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Primordial black holes (PBHs) in the mass range ∼1017–1023 g are currently unconstrained, and can
constitute the full dark matter (DM) density of the universe. Motivated by this, in the current work, we aim
to relate the existence of PBHs in the said mass range to the production of observable gravitational waves
(GWs) in the upcoming GW detectors. We follow a relatively model-independent approach assuming that
the PBHs took birth in a radiation dominated era from enhanced primordial curvature perturbation at small
scales produced by inflation. We show that the constraints from cosmic microwave background and BAO
data allow for the possibility of PBHs being the whole of DM density of the universe. Finally, we derive the
GW spectrum induced by the enhanced curvature perturbations and show that they are detectable in the
future GW detectors like eLISA, LISA, BBO, and DECIGO.
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I. INTRODUCTION

Primordial black holes (PBHs) are black holes which
might have formed during the very early stages of the
Universe [1–4]. There are various proposed mechanisms
for the formation of these PBHs, and their masses can span a
very large range of values, see Refs. [5–8] for recent reviews.
Depending on the mass, PBHs can lead to different astro-
physical and cosmological signatures which can be used to
discover/constrain their existence. The PBHs have not been
detected yet, but if they exist, they may contribute to
dark matter (DM). For example, PBHs of mass MPBH ≤
5 × 1014 g are expected to have evaporated through
Hawking radiation by now, and they cannot contribute to
the dark matter density of the universe. Consequently, they
donot produce astrophysical signatures, butmayhave effects
on big bang nucleosynthesis (BBN) and/or cosmic micro-
wave background (CMB) (see, for example, [9–14]).Heavier
PBHs in the mass range 5 × 1014 g ≤ MPBH ≤ 1017 g are
evaporating at present and can be constrained from non-
observationofHawking emissionproducts [15–20]. PBHsof
mass more than 1022 g are constrained by gravitational
lensing and other considerations, see for example, [5–7,21]
and the references therein. However, PBHs in the inter-
mediate mass range 1017–1023 g (often refereed to as

asteroid-mass PBHs) arevery poorly constrained (for various
efforts, see Refs. [22–32]). Therefore, in this mass range,
PBHs can constitute the whole of DM, see Fig. 1.
PBHs can form due to enhanced primordial curvature

perturbation at small scales produced by inflation in the
very early Universe [1–3,33–35]. Since the scalar pertur-
bations can give rise to also tensor modes at second order
in perturbation theory, PBH production in this case
inevitably leads to the scalar induced gravitational wave
(SIGW) generation [36–56]. We estimate the SIGW
spectrum corresponding to PBH DM mass in the range
∼1017–1023 g, and discuss the GW detection possibility
using the upcoming GW detectors like eLISA, BBO and
DECIGO. Note that, in the literature, PBH formation in
the mass range of our interest has been studied in the
context of specific inflationary models, for example, see
Refs. [44,57–62]. In our work, we do not consider any
specific inflationary model, but assume enhanced curvature
power spectrum at small scales, see Sec. III for more
details.
Our paper is organized as follows: In Sec. II, we briefly

review the PBH formation, and associated secondary
gravitational waves from enhanced scalar curvature per-
turbation. Section III describes the specific parametrization
of power spectrum adopted for our analysis. Our main
results are presented in Sec. IV. Finally, we summarize our
findings in Sec. V.

II. PBH FORMATION AND SIGW GENERATION

In this section, we briefly review the primordial black hole
formation and scalar induced gravitational wave generation.
For amore detailed exposure see,Refs. [5–8,37,38,45,56,63].
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A. Primordial black hole formation

As mentioned above, PBH formation can happen
through various mechanisms, but here we focus on PBH
generation via collapse of primordial density perturbation
(produced during inflation) in a radiation-dominated era. In
this mechanism, the PBHs form when a overdensity, δ,
generated during inflation becomes larger than a critical
density δc, re-enters into the horizon and collapses through
gravitational instability [64]. The mass of the PBHs
produced during the time when modes reenter into the
horizon is assumed to be some fraction, γ, of the horizon
mass at that epoch. The mass is therefore given by [65]

