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Theories of gravity with auxiliary fields are of particular interest since they are able to circumvent
Lovelock’s theorem while avoiding the introduction of new degrees of freedom. This type of theories
introduces derivatives of the stress-energy tensor in the modified Einstein equation. This peculiar structure
of the field equations was shown to lead to spacetime singularities on the surface of stars. Here we focus on
yet another problem afflicting gravity theories with auxiliary fields. We show that such theories can
generically introduce parametrically large deviations to the Standard Model unless one severely constrains
the parameters of the theory, preventing them to produce significant phenomenology at large scales. We
first consider the specific case of Palatini f(R) gravity, to clarify the results previously obtained in Ref. [1].
We show that the matter fields satisfy the Standard Model field equations which reduce to those predicted
by general relativity in the local frame only at tree level, whereas at higher orders in perturbation theory
they are affected by corrections that percolate from the gravity sector regardless of the specific f(R) model
considered. Finally, we show that this is a more general issue affecting theories with auxiliary fields

connected to the same terms responsible for the appearance of surface singularities.
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I. INTRODUCTION

Although general relativity (GR) is widely accepted as a
classical theory of gravity, there is both theoretical and
experimental motivation to go beyond GR. On the theo-
retical side, GR is not renormalizable and does not offer a
quantum description of gravitation. Furthermore, it predicts
the appearance of spacetime singularities, in the vicinity of
which GR itself breaks down. On the experimental side,
GR is challenged by the rich and overwhelming astro-
nomical evidence for the existence of a large amount of
unseen dark matter [2-4] and dark energy [5-8].

To go beyond GR, one needs to evade Lovelock’s unique-
ness theorem [9,10] by abandoning one of its assumptions,
namely introduce extra dimensions, allow for higher-order
equations, break diffeomorphism invariance, explicitly
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include additional fields, or abandon the idea that gravity
can be described by a field theory whose equations involve
local differential operators [11]. Although dropping any one
of these assumptions could lead to a very different quantum
gravity theory, if one focuses on a local, classical effective
field theory (as a low-energy limit), dropping any of the
assumptions leads to the same outcome [12]: additional
fields. Typically, these fields will be dynamical and would
propagate. Searches for such new fields are one of the main
ways to test GR and have so far not given any detection. The
dynamical behavior of these additional fields has also given
strong theoretical bounds on deviation from GR, as they are
prone to the Ostrogradski instability [13].

It is then particularly interesting to consider theories with
nondynamical extra fields. Such theories circumvent
Lovelock’s theorem without adding any extra propagating
degrees of freedom. The extra fields are instead auxiliary;
i.e. one does vary the action with respect to them but they
can be determined algebraically from the field equations.1

'Note that auxiliary fields differ from background fields, as the
latter are kept fixed when varying the action.
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In Ref. [14], it was shown that, once auxiliary fields have
been eliminated, one obtains the following field equations:

G;w + Agm/ = K2T/4D + Sﬂl/’ (1)

where k2 = 87G (henceforth we use 2 = ¢ = 1 units), T,
is the matter stress-energy tensor, and S, is a divergence-
free tensor that depends on the matter fields, the metric, and
their derivatives. The precise form of S, will depend on the
specific form of the auxiliary field and how it enters the
Lagrangian. However, a characteristic feature of this kind
of theories is that §,, contains derivatives of the stress-
energy tensor, and hence the theory inevitably includes
higher-order derivatives of the matter fields in the field
equations. As a consequence, the metric is overly sensitive
to abrupt discontinuities in the matter energy density
leading to spacetime singularities, e.g. on the surface of
stars. This was explicitly shown for specific classes of
gravity with auxiliary fields, first for Palatini f(R) gravity
in Refs. [15,16] and more recently for Eddington-inspired
Born-Infeld gravity [17].

Palatini f(R) gravity is perhaps the most characteristic
and well-studied example of gravity with an auxiliary field
[18-22,22-33]. It became popular as a potential explan-
ation of the accelerated cosmic expansion [5—7]. It consists
of a generalization of the Einstein-Hilbert action by
allowing the Lagrangian to be a generic function of the
Ricci scalar ‘R, while also assuming that the metric and
the connection are independent variables. By doing so, the
Ricci tensor and, consequently, the Ricci scalar present in
the action are constructed with the independent connection.
A crucial assumption in this formalism is that the matter
action does not contain the independent connection [34].

The issue with surface singularities is not the only
problem with Palatini f(R) gravity.” While the theory
satisfies the weak equivalence principle, in the sense that
the matter couples minimally to the metric and is not
coupled to the independent connection, eliminating this
connection from the field equations introduces matter
corrections to them in perturbation theory. This was pointed
out in Ref. [1], where a dynamical equivalent scalar-tensor
theory was used to show that a specific model of Palatini
f(R) gravity exhibits such corrections and that this is in
conflict with particle-physics observations. There has been
debate about this result in the literature [38—40] and, in
particular, about whether it is specific to the choice of
conformal frame [38].

Note that it was also recently shown in Refs. [35-37] how the
shape of the f(R) function and the matter potential are strongly
related to each other; as a consequence not all possible configu-
rations allow for a real solution of the auxiliary field equation, and
higher-order Palatini f(R) produces divergences in the kinetic
terms of matter.

In this paper, we revisit this issue and attempt to clarify it
and demonstrate that the conflict with the Standard Model
is indeed there and it is not specific to the model studied in
Ref. [1], or even Palatini f(R) gravity. It is instead more
generic to theories with auxiliary fields and indeed is linked
to the same terms that are responsible for the appearance of
surface singularities in such theories. For what regards the
confusion between different conformal frames, it appears to
be due to the fact that the effect appears at different orders
in perturbation theory in different conformal frames, as we
discuss in more detail below.

The paper is organized as follows. In Sec. II, we give a
general review of Palatini f(R) gravity. Then, in Sec. III, we
recast Palatini f(R) gravity as a scalar-tensor theory, and we
report the results obtained in Ref. [1]. Section IV is devoted to
the perturbative analysis of the field equations, and we
present our results for the case of a massless scalar field
for a specific model of Palatini f(R) gravity. In Sec. V, we
generalize these results to the broader class of theories
presented in Ref. [14]. Finally, we conclude in Sec. VI.

