what is directly measured and what is
more physically relevant can change in modified gravity.
In [11], this relation is generalized to Brans-Dicke, Chern-
Simons, andmassivegravity theories. In [12],weobtained the
aforementioned relation, assuming there are no scalar waves,
in the context of reducedHorndeski theories, themost general
scalar-tensor theory having second-order equations ofmotion
originating from a nondegenerate Lagrangian with tensor
waves traveling at the speed of light. The luminal property of
tensorial perturbations is observably justified, at least for low
redshifts, by multimessenger sources [13,14].
The equation relating the directly measurable SGWB

signal and the spectral energy density of GWs has correc-
tions for alternate theories of gravity because, among other
possible causes such as a change in GW propagation law,
the energy-momentum tensor (EMT) of GWs changes
when compared to its simple form in general relativity
(GR). The GW EMT arises from the nonlinear character of
the field equations. When assuming the presence of high-
frequency GW perturbations traveling through the back-
ground spacetime, low-frequency contributions related
with the GWs arise in the background part of the field
equations, a backreaction mechanism that describes how
GWs, while being a result of the matter curved spacetime,
can themselves generate more curvature. This process was
first studied in [15,16] in the GR context and further
mathematically developed by [17–19].
In [20], many crucial aspects regarding the computation

of the GW EMTare revised and generalized, and the tensor
is obtained for some alternate gravity theories, such as
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Chern-Simons and scalar-tensor theories where the scalar
field has a canonical kinetic term in the action together with
an interaction term coupling the scalar field and scalar
curvature invariants of second rank or higher, that is, those
constructed with the contraction of at least three curvature
related tensors. Such a family of theories does not include the
Lagrangian term fðφÞR, where φ is the dynamical scalar
field, whereR is the Ricci scalar. Another particularity of the
studymade in [20] is that only asymptotically flat spacetimes
are taken into account. Thus, important systems, such as
cosmological ones, cannot be included in those results.
In [21,22] the GW EMT is obtained in fðRÞ theories. In

GR, the tensor always has a vanishing trace, being then
interpreted as describing a radiation fluid, while in fðRÞ it
can have negative values, which allows the resultant fluid to
be understood, in principle, as dark energy, responsible for
the present accelerated expansion stage of the universe.
The GW EMT for reduced Horndeski theories was origi-

nally obtained in [23]. But in this work the presence of scalar
waves was completely neglected. Further, several results
regarding scalar waves were derived in [24], but the GW
EMTwasnot generalized to contain scalarwave contributions.
In this present paper, ourmain goal is to obtain the off-shell

GW EMT in the context of reduced Horndeski theories
assuming scalar waves. Several new features must be
considered: in this context, the transverse-traceless (TT)
gauge cannot always be achieved, scalarwaves donot always
travel at the speed of light, the true degrees of freedom of
GWs aremixed together inside the tensor perturbations of the
metric, and some properties of theweak-limit average used to
obtain the tensor have to be reviewed.
We do not impose the full field equation in the most

general context, but some theories are explored in which,
even after the field equations are used, the divergence of the
GWEMTis shownnot tovanish. This implies that the duality
relation for the GW analogous cosmological distances (the
luminosity and angular diameter distances) is altered, which,
as will be discussed further in the text, can imply modifi-
cations on the spectral energy density of the SGWB.
Some particular subcases of interest are explored such as

Horndeski theories with luminal scalar waves and those in
which the TT gauge can be achieved. In the first case, the
trace of the GW EMT is shown to vanish, as one should
expect of a radiation fluid, while in the other it is shown not
to vanish in a trivial way, which could potentially indicate a
dark energy fluid, just as suggested in [22] for fðRÞ gravity.
In summary, the most important results of our study are

(see Fig. 1) the following:
(i) We obtain the GW EMT for a general reduced

Horndeski theory, but only imposing the equations
of motion at dominant order [Eqs. (93), (94), (96),
(100)].

(ii) We obtain the GW EMT for reduced Horndeski
theories where scalar waves are luminal and show
that its trace vanishes [Eqs. (115) and (116)].

(iii) We obtain the GW EMT for reduced Horndeski
theories where the transverse-traceless gauge is
achievable, showing that its trace does not vanish
trivially and thus may indicate an alternative for dark
energy [Eqs. (122) and (123)].

(iv) We reobtain the GW EMT for Brans-Dicke theory in
the Einstein frame and confirm previous results from
literature [Eq. (128)].

(v) We obtain the GW EMT for Brans-Dicke theory in
the Jordan frame and show that this object is not
conformally invariant [Eqs. (139), (145), and (150)].

(vi) We give an example of a reduced Horndeski theory
where, even after imposing the complete field
equations and assuming an eikonal solution, the
divergence of the GW EMT does not vanish, which
impacts the GW duality relation and the SGWB
signal [Eqs. (156), (157), and (174)].

The results here can originate further investigation of
possiblemodifications of gravity that can be tested by several
different ways, including the SGWB signal analysis.
In Sec. II we present the theory we work on, define the

GW EMT in a general context, describe tensor and scalar
wave propagation, discuss some limitations on fixing
gauges, and present the weak-limit average. In Sec. III
we expand the action until second order in the amplitude of
GWs. In Sec. IV we vary the action and take the weak-limit
average to obtain the GWEMT. In Sec. Vwe further explore
particular cases of interest and reobtain the tensor in the
Brans-Dicke theory, confirming what was already known
from literature. In Sec. VI we calculate the divergence of the
GW EMT in a particular subclass of Horndeski and prove
that, even after the imposition of the field equation, it does
not vanish for a general eikonal wave solution.
We use units in which c ¼ 1 and a Lorentzian metric

with signature þ2. The Riemann will be defined by
satisfying

vα;βγ − vα;γβ ≕Rλ
αβγvλ; ð1Þ

where vα is a generic covector and we define the Ricci
tensor as

Rαβ ≔ Rλ
αλβ: ð2Þ

II. PRELIMINARIES

A. Reduced Horndeski theories

The reduced Horndeski theory gravitational action1 is

Sg ¼
1

16πG

Z ffiffiffiffiffiffi
−g

p ½G2ðφ; XÞ þ G3ðφ; XÞ□φ

þ G4ðφÞR�d4x; ð3Þ

1We will not consider matter action in this study.
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where φ is a scalar field,□φ≔ gμνφ;μν, and X≔−φ;μφ;μ=2
is the kinetic energy of the scalar field. It is the most general
nondegenerate scalar-tensor four-dimensional theory with
second-order differential field equations in which the
tensorial modes of GWs travel at the speed of light.
Notice that no restriction is made for the speed of scalar
waves. GR is the special case in whichG2 ¼ −2Λ,G3 ¼ 0,
and G4 ¼ 1.2

The family of scalar-tensor theories in which the GW
EMT was obtained in [20] has the gravitational action

S0g ¼ SEH þ Sint þ Sφ; ð4Þ

where

SEH ≔
1

16πG

Z ffiffiffiffiffiffi
−g

p
Rd4x ð5Þ

is the GR gravitational action,

Sφ ≔ β

Z ffiffiffiffiffiffi
−g

p ½X þ VðφÞ�d4x ð6Þ

is the canonical scalar term, with β being a real constant,
and

Sint ≔ α

Z ffiffiffiffiffiffi
−g

p
fðφÞRd4x; ð7Þ

where α is another real constant andR is a scalar built with
curvature tensors (i.e. Riemann and Ricci tensors), pro-
vided R ≠ R. Actions of Eqs. (3) and (4) do not coincide
for at least two reasons. First, in Eq. (4), G2 ¼ X þ VðφÞ.
Second, as stated before, the coupling between the scalar
field and the curvature, present in Sint, is not of the
form G4ðφÞR.

B. Definition of GW EMT in scalar-tensor theories

To obtain the GW EMTof a scalar-tensor theory, we first
need to consider solutions of the field equations having
gravitational waves traveling on top of a background
spacetime with metric ḡμνðxσÞ.
To that end, we will assume there is a coordinate system

in which a two-parameter family of metrics satisfying the
field equations can be split as

gμνðxσ; ϵ; αÞ ¼ ḡμνðxσÞ þ αhμνðxσ; ϵÞ; ð8Þ

where jϵj; jαj ≪ 1 are constant parameters (i.e. independent
of xσ) related to, respectively, the GW wavelength and
amplitude (hμν is assumed to vary substantially more and to
be extremely weaker than the background metric ḡμν).
Henceforward, unless explicitly stated otherwise, all

covariant derivatives and the raising and lowering of indices
will be done with respect to the background metric. It is
important to emphasize that the background metric in this
work is generic, different from the treatment in [20], where
ḡμν is assumed to be asymptotically flat, not comprising
important cases, such as the isotropic and homogeneous
universes described by the Robertson-Walker metric.
In the same spirit, one splits the scalar field as

φðxμ; ϵ; αÞ ¼ φ̄ðxμÞ þ αδφðxμ; ϵÞ: ð9Þ

Then, given the action of a theory, one can find the GW
EMT by the following procedure.
First, expand the action in powers of the GW amplitude:

S ¼ S̄þ αSð1Þðhαβ; δφÞ þ α2Sð2Þðhαβ; δφÞ þOðα3Þ; ð10Þ

where hμν and δφ still depend on ϵ, but, of course, S̄
depends neither on ϵ nor on α.
Second, vary the α dependent part of the action with

respect to the background metric and take the weak-limit
average (which will be described further in the text; see
Sec. II F):

TðGWÞ
μν ≔ −

2ffiffiffiffiffiffi
−ḡ

p
�
δðS − S̄Þ
δḡμν

�
: ð11Þ

As a good first approximation, our study will only be
concerned with contributions coming from the linear and
quadratic parts in Eq. (10).
The most general treatment one can give for the GW

EMT is to assume α and ϵ as independent. But, to simplify
our discussion, we will assume from now on that these
parameters are equal:

ϵ ¼ α: ð12Þ

In principle, terms with different powers in ϵ can contribute
to Sð1Þ and Sð2Þ, depending on the action in which we are
interested, since Eq. (10) is an expansion only in the α
parameter.
Notice that, in Eq. (8), when we take the limit α → 0, the

wave vanishes and the total metric reduces to the back-
ground one. But when Eq. (12) is assumed, it does not
follow necessarily that

lim
ϵ→0

ϵhαβðxμ; ϵÞ ¼ 0: ð13Þ

Here we will assume perturbations are such that Eq. (13) is
valid. An example of physical significance in which this is
true is the eikonal function

hαβðxμ; ϵÞ ¼ HαβðxμÞeikνxν=ϵ: ð14Þ

Similar behavior is assumed for the scalar perturbation.2For a comprehensive review on Horndeski theory, see [25].
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C. Gravitational waves in reduced
Horndeski theories

The evolution equation for the tensorial and scalar parts
of a gravitational wave can be compactly expressed as3

��
Kαβ Kρσαβ

Kαβ
μν Kρσαβ

μν

�
∇α∇β þ

�
Fα Fρσα

Fα
μν Fρσα

μν

�
∇α

þ
�

M Mρσ

Mμν Mρσ
μν

���
δφ

ĥρσ

�
¼

�
0

0

�
; ð15Þ

where ĥαβ is the trace-reverse of hαβ:

ĥαβ ≔ hαβ −
h
2
ḡαβ ð16Þ

and the matrices acting upon the perturbation fields are
called kinetic, friction (or amplitude), and mass tensors.
In order to interpret the pair of perturbation fields in

Eq. (15) as true degrees of freedom of GWs, the kinetic
tensor acting upon the double covariant derivatives needs to
be diagonal, as argued by [24]. In the most general case of a
reduced Horndeski theory, this does not occur for the pair
(δφ; ĥαβ). Nevertheless, the diagonalization of the kinetic
term is still achievable if ĥαβ is replaced by the new tensor4

γ̂αβðxμ; ϵÞ ≔ ĥαβðxμ; ϵÞ þ ĈαβðxμÞδφðxμ; ϵÞ; ð17Þ

where

Ĉμν ≔
1

Ḡ4

ðḠ3;Xφ̄;μφ̄;ν − Ḡ4;φḡμνÞ ð18Þ

and Ḡi stands for Giðφ̄; X̄Þ. The pair ðδφ; γ̂αβÞ can then be
thought of as the true degrees of freedom of GWs [24]. It is
important to notice that the system of equations governing
the evolution of this new pair is still coupled, and only the
kinetic term is diagonalized.
One can invert Eq. (16) to give

hαβ ¼ ĥαβ − ḡαβ
ĥ
2
: ð19Þ

Then, substituting Eq. (17) and its trace, one relates the
initial perturbation with the real tensorial degree of freedom
of the system:

hαβ ¼ γ̂αβ −
ḡαβ
2

γ̂ − Cαβδφ; ð20Þ

where

Cμν ¼
1

Ḡ4

½Ḡ3;Xðφ̄;μφ̄;ν þ X̄ḡμνÞ þ Ḡ4;φḡμν� ð21Þ

is the trace-reverse of Ĉμν.
5

D. Transverse-traceless gauge is
not always achievable

A very powerful and standard way of representing GWs
in general relativity is by taking advantage of the gauge
freedom the tensorial perturbation has to reduce the number
of nonzero independent components to two: one related
with the plus polarization and the other related with the
cross polarization. The resulting tensor has trace zero and
travels along null geodesics transversely with respect to the
direction of propagation. The effect of GWs in free particles
is then found to be of a shearing nature; that is, it is
an anisotropic perturbation which preserves areas and
volumes. The gauge in which such a scheme is possible
is called the TT gauge. Despite its simplicity, the TT gauge
is not always achievable in reduced Horndeski theories.
Under the gauge change

hμν → hμν þ 2ξðμ;νÞ; ð22Þ

where ξμ is the gauge vector, the divergence of γ̂μν trans-
forms as

γ̂μν
;ν → γ̂μν

;ν þ□ξμ þ R̄μ
νξ

ν: ð23Þ

It is always possible to find a ξμ such that the harmonic
gauge condition

γ̂μν
;ν ¼ 0 ð24Þ

is satisfied.
Although the harmonic gauge condition is necessary for

obtaining the more restrictive TT gauge, it is not sufficient.
As argued in [23], under the geometrical optics regime, the
TT gauge can only be achieved along the whole GW null
geodesic without violating Eq. (24) if G4;φ ¼ 0 and
G3;X ¼ 0. We will not restrict ourselves to this set of
theories and will not adopt the TT gauge in the discussion
that follows, although the harmonic gauge will be used
throughout the study. This is a considerable difference
when comparing our results with the usual procedure for
obtaining the GW EMT in general relativity, since one
expects, in the former case, the trace of the tensorial degree
of freedom to be present.

3For the complete expressions of each matrix element in terms
of the Galileon functions, see [24].

4We choose here, different from the notation adopted in [24],
to express γ̂αβ with a hat since it is defined in terms of hatted
quantities. 5Notice that ˆ̂A

αβ ¼ Aαβ, for any tensor Aαβ.
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E. Unitary-harmonic gauge is not always achievable

In [26], a gauge in which Eq. (24) is valid together with
δφ ¼ 0 simultaneously is presented. This is called the
harmonic-unitary gauge in [23]. In this gauge, all possible
new contributions to the GW EMT we are trying to
investigate would be only a gauge effect, not having
physical consequences, since no scalar wave would result
in real spacetime curvature, not generating geodesic
deviation between freely falling particles.
But, as proven in [26], this gauge is only achievable

when scalar waves are luminal. And, even in this case, this
is only a necessary condition. Since we are dealing with a
family of theories in which scalar waves are not necessarily
luminal and, even when they are luminal, this gauge cannot
always be achieved; the calculation of the GW EMT in
reduced Horndeski theories can still have physically
relevant new contributions.

F. The weak-limit average

Here we discuss some features regarding the weak-limit
average [16,17,19,20,22,27] used to construct the GWEMT.
We will assume that although the perturbations have

amplitudes of order ϵ [remembering Eq. (12)], their
derivatives can have greater order. More specifically, we
will impose that, for each derivative taken, the order of the
resulting quantity will drop by a power of ϵ:

ϵγ̂αβ;λ1λ2…λn ¼ Oðϵ1−nÞ; ð25Þ

ϵδφ;λ1λ2…λn ¼ Oðϵ1−nÞ: ð26Þ

This rule allows us to inspect how GWs can curve the
background spacetime by contributing to the energy-
momentum source of the background field equations. If
we assumed that derivatives were of the same order as the
perturbations, there would be no effect on the background
spacetime due to GWs. On the other hand, if we assumed
the drop in powers of ϵ for each derivative taken to be
greater than one, we would necessarily end up with
divergent terms in the GW EMT.
Theweak-limit average of a given tensorAα1α2…αnðxμ; ϵÞ is

hAα1α2���αnðxμÞi ≔ lim
ϵ→0

Z ffiffiffiffiffiffi
−ḡ

p
fβ1…βn

α1α2���αnðx0μ; xμÞ

× Aβ1���βnðx0μ; ϵÞd4x0; ð27Þ

where fα1α2���αn is a function that falls smoothly to zero for
jxμ − x0μj of the order of several ϵ wavelengths but is still
small compared with the typical background scale of
variation. The limit is made to enforce the smallness of
the wavelength when compared with the scale in which the
average is made.
Since fα1α2���αn is negligible for background scales,

background quantities, which do not depend on ϵ in any

way, can be considered constant under the region of
integration:

hB̄α1α2���αni ¼ B̄α1α2���αn : ð28Þ

Furthermore, we assume the limits

lim
ϵ→0

γ̂αβðxμ; ϵÞ ¼ γ̂αβðxμ; 0Þ; ð29Þ

lim
ϵ→0

δφðxμ; ϵÞ ¼ δφðxμ; 0Þ; ð30Þ

to be well defined, which allow us to conclude that

hϵγ̂αβi ¼ 0; ð31Þ

hϵδφi ¼ 0: ð32Þ

Because of Eqs. (25) and (26), first derivatives of
perturbations are of background order. But one of the
most important properties of the weak limit is that, since
fα1α2…αn does not depend on ϵ, such derivatives average to
zero. In the case of the γ̂αβ perturbation

hϵγ̂αβ;λi ¼ lim
ϵ→0

Z ffiffiffiffiffiffi
−ḡ

p
fγδϕαβλϵγ̂γδ;ϕd4x0

¼ −lim
ϵ→0

Z ffiffiffiffiffiffi
−ḡ

p
fγδϕαβλ;ϕϵγ̂γδd4x0 ¼ 0: ð33Þ

By induction, the nth order derivative of the perturbations
vanishes as well:

hϵγ̂αβ;λ1λ2::λni ¼ 0: ð34Þ
Because of these properties, one can always use inte-

gration by parts in products of derivatives of perturbations.
For example,

hϵ2γ̂αβ;λδφ;δi ¼ hϵ2ðγ̂αβ;λδφÞ;δi − hϵ2γ̂αβ;λδδφi
¼ −hϵ2γ̂αβ;λδδφi; ð35Þ

since, analogous to Eq. (33), one shows that
hϵ2ðγ̂αβ;λδφÞ;δi ¼ 0.
Another important property is that covariant derivatives

of perturbations commute inside the average:

hϵγ̂αβ;μνi ¼ hϵγ̂αβ;νμi þ R̄τ
αμνhϵγ̂τβi þ R̄τ

βμνhϵγ̂ατi
¼ hϵγ̂αβ;νμi: ð36Þ

Using Eqs. (35) and (36), we get

hϵ2γ̂αβ;λδφ;δi ¼ hϵ2γ̂αβ;δδφ;λi: ð37Þ
Having in mind the properties derived in this subsection,

one can simplify the GW EMT defined in Eq. (38) [20].
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Terms appearing in Sð1Þ will necessarily have a single
perturbation or one of its derivatives. As a consequence of
Eq. (12) and the property illustrated in Eq. (34), these terms
will necessarily vanish under the average. This implies that
we only need to compute Sð2Þ:

TðGWÞ
μν ≈ −

2ffiffiffiffiffiffi
−ḡ

p
�
ϵ2
δSð2Þ

δḡμν

�
: ð38Þ

This is the first approximation of the quantity related to
GWs that will serve as an additional source to the back-
ground field equations of the theory.