MPBHðkÞ ¼ γ
4π

3
ρH−3

����
k¼aH

; ð1Þ

where ρ is the energy density, and a and H correspond to
the scale factor and the Hubble expansion rate of the
Universe respectively at the PBH formation epoch. Here
k ¼ aH is the comoving scale of the mode associated with
the density perturbation. In our calculations, we assume
γ ¼ 0.2 [4]. Since, in our study we study the PBH
formation in a radiation-dominated era, all the above
quantities are defined in the radiation era. So at the
formation time, the PBHs mass is related to the comoving
scale, k via

MPBHðkÞ ∼ 5 × 1015 g

�
g⋆;0
g⋆;i

�1
6

�
1015 Mpc−1

k

�
2

ð2Þ

where g⋆;0 and g⋆;i are the relativistic degree of freedom
associated with the energy density at present and PBH
formation epoch. When PBH forms, its initial mass
fraction, βðMPBHÞ, is defined as

βðMPBHÞ ¼
ρPBH;i
ρtotal;i

ð3Þ

where ρPBH;i and ρtotal;i denote the energy densities of PBHs
and the total energy density of the universe respectively at
the time of PBH formation. Assuming, ρPBH;i ∝ a−3 and
ρtotal;i ∝ a−4, we can rewrite βðMPBHÞ in terms of the
present values of respective quantities as

βðMPBHÞ ¼
ΩPBH;0ðMPBHÞ

Ω
3
4

r;0γ
1
2

�
g⋆;i
g⋆;0

�1
4

�
MPBH

MH0

�1
2 ð4Þ

where Ωr;0 ¼ ρr;0=ρcrit;0 is the ratio of present radiation
energy density to the critical energy, ρcrit;0 and MH0 ¼
4π
3
ρcrit;0H−3

0 is the present horizon mass.
The current density parameter for the PBHs which have

not been evaporated yet is

ΩPBH;0ðMPBHÞ ¼
ρPBH;0ðMPBHÞ

ρcrit;0
: ð5Þ

where ρPBH;0 is the present PBH energy density. The
quantity fPBH, defined as the fraction of current PBH mass
density to the current cold dark matter (CDM) density is
given by

fPBH ¼ ΩPBH;0ðMPBHÞ
ΩCDM;0

: ð6Þ

Using Eq. (4), (5), and (6), we obtain

fPBH ¼ βðMPBHÞΩ
3
4

r;0γ
1
2

ΩCDM;0

�
g⋆;i
g⋆;0

�
−1
4

�
MPBH

MH0

�
−1
2

: ð7Þ

The Press-Schechter theory [66] can now be used to obtain
the expression of βðMPBHÞ:

βðMPBHÞ ¼ Erfc

�
δcffiffiffi
2

p
σðRÞ

�
; ð8Þ

where ErfcðyÞ ¼ 2ffiffi
π

p
R
∞
y e−t

2

dt represent the complemen-

tary error function and δc is the critical value of density
perturbation required for the PBH formation. A simple
theoretical calculation gives δc ¼ 1

3
[67] and numerical

simulations obtained δc ¼ 0.4–45, see Refs. [68–70] and
references therein. We take δc ¼ 0.42 for our calculations.
Here σðRÞ is the mass variance which can be estimated at
the horizon crossing via [71]

σ2ðRÞ ¼
Z

W̃2ðkRÞPδðkÞ
dk
k

ð9Þ

where PδðkÞ and W̃ðkRÞ represent the matter power spec-
trum and the Fourier transform of the window function
respectively. Here, w is equation of state of fluid, and is
equal to 1

3
for radiation-dominated epoch. In our calculation,

FIG. 1. The observational constraints on the PBH DM fraction,
fPBH, for a monochromatic mass function for the PBH as a
function of the PBH mass. The constraints are taken from [5].
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we consider a Gaussian window function, i.e., W̃ðkRÞ ¼
exp ð−k2R2=2Þ. Thematter power spectrum,PδðkÞ is related
to primordial curvature power spectrum PRðkÞ by the
relation

PδðkÞ ¼ 4

�
1þ w
5þ 3w

�
2

PRðkÞ ð10Þ

where PRðkÞ is defined as

hRðkÞRðk0Þi ¼ 2π2

k3
δ3ðkþ k0ÞPRðkÞ: ð11Þ

Here RðkÞ is the primordial curvature perturbation.
Therefore, using Eq. (10), Eq. (9), and Eq. (8) in Eq. (7),
we can calculate the PBH dark matter fraction, fPBH, as a
function of PBH mass.
We have used h2ΩCDM;0 ¼ 0.11933, h2ΩB;0 ¼ 0.02242,

and h ¼ 0.6766 [72] in our numerical computations.