IL. PALATINI f(R) GRAVITY
The action for Palatini f(R) gravity takes the form

S*l
23

d4x\/—_g[f(73) + EM(gﬂIJ’ l//)]? (2)

where g is the determinant of the metric g,, and R = ¢**R,,
where R, is the Ricci tensor constructed with the inde-
pendent connection F,@y. As we mentioned before, in the
Palatini approach, the matter Lagrangian £, generically
depends on the matter fields y and on the metric tensor,
but not on the independent connection. This implies that
the parallel transport is defined only by the Levi-Civita
connection [31], and that the stress-energy tensor,

T, = \/——_2_9‘25% , is divergence-free with respect to the metric
covariant derivative. Thus, the above theory is expected to
satisfy the weak equivalence principle.

The field equations stemming from action (2) read [31]

SRRy =3 9uf (R) =T ()
V,(v=af'(R)g") =0 (4)

where we have defined the covariant derivative constructed
with the independent connection as Vp. In the special case
f(R)=TR, Eq. (3) reduces to Einstein’s equations,
whereas Eq. (4) becomes the definition of the Levi-Civita
connection for I7,.

Taking the trace of Eq. (3) yields an algebraic equation
between R and T =T,,4",

F(RR =2f(R) = ¥°T. (5)
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Thus, the Ricci scalar is determined in terms of the matter
fields, i.e. R = R(T). In particular, when 7' = 0, the above
equation reduces to f'(R)R — 2f(R) = 0, and R has to be
a constant defined by the root of this equation. Replacing
this in Eq. (3), one effectively solves GR with an effective
cosmological constant.

Finally, it is useful to define a metric conformal to g,,,

h;w = f/(R)g/w' (6)

Using this relation, Eq. (4) becomes the definition of the
Levi-Civita connection of /,,,, I, = £ 17 (,h,, + 0,h,, —
d,h,,). Substituting Eq. (6), the independent connection
can be written in terms of R and of the metric g,,.
Therefore, since Eq. (5) relates R to T, one can completely
eliminate F,@y from the field equations and rewrite the latter
only in terms of the metric and of the matter fields. Indeed,
first note that the Ricci tensor transforms under the
conformal transformation (6) as

W

1
R/uz = R;w + iwvu]ﬁ(,}?’)vu]ﬁ(,}z)
1 1

) (vﬂvy + Eg,wD) f'(R), (7)

where R,, = R?,,, and R, is the Riemann tensor con-
structed with the Levi-Civita connection. Since the Ricci

scalars constructed with the independent connection and
the Levi-Civita connection are, respectively, defined as

R = ¢*R,, and R = ¢"R,,,, we contract Eq. (7) with the
metric finding
R=R —I—ELV S (R)VFf(R) — 3 Of (R).
2(f(R)) " '(R)
(8)
Thus, we can rewrite the field equation (3) as
K> 11 1
G/w = ?pr - Efg/w (R - ]]:/> + ? (vﬂvl/f/ - g/wljf/)
31 1
=378 |(U)OS) = 30T NE) )

where once again we stress that this is a function of only the
metric and the matter fields, since, due to Eq. (5), we have
R =TR(T) and f(R) = f(R(T)). Note that the fact that
we can eliminate F,’ED in terms of the metric and the matter
fields indicates that, in Palatini f(R) gravity, the indepen-
dent connection is an auxiliary field and does not propagate
any additional degree of freedom. In the specific case when
f(R) =R, we find from Eq. (6) that h,, = g,,. since
f' = 1. Therefore, R, = R,,, R = R, and Eq. (9) reduces
to the Einstein field equation, showing once again that the

Palatini formalism applied to the Einstein-Hilbert action
yields GR.

The differential structure of Eq. (9) is clearly a cause for
concern. This field equation is a second-order partial
differential equation in the metric, as in GR, but at the
same time it includes up to second derivatives of f'(R), and
consequently of 7', since from Eq. (5) we have R = R(T).
Note that the matter action usually contains derivatives of
the matter field y, so that one has 7 = T (w, a,,y/); hence
Eq. (9) contains up to third-order derivatives of the matter
field. In GR, the higher differential order in the metric with
respect to the differential order in the matter fields
guarantees that the metric comes as an integral over the
matter fields, so that any discontinuities in the matter are
“smoothed out” and not inherited by the metric. However,
in Palatini f(R) gravity this does not happen. Indeed, since
the differential order in the matter fields is higher than in the
metric, the latter is no longer an integral over the matter
fields, but it is related to them and their derivatives. For
example, the problem of surface singularities discussed in
Refs. [15,16] is related to this mechanism: a discontinuity
in the matter fields or in their derivatives can lead to
curvature singularities.

We stress that while Palatini f(R) gravity exemplifies
this peculiar differential structure, the latter is a more
general feature of gravity theories with auxiliary fields. As
we have mentioned, this is due to the fact that the
“sourcelike” term §,, in Eq. (1) contains a derivative of
the stress-energy tensor.

In this paper, we focus on potential deviations from the
Standard Model of Palatini f(R) gravity, and more in
general of gravity theories with auxiliary fields. We will
discuss this issue after we introduce in the next section the
scalar-tensor formulation of action (2), where the auxiliary
field is simply represented by a scalar field.

III. PALATINI f(R) GRAVITY
AND SCALAR-TENSOR FORMULATION

Palatini f(R) gravity can be cast in the form of a scalar-
tensor theory in the presence of a nondynamical scalar
field, obtaining [19,25,30-32]

1 3
S=53 / d*x\/=g <¢R + ﬂaﬂqﬁa”sb - V(¢)>

+SM(g;4w l//)v (10)

where we have defined the scalar field ¢ = f/(R) and the
scalar potential V(¢) = R(¢)¢ — f(R(¢)). Note that in
the above equation R is the Ricci scalar constructed from
the metric g,,, as in the standard definition of scalar-tensor
theories. Action (10) is equivalent to a Brans-Dicke theory
in the Jordan frame with @ = —3/2 and a potential V.

Varying the action with respect to the metric and the
scalar field yields
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K2 3
=g T

1
+ E (vuvvd) - ngD¢)

( AT TR ¢)

d)g,w, (11)

(R-V') + ¢VA¢W¢ (12)

Taking the trace of Eq. (11), we can eliminate the Ricci
scalar in Eq. (12), obtaining an algebraic relation,

2V(g) — pV'($) = °T. (13)

that determines the (auxiliary) field ¢ in terms of 7. Note
that Egs. (11) and (13) are equivalent respectively to Eq. (9)
and to the algebraic relation Eq. (5).

