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We evaluate the Lorentzian gravitational path integral in the presence of nonvanishing torsion with the
application of the Picard-Lefschetz theory for minisuperspaces corresponding to a number of phenom-
enological bouncing cosmological models as well as for the inflationary paradigm. It turns out that the
semiclassical wave function derived from the saddle points of the path-integral formalism coincides with
the solutions of the Wheeler-DeWitt equation. Intriguingly, our analysis showed that the relative
probability, derived using these semiclassical wave functions favors universes with smaller values of
torsion. Moreover, we find that in the inflationary case, nonzero values of a certain parity-violating
component of the torsion enhance the power in the large-physical length scales, which can have important
observational implications. On the other hand, in the case of bouncing models, the power spectrum is
characterized by an initial region of growth, an intermediate oscillatory region, and then again a final region
of growth. The shape of the power spectrum in the initial and intermediate regions is sensitive to the
abundance of the bounce-enabling matter and torsion, along with the initial wave function of the universe,
while the final size modifies the behavior of the power spectrum in the smaller length scales.
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I. INTRODUCTION

The most successful theory in explaining the gravita-
tional interaction at various scales, starting from the merger
of binary black holes, to the accelerated expansion of
the Universe is Einstein’s theory of general relativity.
Formulated on (pseudo-)Riemannian manifolds, general
relativity is free from torsion and is equipped with a unique
metric-compatible, symmetric, and nontensorial Levi-
Civita connection [1]. Shortly afterward, Elie Cartan
explored the possibility of extending Riemannian geometry
to include a more general situation in which one can have
nonvanishing torsion (formally known as U, or Riemann-
Cartan geometry), thereby generalizing the Einstein’s
theory of gravitation to the so-called Einstein-Cartan theory
of gravitation [2,3], which is the simplest generalization of
GR with the inclusion of torsion (for a review, see [4]).
There have been numerous studies involving implications
of torsion in the classical aspects of gravitational physics,
for a small sample of such works, see [5—14]. Recently,
several studies [15-21] consider an underlying Riemann-
Cartan geometry and inclusion of torsion in the framework
of quantum cosmology—a field of study which proposes
that the early Universe, as a whole, can be considered as a
quantum mechanical system and is thus characterized by a
wave function. The derivation of such a wave function,
which is generally calculated assuming the framework of
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Riemannian geometry, was reworked in the above-
mentioned studies to represent the wave function in terms
of connection with (or without) the presence of torsion
along with possible consequences.

In the classical theory of gravity, there are two different
formalisms; (a) The second-order formalism, wherein the
metric tensor is considered fundamental and its variation in
the gravitational action leads to the field equations; (b) The
first-order formalism, wherein the connection and the
metric are both varied independently. However, if fermionic
degrees of freedom are absent, a constraint relation, coming
from the variation of the (gravity + matter) action with
respect to the connection, implies that the torsion compo-
nents must vanish. Subsequently, this implies that the first
and second order formalisms are equivalent as far as the
classical theory is concerned (for example, see [22-25]).

However, in quantum theory, the above equivalence is
not guaranteed. Including torsion can lead to various
avenues based on how the quantum nature of the torsional
degree of freedom is incorporated. We, here, consider the
views of [15], which proposes that in the quantum theory,
the constraint implying a vanishing momentum for torsion
and the secondary constraint implying the vanishing of
torsion itself cannot be imposed together, thanks to the
uncertainty principle in the quantum domain. One way to
proceed, then, is to quantize the theory ignoring the secon-
dary constraint at first and computing a (kinematical) wave
function of the universe in which torsion appears as a label,
almost like the spatial curvature index in standard cosmol-
ogy. Thereafter, to incorporate the quantum fluctuations of
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torsion one can form a wave packet (a “beam”) of universes
with different torsion labels having a Gaussian (or, other
suitable) distribution over the torsion space around the
classical value of the torsion (which is zero). The last step
can then be considered equivalent to imposing the secondary
constraint. The authors show, an advantage of this way of
quantizing the universe in the presence of torsion is that it
immediately cures the problem of infinite norms encountered
in quantum cosmology, and probabilities from the wave
function can now be defined in a conventional manner as in
particle quantum mechanics. For our purpose, we shall
primarily focus on deriving the kinematical torsionful wave
function of the universe, in which the quantum fluctuations of
torsion have not yet been incorporated, using the Lorentzian
gravitational path integral in the minisuperspace. What
becomes apparent in our treatment, as we shall see in the
following, is that not all values of the relevant torsion
parameter are acceptable in the quantum theory due to a
strict bound following from the stability analysis of pertur-
bations around saddle point geometries. Therefore, one has
to be careful in choosing a distribution in the torsion space.
Although, in principle, beams of universes can still be
constructed as suggested in [15].

Given this interesting development in the quantum
mechanical treatment of cosmologies based on Riemann-
Cartan geometries in the presence of torsion, several
pertinent questions arise naturally and are in need of
thorough investigations. We motivate the present paper
based on some of these questions and these are briefly
described in the following:

(1) The main question we wish to address in the present
work is can the techniques of Lorentzian quantum
cosmology be consistently translated to derive a
torsionful version of the Hartle-Haking wave func-
tion for inflationary and bouncing scenarios? Hartle
and Hawking defined their no-boundary wave func-
tion as a Euclidean path integral over all regular
geometries that start from zero size (“no-boundary”)
[26]. Mathematically, this no-boundary condition
has been a challenge to implement, due to various
issues ranging from the conformal factor problem to
the choice of a suitable contour in the path integral.
A rigorous approach based on the Lorentzian path
integral was recently developed in [27], which
ultimately failed to provide a no-boundary wave
function, because of the uncontrolled growth of
perturbations around the no-boundary saddle point
geometry [28—30]. Subsequently, it was suggested in
[31-33] that it is possible to achieve controlled
perturbations with alternative boundary conditions
for which the trade-off is that only the saddle point
geometry starts with initial zero size complying with
the no-boundary proposal, whereas the other off
shell geometries that also contribute to the path
integral, do start with all possible initial sizes. It
seems, as of now, this is the best possible way to
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(i)

implement the no-boundary proposal consistently
(for a recent review, see [34]). Moreover, in [35], we
showed that the no-boundary proposal defined in the
way of [32] can also be extended to a large class of
phenomenological bouncing scenarios. Thus, it only
seems natural to ask, how do all of these results
change when we have some nonvanishing torsion
components in the gravitational action? The bulk
of this paper is concerned with demonstrating the
subtle changes that are to be made along the way in
the Lorentzian path-integral approach to compute the
kinematical torsionful version of the no-boundary
wave function of the universe in the inflationary and
bouncing scenarios. Moreover, we shall also discuss
various boundary conditions, in both inflationary
and bouncing scenarios, leading to saddle points,
which are stable. We note that recently the techniques
of Lorentzian quantum cosmology has also been
generalized to the case of Gauss-Bonnet gravity
[36-38], which we shall not consider in the present
article.

We start with a general setup in Sec. II describing
the minisuperspace models that we shall be quantiz-
ing, first, by constructing and solving the Wheeler-
DeWitt equation, as in the canonical approach in
Sec. III and then by the path-integral quantization
in Sec. IV.

The most important aspect that comes next is the
stability of these saddle points in the path-integral
approach under perturbations. It is indeed possible to
have saddle points with intriguing behavior, possibly
mimicking the Hartle-Hawking no-boundary wave
function. However, the stability of these saddle
points under external perturbation is what makes
certain boundary conditions and saddle points to
stand out. The stability analysis also has implica-
tions in two distinct aspects; (a) the power spectrum,
and (b) the possibility for cross-talk between dif-
ferently curved Friedmann-Robertson-Walker uni-
verses [15]. The importance of determining the power
spectrum cannot be overemphasized, since it relates
the initial quantum phase of the Universe to the
observable regime. In particular, we wish to explore
how the presence of torsion affects the scale invari-
ance of the inflationary power spectrum and also
the corresponding changes in the context of bounce.
In general, bouncing models do not predict scale-
invariant power spectrum (see, however [39-42]), but
the conclusion may change in the presence of torsion.
Regarding the cross-talk between universes with
positive, negative, and zero spatial curvature, the
stability argument can play an important role. Since
the saddle points will depend on the effective curva-
ture of the three-space, which has contributions from
the spatial curvature index appearing in the metric and
torsion, but with an opposite sign. The stability of



LORENTZIAN QUANTUM COSMOLOGY WITH TORSION

PHYS. REV. D 109, 043525 (2024)

these saddle points also tells us a lot about possible
choices of the three-space curvature. In particular, we
will show that stability demands that such cross-talks
between different three-space curvatures should not
exist. These issues have been more elaborated
in Sec. V.

(iii) The final question we wish to address in this work
has been harped upon several times, and from
various different perspectives, namely why is the
spacetime torsion of the observable universe small?
The explanations range from extra dimensions to
modified theories of gravity [11,43—46]. In this work,
we wish to provide another explanation for the same,
but from the initial quantum phase of the universe. The
hope is that the relative probability of two universes
with and without torsion, as derived from the wave
functions using saddle points of the Lorentzian path-
integral approach, will be small. In other words, we
wish to explore, if the probability of a universe having
larger values of torsion is significantly small com-
pared to the probability of a universe having zero
torsion. This will provide a quantum explanation of
why our Universe has a very small torsion since such
universes are more favored during the initial quantum
phase of the Universe.

Finally, we would like to mention that in dealing with torsion
there is scope for possible ambiguities. We show below that
one can construct different models of torsion, in which the
torsion parameter and the scale factor can have nontrivial
coupling. We have worked with the simplest case, wherein
the torsion parameter remains uncoupled to the scale factor
and behaves as a parameter. Moreover, there can be two types
of torsion degrees of freedom in the cosmological setting one
of them being a parity-odd component (see, [15,47]). These
two torsion degrees of freedom can be treated differently in
the quantum theory, leading to further ambiguities. We shall
discuss all of these issues below.

The paper is organized as follows: We start by introducing
the basics of the mini-superspace model with torsion in
Sec. II. The canonical quantization method and the solutions
of the Wheeler-DeWitt equation have been derived in Sec. 11
for both inflationary and bouncing scenarios. Subsequently,
we performed the Lorentzian path integral and determined
the relevant saddle points for both inflationary and bouncing
scenarios with different boundary conditions in Sec. I'V. Then
we have discussed the stability of these saddle points under
scalar perturbations and have determined the associated
power spectrum for the scalar field in the background of
both inflationary and bouncing cosmologies in Sec. V. Then
we conclude with a discussion of the results obtained and the
future directions of exploration. Detailed calculations regard-
ing the first order formalism with torsion in the minisuper-
space have been presented in Appendix A and Appendix B,
respectively.

Notations and Conventions: Throughout this paper, we
shall use natural units, i.e., we shall set the fundamental

constants ¢ = 1 = A unless mentioned otherwise. The four-
dimensional spacetime is spanned by the Greek indices
U, v, ... and the four-dimensional local Minkowski space-
time will be spanned by lowercase Roman indices a, b, ...,
whereas the indices i, j, ... at places may refer to spatial
components of vectors or tensors.

II. TORSION IN THE MINISUPERSPACE

In this section, we provide all the necessary ingredients
for incorporating torsion in the context of minisuper-
space quantum cosmology. We first provide our setup
and compute the Palatini action, which in turn provides us
the Hamiltonian for the system necessary for canonical
quantization. Subsequently, we discuss these setups in two
distinct scenarios, firstly in the case of inflationary cosmol-
ogy, and then we consider a number of bouncing models of
the universe.

A. General setup

In the minisuperspace approximation, quantization is
restricted to only a limited number of degrees of freedom
by invoking the symmetries exhibited by the classical
cosmological spacetime, namely homogeneity, and isot-
ropy in the present case. As a consequence, the spacetime
metric is characterized by two functions of time, the scale
factor ¢(r) and the lapse function N (). Therefore, to start
with, we consider the following general parametrized
metric for the minisuperspace, which reads

N
g’ (1)
dr?

+ g% (1) <1 2T r?(d6? + sin? 6d¢2)). (1)

ds? =

Here, p and s are taken to be real and rational numbers. For
the moment, we keep these two numbers as independent
parameters, but later we shall constrain them so that the
action for the system is quadratic in ¢(7), and as a result, the
quantization becomes straightforward. One immediately
recognizes from [48] that for an inflationary minisuper-
space model, s and p both can be chosen to be 1/2,
however, for different bouncing scenarios the values of s
and p will depend on the context (clear from [35,49]). We
shall discuss this point in detail below.

Since we are interested in the Einstein-Cartan theory, it is
better to make a transition to the first order formalism,
involving tetrads, such that, g,, = e%ebn,,, with n,, =
diag(—1,1,1,1). For the above minisuperspace metric,
the four basis tetrads have the following expressions:

N N
e = —dt, el = —dr,
q° K(r)
e’ = g'rdo, e’ = g'r sin 6d¢, (2)
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where, the bold-faced quantities denotes the 1-forms, and the

function K(r) reads, K(r) =+V1—Kr’. In the above
expressions, the quantity X determines the spatial curva-
ture index of the spacetime and is a constant. In particular,
it can take values K = 0,=+1, corresponding to a flat,
closed, or open universe, respectively, when torsion is absent.
For brevity, we have introduced the following notation,
q* = (q(1))".

Given the above basis 1-forms e“, the spin-connections
w*;, can be determined from the following Cartan structure
equation:

T =de‘ + w“), N e, (3)

where, T is the torsion two-form. In the absence of torsion,
the spin-connections @“;, are determined by the tetrads
alone, while for nonzero torsion, the spin-connections are
dependent on the tetrads and as well as on the components
of the torsion field. Since torsion is also a geometrical
entity, it must respect the symmetries of the minisuper-
space, in our case, homogeneity and isotropy. Under
these symmetries, the torsion two-form has the following
expression [47]:

T° =0; T =T(t)e" A e +C(1)e' el A ek, (4)
where, 7 () and C(r) are arbitrary functions of the
coordinate time ¢. Thus, given the above structure of
the torsion two-form and the Cartan structure equation
in Eq. (3), we obtain the following expression for the
components of the spin connection (see Appendix A for
derivation):

0" = g3 B(1)e, (5)
w2 — Kir) g~e* — qic(t)e?, (6)
wl3 — _@q*@ + qlc(t)e?, (7)
0B = _@q—ffﬁ —qc(t)e. (8)

Here, we have introduced two new functions of time 5(¢)
and ¢(t), such that,

e(y =51, (9)
q

B0 ={-T( s e o

with d being a real and rational number which we shall
constrain later. Thus, instead of the functions 7 (¢) and C(¢),
we may use the newly defined function 5(¢) and ¢(¢), such
that the torsion tensor becomes,

T° =0;

T = <i gl q‘3”18(t)>e0 A€+ qlc(r)e el A ek
q

N
(11)

As evident from the above expression, ¢ () corresponds to
the completely antisymmetric part of the torsion tensor and
can be related to the pseudoscalar degree of freedom. On
the other hand, B(¢) contains the parity-even part of the
torsion tensor. Having derived the connections in terms of
the scale factor ¢, lapse function N, and the two-torsion
parameters, such that one of them is contained in 5 and the
other, completely antisymmetric part is given by ¢, we shall
now determine the curvature two-form, which has the
following definition:

R =dw® + 0. N 0. (12)

Explicitly, using the connections from Eq. (5)—(8), it turns
out that only the temporal-spatial and purely spatial
components of the curvature two-form are nonzero and
they read (for a derivation, see Appendix A),

q—3s+p

RY = (gB(1) + (1 = 25)¢B(1))e" A et

+ q_3s+d+lB(Z)C(l‘)€ijkej AN ek, (13)

R = g (K + BA(1) g™+ = X(1) g%+ D)el A ef

- q:d (é‘(t) +(s+ d)gc(t)>eijke° nek. (14)

Therefore, the symmetry of the spacetime reduces the
number of degrees of freedom in the spacetime metric to
two (scale factor g, lapse function N) from ten. Similarly,
the torsion tensor, which in general, can have 24 indepen-
dent components, reduces to two degrees of freedom (the
parity-even part residing in 53 and the parity-odd part c). In
the minisuperspace, the gravitational action must be
expressed in terms of the reduced variables, in this case,
the action must be expressed in terms of the two degrees of
freedom of the metric and the two degrees of freedom of the
torsion. Further, since we are working with first order
formalism, we should use the Palatini action, which takes
the form,

1
_ b d
KApatatini = 51 | Cabed e’ Ne” ARC

A
—ge”/\eb/\ec/\ed), (15)
where k = 162Gy, with Gy being the Newton’s gravita-

tional constant. We also assume that the cosmological
constant is either positive or, zero. Note that, €,,.4 is the
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completely antisymmetric Levi-Civita symbol in the locally
flat spacetime and we have used the following convention:
Eavcae” N € N e A el =41, /=gd*x. Using the expres-
sions for the curvature two-form and the tetrad one-forms,
we can compute the Palatini action for the minisuperspace
cosmology which reads (for a derivation, see Appendix B),

;LG / dr| (gB(r) + (1 - 25)4B(r))

+ qs—pN(IC + Bz(t)q‘““ _ Cz(t)qz(erd))

APalatini =

A -
_gq’js—pN , (16)

where, V5 is the volume of the three-space. As promised,
the action depends on the four degrees of freedom, and on
the three parameters, s, p, and d, respectively.