B. Scalar induced gravitational waves

The scalar modes couple to the tensor modes at the
second order in perturbation theory. At the time of PBH
formation, the scalar perturbations are enhanced giving rise
to the possibility of significant second order tensor pertur-
bations. Thus, PBH production indirectly induce gravita-
tional waves [36–39]. The fraction of GW energy density
per logarithmic k interval to the total energy density is
given by [38,45]

ΩGWðη; kÞ ¼
1

24

�
k

aðηÞHðηÞ
�

2

Phðη; kÞ ð12Þ

where, Phðη; kÞ is the dimensionless power spectrum of
tensor perturbation, defined via

hhλkðηÞhλ
0
k0 ðηÞi ¼ 2π2

k3
δλλ0δ

3ðkþ k0ÞPhðη; kÞ: ð13Þ

Here hλkðηÞ is the Fourier decomposition of tensor metric
perturbations and, λ; λ0 ¼ þ;× corresponds to the polari-
zation index. Further, overbar on tensor power spectrum,
i.e., Phðη; kÞ represent averaged over time. Assuming
vanishing anisotropic stress and neglecting the non-
Gaussianity in the primordial curvature power spectrum,
we obtain the tensor power spectrum as [38,45]

Phðη; kÞ ¼ 4

Z∞

0

dv
Zj1þvj

j1−vj

du

�
4v2 − ð1þ v2 − u2Þ2

4vu

�
2

× ½Iðv; u; xÞ�2PRðkvÞPRðkuÞ ð14Þ

where u ¼ jk − k̃j=k and v ¼ k̃=k are dimensionless
variables. In the above equation, x≡ kη and the function
Iðv; u; xÞ is defined in Ref. [45]. Using Eq. (12), the energy

spectrum of induced gravitational waves ΩGW;0ðkÞ at the
present time can be obtained [73]:

ΩGW;0ðkÞ ¼ 0.39

�
g⋆

106.75

�
−1
3

Ωr;0ΩGWðηc; kÞ ð15Þ

where ηc is the conformal time when a perturbation is
inside the horizon during radiation dominated era. In the
above equation, Ωr;0 ≈ 9 × 10−5 is the present radiation
energy density, and g⋆ is the effective number of relativistic
degree of freedom in the radiation dominated era. To
calculate the gravitational wave energy density, ΩGW;0,
as a function of frequency, we express k in terms of
frequency, f, using

f ¼ k
2π

¼ 1.5 × 10−15
�

k
1 Mpc−1

�
Hz: ð16Þ

III. PARAMETRIZATION OF PRIMORDIAL
CURVATURE PERTURBATIONS

Amplitude of the power spectrum at large scales k ∼
0.05 Mpc−1 is measured from CMB to be PR ¼ 2.1 × 10−9

[74]. PBHs formation (with appreciable amount) at small
scales however requires much larger amplitude, PRðkÞ∼
Oð10−2Þ. Therefore, scale-invariant, ns ¼ 1 and red-tilted,
ns < 1 power spectrum will not be able to form PBHs. In
order to form sufficient PBH abundance, the curvature
power spectrum needs to be enhanced by several orders of
magnitudes at small scales. This suggests one to explore
some possible physical mechanisms to increase the pri-
mordial power spectrum in the early universe. In this work,
following Ref. [75], we assume a phenomenological form
of curvature power spectrum parametrized by the scalar
spectral index, it’s running and also its running of running:

PRðkÞ ¼ As

�
k
kp

�
ns−1þαs

2
logð k

kp
Þþβs

6
ðlogð k

kp
ÞÞ2
; ð17Þ

where kp ¼ 0.05 Mpc−1 is the pivot scale. Here, ns, αs ≡
dns=d ln k and βs ≡ d2ns=d ln k2 correspond to scalar
spectral index, it’s running and also it’s running of running.
This kind of parametrization has also been discussed earlier
in the literature [76–78]. For positive values of running
parameters, i.e., αs > 0, βs > 0, PRðkÞ can be enhanced at
large k, and can, in principle, lead to PBH formation.
Nevertheless depending on the positive values of αs, and βs,
PRðkÞ ∼ 10−2 on different k values. From Eq. (2), it is also
clear that larger (smaller) k will produce smaller (larger)
mass PBHs.
For our estimation, we consider αs and βs values

obtained from Planck and BAO data [75] (see also, [77])
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lnð1010AsÞ¼ 3.088�0.023; ns¼ 0.9660�0.0040;