Finally, action (10) can be written in the Einstein
frame as

/d4xv |:__ U :| +SM(¢_lg/w7 Wm)v (14)
where U(¢p) = ‘2((/))7 and g, = f'(R) g, = b9,,,- (Henceforth,
tilded quantities will refer to the Einstein frame.) In this
frame, the field equations read

S

G;w = KzT;w - Kzg;wU(¢)’ (15)

U#) =514, (16)

and the scalar field is manifestly auxiliary.

Let us now briefly review the results of Ref. [1], where
the theory is studied in the Einstein frame choosing the
specific model corresponding to f(R) = R — u*/R, where
one takes u to be a mass scale of order the Hubble scale, i.e.
1 < Hy, in order to describe the present acceleration of the
universe. They considered the case where the matter action
is described by the Dirac action. The auxiliary scalar field ¢
is canonically renormalized as

6
() —\2/—;10g¢, (17)

so that the total action written in the Einstein frame is

< 4 ~ R - 2

S= [ d*x\/-7 22 U(®D) + ie
K

_ eﬁa@)mw), (18)

@hpzo,p

where y is a Dirac spinor, with mass m, and y* are the Dirac
matrices in the local frame. The field ® is then written
explicitly in terms of the matter fields solving its field
equation, namely Eq. (16). Since for the model taken into

consideration the solution to this equation is not analytical,
it is necessary to solve it perturbatively.

In this model one can perform two different expansions,
one assuming that u?/x*T <1 and one considering
k*T/u*> < 1. In Ref. [1], only the latter has been consid-
ered. This applies assuming that */R > R or equivalently
u> > R ~>T. Hence, in this case one does not retrieve
GR. Using this expansion in order to solve the field
equation of the scalar ® yields

4fM+2f

K® = kD, — K + 0(K2, M2, MK).

(19)

where k®, ., = \élog(g—‘) and K and M are dimensionless

quantities defined as KC = ik?y 0,y /u?, M = K2mipy [ *.
Substituting Eq. (19) back into the action allows one to
integrate out the scalar field ®@. The action so obtained
contains new matter interaction vertices, each one charac-

terized by the factor 1/m?, where m, = \/u/x. Since k> =
827G and p is assumed to be « H, to address the dark
energy problem, it turns out that m? is roughly the geo-
metric mean of the Planck and the Hubble scales if
expressed in natural units, of order 103 eV. Therefore,
Flanagan states that this model is in severe conflict with
particle-physics experiments.

We note that these corrections are present at the tree level
in the FEinstein frame. This point was the subject of the
discussion in Ref. [38]. It was claimed there that the Jordan
frame is the “physical” frame and that these new matter
interactions are absent in that frame (at tree level), since the
matter-field equations do not present any correction terms.
We chose here to revisit this discussion to address the issue
of performing calculations in different conformal frames,
which not only affects Palatini f(R) gravity, but more in
general gravity theories with auxiliary fields. In the next
section, we will look at the perturbed field equations in the
two conformal frames, Jordan and Einstein, and we show
that, as expected, both conformal frames can be used to do
the calculation, but the change of frame affects the order in
perturbation theory in which the corrections first appear.

IV. MATTER FIELDS IN PALATINI f(R)
GRAVITY: A SPECIFIC EXAMPLE

In this section we shall show that the matter-field
equations in Palatini f(R) gravity are affected by correc-
tions with respect to their GR counterpart in the local frame.
We do not consider the 1/R model as in Ref. [1], but
instead we study the R?> model. Working with the latter,
which has been used to describe inflationary scenarios,
does not only simplify the calculations but also allows us to
demonstrate that this issue is not strictly related to the 1/R
model. For completeness, we also report in Appendix C the
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analysis done for the specific theory studied in Ref. [1] and
reach the same conclusion.

A. Generic considerations

We wish to study the scalar-tensor representation of the
theory f(R) = R + SR> First of all, we write explicitly the
auxiliary scalar field as ¢ = f'(R) = 1 + 2fR. Solving
Eq. (5), one finds R = —«>T, and hence

¢ =1-2BT. (20)

Note that one could get the same result by rewriting R and
f(R) as functions of ¢ and solving Eq. (13). Using now
Eq. (20), one can rewrite the potential V(¢) and its derivative

V'(¢) in terms of the matter source,
V = T2, V' = —*T. (21)

Substituting the above relations into the modified
Einstein equation (11) yields
G T, 1 prtg, T
U1 =2pK*T 21 = 28T
2V, TV,T - 9, V*TV,T

a4
3w (1 - 2pT)?
9,07 -V, NV, T

Since V¥G,,, = 0, the right-hand side of Eq. (22) must be
divergence-free. One can show this by employing the
relation ((V, —V,[0)T = R, VFT and by rewriting the
Ricci tensor R,,, in terms of the matter fields only, by taking
the trace of Eq. (22). Then, the right-hand side of Eq. (22)
vanishes identically provided VT, = 0.

For completeness, let us consider the same theory in the
Einstein frame. In order to find an equivalent to Eq. (20) in
this frame, we solve Eq. (16), finding

A-1

=— 23
¢ 4p*T (23)
where we defined A = /1 + 8p«xT. Using now Eq. (23),
one can rewrite the potential U(¢) in terms of the matter

source,

14885 T — A+ 4pPT(2 - A)

v ApP(A = 1)

(24)

We can now write the Einstein modified equation (16)
using the relation just found, and the result is

i ~ (14882
G, = K2T,,b - KZQ,W <m
. (A4 4,BK2T(A -2)

2 . 25

Kg””( 45 (1= A)? (25)

The modified Einstein equation derived in the Jordan frame
is dynamically equivalent to the one derived in the Einstein
frame, and Eq. (25) conformally transforms to Eq. (22).