The quantity inside the integral of the above action is the
Lagrangian of the (gravity + torsion) system in the cos-
mological setup within the context of first-order formalism.
Since, any Lagrangian can be expressed as, L = pg — H,
where H is the Hamiltonian associated with the Lagrangian
L, the above action can be rewritten, up to a boundary term,
in the following form:

35‘/3 ) qs—p q—3s—p+2 )
2273 [ dt|-gB-N( - -
472Gy / { a5 ( P PR

APalatini =

2d+3s—p

q 2 A 3s—p 3V3 B
* 25 ¢ +6sq )]+87rGNq

’

Boundary

(17)

allowing us to identify the momentum conjugate to g as
p = —B. The resulting Lagrangian, as evident from the
above action, is directly in the form (pg — N'H), where the
factor N before the Hamiltonian arises due to nontrivial
lapse function in the spacetime metric, and hence we can
identify the corresponding Hamiltonian ‘density’ H' as

=3s5—p+2 s=p 2d+3s—p A
q 62—q }C+q cz+_q3s_p.
2s 2s

H=- 2s 6s

(18)

The variation of the Hamiltonian with respect to ¢ and B
yields the dynamical equations for 3 and ¢, respectively.
On the other hand, the torsional degree of freedom ¢ has no
conjugate momentum, which in turn demonstrates that the
purely antisymmetric part of torsion is nondynamical, at

'"The Hamiltonian of the system is given by H =
(3sV3/4nGN)N'H, which is simply equal to the Hamiltonian
density times an overall multiplicative factor, proportional to the
volume of three space. However, in what follows we shall call the
quantity H as the Hamiltonian of the system since no further
confusion is likely to arise.

least classically. Thus, in what follows, we can take the
torsional degree of freedom c to be a constant, not evolving
with time. We will observe that a similar conclusion holds
true in the quantum domain as well.

It is to be emphasized that, so far we have used the
Palatini form of the action in the tetrad formalism, so that
both the metric degree of freedom ¢ and the connection
degree of freedom B are treated as independent. As a
consequence we have only one torsion degree of freedom c,
while the other gets hidden inside 5 and does not play
any role. However, had we used the metric form of the
action, the connection B needs to be expressed in terms of
the metric degree of freedom and derivative thereof, see
Eq. (10). Thus we will now have two torsion degrees of
freedom, namely ¢ and 7. In particular, all the ¢? terms in
the expressions, need to be replaced by 72 — ¢%. In what
follows, we shall continue with the Palatini formalism for
the rest of our analysis, which can be changed to the metric
formalism by simply performing the above replacement.

Further simplification can be achieved by fixing the
powers of ¢ in the above expression for the Hamiltonian.
Since our aim is to quantize the system and determine the
wave function of the universe using the path-integral
formalism, we want the Hamiltonian to involve terms that
are at most of the quadratic order of the dynamical
variables. We notice that the torsional parameters are
already quadratic and hence we simply need to fix the
powers of the scale factor appropriately. If we transform the
first term of the above Hamiltonian, in Eq. (18) to a
quadratic one in the dynamical variable, it requires impos-
ing the following condition: 2 — 3s — p = 0. This in turn
determines the exponent p to be p = —3s + 2 and hence
the Hamiltonian can be rewritten as

1 4s-2

__Ltam g q
H= 2SB 2s K+ 2s

2d+6s-2

A
2 65-2 (]
c +6sq . (19)

The two parameters s and d are still free. Further con-
straints can be imposed on these parameters, depending
on whether we are considering inflationary or bouncing
scenarios. In the inflationary scenario, one considers
the cosmological constant A to be dominant over any
other matter fields existing in the universe. However, in
the bouncing scenario, at least near the bounce, the
cosmological constant is irrelevant, and instead one
needs to add phenomenological and suitably parametrized
two-component fluid, leading to bouncing cosmology. We
discuss these two cases in the following.

B. Inflationary cosmology

As emphasized earlier, in an inflationary scenario, the
cosmological constant is dominant and there is no addi-
tional matter content in the universe, except for the
spacetime torsion and spatial curvature index (K), arising
from the geometric sector. In this case, the quadratic nature
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of the Hamiltonian in Eq. (19) requires s = (1/2), since
there is no other way to make both the spatial curvature
index term and the cosmological constant term to be at most
of the quadratic order in the scale factor ¢ (this can also be
seen from [48]). Given the above value for the parameter s,
if we also make the following choice: d = —3s + 1, then
the Hamiltonian, in Eq. (19) becomes

A
Hinﬂation =-B*-K + c? + g q- (20)

We would like to emphasize that the above Hamiltonian
coincides with the one suggested in [15]. For the above
choices of the parameters, the time coordinate #, defined
in Eq. (1), gets related to the cosmological time coordinate
fc» by the relation, dt., = (N/,/q)dt and the scale factor
a(ts,) in the cosmological coordinate gets related to ¢(r)
by, a = ,/q. Note that this demands g to be a positive
definite quantity in the classical theory.2 Therefore, the
Hubble parameter, defined in the cosmological coordinate,
in terms of the scale factor a(t.,) reads

Hiy=— L dale) _ 4 (21)

a(te,) dte 2N.\/q

From Eq. (10), we see that the canonically conjugate
momentum (p = —B) is related to the Hubble rate offset
by the torsion component 7 (¢). On the other hand, given
the Hamiltonian Eq. (20), we can calculate the equations
of motion,

. aHinﬂalion a,}—{inﬂation
- /) = -N|—2) =2N 22
o= (o) - (Fo) e

. 2 0Hinﬂati0n _ é
p=-B= N<7aq >— N3. (23)

Consistency of the first Hamilton’s equation with Eq. (10)
demands 7 (¢) = 0 on shell. Now, as we shall perform path-
integral quantization in the phase space, the result of the
path integral will be approximated by the classical solution,
and hence for all intents and purposes, 7 (¢) can be set to
zero. The only nontrivial contribution, in the quantum
theory, from the torsional sector arises from the purely
antisymmetric degree of freedom, namely c. As in [15], we
leave this torsion component as a parameter while quantiz-
ing the theory to obtain the kinematical torsionful wave
function of the universe.

’However, note that in the quantum theory, say in path-integral
quantization this restriction is lifted and the limit in the quantum
fluctuation integrals is chosen to be the whole range of (—o0, ),
see [48]. However, for a different approach to quantum cosmol-
ogy, wherein, ¢ is restricted to only a positive range, see [50].

C. Bouncing scenario

For bouncing models of cosmology, near the bounce, the
matter content of the universe is more important than the
cosmological constant, and hence we can safely set A = 0.
Instead of the cosmological constant, here we shall intro-
duce a two-component fluid, like in [35,49], such that
the background classical spacetime undergoes a bounce.
In the presence of the bounce-enabling fluid, the overall
(gravity + torsion 4 matter) action has to be obtained by
adding the matter action to the previously computed action
for the (gravity 4 torsion) sector. The action for the matter
sector reads,

Au = —/d“x\/—_gp =V /dtNU(C])v (24)

where p(g) is the energy density of the matter sector,
including that of the bounce-enabling matter. Moreover, for
later convenience, we have introduced the potential func-
tion U(q), defined as

“=p(q). (25)
Therefore, the total action involving the metric, torsional,
and matter degrees of freedom altogether becomes

U(g)=—-¢""p(q) = —q

3SV3 ) q4s—2 1
Y5 [ q-gB-N(-L—k-—B
Aol = 326 / [ 1 ( 25 7 2s
2d+65-2
q 2 47Z'GN
- U 26
LTI 3s ﬂ ' (26)

where we have ignored the boundary contribution.
Therefore, the Hamiltonian for the system now reads,

o _iB2 ~ q4s—2 K4 q2d+6s—2 - 477.'GN

2s 2s 2s ¢ 3s

U. (27)

The variation of the above Hamiltonian with respect to the
conjugate momentum P, as well as the variation with
respect to the scale factor ¢ yields Hamilton’s equations
of motion as

0=N(2%) =N (%) =N, e

p=-B=-N (aH) — N<4S_2> ¢*K
dq 2s

2d+65=2\ ,, 65, 4nGy, (U
-N{——— s —N{|{—). (2
N( 2s )q o 3s oq (29)

Again, we see that consistency of the first Hamilton’s
equation with Eq. (10) demands 7 (¢) = 0 on shell, leaving
the purely antisymmetric degree of freedom ¢ as the only
nontrivial torsion degree of freedom. Note that there is an
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additional equation given by ‘H = 0, corresponding to the
Hamiltonian constraint of general relativity.

As in the context of the inflationary paradigm, for
the bouncing scenario as well, one would prefer the
Hamiltonian to be quadratic in the scale factor ¢, in order
to facilitate the path-integral formulation. For that, we
need to provide the behavior of the energy density of
the fluid p with the scale factor ¢. As is customary for
phenomenological-bouncing models of cosmology, we
introduce a two-component fluid with generic power law
falloff behaviors, such that

Q 1
P—Po[——m+—n]- (30)
a"  a

Here, p, is a constant, related to the energy scale close to
the time of bounce. Moreover, Q is the relative fractional
abundance of the bounce-enabling exotic matter compared
to the normal matter component. We shall now relate the
powers of the scale factor n and m with s, such that we have
a wide range of fluid material that can contribute to the
potential U(g) at most quadratically in the scale factor g.

In order to determine the effect of the energy density of
the fluid on the Hamiltonian Eq. (27), we use the relation
a = ¢°*, and express the potential U in terms of the scale
factor ¢ as

U = 20 [Qq6s—2—ms _ qés—Z—ns]. (31)

Since the first nontrivial effect arises when the potential is
linear in the scale factor ¢, we will consider this linear
model of the potential throughout this work. The main
motivation is, the linear model is the simplest one, which
captures the nontrivial dynamics of the bounce-enabling
matter. Thus, requiring that the form of the potential be
U = po(Q — ¢q), so that for small g, the bounce-enabling
matter starts to become important and for large ¢, the normal
matter dominates. Given the above structure of the potential,
we obtain the following conditions: s = {3/(6 —n)} and
m={(6s—=2)/s} =6—-2{(6—n)/3} = {(6+ 2n)/3}.
Therefore, the energy density of the matter contained in the
bouncing scenario becomes,

1 Q 3
= —_—— = 2
/) /)0 |:an a64§211i| ’ s 6 -n ’ (3 )

where it is assumed that n < 6. The other terms in the
Hamiltonian Eq. (27) correspond to the spatial curvature
associated with the metric degrees of freedom and torsion.
The scale-factor dependence of the spatial curvature index
term becomes, g2/~ sothatforn = 0,n = 2,andn = 3,
the scale factor attached to the spatial curvature U becomes
independent of ¢, linear in ¢ and quadratic in g, respectively.
Hence, if we want to keep the spatial curvature term iC,
arising from the metric alone, in the Hamiltonian, we need to

restrict ourselves to the above values of n. To avoid any such
restrictions, so that a broader class of bouncing models can be
considered, we will take /C = 0 for the bouncing scenario.
Finally, the scale factor associated with the torsion
degree of freedom ¢ has the following behavior: g>¢+65=2,
such that we can choose the parameter d in order for the
power of the scale factor to be at most of the quadratic order.
All of these different choices of the parameter d, lead to
inequivalent models of the parity-odd torsion. Treatment
of a system with Hamiltonian of quadratic order in the scale
factor ¢ can become complicated in the path-integral
approach, see e.g., [35,49] and make the physics obscure.
Thus, we will consider two convenient choices for the
parameter d which are
SO _ { 1 —3s; leading to the term c?, 33)

3(1-2s)

5=%; leading to the term gc?.

Thus, the possible Hamiltonians in the bouncing model of
cosmology will be given by

(0) 1 0 1 2 4ﬂGNp0

HO B2 _g), (34
bounce 2s + 2Sc 3 ( q) ( )
L 1 1 4zGnp

Hhouee = =552+ 5-4¢2 ==L (Q=q). (35)

From a cursory comparison between the inflationary and
bouncing Hamiltonians Eqgs. (20) and (34), it may appear that
the exotic and normal fluid components in the bouncing
Hamiltonian correspond to the ‘curvature’ and the ‘cosmo-
logical constant’, if one identifies (4zGy/3s)poQ with K and
(47Gy/3s)po with A/3, respectively. However, such an
appearance is deceptive, since in the cosmic time coordinate
frame the energy densities of these two fluids in the bouncing
scenario satisfy the scaling law given in Eq. (32), which is
very different from the scaling of the curvature and the
cosmological constant. The only exception is when n = 0.
Similarly, the ‘energy density’ corresponding to torsion
component ¢ scales as a~2"*3)/3 a similar scaling to that
of the bounce-enabling matter.

Note that the classical bouncing scale is obtained by
setting ¢ = 0, which in turn demands B =0 (on shell).
Thus the Hamiltonian constraint H = 0 yields the scale
factor gg at which the bounce occurs, for both the
g-independent and linear in ¢ models,

2 2 -1
(0) 3¢ (L) 3¢
1 87Gnpo s < " 877"GNPO> (36)

B =

Thus, in order to have a finite and positive scale factor at
which bounce happens, we must have nonzero €, and also
the contribution of the torsion to the energy budget must be
less than the contribution from the bounce-enabling matter.
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Note that in the following we shall only work with the
Hamiltonian Eq. (34).

It is to be emphasized that, in the quantum domain, both
the classical degrees of freedom ¢ and ¢ must be promoted
to operators, ¢ and ¢, respectively. Even then there is no
operator ordering ambiguity due to the terms of the form
gc?, since these two operators are not canonical conjugates
and hence they commute with each other, i.e., [, ¢] = 0.

In what follows we will first quantize the minisuperspace
model of cosmology with torsion in the Wheeler-DeWitt
approach and then shall discuss how the semiclassical
results derived from the Wheeler-DeWitt approach arise
from the path-integral computation as well. The path-
integral approach will provide us with an idea about the
stability of the semiclassical geometry and the behavior
of perturbations around the same, which in turn will help us
to determine the power spectrum of these perturbations. We
discuss each of these aspects in the subsequent sections.