αs¼ 0.0077þ0.0104
−0.0103 ; βs¼ 0.019�0.013: ð18Þ

In the light of the constraints on αs and βs parameter, we
check the PBH formation in this model. Assuming,
As ¼ 2.19 × 10−9, ns ¼ 0.9660, and using Eq. (17),
PBH formation with sufficient abundance at scale k, i.e.,
PRðkÞ ∼Oð10−2Þ suggests,

ð20kÞ−0.034þαs
2
log ð20kÞþβs

6
ðlog ð20kÞÞ2 ∼ 4.56 × 106: ð19Þ

It is evident that there is a degeneracy between αs and βs
parameters for PBH formation at some scale k.
Nevertheless, for a fixed values of As and ns, comparable
to αs, the enhancement of power spectrum is more sensitive
to βs parameter. Note that the αs and βs parameters are
related to higher order slow-roll parameters [75]; therefore
they can in principle tell us about the inflationary models
[79]. PBH formation in the context of an enhanced power
spectrum has also been discussed in [64,70,80,81].

IV. RESULTS AND DISCUSSIONS

Following the basic formalism of PBH formation and the
parametrization of the curvature power spectrum, we can
now discuss the PBH production in the mass range
∼1017 g–1023 g constituting the whole of DM density.
We consider that the PBHs in the aforementioned mass
range form when the corresponding modes reenter the
horizon after inflation during a radiation-dominated era.
Before discussing the PBH formation, let us first show

the primordial curvature power spectrum as a function of k
for different set of values of αs and βs in Fig. 2. The
magenta (0.008262,0.0017), purple (0.0083,0.00193),
black (0.00873,0.00216), and cyan (0.00844,0.0025)
curves correspond to four benchmark values of αs, βs.
The values of model parameters are quite arbitrary, but
these are required to get the correct energy density of dark

matter at a very specific PBH mass. We may adopt some
different choices, but using those choices, wewill be unable
to show the peak of DM fraction on the specific mass we
are interested in; please see Fig. 3. Further, it is clear from
Fig. 2 that PRðkÞ corresponding to benchmark values are
consistent with the Planck measurement at small k but the
amplitude grows sharply to PRðkÞ ∼Oð10−2Þ at large k
allowing the formation of PBHs. The brown-dashed line
corresponds to the power spectrum with αs ¼ 0, βs ¼ 0.
Note that all the lines are consistent with the Planck
measurement at small k. In the case of αs ¼ 0, βs ¼ 0,
the spectral index is red, i.e., ns < 1, and PRðkÞ decreases
with increasing k (thus being unable to produce PBHs).
Figure 3 shows the PBH fraction, fPBH, as a function of

the PBH mass, MPBH corresponding to the (αs, βs) values
considered earlier. The existing constraints on the PBH
fraction as DM are also superimposed. Here, we see that
every model of the power spectrum, PðkÞ (i.e., each choice
of alpha, beta), leads to a mass spectrum. For fixed values
of parameters, (αs, and βs), fPBH increases as mass
decreases. This is because fPBH depends on PRðkÞ via
βðMPBHÞ and ðMPBHÞ−1=2 [see, Eq. (7)]. It is clear that
enhancement in PRðkÞ causes to increases βðMPBHÞ and
hence fPBH. For large power spectrum, i.e., PRðkÞ∼
Oð10−2Þ, fPBH ∼ 1 and therefore PBHs can be full dark
matter. The magenta, purple, black, and cyan curves show
that fPBH ¼ 1 can indeed be obtained in the asteroid mass
region, for example, for the PBH masses 1018 g, 1019 g,
1020 g, and 1021 g respectively.
In Fig. 4 we plot the present GW energy density as a

function of the frequency again for the same four set of
benchmark values of αs, βs. The sensitivity curves for the
present and future GW detectors are taken from [45,83–88].
The constraint on the GW background from BBN, i.e.,
ΩGW;0h2 < 5 × 10−6 is taken from [83,89]. From Eq. (12)
and Eq. (14), one can see that the GW energy density
depends on the behavior of the primordial power spectrum.
In our case, PRðkÞ is increasing with scale k; therefore,

FIG. 2. The primordial curvature power spectrum as a function
of the scale k for different set of values of αs and βs. The
constraints on PRðkÞ from μ − distortion, PTA and SKA are also
shown [82].