G. Gravitational wave energy-momentum tensor

In general relativity, one has the usual Isaacson formula

TGW
μν ¼ 1

32
hϵ2γ̂αβ;μγ̂αβ ;νi ¼

1

32
hϵ2ĥαβ;μĥαβ ;νi; ð39Þ

where the last equality is valid because there is no scalar
wave on the theory.
The correction to this tensor in reduced Horndeski

theories was already obtained if we assumed scalar waves
to be neglectable [23]:

TGW
μν ¼ Ḡ4

32

�
ϵ2
�
ĥαβ;μĥ

αβ
;ν −

1

2
ĥ;μĥ;ν

��
; ð40Þ

where we cannot assume the second term will vanish
since the TT gauge may not be achievable, as discussed
previously.
Different corrections were obtained for the GW EMT

when considering the presence of scalar waves for theories
such as Brans-Dicke, Chern-Simmons, and massive gravity
[11,20], but no article handled the whole family of reduced
Horndeski theories with scalar waves.
In this last case, one expects corrections to these

expressions involving hδφ;μδφ;νi, hδφ;μγ̂;νi, hγ̂;μγ̂;νi, and
hSαβγ̂αβ;μδφ;νi, with Sαβ being a certain tensor to be
deduced, where ĥαβ is exchanged by γ̂αβ because of the
presence of the scalar waves. Since we do not assume a
luminal nature for scalar perturbations, we still can have
contributions related with □δφ as well. Our aim is to
express the GW EMT assuming all these new elements
from the theory.

III. EXPANDING THE ACTION

We begin by expanding metric related quantities.
Although the metric has only linear perturbations, the
inverse metric needs to have a second-order term in order
to satisfy

gαβgβγ ¼ δγα ð41Þ

to second order. This implies in the following expression,
correct to second order:

gμν ¼ ḡμν − ϵhμν þ ϵ2hμαhαν: ð42Þ

Here, one might ask why we have not expanded the
metric as

gμν ¼ ḡμν þ ϵhμν þ ϵ2iμν ð43Þ

since we are interested in contributions in the action until
second order. We do not need to assume an ϵ2 term in the
metric because it can only appear on Sð2Þ linearly, multi-
plying background terms. Because of Eq. (34), they would
vanish in the weak-limit average.
We now expand the metric determinant. Taking the

determinant of Eq. (9),

g ¼ ḡ detðI þ ϵHÞ; ð44Þ

where g is the determinant of the total metric, ḡ is the
determinant of the background metric, and ðI þ ϵHÞμν ¼
δμν þ ϵhμν. Defining the logarithm of a matrix as

logðAÞ ≔
X∞
k¼1

ð−1Þkþ1
ðA − IÞk

k
; ð45Þ

we may write, to second order in ϵ,

detðIþ ϵHÞ¼ exp½logðdetðIþ ϵHÞÞ�
¼ exp½TrðlogðIþ ϵHÞÞ�

¼ exp

�
ϵTrðHÞ− ϵ2

2
TrðH2Þ

�

¼ 1þ ϵTrðHÞþ ϵ2

2
f½TrðHÞ�2−TrðH2Þg; ð46Þ

where in the second equality we have used a well-known
property (see [28], for example) and Tr is the trace of a
matrix. Using this expansion in Eq. (44):

ffiffiffiffiffiffi
−g

p ¼ ffiffiffiffiffiffi
−ḡ

p 	
1þ ϵ

2
hþ ϵ2

8
½h2 − 2hαβhβα�



; ð47Þ

where h ≔ TrðHÞ ¼ ḡαβhαβ.
We next expand the scalar kinetic term X using Eqs. (8)

and (9):

X ¼ −
1

2
gαβφ;αφ;β ¼ X̄ þ ϵXð1Þ þ ϵ2Xð2Þ; ð48Þ

where

X̄ ¼ −
1

2
ḡαβφ̄;αφ̄;β; ð49Þ
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Xð1Þ ¼ hαβ

2
φ̄;αφ̄;β − ḡαβφ̄;αδφ;β; ð50Þ

Xð2Þ ¼ hαβφ̄;αδφ;β −
ḡαβ

2
δφ;αδφ;β −

1

2
hαμhμβφ̄;αφ̄;β: ð51Þ

Notice that, in Eq. (48), we have used the full metric to
contract the indices instead of the background one, since we
are interested in the action, which is expressed in terms of
the complete metric. With this, the Galileon functions can
be expanded:

Giðφ; XÞ ¼ Ḡi þ ϵGð1Þ
i þ ϵ2Gð2Þ

i ; ð52Þ

where

Gð1Þ
i ¼ Ḡi;φδφþ Ḡi;XXð1Þ;

Gð2Þ
i ¼ Ḡi;XXð2Þ þ Ḡi;φφ

δφ2

2
þ Ḡi;φXδφXð1Þ

þ Ḡi;XX
ðXð1ÞÞ2

2
: ð53Þ

From the Ricci tensor expansion (see [28], for example),
one obtains the Ricci scalar to second order in ϵ,

R ¼ gαβRαβ ¼ R̄þ ϵRð1Þ þ ϵ2Rð2Þ; ð54Þ

where

Rð1Þ ¼ hβα;βα −□h − R̄μνhμν; ð55Þ

Rð2Þ ¼ 1

2

�
3

2
hμα;ρhμα;ρ − hμα;ρhμρ;α

þ
�
h;α
2

− hαρ;ρ
�
ð2hαμ;μ − h;αÞ

�
þ hμαhανR̄μν

þ hραð□hρα þ h;ρα − 2hμρ;ðμαÞÞ; ð56Þ

and

hμρ;ðμαÞ ≔
1

2
ðhμρ;μα þ hμρ;αμÞ: ð57Þ

To expand the D’Alembertian in Eq. (3), we first need to
expand the Christoffel coefficients:

Γα
βγ ¼ Γ̄α

βγ þ ϵΓαð1Þ
βγ þ ϵ2Γαð2Þ

βγ ; ð58Þ

where

Γαð1Þ
βγ ¼ ḡαλ

2
ðhγλ;β þ hβλ;γ − hαβ;λÞ ð59Þ

and

Γαð2Þ
βγ ¼ −

hαλ

2
ðhγλ;β þ hβλ;γ − hαβ;λÞ: ð60Þ

Then, if∇α is the covariant derivative with respect to gαβ we
conclude

□φ ¼ gαβ∇β∇αφ ¼ gαβ∇βðφ;αÞ ¼ gαβ½φ;αβ − ðΓ̄γ
αβ þ ϵΓγð1Þ

αβ þ ϵ2Γγð2Þ
αβ Þφ;γ�

¼ □ φ̄þϵ

�
□δφ −

ḡγλ

2
ð2hμλ;μ − h;λÞφ̄;γ − hαβφ̄;αβ

�

þ ϵ2
��

hμλ;μ −
h;λ
2

�
ðhγλφ̄;γ − ḡγλδφ;γÞ þ

hαβḡγλ

2
ð2hαλ;β − hαβ;λÞφ̄;γ − hαβδφ;αβ þ hαμhμβφ̄;αβ

�
: ð61Þ

Using Eqs. (48), (52), (61), and (54), one finally finds

Sð2Þ ¼
X4
i¼2

Sð2Þi ; ð62Þ

where

Sð2Þ2 ¼
ffiffiffiffiffiffi
−ḡ

p
16πG

	
Ḡ2

8
ðhαβhαβ − h2Þ þ h

2
Ḡ2;φδφþ ðδφÞ2

2
Ḡ2;φφ

þ
�
1

4
Ḡ2;XX½hαβφ̄;αφ̄;β − 2φ̄;αδφ;α� þ δφḠ2;φX

�
1

2
ðhαβφ̄;αφ̄;β − 2φ̄;αδφ;αÞ

þ 1

4
Ḡ2;X½−2δφ;αδφ;α − 2hδφ;αφ̄;α þ φ̄;βð−2hαγhβγφ̄;α þ hαβð4δφ;α þ hφ̄;αÞÞ�



; ð63Þ
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Sð2Þ3 ¼
ffiffiffiffiffiffi
−ḡ

p
16πG

	
Ḡ3

�
φ̄;α

4
½hðh;α − 2hαγ ;γÞ − 2hβγðhβγ;α − 2hαβ;γÞ − 2hαβðh;β − 2hβγ ;γÞ�

þ 1

8
½4h;αδφ;α − 8δφ;αhαβ ;β − 8hαβδφ;αβ þ 4h□δφþ φ̄;γβð8hαγhαβ − 4hhγβÞ þ□ φ̄ðh2 − 2hαβhαβÞ�

�

þ Ḡ3;φ
δφ

2
½φ̄;αðh;α − 2hαβ ;βÞ þ 2□δφ − 2hαβφ̄;αβ þ h□ φ̄� þ Ḡ3;φφ

δφ2

2
□ φ̄

þ Ḡ3;XX
□ φ̄

8
½hαβφ̄;αφ̄;β − 2φ̄;γδφ

;γ�2 þ Ḡ3;φX□ φ̄
δφ

2
½hαβφ̄;αφ̄;β − 2φ̄;αδφ̄;α�

þ Ḡ3;X

�
−
δφ;α

2
½ðδφ;α − 2hαβφ̄;βÞ□ φ̄ þ φ̄;αð2□δφ − 2hβγφ̄;βγ þ h□ φ̄Þ�

þ 1

4
φ̄;αφ̄;β½hαβð2□δφþ φ̄;γðh;γ − 2hγδ;δÞ − 2hγδφ̄;γδ þ h□ φ̄Þ − 2hαγhβγ□ φ̄ − 2δφ;αðh;β − 2hβγ ;γÞ�

�

; ð64Þ

Sð2Þ4 ¼
ffiffiffiffiffiffi
−ḡ

p
128πG

fḠ4½8hαγhαβR̄βγ − 4hhβγR̄βγ − 2hαβhαβR̄þ R̄h2 − 2h;βh;β − 8ðhαβ ;α − h;βÞhβγ ;γ

þ 8hαβðh;αβ − hαγ ;γβ − hαγ ;β
γ þ□hαβÞ þ 4h½hβγ ;βγ −□h� þ 2½3hαβ;γ − 2hαγ;β�hαβ;γ�

þ 4Ḡ4;φδφ½hR̄ − 2hαβR̄αβ þ 2ðhαβ;αβ −□hÞ� þ 4Ḡ4;φφR̄ðδφÞ2g: ð65Þ

We can further simplify Eqs. (64) and (65) by using
integration by parts to express terms with two derivatives
acting upon a single perturbation as a product of first
derivatives of perturbations. As an example,

4Ḡ4hhβγ ;βγ ¼ −4½Ḡ4;φφ̄;γhhβγ ;β þ Ḡ4h;γhβγ ;β�; ð66Þ

where the total derivative term vanished, since fields are
assumed to be zero at infinity, as usual.When considering the
additional powers of ϵ coming from the derivative of

perturbations [as in Eq. (25)], the first term in the above
equation is of order ϵ. It, then, vanishes in the weak-limit
average (variationwith respect to thebackgroundmetric does
not change the order of the term). This implies that one can
make integration by parts only paying attention to the
perturbation factors of each term. In the previous example,

4Ḡ4hhβγ ;βγ ¼ −4Ḡ4h;γhβγ ;β: ð67Þ

With this result, one simplifies

Sð2Þ3 ¼
ffiffiffiffiffiffi
−ḡ

p
16πG

	
Ḡ3

�
φ̄;α

4
½hðh;α − 2hαγ ;γÞ − 2hβγðhβγ;α − 2hαβ;γÞ − 2hαβðh;β − 2hβγ ;γÞ�

þ 1

8
½φ̄;γβð8hαγhαβ − 4hhγβÞ þ□ φ̄ðh2 − 2hαβhαβÞ�

�

þ Ḡ3;φ
δφ

2
½φ̄;αðh;α − 2hαβ ;βÞ þ 2□δφ − 2hαβφ̄;αβ þ h□ φ̄� þ Ḡ3;φφ

δφ2

2
□ φ̄

þ Ḡ3;XX
□ φ̄

8
½hαβφ̄;αφ̄;β − 2φ̄;γδφ

;γ�2 þ Ḡ3;φX□ φ̄
δφ

2
½hαβφ̄;αφ̄;β − 2φ̄;αδφ;α�

þ Ḡ3;X

�
−
δφ;α

2
½ðδφ;α − 2hαβφ̄;βÞ□ φ̄ þ φ̄;αð2□δφ − 2hβγφ̄;βγ þ h□ φ̄Þ�

þ 1

4
φ̄;αφ̄;β½hαβð2□δφþ φ̄;γðh;γ − 2hγδ;δÞ − 2hγδφ̄;γδ þ h□ φ̄Þ − 2hαγhβγ□ φ̄−2δφ;αðh;β − 2hβγ ;γÞ�

�

; ð68Þ

Sð2Þ4 ¼
ffiffiffiffiffiffi
−ḡ

p
128πG

fḠ4½8hαγhαβR̄βγ − 4hhβγR̄βγ − 2hαβhαβR̄þ R̄h2 þ 2ðh;βh;β − 2h;βhβγ ;γ − hαβ;γhαβ;γ þ 2hαγ;βhαβ;γÞ�
þ 4Ḡ4;φδφ½hR̄ − 2hαβR̄αβ þ 2ðhαβ ;αβ −□hÞ� þ 4Ḡ4;φφR̄ðδφÞ2g; ð69Þ

where Sð2Þ2 remains as in Eq. (63).
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IV. THE GW EMT

A. Basic variations

We assume as independent fields of the theory γ̂μν, δφ, φ̄,
and ḡαβ. All other quantities can be expressed in terms of
them. Before varying the action itself, we give some basic
results needed.
First, we remember that (see [29], for example)

δḡμα
δḡνλ

¼ −
1

2
ðḡλαḡμν þ ḡναḡμλÞ; ð70Þ

δḡαβ

δḡμν
¼ 1

2
ðδαμδβν þ δανδ

β
μÞ; ð71Þ

and

δ
ffiffiffiffiffiffi
−ḡ

p
δḡαβ

¼ −
ffiffiffiffiffiffi
−ḡ

p
2

ḡαβ: ð72Þ

Then, one can vary all functions appearing on the
Horndeski action. For example, from Eq. (49),

δX̄
δḡαβ

¼ −
1

2
φ̄;αφ̄;β; ð73Þ

which implies

δḠi

δḡμν
¼ −

Ḡi;X

2
φ̄;μφ̄;ν: ð74Þ

The perturbation hαβ is not an independent field. It is
expressed in terms of the true GW degrees of freedom in
Eq. (20). Varying such a relation, we find

δhαβ

δḡμν
¼ 1

2
½ḡαβγ̂μν − γ̂δαðμδ

β
νÞ� − Āαβ

μνδφ; ð75Þ

where

Āαβ
μν ≔

δCαβ

δḡμν

¼ 1

Ḡ4

�
−
1

2
Ḡ3;XXφ̄;μφ̄;νðφ̄;αφ̄;β þ X̄ḡαβÞ

þ Ḡ3;X

�
2φ̄ð;αδβÞðμφ̄;νÞ −

ḡαβ

2
φ̄;μφ̄;ν þ X̄δαðμδ

β
νÞ

�

þ Ḡ4;φδ
α
ðμδ

β
νÞ

�
: ð76Þ

Taking the trace of Eq. (20) and varying once more,

δh
δḡμν

¼ −γ̂μν þ B̄μνδφ; ð77Þ

where

B̄μν ≔
δĈ
δḡμν

¼ φ̄;μφ̄;ν

Ḡ4

ðḠ3;X þ X̄Ḡ3;XXÞ ð78Þ

and Ĉ ≔ ḡαβĈαβ.

B. Variation of covariant derivatives

Several terms of the action upon which we wish to
operate the variation with respect to the background metric
have covariant derivatives. Since these derivatives have
connection coefficients, one would need, in principle, to
handle the voluminous amount of variation terms arising
from it. But one can show that variations of connection
components vanish under the weak-limit average when
appearing in covariant derivatives of perturbation fields.
Although this result was already obtained in [20], we revisit
it to point out an important subtlety in our case.
A typical term we are interested in here and that will be

present after variation of the action is

T1 ¼ ϵ2
Z ffiffiffī

g
p

Pγ
αβδðhαβ ;γÞd4x; ð79Þ

where Pγ
αβ is a tensor that must be present so that the overall

quantity can become a scalar present in the action. Because
of the connections present in the covariant derivative, one
can show that

δðhαβ ;γÞ ¼ ðδhαβÞ;γ þ δΓ̄α
δγh

δβ þ δΓ̄β
δγh

αδ: ð80Þ

The variation of the connection components are of the form

δΓ̄α
δγ ∼ ḡλδðδḡλαÞ;γ: ð81Þ

So that they will appear in T1 as

T1 ∼ ϵ2
Z ffiffiffī

g
p

Pγ
αβḡλδðδḡλαÞ;γhδβd4x

∼ −ϵ2
Z ffiffiffī

g
p ðPγ

αβhλ
βÞ;γδḡλαd4x; ð82Þ

which, by Eq. (38), results in a contribution to the GW
EMT that goes as

TGW
αλ ∼ hϵ2ðPγ

αβhλβÞ;γi: ð83Þ

By inspecting the terms in the action of the form of
Eq. (79), one is able to conclude that OðϵPγ

αβÞ ¼ OðϵÞ
or Oðϵ0Þ. Using an analogous argument as the one given in
Eq. (33), one can conclude that the above term must vanish.
This implies that we can discard connection variations
when varying first covariant derivatives of the tensorial
perturbation. By a similar argument, one can conclude the
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same property for the other perturbation derivatives, such as
δϕ;αβ and hαβ;μν.
The subtlety present in this demonstration is that it is not

valid if the field being differentiated is of background
nature. In theories where the metric is the only degree of
freedom, this is not a problem, since covariant derivatives
of the background metric are always zero. But in Horndeski
theories, we have the presence of the background scalar
field. Consequently, terms such as

T2 ¼ ϵ2
Z ffiffiffiffiffiffi

−ḡ
p

Lαβδðφ̄;αβÞd4x; ð84Þ

whereLαβ is some tensor necessary to form a scalar quantity
in the action, will appear after variation. Varying the
correspondent connections will give contributions to the
GW EMT of the form

Tϕλ ∼ hϵ2ðLβ
ϕφ̄;λÞ;βi: ð85Þ

But terms can be found in the action such that Oðϵ2LαβÞ ¼
Oðϵ0Þ. More explicitly, they are the ones involving

Lαβ ¼ −
1

2
Ḡ3;XðδφÞ;λðδφÞ;λḡαβ ð86Þ

and

Lαβ ¼ Ḡ3;XX

2
ðḡμνδφ;μφ̄;νÞ2ḡαβ: ð87Þ

In these examples, we cannot neglect the variation of
connection components.