III. QUANTIZATION USING THE WHEELER-
DEWITT EQUATION

We shall now study the quantization of the minisuper-
space models described above. Like any other quantum
system, the quantization of cosmological models can be
approached from two distinct directions; namely, (a) the
canonical quantization, and (b) the path-integral quantiza-
tion. Generally, the equivalence between these approaches
is expected, however, often subtle differences come into
play, in the sense that certain issues are more apparent in
one approach than in the other. For example, recently, the
issue of the stability of the wave function of the universe
obtained with different initial conditions has been greatly
debated, along with the merits of the path-integral approach
versus the canonical approach in dealing with the issues of
stability under perturbations [27-29,31,32,51-56]. As far
as the present article is concerned, for the quantization of
the minisuperspace model(s), first, we shall solve the
Schrodinger-like  Wheeler-DeWitt equation(s) to obtain
the wave function(s) of the unperturbed universe with
the Hartle-Hawking no-boundary condition. Next, we shall
show that these solutions can be obtained from the path-
integral approach as well. Finally, we shall deal with
scalar perturbations around the saddle point geometry, that
closely approximates the path integral for the background
spacetime. We shall derive the wave function for such
scalar degrees of freedom and consequently derive corre-
sponding power spectra. We shall perform these calcula-
tions for the inflationary and bouncing scenarios and
highlight differences between these two types of cosmol-
ogies wherever appropriate.

Now, if one assumes the connection component 5 to be
an independent variable, alongside the tetrads, one can then
have a wave function of the universe characterized by
connection ®(83). However, due to canonical conjugacy
between ¢ and B, this connection wave function is related,

by means of Fourier transform, to a wave function ¥(gq)
defined in the coordinate-space representation. Solutions of
the WDW equation in different representations can be
obtained from the path-integral approach by choosing
suitable boundary terms, as we shall show in the Sec. IV.

A. Inflationary scenario

In this section, we shall deal with the canonical quan-
tization of the minisuperspace model described in Sec. 11 B,
which corresponds to an inflationary universe with torsion.
Note that the canonical quantization of such a scenario has
already been thoroughly discussed in the literature, e.g.,
in [15]. However, we present the analysis here as well for
the sake of completeness and also for the fact that this
discussion will flesh out the notations and conventions we
are going to follow for the rest of our paper.

As discussed in the previous sections, the exponents of
the scale factors in the Palatini action for the inflationary
cosmology can be so chosen that the integrand becomes
quadratic in the degrees of freedom and the corresponding
Hamiltonian for the system is given by Eq. (20) with p =
—B being identified as the canonically conjugate momen-
tum to g. Thus for the Palatini action, the (negative of) the
connection component 3 is the canonical conjugate
momentum of the metric variable g. Therefore, following
the canonical quantization scheme, where all the conjugate
variables are promoted to operators and satisfy the usual
Heisenberg algebra, here also, we promote the variables ¢,
and B to operators and impose fundamental commutation
relations between them, such that,

4. B) = —ib. (37)

Following [15], we have defined the effective Planck’s
constant f) as

f) — SﬂGNh

_
3V,  3V;

(38)

The last equality follows from the definition of the Planck

length, £p; = +/82zGyh. Note that in our convention we
3V,
SITC;N

defining the conjugate momentum and then redefined the
Planck’s constant for quantization. Alternatively, one could
have defined the conjugate momentum along with the
prefactor (3V3/8zGy), and then imposing the standard
commutation relation involving # alone would, essentially,
result into the same algebra. However, defining the con-
jugate momentum without the prefactor and then defining
an effective Planck’s constant for the quantization seems
notationwise convenient and we shall stick to that con-
vention. For a physical interpretation of such an effective
Planck’s constant, see [57]. However, it is not necessary for
us to commit to any particular interpretation at this point.

have ignored the coefficient in front of the action while
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Further note that the Heisenberg evolution equation for
the torsion yields, (d¢/dt) = 0, since ¢ commutes with all
the other operators, including the Hamiltonian itself. Thus,
even in the quantum domain, we can treat the torsion as a
constant valued operator.

In the momentum representation, the operator ¢ must be
represented as a differential operator constructed from the
conjugate momentum 5. As in ordinary quantum mechanics,
in order to satisfy the fundamental commutation relation in
Eq. (37), one represents the operator g as follows:

0

~i . (39)

0

q— —|—1f] % —
Therefore, the quantum Hamiltonian constraint or the
Wheeler-DeWitt equation, H,gaion® (B) = 0, for the infla-
tionary universe takes the following form in the momentum
representation:

A7)
<—l[)§% - Kc - BZ) q)I(B) = O, (40)

where we have defined an effective curvature scale:
K. =K — ¢?, and the superscript ‘I" in the wave function
®'(B) indicates the fact that we are here concerned with an
inflationary scenario. Two comments are in order: (a) we
see that the parity-odd torsion component ‘c’ acts, in this
particular case of an inflationary scenario, as a source
for spatial curvature and produces an effective spatial
curvature KC; (b) the other torsion scalar 7 is hidden inside
the connection component 53, and as a result, essentially, its
information is erased in the quantum theory, in the phase
space. This fact, therefore, suggests an inequivalent treatment
of the two torsion components 7 and ¢ in the quantum
theory.

The Wheeler-DeWitt equation in the momentum space,
presented in Eq. (40), is a first-order ordinary differential
equation, whose most general solution reads,

®'(B) = ¢y exp [lhiA (B; + ICJ;’)] . (41)

where ¢ is a constant of integration. For the moment, we
shall keep the constant of integration arbitrary and shall fix
it later using the Hartle-Hawking no-boundary condition.

The wave function in the coordinate-space representa-
tion, denoted by W!(q) can either be obtained by identifying
the operator B with iH(0/0dq) and subsequently solving the
quantum Hamiltonian constraint or by means of a Fourier
transformation of the wave function ®'(5) in the momen-
tum space as

B dB
] 27h

¥l(g) P(B)e 1. (42)

The result of the above Fourier transformation with the
integration range for the conjugate momentum being along
whole the real line,3 such that B € (—o0, o), is well-known
and has a closed form in terms of the Airy function Ai(x)
that turns out to be

o5 (40 o

Now, we can determine the integration constant by using the
boundary condition corresponding to Hartle-Hawking no-
boundary proposal, whichis ¥ — 1as ¢ — 0 (see, [59,60]).
This condition implies

(44)

Intriguingly, the above wave function exactly corresponds to
the original Hartle-Hawking no-boundary wave function,
when torsion is absent, i.e., in the limit ¢ — 0. Thus, it
immediately follows that the wave functions derived in
Eq. (41) and Eq. (44) represent the no-boundary state of
an inflationary universe in the presence of spacetime torsion.
Moreover, in the semiclassical limit, with ¥ — 0, the
above wave function, in the classically allowed domain
q > (3/A)K., reduces to the standard cosine function
with an exponential prefactor outside, as fit for the no-
boundary wave function. Explicitly, this prefactor reads,

exp [+(2/9A)K2/?], and we shall see that in the path-integral
approach, we recover this exact prefactor when the saddle
point geometry is required to have an initial zero size, i.e., the
saddle point geometry corresponds to a Hartle-Hawking no-
boundary geometry.

B. Bouncing scenarios

The generalization of the above quantization procedure
to bouncing models of cosmology is straightforward. In the
case of a bouncing scenario, we start with a (gravity +
torsion + matter) action, as detailed in Sec. IIC. The
bouncing models have an extra parameter n, whose differ-
ent choices correspond to different classical bouncing
scenarios. For example, as discussed above, the choice
n =3 (or, equivalently s = 1) corresponds to a matter
bounce scenario. Moreover, recall that we have chosen all
the other free parameters in the metric, such that the
Hamiltonian becomes at most of the quadratic order in
either the conjugate momentum or the scale factor g.
The resulting Hamiltonians corresponding to various pos-
sible bouncing scenarios have been presented in Egs. (34)

30n the other hand, if one restricts to only outgoing modes, as
expected in Vilenkin’s tunneling proposal, the range of integra-
tion is changed to only the half-infinite line. For details, see [58].
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and (35), respectively. In what follows, we shall consider
the case where the scale factor and the torsional degree are
decoupled, i.e., the Hamiltonian Eq. (34).

Quantization of the theory proceeds, as in the previous
scenario, by imposing the fundamental commutation rela-
tion between the ‘coordinate’ and the canonically conjugate
momentum operator as

(. B] = —i (45)

where, the effective Planck’s constant f, depends on the
model of bouncing cosmology through the parameter s (or,
equivalently through n) as

f) :4ﬂGNh
s 3SV3 '

(46)

Note that the effective Planck’s constant in the inflationary
scenario can be obtained by choosing s = (1/2) in the
above expression. Here also, we can make the identifica-
tion, g — —il; %, in order to write down the quantum
Hamiltonian constraint or, the Wheeler-DeWitt equation,
which becomes

<—i1]56% - B+ - 6Q> ®B(B) =0, (47

where the superscript ‘B’ denotes that we are considering
the bouncing models of our Universe. Moreover, we have
also introduced the following notation for future conven-
ience:

8GN po

: (48)

o =2shVipy =

where ¢ corresponds to the constant Hubble parameter
(squared), had a torsionless universe been filled with fluid
with constant energy density p,. The general solution of the
above first-order differential equation in the momentum
space has the following form:

3

O (B) = ¢} exp [f,%; <% + (00 - c2)8>] L 49)

where, ¢ is again a constant of integration. However,
unlike the case of an inflationary universe discussed in
Sec. I A, where we have used a boundary condition
corresponding to the no-boundary proposal to determine
the integration constant, for the present case of a bouncing
scenario, no such proposal exists. We shall leave this
integration constant unfixed, for the moment, only to return
to it during the discussion of path-integral quantization of
the corresponding problem in Sec. IV C. The wave function
in the coordinate-space representation can be obtained,
again, by Fourier transformation, which results into

w(q) = 4»6\/%(556)%1 (i) w0-c 4] 0

The above wave function, in the absence of torsion, is
consistent with what we had obtained for the analog of the
no-boundary wave function in the bouncing cosmologies in
[35]. Therefore, the coordinate-space wave function ¥8(q)
derived above describes the quantum state for bouncing
scenarios in the presence of torsion. Further, in the semi-
classical limit ), — 0, and in the classically allowed

domain g > Q — é, the bouncing wave function also takes

a cosine form, and a relevant pre-factor depending on the
choice of ¢ (to be discussed in Sec. IV C).

IV. PATH-INTEGRAL QUANTIZATION

The alternative to obtaining the quantum state of the
universe by solving the Wheeler-DeWitt equation corre-
sponds to the path-integral quantization procedure. We first
discuss the general setup and subsequently, we shall
concentrate on the specific cases of inflationary and
bouncing scenarios.

A. General setup

As in the case of a point particle, where both the
canonical as well as the path-integral formalism for
quantization can be developed, in an analogous manner
here also the transition amplitude between any two equal-
time hypersurfaces of the universe can be determined using
the path-integral formalism. Due to the assumption of
homogeneity and isotropy, each of these equal-time hyper-
surfaces can be characterized by simply the scale factors
corresponding to such hypersurfaces. In some cases,
however, it might be beneficial to characterize a hypersur-
face by the Hubble rate or by a combination of the scale
factor and the Hubble rate at that hypersurface [31-33].
Formally, one evaluates such a quantum transition amplitude
by summing over all possible histories between two given
initial and final 3-hypersurfaces separated by finite proper-
time interval, with each history being weighted by ¢’4, where
A is the total (gravity + matter) action for the system.
Subsequently one integrates over all possible time intervals
separating the boundary hypersurfaces as well in order to
exhaust the time reparametrization invariance. The gravita-
tional action, in general, assumes the following form [61]:

Agravity = / (zh;j — NH — N'H,;)dxdt,  (51)

where, h;; is the 3-metric on these spatial hypersurfaces
characterized by constant scale factors, and 7/ is the
canonically conjugate momenta to h;;. Furthermore, N
and N' are the lapse and the shift functions, respectively
and H and H' turn out to be Hamiltonian and momenta
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constraints when the action is varied with respect to N and
N, respectively, as the lapse and shift functions appear as
Lagrange multipliers in the gravitational action. Due to the
presence of constraints in the system, it is necessary to
include ghosts and gauge-fixing conditions in the path-
integral quantization so that the overcounting of histories
that are equivalent to each other due to the gauge symmetry
can be prevented. In the case of minisuperspace model(s) the
gravitational path integral simplifies enormously. After the
gauge conditions N =0 = N’ are enforced and ghost
degrees of freedom are integrated out, the path integral for
the transition amplitude between the initial and the final
boundary hypersurfaces ®)%;(p, ¢) and ®)Z(p, ¢) can be
written formally as follows [61,62],

(V2¢(p. q)|®
/ £)dN / =i q) exp
X [% [ dr(pg — NH(p. q))}, (52)

where, ¢ is the minisuperspace ‘coordinate’ and p is the
conjugate momentum, with H(p, ¢) being the Hamiltonian,
and D[p|D]q] corresponding to the Liouville path-integral
measure. Without any loss of generality, we can choose the
coordinate times for the initial and final hypersurfaces, such
that0 = #; < t < t; = 1 and hence the final integral becomes
an integral over the lapse function alone. Since the proper
time separating the two boundary hypersurfaces can be

tfl

defined as 7= Ndt, thanks to the gauge-fixing con-

dition N = 0, the proper time becomes 7 = N. As a result,
the final integration in Eq. (52) reduces to an ordinary integral
over the lapse function N which is then interpreted as
integrating over all possible proper-time separation between
the boundary hypersurfaces. In the literature, it has been
shown that the lapse function integral over the whole infinite
range (—oo, o), indeed, produces a solution of the quan-
tum Hamiltonian constraint or, the Wheeler-DeWitt equa-
tion [62]. We notice that given the torsionful action in
Eq. (17), insofar as one considers torsion parameter ¢ to
be only alabel like spatial curvature index K, the path integral
is structurally similar to what has been already discussed in
[48,62] in great detail. Therefore, we shall not, here, repeat
the process of quantum fluctuation integration, and rather
assume that in the semiclassical limit # — 0, we can
approximate the wave function of the system from the path
integral in the following manner:

\PN/dN/DBqu%(APalmini+~Amaner>o(/de(N)e%Acl(qu)’
c
(3)

where, A, is the total classical action evaluated for the
classical trajectory g (the solution of the dynamical Einstein

equations), and f(N) carries the contribution from the
quantum fluctuation integrals. In the case of Dirichlet
boundary conditions imposed on the path integral, the
function f(N) will be proportional to 1/+v/N, while for
Dirichlet-Neumann mixed boundary conditions the function
f(N) reduces to a simple numerical factor (see, [48,63]).
Since our interest will never be on the Dirichlet boundary
conditions alone and we consider the semiclassical limit
7 — 0 when performing the lapse integral, for all intents and
purposes we shall ignore the prefactor f(N). Further, to
perform the oscillatory integral over the lapse function, we
shall extend the domain of the lapse function to the complex
plane. In which case the part of the integrand, namely eReliAl,
will provide the dominant contribution and we are interested
in its behavior. Therefore, we shall focus most of our
attention on finding the appropriate complex integration
contour C, in accordance with the Picard-Lefschetz theory,
for which the convergence of the above oscillatory integra-
tion becomes most apparent and the integration is approxi-
mated by means of the steepest-descent method. Moreover,
we shall also compute the saddle points of the above action
and find out the behavior of scalar perturbations around the
saddle point geometry in order to analyze the stability of
these saddle point geometries.

In order to generate solutions in different representations,
that is either in connection or coordinate-space representa-
tions, we shall have to carefully choose the initial and final
hypersurfaces in the path-integral problem. This will
require us to add different boundary terms to the action,
as we shall see below.