FIG. 3. The PBH fraction, fPBH, corresponding to four set of
benchmark values of αs, βs showing that the PBHs can indeed be
the whole of DM in the asteroid mass region. The constraints on
fPBH from evaporation and gravitational lensing [5] are also shown.
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GW energy density will increase accordingly. As we are
exploring the primordial black hole dark matter formation
in the asteroid mass range, the curves should increase and
should be saturated at the scale for which PBHs can
contribute to the full dark matter abundance, i.e.,
fPBH ¼ 1. Further, the primordial power spectrum must
be suppressed beyond this scale as the behavior of the
power spectrum has been strongly constrained by the
various observations, see Ref. [7]. To control the strength
of the primordial power spectrum theoretically, various
mechanisms are possible which crucially depend on the
models of inflationary potentials. In these models, firstly
the power spectrum increases and after some scale, it starts
decreasing, for example in potential with ultraslow roll
condition power spectrum decreases as the ultraslow roll
phase ends [90] (see also a warm inflation model [73]).
Further in some other model such as the sharp cutoff model,
the power spectrum sharply decreases after some value of
the power spectrum due to the end of inflation, please see
Ref. [70]. In our case, the primordial power spectrum is
model-independent (PRðkÞ is parametrized by ns, αs and
βs); therefore, we have not used any suppression mecha-
nism in the estimation. However, in our analysis, a sharp
cutoff or power law cutoff in the PRðkÞ can be used as
given in Ref. [70]. In this work, for simplicity, we have
restricted our analysis to scale, leading to fPBH ¼ 1.
One can see from Fig. 4 that the peak GW frequency lies

in the range: 10−3 Hz–10−1 Hz. So the sensitivity curves
suggest that theGWs can be detected by future detectors like
LISA, BBO and DECIGO. As we can see, the SIGW signal
can be detected mostly in the LISA mission. Therefore,
following Refs. [91,92], we plot the LISA sensitivity curve
for the same four sets of benchmark values of αs, βs in Fig. 5.
To plot the LISA sensitivity curves (for 4 years), we follow
Ref. [86]. It is reflected from Fig. 5 that the 4 years of LISA
observation is sufficient to detect the SIGWproduced during
the PBH formation in our model.

V. SUMMARY

PBHs in the asteroid mass window 1017–1023 g are
currently unconstrained to constitute the whole of DM
density of our universe. In this paper, we explore the
possibility of formation of PBHs in this mass range
considering a phenomenological parametrization (in terms
of two parameters αs and βs) of an enhanced curvature
power spectrum. Using allowed values of αs and βs from
the Plank and BAO data, we have shown that one can
indeed get full PBH DM abundance in the said mass range.
Using the same set of αs and βs parameters, we also

calculated the scalar induced GW spectrum and showed
that they fall in the sensitivity region of future GW
detectors like LISA, BBO, and DECIGO.
Further, sensitivity curves of GW signal generated in our

model (as indirect evidence of large PBH abundance in the
asteroid mass region) suggest some characteristic features
that can be used to distinguish it from GWs generated by
other mechanisms, e.g., astrophysical sources [93,94].
Therefore, detecting such a gravitational wave will shed
light on the physics of the early universe. It would also be
interesting to check what kind of inflationary models can
produce such a large power spectrum at small scales
required for significant PBH production. We leave these
questions for future work.
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FIG. 4. The scalar induced GW energy density as a function of
the frequency for the four benchmark parameter sets. Sensitivity
curves of some of the future GW detectors are also shown for
comparison.

FIG. 5. The sensitivity curve (for 4 years) for the LISA mission
along with the SIGW prediction for the four benchmark param-
eter sets. The plot of spectral sensitivity, Sn for the LISA is taken
from Ref. [86].
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