C. The energy-momentum tensor

We are now finally able to obtain the GWEMT.Wewrite
the second order of the action as

Sð2Þ ¼
ffiffiffiffiffiffi
−ḡ

p
16πG

X4
i¼2

sð2Þi ; ð88Þ

where sð2Þ2 ; sð2Þ3 , and sð2Þ4 are related, respectively, with
Eqs. (63)–(65). We remember that, because of Eqs. (25)
and (26) and the limit made in Eq. (27), the only terms
surviving the averaging process are those in which the
number of derivatives acting on perturbation fields is at
least the number of perturbation factors appearing on it.
Varying and using Eq. (38), one can separate the GW EMT
into two parts:

TGW
μν ¼ TGWðfirstÞ

μν þ TGWðsecondÞ
μν : ð89Þ

The first comes from the variation of
ffiffiffiffiffiffi
−ḡ

p
[Eq. (72)] and

reads

TGWðfirstÞ
μν ¼ ḡμν

16πG

X4
i¼2

hϵ2sð2Þi i ¼ ḡμν
16πG

�
ϵ2
	
1

2
½Ḡ2;XXðδφ;αφ̄

;αÞ2 − Ḡ2;Xδφ;αδφ
;α� þ Ḡ4;φδφðhαβ ;αβ −□hÞ

þ Ḡ4

4
fh;βh;β − 2h;βhβγ ;γ þ ð2hαγ;β − hαβ;γÞhαβ;γg þ Ḡ3;φδφ□δφ

þ Ḡ3;XX
□ φ̄

2
ðφ̄;γδφ

;γÞ2 þ 1

2
Ḡ3;Xf−δφ;αδφ

;α
□ φ̄þφ̄;αφ̄;β½hαβ□δφ

− δφ;αðh;β − 2hβγ ;γÞ� − δφ;αφ̄
;α□δφg


�
: ð90Þ

The second part comes from the variation of the sð2Þi ’s.
Because variation with respect to ḡαβ does not change the
order of the quantity with respect to ϵ,�

ϵ2
δsð2Þi

δḡμν

�
¼ δ

δḡμν
hϵ2sð2Þi i; ð91Þ

and we only need to vary the terms that survive the
averaging process.
We conclude that

TGWðsecondÞ
μν ¼ −

1

8πG

X4
i¼2

hϵ2δsð2Þi i ¼
X4
i¼2

Tðsecond;iÞ
μν ; ð92Þ

where we present each Tðsecond;iÞ
μν and details on how to

obtain them in the Appendix. Combining contributions of
Eqs. (90) and (92), we finally find

TGW
μν ¼

X4
i¼2

TGWðiÞ
μν ; ð93Þ

where

TGWð2Þ
μν ¼ 1

16πG
W̄λϕ

μνhϵ2δφ;λδφ;ϕi; ð94Þ

with
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W̄λϕ
μν ¼ Ḡ2;X

�
δλμδ

ϕ
ν −

ḡμν
2

ḡλϕ
�

− 2Ḡ2;XX

�
φ̄ð;μδ

ϕ
;νÞφ̄

;λ þ φ̄;μφ̄;ν

4
ḡλϕ

−
ḡμν
4

φ̄;λφ̄;ϕ

�
þ Ḡ2;XXX

φ̄;μφ̄;ν

2
φ̄;λφ̄;ϕ; ð95Þ

TGWð4Þ
μν ¼ 1

16πG

	
Ḡ4

2

�
hϵ2γ̂αβ;μγ̂αβ ;νi −

1

2
hϵ2γ̂;μγ̂;νi

�
þ Ōλϕ

μνhδφ;λδφ;ϕi þ Ḡ4;φhγ̂;μδφ;νi

þ hNμν□δφi þ Q̄αβλϕ
μνhγ̂αβ;λδφ;ϕi



; ð96Þ

with

Ōαβ
μν ¼

Ḡ4

2
½ðCγλCγλ − C2Þδαμδβν − 4Āαγ

μνCγ
β

− ðCḡμν þ 2B̄μνÞCαβ þ 2CĀαβ
μν

þ ð2ḡγμḡδν þ ḡμνḡγδÞCγαCδβ�

þ 2Ḡ4;φ

�
Cδαμδ

β
ν þ ḡμν

2
Cαβ − Āαβ

μν

�
; ð97Þ

Nμν ¼
Ḡ4

2

h
2hB̄μν þ 2hαβĀαβ

μν − 2C̄μβhνβ

þ ḡμν
2

ðhC − hαβC̄αβÞ
i

þ 2Ḡ4;φδφ

�
B̄μν þ

ḡμν
2

C̄

�
; ð98Þ

Q̄αβλϕ
μν ¼

Ḡ4

2
½3Cλϕδαμδ

β
ν − 2Cαβδλμδ

ϕ
ν �; ð99Þ

and, finally,

TGWð3Þ
μν ¼ 1

16πG

	
Ēλϕ

μνhϵ2δφ;λδφ;ϕiþhϵ2Dμν□δφi

−
Ḡ3;X

2
φ̄;γφ̄

;γhϵ2γ̂;μδφ;νiþ Īαβλϕμνhϵ2γ̂αβ;λδφ;ϕiþ J̄μν

þḠ3;Xφ̄
αhϵ2δφ;αδφ;μνi



; ð100Þ

with

Dμν ¼ Ḡ3;φḡμνδφþ Ḡ3;φXφ̄;μφ̄;νδφ

− Ḡ3;X

�
φ̄;αφ̄;β

δhαβ

δḡμν
þ φ̄;μνδφ − φ̄ð;μδφ;νÞ

−
ḡμν
2

ðδφ□ φ̄þφ̄;αφ̄;βhαβ − δφ;αφ̄
;αÞ
�

− Ḡ3;XX

�
φ̄;μφ̄;ν

2
ðδφ;αφ̄

;α − δφ□ φ̄−φ̄;αφ̄;βhαβÞ
�

þ Ḡ3;XXX
φ̄;μφ̄;ν

2
ðφ̄;γδφ

;γÞ2; ð101Þ

Ēλϕ
μν ¼ 2Ḡ3;φδ

λ
μδ

ϕ
ν

þ Ḡ3;X

	
½□ φ̄−C̄αβφ̄αφ̄β�δλμδϕν

þ 2φ̄;βφ̄ð;μδλνÞC̄
βϕ þ ḡμν

2
φ̄;λ½C̄φ̄;ϕ − 2C̄βϕφ̄;β�

− φ̄;λ½2C̄δϕðμφ̄;νÞ − B̄μνφ̄
;ϕ − 2Āβϕ

μνφ̄;β�



− 2Ḡ3;XXφ̄
;λ

	
φ̄ð;μδ

ϕ
νÞ□ φ̄−

1

2
φ̄;ϕφ̄;μν

−
ḡμν
4

φ̄ϕ□ φ̄−
φ̄;μφ̄;ν

4
½Cφ̄;ϕ − 2C̄βϕφ̄;β�



; ð102Þ

Īαβλϕμν ¼ Ḡ3;Xðφ̄;αφ̄;βδλμδ
ϕ
ν − 2φ̄;λφ̄;ϕδαμδ

β
νÞ; ð103Þ

J̄μν ¼
�
δαðμδ

β
νÞ − ḡαβ

ḡμν
2

�
h½ðḠ3;XXðφ̄;γδφ

;γÞ2

− Ḡ3;Xδφ;γδφ
;γÞφ̄;α�;βi: ð104Þ

Because the quantities C̄μν, B̄μν, and Āαβ
μν are totally

symmetric in their indices and because of the property
exemplified by Eq. (37), almost all terms appearing in
the GW EMT are symmetric at a glance. The only term
not manifestly symmetric is −hḠ4C̄μβhνβ□δφi, present in
Eq. (98). It is simple to notice, using the properties derived
in Sec. II F, that

hḠ4C̄μβhνβ□δφi ¼ hḠ4hνβ□ðC̄μβδφÞi ð105Þ

since the difference between the sides of the equation
vanishes in the weak limit. Furthermore, since we are
assuming luminal tensorial modes, Eq. (A5), one may add a
vanishing quantity to obtain

hḠ4C̄μβhνβ□δφi ¼ −hḠ4hνβ□ðγ̂μβ − C̄μβδφÞi

¼ −
�
Ḡ4hνβ□hμβ þ

1

2
hμν□ γ̂

�
; ð106Þ
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where in the last equality we have used Eq. (20). While the
second term is evidently symmetric, the first one is shown
to be as well by noticing that

hḠ4hνβ□hμβi ¼ hḠ4hμβ□hνβi; ð107Þ

a result of the property exemplified by Eq. (35). We then
can conclude that

TðGWÞ
μν ¼ TðGWÞ

νμ ; ð108Þ

a property expected either from physical reasons or simply
from the definition of GW EMT, Eq. (11).
Another important aspect we would like to investigate is

the trace of the tensor. In GR, GWs behave as a radiation
fluid, since the trace of its EMT vanishes. But in more
general theories of gravity, the tensor can have a non-
vanishing trace. In particular, if such a quantity is negative,
as studies in fðRÞ theories already have suggested to be the
case [22], it can effectively act as a dark energy candidate in
the context of cosmological spacetimes.
We can inquire if the trace of the obtained GW EMT

vanishes in general or if there is the possibility of the
correspondent fluid to have distinct behaviors depending
on the subclass of theories one is interested in. If onewants to
prove that such a trace does not vanish in the general reduced
Horndeski scheme, it is only necessary to show that the trace
of a particular coefficient of the Ḡi functions does not vanish,
since they are independent from each other.
Assuming, for example, that Ḡ2;X ≠ 0 but Ḡ2;XX ¼ 0,

TGWð2Þ ≔ TGWð2Þ
μ
μ ¼ −

1

16πG
hϵ2δφ;μδφ

;μi

¼ 1

16πG
hϵ2δφ□δφi; ð109Þ

which is not necessarily zero for theories where scalar
waves are nonluminal. We then conclude that there are
theories within the reduced Horndeski family that have the
GW EMT with a trace different from zero. It would be
interesting to investigate, for example, in what subclass of
theories this tensor has a negative trace and, thus, can
behave as dark energy.
We additionally point out that, although the weak-limit

average discards all contributions of order ϵn, with n > 0, it
amplifies terms having negative powers in this perturbation
factor. They are terms in which the number of derivatives
acting on perturbations exceeds the number of perturbation
factors. In the tensor calculated, there are terms of this kind

only in TGWð3Þ
μν , more precisely, in Dμν and in the last term

of Eq. (100). The J̄μν contribution, although having more
derivatives than perturbations, is not problematic since one
of the derivatives is a total derivative and, by the property
established in Eq. (34), it has order ϵ0. The terms with
negative powers in ϵ have divergent behavior under the

weak limit and, if present, make the GW EMT lose its
physical meaning.
We emphasize that the complete equations ofmotionwere

not imposed on the GW EMT and that they may be helpful
when dealing with such divergent terms. For example, it is
easy to see that all divergent terms vanish whenwe deal with
luminal scalar waves, since the dominant order in powers of
ϵ of the equation of motion make D’Alembertian terms
vanish in the EMT and Ḡ3;X ¼ 0. Furthermore, theories in
which Ḡ3;X ¼ 0 (a necessary but not sufficient condition for
luminal scalar waves) do not have any divergent terms. On
the other hand, we believe that, in theories in which such
terms do not vanish after imposing the equations of motion,
the procedure adopted here to obtain the energy-momentum
information of GWs is incomplete and another formalism
must be developed in order to treat it. A possible solution to
this stalemate is to maintain the amplitude and wavelength
perturbative parameters (α and ϵ) initially introduced in
Eq. (9) as independent variables [instead of assuming them
to be of the same order, as in Eq. (12)] and to make a limit
procedure in each one, imposing a hierarchy of smallness
between them.