B. Inflationary scenario

Let us start by computing the inflationary minisuper-
space path integral to determine the wave function in the
momentum representation, so that it can be compared
with the one obtained in Eq. (41) using the Wheeler-
DeWitt equation. To do this, as the wave function is
characterized by the conjugate momentum, we shall have
to choose a Neumann condition on the final boundary in the
path integral, i.e., we need to sum over paths for which the
momentum at the final hypersurface is fixed to a certain
value. For the initial boundary, we can either choose a
Dirichlet condition or a Robin boundary condition. However,
we will demonstrate that choosing an initial Dirichlet
condition leads to a saddle point geometry, which is unstable
under perturbations. Stable saddle point(s) can be achieved,
in this case, only by using Robin boundary conditions.

On the other hand, generating a solution in the coor-
dinate representation requires us to sum over paths for
which at the final hypersurface, the Dirichlet boundary
condition is being used. Then for the initial boundary, either
a Neumann or a Robin condition will be necessary to obtain
stable perturbations around the saddle point geometry. An
initial Dirichlet boundary condition generically leads to
an unstable saddle point geometry (see, [28-30]). In the
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following, we proceed to discuss the various boundary
conditions we mentioned above.

1. Momentum space wave function:
Dirichlet-Neumann boundary condition

In the semiclassical approximation, the path integral is
dominated by the classical action, that is, the action evaluated
at the classical path or, the trajectory. However, the classical
solution must respect the boundary condition set in the
problem, in this case, an initial Dirichlet condition and a final
Neumann condition. As the classical solution is obtained
from the variation of the action, to make the variational
problem well-defined for the boundary conditions we want to
impose, we shall have to add a boundary term to the action,
such that the final action becomes

] 3 V 3 1 . o P A
Afinal = 87[GNA dr [—ql’)’ -N (—13’ - K+c+ 3 q)]
+ 2V 1 (B(1) = g(0)B(0)] + A (54)
877.'GN q q Boundary »

where, we have used the Hamiltonian presented in Eq. (20),
derived in the inflationary scenario. Since we wish to impose
an initial Dirichlet and final Neumann condition (the final
Neumann condition is motivated by the fact that we are
interested in a wave function in the momentum representa-
tion), the following boundary term should be added to the
action Apgyndary = (3V3/87Gn)q(0)B(0). Such that the
variation of the action Ay, reads,

3V;
87[GN

(- o]

3V,
87[GN

1 . A
6 Afina = A dr [(—61 +2NB)éB + (B - N§> bq

+ [¢(1)8B(1) + B(0)5¢(0)]. (55)

As evident from the above variation, one needs to fix the
momenta B at the final hypersurface and the scale factor ¢ at
the initial hypersurface, which justifies the boundary term
added to the action. We have defined the following quantity,
K, = K — ¢?, and hence this quantity captures the informa-
tion regarding the torsional degree of freedom. In addition to
spelling out the appropriate boundary contributions, the
variation of the above action also yields the following
equations of motion for the variables ¢, 3 and N respectively:

A

B= NS, (56)
g = 2NB, (57)

A
BZ—HCC—gq:O. (58)

where Eq. (56) and Eq. (57) captures the dynamics of the
system, while Eq. (58) is a constraint equation. Further, the
boundary conditions imposed on the initial and the final
hypersurface require the following:

B(1)=B;;  q(0) = qo. (59)
The path integral over the conjugate momentum and the scale
factor is dominated by the classical solution g(¢) of the
dynamical equations presented in Egs. (56) and (57), such
that the solution satisfies the boundary conditions in Eq. (59).
The classical solution is obtained by taking a time derivative
of Eq. (57) and then substituting B from Eq. (56), thereby
obtaining a second-order differential equation for the scale
factor. The solution consistent with the boundary conditions
Eq. (59) has the following form:

A
q(t) = Nzgt(t —2) +2NBt + qo. (60)

Evaluation of the final action, as in Eq. (54), at the classical
solution g(¢) yields

.3V A? A
ACl(N) = Aﬁnal[qu] = ﬁ |:N32—7—N2§Bl
A

Therefore, determining the wave function of our Universe in
the momentum space representation, given the scale factor on
an initial hypersurface, amounts to calculating an ordinary
integral of the exponential of the classical action over the
lapse function, such that

@} (B)) = / ANk, (62)

[oe]

Above oscillatory integral can be evaluated using the method
of steepest descent, in the semiclassical limit 7 — 0. For this
purpose, one extends the domain of the lapse function N,
originally the entire real line, to the complex plane. As a
result, the classical action becomes complex as well, A4, =
Re[A,] + iIm[Ay], and hence the integrand becomes,
exp(iRe[Ay]) exp(—Im[A]). As evident, the above inte-
gration will be convergent for large values of the lapse
function, if we have Im[A,] > 0, as |[N| — oo. Thus, the
deformed contour of integration on the complex lapse func-
tion plane must start and end in those regions, where
Im[A,] > 0. Explicitly, in the large lapse function limit
(|N| = o0), these regions are such that Arg[N — (3/A)B;] €
(0,7z/3) U (2%/3,7) U (4n/3,5x/3) and have been depicted
in Fig. 1 with shades of dark blue color.

The next step is to employ the Picard-Lefschetz theory in
order to identify the flow lines (also known as Lefschetz
thimbles) starting from the saddle point(s) of A, (N), along
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c=0

Im(N)

FIG. 1.

c=0.75

c=10.975

+ve

We plotted the Re[iA] in the plane of the complex lapse function for different choices of the torsion parameter c. The leftmost

plot is for zero torsion, while the middle plot is for an intermediate value of the torsion and the rightmost plot is for a large value of the
torsion. In all the plots, the asymptotic regions of convergence (Re[iAy] < 0) have been shown in shades of blue, whereas the
complementary regions, where (Re[i.Ay] > 0), have been shown in shades of red. The two saddle points (N, ) have been presented as
yellow dots. The black curves are the steepest descent/ascent flow lines passing through the saddle points. C corresponds to the original
integration contour (green line), which is deformed into C (red dashed line) such that it passes through the saddle point N, and runs
along the Lefschetz thimbles starting and ending in the regions of convergence.

which the oscillatory part of the integrand, namely
exp(iRe[A,]) freezes to a constant and the real part
exp(—Im[A]) becomes an exponentially decaying function.
Then, if one continuously deforms the contour running
along the real line towards the Lefschetz thimble(s), the
above oscillatory integral becomes convergent and will be
dominated by the integrand evaluated at the saddle point(s).
In the present context, there are two saddle points of A (N)
in the lapse plane, both of which can be determined by
solving the equation (d.A[g(N)]/oN)y = 0, yielding

3 A
Ns:l::X<Blj:V_’Cc+§q0>' (63)

The location of these saddle points depends on the specific
choices for the parameter values of /C, ¢, and g,. If we desire
the path integral to be dominated by a Hartle-Hawking type
geometry, which corresponds to a closed (IC = 1) universe
starting from a zero size, setting gy = 0 is a reasonable
choice. Moreover, a closed universe is possible only if the
squared value of the parity-odd torsion component is positive
and cannot exceed /C, that is, IC, > 0. In that case, the saddle
points are complex. The action evaluated at these saddle
points reads,

3V,

N.) =

(Bf 1 3K,B, £ i2IC%C>. (64)

The only remaining bit corresponds to the choice of the
saddle point. It is clear from Fig. 1 that the real line contour C
has to be deformed into a new contour (C) in the complex
plane running along the Lefschetz thimble through N, to
ensure the convergence of the integral. This is because the

other contour passing through N _ runs along the steepest
ascent contours and the integral for this choice does not
converge. As aresult, the integral in Eq. (62) is dominated by
the upper saddle point, located at Ng,. Thus, the semi-
classical wave function in the momentum representation can
be expressed as

@(5) ~ex (1 4uN,0))

3 (B} 2 3
= exp [lf)_/\ (?1—1- ICCBI) —I]—AICZC]. (65)

Therefore, from the path-integral approach, we have
obtained the connection wave function as in Eq. (41), but
with the normalization factor ¢, which has an opposite sign
in the exponent compared to what is expected from the
Hartle-Hawking no-boundary condition. We shall show
below (in Sec. V B 1) that the perturbation around the saddle
point geometry corresponding to N, is unstable, and hence
this wave function, even though mathematically correct, is
not physical and we must explore other boundary conditions.

Note that the thimbles are defined as contours on the
plane of complex lapse function, for which the Re[A]
remains constant. For example, the thimbles relevant for the
present context originating at the saddle point Ny, and
flowing into the regions of convergence, satisfy the relation
Re[Ay] = Re[Ay (N, )]. Since Ny, is a saddle point of the
action, it follows that slightly away from N, along the
contour of steepest descent, we have

Re %(avacl)Ns+(5N)2 =0. (66)
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Expressing, 6N as SN = |5N|e'®, where « is the angle
subtended by the thimble with respect to the real line, near
the saddle point, and using Eqgs. (61) and (63) to express
(0%.Ay) at the saddle point, reduces the above condition to

Re[|5N|2i% \//CCeZi“] 0. (67)

Since we have 0 < K. < 1, the above equation implies
sin 2a = 0. Thus, the thimble at the saddle point subtends
an angle @ = nx,n € Z, where n = 0, 1 corresponds to the
thimble originating at Ny, and flowing down to right and
left, respectively. On the other hand, much away from
the saddle point we have Re[|6N|*(03.Aq)y_ €] = 0. As
(03 Aq) v,, is a real constant, this equation immediately
implies that the thimbles run to infinity at an angle
(4n 4+ 1)z/6. Visual inspection reveals a thimble originat-
ing at Ny, and flowing down to the right runs to infinity at
an angle /6. This completes our study of the path-integral
derivation of the momentum space wave function using
the Dirichlet-Neumann boundary condition. We will now
specialize to a different boundary condition, leading to a
modified momentum space wave function with the correct
sign of the exponential prefactor in the semiclassical limit.

2. Momentum space wave function:
Robin-Neumann boundary condition

In the previous section, we obtained the wave function in
the momentum representation, with Dirichlet-Neumann
boundary conditions. It is possible to generate another
wave function in the momentum representation by setting a
Robin boundary condition on the initial hypersurface,
instead of the Dirichlet boundary condition. For this
purpose, we may consider the following boundary term:

. V3 \/X 3
-ABoundary - 87ZGN 3 q> (O) ’ (68)

the inclusion of which in the action given in Eq. (54), yields
upon variation the following:

8 Afinal = SerGl A Lar [(—q +2NB)6B + <B - N%) 5q
- <—82 -K.+ %q) 6N} + 81‘%
x {—q(O)é(B(O) + \@m) + q(l)éB(l)}

(69)

As evident from the variation, for consistency, we need
to fix the conjugate momentum on the final surface
(characterized by 7y = 1), corresponding to the Neumann
boundary condition, and on the initial hypersurface

(characterized by f; = 0) we fix a combination of B and
g, leading to a Robin boundary condition. When explicitly
spelled out, these conditions read,

B(1)=B,.  B(0)+ \/é\/ q(0) = \/éao, (70)

where ay is, in general, a complex number, for which we
shall choose an appropriate value later. For an interesting
interpretation of the above boundary conditions, see [33].
Again, the phase space path integral will be dominated by
the solution of the dynamical Einstein equations [Egs. (56)
and (57)] satisfying the boundary conditions Eq. (70) and
its explicit form is the following:

A A

A5 f3r)-a]- o

Like before, in this case, as well, we can identify the saddle
point(s) of the action evaluated on the classical trajectory,
by solving the equation (d.Ay[g(N)|]/0N)y = 0. This
yields, a single saddle point given by

agy /A28, — ag\/3) + K.
sto\/; - a8 . (72)

2ag (%)%

If we wish to have a wave function that corresponds
to the Hartle-Hawking no-boundary proposal, then it is
natural to impose the boundary condition that the minis-
uperspace geometry at the above saddle point must start
from a zero size. This condition can be imposed by setting
g(t = 0)|y, = 0, which in turn, fixes the parameter a, to
have the following values:

ap = ii\/%\/lC_c. (73)

Therefore, the classical action evaluated at the saddle point,
but with different choices for the initial Robin boundary
condition, characterized by a,, reads

-Acl{Ns;aO = *ivy 3KC/A]
3V,
~ 82GNA

(B} +3K.B, F 2ikC). (74)

We shall show below (in Sec. V B 1) that the perturbation
around the saddle point geometry corresponding to the
choice ag = —i+/3K./A is unstable, and hence this choice
is not physical. We shall proceed with the positive
imaginary choice for a,. To find out the wave function
in the momentum space, we need to figure out which
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FIG. 2. Contours of Re[iAy] in the plane of the complex lapse function have been presented, for different choices of the torsion
parameter c. In all of these plots, the regions for which Re[i.Ay] is positive(negative) are shown in shades of dark red(blue). The regions
of convergence lie with the wedges with asymptotic bounds Arg[N — (3/A)(B, — ivK,)| € (x/4,37/4) U (57/4, Tr/4), for the choice
ay = +iv/3K./A. The only saddle point N, for this choice of a is located on the lower half of the complex plane. The black lines
correspond to the steepest ascent/descent flow lines passing through the saddle point. The original contour of integration is represented
by C and corresponds to the green line, on the other hand, C depicts the actual contour of integration passing through the only saddle

point Ny (red dashed line).

contour on the complex lapse function plane should C,
which is the original contour along the real lapse function
axis, be deformed to. As evident from Fig. 2, there are only
two possible contours that pass through the saddle point
and along which the Re[A] is a constant. The vertical one
among these two contours corresponds to the steepest
descent contour, as it starts and ends in regions where
Im[A] remains positive. Given this deformation contour C
(red dashed line), the momentum space wave function can
be immediately obtained, since in the semiclassical limit,
the wave function is given by the classical action at the
saddle point. Therefore, the momentum space wave func-
tion assumes the following form:

<I>I(Bl;a0 = +i\/ 3’CC/A>
~ exp <%AC1[NS,0LO = +i\/3ICC/A]>

.3 (B} 2 3
= exXp |:lf)_A <? + K031> + []_AICC:| . (75)

Thus the choice, ag = +i1/3K./A, leads to an exponential
factor in the front, growing with a decrease in A, as per the no-
boundary wave function. Moreover, for the choice
ay = +i4/3K, /A, it follows from Eq. (72) that the saddle
point is given by the expression N, = (3/A)(B; — iv/K,).
Then it is clear that the position of the saddle point depends
on the torsion parameter. As the torsion parameter c
increases, K. decreases, and hence the saddle point
approaches the real line (as B is real), which can be readily
verified from Fig. 2. Itis also to be noted performing a similar
calculation as before, the angle of the thimble at the saddle

point can be calculated. It turns out that the thimble runs at a
constant angle (2n+ 1)z/2,n€Z throughout, where
n =0, 1 may correspond to the relevant thimbles.

We shall now derive the coordinate-space wave function
using the path-integral method.

3. Coordinate-space wave function:
Neumann-Dirichlet boundary condition

Having derived the wave functions in the momentum
representation, in the previous sections, with various boun-
dary conditions, here we wish to determine the wave function
in the coordinate representation. As evident, this will require
the use of boundary conditions, different from those we
employed earlier. To be specific, we shall be using a Dirichlet
condition (fixed coordinate) for the final boundary hyper-
surface. Whereas, for the initial boundary hypersurface we
have three possibilities; (a) a Dirichlet condition, (b) a
Neumann condition, or (¢) a Robin condition. The issue
with an initial Dirichlet condition (along with a final Dirichlet
condition as well) is that the perturbations become unstable
(see [28,29]). We do not expect this result to change even
with the inclusion of torsion. Thus, we straight away move to
discuss the scenario, where we have set Dirichlet and
Neumann conditions on the final and initial boundary
hypersurfaces, respectively.

In order for the Neumann-Dirichlet boundary condition
to be consistent with the classical variational problem,
described by the action in Eq. (54), we must use the
following boundary term:

3V
-ABoundary = SHC;N q(l)B(l) (76)
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We show the contour plot of Re[i.Ay] in the plane of the complex lapse function for different choices of the torsion parameter c.