So far, we performed an exact analysis of the Einstein
modified equations. We are now going to study this model
by performing an expansion in terms of the dimensionless
parameter fx>T < 1. This procedure is necessary to derive
the matter-field equations in the Einstein frame in a simple
form. Indeed, substituting in action (14) the relation for the
scalar field in terms of the matter source, i.e. Eq. (23),
yields a complicate expression. Moreover, the conformal
transformation of the resulting equation back into the
Jordan frame yields a cumbersome expression, unless
the limit fx?T < 1 is considered. Furthermore, this per-
turbative expansion also enlightens other properties of the
field equations, as we shall see.

The modified Einstein equations in the Jordan frame,
Eq. (22), reduce to

Gm/ = KZTm/ + S/wﬂ + O(ﬁz)’ (26)
where S, is the correction to the matter source defined as

K4

Sy =2TT,, - 2c*V VT 4 2% g, 0T — Egﬂ,,Tz. (27)

Let us now focus on the Einstein frame. Since Tm/ =¢! T,
and T = ¢2T, from Eq. (20) we have T = $*T =
T + O(p), and therefore

¢ =1=-2p>T + O(p). (28)

We can use this relation to rewrite the potential U(¢) and its
derivative U'(¢) as

- ﬁK.ZTZ
- 2(1 =2pK2T)%’
) 1 T peT?

V= st~ (—2pety (30)

(29)

Substituting these results into the modified Einstein
equation (15) and keeping terms up to O(f) yields

2
~ ~ K o~
G;w = KZT/w - Eﬁkzgprz + O(ﬂ2)7 (31)

while Eq. (16) is identically satisfied, as one would expect.
Once again, the modified field equations derived in the
Einstein frame are dynamically equivalent to those derived
in the Jordan frame, namely Eq. (26).

The above considerations are valid for a generic matter
stress-energy tensor. In the next section, we specialize to
the specific case of a massless scalar field. This particular
choice not only allows us to obtain more straightforward
outcomes but also suffices to prove that matter corrections
in Palatini f(R) gravity are a general result not only
specific to the Dirac field, i.e. the case considered in
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Ref. [1]. Nevertheless, in Appendix B, we extend our result
to the case of a Dirac field, reaching the same conclusion.

B. Massless scalar field

We consider the case of a massless scalar field described
by the standard Klein-Gordon action,

1
Su = [ dv=as oo, (32)

sothat T, =1g,,0'wow — 0,wo,w and T = d*yo,y. Part
of the debate regarding the analysis of Ref. [1] was related to
whether corrections to the behavior of matter were specific to
the Einstein frame. The Jordan and FEinstein frames are
equivalent, and this has already been shown in Sec. Il in the
formulation in which the auxiliary field ¢ is present. A
subtlety can arise when one decides to eliminate the auxiliary
field. One can always do so at the level of the field equations
in both frames and obtain dynamically equivalent equations,
as we show below. However, attempting to use the field
equations to eliminate ¢ from the action in the Jordan frame
will not yield the correct field equations, as the Jordan
frame action (10) contains derivatives of ¢ (despite the fact
that ¢ can be algebraically determined from the field
equations). Hence, discussing the equivalence of the two
frames at the level of this action® after attempting to eliminate
¢ is misleading. In Appendix A, we present a simple
Lagrangian model to elucidate this point. Below we dem-
onstrate it explicitly for our model.

Let us consider the modified Einstein equation in the
Jordan frame, namely Eq. (22), and let us substitute the
explicit definition of the stress-energy tensor directly at
the level of the equation. The resulting equation is

Gy = %Kzg/w@lwaw/ ~ K0,y 0, + %ﬂx4gﬂymw04wf WOy
—2pK* 0w oo, wo,w — 4PV 0wV oMy
—4pK* 0wV (V) 0w 446K g,V 10,w NV Oy
+4pK%g,,0,w 0%y + O(B?). (33)

However, integrating out the scalar field at the level of
the action, using the algebraic relation (20), and varying the
action with respect to the metric and the matter field yields
a different field equation, respectively,

1
G, = Engﬂydiwéﬂu/ — K20,W0,y + 2pK*RO,wo,w
= 2pk*V NV, 0,wd'w — 2>V, V10, p oMy

+ 2K G, 0,y 0"y + 2Pk 0,0 wo,wo,p
1
= 4PV 0V Oy — 5 Pk G, O 0 0oy

+ 4Pk g, wo,w + 4PK* g,V 10,wV Oy
+0(p) (34)

and

Oy — 28ROy — 25V, V4R — 28>V Vi y
— 4p>N oYV, V oy + O(B?) = 0. (35)

Clearly, Eq. (34) is not equivalent to Eq. (33). As we
previously emphasized, substituting ¢ in terms of the matter
field y in order to write the action explicitly in terms of the
latter is not appropriate, and, as we showed, leads to incorrect
field equations. We stress that we do not expect the set of
Egs. (34) and (35) to give the same dynamics as Eq. (33)
coupled with its respective matter-field equation. This would
be hard to show more explicitly, but, as we pointed out,
Egs. (34) and (35) describe a different theory. We refer to the
simple model in Appendix A to clarify this aspe(:t.3 A
consistent procedure is to derive the matter-field equation
in the Finstein frame, where we can substitute the expression
of ¢ in terms of y directly in the action, since the auxiliary
scalar field has no kinetic term in the action, and then
transform the equation back into the Jordan frame. This
allows us to use the action in the Einstein frame to draw an
initial conclusion about the theory.

Let us then consider our model in the Einstein frame. The
Klein-Gordon action (32) can be written as

| —
Su =5 / d*x/=gp~ 3 0o, (36)

so that T, =19, 'dwow —¢ ' 0ydy and T =
¢‘1§”’“6ﬂy/6yw. Thus, Eq. (31) can be written explicitly
in terms of the matter field y as

s 1
G =5 GOy Oy =K Oy 0, + 5 G P Oy Oy oy 'y

— 240,y 0" wo,wo,w + O(S*). (37)

As mentioned before, in the Einstein frame the auxiliary
field ¢ has no kinetic term in the action. Thus, in this frame
we can substitute the solution (28) for ¢ in terms of y
directly into the action. Varying with respect to the metric
and the matter field, we obtain the correct field equations.
Indeed, action (14) can be written explicitly in terms of the
matter field y as

. —( R O,y 0%y
S= | d*xv/=j(— 2
/ W (2K2 T a(1=2pC0,p0y)
B P 0,07y o'y (38)
2(1—4BK20,w ™y + 4Bk 0, wowoty) )’