V. SPECIAL CASES

We now investigate particular important cases of the GW
EMT. We take the opportunity to reobtain results already
derived in literature regarding the particular case of a
Brans-Dicke theory. The special cases are summarized
in Fig. 1.

A. Luminal scalar waves

Scalar waves become luminal when the diagonalized
version of the kinetic operator present in Eq. (15) is
proportional to the metric which, consequently, implies
that the second-order differential operator acting on the

FIG. 1. Special cases studied in this work, with the equations
that give the corresponding GW EMT. Dots stand for particular
theories and where they fit in the diagram.

JOÃO C. LOBATO and MAURÍCIO O. CALVÃO PHYS. REV. D 109, 044004 (2024)

044004-12



scalar perturbation is just the D’Alembertian. As pointed
out in [24], this occurs in theories where

Ḡ2;XX ¼ Ḡ3;X ¼ 0: ð110Þ

Inserting this equation in Eqs. (21), (76), and (78), we find

Āαβ
μν ¼

Ḡ4;φ

Ḡ4

δαðμδ
β
νÞ; ð111Þ

B̄μν ¼ 0; ð112Þ

C̄μν ¼
Ḡ4;φ

Ḡ4

ḡμν: ð113Þ

Analogous to Eq. (A5), the dominant term of the
equation of motion in orders of ϵ for scalar waves imply
then

hϵ2W□δφi ¼ 0; ð114Þ

where W ¼ Oð1Þ.
With these simplifications, the GW EMT becomes

[remembering the integration by parts property exemplified
in Eq. (35)]

TGW
μν ¼ 1

16πG

	�
Ḡ2;X þ 2Ḡ3;φ þ 3

Ḡ2
4;φ

Ḡ4

�
hϵ2δφ;μδφ;νi

þ Ḡ4

2

�
hϵ2γ̂αβ;μγ̂αβ ;νi −

1

2
hϵ2γ̂;μγ̂;νi

�

: ð115Þ

Since in this subclass the D’Alembertian of every
perturbation vanishes, the trace of the GW EMT continues
to be zero,

TGW ≔ TGWμ
μ ¼ 0; ð116Þ

which is expected since here all fields travel at the speed of
light and the correspondent fluid should be of radiation
nature as a consequence.

B. Theories with TT gauge

As mentioned previously, although the harmonic gauge
can always be achieved, this is not true to the more
restricted TT gauge. By the arguments given in [24], the
TT gauge can only be obtained in an open set if6

Ḡ3;X ¼ Ḡ4;φ ¼ 0: ð117Þ

In this case

C̄μν ¼ B̄μν ¼ 0; ð118Þ

Āαβ
μν ¼ 0: ð119Þ

Since Cμν ¼ 0,

γ̂μν ¼ ĥμν: ð120Þ

Since the TT gauge is achievable, we demand that

ĥ ≔ ĥαα ¼ 0: ð121Þ

The GW EMT gives

TGW
μν ¼ TGWð2Þ

μν þ 1

16πG

	
Ḡ4

2
hϵ2γ̂αβ ;μγ̂αβ ;νi

þ Ḡ3;φ½2δλμδϕν − ḡμνḡλϕ�hϵ2δφ;λδφ;ϕi


: ð122Þ

In this case, the trace is not trivially zero:

TGW ¼ ½−Ḡ2;Xḡλϕ − X̄ðḠ2;XXXφ̄
;λφ̄;ϕ − Ḡ2;XXḡλϕÞ

− 2Ḡ3;φḡλϕ�hϵ2δφ;λδφ;ϕi: ð123Þ

C. Brans-Dicke theory

For the Brans-Dicke theory, the GW EMT and the
consequent signal for the stochastic gravitational-wave
background were already obtained in [11] for the
Einstein frame. Here we reobtain it as a particular case
of our result and obtain the correspondent Jordan frame
tensor as well, comparing both.
The action of the Brans-Dicke theory in the Jordan

frame is

SðBDÞ ¼ 1

16πG

Z ffiffiffiffiffiffi
−g

p �
φR −

ωBD

φ
gαβφ;αφ;β

�
d4x; ð124Þ

where ωBD is a real number. This is a special case of the
reduced Horndeski theory with

G2ðφ; XÞ ¼ 2
ωBD

φ
X; ð125Þ

G4ðφ; XÞ ¼ φ; ð126Þ

G3ðφ; XÞ ¼ G5ðφ; XÞ ¼ 0: ð127Þ

It is then a theory in which scalar waves are luminal
(G3;X ¼ G2;XX ¼ 0) but the TT gauge cannot be achieved

6The condition here should be G3;X ¼ G4;φ ¼ 0. Expanding
these in the power of ϵ and demanding that the ϵ0 contributions
must vanish alone give the correspondent statements for the
background quantities.
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(G4;φ ≠ 0). From Eq. (115), then, the GW EMT in the
Jordan frame is

16πGTðBD
μν ¼ ð2ωBD þ 3Þ

φ̄
hϵ2δφ;μδφ;νi −

φ̄

4
hϵ2γ̂;μγ̂;νi

þ φ̄

2
hϵ2γ̂αβ;μγ̂αβ ;νi: ð128Þ

One usually states the theory in terms of another action
that is more similar to the GR one:

SeðBDÞ ¼
1

16πG

Z ffiffiffiffiffiffi
−ge

r
½Re − 2geαβφe;α

φe;β
�d4x; ð129Þ

where the new metric and the new scalar field are defined as

geμν ≔
φ

φ̄
gμν; ð130Þ

φe ≔ φ̄e þ ϵδφe ; ð131Þ

with

φ

φ̄
≕ e

−2
ϵδφ
˜ffiffiffiffiffiffiffiffiffiffi

3þ2ωBD
p

: ð132Þ

When such a transformation is made, we say we have
changed from the Jordan to the Einstein frame. Undertilde
quantities indicate that the Einstein frame fields are
being used.
Expanding both sides of Eq. (130), one finds

ḡeμν
¼ ḡμν; ð133Þ

heμν ¼ hμν þ
δφ

φ̄
ḡμν: ð134Þ

Because of Eq. (133), one does not need to distinguish
between contractions or covariant derivatives with one or
the other background metric. Expanding Eq. (132) to linear
order in ϵ,

δφe ¼ −
δφ

φ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2ωBD

p
2

: ð135Þ

Notice that, assuming the Einstein frame fields to be the
fundamental ones, the Horndeski functions would be

Ge2
ðφe; XeÞ ¼ 4Xe; ð136Þ

Ge4
ðφe; XeÞ ¼ 1; ð137Þ

Ge3
ðφe; XeÞ ¼ Ge5

ðφe; XeÞ ¼ 0: ð138Þ

We see that in this case, scalar waves continue to be
luminal, but now the TT gauge can be achieved, since
Ge4;ϕe ¼ 0 ¼ Ge3;Xe.
The Einstein frame GW EMT is then

16πGTeðBDÞ
μν

¼ 4hϵ2δφe ;μ
δφe ;ν

i þ 1

2
hϵ2ĥeαβ;μĥeαβ ;νi

−
1

4
hϵ2ĥe;μĥe;νi; ð139Þ

where we have used that Eq. (120) is valid on the Einstein
frame but have not imposed the TT gauge7 so that the
comparison with literature can be done. The next step is to
use Eqs. (134) and (135) to express everything in terms of
the Jordan fields. We have

4hδφe;μ
δφe;ν

i ¼ 3þ 2ωBD

φ̄2
hδφ;μδφ;νi ð140Þ

and

ĥeαβ ≔ heαβ − ḡαβ
h
∼

2
¼ hαβ −

δφ

φ̄
ḡαβ − ḡαβ

h
2
: ð141Þ

The GW EMT for Brans-Dicke was obtained in [11].
The gauge used there is such that

h ¼ −2
δφ

φ̄
; ð142Þ

which implies, then, by Eq. (141),

ĥeαβ ¼ hαβ; ð143Þ

so that the Einstein frame EMT is expressed by the Jordan
frame fields as

16πGTeðBDÞ
μν

¼ 3þ 2ωBD

φ̄2
hϵ2δφ;μδφ;νi þ

1

2
hϵ2hαβ;μhαβ ;νi

−
1

4
hϵ2h;μh;νi: ð144Þ

Finally, using Eq. (142) again,

7Notice that no TT gauge is necessary to obtain Eq. (120). It is
only necessary for the theory to have the right Horndeski
functions so that the TT gauge is achievable. The gauge we
are using in this section is then given by Eq. (142).
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16πGTeðBDÞ
μν