In all the plots, the regions where Re[iA] is negative(positive) have been shown in shades of blue(red). The regions of convergence
asymptotically remain within the wedges Arg[N + i(3/A)v/K,.] € (0,7/3) U (2x/3,7) U (4x/3,57/3). The two saddle points (N, )
have been presented as yellow dots. The black curves are the steepest descent/ascent flow lines passing through the saddle points. C
corresponds to the original integration contour (green line), which is deformed into C, U C; (red dashed curves) such that these pass
through the saddle points N, and runs along the Lefschetz thimbles starting and ending in the regions of convergence.

Besides getting the same equations of motion, as in
Eqgs. (56)—(58), we will have to fix ¢ at the final hypersurface
(tt = 1) and the conjugate momentum B at the initial
hypersurface (#; = 0). This allows us to impose the initial
Neumann and final Dirichlet boundary conditions as follows:

q(1)=qi;  B(0) = x,. (77)
The solution to the classical dynamical equations, as in

Egs. (56) and (57), consistent with the above boundary
conditions becomes

A A
g(t) = §N2r2 +2Nmyt + q; — §N2 —2Nmy.  (78)

As the phase-space path integral is dominated by the classical
action, which is simply the action evaluated for this classical
solution, using Eq. (78) we obtain

3,
N SﬂGN

A

N A
27 370

A
+ (gﬂh -K. - ”(2)>N - ”0611]- (79)

Now, as for the integration over the lapse function, we shall
again use the steepest-descent approximation, wherein we
extend the lapse function from real to a complex variable and
then choose a suitable integration contour, along which the
Re[Ay] remains constant, whereas Im[A,] becomes a
positive quantity, signaling exponential decay, away from
the saddle point (see Fig. 3). Therefore, along this new
contour, the integral is approximated by the saddle points of
the action. For the classical action in Eq. (79), there are two
saddle points and they are located at

3
NS:I: :K (—ﬂ'():t

Jo-k). @
If we require the saddle point geometries to correspond to
Hartle-Hawking no-boundary geometry that starts with a
zero size, then we must impose the additional condition that
g(t=0)|y =0. This in turn determines the possible
choices for the initial momentum to be

mo = +iv/K.. (81)

As in the previous example, here also we will work with the
positive imaginary solution since the negative imaginary
choice for 7, leads to unstable perturbations around the
saddle point geometries. Due to this choice, the saddle points
are located in the lower half complex plane, as evident from
Fig. 3. With a stronger value for the torsion parameter, it
follows that K. — 0, and hence 7 tends to zero as well,
thereby shifting the saddle points toward the real N axis. This
feature can also be seen by comparing the three plots in Fig. 3,
for different choices of the torsion parameter. Moreover,
thimbles at saddle point N, in the present case satisfy

A /A .
Re |:|5N|2 E gql — ’Ccezm] =0. (82)

In the classically allowed domain we have (A/3)q, > K.,
and thus the expression within the square root is real. Thus
the above equation implies a= (4n =+ 1)z/4,ne”,
whereas visual inspection reveals the thimble originating
at N, running to the right makes an angle 7z /4. On the other
hand, towards infinity, the thimble takes an angle z/6.
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Further, as evident from Fig. 3, unlike previous scenar-
ios, here both the saddle points will contribute, and hence
the real integration contour C has to be deformed into
C, U Cy, for which the convergence of the integrand is
ensured. Thus the wave function in the coordinate space,
approximated by the behavior of the classical action at the
saddle points become

iZsion (02 2rh ;
W(gy) ~ e/iEn(OyAaly;) ohAIN))
j:;r— |a -Acl|N |
3
etike 2\ /A . -
X —————C08 S
\ %QI - Kc hA ql 4

(83)

The cosine function arises since the above expression
involves a sum over both saddle points. The above wave
function exactly corresponds to the semiclassical limit of
the coordinate-space wave function in Eq. (44), derived
from the Wheeler-DeWitt equation. Thus in all these cases,
there is a direct one-to-one correspondence between the
wave functions obtained from the semiclassical limit of
the path-integral formulation with those derived from the
Wheeler-DeWitt equation.

C. Wave function from path integral
in bouncing scenario

Having demonstrated the path-integral quantization for
torsionful inflationary cosmology, we now turn our atten-
tion to the torsionful bouncing scenario. Since the path-
integral quantization for the bouncing model, as we shall
see, proceeds along the lines of the inflationary case, we
choose to demonstrate the path-integral quantization for
only one suitable boundary condition—an initial Neumann
and final Dirichlet condition. This should lead us to
the coordinate-space bouncing wave function in its semi-
classical limit. Let us first recall that the action for the
s-parametrized bouncing models has the following form:

3SV3 1
SeAE B-N(-Lp 4
in GN/ [ 1 ( 25° T3¢

_ 4nGy 3V,
Q- B
3 Pol @)] +8HGNq

ABounce =

(84)

Bondary

Like before, here also we construct the final action by
adding a boundary term to the above action, Agna =
ABounce T ABoundary> Such that the variational problem con-
sistently supports an initial Neumann and final Dirichlet
boundary condition. For the action in Eq. (84), the
boundary term has the following form:

3V,
87Z'GN

3V,
87[GN

Apoundary = (1 = 25) q(0)B(0) - q(1)B(1),

(85)

and we notice that the boundary term depends on the value
of s, that is, on the particular bouncing model being
considered. With this boundary term, the variation of the
action Ag,, yields,

~ 3sV3 . 4nGy
—4ﬂGN/dt[(B T Np0>6q
(o )as

1 472G
—5N<——BZ+£ ? - 35 S po(Q - Q))]

5~Afina]

3SV3

4nGy, B(D34(1) + q(0)3B(0)]. (86)

such that, we can now set the desired boundary conditions
for the variational problem,

q(1) =q1.  B(0) = m. (87)
Moreover, from the variations with respect to ¢, BB, and N,
respectively, we recover the dynamical, as well as con-
straint equations for the bouncing scenario,

B=NZ. (88)
i="5 (89)
——Bz lc ——(Q q) =0, (90)

2s 2s 2s

where, we have used the definition o= (82Gy/3)po,
which will be the Hubble squared if a torsionless universe
had been filled with constant matter energy density p,. The
solution of the dynamical equations, presented in Egs. (88)
and (89), which is consistent with the boundary conditions
in Eq. (87), has the following explicit form:

—NZi—N— (91)

(o2 T
q(r):Nz—t2+N?°t+q1 e

452
Again, the path integral over the phase space is dominated
by the classical solution to the dynamical equations
and hence the coordinate-space wave function is an
integration over the lapse function with the integrand being
exp [(i/h)Aq(N)]. Here A (N) is the action evaluated at
the above classical solution and is given by
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3sVy | 4 o’ , O
N*—"‘N Eﬂo

N:
Aa(N) 472Gy | 24s

bo (-4 m +o(@—a) ~mai | (92)
The integration of the lapse function along the real line has to
be converted to an integration over the plane of the complex
lapse function to ensure convergence. Subsequently, in the
semiclassical limit, one employs the method of steepest
descent wherein the most contribution to the integral comes
from the relevant saddle points through which the Lefschetz
thimbles pass. Thus it is important to determine the saddle
points of the classical action A (N) in the complex N plane
and these are given by

o(q — Q) + ¢
(0/2s)

Since we are working in a bouncing model, the universe can
never reach zero size, classically. Therefore, we demand the
saddle point geometries to also start from a finite size,
and hence we impose the following initial condition:
g(t = 0)|y., = qo, for afinite real number g, > 0, yielding,

7y = tiv/o(A = qq), (94)

where for convenience, we have defined a quantity
A =Q —(c*/6), which is the value of the scale factor ¢
at the bounce in the classical theory (see, the case of
g-independent model of torsion in Eq. (36), for details).
A priori g 1s an arbitrary quantity, and we will keep it that
way for reasons to be elaborated on later, in connection with
the stability analysis. It may appear tempting to equate g
with the scale associated with the bouncing scenario, that is,
for a g-independent model using the condition: A = g.
Since Q and ¢ are parameters of the problem, the above
condition can always be imposed (however, if one elevates
the torsion parameter c to be an operator, the above classical
constraint may not be satisfied). This in turn demands
7o = 0. This is because 7, is related to the Hubble parameter
and at the bouncing scale the Hubble parameter identically
vanishes. For vanishing 7z and for the final size ¢, of the
universe is such that, g; > A, it follows that the saddle points
N, are both situated on the real axis in the plane of complex
lapse function. However, it will turn out that the above saddle
points are unstable under external scalar perturbations. The
other possibility will be to consider g, = 0, which would
provide a formal similarity of the wave function in the
bouncing model with the Hartle-Hawking no-boundary
proposal. However, we avoid this case as the saddle point
geometry encounters an initial singularity (see [35]). Thus,
we will neither assume g, = 0 nor shall we take it to be equal
to the scale of the bounce, rather we will keep ¢, arbitrary for
the moment being, but smaller than the scale of the bounce.

—my £
Nsi: 0

(93)

In which case, 7 is a purely imaginary quantity and the
saddle points are complex. The saddle points, as we shall see,
are stable only in the case of positive imaginary 7.

The corresponding situation involving the complex
saddle points as well as the steepest descent and steepest
ascent contours has been depicted in the complex lapse
function plane, in Fig. 4. As evident, the original contour of
integration C (demonstrated by the Green line) can be
deformed into the union of two steepest descent contours C;
and C,, passing through the saddle points Ny, and N,_,
respectively. This deformation of contour works for all
choices of the torsion parameter ¢ (see Fig. 4 for the
integration contour involving two different choices of the
torsion parameter). Thus the coordinate-space wave func-
tion depends on the contribution from both saddle points,
and hence it is straightforward to compute the coordinate-
space wave function of the universe in the bouncing
scenario as

izsign (o2 2rh ;
pB (q1> o et4s1gn(3NAc1|N‘/-) _ AR Ay
j:;s— ‘alszcl|Nj|
ool + VETT
Volq —A)
2\/3 3 T
—Ap——|. 95
X COS [3f)s (g, )2 4} (95)

The above wave function corresponds to the solution of
the Wheeler-DeWitt equation in the semiclassical limit,
as expected, and can be seen from Eq. (50). Thus we have
demonstrated that the wave functions arising from the
solution of the Wheeler-DeWitt equation, also arise from
the semiclassical limit of the path integral, even in the
context of a bouncing scenario, when the appropriate
contour(s) of integration has been used. It is to be
emphasized that, even though the lapse integral can either
be performed over the whole real line, leading to a solution
of the Hamiltonian constraint, or over the half-line, leading
to Green’s function, here we have chosen to calculate the
former because then the obtained result can be readily
checked against the known and expected solution to the
Wheeler-DeWitt equation. We will now determine the
stability of these saddle points under scalar field perturbation
and shall determine the corresponding power spectrum.

1. Interpretation of the bouncing wave function

In quantum cosmology, given a wave function, comput-
ing the probability and assigning physical interpretation to
it can be a challenging task in its own right and thus have
engendered numerous suggestions of how an appropriate
probability measure can be defined (see, for example,
[34,64-68]). In the present context we may define a relative
probability between any two given configurations of the
early Universe in the following manner. We start with the
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FIG. 4. We present the saddle points, as well as the steepest descent and the steepest-ascent contours. For this plot, we have chosen the
initial scale factor of the saddle point geometry to be g, = 0.045. Note that the initial size is taken to be smaller than the scale of classical
bounce. In this case, there are two saddle points and both lie in the lower half of the complex plane. The existence of two complex saddle
points is generic and exists irrespective of the bouncing model under consideration, e.g., whether we consider the matter bounce scenario
(s = 1) or otherwise (for, e.g., s = 3/2). The steepest-descent contours (depicted by red and black dashed lines) asymptote to the dark
blue regions, where Im[.A] > 0 and the path integral along them converges, while the steepest-ascent contours (black lines) asymptote
to dark red regions with Im[.A] < 0 and the path integral along them does not converge. The original integration contour C, shown by a
green line, needs to be deformed to the steepest-descent contours C; U C, to obtain the wave function of a bouncing universe from the

path integral.

conserved current associated with the Wheeler-DeWitt
equation in the coordinate-space representation, which
yields,

in . .
J= =3 (P9, WP —wPo, wP), (96)

where WP is the wave function, dependent on the final scale
factor ¢, in the bouncing scenario. For the real wave
function of the bouncing universe, as in Eq. (95), the above
current is identically zero, because the WKB modes
corresponding to the expanding and contracting branches
of the bouncing universe cancel each other. However, for a
single WKB mode of the universe, say the one correspond-
ing to the saddle point N, the current is given by

JAaexp[?’\;s_(A—i— )m]. (97)

Then the probability measure of the universe, for a given
value of A is dP, = J,dV, where dV is a volume element

of the minisuperspace. J, being a constant (that is the
whole point of the existence of a conserved current), the
total probability is obtained by integrating over the entire
minisuperspace, which becomes proportional to its volume,
and is infinite. Since the above does not provide a sen-
sible description for probabilities, rather than talking about
absolute probabilities here, we can define a relative pro-
bability of any configuration of the universe characterized
by a value of A with respect to a fiducial state as

Ja - (vol) A

P (AlAﬁducial) = lim

vol—oco JAﬁducia] . (VOI) B JAﬁducial
4
—ew[ W (a4 2) oy,

q
- (Aﬁducial + ?0) V Afiducial — QO}] . (98)

Without the loss of any generality, this fiducial state can be
taken to be the torsionless state of the universe. Then given
a value of Q, which refers to the relative density of the
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bounce-enabling matter compared to the standard matter
field present, we always have Aggucia = A, with the
equality holding true only when the torsion vanishes.
Therefore, we see that a state with nonzero torsion has a
lower probability associated with it compared to a state
with zero torsion. This can be understood as the quantum
version of the classical secondary constraint which implies
that torsion vanishes in the case of vanishing spin current
coming from the fermionic degrees of freedom, thereby,
rendering the first and the second-order formalism of the
gravity theory equivalent. In quantum theory, then, this
classical condition becomes a statement regarding the
probability of small torsion being large, i.e., zero torsion
is a favorable state of the universe.

Moreover, it has been observed that whenever the
solution of the following form W ~ ¢4/ is substituted
to the Wheeler-DeWitt equation and is expanded in the
powers of A, the first few leading order terms in the
equation reduce to the classical Hamilton-Jacobi equation,
if the amplitude of the wave function varies considerably
slower than the phase of the wave function. In other words,
if (0A/0q,) < (0P/dq,) (see, [69,70] for details). For the
case of the saddle point N, in the context of bouncing
cosmologies we obtain,

0A/dq, 1
53 3
0P/0q, ~ (g, — A)}

where the limit corresponds to a large final size for the
universe, i.e., ¢; > 1 and we have used the relation
a; = q}. We can immediately see that the universe attains
classicality as its size increases at a rate 1/V'/?5, where V is
the volume of the universe. For the case of an inflationary
universe, s = 1/2, and the rate of classicalization corre-
sponds exactly to the volume of the universe. However, in a
bouncing model, say in the case of matter bounce (with
s = 1), the classicality is obtained at a rate 1/ \/V, much
slower than the inflationary case. This may imply that for
such bouncing scenarios the quantum nature of the universe
is retained longer than the inflationary case as the universe
continues to grow. We will investigate this further in a
separate work.

We would like to emphasize that, there is no clear
prescription for the choice of the initial boundary con-
dition. Demanding that the saddle point geometry be the
Hartle-Hawking (HH) no-boundary geometry, and that the
perturbations around the saddle is stable, uniquely deter-
mine the free-parameter of the initial Robin condition,
or, the value of the momentum for the initial Neumann
boundary condition. Intriguingly, the power spectrum
predicted by the no-boundary saddle point geometry with
both initial Neumann and Robin conditions is exactly the
same. Hence from the power spectrum, it is almost
impossible to distinguish the initial conditions for our
universe, if the HH no-boundary wave function describes

3
~a,* =0, (99)

the initial quantum state of our Universe. For the bouncing
scenario, on the other hand, there can be some differences.
We wish to investigate this point—the effect of initial
boundary conditions on the power spectrum in a bouncing
scenario—in our future work.