*Note that, in the context of effective field theory where
operators above a certain mass dimension or order in derivatives
could be neglected, it might be possible to reconcile Eq. (33) and
Eq. (34), via field redefinitions as discussed in Refs. [41,42].
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varying the action with respect to the metric and keeping
terms up to O(f3), we retrieve exactly the field equation (37).
Finally, varying the action with respect to y instead, we
obtain the modified matter-field equation,

Oy + 22Oy 0,y oy + 42w wV 0,y + O(*) = 0.
(39)

As expected, in the Einstein frame the standard Klein-
Gordon equation is modified by O(f) terms due to the
nonminimal coupling in the Einstein frame. These correc-
tions are evident in Eq. (39), but can already be identified
as modifications to the standard kinetic term in the third
term of action (38) (note that at order § the numerator is
simply a constant). These terms are suppressed by a mass
scale proportional to M « 1/('/4,/k), instead of the usual
Planck mass scale, that is, Mpj, < 1/k. Hence, as
discussed in more detail below, to guarantee that these
corrections do not appear at a larger scale one must severely
constrain the parameter /.

We now show that these terms persist in the Jordan frame
field equations as well, i.e. the frame where we want to
verify if one locally retrieves the correct behavior of the
matter fields predicted by the Standard Model. Let us
perform a conformal transformation on the field equa-
tions (37) and (39). It is straightforward to show that
Eq. (37) becomes exactly the same field equation previ-
ously found in the Jordan frame, i.e. Eq. (33) and not the
wrong one, namely Eq. (34). Finally, a conformal trans-
formation of Eq. (39) yields

Oy (1 +4poydty) + O(F*) = ¢~ Oy + O(p*) = 0.
(40)

Since we are working perturbatively in the regime
pxT < 1, this equation implies that [ly = 0. However,
the matter field is on-shell only at tree level, i.e. at first
order in perturbation theory. Indeed, performing an expan-
sion in the field around a flat background, that is, g,, =
N +€dgh, + -+ and y=edy' +-- the modified
Einstein equation and the matter-field equation at first
order, respectively, are

Og((igl) = 26’16(ﬂ69i)/1 - aﬂﬁyégl - ;7,1,,6/16"59},,,
— N0 078G}, + 1,,1:,0'0°6g" = 0, (41)
On(8y') = 1,00 dy' =0, (42)

where we identified O, and O,, as the differential operators
acting on dg' and dy', respectively. Equation (42) is the
field equation for a Klein-Gordon massless field in the local
frame predicted by the Standard Model. The fact that, in the

*We have assumed that y° = const = 0 for simplicity.

Jordan frame, no modifications appear at tree level was the
source of the confusion in the debate on the results of
Ref. [1]. However, these corrections do appear at higher
order in perturbation theory, as we now show.

Indeed, at higher order the two perturbed equations have,
respectively, the following structure:

04(8g") = Sy(6¢°, ... 69" y!, ....op" "), (43)

On(Sy") = S (8¢°, ..., 8¢" oy, ..., op" "),  (44)
where O, and O, are the same differential operators
defined in Egs. (41) and (42), n is the order of perturbation
considered, and the terms in the right-hand side act as a
source for 8¢" and dy™; e.g. 5g° is sourced by dy! and
in turn sources &y>. This mixing mechanism introduces
matter corrections to the matter-field equation that can be
big and therefore are in conflict with particle physics.
Indeed, some of the terms that source 5g> and percolate to
the matter sector already at third order are not Planck
suppressed. These corrections come from the gravity sector
and are already manifest in the last four terms on the right-
hand side of Eq. (33). They introduce modifications to the
perturbation of the metric g with a mass scale M o 1/
(B'/4\/x), which in turn will source higher-order correc-
tions in perturbation theory in dy. We do not report here the
resulting lengthy equations; we instead refer the reader to a
Mathematica notebook including the perturbed equations
which is publicly available at Ref. [43]. For example, this
mechanism introduces a correction to the d’Alembertian of
Sy proportional to (Bx*>Véy!Véy!)V2sy!, a term that
lacks an additional x? factor that would guarantee that this
is a correction at the Planck scale. To avoid the appearance
of this term at a larger scale, which would invalidate the
whole perturbation scheme, one must then severely con-
strain the parameter f to guarantee that the theory is in
agreement with current particle observations. Providing
precise constraints on S goes beyond the scope of our
analysis, but we can give a simple order-of-magnitude
estimate as follows. Schematically, the problematic terms
introduce correction factors of the form

(1+Bc*T), (45)

and the standard-model result is obtained when  — 0. The
second term in the above parentheses should be much
smaller than unity, both to be consistent with our pertur-
bative expansion and also because otherwise it would
introduce O(1) corrections incompatible with particle-
physics experiments. Thus, we can estimate that if

pPT ~ 1, (46)

or higher, the corrections will drastically modify the usual
dynamics. The trace T is dimensionally an energy density
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and, working in ¢ = 1 units, 7 ~ m*/A>, where m is the
mass scale of a given standard-model particle. Since
K2 = /M3, We get

M3 GeV*
P~ =Rk 2~ 0.2 <:1 ) kmk, (47

where we have normalized m to a typical standard-model
scale. This value of f# corresponds to a very low-energy
scale

h o mo\?

In other words, already at sub-eV scales the corrections
to the usual standard-model dynamics are dominant and
incompatible with particle-physics experiments.

To restore compatibility with experiments, the only
possibility is to push the energy scale of these corrections
at least at the O(10 TeV) level. This requires decreasing /3
by 40 orders of magnitude relative to the scale in Eq. (47),
in which case the correction would not have any impact on
the macroscopic dynamics relevant for gravitational theo-
ries (e.g. compact objects or cosmological evolution).

Thus, we have demonstrated that Palatini f(R) gravity is
incompatible with the Standard Model, unless the param-
eters of the theory are carefully fine-tuned to a level in
which they are phenomenologically irrelevant.

Note that the problematic terms responsible for the
appearance of new matter corrections are already manifest
in Eq. (9), or equivalently in Eq. (11), and they correspond
to those terms proportional to derivatives of the stress-
energy tensor and of its trace.

Although we anticipate that the results just obtained are
valid in general, for completeness, in Appendix B we
extend our analysis to the case of a Dirac field which was
also considered in Ref. [1], finding agreeing conclusion.