¼ 2ð1þ ωBDÞ
φ̄2

hϵ2δφ;μδφ;νi

þ 1

2
hϵ2hαβ;μhαβ ;νi; ð145Þ

which coincides with the result obtained in [11].
Since we have computed the GW EMT in both frames as

special cases of our result, we can compare them. To do so,
one must express the Einstein EMT in terms of γ̂αβ. With
Eqs. (125)–(127), Eq. (20) becomes

hαβ ¼ γ̂αβ −
ḡαβ
2

γ̂ −
ḡαβ
φ̄

δφ: ð146Þ

Using the gauge condition of Eq. (142) in the trace of the
above equation,

γ̂ ¼ −2
δφ

φ̄
; ð147Þ

which implies

hαβ ¼ γ̂αβ: ð148Þ

Since Eq. (120) is valid in the Einstein frame and Eq. (143)
is also valid, we also conclude that

γ̂e αβ
¼ γ̂αβ; ð149Þ

that is, although the hαβ in both frames are not equal to each
other, the true tensorial degrees of freedom γ̂αβ are.
Using the gauge of Eq. (147) in the Jordan frame GW

EMT given by Eq. (128) and comparing the result with the
Einstein frame EMT given by Eq. (145) with Eq. (148)
replaced on it,

TGWðBDÞ
μν ¼ φ̄TeGWðBDÞ

μν

: ð150Þ

This is not the same relation the matter EMT TðmÞ
μν would

have under conformal transformation [30]:

TðmÞ
μν ¼ φ

φ̄
TeðmÞ
μν

: ð151Þ

Requiring further that four-velocities must have a norm
equal to −1, they relate as

uα ¼
ffiffiffi
φ

φ̄

r
ueα: ð152Þ

The energy density of GWs in both frames relate, then, as

ρGW ≔ uαuβTGW
αβ ¼ φueαueβTeGW

αβ
¼ φρeGW; ð153Þ

which implies that, in principle, different from what is
sustained in [11], the GWenergy density is not conformally
invariant.

VI. DIVERGENCE OF THE GW EMT

Aswe have demonstrated, some features of the GWEMT
that are valid in GR, are not valid in the general context of
reducedHorndeski theories, such as the trace being zero.We
know that in GR, the divergence of this tensor vanishes,
which implies conservation of the number of gravitons. We
want now to investigate if this is still true in our scope.
In this section, we will work with solutions of the eikonal

form. That is,

γ̂αβ ¼ ΓαβðxμÞeiwðxμÞ=ϵ; ð154Þ

δφ ¼ ΦðxμÞeivðxμÞ=ϵ; ð155Þ

where Γαβ and Φ are complex functions and w and v
are real.
We choose a particular theory given by conditions

Ḡ2 ¼ Ḡ3;X ¼ Ḡ4;φ ¼ Ḡ4;X ¼ 0: ð156Þ
This theory has luminal scalar waves and admits the TT
gauge. Its GW EMT reads

TGW
μν ¼ 1

16πG

	
Ḡ4

2
hϵ2γ̂αβ ;μðγ̂αβ ;νÞ�i

þ 2Ḡ3;φhϵ2δφ;μðδφ;νÞ�i


; ð157Þ

where the star stands for the complex conjugate. It is present
in the above equation so that the final tensor remains real.
Taking the divergence of first term and replacing

Eq. (154), one finds

�
Ḡ4

2
hϵ2γ̂αβ;μðγ̂αβ ;νÞ�i

�
;ν

¼ Ḡ4

2
ðkμkνΓ2Þ;ν; ð158Þ

where all other contributions vanish under the weak-limit
average,

Γ2 ≔ ΓαβðΓαβÞ�; ð159Þ
and

kμ ≔ w;μ: ð160Þ

We now use the equations of motion. The ϵ−1 contri-
bution of the diagonalized version of Eq. (15) gives, for the
tensorial part, in any reduced Horndeski theory [24],

kμkμ ¼ 0; ð161Þ
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meaning that the tensorial waves travel through null curves.
Using the definition of kμ, the above equation implies that
this curve is also a geodesic, namely

kνkμ;ν ¼ 0: ð162Þ

Furthermore, the terms of order 1 in ϵ of the equation of
motion combine to give, in the particular theory where
Eq. (156) is valid, [24]

Ḡ4

2
ð2kαΓμν;α þ kα;αΓμνÞ ¼ Ḡ3;φΦeiðv−wÞðφ̄;γqγ ḡμν

− 2φ̄ð;μqνÞÞ; ð163Þ

where

qμ ≔ v;μ: ð164Þ

Contracting the equation with ðΓμνÞ� and summing with its
complex conjugate contracted with Γμν, one is able to write

Ḡ4

2
ðkαΓ2Þ;α ¼ −2Ḡ3;φφ̄;μqνReðΦeiðv−wÞðΓμνÞ�Þ; ð165Þ

where Re(� � �) indicates the real part of a function and we
have used that, under the TT gauge we are assuming, Γμν

has a vanishing trace.
Using Eqs. (162) and (165) in Eq. (158), one ends up

with

�
Ḡ4

2
hϵ2γ̂αβ;μðγ̂αβ ;νÞ�i

�
;ν

¼ −2Ḡ3;φφ̄;αqβkμ

× ReðΦðΓαβÞ�eiðv−wÞÞ: ð166Þ

Since Ḡ3;φ ¼ 0 in GR, we would conclude that the GW
EMT divergence vanishes in this case. But here this part
does not vanish, even under the TT gauge and after the
imposition of the equations of motion.
We proceed on computing the divergence of the second

term in Eq. (157). Replacing Eq. (155) on it,

½2Ḡ3;φhϵ2δφ;μðδφ;νÞ�i�;ν ¼ 2ðḠ3;φqμqνΦ2Þ;ν; ð167Þ

where

Φ2 ≔ ΦΦ�: ð168Þ

As in the case for tensorial waves, here we have, once
more, that the dominant term of the field equation for the
perturbations give [24]

qαqα ¼ 0; ð169Þ

which implies

qαqμ;α ¼ 0: ð170Þ

Furthermore, the amplitude evolution for the scalar waves
become [24]

2Ḡ3;φð2qαΦ;α þ qα;αΦÞ þ 2Ḡ3;φφφ̄
;αqαΦ ¼ 0: ð171Þ

Multiplying the equation by Φ� and summing with its
complex conjugate multiplied by Φ, one obtains

ðḠ3;φqαΦ2Þ;α ¼ 0: ð172Þ

Using Eqs. (170) and (172), one concludes that

½2Ḡ3;φhδφ;μðδφ;νÞ�i�;ν ¼ 0: ð173Þ

Summing Eqs. (166) and (173), one concludes that

TGW
μν

;ν ≠ 0: ð174Þ

This means that even in theories where scalar and tensorial
waves are luminal and where the TT gauge is achievable,
the GW EMT can still have nonvanishing divergence.
In [12], we have shown how, in the cosmological

context, the vanishing of the GW EMT divergence can
be used to obtain the GW version of the duality relation8:

DðGWÞ
L ¼ ð1þ zÞ2DðGWÞ

A ; ð175Þ

where z is the redshift, DðGWÞ
L is the GW luminosity

distance, and DðGWÞ
A is the correspondent angular-diameter

distance. This relation, in turn, influences certain observ-
ables. The signal of a stochastic gravitational wave back-
ground is related to the spectral GW energy density

hSi ¼ F
�
d3ρgw
dfd2Ω

�
; ð176Þ

where f is the frequency and Ω is the solid angle of the
observation. It is possible to obtain the total spectral energy
density as a summation of the different galaxy sources
contributions [32]:

d3ρGW
dfd2Ω

¼
Z Z

1þ zðϑÞ
4π

�
DðGWÞ

A

DðGWÞ
L

�2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pμðϑÞpμðϑÞ

q
× nGðxμðϑÞ; θGÞLGðfG; θGÞdϑdθG; ð177Þ

where pμ is the spatial projection of the tangent vector of
the GW null geodesics xμðϑÞ, nG is the number density of
galaxies, LG are the GW luminosity of the galaxies, and θG

8This relation was originally obtained by other means in [31].

JOÃO C. LOBATO and MAURÍCIO O. CALVÃO PHYS. REV. D 109, 044004 (2024)

044004-16



are a set of variables related to the galaxy emitting the
waves.
We have seen that in more general reduced Horndeski

theories, the GWEMT has nonvanishing divergence, which
would imply a modification to the duality relation and a
consequent change on the stochastic GW signal, by
Eq. (177). The stochastic GW background, in principle,
can then serve as a test reduced Horndeski theory. If any
deviations from the expected signal predicted in the GR
theory ever arise, this can indicate that more general
theories must be considered to explain the phenomenon.

VII. CONCLUSION

The main results of this work are Eqs. (93), (94), (100),
and (96), with the subsequent coefficient definitions. It
represents the off-shell GW EMT for the family of reduced
Horndeski theories, with scalar waves included. With it, we
were able to study some subcases of interest: those where
scalar waves are luminal, Eq. (115), and those where the TT
gauge is achievable, Eq. (122). In the first of these, the trace
of the tensor was shown to vanish, as expected for radiation
fluids, and in the second, it was shown not to vanish
trivially, Eq. (123), without the imposition of the full
field equations. As suggested by studies of the GW
EMT in fðRÞ theories [21,22], in the cosmological context,
this nonvanishing of the trace could indicate a candidate to
dark energy: GW curving background spacetime could be
part of the reason behind the current accelerated expan-
sion era.
The Brans-Dicke GW EMT was reobtained as a par-

ticular case, confirming previous results from literature
[11]. Different from previous literature, we obtain the GW
EMT in Brans-Dicke for both the Jordan and the Einstein
frames, Eqs. (128) and (145), respectively, and compare
them to conclude that the tensor, and consequently the
energy density of GWs, is not invariant under conformal
transformations [i.e. Eqs. (150) and (153)].
Furthermore, with the help of previous studies regarding

GW propagation in reduced Horndeski theories [23,24],
we can expect that, within particular theories where the
divergence of the GW EMT does not vanish in the
geometrical optics limit, the GW duality relation will be
modified, and, therefore, we get a first glimpse of how our
results can entail changes in the SGWB observations, even
after the imposition of the field equations: either (i) by
directly modifying the GW spectral energy density per
solid angle calculated in [32] as Eq. (177), in any back-
ground spacetime, or (ii) by the change in the relation
between the SGWB detected signal and spectral energy
density, as exemplified in particular theories by [11]. We
expect that different theories will predict different SGWB
signals for a fixed set of GW sources and that this can be a
way of probing deviations from the usual GR theory.