V. QUANTUM PERTURBATIONS AGAINST
THE SADDLE POINT GEOMETRY

In the path-integral formalism, it is possible to impose
various boundary conditions on the geometries at the
initial and the final hypersurfaces. Each of these boundary
conditions leads to different wave functions for our universe,
in the semiclassical limit. But for these wave functions to
represent a valid quantum state of the universe, they must be
stable under external perturbations. Such a stability analysis
will also enable us to determine the power spectrum of these
primordial fluctuations, which can have a direct observa-
tional signature in the cosmic microwave background.

In what follows, we first provide a general setup
regarding the scalar perturbations, before specializing to
inflationary and bouncing scenarios.

A. General setup

In this section, we consider a real scalar field, described
by ¢(x), on the background spacetime defined by the
saddle point geometries that dominate the minisuperspace
path integral, as we have discussed above. The perturbation
due to the scalar field will be considered to be small so that
the backreaction of the scalar field on the background
geometry can be ignored. Since the perturbing scalar field
lives on the classical background geometry, we may take its
action to be Apq[¢. g, Ny, defined on the background
spacetime characterized by the scale factor g(¢), which is
the classical solution to the Einstein’s dynamical equations
and then evaluating the same at the saddle points N of
the (gravity + matter) action. Explicitly, the action for the
scalar field reads,

1

A== [ Exya 000 (100)
which corresponds to the minimal coupling of a scalar field
with gravity. It is to be emphasized that the spacetime
torsion does not directly couple to the scalar degree of
freedom. Moreover, as far as the background spacetime is
concerned, the classical solution g(¢) is also independent of
torsion. Therefore, the information regarding torsion enters
only through the saddle points N, i.e., through Einstein’s
constraint equation.

Given the symmetries of the background spacetime, it is
possible to decompose the scalar field into time-dependent
and space-dependent parts, such that,

¢(x) = Zvnfm(t)anm(x)'

nm

(101)
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Here v,,,,(t) is the time-dependent part of the scalar field
and Q,.,(x) is the space-dependent part. We will come
back to the time-dependent part in a moment, while the
spatial part satisfies the Helmholtz equation,
Danfm<r’ 6’ ¢) = _sznfm(rv 97 ¢)’ (102)
where D? = yD;D;, with D; being the spatial covariant
derivative defined by the induced 3-metric y;; on the spatial
hypersurface. The comoving wave number £ is related to
the eigenmode index n, but the relationship is different in

spaces with different spatial curvature index K. These are
expressed as follows:

H—{ﬁ
B n?—1,

where, for I =0, n is a continuous quantity, while for
K =1, n can only take integer values. The spatial eigen-
function Q,,,(r,0,¢) can further be decomposed into
radial and angular parts, such that the radial part satisfies
the radial harmonic equation in spaces with curvature /C
and the angular parts are given by spherical harmonics.
Moreover, ¢ takes values from O to n — 1 in integer steps,
and for each Z, the number m takes values from —# to +7
(for further details of this decomposition, see [59,71]).
Here, we will only require the following orthonormality
condition:

}’ZZO, IC:Oa

(103)
n=1273,..., K=+I1,

/ d3x\/)7Q:<lt’m (x) pr’m/ (x) = 5(’1, p)éff’émm/7 (104)

where y is the determinant of the three-metric y;;, and the
symbol §(n, p) represents the Dirac delta function in the
case of flat space and Kronecker delta in the case of closed
space, such that

S(n—p)=6(k-K),
1)

K =0,

105
K=+1. (105)

&mm={

np»

In what follows the angular indices (¢, m) are not of much
significance because of the degeneracies associated with
them, rather the index n, arising out of the radial behavior
of the mode functions of the scalar field is of much impor-
tance. Thus we will suppress all the angular indices for
notational convenience and hence the action in Eq. (100)
can be decomposed as a sum of individual eigenmode
components, as

'Apert = ZApert,n- (106)

In the above expression, we will have summation if the
spatial sections of the universe are closed, while integration
will replace it if the spatial sections are flat. Each of the

decomposed parts of the scalar field action can be written as
an integration over the coordinate time, such that,

_ 1 /1 0,2 e
*Apen.n[v’ q, Ns] = EA d[Ns <q2 W - k2q(4s 2) U%) ,
S

(107)

where, the quantity k is related to n through Eq. (103), and
q is the classical solution of Einstein’s dynamical equations
at the saddle points N,. The equation of motion corre-
sponding to the above action in Eq. (107), can be expressed
in terms of the time-dependent part of the scalar field,
namely v, (z), which reads

Ty + N2k2gs—9y, = 0.

i, +22 108
7 (108)

Note, from the above equation of motion, it is clear that the
eigenmodes v, (7) do not explicitly depend on (¢, m),
thereby justifying the suppression of these indices earlier.
We would like to emphasize that similar perturbations can
also arise in the gravitational sector. The gravitational
perturbation, in the transverse-traceless gauge, leads to
two tensor modes 4, and A, both of which individually
satisfy equations of motion identical to that of a massless
scalar field with no potential, as in Eq. (108). The only
difference between the tensor and the scalar perturbations
is that the action for the tensor perturbations is weighted
with (1/16xG), which can be captured by rescaling the
scalar field. Thus it follows that, even though we have only
shown computations for a scalar perturbation, it can either
represent the metric fluctuations or may represent some
putative matter field, possibly of quantum origin and
perturbing the isotropic and homogeneous universe. This
in turn implies that such perturbations are natural in going
beyond the minisuperspace approximation and their sta-
bility is essential to assess the initial condition for our
Universe. Therefore, it is justified to take the point of view
that the initial boundary condition should be such that the
background geometry remains stable against the perturba-
tions, be it scalar or, gravitational.

As the path integral for any dynamical degree of freedom is
dominated by the action evaluated at the classical solution,
the classical action for the scalar perturbation must be
computed. To do this, we rewrite the action for the scalar
field in Eq. (107) by employing integration by parts as

1 [t g 7
/ dr {—q v, <i},, + 2? i, + N2k2g*s—4) vn>
2 0 Ns q

d (3.
+& (IVSU,ZU,,>:|.

Note that the terms inside the first round brackets involving
v, identically vanish when the classical equations of motion
are used, thanks to Eq. (108). Therefore, only the term

Apert,n =

(109)
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involving the total time derivative remains in the action for
the perturbation scalar field. Expressing the time-dependent
part of the scalar perturbation as v,, (1) = ¢,{F,(t)/F,(1)},
the classical action for the scalar field can be written as

=2 I
_e()F,()
Aren =N, F, ()7

(110)

where, we have imposed the initial conditions that
v,(0) = 0. Since the time dependence in v,, translates into
the time dependence of the function F,, it follows that F,
also satisfies the same equation of motion as v,,, in particular,

P+ 29F, + NG F, =0, (111)
7

Thus, we have decomposed the scalar field into individual
mode functions, which are decoupled from each other and
can be determined independently using the second-order
differential equation, presented in Eq. (111). The next step is
to consider the wave function of the background, along with
the perturbation scalar field.

The wave functional for the (gravity + matter + scalar
field) system, in the momentum space, can be represented
as @ [B1, @] = ©(B) )y (x)], i.e., the total wave func-
tional is a product of the wave function for the unperturbed
universe in the momentum space, given by ®(/3;) and the
wave functional for the perturbation, denoted by y[@; (x)].
A similar description exists in the coordinate-space repre-
sentation as well, where W,,1[q1, 1] ® ¥(q1 x| (x)]. In
both of these cases, we have introduced the notation:
¢(t; = 1,x) = ¢, (x). The wave functions for the universe,
in both coordinate and momentum representations, have
already been discussed in detail in the last section, here we
concentrate on the wave functional y[¢;(x)]. Since the
scalar field can be decomposed into a large number of
decoupled modes, it follows that, the wave functional
|1 (x)] can be expressed as

21 (0)] = [ [ra(e1) (112)

where the wave function y,(¢;,), associated with each of
the decoupled modes is defined as a sum over histories of
that mode between its initial and final values ¢, to ¢y,,
such that,

co 1;71(1):(/7”1 i -
Xn ((pln) = / d(pOn / ©) D[Un]e%Apen'n[Lmq’NS])(On ((pOn)'
— Uy =@Pon

(113)

Here, 0, (¢o,) is a suitably chosen initial wave function for
the n-th mode of the scalar field ¢. It is conventional to
choose the initial value of all the mode functions to be zero,
i.e., ¢o, =0, which in turn implies F,(0) =0 as well.
Then the initial wave function for the scalar field pertur-
bation can be simply chosen as xq,(¢o,) = 6(¢o,), and
hence the path integral turns out to be

.g°(1) F,(1)
"20N, F,(1) 9”%"] ’
(114)

i
)(n(goln) X eXp |:E Apert,n:| = An exp |:

where A, is a suitable normalization. Note that the real part
of the coefficient of ¢?  in the exponent of the above wave
function has to be negative, that is,

- ERe{ﬁQ(l)Fn(l)} 0

"2nN, F, (1) (115)

to describe a Gaussian distribution and be physically
acceptable. On the other hand, if the coefficient in the
exponent E,(n) is positive then the perturbations assume an
inverse Gaussian distribution, favoring larger and larger
values of vy,. Such a distribution then leads to instability
and is said to be unphysical. When E(n) is identically zero,
the wave function of that particular mode becomes pure
phase and hence is non-normalizable.

Assuming that around a particular saddle point geometry
we get physically viable perturbations with Gaussian
distribution, that is with E (n) < 0, then the normalization
constant of the mode functions A, can be determined by
imposing the condition that the integral of y}(¢1,)x,(®1,)
over all possible final configurations ¢, of the nth mode of
the scalar field should be unity, yielding

4,2 =\ 2 ()]

The modulus takes care of the fact that E¢(n) is negative for
stable configurations of the scalar field. Given the wave
functions associated with each individual mode of the
scalar field, we can calculate the power spectrum associated
with the scalar perturbations. The computations will be
different depending on the values of /X, here we will present
the computation for a closed universe, with JC = +1. The
power spectrum is obtained by computing the expecta-
tion value of the squared scalar perturbation in the state
described by the wave functional y[g(x)], and then
averaged over all space at the final hypersurface (where
we make our observations), which yields,

(116)
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o1 ()]0t ()l ()] g = -

ném
n' !

dgx\/_ZHOKP g01[7 |Un(1) ( )I)fp((plp»anm(x>Q2/f/m/(X)

_ZZ 2()(,1 ¢1n)|vn( ) ;(1)b{n((pln)>H<){p(¢l[))l)(p((plp)>

ném

= Y o) (DD )

Here, we have used the result that for the spatial sector with
K = 1, the three-volume is V5 = 2z°. Moreover, the last
equality follows from the fact that we are working with
Gaussian wave functions y,(¢;,) which are normalized to
unity, and the sum over all the degenerate £ and m indices
yields the factor of n?. Thus, we finally obtain

(ler ()]t () @1 (0)]) g an_ (n),

where the power spectrum P(n), associated with the mode
n, is defined as

n(n*-1)
27°

(118)

P(n) = Zn(@1n)]04(1)

The above definition of the power spectrum at a given scale
n is motivated by the fact that the logarithmic integration in
the continuum is equivalent in the closed universe with the
following discrete sum

dk
/742’12?1_1’

along with the fact that the power spectrum is usually
defined as simply the square of the eigenmode amplitude per
logarithmic interval. Further, recalling that v, (1) = ¢y,,, we
can readily calculate the expectation value of v, (1)v}(1) in
the state described by the wave function y,(¢;,), which
yields,

0(n<¢111)|vn(1)

© 2
= / dgy,1,

1

(120)

va(Dlen(@10))

hyop [[EDEWD 5 |

“anN, F, (1) Y

=—. (121)
4[Eq(n)]
Therefore, the power spectrum becomes,
n(n*-K)
Pn) = —— 2, 122
") = 8 lE ) 22

where, we have inserted the term involving K, to simply
provide a transition from the closed to the flat universe.
For the flat universe, with C = 0, one can simply replace any

p#n

(117)

I
summation by integration and the discrete index n need to be
replaced by the continuum index k, which yields (see, [72]
for more details),

k3

PO = ol

(123)

The definition of E (k) is identical to Eq. (115), with the
discrete index n being replaced by the continuum index k.
Thus we have determined the power spectrum for both closed
and flat models of the universe, and it depends on the modes
as—n?(n — 1) for the closed universe and k* for the flat
universe. In addition, it depends on the classical solution g,
the saddle point N, and the mode functions F, and its
derivative at the observing hypersurface located at #; = 1.
The determination of the mode function from Eq. (111)
depends on the choice of s and hence on the bouncing and
inflationary models of the early Universe. In what follows we
depict the stability of perturbations around the saddle point
geometry and its implication for boundary conditions in the
path-integral approach.

B. Stability of perturbations around saddle
point geometry

Saddle point geometries dominate the path integral
for the unperturbed universe and depend heavily on the
boundary conditions. We would like to see whether the
scalar perturbations, described above, are stable around
the saddle points picked up by the Picard-Lefschetz theory.
In cases, when the perturbations around a saddle point
geometry grow uncontrollably, the wave function com-
puted with such saddle point(s), even if deemed math-
ematically correct, cannot be considered physical. In this
section, we scrutinize the stability of various saddle points
we discovered in previous sections while discussing the
path-integral problem set up with different boundary
conditions. Since the stability depends crucially on the
quantity E¢(n), defined in Eq. (115), which in turn depends
on the mode function F,, and its derivative, the analysis will
differ from inflation and bouncing scenarios.

1. Inflationary scenario

In order to study the stability of the saddle points, as well
as to evaluate the power spectrum, we first need the mode
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functions F, (), which satisfies the differential equation
in (111). In the case of inflationary scenario, that is when
Eq. s = 1/2, the two linearly independent solutions of
Eq. (111) read

Fa(1).9,(1) =

1 [1-68]%
— =] o+ 20-n),

(124)

where f, corresponds to the ‘4’ sign in the exponent and
‘=’ sign inside the curly bracket and g, is given by the
opposite signs. The constants y and § appearing in the
above solutions are the two roots of the equation g(7) = 0,
where g(z) is the classical solution, which can be repre-
sented as

q(t) = NiyeH? (1 = 7) (1 = 5).

inf

(125)

where N;,; corresponds to the saddle points associated with
the inflationary scenario. In arriving at the above equation,
we have set H2 = A/3, and have defined the constant y as

4k?
(7 - 5)2N2an4 ’

1

w=1- (126)
which holds for the flat universe. Recalling the relation
between the principle eigenmode number n and the
comoving wave number k, the above quantity p for the
closed universe is obtained by simply making the trans-
formation: k> — (n> — K). In what follows, we shall set
K = +1, i.e., we will discuss the stability of saddle points
corresponding to a closed universe. We will now evaluate
the quantities y, 6, and u, appearing above, for the saddle
points corresponding to different boundary conditions
associated with the inflationary paradigm, so that we can
get the solutions for the scalar perturbation explicitly and
inspect whether the saddle points are stable. Subsequently,
in Sec. V C using these results we shall calculate the power
spectrum.