V. GRAVITY WITH AUXILIARY FIELDS

The mechanism affecting the field equations of Palatini
f(R) gravity is a more general problem regarding theories
with auxiliary fields.

As previously mentioned, this generic class of theories
has been studied in Ref. [14], where a general parametri-
zation has been proposed such that, to the next-to-leading
order in derivatives of the matter fields, this class of theories
can be described with only two parameters. However, the
presence of higher-order derivatives of the matter fields in
the field equations causes the metric to be overly sensitive
to abrupt discontinuities in the matter energy density
leading to spacetime singularities, e.g. on the surface of
stars. This phenomenon puts severe constraints on the
parameters of the theory.

In this section we show that the same terms causing
spacetime singularities, studied in Ref. [14], can also lead
to conflicts with the Standard Model.

The modified Einstein field equations for generic gravity
theories with auxiliary fields up to fourth order in derivative
is [14]

1
G/uz = Tﬂl/ _Ag;w _ﬁlAgpr—’_Z(l - 2ﬁ1A>(ﬂl _ﬂ4)g;wT2

1
+ [ﬂ4(1 - 2:61/\) _ﬁl]TT/w +§ﬁ4gﬂDTﬂKTﬂK
- 2/}4TK/4TKI/ +/))1v/4va _ﬁlgprT _ﬂ4DT;w
+ 2ﬂ4VKV(”TD>K + -y, (49)

where | and f3, are coefficients with appropriate dimensions
parametrizing the theory and where k> = 1. Known theories
with auxiliary fields are indeed described by Eq. (49).
Palatini f(R) gravity corresponds to f; = 0 with A and
1 depending on the specific model taken into consider-
ations. For example, the quadratic model we considered in
Sec. [Vis retrieved by taking A = 0 and #; = —2f, whereas
the model studied in Ref. [1], ie. f(R) =R —u*/R,
performing the expansion x*T > u* corresponds to A = 0
and 8, = u*/T?, after the rescaling k* = 1.

Let us now perform an expansion in the fields around a
flat background for the case when matter is described by a
massless scalar field. At first order, we retrieve Eqgs. (41)
and (42), with the addition of a cosmological constant term
to the modified Einstein equation. Nonetheless, at higher
order we recover the same behavior we highlighted for the
specific case of Palatini f(R) gravity; that is, the field
equations follow the structure of Egs. (43) and (44). For the
complete set of perturbed equations we refer to the publicly
available Mathematica notebook at Ref. [43]. For example,
at second order 8¢° is sourced by terms proportional to
£ V2o V26! and B, V26! V26y! . In turn, g% appears at
third order in the matter-field equations. We thus have &y
sourced by terms proportional to (3, Véy!Véy!)V2sy!
and (B,Voy'Véy!)V2sy!, which are contributions that are
not Planckian suppressed. As for the specific case of
Palatini f(R) gravity, the terms responsible for these
new matter-field corrections are those proportional to
derivatives of the stress-energy tensor and its trace in
Eq. (49). Guaranteeing that the theory is in agreement
with particle-physics observations would require tight
constraints on the parameters describing the theory, i.e.

’In Ref. [1], the opposite expansion is performed, that is,
u? > >T. This is more interesting from a late-time cosmology
perspective. In this case, however, a mapping to Eq. (49) is not
possible, as the latter is obtained as a gradient expansion and by
assigning 7T to be equivalent to two derivatives for the purposes of
that expansion [14]. This turns out to be incompatible with the
u? > k*T expansion.
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1 and f,4. It then seems challenging to construct a theory
with auxiliary fields that can introduce effects at large
scales, while being in agreement with the Standard Model.

VI. DISCUSSION

We have shown that Palatini f(R) gravity introduces
new matter-field interactions incompatible with current
particle-physics observation unless one severely constrains
the parameters of the theory. This prevents Palatini f(RR)
gravity from producing significant phenomenology at large
scales, confirming and elucidating the results obtained
in Ref. [1].

Palatini f(R) gravity can be recast as a particular scalar-
tensor theory, where the scalar can be algebraically deter-
mined by the field equations. Hence it carries no dynamics
and is an auxiliary field. In the Einstein frame, where this
field couples directly to matter but only couples minimally to
gravity, one can eliminate it at the level of the action. This
changes the matter action and hence the field equations of
the matter fields, as shown in Ref. [1] and verified here.

In the Jordan frame, where the scalar couples non-
minimally to gravity but does not couple to matter, one is
tempted to think that eliminating it cannot introduce
modifications to the matter-field equations. Indeed, this
has been the subject of debate [38,39]. Considering the
effects on matter in the Jordan frame is subtle, because one
cannot formally eliminate the auxiliary scalar at the level of
the action without affecting the dynamics. This is because
the action contains derivatives of the scalar. We have
performed a perturbative analysis of the field equations
instead, where the scalar can be consistently eliminated.
The matter-field equations are retrieved unaffected at tree
level, but at higher order new matter interactions do
percolate from the gravity into the matter sector, in agree-
ment with the Einstein frame analysis. We explicitly
showed this mechanism for the specific case of a quadratic
f(R) model, i.e. f(R) =R + pR?, considering a mass-
less scalar field. In Appendix B, we explore the case of a
Dirac field, finding agreeing results. We also performed a
similar analysis for the case considered in Ref. [1], which
we report in Appendix C.

Our analysis also clearly demonstrated that the correc-
tions to the matter-field equations are not suppressed by the
Plank scale, as would happen for correction to the Standard
Model coming from gravitons. Instead, the additional
interaction terms contain the scale of the coupling that
controls the correction to the Einstein-Hilbert actions, e.g. 3
in the case of f(R) = R + #R?. Hence, if that energy scale
is low in order to produce deviation from GR at low
energies, it is bound to produce sizable deviations from the
Standard Model as well.