Our work complements the study made by [20] in the
sense that it investigates the GW EMT in a different set of
scalar-tensor theories. In another sense, it generalizes this
same work by allowing any background spacetime, not
only asymptotically flat ones, which would make important
cases such as Friedmann-Lemaître-Robertson-Walker
(FLRW) universes to be left aside.
Although full generality has been achieved in terms of

the background metric, we must be alert for the limits of our
approach. The weak-limit averaging process used to com-
pute the GW EMT can result in divergent terms in theories
where Ḡ3;X ≠ 0. Those potential divergences are all present
in the part of the GW EMT given by Eq. (100). We have
pointed out that such divergences can still vanish in the
most troubling cases after imposing the field equations.
When, even after these impositions, such terms remain, we
point out that the problem can be in our assumption that the
GW amplitude and wavelength are of the same order of
smallness, as in Eq. (12). A more detailed treatment where
different limiting procedures are done for both perturbative
parameters might eliminate such divergences.
Future steps could be made in the direction of general-

izing the GW EMT for Horndeski theories in which
tensorial perturbations are not luminal and for theories
beyond Horndeski. Further studies on the relevance of our
results to observations of the SGWB signal in Horndeski
theories are worth being pursued as well.
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APPENDIX: DETAILS REGARDING
VARIATION OF ACTION

Here we provide details on how to obtain each con-
tribution of Eq. (92). As discussed in the main text, the
terms TðiÞ

μν are obtained by varying the contributions inside
the average of Eq. (90) that are directly related with the
functions Ḡi. Using Eqs. (71), (73), and (74), one obtains

Tðsecond;2Þ
μν ¼ 1

16πG

�
ϵ2
	
Ḡ2;Xδφ;μδφ;ν

þ Ḡ2;XXXðφ̄;αδφ
;αÞ2 φ̄;μφ̄;ν

2

− 2Ḡ2;XX

�
φ̄ð;μδφ;νÞφ̄;λ þ δφ;λ

φ̄;μφ̄;ν

4

�
δφ;λ


�
:

ðA1Þ

The calculation of the remaining terms is a little more
extensive. For the ones involving Ḡ4, for example, using
the results of Sec. IV B, one concludes that
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Tðsecond;4Þ
μν ¼ −1

16πG

�
ϵ2
Ḡ4

2

	
2

�
δh
δḡμν

�
;β

h;β þ h;μh;ν þ 2

�
2

�
δhαγ

δḡμν

�
;β

−
�
δhαβ

δḡμν

�
;γ
�
hαβ;γ − 2hμγ ;βhνβ ;γ − hαβ;μhαβ ;ν

þ 2hμβ;γhνβ;γ − 2h;β

�
δhβγ

δḡμν

�
;γ

− 2

�
δh
δḡμν

�
;β

hβγ ;γ


þ 2ϵ2Ḡ4;φδφ

��
δhαβ

δḡμν

�
;αβ

−□

�
δh
δḡμν

�
− h;μν

��
: ðA2Þ

Using integration by parts [in the sense of Eq. (35)] in
terms where derivatives of perturbations are contracted, one
will end up with contributions where □γ̂αβ appears. For
example, using Eq. (75),

Ḡ4

�
ϵ2
�

δh
δḡμν

�
;β

h;β
�
¼−Ḡ4

�
2ϵ2h□

�
δh
δḡμν

��

¼ Ḡ4h2ϵ2h½□γ̂μν− F̄μν□δφ�i: ðA3Þ

Since we are assuming luminal tensorial modes from the
start, the equation for the tensorial part of GWs is of the
form [24]

ϵ□γ̂μν þOð1Þ ¼ 0; ðA4Þ

where ϵ□γ̂αβ ¼ Oðϵ−1Þ. The terms involving □γ̂αβ appear-
ing in the GW EMT are of the form hϵ2W□γ̂αβi, with
W ¼ Oð1Þ. Multiplying Eq. (A4) by ϵW and taking the
weak-limit average,

hϵ2W□γ̂αβi ¼ 0; ðA5Þ

so that these D’Alembertian terms can be neglected. Of
course, the same will be true for terms with □ γ̂. Notice,
however, that we are still interested in the case of non-
luminal scalar waves, so that analogous terms involving
□δφ do not vanish in principle.
Another simplification comes from using integration by

parts in terms where divergences of γ̂μν can appear. Because
of the harmonic gauge given by Eq. (24), these divergences
vanish. For example, using Eqs. (20) and (37),

h−2ϵ2hμγ ;βhνβ ;γi ¼ h−2ϵ2hμγ ;γhνβ;βi

¼
�
ϵ2
	
−
γ̂;μγ̂;ν
2

− 2Cγðμγ̂;νÞδφ;γ

− 2CμγCνβδφ
;γδφ;β


�
; ðA6Þ

where the harmonic gauge was already imposed.
With these simplifications, expressing everything in

Eq. (A2) in terms of γ̂μν and δφ by using Eqs. (20),

(75), and (77) and adding the terms present in TðfirstÞ
μν [given

by Eq. (90)] that have the Ḡ4 function and its derivatives as
factors, one is able to obtain Eq. (96).

The last part of the GW EMT is Tðsecond;3Þ
μν . Different from

the previous parts, one needs to take care when varying
covariant derivatives here, as discussed in Sec. IV B.
Variation will still commute with covariant derivatives
when the field being differentiated is a perturbation. But
in terms where derivatives act upon the background scalar
[i.e. Eq. (84)], this cannot be done. There are two terms
where this occurs, namely those with coefficients given by
Eqs. (86) and (87). Initially, notice that

δðφ̄;μνÞ ¼ −φ̄;τδΓ̄τ
μν: ðA7Þ

It is straightforward to show that

δΓ̄τ
μν ¼−

1

2
½ḡλμðδḡλτÞ;νþ ḡλνðδḡλτÞ;μ− ḡμγ ḡνσðδḡγσÞ;τ�: ðA8Þ

Then, Eq. (84) becomes, after integrating by parts and
using that Lαβ is a symmetric tensor in both cases of
interest,

T2 ¼−
ϵ2

2

Z ffiffiffiffiffiffi
−ḡ

p ½2ðLλ
βφ̄;σÞ;β− ðLλσφ̄;γÞ;γ�δḡλσd4x; ðA9Þ

from which we conclude that the contribution for the GW
EMT coming from the variation of connections are

Tμν ∼ hϵ2½2ðLβðμφ̄;νÞÞ;β − ðLμνφ̄;γÞ;γ�i: ðA10Þ

For the case in which Eq. (86) is valid,

Tμν ∼ −hϵ2½Ḡ3;Xδφ;γδφ
;γφ̄ð;μ�;νÞi

þ ḡμν
2

hϵ2½Ḡ3;Xδφ;γδφ
;γφ̄;ϕ�;ϕi: ðA11Þ

For the case of Eq. (87),

Tμν ∼ hϵ2½Ḡ3;XXðδφ;γφ̄
;γÞ2φ̄ð;μ�;νÞi

−
ḡμν
2

hϵ2½Ḡ3;XXðδφ;γφ̄
;γÞ2φ̄;ϕ�;ϕi: ðA12Þ

We confirm that these terms will not vanish in the weak-
limit average, different from the variations of connections
coming from covariant derivatives of perturbations.
With these terms in mind and varying the rest of the Ḡ3

related terms of Eq. (90), one obtains

JOÃO C. LOBATO and MAURÍCIO O. CALVÃO PHYS. REV. D 109, 044004 (2024)

044004-18



Tðsecond;3Þ
μν ¼ 1

16πG

�
ϵ2
	
Ḡ3;φXφ̄;μφ̄;νδφ□δφ − 2Ḡ3;φδφδφ;μν þ Ḡ3;XXX

φ̄;μφ̄;ν

2
□ φ̄ðφ̄;γδφ

;γÞ2 þ ḡμν
2

½Ḡ3;Xδφ;γδφ
;γφ̄;δ�;δ

− ½Ḡ3;Xδφ;γδφ
;γφ̄;ðμ�;νÞ þ ½Ḡ3;XXðφ̄;γδφ

;γÞ2φ̄ð;μ�;νÞ −
ḡμν
2

½Ḡ3;XXðφ̄;γδφ
;γÞ2φ̄β�;β

− Ḡ3;X

	
φ̄;αφ̄;β

�
δhαβ

δḡμν
□δφþ hαβδφ;μν − δφ;α

��
δh
δḡμν

�
;β

− 2

�
δhβγ

δḡμν

�
;γ

��

− φ̄;βφ̄ð;μδφ;νÞðh;β − 2hβγ ;γÞ − δφ;αhð;μφ̄;νÞφ̄;α − δφ;μδφ;ν□ φ̄− δφ;αδφ
;αφ̄;μν − φ̄;ðμδφ;νÞ□δφ − φ̄;αδφ

;αδφ;μν




− 2Ḡ3;XX

	ðφ̄;γδφ
;γÞ2

2
φ̄;μν −

φ̄;μφ̄;ν

4
fφ̄;αφ̄;β½hαβ□δφ − δφ;αðh;β − 2hβγ ;γÞ� − δφ;αδφ

;α
□ φ̄

− δφ;αφ̄
;α
□δφg þ φ̄;γδφ

;γφ̄ð;μδφ;νÞ□ φ̄



�
: ðA13Þ

By expressing the above equation in terms of γ̂μν and δφ and adding the terms present in TðfirstÞ
μν [given by Eq. (90)] having

the Ḡ3 function and its derivatives as factors, one is able to obtain Eq. (100).
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