2. Dirichlet-Neumann boundary condition

The path-integral prescription and the associated saddle
points depend on the choice of boundary conditions. In the
inflationary scenario, we employed three possible boun-
dary conditions and the first one being the Dirichlet
boundary condition at the initial time and the Neumann
boundary condition at the final time. In which case, as we
have depicted in Sec. IV B 1, the Picard-Lefshetz theory
picks up the saddle point located on the upper-half complex
plane, which becomes,

3 e
Ninf+:K(Bl+l ]Cc) (127)

Here, B, corresponds to the momentum at the final time,
and K, = K — ¢?, where K is the spatial curvature in the

absence of torsion and c is the completely antisymmetric
part of the torsion tensor. Evaluation of the quantities y, &
and u for the above saddle point yields,

2K,
By Fik,’

K.+ k?
K.

y=0, & p= (128)

where, for a closed inflationary universe k> = n®> — 1, with
n being discrete. Having determined the constants involved
in the problem, consider the small-time (¢ < 1) behavior of
the mode functions,

Fult). ga(1) oc rF0ED), (129)
and hence, for y =1 > 0, the mode f, will not be well-
behaved for small # and hence cannot be considered to be
describing the observable universe at early times. It turns
out that if we consider the case when 1 > K. > 0, then
from Eq. (128), it follows that ¢ + 1 > 1, and hence the
mode f,(f) ~ t~#+1)/2 diverges at + = 0, and has to be
rejected on physical grounds. On the other hand, g, (7) ~
+#ED/2 for the above choice of the parameter 4 and goes
to zero at t = 0. Therefore, this is the allowable physical
solution to be considered.

Having discussed the allowable model function, let us
check whether the perturbations are stable around the
saddle point Nj,, for the initial Dirichlet and final
Neumann boundary conditions. For this purpose, we must
calculate the quantity Ey(n) with the physically allowable
solution g,(¢), which for large B, corresponding to the
classical limit, yields,

Fur ) = e[ L (20

Bi(n?=1) (n*=1)Vn?>=¢?
:Re{—z TN T
3 3
1 (n®> = 1)Vn® - ¢? 1
r0(g )| =+ o)

(130)

As evident, E; ¢y (n) > 0 forany n > 1 and from Eq. (114)
it follows that for E; (n) > 0 the perturbation has an
inverse Gaussian distribution. Therefore the perturbations
grow and the system is unstable. Thus even though the
unperturbed wave function, as in Eq. (65), is mathemati-
cally consistent with the Picard-Lefschetz theory, such a
wave function cannot describe the initial moments of our
universe. Therefore, an initial Dirichlet and final Neumann
boundary condition cannot give rise to a stable universe.

Before moving forward to other boundary conditions,
however, let us consider the case where the torsion
dominates the curvature scale K, yielding a negative or

043525-24



LORENTZIAN QUANTUM COSMOLOGY WITH TORSION

PHYS. REV. D 109, 043525 (2024)

a vanishing value for the quantity .. When IC, < 0, there
will always be modes for which the quantity x becomes
imaginary (as n can correspond to any arbitrary eigenmode,
and for a given value of ¢?, we can always find a mode such
that K, + k> > 0). As a result, both the solutions f,, g,
behave in the following manner:

el 1

Fu(1), ga(t) o 171572, (131)

Note that for small 7, the absolute value of the complex
modes become, |f,|,|g,| ~ 1, and hence diverges. Thus
neither of these modes can be considered as perturbations,
and hence we find no solutions to the equation satisfied by
the mode functions, which can be considered physical.
Therefore, it is only legitimate to constrain the torsion
degree of freedom such that we have always IC. > 0.

Finally, we come back to the case where K. = 0, i.e., the
torsion and /C cancel each other completely. In this case,
the mode functions of the perturbing scalar field take the
following form

2 A ik ik
fn<r>,gn<r>:B—l\@em(lié_lt). (132)

Furthermore, in the limit /. — 0, the quantity {N;;,/q}
simplifies to (B;72)~! and hence one can identify the
conformal time in this limit as the integral of the above
quantity over the coordinate time ¢, yielding n = —(B,7)".

|

inf

q(1)

2
AN2 <\/§(10 + i\/’CC>
= r—

Intriguingly, the above eigenmodes in the conformal time
resemble the familiar Bunch-Davies solutions

@ \/i>fk<r>,gk<r> = eH(1 F iky). (133)

Then calculating the stability index E;,, (k) with the
positive frequency solution g;, we obtain

3
[Einf+(k)z+lzcz. (134)
3

Again we see that the wave function for the individual
modes with positive frequency behaves as an inverse
Gaussian function and hence is unphysical. Therefore,
we see that we must restrict ourselves to the criteria
that there is a bound on the torsional degree of freedom
1 > ¢* > 0. This conclusion turns out to be true for all the
different boundary conditions considered for the infla-
tionary scenario as well.

3. Robin-Neumann boundary condition

Having demonstrated the instability associated with the
Dirichlet-Neumann boundary conditions, let us deal in this
section with the stability of staddle point geometry under
the Robin-Neumann boundary condition, as discussed in
Sec. IV B 2. Again, starting from Eq. (71) and evaluating it
at the saddle point Eq. (72), we can rewrite the classical
solution as

(-5

and hence we can identify the quantities y and § with

<\/§a0 + z\/lC)2
\/§a0 (\@ao - 231> ~K,

7/:

’

3 \/éao <\/§a0—251> - K.

- , (135)

\/éa()(\//;ao - 25’1) - K.

\/§a0 (\/§a0 - 231> ~K,

(136)

In tune with the no-boundary proposal, if we set g(r = 0) = 0, then it turns out that we must set the parameter a to the
following value: ay = +i+/3/A\/K.. We first present the case where the imaginary part of ay is positive and in this case for

the parameters y, 6 and y, we obtain,

—2i\/K.,

= 0

"B —iJK.

0, u=

VK. + K

N (137)

We see that the quantity g, in this case, is identical to that in Eq. (128). Therefore, the conclusion regarding the bound on the
parameter c¢? still holds true in this case as well, i.e., we will have the following inequality 0 < K. < 1 to be true. Moreover,
from Eq. (124), it follows that, with the above inequality satisfied, only the solution f,(7) is regular at = 0. For this
solution the stability index [E;,(n), appearing in the exponent of the perturbation wave function Eq. (114) becomes
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Ein(n) = Re [i 2quzsflizf {i—gii}f]

2 _ 2 _ 1_ 2
:Re[—iBl(n ) (m*-1)vn'-c

2A 2A

3 3

Therefore, the perturbation has a Gaussian distribution and
the system is stable. On the other hand, it can be shown that
with the negative imaginary choice for the parameter

ay = —i\/3/A\/K,, the perturbation has an inverse Gaus-
sian distribution and this case cannot be considered
physical. Therefore, the saddle point associated with the
path integral involving the Robin-Neumann boundary
condition is stable for a certain choice of parameters.

4. Neumann-Dirichlet boundary condition

In this final scenario involving an inflationary paradigm,
we consider an initial Neumann and a final Dirichlet
boundary condition. As in the previous case, here also
we start with the classical solution corresponding to the
above boundary condition, presented in Eq. (78). In this
case, there are two saddle points, and evaluating the
classical solution for both of these saddle points, as in
Eq. (80), we can obtain the parameters y, 6, and p. The
determination of these parameters also requires fixing the
initial momenta, which we consider to have the following
value 7, = +i\/K,, and that yields,

2K,

K.+ k?
Y+ = , 5120, Hi = T
:l:i\/%q]—lcc—f—v/cc ¢

(139)

Again, the conclusion regarding the bound on the value of
the torsion parameter, namely O < C. < 1 still holds in this
case. Using the above expressions for the parameters y,
Sy, and p., from Eq. (124) we realize that only f,(7) is
well-behaved at t = 0, among the two linearly independent
solutions for the differential equation satisfied by the mode
function. Therefore, the stability parameter, defined in
Eq. (115) becomes,

E.(n) =Re {i zqzxzz(lf)i {?Ei;}f}

2 2 _ 7_ 2
N R

2,/3 5

ro(G) |- G)

1 (n* = 1)Vn? - ¢? 1
wofg)|= T rolw)

which is negative for all modes with n > 1 and hence the
wave functions are Gaussian in nature. Thus we observe
that the perturbation around both the saddle points for
the Neumann-Dirichlet boundary condition is deemed
relevant by the Picard-Lefschetz theory and is stable and
therefore, the corresponding wave function can be consid-
ered physical.

(138)

5. Bouncing scenarios

In the case of a bouncing scenario, there is a free
parameter in the problem, namely the initial size of the
saddle point universe g,. As we have discussed before,
there are two tempting possibilities in this regard, we can
take ¢ to be identical to the scale of classical bounce, or,
we can take g, = 0, following the no-boundary scenario.
However, for g, equal to the classical scale of bounce, the
stability index E,(k) becomes ill-behaved, often positive
for certain values of comoving wave number and hence the
modes become inverse Gaussian, signaling instability. The
incompatibility of the bouncing wave function with the no-
boundary proposal can be motivated along the following
lines——the saddle point geometry in the bouncing scenario
is singular when g, — 0 and hence should be avoided (see,
[35]). Thus, the bouncing wave function can neither have
any correspondence with the no-boundary wave function,
nor the initial size of the saddle point universe in the path-
integral approach be equal to the classical scale of bounce.

In the context of bouncing scenarios, for reasonable
values of s, the differential equation satisfied by the mode
functions, namely Eq. (111), cannot be solved analytically.
Thus, we need to find out these mode functions by
numerically solving the associated differential equation.
We proceed to do this exercise for the specific case s = 1,
whereas similar computations can be performed for other
s-models as well. In addition, we also incorporate the
classical solution, derived in Eq. (91), which reads,

70s(0) = Nl 35 (f "7 i;c%>
. (t B 7o ;0\;%)

and then the classical solution is evaluated at the two saddle
points associated with the path integral in the bouncing
cosmology, located at Eq. (93). Inclusion of all these results
provides us an estimation for the stability index Eg(k) and
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FIG. 5.

A= 0.95, q1 = 20, qo = 0.945, Ty = —i V(T(A - qo)

6000

5000

4000

3000

Eq+ (k)

2000

1000

k

We have plotted the stability index Eg with the wave number associated with various mode functions for different choices of 7,

and for the situation where the initial size of the universe is very close to the classical scale of bounce but smaller than the same. The left-
hand plot is for Im 7, > 0, while the right-hand plot depicts the case where Im 7y < 0. As evident E; < O for all £ if and only if
Im 7z, > 0 and hence the configurations corresponding to the left-hand plot is stable, while the configurations associated with the right-

hand plot is unstable.

one can check if this index is positive or, negative, thereby
pointing out the instability or, the stability of the saddle
points, respectively, under scalar perturbation.

Following this approach, we have considered two
scenarios, one in which gy < A, and another with gy <A,
and have plotted the stability index E,(k) against the wave
number k, for the matter bounce scenario (which corre-
sponds to s = 1), for two possible choices of the quantity
7y, appearing in the saddle point geometries. The result of
this analysis has been presented in Fig. 5 to Fig. 7. As
evident, universes having imaginary part of z, as positive,
provide negative values of the stability index [E, for all wave
modes k and hence are stable. On the other hand, universes
with the imaginary part of 7, as negative have the stability
index [E, to be positive and hence are unstable. These
results are generic in nature, e.g., holds when the initial size
of the universe is very close to the classical scale of bounce
but smaller than the same (see Fig. 5). Similar results hold

A =095, g =20, gy =1x 10, my = +i Vo (A — qo)
IR
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—-400

—-600

Eg: (k)
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—-1000
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k

true for universes whose initial size is small but not zero, as
depicted in Fig. 6. Finally, it turns out that the above result
is also independent of the value of the torsion, as long as it
is smaller than the relative abundance of bounce-enabling
matter. This is evident from Fig. 7, where the stability index
E, is negative for universes having imaginary part of 7z as
positive as well as larger and smaller values of torsion
(corresponding to smaller and larger values of A, respec-
tively). Thus, we conclude that, as long as the relative
abundance of bounce-enabling exotic matter is greater than
the torsion, and for all possible choices of the initial size of
the universe, which is greater than zero but smaller than the
classical scale of bounce, the saddle points in the path
integral of bouncing wave function are stable for positive
values of the imaginary part of 7.

Besides studying the stability of saddle point geometries
under scalar perturbations, we have also demonstrated the
time variation of the mode function associated with the

A =095, g =20, gy =1x10°, my = —i o (A — qo)

1200

1000+

800+

600+
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400}
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FIG. 6. The stability index [E, has been plotted with the wave number k for a universe whose initial size is very small compared to the
classical scale of the bounce. In this case also, only for Im z; > 0, the E; < 0 and hence stability is achieved for such a configuration of
the universe. Note that this result holds good for both the saddle points of the path integral in the bouncing scenario.
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q1 =20, go = 0.45, ) = +i Vo (A — qo)

0
q(\/\ A=0.5
-200
400 /\ A=0.95
g 60 V \/\\/\
e
# -800 \/\’ Y
<] /\'
1000 V\.\
-1200 N
~1400
0 1 2 3 4 5 6

k

q1 =20, go = 045, my = —i Yo (A - qo)

1400
1200 P
1000 rJr/

S ~

800 /NS
E /\/\/
E 600 \/\/
400 A—05
200
J A =095
0
0 1 2 3 4 5 6

k

FIG. 7. The variation of the stability index Eg with the wave number k is presented for two saddle point universes whose classical
scales of the bounce are different. Again, universes with a positive imaginary part for 7, have a negative stability index and hence are
stable. This is true irrespective of the value of torsion, as it holds for different choices of the torsion parameter c.

scalar perturbation around both saddle points for stable
configurations of the background spacetime. As evident
from Fig. 8, for the initial size of the universe very close
to the classical scale of bounce (but smaller), it follows
that both the real and imaginary parts of the mode
function oscillate in time, with the amplitude decaying.
On the other hand, if the initial size of the universe is
very close to zero, then also the real and imaginary part
of the mode function oscillates in time, but the amplitude
grows (see Fig. 9). In both of these cases, the real and
imaginary parts of the mode functions are out of phase
for scalar perturbation around the saddle point N, , while
for scalar perturbation around N_, the real and imaginary
parts of the scalar perturbation are mostly in phase.
Having discussed the conditions for stability of scalar
perturbation around the saddle point, along with the time
variation of the mode function, we will concentrate on
the power spectrum of the perturbing scalar field in the
next section.
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C. Power spectrum

In this section, we discuss the power spectrum associated
with the scalar perturbations for both inflationary and
bouncing scenarios. As evident from Eqgs. (122) and (123),
the power spectrum depends on the stability index, which in
turn depends on the classical solution, the saddle points, and
the mode functions. For an inflationary universe, the mode
functions can be exactly solved for and hence the power
spectrum can be explicitly computed. Considering a closed
universe (with IC = 1), the power spectrum yields,

A n
P = (13) v

As evident, for ¢ = 0, i.e., for a torsion-free universe, the
power spectrum does not depend on the wave number n,
leading to a scale-invariant power spectrum. On the other
hand, for nonzero values of torsion, the power spectrum

(142)
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FIG. 8. The variation of the real and imaginary parts of the mode function with time has been depicted for wave number k = 10. In
both of these plots, we have taken the initial size of the universe to be very close to the classical scale of bounce, but smaller than it. The
left-hand plot depicts the variation of the mode function associated with perturbation about the saddle point Ny, , while the right-hand
side plot describes the variation of the k = 10 mode for scalar perturbation about the other saddle point N_.
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FIG.9. We have depicted the time variation of the real and imaginary parts of the mode function with wave number £ = 10 perturbing
a universe whose initial size is very small. The left-hand plot depicts the variation of a specific scalar mode around the saddle point N,
while the right-hand side plot describes the variation of the same about the other saddle point N_.

becomes scale noninvariant. Moreover, since the torsion
appears as a subtracting quantity in the denominator, it
follows that for finite ¢, there will be larger power at large
physical length scales. This feature is explicitly presented in
Fig. 10. Thus, the power spectrum derived from the saddle
points in the Lorentzian path-integral approach leads to a
scale-invariant power spectrum at large comoving wave
number, i.e., at small scales, which is consistent with the
Bunch-Davies vacuum in the inflationary paradigm. It turns
out that the feature involving enhanced power at large scale
(equivalently, for small wave number) has already been
observed in the context of Euclidean path integral with a
massless scalar perturbation [73] as well as in the context of
Starobinsky model of inflation [ 74]. Thus, enhanced power at
alarge physical length scale is quite common in the context of
quantum cosmology within the Euclidean approach. Here we
have shown that the presence of torsion can also lead to the
enhancement of power at such large scales but within the
Lorentzian approach to quantum cosmology. This is a
distinct signature and can in principle lead to observable
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FIG. 10. 'We have depicted the variation of the power spectrum,
scaled by (122%/A), with the mode number n, for different
choices of the torsion parameter c. As evident, for zero torsion,
the power spectrum is scale invariant, while for finite torsion there
is more power at large physical length scales.

consequences regarding the possible existence of torsion.
Moreover, in [73] it was demonstrated that the inclusion of
mass for the scalar perturbation can suppress the power
spectrum at large scales, rather than enhancing the same, and
it would be interesting to see if the same holds true in the
presence of torsion as well, which we wish to explore in a
future work.