We have shown that this shortcoming is not specific to
Palatini f(R) gravity but instead it is a general feature for
theories with auxiliary fields. Interestingly, the same terms
responsible for the appearance of new matter-field

interactions were shown to introduce spacetime singular-
ities, e.g. on the surface of stars, in Ref. [14]. Requiring that
such theories are in agreement with the Standard Model of
particle physics would severely constrain the parameters of
these models, preventing them from producing significant
phenomenology at large scales. It is worth noting that
similar conclusions were reached in Refs. [44-46] in the
context of a wide class of metric-affine theories of gravity,
also known as Ricci-based gravity, which includes f(R)
gravity. In this class of theories the metric and the
connection are two independent fields, while the latter is
also allowed to contain torsion. The nonmetricity of the
theory produces nontrivial effective interactions which can
be used to impose tight constraints on the model param-
eters, hinting that this might be a generic feature of theories
where the dynamical metric is built through a field
redefinition of some auxiliary fields.
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APPENDIX A: A LAGRANGIAN TOY MODEL
WITH A NONDYNAMICAL DEGREE
OF FREEDOM

We propose here a simple one-dimensional Lagrangian
model with 2 dynamical degrees of freedom, ¢ = ¢(f) and
u = u(t), and a nondynamical one, h = h(t), which is
algebraically related to ¢ and u. Our goal is to show that if
the Lagrangian contains a kinetic term of the auxiliary
degree of freedom, one cannot substitute the explicit
expression of h(q,u) directly in the Lagrangian, since it
would lead to the wrong equations of motion.

Let us consider the following model:

1 1 1. .
L= +5¢+5h*+qh+qh+qi*. (Al)
2 2 2
The Euler-Lagrange equations give
doL dL .
— b4+ h—g-h—-0*=0, A2
dioq og dTMTaThTH (42)
doL oL .
L h+§—-qg=0, A3
dioh on 474 (A3)
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doL oL . .
From Eq. (A2), one finds
§g=-h+q+h+i?, (AS5)

and substituting this back into Eq. (A3) yields an algebraic
relation between A and u, namely

h=—il. (A6)

Using this equation to rewrite Eqs. (A2)—(A4) yields

G —q—2ii* = 2iii = 0, (A7)

2gu+2qii = 0. (AB)
It is clear that ¢ and u are dynamical, whereas £ is just an
auxiliary degree of freedom.

Let us now show that substituting the relation (A6)
directly in the Lagrangian (A1) leads to a different theory;
i.e. the equations of motion derived from the new
Lagrangian are not equivalent to Egs. (A7) and (AS).
We first substitute the algebraic relation between % and u in
Eq. (Al). The new Lagrangian £’ so obtained is

1 1
L= =g +=q* + 200 — 24 i .

3 3 (A9)

Note that £’ does not contain the function u, but only its

first and second derivatives. We then proceed to define a
new function v = #, so that £’ can be written as

1 1
L == +=q*+2v*9* = 24vi.

5 5 (A10)
The equations of motion for this Lagrangian are
G—q—2i* =205 =0, (A11)
4vi? + 40%5 — 2Gv = 0, (A12)
v—u=0. (A13)

We now use Eq. (A13) to simplify the system of equations
and write it only in terms of ¢ and u as

G —q—2ii* = 2iii = 0, (A14)

4irii> + 4i%%i — 2 it = 0. (A15)
Note that, while Eq. (A14) is equivalent to Eqs. (A7) and
(A15) is different from the one previously retrieved, namely
Eq. (A8). Therefore, the two Lagrangians (A1) and (A10)
are not dynamically equivalent.

The problem with this derivation can be traced back to the
fact that, in the original Lagrangian (A1), the nondynamical
nature of / is not manifest. Indeed, only after having derived

and manipulated the equations of motion does one find that &
is an auxiliary degree of freedom. Forcing this information
a priori into the Lagrangian, 1 degree of freedom is lost,
modifying the original theory.

The model described by Eq. (Al) mimics, in a very
simplified way, the action in the Jordan frame for a scalar-
tensor version of Palatini f(R) theory. In the Lagrangian
(A1), g, h, and u play the role of the metric, the scalar, and
the matter field, respectively.

Finally, we note that substituting the explicit expression,
obtained from the equations of motion, of a nondynamical
degree of freedom in terms of a dynamical one directly into
the Lagrangian does not always lead to a different theory. As
an example, let us consider the Lagrangian

_ L, T, 1, 2

E—Zq 54 +2h +qh+qgh.
In this case the Euler-Lagrange equations yield 7 = 2¢, and,
upon substitution in L, it is easy to see that the equa-
tion for g derived from the new Lagrangian is equivalent to
the one derived from Eq. (A16); i.e. the two theories are
dynamically equivalent. Therefore, the aforementioned
problem in deriving the equations of motion seems to arise
from the fact that the auxiliary field % is algebraically related
to the derivatives of another dynamical field. This, upon
direct substitution in the Lagrangian, introduced higher-
order derivatives for the dynamical field, which affect the
Euler-Lagrange equations.

(A16)

APPENDIX B: DIRAC FIELD

We now extend the results obtained for the f(R) =
R + pR? model to the case of a Dirac field. In the Jordan
frame the Dirac matter action is®

Su= [ dxvmgiro, . @)
Deriving the stress-energy tensor and its trace from
action (B1) leads to T, = g, w(id — m)y — yiy,d,y and
T = 3yidy — 4dmyy.

We now focus on the field equations. We shall derive
only the matter-field equation, since we have already
showed in Sec. IV A that the modified Einstein equations
in the two conformal frames are dynamically equivalent,
keeping the stress-energy tensor implicit. As in the previous
case, we rewrite the theory in the Einstein frame,

SWe stress that in action (B1) we used the partial derivative d,y
instead of the covariant derivative usually defined for spinors, that
is, D,y = V,y =T,y = d, —T',y. The reason for this sub-
stitution is to be found in one of the initial assumptions of Palatini
f(R) theory. Indeed, we imposed that the independent connec-
tion is not present in the matter action, and for a spinor this
implies that there is no torsion. Therefore, in our case, the
covariant derivative coincides with the partial derivative, i.e.
Dy = o,p.
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Su = / d*x/=gip(ip=>79, — ¢~ m)y.  (B2)

where 7 are the Dirac matrices’ in the frame described by
the metric g,,. Then, substituting the solution for ¢ in the
total action (14) and keeping terms up to O(f3) yields

. R 1
S = /d4)C\/ —g [ﬁ — Eﬁszz + li/(lj;ﬂaﬂ

+ 3ip*T7#0, — m — 4p>*Tm)y + O(B?)|.  (B3)

Substituting the expression of 7 and varying the action with
respect to y gives

i7" 9y — my + P [=9(p 7 9, p) (70, )
— 12i(myryr) (79,y) — 12 (myr) (§r79,y)
+ 16(mipy) (my)] + O(p?) = 0.