Let us now discuss the corresponding situation in the
context of bouncing cosmology. Since in this case the mode
functions cannot be determined analytically, we can not
provide a closed-form expression for the power spectrum.
Rather, we solve for the mode functions numerically (as
previously discussed) and hence determine the power spec-
trum. In the bouncing context, we have taken I =0,
and hence the power spectrum will be given by Eq. (123).
The corresponding power spectra for the matter bounce
model (s = 1) have been depicted in Fig. 11. The structure of
the power spectrum is such that the power spectrum initially
grows, then oscillates, and again finally it grows again. For
qo < A, the oscillations are smaller and they exist for a
smaller range of the comoving wave number. On the other
hand, when g, — A, the oscillations are larger and also
happen over a longer range of the comoving wave number.

The above features in the bouncing power spectrum have
been observed in various quantum models of gravity
predicting a bouncing scenario for our universe [75-78].
The power spectrum is divided into three regimes, the
infrared regime, which corresponds to the initial growth,
then there is the intermediate regime, where the power
spectrum oscillates, but the amplitude remains almost
constant, and finally, the ultraviolet regime, where again
the power spectrum grows. The growth in the ultraviolet
regime is expected, since in the bouncing cosmology,
during the phase of bounce the presence of exotic matter
can amplify the perturbations. The oscillatory nature of the
perturbation is expected too and is a common feature in
most of the early Universe models. Finally, the infrared
contribution depends on the choice of the vacuum state
and other details, e.g., the normalization. We have further
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The power spectrum of the perturbing scalar field has been presented in the context of bouncing cosmology. The left-hand

side plot is for the power spectrum of the perturbing field when the initial size of the saddle point universe is slightly smaller than the

classical scale of bounce. See text for more discussion.

elaborated on the variation of the power spectrum with the
various parameters of interest, e.g., torsion, and the initial
and final size of the saddle point universe. The results of
such an analysis have been depicted in Fig. 12. As torsion
increases the quantity A decreases, which in turn enhances
the oscillatory behavior and the growth in the infrared

@ =20, g =10""

Py (k)

sector, while the ultraviolet sector remains identical. This
feature we have observed in the context of the inflationary
paradigm as well, where also torsion modified the structure
at large length scales. Thus we can conclude that irre-
spective of the early Universe physics, the presence of
torsion modifies the power spectrum at large length scales,
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FIG. 12. We have depicted the power spectrum of the perturbing scalar field in the bouncing universe for different choices of the
torsion parameter (the left-hand plot in the upper row), for various initial size of the universe (the right-hand side plot in the upper row)
and lastly for different final sizes of our Universe (the plot in the last row). The torsion and the initial size of the saddle point universe
affect the power spectrum at large length scales, while the final size of the universe affects the power spectrum at smaller length scales.

See text for discussion.

043525-30



LORENTZIAN QUANTUM COSMOLOGY WITH TORSION

PHYS. REV. D 109, 043525 (2024)

in particular, it enhances the power. The enhancement of
power at a large length scale can also be due to the smaller
initial size of the universe. As evident from Fig. 12, the
smaller the initial size of the universe, the larger is the
power at large length scales, however, the ultraviolet
behavior of the power spectrum remains unchanged.
Finally, we also depict the behavior of the power spectrum
with a change in the final size of the universe. This does
not affect the infrared behavior but affects the ultraviolet
behavior significantly. Fig. 12 also demonstrates that a
universe with a smaller final size will have larger power at
smaller length scales, than a universe with a larger final
size. Thus we observe that the power spectrum of the
perturbing scalar field in the bouncing scenario is very
similar to the previous results in the literature arising from
quantum gravity models. In our work, we have explored
the matter bounce scenario, with s = 1, in detail. It will be
interesting to explore other possibilities for the parameter s
and investigate how the power spectrum is modified. We
hope to return to these issues in a future work.

VI. CONCLUSION AND DISCUSSIONS

The existence of spacetime torsion is a tantalizing
possibility and appears in the most natural extension of
general relativity, namely in the Einstein-Cartan theory.
The presence of spacetime torsion would prohibit the
formation of spacetime singularity, by introducing a diver-
gent term in Raychaudhuri’s equation. However, it had
remained elusive, despite several experimental searches.
Classically, due to the absence of macroscopic fermionic
currents, the spacetime torsion is not expected to exist
(actually, Einstein’s equations predict vanishing torsion in
the absence of any macroscopic fermionic current). The
corresponding statement cannot not be made in the quan-
tum domain, due to the uncertainty relation. Since the
gravitational Hamiltonian does not involve the time deriva-
tive of the torsional degree of freedom, the momentum
conjugate to the torsional degree of freedom must vanish
and hence the torsion parameter cannot be set to zero in the
quantum domain. Thus the early universe cosmology must
have a nonzero value of torsion. Following this argument
we have studied the minisuperspace quantum cosmology
with a nonzero value of spacetime torsion. Intriguingly, the
gravitational Hamiltonian only depends on the completely
antisymmetric part of the torsion tensor, while the other
nontrivial contributions from the torsion tensor in the
minisuperspace have been absorbed in the momentum
conjugate to the scale factor g(¢). This also brings out
two inequivalent quantization schemes in the presence of
torsion. In this work, we have considered the tetrad and the
spin-connection components to be more fundamental so
that torsion components are derived from these. Thus in our
approach, only the completely antisymmetric part of the
torsion appears in the Hamiltonian, while another compo-
nent appears in the momentum 3. On the other hand, we

could have considered the tetrad and the torsion to be
fundamental and the spin connections as derived entities. In
that case, however, the wave function would explicitly
depend on the scale factor and all the torsion components.
Therefore, these two approaches are inequivalent. This
inequivalency also arises in the path-integral formalism,
since in the former one performs the ‘phase-space’ path
integral over the Liouville’s measure D[B]D[q], while in
the latter one reexpress the momentum [ in terms of the
scale factor and torsion and then perform a ‘coordinate-
space’ path integral over the measure Dlg|. In such a case
the two torsion degrees of freedom appear explicitly and
are treated similarly. Here we have used the phase-space
path integral and it would be interesting to perform the
coordinate-space path integral and determine the wave
function to exactly pinpoint the inequivalences. We hope
to return to this in a future work.

In this work, we have explicitly demonstrated the
equivalence between the solutions of the Wheeler-DeWitt
equation and the semiclassical wave function derived using
the path integral framework. This equivalence holds true for
both inflationary and bouncing scenarios. In particular, for
the inflationary scenario, we have determined the saddle
points in the Lorentzian path integral using initial Dirichlet as
well as initial Neumann and Robin boundary conditions. It
turns out that the saddle point associated with the initial
Dirichlet boundary condition is unstable under scalar per-
turbation, while the saddle points with initial Robin or
Neumann boundary conditions are stable.

For both bouncing and inflationary scenarios, the asso-
ciated semiclassical wave function depicts two interesting
behavior. First of all, it seems possible to answer the
question, of why spacetime torsion seems to be small in the
universe. It turns out that if one calculates the relative
probability between two configurations of the universe with
different values for the torsion component, then one finds
that the universe with a lower value of torsion has a higher
relative probability to occur. Thus it is more natural for a
universe to have a smaller value of torsion than a large
value. Moreover, it turns out that classicalization happens
fastest in an inflationary universe and the rate depends on
the volume. On the other hand, for the bouncing scenarios,
the classicalization is slower and hence the bouncing
scenarios are expected to retain more quantum nature with
the evolution of the Universe.

The perturbation analysis, presented in this work, also
suggests interesting behavior. For example, in the context
of an inflationary paradigm with torsion, for Robin or
Neumann boundary conditions [32,33], stable saddle points
exist, if and only if the torsion parameter never becomes
larger than the spatial curvature index IC = +1. Therefore,
the effective curvature of space has to be bounded within
0 <K, <1. This seems to indicate that there is no
transition between the positive curvature space to flat or,
negative curvature space through quantum dynamics.
Similarly, we find, for the bouncing scenarios, the stability
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of perturbation requires that the energy density of the
torsion component does not overwhelm that of the bounce-
enabling matter. Thus, in both inflation and bounce, the
torsion is supposed to contribute by a small amount and
hence cannot change the overall nature of the classical
geometry.

We have also answered the following question in this
work, how does the presence of torsion affect the power
spectrum? For this purpose, we have computed the power
spectrum of the perturbing scalar field around the saddle
point geometries for both inflationary and bouncing sce-
narios. From such exercises, we find that for an inflationary
universe with a positive spatial curvature index (I = +1),
the stronger the value of the torsion, the more is the
enhancement of the power spectrum in the large length
scales (equivalent, for low comoving wave number). For
the bouncing scenarios, we have computed the power
spectrum numerically for the case of a universe with
vanishing spatial curvature index (JC = 0) and filled with
two fluids; ordinary matter (falloff o« =) and an energy
condition violating ‘phantom’ radiation (falloff « a™*). In
this case, which corresponds to the case of matter bounce,
at large physical length scales, the power spectrum is
suppressed and is characterized by a region of initial growth
as the comoving wave number k increases, then an inter-
mediate region of oscillations, and finally a region of
growth again. The shape of the power spectrum in the initial
and oscillatory regions is sensitive to the difference in
the abundance of the bouncing matter and torsion, and the
initial quantum state chosen for the universe, while the
smaller length -scale part of the power spectrum depends
crucially on the final size. Note that, we have considered
the matter bounce model as a simple example, but the

|

formalism developed in this work, including the numerical
treatment of perturbations and thereby obtaining the power
spectrum, can be readily extended to the case of other
bouncing models as well. Also following the discussion
around Eq. (98), as our analysis clearly shows, the pro-
bability of a universe with a small torsion parameter is
indeed large, compared to a universe with a large torsion
parameter. This allows us to expect, albeit in a qualitative
manner, that torsion is going to have very little influence
on the structure formation. A more detailed discussion is
necessary to make a quantitative statement, which will be
presented in a subsequent work. Finally, implications for
the allowable complex matrices (as in [79,80]) with the
inclusion of torsion, and also in the context of the bouncing
scenario needs to be explored, which we wish to perform in
a separate work in the future.
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APPENDIX A: DERIVATION OF THE
COMPONENTS OF THE SPIN CONNECTION

Given the tetrad one-forms in Eq. (2), we obtain the
following relations:

N d (N
de" = —d’t+— (— |dt Adt =0, (A1)
qp dl‘ qp
s s’ s—1; p—1;
det =1 g2, 1 3 (r)dl”/\dr—l-sq Tagr ndr=29_960 5 o1, (A2)
K(r) K=(r) K(r) N
p-1; K
de’ = q'rd0 + g*dr A dO + sq' grdt ndo ==L n e UNPNS (A3)
q'r
de’ = ¢°rsin0d*¢ + q° sin0dr A dgp + q°rcos0dO A dep + sq* ' grsinOdt A dep
p=1; K to
_ 4 qeOAe3+—Er)e‘ rneS+ 22 e, (Ad)
q'r

Thus from the Cartan’s structure equation in Eq. (3) and the expression for the torsion tensor in the minisuperspace, as

described by Eq. (4), we obtain,

W' ANel =T0 —de® =0,

0" Ne'+ o Nel =T —de' =T (1)’ A el +C(1)e' el A ek —de',

(AS)

(A6)
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where, we have used the result that @“? is antisymmetric and the indices are raised by the flat spacetime Minkowski metric.
From Eq. (A5), we obtain, ®” = f(t)e’, where f(t) is an arbitrary function of the cosmological time ¢, as defined in Eq. (1).
This suggests the following expressions for the other components of the spin connection from Eq. (A6),

i 127
o’ AN +oBP Aed = f(t)+T(t)—SqN q e’ Nel +2C(1)e* A e, (A7)
12 5 Ll 5| T sqa"'q) o o 20(H)e3 A e K(r) > A8
—w0'“ne' twP ne = |f(1)+T (1) - N e’ Ne*+2C(t)e’ Ne —We A e, (A8)
[ P=14] K(r) cot
—oB rnel —oB Aed — Tt_sq ‘10/\32 1A o2 — 1 3 2 0 63, A
o Nel —wP ANe _f(t)—i— (1) N _e e +2C(r)e' ne qsre e qsre e (A9)

These equations can be satisfied provided the spin con-
nections have the following expressions:

K(r)
12 _ 2 3
0= e C(r)e’, (A10)
0"’ = @ 3 C(n)e, (A11)
q'r
3 _cote 3 {
=~ C(t)e!, (A12)

along with the relation, 7 (¢) + f(t) = (sq?~'¢/N). These
results have been used in the main text.
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APPENDIX B: DERIVATION OF THE
CURVATURE COMPONENTS

In the previous section we derived the relevant compo-
nents of the tetrad and the spin connections in synchroniza-
tion with the homogeneity and isotropy of the background
cosmological spacetime. For our purpose, we need to
determine the gravitational action in the presence of torsion
in the minisuperspace, and this requires determining the
curvature two forms. Owing to the symmetries of the
spacetime, determination of only two components of
the curvature two-form will suffice for our purpose and
these two components are R°! and R'?. Using the structure of
the tetrad and the spin-connection derived above, we obtain,

K(r) g—e? — qdc(t)es) _ (q‘3“'“l3’(t)e3)
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The other nonzero components of the curvature two-form can be derived given the above. The gravitational action, on the
other hand depends on the curvature two-form and a term dependent on the cosmological constant. Using the above
expressions, we obtain these two contributions to the gravitational action to read,

€apea€® N € A R
=2¢,p0¢"° N €” ARY 4 €,p; N €* A€’ ARV

= 2€0iijOi AN ej AN ek + eabije” AN eb AN RU

=3s+p . ) ) )
= 2€0;jk <q_ (gB(t) + (1 =25)gB(1))e’ A e + €,,q 3T B(t)c(t)e™ A e") Ael A ek

N

) ) . ,p+d .
+ €apije® A€’ A [q‘zs(/C + B2 (1)g 472 = (1) g* 0t ))el A el — €] —qN <é(t) +(s+4d) Qc(t))eo A ek
q

=3s+p . ) )
= 2€0;x (q N (gB(1) + (1 = 25)gB(1))e A e’) Ael A ek

4 eabijea A eb A (q—25(]C + Bz(t)q—4s+2 _ Cz(t)qz(ﬁd))ei A e/)

—3s+p

:2x3!{q

—3s+
q p

:2x3!{

=2x31[(gB(1) + (1 = 25)B(1)) + ¢ PN(K + B*(1)g™*** = (1) )]

and

—€upeqe® NP Aef Ael =

6 6 11—k

These are the results we have used in the main text.
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