Since 70 = "0, + 3ip> (py*o,w)r* o, — 4PK* X
(mypy)y*o,w, we transform Eq. (B4) back into the
Jordan frame and, after some manipulations, we obtain
the matter-field equation

(B4)

(idy — my)[1 + 4B (3o — 4mipyr)] + O(F2)

= (idy — my)[1 + 4p>T) + O(p*) = 0. (B5)
Note that, once again, the matter equation in the Jordan
frame can be written as ¢~2(idy — my) = 0. As in the
previous case, the above equation has two solutions,
namely idy —my =0 and T = const. The latter is not
acceptable, as mentioned before, and thus the only viable
solution is idy — my = 0, which locally reduces to the
Dirac equation at tree level. However, as in the case of the
massless scalar field, due to the mixing between gravity and
matter perturbations, at third order in perturbation theory
the matter-field equation is affected by corrections that are
lacking a x? factor, thus is less suppressed with respect to
other terms, and can lead to measurable effects. Once again,
we refer to the publicly available Mathematica notebook at
Ref. [43] for the explicit perturbed field equations.

APPENDIX C: THE CASE OF f(R)=R -pu*/R

Although framed for simplicity for the case of
f(R) = R + pR?, the discussion of Sec. IV applies in
general. To confirm this statement, here we study the same
Palatini f(R) theory considered in Ref. [1] and show that

"The Dirac matrices associated with the metric G satisfy
{r",y*} = 2¢"™, whereas the Dirac matrices in the Einstein frame
satisfy {7#,7'} = 2§". Thus, since §* = ¢~'¢", the relation
between the two Dirac matrices is y* = ¢'/>7*.

—in agreement with the latter reference—the field equa-
tions for matter fields in the Jordan frame are affected by
corrections to the Standard Model that percolate from the
gravity sector at third and higher orders in perturbation
theory and are not Planckian suppressed. For simplicity, we
focus only on the case of the massless scalar field, which
suffices to make our point.

We focus on the expansion performed in Ref. [1],
namely u*/R > R or, equivalently, u?/x>T > 1. This
model admits de Sitter solutions also in the absence of a
cosmological constant, with u o Hy~70.9 (km/s)/Mpc
[1]. Thus, the expansion g?/k*T > 1 implies T <
10727 kg/m?, which is satisfied for late-time cosmological
solutions. It is clear that, under this expansion, we do not
retrieve the Einstein equations as a limit of the theory.

To proceed with our analysis, we write the scalar field ¢
in terms of the trace of the stress-energy tensor. Since

p=f(R)=1+ %42 we need to find the relation between
the Ricci scalar and 7. As in the previous case, from the
algebraic Eq. (5), we find R = § (—«*T + /k*T? + 1244*),
where we consider the positive sign of the root to allow
for de Sitter solutions when 7 = 0. Substituting this

solution into the definition of ¢ and expanding up to terms
O(u*) yields

4 KT K2 1
== —+ 0 —. Cl1
(AW RN QJ (1)

We can now use this relation to integrate out the auxiliary
scalar field from the field equations in the Jordan frame and
from the action in the Einstein frame. Using Eq. (C1), we
can rewrite the potential V in terms of the matter source.
Expanding and keeping terms up to O(u™*), we get

2’ KT KT? ( 1 )
V=—"roaddt—4+——+0—=).
V33 12V32 p®
With these relations at hand, we can derive the modified

Einstein equation in the Jordan frame. Substituting
Egs. (C1) and (C2) into Eq. (11) yields

(€2)

3 1 3 3k*TT,,
GI“' :—K'sz, ——gm,KQT—i_llzgyu _£K 2M
4 16 4 16 u
L1 RVVT 1 R 0T 1 Kg,T
43 43w 643  p
1
+o&a. (C3)

We now consider the modified Einstein equation in the
Einstein frame. We first have to rewrite the potential U in
terms of the matter fields. Using T = ¢*T and the expres-
sion for ¢ derived in Eq. (C1), we obtain
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332 K2T? 1
U= - ol—). C4
16K.2 9\/§l,{2 + (M4> ( )

Using this relation we can write Eq. (15) explicitly in
terms of 7, and 7, namely

3V3 . 1 gux*T 1
SAL) 2 Gwk T 2. (cs
6 " mto s 2 TOLa) (©5)

U
which is dynamically equivalent to Eq. (C3), as expected.
Let us focus now on the matter sector, in order to
check whether new matter interactions appear, as it was
claimed in Ref. [1]. For simplicity, we focus on the case
of a massless scalar field. In the Einstein frame, the action
reads

. R
S= [ d*x /=g — -
/ * g<21<2

259w, Wi oo
K 0w w T 0y gw>+OG>_
161342

1
Varying the action with respect to the matter field y yields

S
G,=xT, -

3v3u2 3
]6K2 + ggﬂyaul//ayl//

(Co)

770w yly  kPydyV, o,y

4V/3u* 2V/3u?

1
" o<_) —0.
i

Oy —

3
4

As before, we perform a conformal transformation to the
Jordan frame. After some manipulations, the outcome is

9 3V3K2oypdty 1
(o5 ) +olis)

9 33T 1
—DV’(E‘¥7>+O<P>

=¢ 20y = 0. (C8)
Again, the only acceptable solution to this equation is
Ly = 0, which is the massless scalar field equation in
curved spacetime. However, performing an expansion
around a flat background, one finds corrections to the
leading order that appear from the third order onward and
can be big, invalidating the perturbation scheme, unless one
severely constrains the parameter of the theory. For
example, at third order the leading term is corrected by

a dimensionless term proportional to l’j—iVéw‘Vﬁwl, which

lacks a k* suppression term. The perturbed field equations
are publicly available at Ref. [43].

One obtains a similar outcome even when considering a
Dirac field, which was the case studied in Ref. [1]. We do not
report the analysis here, since the mechanism that leads to
matter corrections is the same as the cases considered pre-
viously (the results are available at Ref. [43]). We only stress
that when one maps these problematic terms to the Einstein
frame, one retrieves the corrections found in Ref. [1].
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